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Abstract

This is a study of the sequences of Betti numbers of finitely generated modules over a
complete intersection local ring, R. The subsequences (ﬂiR (M)) with even, respectively, odd
i are known to be eventually given by polynomials in i with equal leading terms. We show
that these polynomials coincide if /&, the ideal generated by the quadratic relations of the
associated graded ring of R, satisfies height /™ > codim R — 1, and that the converse holds if
R is homogeneous or codim R < 4. Subsequently Avramov, Packauskas, and Walker proved
that the terms of degree j > codim R — height I of the even and odd Betti polynomials are
equal. We give a new proof of that result, based on an intrinsic characterization of residue
rings of c.i. local rings of minimal multiplicity obtained in this paper. We also show that that
bound is optimal.
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L. L. Avramov et al.

1 Introduction

This paper is concerned with free resolutions of finitely generated modules M over a com-
mutative noetherian ring R with unique maximal ideal, m. Each such module has a unique
up to isomorphism minimal free resolution. The rank ﬂiR(M ) of the ith module in such a
resolution is called the ith Betti number of M.

The asymptotic patterns of Betti sequences (,BiR (M)) reflect and affect the singularity of R.
This dynamic is best understood when the ring R is complete intersection, abbreviated to
c.i.; that is, when the m-adic completion Ris isomorphic to the residue ring of some regular
local ring modulo an ideal generated by a regular set; the smallest cardinality of such a set is
equal to codim R, the codimension of R.

Gulliksen [24] proved that if R is c.i., then for every M there exist Betti polynomials,
ﬂ[f’M and ﬂlR’M € Q[x] with deg(ﬁf‘M) < codim R (where deg(0) := —1, by convention)
such that ﬂl.R(M )= ﬂf’M(i )fori > 0andi = j (mod 2). The hypothesis on R cannot be
relaxed, as ﬁiR (k) < b(i) withk := R/mand b € R[x]implies R is c.i. (Gulliksen, [25]), nor
can the conclusion on ,Bf’M be tightened, for ﬁeR\,'ekn = ﬂfd’s and deg(ﬂf\,’ekn) =codimR — 1
hold when R is c.i. (Tate [40]).

Eisenbud [18] showed that if R is c.i. and codim R < 1, then (ﬁiR (M)) is eventually

constant for every M ; this was an early sign of possible connections between /35\,’% and ﬁfdg/[.

The general property is that these polynomials have equal degrees and leading coefficients

over every c.i. ring; see Avramov [3]. The present work is a study of the discrepancy between
R.M R.M

Beven and B4 as measured by a number,

gnp(M) = deg (BRM — pRA) 41,

that we call the granularity of M over R. The least value, gnp (M) = 0, is attained when
(,BiR (M)) is eventually polynomial; that is, when /s,fv’é‘,{ = ,degl.

Our main results link the granularities of R-modules and the structure of R. Let RY
denote the associated graded ring of R and 7 : Symk(R?) — R9 the canonical map. We
write codim R for the height of the ideal generated by the quadratic forms in Ker(;r) and

call that number the quadratic codimension of R.

Theorem 1.1 (Theorem 4.1) Every module M over a c.i. local ring R satisfies
gnp(M) < max{codim R — codim RY — 1, 0}.

This theorem subsumes a number of contributions, related in time and content as follows. It
was proved in [5] for local rings with codim R = codim R™. When R and M are homogeneous
(that is, localizations of R9 and of a graded R9-module at the maximal ideal (R?)) and
codim R = codim RY + 1 = 2, it was obtained by Avramov and Zheng [13] using methods
not available in other cases. Theorem 1.1 was proved for all c.i. rings R with codim R =
codim R + 1 in unpublished joint work of the authors of this paper. Motivated by that result,
Avramov etal. ([11], to appear) subsequently proved the full theorem by different techniques.

The proof of Theorem 1.1, given below, extends our original approach. It relies on the
following structure theorem for rings of given quadratic codimension.

Theorem 1.2 (Part of Theorem 3.7) A local ring R with infinite residue field has codim RP =

q if and only if Risa homomorphic image of some c.i. local ring Q with codim Q = ¢,
multiplicity 29, and edim Q = edim R.
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Polynomial growth of Betti sequences over local rings

This result is of independent interest, as every local c.i. ring of codimension ¢ has multi-
plicity at least 29, and those of minimal multiplicity are to regular local rings what complete
intersections of quadrics are to polynomial rings.

In the second half of the paper we explore possibilities of relaxing the hypothesis or
tightening the conclusion of Theorem 1.1, and completely settle the second issue:

Theorem 1.3 (Abstracted from Theorem 5.2) The upper bound in the inequality in Theorem
1.1 is optimal: For every pair (c, q) of integers with ¢ > g > 0 there exist a c.i. local ring R
and a cyclic R-module S that satisfy

(codim R, codim RD) = (c,q) and gng(S) = max{c —q — 1,0}

In order to probe the tightness of the hypotheses of Theorem 1.1 we search for partial
converses to its statement. Below we focus on those rings over which all finite modules have
granularity zero and obtain the following result:

Theorem 1.4 (Contained in Theorems 6.1 and 6.2) Let (R, m, k) be a c.i. local ring such that
the Betti sequence of each finite R-module is eventually polynomial.
If R is homogeneous, or codim R < 4 and k is algebraically closed, then one has

codim R < codim RY +1.

The proofs of Theorems 1.3 and 1.4 hinge upon identifying and constructing families of
residue rings S of R, where the import of invariants of the rings R and S on the values of
gnp(S) can be traced explicitly. The relevant arguments involve hard computations that draw
on a number of different techniques.

The results in this work and in [11] open up a new narrative concerning the patterns of
Betti sequences of modules over a given c.i. ring. The methods of proof in these papers
suggest possible approaches and specific questions. Here is a sample.

Question 1.5 Let R be a c.i. local ring R and set n := codim R — codim R".
Does R have modules with non-polynomial Betti sequences if n > 2 ?
Do R-modules of maximal granularity, equal to n — 1, always exist?

‘We thank Nicholas Packauskas and Mark Walker for numerous useful discussions.

2 Complexity and granularity

We first overview notation, constructions, and results that will be used throughout the main
text of the paper. The statement that (R, m, k) is a local ring here means that R is a com-
mutative noetherian ring with unique maximal ideal m and k is the residue field R/m. As
usual, dim R denotes the (Krull) dimension of R and edim R its embedding dimension (that
is, the minimal number of generators of m); the (embedding) codimension of R is the num-
ber codim R := edim R — dim R, and the number codepth R := edim R — depth R is its
(embedding) codepth.

When (R’, w/, k') is a local ring, a ring homomorphism ¢: R — R’ is local if ¢(m) lies
inm’. The map g is faithfully flat if and only if it is flat and local. Surjective homomorphisms
are assumed to induce the identity map on the residue fields.

For our purposes, it is often convenient to introduce invariants through non-canonical
presentations of modifications of R, or of its m-adic completion, R.
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L. L. Avramov et al.

2.1. A regular presentation of R is a surjective ring map R «— P : p with P local and regular;
we use the same name for an isomorphism R = P /I, with P as above.

Every regular presentation p factors through one that is minimal, meaning edim P =
edim R or, equivalently, / < pz, where p is the maximal ideal of P. Indeed, one has I /(1 N
p?) = Ker(p/p*> — m/m?). Lifting a k-basis of this kernel to a subset £ of I yields a minimal
presentation R = P /I, with P := P/Pt; thering P is regular because ¢ extends to a regular
system of parameters of P.

By Cohen’s Structure Theorem, regular presentations Rx=rp /1 exist, and such Cohen
presentations also produce minimal ones. Minimal Cohen presentation need not be isomor-
phic, but ranky (I /pI) is the same for all of them (see 2.2 below); we let rel R denote that
common value and call it the number of relations of R.

Throughout the paper, M denotes a finite, that is, finitely generated R-module. We review
some numerical invariants of minimal free resolutions of modules over local rings. For general
information on free resolutions we refer to [6].

2.2. The ith Betti number ,BiR (M) of M is the rank of the ith module in a(ny) minimal free
R-resolution F of M. It can be computed in different ways:

,BiR(M) = ranky (F ®g k) = ranky ToriR(M, k) = ranky ExtiR(M, k).
One measure of the growth of the Betti sequence (ﬂiR (M)) is given by the number
cxg(M) := inf{n € No | BR(M) < ai"~! fori > 0 and some a > 0},

called the complexity of M over R. Thus cxg (M) = 0 means that projdimp M is finite and
cxgr(M) = oo that i — ﬂiR (M) cannot be bounded above by a polynomial.
The Betti numbers of M are handily packed into its Poincaré series, given by

Py =) pRand ez,

i>0

IfR= P /1 is a minimal Cohen presentation, then the series PIP lies in Np[z] and it is an
invariant of R; in particular, so is the number ranky (1 /p1); see [6, 4.1.3].

We study the asymptotic behavior of a Betti sequence in terms of its Poincaré series,
complexity, and granularity—a new invariant that we introduce next.

2.3. The sequence (,BI.R (M) is linearly recursive if and only if the series Pﬁ is rational; that
is, if and only if p - P[{f[ lies in Z[z] for some nonzero p € Z[z].

If PAI} is rational and cxg (M) is finite, then the poles of PAI} are at roots of unity, that of
highest non-negative order is at 1, and its order equals cxg(M); see [2, 2.4].

We say that M has granularity g and write gng(M) = g if P,S is rational and has a
pole of order g > 0 at —1. Formulas involving granularity are stated or used with the tacit
assumption that the relevant modules have rational Poincaré series.

The definitions of complexity and granularity given in 2.3 and those used in the introduc-
tion will soon be reconciled; see 2.5.

2.4. The properties of Poincaré series and of complexity, listed below, hold without restric-
tions; the formulas for granularity follow from those for Poincaré series.

(1) If N is an nth syzygy module of M over R, then one has

Pi —"P € Zlzl, cxg(M) =cxg(N), and gng(M) = gng(N).
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Polynomial growth of Betti sequences over local rings

(2) If R — (R, w/, k') is alocal ring homomorphism, M’ denotes the R’-module R’ ® g M,
and ToriR(R’, M) = 0 holds for i > 1, then one has

PR = PR, cxg(M)=cxp/(M'), and gng(M) = gnp/(M").

This is the case, in particular, if R is flat over R, or if R" = R/Rg for some R-regular
set g that is also M-regular.

(3) A (codimension n) deformation of R to Q is anisomorphism R = Q/Q f, with (Q, q, k)
local and f a Q-regular set (of n elements); it is embedded if f C q*. We use the same
name(s) also for the canonical homomorphism R « Q.

Betti sequences whose asymptotic patterns are (almost) completely determined by com-
plexity and granularity admit several descriptions:

2.5. Let R be a local ring and M a nonzero R-module.
The following conditions on an integer ¢ > 0 are equivalent.

(i) There is an inclusion (1 — z%)° - P € Z[z].
(ii) There exists a unique pff, € Z[z] with p,’ﬁ,(l) > 0 such that

R
pR _ Pym
M (1 + Z)gnR(M)(l _ Z)ch(M)

and 0 < gngx(M) < cxp(M) <c.

(iii) There exist unique polynomials ﬂf’M € Q[x] for j = 0, 1 that satisfying the following
conditions, where the convention deg(0) = —1 is used:

BR(M) = ,Bf‘M(i) for i >0 when i=j (mod2), and
anp(M) = deg (B5" — BM) + 1 < deg (BFM) +1 = cxp(M) < c.

Indeed, it is shown in [3, Proof of Theorem 4.1] that (i) implies (ii). Partial fraction
decomposition yields the implications (ii) = (iii) = (i).

2.6. A collection of known results illustrates the conditions in 2.5.

(1) If proj dimQ(ZVI) is finite for some codimension ¢ deformation R = Q/Qf, then 2.5(i)
holds; see [24, 4.2(i)]; this is a major source of modules whose Poincaré series have poles
only at £1. However, R-modules M with PX = 2/(1 — z) may exist over rings R that
admit no non-trivial deformations; see [9].

(2) The ring R is said to be complete intersection, or c.i., if R admits a deformation to some
regular local ring. When R=pP /I is a minimal Cohen presentation, R is c.i. if and only
if I can be minimally generated by some P-regular set, if and only if rel R = codim R
(i.e., I can be generated by codim R elements, see 2.1).

(3) The following conditions are equivalent: (i) R is c.i.; (ii) (1 — z2)° - Plf,; € Z|[z] for every
R-module M; (iii) PR = (1 + )3mR /(1 — r)odimR; (i) exg (k) < oo.

See (1) for (i) = (ii), [40, Theorem 6] for (i) = (iii), and [25, 2.3] for (iv) = (i).

2.7. Maps of local rings (R, m, k) — (R, w/, k') that are flat with mR’ = m’ will be called
adjustments of R; for every R-module M and M’ := R’ ® g M one has

Hy = Hy, dimp M’ =dimgp M, and edim R = edimR’.
Any adjustment R — (R’,m’, k), composed with the completion map R" — R’ and

some minimal Cohen presentation R’ = P/I yields an adjustment R — P /I with (P, p, k')
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regular and edim P = edim R. In adjustments R — P /I with P regular, the presentation
P/I « P is minimal if and only if edim P = edim R.

Grothendieck [23, 10.3.1] proved that every field extension k C [ occurs as the extension
of residue fields induced by adjustments of R, called inflations.

3 Associated quadratic rings

Recall that (R, m, k) denotes a local ring and M a finite R-module.

In this section we introduce and study invariants of R that are defined in terms of its
associated graded ring and appear in the main results of the paper. We first record terminology
and notation used when dealing with associated graded objects; for general background on
graded rings and their modules; see 7.1.

3.1. Set M? =m/M/m/ M for j € Z, and M9 = @), Mj?. Thus, RY is the associated
graded ring of R and M9 the associated graded R9-module of M. For x € M ~ {0} set
v(x) = max{j | x € m/}. The image of x in Mg(x) is called the initial form of x and is
denoted by x*; in addition, we set 0* = 0.

We write Hyy for ) >0 ranky M?(z). Since RY is generated by R? over Rg = k, the

Hilbert-Serre Theorem yields & lee/[ € Z[z], with h f,l(l) # 0, such that
Hy =h - (1 =z dimR,

The integer hff,l(l), called the multiplicity of M over R, is denoted by eg(M); one has
er(M) > 0, with equality if and only if dim M < dim R; set e(R) = eg(R).

3.2.LetR « P p be aminimal Cohen presentation; see 2.1. Itinduces k-linear isomorphisms

p/p% = p/p = m/M2 = m/m? that we use to identify these vector spaces, and hence their

symmetric k-algebras. Thus we view P9 (cf. 3.1) as the symmetric k-algebra of m/m? and

we have a canonical surjection R9 «— P9 p9. Set I* := Ker(p9) and call the isomorphism

R9 = P9/I* the canonical presentation of R9; if a minimal regular presentation p (see 2.7)

is at hand, then ™ is equal to the ideal of P9 generated by the set of leading forms { f*} rc;.
As P is regular and dim P = edim R, the following relations hold:

height I* = codim RY = codim R = height I < rel R < rel RY. (3.2.1)

3.3. We define the associated quadratic ring of R to be the graded k-algebra
RY := P9/I1P, where IV := PII}. (3.3.1)
It is an invariant of R, as is the commutative diagram with exact rows
0 1 P9 RY 0
| | o
pQ
P9 R9

0 I* 0

By definition, the ideal /™ is minimally generated by rel R” quadrics.
If R = P/I is a minimal regular presentation, it yields surjective homomorphisms

I I/pl—> 1/ ND =+’ =1 = 1. (3.3.3)
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Polynomial growth of Betti sequences over local rings

Letting f denote the class of f € Iin I/pI and £ its class in (I + p3)/p> = IF, one gets
a k-linear surjection f — fU with f© = f* for f ¢ p® and f© = 0 otherwise.
For ease of reference, we spell out a few formal properties of that construction.

Lemma 3.4 The ring R® and the ideal IP from (3.3.1) satisfy the relations below.
codim RY = edim R — dim R” = height I” < rel R¥ <relR. (3.4.1)
codim R” — codim R = dim R — dim R” = height I” — height I* < 0. (3.4.2)
If3.2and R — (R',w, k') is an adjustment (see 2.7), then
codim RY = codim R'F and rel RV = rel R’ (3.4.3)
IfR « (Q, q, k) is a surjective ring homomorphism with kernel in g2, then

codim R > codim Q" and rel RP > rel QU. (3.4.4)

Proof In (3.4.1) the equalities hold because P9 is a polynomial ring; in (3.4.2) they follow
from (3.4.1) and (3.2.1). The Principal Ideal Theorem, the surjection (3.3.3), and / Hcy*
yield the inequalities in (3.4.1) and (3.4.2).

Let P'9 denote the symmetric k’-algebra of m’/m'?; since R — R’ induces isomorphisms
RI ®; k' = R'9 and P9 ®; k' = P’9 of graded k’-algebras, (? ® k') turns (3.3.2) into the
corresponding diagram for R’, and (3.4.3) follows.

In particular, for (3.4.4) we may assume that R is complete. A minimal Cohen presentation
0 = P/J thenyields such a presentation R = P/I.As P9 — R9 factors through P9 — Q9,
we get [* D J*, whence 19 2 JOU, and (3.4.4) follows. O

The largest value of codim R™ allowed by (3.4.1) is edim R: it is reached if and only if
I9 = 0; that is, if and only if 7 lies in p>. We have no similar description of the rings with
codim RY = codim R, the largest value allowed by (3.4.2), except if R is c.i.; see Proposition
3.6; we record a few facts used in its proof, and later on.

3.5.Let (P, p, k) bealocalring and Q := P/(g1,...,8s) With g; e p"i for 1 <i <.

(1) The set {g},...,gF} is P9-regular if and only if it generates Ker(P9 — (Q9) and
{g1,...,gs}is P-regular; see Valabrega and Valla [41, 2.7 and 1.1].
(2) When {g1, ..., gs} is part of a system of parameters, there is an inequality

e(Q) = ny---ns-e(P);

equality holds if {g’f, ..., &} is PY9-regular; see [14, VIIL, §7, Proposition 4].

(3) Assume P9 is Cohen-Macaulay. The set {g], ..., g} is P9-regular if and only if
{g1, ..., gs}is P-regular and equality holds in (2) above; such an equivalence is proved
by Rossi and Valla [36, 1.8] under the additional hypothesis that {g1, ..., gy} is regular,
which is superfluous in one direction, due to (1) above.

(4) When Q is c.i. and @ «— P is a minimal Cohen presentation, (2) above yields

e(0) = e(0) = v(g)) -+ v(gy) - e(P) = 2°m 0 — peodim Q0

When e(Q) = 2°°4m @ holds the ring Q is said to be c.i. of minimal multiplicity.

(5) The ring Q is c.i. (of minimal multiplicity), if some, and only if all of its adjustments
have the corresponding property. Indeed, the invariants used to define these notions do
not change when Q is replaced by an adjustment; see 3.1.

@ Springer



L. L. Avramov et al.

Next we collect various characterizations of local c.i. rings of minimal multiplicity. They
are used in upcoming proofs to produce and/or to recognize such rings. For notions and
notation concerning graded rings we refer to Sect. 7.

Proposition 3.6 The following conditions on a local ring Q are equivalent.

(1) Q is c.i. of minimal multiplicity (see 3.5(5)).
(ii) Q is c.i. and codim Q = codim Q.
(iii) Q isc.i. and Q9 = QY as graded k-algebras.
(iv) Q is c.i. and the graded k-algebra Q9 is Koszul (see 7.1(2)).
(v) Q9 is a graded complete intersection of quadrics (see 7.1(3)).
(vi) If@ = P/J is a minimal Cohen presentation and {g1, . . ., g5} minimally generates J,
then {gF, ey gE‘} minimally generates J* and is P9-regular.

Proof We set d := edim Q and assume, as we may (see 3.5(4)) that Q is complete.

(1) = (vi). Withn; := v(g;) for 1 <i <sin3.5(4), we getn; = 2, and hence g;k = gl!:'.
Thus {g, ..., g7} is P9-regular by 3.5(3) and generates J* by 3.5(1).

(vi) = (v). This implication follows from the hypothesis, as Q9 = P9/J*.

(v) = (iv). The ring Q is c.i., by 3.5(1). From Png = (1 +y2)¢/(1 — y?2%)* (see
7.1(3)), we get ﬂi,Q; (k) = 0 for j # i; therefore Q9 is a Koszul algebra.

. . . 09 0 . .

(iv) = (i). As Q9 is Koszul, Zj ﬂi,j (k) = B;” (k) holds for every integer i; see Sega
[37,2.3]. With s := codim Q, this result yields the third equality in the string

1 _ Hi(—2) (1 + z)dimQ
Hps(—2) N (—Z)OHQg (—2) (1 —2)*
The second one comes from 7.2(1), and the fourth from 2.6(3). Thus we get equalities
Ho(y) = Hos(y) = (14 y)*/(1 = y)¥™ €, whence e(Q) = 2°4M €.
(vi) = (iii). This implication is given by 3.5(1).
(iii) = (ii). This implication holds because codim Q = codim Q9.
(i1)) = (i). The hypothesis and Formulas (3.2.1) and (3.4.1) yield (in)equalities

=p2,2=P20) =

codim Q9 = codim Q = codim QD <rel QD <rel Q = codim Q

that force equalities throughout. In particular, QU is a graded complete intersection of s :=
codim Q quadrics; from the surjection QY — Q9 and 3.5(5), we obtain

2C0dimQ — 25‘ — e(QD) Z e(Qg) — e(Q) 2 2C0dim Q o

We are ready for the main results in this section, which concern general local rings. In
the special case when k = kK’ and R’ = R” = R, the first theorem below yields a structure
theorem for local rings with prescribed quadratic codimension, stated in the introduction
as Theorem 1.2. The second theorem provides, under manageable additional hypotheses,
families of local rings with prescribed quadratic codimension parametrized by dense subsets
of affine spaces.

Theorem 3.7 Let (R, m, k) be a local ring, and set r := rel R and q := codim RY.

(1) For each field extension k < k' with k' infinite there exists an adjustment R — P /I
with (P, p, k') regular, I = (fi1,..., fr), and Q := P/(fi...., fy) c.i. of minimal
multiplicity; every such adjustment satisfies edim P = edim R.
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(2) If R — R’ is an adjustment, R' «— R" « Q are surjective ring maps, and Q is local
c.i. of minimal multiplicity with codim Q = q and edim Q = edim R, then

codim R = codim R"" = codim Q" = codim Q.

Proof (1) Referring to 2.7, choose an adjustment R — R’ = P /I with k < k' the induced
residue field extension and P — P /I a minimal regular presentation. Due to the equalities
height /7 = codim R’'® = codim R” = ¢ and rel R’® = rel R = r (see 3.4.1 and 3.4.3),
the ideal /™ is minimally generated by r elements and contains P9-regular sets of g forms.
As I'" is generated by quadrics and &’ is infinite, /5 contains a P9-regular set of ¢ elements.
In view of (3.3.3), it can be chosen in the form {fE', e fq':'} with f; € I; by (vi) = (i) in
Proposition 3.6, the ring P/(f1, ..., fy) is c.i. of minimal multiplicity. Since {fl':], ey fq':]}
is k-independent, { f1, ..., f;} can be extended to a minimal set of generators of /.
(2) The hypothesis provides the equalities that bookend the following string:

g = codim R = codim R’" > codim R"" > codim Q" = codim Q = ¢.
For the rest, use (3.4.3), (3.4.4), and (i) = (ii) in Proposition 3.6. O

Theorem 3.8 Let (P, p, k) be a local ring; let a denote the image in k of a € P. Given
(fi,oos f) e @) anda := (ai, ...,a,—1) € P"1 set ff := fi—ajfrforl <i <r—1L

Puta := (ay,...,ar—1), where a is the image of a in k.
If k is algebraically closed, {f1,..., fy, fr} is P-regular for some q < r, and
{fID, ceey qu} is P9-regular, then the following set is Zariski-open and not empty:

U:={ac A,’C_l | P/ -\ fy) is c.i. of minimal multiplicity }.

Proof Let k[x] be the polynomial ring with indeterminates x1, ..., x4.
The ring P/(f{'..... f;) is c.i. of minimal multiplicity if and only if the set fE =
{fl[:' —-a1f-, ..., qu —ay £} is P9-regular; see (i) <= (vi) in Proposition 3.6. The set

fE is regular if and only if dim P§ < d — ¢ holds with P := Pg/ng"l:J and d := dim P.
The algebra PJ is the fiber of the canonical map

klx] — (k[x] @ PO/A@ f7 —x1®@ f7,....1® f) = x4 ® £7)

at the maximal ideal n, := (x; —ay, ..., x4 — ag4). Since fiber dimension is upper semicon-
tinuous (see [19, 14.8.b]), V :={a € AZ | dim(P,) > d — ¢} is closed in AZ. Thus the set
U is open, as it equals AZ \ V, and U contains 0 by hypothesis. O

Free resolutions over c.i. rings of minimal multiplicity are known to have special proper-
ties. We note two, which will be promptly applied in the next section.
3.9.If Q is alocal c.i. ring of minimal multiplicity and N a Q-module, then one has P,? =
P2@) - (1 — 2~ %W with p9(2) € Zlz] and p2(1) # 0; see [5, 2.3].
Proposition 3.10 With notation as in 3.9, dim N < dim Q implies plg (- =0.

Proof As Q9 is Koszul (see Proposition 3.6), the module N has finite linearity defect; see
Herzog and Iyengar, [27, 5.10]. Thus Sega’ s result [38, 6.2] applies and, in view of the
expression for Plg in 3.9, it yields the first equality in the string

P2(—1)e(Q) = (1 — (=1)FeMe(N) = 2%eWe o (N).

Since dim N < dim Q means eg(N) = 0, we obtain p,%(—l) = 0, as desired. O
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4 An upper bound on granularity

Here our goal is to give a concise proof of Theorem 1.1.
Theorem 4.1 Every finite module M over a c.i. local ring (R, m, k) satisfies

codim R — codim RY — 1 if codim R > codim R® + 2;

4.1.1
0 if codim R < codim R7 + 1. “1.1)

gng(M) < {

As noted in the introduction, a different proof Theorem 4.1 was obtained in [11]. Our
argument, presented in 4.8, proceeds by induction on n := codim R —codim RY;see (3.4.2).
For this we need yet another way of factoring embedded deformations through deformations
with specified properties, provided by the next result.

Theorem4.2 Let (P, p, k) be a local ring, f = {f1,..., fc} a P-regular set contained in
p>, and put R := P/P f. For every a := (ay, ..., ac_1) € P71, set f;’ = fj —aj fc for
l<j<c—Tlandput f,:=(f{..... L) and Ry := P/P f,.

Let N be an nth R-syzygy module of a finite R-module M that satisfies

projdimp (M) < oo = proj dimg(M).

There exist an integer cr degp (M) > —1 and a finite set Z(M) of linear varieties in Aiil,
defined in (4.6.2), such that the following conditions are equivalent:

() PR=Pl - -2
(ii) n > crdegp(M) anda ¢ UVEZ(M) V, where @ is the image of a in Afl.

If k is infinite, then Uy c 7y V # A,‘('_l.

Remark 4.3 The prototype of Theorem 4.2 is [18, Theorem 3.1], and both proofs utilize
rings of cohomology operators defined by the deformation R « Q. Such a structure was
introduced by Gulliksen [24], and theories with similar properties were produced in [3, 8§,
10, 12, 18, 33] from a priori incomparable constructions.

We present the proof in detail because the argument for [18, 3.1] is incomplete and
references to several sources are needed to fill in the gaps. The facts that we use are listed
below, along with pointers to the earliest published proof.

4.4. The hypotheses in the opening sentence of Theorem 4.2 are in force.

Let X denote the k-vector space P f/mf and f its basis {f;,..., f.}, consisting of
the images of f; for j = 1,...,c. Let {x1, ..., x} be the dual basis of the vector space
X := Homy (X, k) and let R be the symmetric algebra of the graded vector space that has
X in degree 2 and O in all other degrees. We identify R and the graded polynomial ring
klx1, ..., xc] with indeterminates of degree 2.

The graded vector space Extg (M, k) := ; >0 Ext’k (M, k) supports a structure of graded

left R-modules that has the following properties:

(1) The assignment ? ~~ Extg(?, k) is a contravariant additive functor from the category of
R-modules to that of graded R-modules; see [24, Theorem 3.1(1)].

(2) The connecting maps in cohomology sequences induced by short exact sequences of
R-modules commute with the actions of R; this holds as [12, Theorem, p.700] shows
that the action of R factors through Yoneda products.
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(3) For R' :== P/(f1,..., fe—1) and for every i € Z there is an exact sequence
Extis2(M, k) 25 Extly (M, k) — Exthy, (M, k) — Ext'y \(M, k) £5 ExtiF! (M, k)

See [3, Theorem 2.3]; it is implicit in [24, Formula (8) on p. 178].

(4 The R-module Extg(M, k) is finitely generated if the R-module M is finite with
projdimp M < o00; see [24, Theorem 3.1(ii)]. The proof of [18, Theorem 3.1] is flawed:
it uses [18, Proposition 1.6] whose proof is invalid; see [12, Remark 4.2].

The properties of R-modules described above can be used concurrently because the results
in [12, Section 4] show that the sets of operators produced by the constructions in [3, 8, 10,
12, 18, 33] differ at most by some sign.

At a final stop before the proof in 4.6 we introduce notation to describe Z(M).

4.5. Let k be a field, X’ a k-vector space, and {x}1<j<c a basis of X.

LetV C X be a subspace of rank d. If V # 0 let { 3-5_; ar j x;} with a; j € k be

1<I<d
a basis of V; let k[x] := k[x, ..., xc—1] be a polynomial ring, put
al,l a172 ... alrd X1
ap. 1 ao ... axqd X2
Alx) =

dc—1,1 Qc—1,2 -+ c—1,d Xc—1
el Qe ... Qed 1

and let V- be the zero set in Ai’l of the maximal minors of A (x) that contain the last column;
also, set 01 := . Foru := (uy, ..., uc_1) € A;_], one has:

c—1

[Zu,-xlj—i—xcel/] & [rank Aw) =d]| & [ueVt] 4.5.1)
j=1

If these conditions hold, then V1 is a linear subvariety of Aiil.

4.6. Proof of Theorem 4.2. We keep the notation in the statement of the theorem.
A minimal free resolution F of M yields an exact sequence of R-modules

O>N—->F_1—>-—>F—>M-—0 4.6.1)

finite free F;’s. Thus N satisfies projdimg (N) = oo > projdimp(N), and hence
M = PExtix(M k) and N := P Exti(N, k)
ieZ ieZ
are finitely generated graded left R-modules; see 4.4(4). As f, U { f.} minimally generates

P f, the set {fT“, R C‘ﬂl} U {ﬁ} is a k-basis of the vector space X defined in 4.4. The dual
basis of the space Homy (X, k) = R; is the set {XIE, cee Xf} of the X := R, has X.,‘? = Xj

forj<i<c—1landx®= Zj-;llﬁjxj + Xe-
Put R, := P/P f,. From 4.4(3) we get an exact sequences of k-vector spaces

00— Kip— Ext%_z(N, k) — Ext’k(N, k) — Eth}ea (N,k)y > Ki-1 =0
with ; :={v € Ext’k(N, k) | va = 0} for i € Z. The resulting equality

(1—)PF =P —(1+2) ) rankc K'Z
i>0
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shows that condition (i) in the theorem is equivalent to the following condition:
i) x&= Zj;ll ajxj+ xeis N-regular.

The iterated connecting maps Ext’k (N, k) — ExtiRJr” (M, k) defined by the exact sequence
(4.6.1) are bijective. In view of 4.4(2) they coalesce into an isomorphism N = M, (n) of
graded R-modules. Put Ass%, (M) := Assg (M)\{R-o}, and also

crdegp(M) :=sup{i € Z | Anng () = R~o for some u € M;};

N i . o ) (4.6.2)
Z(M) :={(P2)~ C A, | P € Ass (M)} with 7 defined in 4.5.

We complete the proof of the theorem by showing that (i’) is equivalent to (ii).
The number ¢ := crdegp(M) is an integer because (0 :nq R-0) is a homogeneous
subspace of R and has finite k-rank. The following statements are equivalent:

[AssR(M3p) = Assz (M)] <= [Roo ¢ Assp(M3,)] <= [n>1]. (4.6.3)

Indeed, we have Assg (M) € Assgr(M) € Assgr(M3,) U {R>o} as M/ My, is of
finite length; the implication < on the left follows, the rest hold by definition.

As M/M_; is not zero, we have Z := Z(M) # ¢. Condition (i') is equivalent to
X% ¢ UPeAssR(M;n)P’ and hence to n > f and x? ¢ (Jp., P. due to (4.6.2). The

last exclusion is equivalent to x¢ ¢ Upez P2 (as each P is homogeneous), which can be
rewrittenas @ ¢ | Jpcy (P2)*, by (4.5.1). Finally, recall that affine spaces over infinite fields
are not unions of finitely many proper linear subvarieties. O

Remark 4.7 A critical degree is defined in [10, 7.1] for every nonzero finite module over any
local ring in terms of chain endomorphisms of its minimal free resolutions; in the context of
Theorem 4.2 it is equal to the integer in (4.6.2); see [10, 7.2(1)].

A priori estimates for the critical degree are known in case projdim, M is finite for some
deformation R « Q; they involve the number g := depth R — depthy M:

e crdegp(M) = g if cxg M < 0, by the Auslander-Buchsbaum Equality.
o crdegp(M) < gifcxg M = 1;see [18,5.3 and 6.1] and [10, 7.3(1)].

o crdegg(M) < g+ max{2BF -2, 2ﬁ§+1 — 1} if cxg M = 2; see [8, 7.6]).

The last assertion of Theorem 4.2 may fail when £ is finite; see [3, 6.7].

4.8. Proof of Theorem 4.1. Set ¢ := codim R, ¢ := codim R", and n := ¢ — q.

We argue by induction on n. When n = 0 the ring R has minimal multiplicity (see
Proposition 3.6), and then 3.9 yields gnp M = 0; this is the desired result.

Now we assume n > 1 and set out to prove gnp(M) < n. The invariants in play do
not change under adjustments of R; see 2.4(2) and (3.4.3). Due to Theorem 3.7(1) we may
assume k algebraically closed and R = P/P f for some regular local ring (P, p, k) and
P-regular sequence f := (fi, ..., f.) contained in p> such that Q := P/(fi, ..., fg)isa
c.i. ring of minimal multiplicity and codim Q7 = ¢ < c.

For every a := (ay,...,ac-1) € P landl <i<c—1, put fi" = f; — a;i f. The
deformation R «— P factors as a composition of deformations

R« Ry:=P/(f's.... f) « Qq = P/(fl",...,fq“)eeP.

Let a be the image of a in Ai_]. Theorem 4.2 yields an R-syzygy module N of M and a
non-empty Zariski-open set U] of Ai_l such that @ € U implies

pR=pPl. -2~ (4.8.1)

@ Springer



Polynomial growth of Betti sequences over local rings

Theorem 3.8 produces a non-empty Zariski-open set Uy # @ of A,i_l such that for each
a € U, the ring Q, is c.i. of codimension ¢ and minimal multiplicity. Note that ¢; N 4 is
not empty and choose a with @ € U; NUs.

Ifn =1, then R, = Q4 and dim N < dim R, hold and we obtain

e PR Ut R

Y- d—om ™ (1 —22) T (1 - @A
from (4.8.1) and Proposition 3.10. This gives gny N = 0, and hence gnp M = 0 (see 2.4(1));
thus (4.1.1) holds for n = 1. When n > 2 we may suppose, by induction, that (4.1.1) holds

for local rings S with codim S — codim sU < n. Referring to 2.4(1), (4.8.1), the induction
hypothesis, and Theorem 3.7(2) we get

gng M =gng N <gnp N +1 < codim R, — codim (Rg)Z +1=c—gq.

The induction step is complete, and with it the proof of (4.1.1). O

5 The upper bound is optimal

In this section we prove that the upper bound on granularity, established in Theorem 4.1,
cannot be tightened in general; see Theorem 5.2 below.

5.1. Let ¢ : (R,m, k) — (S, n,k) be a surjective homomorphism of local rings. Choose
a minimal Cohen presentation p : (P, p, k) — R.Put I := Ker(p) and J = Ker(@p),
and choose a subset ¢ of J that is mapped bijectively onto some k-basis of J / in p2. Put
(Q,q,k) := (P/Pt,p/Pt, k) and choose in p a subset that is is mapped bijectively onto
some minimal set of generators . The exact sequence

0— JN/fﬂp2 — p/p2 — q/q2 — 0
of k-vector spaces shows that # LI # minimally generates p. Thus Sz /J with J := P/I

is a minimal Cohen presentation. As PJQ is an invariant of S (cf. 2.2), so is the first integer
defined below; the second one is an invariant of ¢ (see [7]):

m(S) :=max{n € Ny : (1 +2)"| (ZZPJQ — 1)} and a(e) :=ranki(I/1 ﬂpf),

Theorem 5.2 Ifd, c, q, a are integers that satisfy d > ¢ > q,a > 0, then there exist a c.i.
local ring (R, m, k) and a residue ring S of R with m3S = 0 such that

(edim R, codim R, codim RU, a(p)) =W, c,q,a) and 5.2.1)
gng(S) = max{c —q — 1, 0}. (5.2.2)

As a consequence, the upper bound in Theorem 4.1 is optimal.

The proof of the theorem, presented in 5.5, has two crucial ingredients. The first one is a
closed formula for the Poincaré series of Golod residue rings of c.i. rings.

5.3. We assign nicknames to invariants of R, S, and ¢ defined in 2.1, 2.2, and 5.1:

d :=edimR, ¢ :=codim R, q = codim RD, r:=relR;

. (5.3.1)
e :=edim S, m = m(S); a:=a(p).
These numbers compare as follows:
0<g<c<d=>e>m>0<a<r>cand r=c < R isc.. (5.3.2)
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Recall that the ring S is said to be Golod if it satisfies the relation
P{=(1+2/(1 =2 PP)

for some (and hence, for every — see 2.2) minimal Cohen presentation S 0/J.
If R is c.i. and S is Golod, then the following equality holds; see [7]:

pr _ (LA — ) +22PP —1
S 24l - o)

The very special case S = R/m? of this result first appeared as [5, Theorem 2.1].

The second ingredient is the next theorem, where we identify families of Golod residue
rings S of an arbitrary c.i. ring R and express their granularities in terms of the numbers
in (5.3.1). The construction of the rings S and the computation of their invariants utilize a
different set of techniques; they are deferred to Sect. 7.

(5.3.3)

Theorem 5.4 Let (Q, q, k) be a regular local ring of dimension e > 1, u a regular system
of parameters, U a2 x (h + 1) matrix with h > 1 and entries in u U {0}, I,(U) the ideal
generated by the 2 x 2 minors of U, and J := L(U) + ¢°. Put S := Q/J, let p: R — S be
a surjective ring map, and let d, c, a, m be as in (5.3.1).

If U is adequate for u (see 7.4), then h < e holds and S is Golod. If, furthermore, R is
c.1., then gng (S) depends on the position of a respective to h and e, as follows:

(@) h = e; this is equivalent to S = Q/q* and it implies m = e and

max{c—d+e—a—1,0} if a<e-—2;
gng(S) = { } f (5.4.1)
0 if a>e—1.
(b) h < e — 1; this impliesm = h + 1 and
max{c—d+e—a—1,0} if a<h-1;
gng(S) = { ) f (5.4.2)
max{c —d+e—h—1,0} if a>h.

Proof The case s = 2 of Theorem 7.9(2) shows that S is Golod, & < ¢ holds, and h = e is
equivalent to J = g7; in addition, it yields an equality

e _ h+1
_ad+2 <1_ez+(€+h+21)(6’ h)zz)+(1+z)
Z Z

2pPe 1 (hz —1).
To compute gnp(S) we feed the above expression into Formula (5.3.1), write PSR as a
rational function, evaluate the order of its pole at —1, and refer to 2.5(ii).

(a) When i = e holds, we get ZQPJQ —1=(142)¢%ez—1), whence m = e and

PR _ A+ A -2+ (1 +2)%ez — 1)
s = 2(1 + z)c—d+e(1 — 7)c :
If a < e — 2 the highest power of (1 + z) that divides the numerator is a + 1; this verifies the
order of the pole of PSR at —1 announced in (5.4.1). If @ > e — 1, then that highest power is
e + 1 when (a, ¢) = (2, 3), and e otherwise; in neither case does PSR have a pole at —1, as
¢ —d < 0 holds. Now the proof of (5.4.1) is complete.

(b) When i < e — 1 holds, we have 22P2 — 1 = (1 + 2)"*! . p(z) with

(e <
N z

erL(e+h+l)(e—h) 2

p(2): 1— z >+l(hz—1).
2 Z

@ Springer



Polynomial growth of Betti sequences over local rings

The equalities p(—1) =h + 1ifh <e—2and p(—1) = —(h 4+ 2) if h = ¢ — 1 show that
m = h + 1 holds in both cases. Therefore (5.3.3) takes the form
(1-2"+1+2" p@)
R _ z(1 4+ Z)cfd+e7a71(1 —z)¢
1 a—h¢1 _ \a
1+2) ‘ 1-=2+p) ifa > h.
z(1+ Z)c—d+e—h—1(1 — )¢

ifa<h-1;

Evaluating the numerators of P§ atz = —lyields2¢ifa <h—1land p(—1) #0ifa > h;
therefore (5.4.2) holds when a # h. When a = h the formula above becomes
R (1 -2"+ p@

s = 2(1 4 g)e—d+e=h=1(] — 7)c’

Atz = —1 thenumeratorequalth +h+lifh<e—2and2" —h —2ifh = e — 1; this
settles (5.4.2) except if (h, €) = (2, 3), where (1 — D24+ pi)=zz+1) yields

gnp(S) =max{c —d — 1,0} =0 =max{c —d +e—h —1,0}. O

Appropriate choices, in that order, of a matrix U and of a ring R in Theorem 5.4 provide
the setup for proving that the upper bound in (4.1.1) is optimal.

5.5. Proof of Theorem 5.2. Let (P, p, k) be a d-dimensional regular local ring, e an integer
satisfying0 < e <d,and{r1, ..., t4y—o}U{uy, ..., u.} aregular system of parameters for P.
Thus Q := P/(t1, ..., ti—) is regular and the canonical map P — Q sends {uy, ..., i}
bijectively onto a minimal set of generators of q := pQ.

If ¢ > a the hypothesis yieldsd > ¢ > g > a > 0, and hence the numbere :=d —qg +a
satisfies d — e = ¢ — a > 0; define residue rings of P by setting

R:=P/Iwith]:=(f,....170 )+ i, ... oup) + gy, ... u0);
Si=P/Twith J := (11, ..., ty—q) + (1, ..., ug)* + (U1, ... 1) .
If ¢ < a holds, then the line-upisd > ¢ > a > g > 0. Choose ¢ = d and set
R:= P/l with [ := (u%,...,u;)+(u2+1,...,u,31)+(uiﬂ,...,uf.);
S:=P/J with J := (uy, ..., ug)* + (ui, ..., ug)°.
Itis clear that R is c.i with (edim R, COdLm R, codim RY) = (d, ¢, ¢). Choose ¢: R — S

to be the homomorphisln defined by I C J; in both cases it is easy to see that {uy, ..., u,}
is a k-basis of 1/1 N pJ, and this yields a(¢,) = a. The ideal

upuy ... Ug 0i|

~ 3 . ._
J=hLWU)+q with U'_|:() Ul ... Ug—] Ug

of Q satisfies 7 := J Q and Q/J~: S. Applying Theorem 5.4 with & = ¢ yields

) max{c —d+(d—-—q+a)—a—1,0} =max{c—qg— 1,0} ifa<gqg-—1;
n =
8hir max{c —d+d—qg— 1,0} =max{c —q — 1,0} ifa>gq.

The proof of Theorem 5.2 is complete. O

As another application of Theorem 5.4, we show that the existence of residue rings S with
n?> = 0and gn (S) = 0 imposes upper bounds on codim R.
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Proposition 5.6 Let (R, m, k) be a c.i. local ring, Rz P /I a minimal Cohen presentation,
p the maximal ideal of P, and L a proper ideal of P satisfying L35 2 IZD.
IfS := P/(L + p?) has gnp(S) = 0, then the following inequalities hold:

codim R — 1 < rankg L} + rank (I3/(Iy N PPLY)). (5.6.1)
codimR — 1 <rel RV if L Cyp>. (5.6.2)

Proof Choose a subset t of L thatis mapped bijectively onto some k-basis of L/L N p2. The
ideal J := Pt +p satisfies J = L + p?, J1 = L7}, and

i PP U pPtp/p T +pd
IZnplyr— PYgr  p(Pt+ph/pd T pd Inpd’

With notation from 5.3, we get rankk(lzD / Izl:I n P?Jl*) = a, and hence the right-hand side
of (5.6.1) equals d — e + a. As qu = 0, Theorem 5.4(a) applies to R — S, and (5.4.1)
yields c — 1 < d — e+ a when a < e — 2. On the other hand, when a > ¢ — 1 we get
c—1=<d-1<d— e+ a from the relation ¢ < d; see (5.3.2). Now Formula (5.6.1) has
been proved. Formula (5.6.2) records the special case LT = 0. O

The proposition yields a stronger and sharper version of [5, Theorem B].

Corollary 5.7 If (R, m, k) is a local ring with cxg(m?) < oo and gng(m?) = 0, then R is
c.i. and codim R < rel R® + 1 holds.

Proof PutL := R/ m2. From 2.4(1) and [4, Theorem 4 and Proposition 2], one gets cxg (k) =
cxg(L) = cxp(m?) < oo; thus R is c.i. and gnp(L) = gnR(mZ) = 0 holds; see 2.6(3) and
2.4(1). Now Formula (5.6.2) yields codim R < rel RY +1. O

6 Eventually polynomial Betti sequences

Recall that (R, m, k) denotes a local ring and M a finite R-module.

We say that the Betti sequence (/SiR (M) is eventually polynomial if there exists &M ¢
Q[z] such that ,BiR (M) = ,BR’M (i) holds for i > 0. In this section we look for conditions
on the structure of R that imply or follow from the property that the Betti sequence of every
finite R-module is eventually polynomial.

The next result yields the homogeneous case in Theorem 1.4 in the introduction; it answers,
in the positive, a question raised at the end of the introduction of [5].

Theorem 6.1 If A is a standard graded k-algebra and R is its localization at the maximal
ideal (A1), then the following conditions are equivalent.

(i) The Betti sequence of R/m? is eventually polynomial.
(ii) The Betti sequence of each finite R-module is eventually polynomial.
(iii) The ring R is c.i. and satisfies codim R < codim RP + 1.
(iv) The graded algebra R9 is c.i. and has at most one non-quadratic relation.

Proof Letm: Sym;(A;) — A bethecanonical map of graded k-algebras. Localizing 7 at the
maximal ideal (A;) yields a minimal regular presentation R = P /I with [ = Ker(;r) P and
isomorphisms R9 = A = P9/I* of graded k-algebras; cf. 3.2. They induces isomorphisms
RY = P9/I; of graded algebras and I /pl = I*/Plgl* of k-vector spaces, where p is the
maximal ideal of P.

@ Springer



Polynomial growth of Betti sequences over local rings

(i) = (iv). In view of Corollary 5.7, R is c.i. with codim R — rel RP < 1. Choose
Sfi,.... fr € I such that {f,..., £} minimally generates /* and {f[",..., f;} is a k-
basis of /3. From I/pl = I*/Plgl* we get r = codimR and I = (f1,..., fr), and
hence {f1, ..., fr} is P-regular; therefore {fl*, .oy ¥} is P9-regular; see 3.5(1). From
RY = P9/I5 we getrel RY = ranky I = b, whence r — b < 1, as desired.

(iv) = (iii). Choose f1, ..., fe € I suchthat {f, ..., f¥}is P9-regular, generates 1*,
and deg(f]?k) =2forl < j < c¢— 1. As R is isomorphic to the localization of R9 at (P*)
(due to A = P9/I*), the image of {f}", ..., f} in P is a regular set that generates /, and
{fff. ..., f*,}is k-independent in (I, + (P1)?)/(P1)* = I3.

(iii) = (ii). This implication follows from Theorem 4.1.

(il) = (i). This implication is a tautology. O

The part of Theorem 1.4 concerning c.i. rings of low codimension comes from

Theorem 6.2 When (R, m, k) is a local ring whose cyclic modules S withm/ S = 0 for some
Jj > 1 have eventually polynomial Betti sequences, then R is c.i., and

codim R — codim R” < max{codim R — i, 1} (6.2.1)
holds fori <2 if j =2, and also fori =3 if j = 3 and k is algebraically closed.

This theorem is proved in 6.4. The argument draws upon a classical description of the
homogeneous prime ideals of codimension two and minimal multiplicity in polynomial rings
over algebraically closed fields; Huneke, Mantero, McCullough, and Seceleanu [31] used it to
bound the projective dimensions of those ideals. We review the relevant parts, using notation
that will facilitate the references in 6.4.

6.3. Let k be an algebraically closed field, P9 a polynomial ring over k with variables
{ul, ..., u}} of degree one, and D a homogeneous prime ideal of P9. The ideal D is said
to be degenerate if D1 # 0, and non-degenerate otherwise; in the latter case, a well known
inequality involves the multiplicity of P9/D (see [20, Proposition 0]):

¢(P9/D) > height D + 1. 6.3.1)

Homogeneous prime ideals of height two admit explicit descriptions, possibly after some
change of variables. The ideal D is degenerate if and only if D = (u}, g5) with g5 an
irreducible form in k[u3, ..., u}]; in this case, e(P9/D) = deg(g3).

Non-degenerate D belong to one of two types. If ¢(P9/D) = 3, then D is the ideal
generated by the 2 x 2 minors of one of the matrices U*, displayed below:

* * * * * * * * *
w* uku w¥ uku w* uku
[ 172 3:|, or |: 172 3], or [ 172 3:|. (6.3.2)

* ook ok * ook ok * ook ook
Uy uy Uy Uy g Uy Uy g Ug

If e(P9/D) # 3, then D = (gj, g3) for some P9-regular set {g], g5} of forms and
e(P9/D) = deg(gy)deg(gs). This classification was obtained in [42] and [39, Theorem
3] (see also [20, Theorem 1]); it is described as above in [21, p. 63].

6.4. Proof of Theorem 6.2. The Betti sequence of k is eventually polynomial, by assumption,
and therefore R is c.i.; see 2.6(3). Replacing R with R does not change the hypothesis of the
theorem (as both rings have the same modules of prescribed Loewy length), nor its conclusion
(see (3.4.3)). Thus we may assume R = P /I with (P, p, k) a regular local and / generated
by a regular sequence in p.
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Put ¢ := codim R and ¢ := codim RY, and hence g = height IH9; see (3.4.1). We show
by (a very short!) induction on i that if certain cyclic R-modules have eventually polynomial
Betti sequences, then ¢ > i + 1 implies g > i for 0 <i < 3.

There is nothing to prove when i = 0. Suppose that the cyclic R-modules S with m2S = 0
have gnp(S) = 0. If i = 1, then from Corollary 5.7 we get rel RY > ¢ —1 > 1, whence
I # 0, and hence ¢ > 1. When i = 2, the claim is that = # 0 and ¢ > 3 implies g > 2.
Indeed, ¢ = 1 means that I™ is contained in P9g* for some g € p with deg(g*) = 1 or
deg(g™) = 2, and then Formula (5.6.1) applied with L := Pg yields 2 < ¢ — 1 < 1, which
is absurd.

Now assume that k is algebraically closed and the cyclic R-modules S annihilated by
m3 have gnp(S) = 0. We claim that IP # 0 and ¢ > 4 implies ¢ > 3. For the sake of
contradiction, suppose ¢ = 2; then P9 has prime ideals of height 2 that contain 7, and they are
homogeneous; let D be one of them. As k is infinite, there exist fi, f> € I suchthat{ f’ 1‘:', fz‘:‘}
is P9-regular. The surjective ring homomorphisms P9/( fl‘:', fz':') — P9/I9 — P9/Dyield
inequalities of multiplicities, to wit

4=e(PI/(fE, 1)) = e(PI/IP) > e(PI/D) > 1.

We rule out every admissible value of e(P9/D) by using the classification in 6.3.

When e¢(P9/D) # 3, one has D = (g}, g5) for some regular set {g], g5} of forms with
n; := deg(g}) satisfying 1 < n; < ny < 2. We prove that the existence of such a set implies
¢ < 3, which is ruled out by our hypothesis. Indeed, D equals L* for L := (g1, g2) C P; see
3.5(1).If np = 1, then PlgL* =L5> IZD holds and (5.6.1) yieldsc — 1 <2+0.If n; < ny,
then we have L} = kgj and L} = P?g’f ® kg3; as 12D contains a P9-regular set of two
elements, we get 1) ¢ P{g7, whence P{gi+ 1 = L}, andhence I /(IZNPJLY) = kg3
now (5.6.1) gives c — 1 < 1 4 1. Finally, n; = 2 implies ¢ — 1 < 0 + 2, again by (5.6.1).

If e(P9/D) = 3, then D = (y1, ¥2, y3), where the y;s are the 2 x 2 minors of a2 x 3
matrix U* in Formula (6.3.2) and u is the initial form of u;, where u := {u1, ..., u4} of p
is a minimal generating set. Let U be the matrix obtained from U* by replacing each u with
u;, and let g; be the minor of U that corresponds to y;. As g;’f = y; holds for j = 1,2, 3,
the ideal L := (g1, g2, g3) of P has L7 = 0 and L} = D»; also, I lies in Ji=L+ p3, as
seen from the relations

I+yp?

L+p® T
P TP

p3 3°

=17cD =LY =

=

Put Q := Pand S := P/f, andletd, c, a, e be the numbers assigned in 5.3 to the canonical
map R — S. The matrix U is adequate for u (cf. 7.4), so Theorem 5.4 applies. Here we
have e = d and h = 2, and therefore the granularity of S is given by Formula (5.4.2). When
gnp(S) = 0 this formula yieldsc —a — 1 < 0ifa < l,andc —3 < 0if a > 2. We end up
with 4 < ¢ < 3 and therefore ¢ > 3 holds. O

7 A family of Golod homomorphisms

This section does not rely on material in earlier parts of the paper. The goal is Theorem 7.9,
which contains results crucial to the proofs in Sects.5 and 6.

7.1. In this section k denotes a field, x a finite set of indeterminates of degree one, and A a
k algebra isomorphic to k[x]/1, where I is a homogeneous ideal in (x)2. Furthermore, N
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denotes a graded A-module; we setinf N :=inf{j € Z | N; #0}if N # 0 and inf 0 = oo
abusing notation, we write k for A/(Ay).

A blanket hypothesis is that all A-modules are graded and finitely generated, their sub-
modules are homogeneous, and their homomorphisms preserve degrees.

Natural gradings Torl‘.“ (N, k) = @ jez TorlA (N, k); are inherited from resolutions by

free graded A-modules. The graded Betti numbers ,Bl.f‘ j (N) := ranky Tor{‘ (N, k) j satisfy the
conditions ﬂf,‘j(N) =0fori ¢ [0, projdimy N], j <i+inf N,and j > i.
We write PIC (v, z), or P2, for the graded Poincaré series of N, defined to be
PR(y.2) =Yy BNy 2 e ZIy* NIz,
i>0 jeZ

(1) Localization at (A1), denoted here by ? ~+?¢, is a faithfully exact functor from graded
A-modules to A'-modules; it preserves freeness and minimality, whence

€
Py () = Py(1,2).

Three relevant properties of graded algebras are defined in terms of P,é“.

(2) The algebra A is said to be Koszul if it satisfies the condition
Ha(=y2) - Pl(y,2) =1

see also 7.2(1). In particular, k[x] is Koszul and Pf¥)(y, 2) = (1 + yz)l*!.
(3) The algebra A is said to be a graded complete intersection if I = k[x]g for some
k[x]-regular set of forms, g; by a graded version of 2.6(3), this is equivalent to

P2y ] =y 9% = (1 4y,
geg
(4) The algebra A is said to be Golod if it satisfies the condition

PA(y, 2) - (1 — zzPIk[x](y, z)) = (1 4yl

(Note: This equality differs from that in [28], where Formula (2.2) is incorrect.)

In view of 7.1(1), the algebra A is c.i., respectively, Golod if and only if the local ring A*
has the corresponding property; cf. 2.6, respectively, 5.3.
The focus in this section is on specific properties of polynomial ideals.

7.2. Let B := k[x] be a polynomial ring, / an ideal of B, and ¢ an integer.

We say that [ is t-linear (or, I has an t-linear resolution) 1fﬂB (I) = Oholds for j # i+1;
for instance, (x) is 1-linear. The ideal [ is linear if it is ¢-linear for some ¢; when I is linear,
itis (inf 7)-linear if I # 0, and ¢-linear foreach t € Z if I = 0.

Following Herzog and Hibi [26], we say [ is componentwise linear if theideal Iy := B1;
is j-linear for each j € Z. We list a few relevant properties.

(1) If I is t-linear, then the following equality holds:
(=)' PP (y.2) = A+ y) " H (=y2) .

(2) If I is linear, then it is componentwise linear.
(3) If I is componentwise linear, then the following equality holds:

1,(1) Zﬂzh(l )—Zﬁl (B11j—1y) for i,jeZ.

heZ heZ
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Part (1) can be read off Polishchuk and Positselski [35, Proof of Proposition 2.2]. (2) is
well known; e.g., [35, 1.1] or [28, Lemma 1]. Part (3) is proved in [26, 1.3].

We reduce computation of Poincaré series of componentwise linear ideals to a potentially
simpler task—computing Hilbert series of finitely many residue rings.

Proposition 7.3 Let B := k[x] be a polynomial ring, I an ideal of B, and put
e:=|x|, nj:=rank; I;, J:={j € Z|1; # B1lj—1}, and t :=maxJ. (7.3.1)
If I is componentwise linear, then PIB (z, y) is given by the following formula:
PP (v.2) = (1 +y2) Y (=) (Hpy1,, (~y2) = Hp/1, (—32))
jel

+ A+ (=) nja(=y2) 7

jel

(7.3.2)

Proof Both I;y and By I;_yy are j-linear, by the assumption on / and by 7.2(2), respectively;
thus, the formula in 7.2(3) is shorthand for a family of equalities:

88 (1) — :ﬂ,,ﬂ( ) — BB (Bil_yy) forj € ;
i,j

otherwise.

Multiply the ith equality by y'/z’ and sum up over i € Z; the result is
B _ pB ST

> By T = Proy = Py, foryed:

iz " 0 otherwise.

Now multiply each power series by (—z)’, and aggregate the products:

(=)' PP = (=)' Y BE Dy =3 (=)' (PP — (2 Py, )

i,j jel

Multiply the last equality by Hp(—yz) and invoke 7.2(1) to get

(=)' Hg(=y) P{ =) (=)' (=2 Hp(=y) P{| — (=) Hp(—=y2)PE;, )

jel

=Y (=2 (Hy, (=y2) — Hp,1;_, (=y2))
jel

= Z(_Z)I_j (Hlu) (_yZ) - (HI(_/',U (_yZ) —nj-1 (_)’Z)]_l))
Jjel

= > (=2 (Hpy1,,_,(—y2) — Hpy1;,(—y2) +nj_1(—y2)’ ™"
jel

The preceding equalities, multiplied by (—z) (1 + yz)¢, yield (7.3.2); see 7.1(2). O

7.4. Let O be a noetherian ring and L a nonzero Q-module. The maximal length of Q-
regular sequences in Anng (L) is called the grade of L; itis denoted by grade L and satisfies
grade L < projdim, L. If equality holds (and grade L = g), then L is said to be perfect (of
grade g). When Q is regular, grade L = height Anng (L) holds, and L is perfect of grade g
if and only if L is Cohen-Macaulay and dim L = dim B — g.
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Letx := {x1, ..., x.} beasetof nonzeroelementsof Q.Let X = [x,-,j] beansx (s+h—1)
matrix with entries from x U {0}, and put

h
x = {xr, ) AX = {xij}jisi=a forn € [1,h], and AY = ] AX.
n=1

We say that X is adequate for x if the following conditions are satisfied:
A Cx; xeAl < I=nell,hl; |{G.j):xij=xa€x\X}| <L

Let 1(X, Q) denote the ideal of Q generated by the s x s minors of X.

Eagon and Northcott [16, Theorem 2] proved that 7 (X) is perfect of grade # if the entries
of X are distinct indeterminates. In the results that follow we describe families of ideals with
similar properties that are parametrized by fewer variables.

Lemma7.5 Letk be a field, x := {x1, ..., x.} a set of indeterminates, and put B := k[x].
Let X be an s x (s + h — 1) matrix that is adequate for x (see 7.4).
The module A(X) := B/I(X) is perfect of grade h, the ideal I (X) is s-linear, and
S (h—1+i ,
(—2' Ply =y =1— (1 +y2)" > ( i )(—yz)'. (7.5.1)
i=0

In the special case h = e one has 1(X) = (x)°.

Proof Put A(X) := k[x]/1(X).Foreachn € [1, h]choosei € [1, s]suchthatx; ;1,—1 = x.
Let o : k[x] — k[x] be the k-algebra map that swaps x1 ;4+,—1 and x1, fori € [1, h] and
fixes the rest of x. As o induces an isomorphism of k-algebras A(X) = A(c (X)), we may
suppose that x1 , = x,, holds for n € [1, h].

LetY = [yi,j] be an s X (s +h — 1) matrix with distinct entries fromaset y of s x (s+h—1)
indeterminates such that y N x = @; put y' := {y1.1, ..., y1.n} and C := k[y’]. The module
A(Y) is perfect of grade A, the following is A(Y)-regular

2y = {Viitn—1 — Yinti#lnern Y {i,j € Ay},

and A(Y)/zy A(Y) = C/(Cy)* holds; see Eagon [15, Proof of Theorem 1].
Let »: k[y] — k[x] = B be the k-algebra map with y; ; — x; ;. Since x is adequate for
X, the ideal Ker(s¢) is generated by the following set of linear forms:

z2x = {Yiji4n—1 = Y1n | Xii4n—1 = Xn bizlnepr,n YU {yij | xij =0}

The setzx is A(Y)-regular (asitisapartofzy)and A(X) = A(Y)/zx A(Y) holds; thus A(X)
is perfect of grade &. In addition, the set of linear forms z := »(zy\zx) is A(X)-regular with
A(X)/zA(X) = C/(Cy)*. Therefore A(X) is perfect of grade / and PE(X) = PCC/(C, ) holds.
This implies Pﬁx) = P(Ccl)f; in particular, I (X) is B-linear, by 7.2(2). Setting y” := y \ y’
and applying (7.3.2) with J = {s} yields

(-2)~* PIB r,2) =1+ y2)° (Hk[y](—yZ) — Hk[yr/J(—yZ)Hc/(C])x(—yZ))-
It remains to plug in the well known expressions of the Hilbert series involved. O

7.6.Letx = {xi, ..., e.} be asetof indeterminates, D := Z[x], I ahomogeneous ideal, and
g = grade D/I. When Q is a noetherian ring and u = {uy,...,u.} C Q,put I(u, Q) :=
Q¢ (I), where ¢: D — Q is the ring map with ¢ (x;) = u; fori € [1, e].
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(1) When D/I is Z-free the following conditions are equivalent: (i) D/I is perfect of
grade g; (ii) K[x]/I(x, K[x]) is perfect of grade g for every finite prime field K; (iii)
K[x]/I(x, K[x]) is perfect of grade g for every noetherian ring K.

The ideal I called generically perfect of grade g if it satisfies the conditions in (1). In case
itdoes and 7 (u, Q) # Q holds, Q/I(u, Q) has the following properties:

(2) grade Q/I(u, Q) < g, and Q/I is perfect if equality holds.
(3) If (Q, g, k) isalocal ring, u C q, and grade Q/I(u, Q) > g holds, then one has

B! B . .
PQQ/I(u’Q)(z) = PP 1y @ = Phypepy (1, with B = klx].

See Hochster [29, Theorem 1], complemented by [30, Proposition 20] for Part (1); [17,
Proposition 4] for Part (2); [1, Proof of Theorem 6.2] and 7.1(1) for Part (3).

Corollary 7.7 Let x be a set of indeterminates, X an s x (s + h — 1) matrix that is adequate
for x (see (1.4)), and put D := Z[x].

(1) Theideal I := I(X, D) is generically perfect of grade h (see 7.6).

(2) The ideal J := I1(X, D) + (x)'+1 is generically perfect of grade e.

Proof (1) One has k ®7 I = I1(X, k[x]) for every field k. From Lemma 7.5 we know that
I(X, k[x]) is perfect of grade g and that that Hy[yx)/;(x, k[x]) () does not depend on k; thus
for each j € Z and every prime number p the Z/pZ-rank of (D/I);/p(D/I); equals the
Q-rank of (D/1); ®z Q. Therefore D /I is Z-free.

2Q)As(D/J)j =(D/I)j for j <sand (D/J); = 0for j > s, Part (1) shows that D/J
is Z-free. It is clear that k[x]/(1 (X, k[x]) + (x)S‘H) is perfect of grade e. O

7.8. Recall that a ring homorphism Q — Q/J is said to be Golod if J € ¢* and PkQ/J (2) =

PkQ (z2)/(1— 72 PJQ) holds; , see Levin [32]. Thus a local ring S is Golod if and only a minimal
Cohen presentation Q — S is a Golod homomorphism; cf. 5.3.

Theorem 7.9 Let (Q, q, k) be a local ring, u = {uy, ..., u.} a Q-regular subset of Q, and
Uans x (s + h — 1) matrix with entries in {u} U {0} that is adequate for u; see 7.4. Let
1(U) be the ideal of Q generated by the s x s minors of U.

(1) Theideal I := I(U) is perfect of grade h, and P,Q(z) = PIIfX)(l,z); see (7.5.1).
(2) The ideal J := 1(U) + (w)*t! is perfect of grade e, and

o1 (1 + g)h+! “(h—1+i>_ i
Py = = + — ; ; (=2

(14+2)° [ fe—1+i i (h—1+s s
Tt (;( i >(_Z)‘< ) >(_Z)>'

(3) When s > 2 the canonical maps Q/1 « Q — Q/J are Golod homomorphisms.

Proof (1) Let S denote the associated graded ring of the ideal (#) and a* the initial form
of a € Q. Note that u* := {uj, ..., u}} is algebraically independent over the subring
K = Q/(uy, ..., u,); we identify S and K[x], write X for the matrix U* = [uf/]
and do not distinguish between I(U*, S) and I(X, K[x]), see 7.4. It is clear that X is
adequate for x; then /(x, Z[x]) is generically perfect, by Corollary 7.7(1), and hence
I(X, K[x]) is perfect of grade i, by 7.6(1). Therefore so is I(U) (see Northcott, [34,

Proposition 3]), and 7.6(3) yields PIQ () = Pf;x)(l, 7).
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2

3)

The ideal J is perfect of grade e, by Corollary 7.7(2) and 7.6(2), so we have
PJQ = Pﬂﬂkm)(l, 7), by 7.6(3). The ideal J(x, k[x]) is componentwise linear, with
J(x, k[x]) 5y = 1(X) and J(x, k[x]) 541y = (x)st1L. Applying Proposition 7.3 with

J = {s, s + 1} and substituting the expressions for P,f[[;/] 1) @nd P]f[[;]]/(x)ﬁl (y, 2), from

Lemma 7.5, into Formula (7.3.2) yields P}(E;}k[X]) (v, 7). Now refer to 7.1(1).

The map Q — Q/J is Golod if and only if the ring (k[x]/J (x, k[x1))t is Golod (see [1,
Theorem 6.2]), if and only if the algebra k[x]/J (x, k[x]) is Golod (see 7.8); this algebra
is Golod because the ideal J (x, k[x]) is componentwise linear; therefore Herzog, Reiner,
and Welker, [28, Theorem 4] applies. O
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