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Bacteria often attach to surfaces and grow densely-packed communities called biofilms. As biofilms grow, they expand across the surface,
increasing their surface area and access to nutrients. Thus, the overall growth rate of a biofilm is directly dependent on its “range expansion”
rate. One factor that limits the range expansion rate is vertical growth; at the biofilm edge there is a direct trade-off between horizontal
and vertical growth—the more a biofilm grows up, the less it can grow out. Thus, the balance of horizontal and vertical growth impacts the
range expansion rate and, crucially, the overall biofilm growth rate. However, the biophysical connection between horizontal and vertical
growth remains poorly understood, due in large part to difficulty in resolving biofilm shape with sufficient spatial and temporal resolution from
small length scales to macroscopic sizes. Here, we experimentally show that the horizontal expansion rate of bacterial colonies is strongly
coupled to vertical expansion via the contact angle at the biofilm edge. Using white light interferometry, we measure the three-dimensional
surface morphology of growing colonies, and find that small colonies are surprisingly well-described as spherical caps. At later times, nutrient
diffusion and uptake prevent the tall colony center from growing exponentially. However, the colony edge always has a region short enough to
grow exponentially; the size and shape of this region, characterized by its contact angle, along with cellular doubling time, determines the
range expansion rate. We found that the geometry of the exponentially growing biofilm edge is well-described as a spherical-cap-napkin-ring,
i.e., a spherical cap with a cylindrical hole in its center (where the biofilm is too tall to grow exponentially). We derive an exact expression for
the spherical-cap-napkin-ring-based range expansion rate; further, to first order, the expansion rate only depends on the colony contact angle,
the thickness of the exponentially growing region, and the cellular doubling time. We experimentally validate both of these expressions. In
line with our theoretical predictions, we find that biofilms with long cellular doubling times and small contact angles do in fact grow faster
than biofilms with short cellular doubling times and large contact angles. Accordingly, sensitivity analysis shows that biofilm growth rates
are more sensitive to their contact angles than to their cellular growth rates. Finally, we show that a simple biophysical model connecting
vertical and horizontal growth dynamics can reproduce the above phenomena, suggesting that the spherical cap and spherical cap napkin ring
shapes emerge due to the biophysical consequences of diffusion-limited growth. Thus, to understand the fitness of a growing biofilm, one
must account for its shape, not just its cellular doubling time.
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1. Introduction1

Biofilms - surface attached communities of microbes embedded in extracellular polymeric substances - represent a major mode2

of microbial life (1–4). During the biofilm life cycle, cells attach to a surface, secrete extracellular polymeric substances, and3

reproduce, forming a biofilm that expands as it grows (5). Biofilm growth is limited by the ability of densely packed cells4

to access nutrients; expansion that increases a biofilm’s interface with nutrient-providing media thus enables more growth.5

Higher range expansion rates, i.e., the horizontal growth rate of a biofilm, therefore correlate with higher fitness. However,6

while biofilms grow they can expand horizontally and vertically (6–9), and at the edge of a colony there is a direct trade-off7

between horizontal and vertical growth (i.e., the more a biofilm grows vertically, the less it can grow horizontally). And yet,8

little is known about the impact of the biophysical balance between horizontal and vertical growth, despite the important role9

this trade-off plays in determining colony growth rate.10

When biofilms are small, they grow exponentially (10). Once biofilms are tall enough, their growth is limited by nutrient11

diffusion and uptake and thus is sub-exponential (11–13). However, there is always a region at the biofilm edge that is thin12

enough to overcome the diffusion limitation and grow exponentially (7, 14–16). The range expansion rate is thus strongly13

dependent on the number and arrangement of cells in this region, which, in turn, depends on biofilm geometry. The biofilm14

geometry has also been demonstrated to significantly impact cell organization and packing which has been shown to impact the15

fitness of colony (10, 17–21). Determining the exact geometry of a biofilm and the edge, and how it changes over time, however,16

is experimentally challenging. Doing so requires high spatial and temporal resolution measurements of the three-dimensional17

biofilm surface topography across many length and time scales, which is experimentally difficult. Thus, we lack an empirical18

understanding of the shape of the edge, its time evolution, and how it relates to the range expansion rate.19

Here, we examine three-dimensional biofilm geometries and how they impact biofilm growth by focusing on the shape and20

dynamics of the expanding colony edge. We find that expanding colonies rapidly approach consistent, steady-state contact21

angles upon growth. When small, biofilms are well-described as spherical caps. As biofilms grow larger, nutrient diffusion22

and uptake limit growth in the center of the biofilm, leading to deviations from spherical cap shapes; further, buckling and23

wrinkling may occur in the biofilm center (22). However, the contact angle at the edge remains constant. We show that the24

edge of the biofilm is well described as a spherical-cap-napkin-ring (SCNR), i.e., a spherical cap with a cylinder removed from25
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its center. We derive expressions for the volume of SCNR and for the range expansion rate based on the doubling time of26

individual cells and the SCNR geometry. We measure growth of many strains, and some on different agar percentages, and27

show that differences in range expansion rate depend more on biofilm contact angle than on cellular doubling times. Finally,28

we propose a simple biophysical model built on the diffusion and uptake of nutrients, as well as the empirically observed decay29

in vertical growth rate with height (7); we find that this model can reproduce our empirical observations and use it to show30

that the decay in vertical growth rate with height is responsible for the spherical cap shapes we observe.31

2. Results32

A. Range expansion rates correlate more with colony geometry than with doubling time. As a first step, we sought to assess33

how much the range expansion rate depends on cellular reproduction and biofilm geometry. We measured three different34

properties: the lateral range expansion rate, ∆a/∆t, where a is the colony radius and t is time, the cellular doubling time, τ ,35

and the “contact angle,” the angle that the edge of the biofilm makes with the agar surface, θ, which characterizes the balance36

between vertical and horizontal growth (23). Note, τ represents the minimal doubling time, i.e., the maximal growth rate, as it37

is measured when cells are in the exponential phase. Experiments were done on five bacterial strains across three different38

species (Pseudomonas aeruginosa, Aeromonas veronii, Vibrio cholerae wild type (WT), V. cholerae EPS-, and V. cholerae39

EPS+; see Fig 1 and the Methods Section for more details on the strains used) on 1.5% LB agar pads . As we will primarily40

focus on V. cholerae WT in this paper, we also performed experiments with it on 3% and 5% agar pads. A total of seven41

independent strain-agar-concentration combinations were tested.42

Doubling times were measured by inoculating single cells on agar surfaces and observing their growth, from a single cell to43

∼ 16 cells, via confocal microscopy (Nikon A1R). Range expansion rates and contact angles were measured by inoculating44

single cells on agar surfaces and measuring their topographies after ∼ 24 hours of growth with optical interferometry (Zygo45

ZeGage Pro).46

With these measurements in hand, we characterized how ∆a/∆t correlates with τ and θ. Surprisingly, the correlation47

between ∆a/∆t and τ was relatively weak (Spearman’s correlation coefficient ρ = −0.36). Conversely, the correlation between48

∆a/∆t and θ was much stronger (ρ = −0.89). These observations suggest that colony geometry may play a crucial role in49

determining range expansion rates, and thus biofilm fitness.50

A B
a
θ

Fig. 1. Dependence of range expansion rate (∆a/∆t) on doubling time (τ ) and contact angle (θ). (A) The range expansion rate is plotted against τ , which is directly
measured from confocal microscopy with single cell resolution. The resulting Spearman’s correlation coefficient (ρ = −0.36) suggests a relatively weak correlation between
these two parameters. The error bars in τ represent the standard deviation measured across at least three distinct replicates of bacteria, while the error bars in ∆a/∆t

represent the error in the mean slope calculated from three replicates. Different color symbols represent different strains and conditions, as described in the inset; note, the
number in parentheses refers to the agar percentage of the pad on which the bacteria were grown. (B) Conversely, when we plotted ∆a/∆t against the mean θ of each
colony, we observed a significant correlation (ρ = −0.89), suggesting that edge geometry plays a crucial role in range expansion. The error bars in θ represent the error in the
mean angle calculated across three replicates.

B. Nascent biofilm geometry is well described by a spherical cap . To investigate how colony geometry impacts range expansion51

rate, we next sought to characterize the full three-dimensional colony shapes. To do so, we inoculated single cells of V. cholerae52

WT on 1.5% LB agar pads. After growing colonies for ≈ 24 hours at 23◦ C, we used optical interferometry to measure the53

colony surface topography.54
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We observed that at these sizes, colonies look like spherical caps. Fig. 2A shows an image of a V. cholerae WT biofilm55

grown for ≈ 24 hrs on 1.5% agar projected onto a single plane (the X-Z plane). To test if this morphology is unique to V.56

cholerae WT, we performed similar experiments with five more strains, including gram-negative and gram-positive species and57

different cell shapes and sizes. We observed a spherical cap shape for all strains (Fig. 2B-F).58

We next sought to quantify how well these biofilms are described as spherical caps. First, we measured radius (a) and59

height (h) for each strain. Height (h) represents the highest point of the colony. These two measurements are sufficient to60

completely define a spherical cap. We then compared the empirically measured topographies to ideal spherical caps with the61

same a and h; for context, we compared to other possible shapes–specifically, the Gaussian and Cone. For all strains, we found62

an excellent agreement between measured topographies and their associated spherical caps, and much worse agreement with63

the Gaussian and Cone shapes, as quantified by the coefficient of determination, R2 (for all six strains, R2 > 0.95 for spherical64

caps, R2 < 0.9 for Gaussians, and R2 < 0.7 for cones; see SI Fig. S1). We also measured the total residuals from all three65

shapes (See SI for details). We found that the spherical cap always has by far the smallest residual, across all species and66

strains (Fig. 2B-E). Note, here we are not comparing the least-squares spherical cap fits, but simply with spherical caps with67

the same a and h as seen experimentally.68

To further confirm that the spherical cap is indeed the best description of colony geometry, we calculated a least squares fit69

for spherical cap and Gaussian shapes for each topography (we omitted the cone due to its poor R2 and total residual). The70

free parameters obtained from least squares fit are in excellent agreement with the measured parameters for spherical cap71

shape (e.g., a plot of measured R vs. fit R has slope 0.91 and R2 = 0.99; see SI Fig. S2). In contrast, the measured and fit72

parameters do not match for Gaussian shapes (e.g., plots of measured vs. fit for σX and σY have slopes -.003 and -0.003, and73

R2 = 0.4 and 0.5, respectively; see SI Fig. S3). As a final confirmation of the appropriateness of describing these colonies74

as spherical caps, we used the radius and height of each topography to calculate the volume of its corresponding spherical75

cap. These volumes match well with the experimentally measured volumes, with slope of 1.05 and R2 = 0.96 (See SI Fig. S5).76

Taken together, these data demonstrate that these nascent biofilms are well-described as spherical caps.77

However, the spherical cap shape does not persist forever. It is known that the vertical growth of a biofilm is limited by78

nutrient diffusion and uptake (7). The center of the biofilm eventually grows slower than the edges, modifying the process that79

produces a spherical cap. It is unclear how this vertical growth limitation affects geometry over time, and thus impacts the80

range expansion rate.81

C. Mature biofilms deviate from spherical cap shape. We next characterized how geometry changes over time. We grew V.82

cholerae WT colonies starting from a single cell on 1.5% LB agar. ≈ 17 hrs after inoculation, when the colony radius was83

∼ 100 µm, we began measuring colony topography via interferometry. We imaged each colony every ≈ 15 min for the first 884

hours, then every ≈ 60 min for another 15 hours.85

By visualizing the topographic profiles over time, we made two qualitative observations (Fig. 3A). First, while nascent86

biofilms are very well-described as spherical caps, mature biofilms increasingly deviate from spherical cap shapes. Second, the87

contact angle at the biofilm edge appears relatively constant across all times. Thus, we sought to quantify how the shape of a88

biofilm deviates from that of a spherical cap over time.89

We first measured volume (V ), radius a, and contact angle θ of colonies as functions of time. To determine when the biofilm90

deviates from a spherical cap shape, we compared V to the volume of a perfect spherical cap with the same radius a and91

contact angle θ, i.e., Vcap(a, θ), which is given by92

Vcap(a, θ) = π

3

(
a

sin θ

)3
(2 + cos θ)(1 − cos θ)2. [1]93

We found that V and Vcap are very similar until a ≈ 500 µm (Fig. 3B). At that point the percent difference between V and94

Vcap starts increasing and eventually exceeds 10%, and proceeds to increase further as a increases (see SI Fig. S6).95

To elucidate the cause of this deviation, we quantified the temporal evolution of all three parameters that characterize a96

spherical cap, i.e., a, h, and θ (a spherical cap is uniquely defined by any two of these three parameters). As expected, we97

observed that after an initial period of exponential growth, a increases linearly with time (Fig. 3 C and SI Fig. S8). In contrast,98

we found that h grows slower when a > 500 µm, as expected due to the effect of diffusion and uptake of nutrients (7) (Fig. 3C).99

However, unlike a and h, θ remains relatively constant after the initial period of exponential growth (Fig. 3D). This constant100

contact angle is not just limited to colonies grown on 1.5 % agar, but also in colonies grown on 3 and 5% agar (see SI Fig. S7101

A). As the radius of the colony is growing at a constant rate, and the contact angle is constant, the saturation of the height h102

thus prevents the colony from maintaining a true spherical cap shape.103

To confirm that the contact angle remains relatively constant despite the fact that colonies deviate from spherical cap104

shapes, we performed additional measurements of contact angle at late times. Even after 80 hours, when a = 1400 µm, θ = 40◦;105

the mean contact angle fluctuates with a standard deviation of 1.4◦ from a = 300 µm to a = 1400 µm (which is the largest106

radius we measured; see SI Fig. S7B for details). So, even though biofilms cease to be spherical caps at late times, the geometry107

at the edge—where rapid growth occurs—does not change substantially even over long times. Further, we observe that biofilms108

that substantially wrinkle also exhibit clear, easily measurable contact angles at the biofilm edge (see SI Fig. S9; further, below109

we will show that the contact angle of biofilms that wrinkle has the same effect on their range expansion as it does for biofilms110

that do not wrinkle). Inspired by this observation, and with the ultimate goal of connecting accurate biofilm geometries to111

range expansion rates, we next sought to determine if the biofilm edge continues to be well-described as a spherical cap.112
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Fig. 2. Topographic images of bacterial colonies. (A) The topography of a monoclonal colony of V. cholerae WT is measured via interferometry after ∼ 24 hours of growth
on a 1.5% agar plate. The 2D line profile shows the topographic profile in the x-z plane. We compared this topography to a perfect spherical cap with experimentally measured
height and radius, and did the same for Gaussian and cone shapes. Residuals from all three comparisons are shown in the bar plot, which demonstrates that the spherical
cap shape yields by far the lowest residual. (B-E) We performed similar measurements on five additional strains: Aeromonas veronii, Bacillus subtilis, V. cholerae EPS-, V.
cholerae EPS+, and Pseudomonas aeruginosa. Topographies, x-z plane topographic profiles, and residuals are shown for these strains as in (A). In all cases, the spherical cap
produced the smallest residual, indicating the broad prevalence of the spherical cap shape.

D. The edge of a biofilm is described by Spherical Cap Napkin Ring Geometry. To determine if the biofilm edge continues113

to look like a spherical cap, we turned to the Napkin Ring Problem. This is a well-known problem in geometry in which a114

cylindrical volume is removed from a sphere (the sphere and cylinder must share the same center) (24). Since the biofilms we115

observe, when small, are well described as a spherical cap, and the edge retains a constant contact angle, we use a similar116

approach to the napkin ring problem to derive the volume of a “spherical cap napkin ring,” i.e., a spherical cap with a cylinder117

removed from its center (see Fig. 4 A and SI for details). We find that the volume of a spherical cap napkin ring is given by118

Vnap = π

(
( a

tanθ
)L2

0 + 2L3
0

3

)
[2]119

where a, θ and L0 are radius of the spherical cap, contact angle and edge height respectively.120

We next experimentally check if real biofilm edges are accurately described as spherical cap napkin rings. First, we note that121

the volume of a spherical cap napkin ring depends on a, θ, and the edge “height” (L0) (See SI Fig. S10 for illustration). In122

experiments, we observe that, in the regime where contact angle is constant, the volume of the biofilm edge increases linearly123

with a for a wide range of value of L0 (Fig. 4B and SI Fig. S15A, R2 > 0.9 for all L0). Further, we find that the volume of the124

edge of a biofilm strongly agrees with predictions from the spherical cap napkin ring formula. In fact, in the regime where θ is125

constant (a > 300µm), measured volume of the edge versus predicted napkin ring volume has an R2 = 0.96 with a slope of 1.0126

(Fig. 4C and SI Fig. S15 B and C for different strains ). Thus, the geometry at the edge of a biofilm is, in fact, well-described127

as a spherical cap napkin ring.128

E. Consequences of the Spherical Cap Napkin Ring Geometry. We now use the SCNR geometry to predict the range expansion129

rate. We first sought a simpler approach to capture the impact of the geometry at the biofilm edge on the range expansion130

rate. We derived an expression for the change in radius as a function of time for a spherical cap napkin ring, building off the131
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Fig. 3. Change of colony geometry over time. (A) X-Z profiles of a V. cholerae (WT) colony measured at different times are shown; the time of each measurement is
indicated by its color, as defined by the color bar. The colony initially exhibits a spherical cap shape, but over time its height saturates, and the colony gradually deviates
from the spherical cap shape. (B) To quantitatively evaluate how the colony’s shape eventually deviates from the spherical cap shape, we compared the measured volume to
the theoretical spherical cap volume, which we calculated using empirically measured values of the radius (a) and contact angle (θ). The measured volume and theoretical
spherical cap volume start in good agreement. As the colony grows, the measured volume eventually falls short in comparison to the theoretical volume, demonstrating the
deviation from the spherical cap shape. (C) We plotted the radius and height of the colony over time and found that while the radius grows linearly over time, the height of the
colony increases at a slower rate after a > 500 µm. The solid line represents the LOESS-averaged values, and the shaded region represents the standard deviation from three
replicates. The dashed line indicates a = 500 µm. (D) Contact angle, θ, is plotted against a, revealing that, after an initial increase when ∆a/∆t is increasing, θ remains
relatively constant.

spherical cap napkin ring volume from Eqn.2; to leading order, we have:132

da

dt
∼ ln(2)Le

2tan(θ)τ [3]133

where Le represents the maximum height at the edge of the biofilm where the volume doubles with the doubling time of134

τ (see SI for more details). In fact, we find that experimentally measured ∆a/∆t exhibits a very strong correlation with135

∼ 1/(τtan(θ)), with a Pearson’s correlation coefficient of ρ = 0.93 (Fig. 5A). Furthermore, the linear relationship in Eq 3 allows136

us to extract an average value of Le. The best linear fit to these data, as shown in Figure 5A, is Le = 29µm, which agrees with137

prior empirical observations that vertical growth rate reached its maximum value around similar colony heights(7).138

To validate the estimate of Le from ∆a/∆t, we used an empirical approach. Note that in our derivation we define the139

SCNR-region of interest based on its maximum height, L0. We then define the specific SCNR that doubles in volume during140

one cellular doubling time by its maximum height, which we now term Le. We thus measured biofilm’s edge volume at two141

sequential time intervals separated by δt. We calculated the edge volume of the biofilm at a specific edge height ( L0) for the142

first time point (Fig. 5B). Then, using the same distance from the center for that specific L0, we calculated the volume in this143

now larger region in the second time point after a time ∆t. As we separately measured the cellular doubling time, we then144

compare the ratios of the final to initial volume to 2∆t/τ . The Le value that gives V2/V1 = 2∆t/τ is the Le value to which the145

volume of the biofilm edge doubles (Fig. 5C). We performed these measurements for Vibrio cholerae WT grown on 1.5%, 3%,146

and 5 % agar. We find the mean Le to be 33 ± 1, 24 ± 0.5, 29 ± 0.25 µm for 1.5%, 3%, and 5 % agar, respectively. Here the147

errors represent the standard deviation of Le between means of three different replicates. If we plug in ∆a/∆t, τ , and θ to148

Equation 3 and solve for Le, we get Le = 36 ± 3, 27 ± 2, and 31 ± 2 µm for 1.5%, 3%, and 5 % agar, respectively, yielding an149

average percent difference between these two different approaches to measuring Le of 9%. Thus, the value of Le, extracted150

from the linear relationship between ∆a/∆t and 1/(τtan(θ)) indeed aligns with the Le value that corresponds to the volume of151

the edge that doubles.152
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Fig. 4. Definition and application of the Spherical-Cap-Napkin Ring geometry. (A) The sketches illustrate the process of removing the center from a spherical cap, thus
defining a spherical-cap-napkin-ring, i.e., the material remaining at the cap’s edge. (B) We plotted the edge volume (Vedge) against the colony radius for different edge heights
(L0) for V. cholerae (WT) colony grown on 1.5% agar. We find that the edge volume increases linearly with the colony radius (R2 > 0.9 for all Le) in the regime where the
contact angle is constant, consistent with Equation 2 (See SI for derivation details). The shaded region, which is smaller than the symbols, indicates the 95% confidence
interval for the linear fit. (C) We plot the measured (Vedge) against the predicted volume from Eq. 2, Vnap. The high value of R2 = 0.96 demonstrates excellent agreement
between the measured and predicted volumes.

F. Predicting range expansion rate from θ, Le, and τ . We now have all of the information needed to predict the range expansion153

rate. Focusing just on the volume at the edge that doubles, we have154

V (edge)final

V (edge)initial
= 2

δt
τ [4]155

Using volume expression of the edge from Equation 2, we can derive an exact equation for the change in δa during time δt (See156

SI Fig. S12 and Eqn. S27):157

log2

(
π( (a+δa)(αLe)2

tan(θ) + 2(αLe)3

3

π( aL2
e

tan(θ) + 2L3
e

3 )

)
= δt

τ
[5]158

We numerically calculated the range expansion rate using this equation for biofilms grown on three different agar percentages.159

We find that predicted range expansion rates are very similar to experimentally measured values (Fig. 5 D). In fact, the average160

absolute error is 2 µm /hr (See SI for dependence of predictions with Le and a).161

Finally, we note that Eqn.3 suggests that a strain with a long doubling time can have a faster da/dt than a strain with a162

shorter doubling time, so long as its θ is small enough. We thus use sensitivity analysis to determine which variable τ or θ,163

da/dt is more sensitive to (25). The sensitivity of da/dt with τ and θ is given by:164

Sθ = ∂

∂θ

(
da

dt

)
× θ

da
dt

[6]165

Sτ = ∂

∂τ

(
da

dt

)
× τ

da
dt

[7]166

Thus, the ratio of two of these sensitivities is given by167

Sθ

Sτ
= 2θ

sin(2θ) [8]168

We first see that this ratio is independent of the value in τ . This suggests that the sensitivity of da/dt does not depend169

on the particular value of τ . Crucially, we also note that for 0 < θ < 90◦, this ratio is always greater than 1. Thus, da/dt is170

functional is more sensitive to changes in θ than changes in τ , suggesting that the range expansion rate is more sensitive to the171

geometry of a biofilm than to the cellular doubling time.172
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Fig. 5. Experimental measurements agree with predictions from the spherical cap napkin ring model. (A) The mean range expansion rate (∆a/∆t) is plotted against
∼ 1/(τ tan(θ)) (See Methods and SI Table 3 for details). In line with the spherical-cap-napkin-ring predictions, we found a strong Pearson’s correlation of ρ = 0.93. Using
Equation 3, measurement of the slope allows us to estimate that the average Le = 29µm, which denotes the height of the region at the colony edge where the volume
doubles during one cellular doubling time, averaged across all strains studied. (B) To validate the value of Le we get from (A), we sought to directly determine the biofilm
thickness, L0, that defines the region at the colony’s edge that doubles in volume during one cellular doubling time, τ . To this end, we compared consecutive interferometry
images of V. cholerae WT grown on 1.5% agar, as described in this cartoon. We measured the edge volume for different heights L0 at each initial time point, Vinitial. These
edge volumes include all volume for which a > x1, where x1 is the value of the radius where biofilm thickness is L0. We then measured the edge volume at the second time
point, Vfinal, a time δt later, where again a > x1. (C) We plotted the ratio of final to initial edge volume against different L0 values (the purple line). We also plotted the
expected Vfinal/Vinitial ratio, which is 2δt/τ (the green line). Note, the mean time between consecutive measurements, 0.65 hr , is a little less than the measured mean
cellular doubling time (τ ) of 0.82 hr; thus, during the time that elapsed an exponentially growing region should increase its volume by a factor of ∼ 1.7. The intersection point of
these two lines thus represents the thickness, Le, where the volume doubles during one cellular doubling time (i.e., τ ). We observe that Le estimated from measurements of
seven different strains and conditions in (A) aligns with the direct, empirical measurement of Le. The shaded region for the volume ratio represents the standard deviation from
four consecutive time points for one replicate, and we propagated the errors in τ and δt to determine the standard deviation for 2δt/τ . (D) Using the empirically measured
values of Le, we predicted (∆a/∆t) with Equation 5. The bar plot compares the predicted (∆a/∆t) to the mean measured (∆a/∆t). The SCNR predictions closely match
the measured rates, with a mean absolute error of 2µm/hr.

G. Biophysical connection between vertical and horizontal growth. We now seek to uncover the biophysical mechanisms173

underlying the observed spherical cap geometry in biofilms. The dynamics of vertical biofilm growth have been previously174

characterized, and a simple heuristic model was validated to capture the complex dynamics of nutrient diffusion and uptake175

(7). This model links the vertical growth of biofilms to a set of three key biophysical phenomena: cell growth rate, colony decay176

rate, and nutrient diffusion and uptake within the biofilm. However, the model was designed and tested for use far from the177

colony edge, and thus was previously applied only to vertical growth. To additionally capture the horizontal growth dynamics178

at the colony edge, and thus describe range expansion, we incorporate a diffusive term into the height dynamics model. Such a179

term is often used to model biofilm range expansion as the result of treating biofilms as active cellular fluids (26–30). The180

model is, thus, characterized by four independent parameters: α, β, L, and D. The governing equation is:181

dh

dt
= α · min(h, L) − βh + D

d2h

dx2 [9]182

In this formulation, α and β denote the rates of cell growth and death within the biofilm, respectively. The parameter183

L signifies the maximum biofilm thickness to which cells exhibit exponential growth, i.e., the farthest distance that enough184

nutrients reach to support growth (see (7) for details on the model and its validation). Lastly, D is the biofilm diffusion185

coefficient described above. Note, α in these simulations should be compared to 1/τ from our experiments.186

Using equation 9, we generated two-dimensional profiles of the colonies. We start each simulation from a Gaussian shape187

with an amplitude of 1 µm and a width of 1.2 µm to resemble growth from single cells, and grow for 50 simulated hours.188
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Initially, we use parameter values as determined in (7) for V. cholerae WT (α = 1.113 (1/hr), β = 0.038 (1/hr), D = 100189

µm2/hr, and L = 7 µm). To apply identical analyses to numerically and experimentally recorded data, these two-dimensional190

profiles were subsequently transformed into three-dimensional representations by rotating them through a full circle, enabling191

us to generate three-dimensional colonies. We then tested if this simple, biophysical model is capable of reproducing the growth192

dynamics and emergent colony shapes we see in experiments.193

We found that, like our experiments, the simulated colony morphologies initially resemble spherical caps (Fig. 6A), as194

confirmed by measurements of R2 of 0.97. Similar to experimental observations, both the contact angle and the rate of range195

expansion remain constant despite the colony’s expansion (see Fig. 6C and S18 A ).196

As the simulated colonies mature, they deviate from the perfect spherical cap shape, as expected due to their heights197

saturating (see Fig. 6B); this model accurately captures the saturation of colony height over time observed in experiments198

(see SI Fig. S18 A). We next tested if these simulated colonies exhibited the spherical cap napkin ring (SCNR) geometry we199

saw in experiments by plotting the volume of the edge of a simulated colony against the volume predicted for a spherical cap200

napkin ring. Again, there is excellent agreement between observed and predicted volumes (R2 = 0.99; Fig. 6D and S18 B)201

indicating that the simulated colonies edges are well described as spherical cap napkin rings. This observation of spherical cap202

and spherical cap napkin ring is independent of values of α and D (see SI Fig. S19 and Fig. S20).203

Next, we sought to determine if the spherical cap napkin ring-based range expansion rate prediction (equation 3) still holds204

for simulated colonies. To test this idea, we varied α and D in equation 9 and measured the contact angle and range expansion205

rate after it reaches a constant value. Simulations allow us to study a much wider range of parameters than is possible in206

experiments; in fact, we simulate 400 unique parameter combinations, with a range of 1
α

that is much broader than the range207

of τ in experiments. Interestingly, the correlation between the simulated range expansion rate and 1
α

in the regime we tested208

experimentally, 0.6 h < 1
α

< 1.0 h, is weak, with a similar Spearman’s correlation coefficient to what we see in experiments209

(ρ = −0.27 and −0.36 for simulations and experiments, respectively). However, when we look at the full range of simulated210

parameter values (0.45 hr < 1
α

< 3.3 hr), we find that the range expansion rate does in fact correlate with 1
α

, as expected from211

Eqn. 3; we find that the range expansion rate correlates with D as well (Spearman’s correlation coefficients ρ = −0.67 and212

ρ = 0.70 for α and D, respectively; Fig. S21). Conversely, the linear correlation between the range expansion rate and the213

α/tan(θ) is very strong (Pearson’s correlation coefficient 0.997 ; Fig 6 E). These results demonstrate that every comparable214

phenomenon we observe in our experiments is captured in this simple biophysical model (see SI Fig. S22, S23, S24 for side by215

side comparison).216

As an additional verification, we also generated profiles from the commonly used logistic and purely exponential growth models.217

Both the logistic and purely exponential models fail to capture the spherical cap shape and the height saturation observed218

in the experiments (see SI Fig. S25). Therefore, an accurate biophysical model is essential to replicate the experimentally219

observed geometry.220

However, while the above results demonstrate that the biophysical model produces simulated colonies that behave like221

our experimental colonies, they do not explain why the spherical cap and spherical cap napkin ring geometries emerge. To222

understand the role that β, from equation 9, plays in the emergence of colony geometry, we set β to zero and simulated colony223

growth. These colonies resemble cones rather than spherical caps, suggesting that the decay term is essential for the spherical224

cap and SCNR geometries. Further, with β = 0, the height grows linearly when h > L; this linear growth pattern does not225

align with experimental observations and fails to replicate the experimentally observed saturation of height (see SI Fig. S26)226

and (7)). We next varied β, but kept α, D, and L, and simulated the growth of many colonies. We observed that profiles are227

most accurately described as cones when β = 0; as β increases, the shape gradually transitions to resemble a spherical cap228

(see Fig. 6 F). Note, the β value for crossover from cone to spherical cap shapes will depend on the time measured, α, and D229

values; however, β ≈ 0 hr−1 always leads to a cone shape, and increasing β always leads to a spherical cap (see SI Fig. S27).230

3. Discussion231

Here, we showed that geometry strongly governs the range expansion rate of growing biofilms. We used white light interferometry232

to measure monoclonal colony topographies, and found that nascent colonies exhibit spherical cap shapes. Eventually, the233

colony center is too tall to continue growing exponentially, and the colony as a whole no longer resembles a spherical cap.234

However, we found that the edge continues to resemble a spherical cap, and is best described as a spherical-cap-napkin-ring235

(SCNR). We developed analytical expressions for this geometry, and showed that with three parameters (two of which are236

geometrical) we can predict range expansion rates with a high degree of accuracy. We show that, to leading order, the range237

expansion rate exhibits a very strong correlation with 1/(τtan(θ)). We demonstrated that the range expansion is more sensitive238

to changes in θ than it is to changes in τ . Thus, the horizontal growth of biofilms is strongly coupled to vertical growth by239

way of biofilm geometry. Finally, we showed that this coupling can be captured through a simple biophysical model of colony240

expansion, which in turn is able to reproduce all relevant empirical observations.241

Further, the biophysical model suggests the mechanisms that underlie the empirical observations presented here. While242

exponential growth cannot continue unchecked, precisely how growth is limited matters. When a logistic equation is used243

to set a carrying capacity, rather than using the minimum function suggested from biophysics of diffusion-limited growth244

(7, 14, 31, 32), colonies are flatter than experimental observations. Further, it is crucial to account for the decay in vertical245

growth rate with height, which arises due to cell death, extracellular matrix decay, among other terms. Colonies resemble246

spherical caps and SCNRs–unless the decay rate is low, in which case colonies appear conical. Thus, these results suggest that247

the spherical cap and SCNR geometries come from two underlying phenomena: diffusion-limited growth dynamics, and the248
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Fig. 6. A simple biophysical model replicates experimental observations A) A topographical 3D image of a simulated colony at a growth time of 10 hours, qualitatively
demonstrating a spherical cap shape. We use Equation 9 to generate 2D height profiles that are rotated through a full circle to create a 3D image. The parameter values used
are: α = 1.113 (1/hr), β = 0.038 (1/hr), D = 100 µm2/hr, and L = 7 µm. B) The simulated colony is then compared with the perfect spherical cap shape with the same
radius and contact angle. We observe that, just like in experiments, the simulated colony is well described as a spherical cap until it starts deviating due to height saturation
(see SI for more details). C) Despite the deviation from the spherical cap, the contact angle at the edge of the colony reaches a steady state value and then remains constant.
D) We next plotted the measured napkin ring volume (Vnap) of the simulated colony against the perfect napkin ring volume calculated from the contact angle and radius of the
same colony, and found excellent agreement (R2 = 0.99). This demonstrates that despite the deviation from the spherical cap, the edge is well-described as a the spherical
cap napkin ring. E) We simulated 400 colonies with a wide range of values for α and D, which produced a wide range of range expansion rates and contact angles. The range
expansion rate shows an excellent linear relationship with against α/tan(θ), characterized by a Pearson’s correlation of ρ = 0.997, as seen in experiments. This aligns with
the spherical cap napkin ring prediction from Equation 3. F) To explore the effect of β on the shape of colonies at relatively early times, i.e., before their heights begin to
saturate, we varied β while keeping the values of α, D, and L the same as in A). For a simulated time of 30 hours, we plot the R2 fit of the shape with increasing β. When the
death rate is zero (β = 0), the shape resembles a cone. And with increasing β, the shape transitions from a cone to a spherical cap.

colony decay with increased height.249

Note that unlike in our experiments, in nature the contact angle at the colony’s edge may vary based on the surface250

conditions where the colony is growing. For instance, changes in the environmental nutrient concentration or surface properties251

during colony growth could potentially lead to changes in the contact angle (33). Thus, the constant contact angle we observe252

is likely due to the consistency of agar experiments in the lab, and not a general property of biofilms. However, the relationship253

between contact angle and range expansion rate, and in particular Eqn. 3, should hold even as contact angle changes. In this254

sense, the contact angle can be viewed as a static measurement of the rate at which a colony has been growing. Future work255

may directly investigate dynamic changes to the contact angle and range expansion rate.256

Recent works have suggested that shape and morphology of expanding biofilms are impacted by the balance between two257

forces, friction-like interactions between bacteria and the substrate, as well as surface tension-like interactions between bacteria258

(8, 15, 18, 22, 34, 35). This idea is consistent with our observation that short biofilms exhibit spherical cap shapes, much like259

liquid droplets. For sessile liquid drops, the spherical cap shape arises as the balance between interfacial tensions sets the260

contact angle, and surface tension then minimizes surface area, producing a spherical cap. Further, many references model261

increasing agar percentage as increasing friction (15, 36, 37); we observe that the contact angle increases from 1.5% agar to 3.0262

and 5.0% agar, as this idea would suggest. Thus, our experimental observations provide further evidence consistent with this263

force-based interpretation of biofilm morphology. However, further work is necessary to directly demonstrate that the contact264

angle and morphology can be directly related back to these “macroscopic” forces. Note that while we do not observe conical265
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shaped colonies, the biophysical model we propose can account for why we observe spherical caps and other papers report266

cones. Thus, it is likely that the observations we made here, and the model we proposed, are consistent with previous papers267

that suggested force-based models of colony expansion (13, 15).268

Note, we do not observe a monolayer of cells surrounding colonies, and interferometry easily had enough resolution (∼ 1 nm269

out of plane) to observe them (See SI Fig. S28. This is consistent with previous papers, that have noted the absence of such270

monolayers in colonies from some of the species we study here. In future work, it would be interesting to test if colonies that271

have advancing monolayers of cells (13) do or do not follow the spherical cap napkin ring-based predictions presented here.272

Surprisingly, SCNR-based predictions do work for strains that eventually exhibit wrinkling, as seen in our results with a273

high EPS-producing strain (V. cholerae EPS+; see validation of SCNR geometry in Fig. S15 C). In fact, the V. cholerae EPS+274

colony falls on the same trend line as smooth colonies (Fig. 5A). This consistency suggests that the spherical cap napkin ring275

analysis remains a valid and precise method for predicting the range expansion rate of colonies that secrete copious amounts of276

EPS. Future work may test if the mechanical changes that lead to extreme buckling and delamination modify the contact angle277

and thus have a commensurate impact on the range expansion rate (22, 38, 39).278

The geometry of the propagating front of a growing colony may also have ecological and evolutionary consequences. In this279

work we have only investigated monoclonal colonies. For future work, it would be interesting to study the competition between280

different strains in a mixed species biofilm, and look at the consequence of different contact angles at the propagation front.281

Moreover, cellular populations can assume a variety of shapes from smooth to rough surfaces and branching morphologies (31).282

Structural variation emerges from, e.g., demographic noise and growth instabilities (40–42). While these effects already have283

complex and profound consequences, future works may investigate how those effects combine with, and compare to, the effects284

of biofilm geometry.285

Finally, these results suggest that to understand biofilm fitness, cellular doubling time and biofilm contact angle must both286

be measured. To understand the fitness of biofilms in real environments, the contact angle must be measured on the actual287

surfaces on which they grow (or surfaces with similar material properties). Thus, biofilm and substrate material properties288

must be considered for their effect on contact angle, just as environmental nutrient concentrations are considered for their289

effect on cellular doubling times.290

4. Methods291

A. Biofilm growth on agar plates. Cell stocks (See SI Table 1 for strains used) from −80◦ C were cultured overnight at 37◦ C in292

a shaking incubator set at 220 rpm in sterile liquid LB medium prepared using 10g tryptone, 5g yeast extract, and 10g NaCl293

in 1L of water (43). These stocks were subsequently diluted in LB to an optical density (OD600) of 1. To facilitate growth294

from individual cells, these OD 1 cultures were further diluted in LB by factors ranging from 106 to 107. 3 µl of the diluted295

samples were then inoculated on LB agar plates, which were prepared by sterilizing liquid LB medium to which was added296

the required agar concentration (1.5, 3 and 5 %w/v) for different measurements. The 1.5% agar plates were dried for 2 days,297

whereas the 3% and 5% agar plates were dried for one week. These drying times resulted in plates that were qualitatively298

similar in terms of dryness. We ensured the same drying time for agar plates used for both the doubling time and the range299

expansion experiments to maintain consistency throughout the study.300

For time-lapse experiments, the plates were incubated at 23◦ C for roughly 15 hours prior to their placement under the301

interferometer for measurements. Plates were incubated at 23◦ C, except during the periods they were positioned under the302

interferometer, which operated at room temperature (≈ 23◦ C).303

B. Image acquisition and analysis. We imaged grown colonies using Zygo Zegage Pro interferometer with a 50X Mirau objective.304

To prevent evaporation of the agar plates during time lapse measurements, we placed a plastic casing around the interferometer.305

This prevented drying of the plates and the media, and thus yielded consistent measurements. Similar methodologies have306

been previously used in Bravo, et al., (7).307

Initially, we examined the colony morphology to ensure that we considered only colonies originating from individual cells.308

Colonies resulting from the merger of two cells were discernible due to their “figure-8” shape. Given the symmetry of colonies309

grown from single cells, we imaged only a quarter of larger biofilms to reduce acquisition time.310

All the images were processed using a custom python script available in GitHub (44). To subtract the agar background311

from the biofilm topography, we computed a best-fit polynomial based on the image regions without the colony and subtracted312

this from the entire image. This step negated any measurement artifacts arising from the inclination of the agar. The agar313

surface remains flat throughout the experiment and we do not see any deformations of the agar. This lack of deformations is314

consistent with previous publications that found that osmotically driven flows are not expected to be significant between the315

colony and agar for the relatively high agar percentages (>= 1.5%) we work with (45). We tried three distinct thresholds (5,316

10 and 20 %) of colony height to select the colony’s outer edge and subsequently fit an best fit circle and extract the center of317

biofilm (refer to Supplementary Information). For contact angle measurements, we extracted 20 different profiles around the318

colony originating from center of the colony to the outer edge. The contact angle was quantified as the mean of the maximum319

angle observed along these profiles.320

C. Doubling time measurements. Cell stocks from a −80oC freezer were cultured overnight in liquid LB medium and then321

diluted to an optical density (OD600) of 1. This culture was further diluted by a factor of approximately 104 in liquid LB. To322

ensure the cells remained in the exponential growth phase, the diluted sample was incubated at 37◦C in a shaking incubator323
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for ∼ 3 hours. Subsequently, this sample was spread on agar plates for measurements. Imaging was performed using a Nikon324

Confocal Microscope equipped with a 20X objective, over an approximate duration of 6 hours at 23◦C. The dilution process325

ensured a sufficient number of individual cells within the microscope’s field of view, allowing clear observation of cell-doubling326

events. Analysis of these doubling events was conducted using the Fiji-Image J software. Given the clear visibility of doubling327

events, we recorded visually the time taken for one cell to fully separate and double into two daughter cells (See SI for details).328

Though these doubling times were measured in a different context than biofilm growth, previous papers have shown that that329

the doubling time of cells near the edge remains roughly constant as the colony grows from 1 cell to thousands of cells (10);330

relatedly, other publications also support the idea that cells grow exponentially at the colony edge (13, 46, 47)331
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