N)
o Density Descent for Diversity Optimization

David H. Lee
dhlee@usc.edu
University of Southern California
Los Angeles, California, USA

Bryon Tjanaka
tjanaka@usc.edu
University of Southern California
Los Angeles, California, USA

ABSTRACT

Diversity optimization seeks to discover a set of solutions that elicit
diverse features. Prior work has proposed Novelty Search (NS),
which, given a current set of solutions, seeks to expand the set by
finding points in areas of low density in the feature space. How-
ever, to estimate density, NS relies on a heuristic that considers
the k-nearest neighbors of the search point in the feature space,
which yields a weaker stability guarantee. We propose Density
Descent Search (DDS), an algorithm that explores the feature space
via CMA-ES on a continuous density estimate of the feature space
that also provides a stronger stability guarantee. We experiment
with DDS and two density estimation methods: kernel density esti-
mation (KDE) and continuous normalizing flow (CNF). On several
standard diversity optimization benchmarks, DDS outperforms NS,
the recently proposed MAP-Annealing algorithm, and other state-
of-the-art baselines. Additionally, we prove that DDS with KDE
provides stronger stability guarantees than NS, making it more
suitable for adaptive optimizers. Furthermore, we prove that NS is
a special case of DDS that descends a KDE of the feature space.
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+ Computing methodologies — Search methodologies; « Math-
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1 INTRODUCTION

We study how stable, continuous approximations of density can
accelerate the search for diverse solutions to optimization problems.
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Figure 1: We propose density descent search (DDS) for solv-
ing diversity optimization (DO) problems. DDS first draws
solutions from a Gaussian N (y, X). After computing the solu-
tion features (in this case, the final position of the robot in a
maze), DDS ranks solutions by density. This density ranking
is passed to CMA-ES, which updates the search distribution
to sample solutions with lower density on the next iteration.
Concurrently, solutions are stored in a buffer that forms
the basis for density estimates, and in a passive archive that
tracks all discovered solutions.

There is a range of applications where searching directly for
behavioral diversity results in finding suboptimal solutions that act
as “stepping stones,” mitigating convergence to local optima [16].
A classic example is the problem of training an agent to reach a
target position in a deceptive maze [29]. There, directly minimizing
the distance between the agent’s final position and a target goal
causes the agent to get stuck. On the other hand, the problem can
be solved by ignoring the objective of directly reaching the target
and instead attempting to find a diverse range of agents, each of
which reaches a different region of the maze.

We refer to the problem of finding a range of solutions that are di-
verse with respect to prespecified features as diversity optimization
(DO). We characterize DO as a special instance of quality diversity
optimization (QD) [37]. Like DO, QD seeks a diverse set of solutions,
but QD also considers an objective function that the solutions must
optimize. For instance, in deceptive maze, one could add an energy
consumption objective so that the goal is to find a set of agents that
minimize energy consumption while moving to diverse regions in
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the maze. Thus, DO is an instance of QD where the objective value
of all solutions is constant.

In DO and QD, discovering solutions with new features is chal-
lenging because the mapping from solutions to features is complex
and non-invertible [5]. For example, in maze exploration, it is not
known a priori how to produce an agent that travels to a given
(2, y) position.

A classic method applied to DO is Novelty Search (NS) [29].
NS retains an archive of previously found individual solutions. It
aims to expand the archive by finding solutions that are far in the
feature space from existing solutions in the archive. Specifically,
NS optimizes for solutions with a high novelty score, where novelty
score is the average distance in feature space from a solution to its
k-nearest neighbors in the archive.

While the novelty score is framed in terms of distance, we study
its interpretation as an approximation of density [5], where density
is directly proportional to the number of solutions in a region
of feature space. A high novelty score indicates that a solution’s
features are far from those of its k-nearest neighbors in the archive,
i.e., it is located in an area of the feature space with low density.

An alternative approach to DO is to apply general-purpose QD
algorithms and assume that all solutions in the search space have
identical quality, i.e., equal to some constant. Covariance Matrix
Adaptation MAP-Annealing (CMA-MAE) [12] is a state-of-the-art
QD algorithm that optimizes for archive improvement with the
CMA-ES [23] optimizer. CMA-MAE retains a discrete archive of
solutions in feature space. When applied to solve a DO problem
by ignoring the solution quality, this archive naturally becomes a
histogram that represents the distribution of solutions in feature
space, with lower values of the histogram indicating lower density.
CMA-MAE then performs density descent on this histogram, where
it continually seeks to fill the areas of low density.

We emphasize that, to efficiently explore feature space, both NS
and CMA-MAE leverage density estimates of solutions in feature
space — NS is guided by novelty score, while CMA-MAE reads
from its histogram. However, both of these density estimates have
drawbacks. On one hand, the novelty score in NS is continuous
but provides a weaker stability guarantee, meaning that its value
can change arbitrarily when new features are discovered. On the
other hand, the histogram in CMA-MAE provides a stronger stabil-
ity guarantee but utilizes a discrete approximation that gives flat
gradient signals on its bins.

Our key insight is to overcome the drawbacks of current density
estimation methods in DO by introducing continuous, stable approxi-
mations of the solution density in feature space. This insight results in
the following contributions: (1) We propose density descent search
(DDS; Fig. 1), an algorithm that queries continuous density esti-
mates to guide an optimizer, in our case CMA-ES, to search for
solutions that are diverse in the feature space (Sec. 4). We propose
two variants of DDS: DDS-KDE leverages non-parametric Kernel
Density Estimation (KDE) [4], while DDS-CNF learns the under-
lying density function with continuous normalizing flow [31]. (2)
We show that, when combined with a ranking-based optimizer like
CMA-ES, NS reduces to a special case of DDS-KDE (Sec. 5). (3) We
prove that KDE provides stronger algorithmic stability guarantees
than novelty score (Sec. 5). (4) We demonstrate that our DDS algo-
rithms outperform prior work on 3 out of 4 domains (Sec. 6). (5)
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We show that our algorithms perform well on multi-dimensional
feature spaces, which currently present significant challenges to
QD and DO algorithms.

2 PROBLEM DEFINITION

Quality Diversity Optimization (QD). For solution 6 € R", QD
assumes an objective function f : R" — R and m feature functions,
jointly represented as a vector-valued function ¢ : R — R™. We
refer to the image of ¢ as the feature space S. The goal of QD is
to find, for each s € S, a solution 6 where f(0) is maximized and
¢(0) =s.

Diversity Optimization (DO). DO is a special case of QD where
the objective is constant, i.e., f(0) = C. The goal of DO is to find,
for each s € S, a solution 6 where ¢(0) = s.

3 BACKGROUND

3.1 QD and DO Algorithms

Various methods address the QD and DO problems by relaxing them
to the problem of finding an archive (i.e., a set) A of representative
solutions. The structure of the archive defines two major families
of algorithms: those based on Novelty Search and those based on
MAP-Elites.

Novelty Search (NS). The key insight of NS [29] is to discover
diverse solutions in feature space by optimizing for solutions that
are “novel” with respect to a current set of solutions. Given a set of
features X C R™, the novelty of a solution 6 € R" and its features
y = ¢(0) relative to X is encapsulated in its novelty score, denoted

p(y; X):
2

Y €Nk (y;X)

where N (y; X) is the set of k-nearest neighbors to y in X, and dist
is a distance function — henceforth, we consider dist to be some
norm ||-||.

NS maintains an archive A of unbounded size and generates
solutions with an underlying optimizer, traditionally a genetic algo-
rithm. For each solution 6 produced by the optimizer, NS computes
the novelty score with respect to the current archive, i.e., p(y; A).
If p(y; A) exceeds an acceptance threshold, then (0, y) is added to
the archive. In this manner, NS gradually adds novel solutions to
the archive and explores the feature space.

Importantly, the novelty score is non-stationary in that the nov-
elty of a solution 0 changes as the archive A is updated. We prove
in Sec. 5 that the degree of non-stationarity in novelty score is
unbounded for general feature spaces, resulting in significant opti-
mization challenges for adaptive optimizers such as CMA-ES.

While we consider general optimization domains in this work,
we note that prior works [6] have specialized NS for reinforcement
learning domains, particularly the case when no feature function is
assumed [8, 36].

Multi-dimensional Archive of Phenotypic Elites (MAP-Elites).
While NS was developed for DO, MAP-Elites [33] was developed
for the general QD setting. Compared to the unstructured archive
of NS, MAP-Elites divides the feature space into a predefined tes-
sellation T : R™ — {1,...,1}, where e € {1,...,1} is a cell in the
tessellation and [ is the total number of cells. Given a cell e, the

p(y; X) = % dist(y,y") (1)
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MAP-Elites archive associates a solution 8 with cell e if and only if
the solution’s features are contained in e, i.e., T(¢(0)) = e. More-
over, MAP-Elites stores at most one solution for every cell in the
tessellation.

During a QD search, MAP-Elites first draws solutions from a
predefined distribution, e.g., a Gaussian, and inserts the solutions
into the archive. Subsequently, MAP-Elites generates and inserts
new solutions by mutating existing archive solutions with a genetic
operator, such as the Iso+LineDD operator [47]. Importantly, when
solutions inserted into the archive land in the same tessellation cell,
MAP-Elites only retains the solution with the greatest objective
value. Thus, MAP-Elites gradually collects high-performing solu-
tions that have diverse features. We apply MAP-Elites to DO by
setting a constant objective f(-) = C over the solution space.

The choice of tessellation in MAP-Elites can significantly impact
scalability. The most common tessellation is a grid tessellation [33],
which divides the feature space into equally-sized hyperrectan-
gles. In high-dimensional feature spaces, grid tessellations require
exponentially more memory due to the curse of dimensionality.
Thus, a common alternative is the centroidal Voronoi tessellation
(CVT) [46], which divides the feature space into ! evenly-sized
polytopes.

Covariance Matrix Adaptation Evolution Strategy (CMA-ES).
One recent line of QD algorithms has combined CMA-ES [23] with
MAP-Elites. CMA-ES is a state-of-the-art single-objective optimizer
that represents a population of solutions with a multivariate Gauss-
ian N(p, X). Each iteration, CMA-ES draws A solutions from the
Gaussian. Based on the rankings (rather than the raw objectives) of
the solutions, CMA-ES adapts the covariance matrix X to regions
of higher-performing solutions. While CMA-ES is a derivative-free
optimizer, it has been shown to approximate a natural gradient [1].
Covariance Matrix Adaptation MAP-Elites (CMA-ME). The
first work to integrate CMA-ES with MAP-Elites was CMA-ME [14].
The key idea of CMA-ME is to optimize for archive improvement
with CMA-ES. Namely, in addition to a MAP-Elites-style archive,
CMA-ME maintains an instance of CMA-ES. The CMA-ES instance
samples solutions from a Gaussian, and the solutions are ranked
based on how much they improve the archive, e.g., solutions that
found new cells in the archive are ranked high, while those that
were not added at all are ranked low. With this improvement ranking,
CMA-ES adapts the Gaussian to sample solutions that will further
improve the archive. Note that in DO settings, since the objective
is a constant value, the improvement ranking places solutions that
filled a new cell ahead of solutions that did not add a new cell.
Covariance Matrix Adaptation MAP-Annealing (CMA-MAE).
One limitation of CMA-ME is that it focuses too much on exploring
for new cells in feature space rather than optimizing the objec-
tive [45]. CMA-MAE [12] addresses this problem by introducing
an archive learning rate «. When a = 1, CMA-MAE maintains the
same exploration behavior as CMA-ME, but when a = 0, CMA-
MAE focuses solely on optimizing the objective, like CMA-ES. For
0 < a < 1, CMA-MAE blends between these two extremes, enabling
it to both explore feature space and optimize the objective.

In DO settings, where the objective is constant (f(-) = C), CMA-
MAE naturally performs density descent [12]. Intuitively, the archive
becomes a histogram that represents how many solutions have been
found in each region of feature space. Lower values of the histogram
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indicate lower density of solutions, i.e., if a histogram bin has a low
value, few solutions have been discovered in that region of feature
space. CMA-MAE then seeks to descend the histogram by searching
for solutions that fill the low-valued histogram bins.

3.2 Density Estimation

We consider two density estimation methods: Kernel Density Esti-
mation and Continuous Normalizing Flows.

Kernel Density Estimation (KDE). KDE is a non-parametric den-
sity estimation method that does not make any assumptions on the
underlying probability density distribution from which samples are
drawn [4]. Given a set of features X € R™, bandwidth parameter
h, and kernel function K(-), KDE computes the density function
D :R™ — R for a given feature y € R™ as:

[252)

Prior work has thoroughly studied the problem of selecting band-
width that accurately estimate the underlying density function [3,
40, 42]. While accurate density estimation is important for KDE, we
show in Theorem 5.2 that larger bandwidth results in more stable
density estimates (albeit at the cost of accuracy), which is beneficial
to the proposed algorithms in Sec. 4.

When optimizing a density estimate (e.g., with gradient descent),

KDEs have several advantages over histograms. First, the shape
of a histogram depends on its bin size [48]. Second, the binning
procedure leads to a discontinuous optimization landscape and flat
gradient signals inside each bin [48]. In contrast, KDEs produce a
smooth, continuous density function based on the location of the
samples in the underlying distribution [4].
Continuous Normalizing Flow (CNF). CNF [31] is a generative
modeling method that constructs a diffusion path between a simple
distribution (e.g., a Gaussian distribution) and an unknown distri-
bution. The diffusion path describes a mapping from a point on
the simple distribution to a corresponding point on the unknown
distribution such that their probability densities are roughly equal.
CNFs enable sampling from probability distributions where direct
sampling is difficult (e.g., distributions of images). This is accom-
plished by sampling from the simple distribution and transforming
the sample via the learned diffusion path of the CNF. However, we
utilize CNF to estimate the density of feature space for our proposed
algorithms in Sec. 4.

Dh(gsX) = g ) K 2

y'eX

4 DENSITY DESCENT SEARCH

We present Density Descent Search (DDS), a DO algorithm that
efficiently explores the feature space by leveraging continuous den-
sity estimates. DDS maintains a buffer of features 8 that represents
the distribution of features discovered so far. Based on this buffer,
DDS models a density estimation of the feature distribution, and
by querying this density estimate, DDS guides an adaptive opti-
mizer to discover solutions in less-dense areas of feature space. As
it searches for such solutions, DDS expands the discovered set of
features. We provide an overview of DDS in Fig. 1 and describe the
components of DDS below.

Density Estimation. The core of DDS is its representation of
feature space density. We propose two variants of DDS that differ in
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their density representation. The first variant, DDS-KDE, represents
density with KDE. With the KDE, we compute density via Eq. 2,
with X set to the buffer of features 5.

The second variant, DDS-CNF, estimates the density in feature
space by learning a CNF between the standard normal distribution
N (0, I) and the observed feature space distribution. Similar to DDS-
KDE, the feature space distribution is represented by the buffer 8.
We compute a density estimate at any location in the feature space
by integrating an ordinary differential equation [31]. Applying
techniques from prior work [31], we represent the CNF with a
neural network, and on each iteration, we finetune the network on
the new distribution of features contained in the buffer.

KDE and CNF differ in how easily their smoothness can be
controlled. On one hand, the shape of the KDE can be controlled
with the bandwidth hyperparameter. Higher bandwidth leads to
a smoother density estimate but conceals modes of the true den-
sity function, as illustrated in Fig. 2a. On the other hand, while
CNF does not require selecting a bandwidth hyperparameter, the
smoothness of the density estimation cannot be easily controlled,
which undermines the performance of the algorithm (Sec. 6.3). We
discuss the impacts that the smoothness of the density estimate has
on DDS in Sec. 5.

Feature Buffer. To provide the basis for density estimates in fea-
ture space, DDS maintains a buffer 8 that stores the features of
sampled solutions (line 4). This buffer represents the observed distri-
bution of the feature space and is updated every time new solutions
and features are discovered. In theory, the buffer can have infinite
capacity, storing every feature ever encountered. In practice, the
buffer can only retain a finite number of features due to computa-
tion and memory limitations. To decide which features to retain in
the buffer, we manage the buffer with an optimal reservoir sampling
algorithm [30]. This algorithm updates the buffer with online sam-
ples that accurately represent the distribution of features discovered
so far by DDS (line 6).

Optimizer. DDS guides an adaptive optimizer to discover solu-
tions in low-density regions of the feature space. Examples of such
optimizers include xNES [17] and Adam [26]. We select CMA-ES
as the underlying optimizer due to its reputation as a state-of-
the-art optimizer [23] and its high performance in existing QD
algorithms [11, 12, 14].

Passive Archive. Following prior work [38], to track how much of
the feature space has been explored, DDS inserts all discovered solu-
tions and features into a passive MAP-Elites-style (Sec. 3) archive A.
While DDS itself only uses the archive to record solutions and fea-
tures, the archive is useful when computing metrics in experiments
(Sec. 6.1).

Summary. Algorithm 1 shows how the components of DDS come
together. DDS begins by initializing its various components (line 2-
4). During the main loop (line 5), DDS samples solutions with the
underlying optimizer (line 8). Since our optimizer is CMA-ES, sam-
pling consists of drawing from a multivariate Gaussian N (g, X).
Subsequently, DDS computes the features of the solutions (line 9)
and estimates their feature space density (line 10). After sampling
solutions, DDS updates its various components. For instance, in
DDS-KDE, the density update (line 12) consists of replacing the
feature buffer, and in DDS-CNF, the update involves fine-tuning
the neural network on the feature buffer. Furthermore, solutions
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Algorithm 1: Density Descent Search (DDS)

1 DDS (¢(-), density, b, N, A, po, o)

Input: Feature function ¢(-), density estimator object
density, buffer size b, number of iterations N,
batch size A, initial solution yo, and initial step
size o

Result: Generates N - A solutions, storing a

representative subset of them in a passive
archive A.

2 Initialize CMA-ES search point p := py, search direction
¥ = ol, and internal parameters p

3 Initialize empty archive A

4 Initialize empty buffer B of size b

5 for iter < 1to N do

6 Update buffer 8 with ¢;_ via reservoir sampling
7 fori < 1toAdo

8 0; ~ N(p.%)

9 i — ¢(6))

10 D; « density(¢;)
Add (6;, ¢i) to archive A
Update density with the new buffer 8

Rank 6; in ascending order by D;

11
12
13
14 Adapt CMA-ES parameters p, %, p based on density

ranking D;

with lower density are ranked first on line 13, causing CMA-ES to
adapt (line 14) towards less-dense regions of the feature space.

5 CONNECTION BETWEEN NOVELTY
SEARCH AND KERNEL DENSITY
ESTIMATES

We provide theoretical insight into the connection between NS
and DDS-KDE and delineate the advantage of KDE over novelty
score. KDE and novelty score are non-stationary since they change
as more solutions are discovered by their respective optimizers.
However, the magnitude of non-stationarity is potentially different
in KDE and novelty score (Theorem 5.2, 5.3). Furthermore, when k >
|B| in the k-nearest neighbor calculation for novelty score, novelty
search becomes a special case of DDS-KDE (Theorem 5.4). Finally,
we conjecture that any meaningful density estimator utilizing a
point’s distance to its k-nearest neighbors will incur similar weak
stability guarantees as novelty score (Conjecture 5.5). We include
all proofs in Appendix E.
Stability Under Non-stationarity. DO algorithms such as NS,
DDS, and CMA-MAE gradually learn a non-stationary density rep-
resentation (e.g., KDE or histogram) as they explore the feature
space. However, drastic changes in the representation present sig-
nificant challenges for adaptive optimizers, such as Adam [26] and
CMA-ES. If the density representation changes drastically every
iteration, it would be impossible for adaptive optimizers to properly
adapt its parameters to optimize the density function.

To characterize the extent of change in the density estimate, we
appeal to the notion of uniform stability [24], defined as follows:
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DEFINITION 5.1. Let a function F(x; B) : R? — R be parameter-
ized by a set B C R, We say that F is e-uniformly stable if for all
B, B C Rd, where B and B’ differ by at most one element, we have

sup |F(x;8) — F(x; 8)| < e 3)
xeR4

We note that uniform stability has close connections to influ-
ence functions in statistics, which measure how much an estimator
deviates from the ground truth when given a subset of the data [7].
In this interpretation, uniform stability is an upper-bound of the
(empirical) influence function.

We prove that, for KDE, the higher the size of its feature buffer
and bandwidth, the stronger the uniform stability guarantee.

THEOREM 5.2. A kernel density estimate Dy, (x; B) managed with
reservoir sampling, such that features in the buffer are exchanged one
at a time, is @-uniformly stable, where h is the bandwidth.

Higher bandwidth makes the function more stationary and thus
more suited for adaptive optimizers. However, higher bandwidth
also leads to over-smoothing of the density estimate, which conceals
modes of the true density function [4] (Fig. 2a). Thus, selecting an
optimal bandwidth for DDS requires a fine balance between the
accuracy and uniform stability of the KDE.

In contrast, novelty score becomes less uniformly stable as the
diameter of the feature space W increases:

THEOREM 5.3. Novelty score p(x; B) is %—uniformly stable, where
k is the nearest neighbors parameter in novelty score and W
maxg, s,esl|s1 — szl is the diameter of the feature space S.

Therefore, for unbounded feature spaces, the uniform stability
of novelty score is also unbounded, and for bounded feature spaces,
novelty score has stronger uniform stability guarantees when k is
larger.

When the feature space is bounded, as in our experiments, KDE

has a stronger stability guarantee than novelty score for bandwidth
h> % Following this insight, we select a bandwidth satisfying
this inequality with the empirical experiments in Appendix B. Our
theoretical results are corroborated by our experiments in Sec. 6,
which demonstrate that DDS-KDE outperforms NS in all domains
on all metrics.
Equivalence of NS and DDS-KDE. We observe that, when h =1
and as k — | 8|, the uniform stability upper-bound of novelty score
approaches that of KDE. We prove in Theorem 5.4 that when all
points are considered in the novelty score computation (i.e., let
k = o), NS is a special case of DDS-KDE under ranking-based opti-
mizers such as CMA-ES. Specifically, we demonstrate that under
these conditions, the ranking of solutions based on their novelty
score is identical to the ranking based on their kernel density esti-
mate.

THEOREM 5.4. Let B C R™ be a set of features. Consider the
rankings mns and ngpg on another set of features {1, ..., dm} € R™
where ¢; = ¢(0;). We define the rankings as follows: mns(i) >
nns(j) &= p(¢isB) 2 p(¢j;X) and nkp (i) = nkpE(j) &
D(¢i;B) < 15(4)1-;.(8). We show that nns = ngpg, when NS has
k = oo (o, equivalently, k = |B|) and KDE has triangular kernel
K(u) = 1 — |u| with support over the entire feature space S.
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Stability of k-NN. We conjecture that only considering k-nearest
neighbors in the density representation, for k < |8|, will inevitably
result in poor uniform stability bounds. Notice that the maximum
distance between any two features is the diameter of the feature
space, W. Thus, when a new feature replaces a former k-nearest
neighbors of x, the total distance between a feature x to its k-nearest
neighbors can change by W in the worst case.

CONJECTURE 5.5. Let X € R™ and D : R™ — R be a density
estimator. If D(x; X) forx € R™ is computed based on the distance to
its k-nearest neighbors of x, then D(x; X) is O (W)-uniformly stable
fork < |B|.

A proof of this conjecture would imply that density estimators
based on k-nearest neighbor metric have unbounded uniform stabil-
ity in unbounded feature spaces, for k < |8|. Thus, the potential for
rapid changes in the optimization landscape makes such estimators
incompatible with adaptive optimizers.

6 EXPERIMENTS

We compare the performance of DDS-KDE and DDS-CNF with
the QD algorithms MAP-Elites (line), CMA-ME, and CMA-MAE,
and with NS using CMA-ES as the underlying optimizer. MAP-
Elites (line) refers to the implementation of MAP-Elites with the
Iso+LineDD operator [47]. All algorithms are implemented with
pyribs [44].

Our experiments include canonical benchmark domains from QD
and DO: Linear Projection [14], Arm Repertoire [47], and Deceptive
Maze [29]. As discussed in Sec. 2, we convert QD domains into DO
domains by setting the objective to be constant, effectively remov-
ing the importance of solution quality. For Deceptive Maze, we use
the implementation in Kheperax [21]. Furthermore, to address the
challenges posed by high-dimensional feature spaces, we introduce
a new domain, Multi-feature Linear Projection, that generalizes
Linear Projection to high-dimensional feature spaces.

All experiments run on a 128-core workstation with an NVIDIA
RTX A6000 GPU. While all algorithms are single-threaded, we use
the GPU for training the CNF in DDS-CNF and for evaluating the
Deceptive Maze domain.

6.1 Experimental Design

Independent Variable. In each domain, we conduct a between-
groups study with the algorithm as the independent variable.
Dependent Variables. We compute the archive coverage as the
number of occupied cells in the archive divided by the total num-
ber of cells. To compare the coverage of tessellation-based algo-
rithms (CMA-MAE, CMA-ME, and MAP-Elites) with that of non-
tessellation-based algorithms (DDS-KDE, DDS-CNF, and NS), we
track the coverage of all algorithms on a passive archive A tessel-
lated by a 100 x 100 grid. For the high-dimensional feature space
experiment, we track coverage with a centroidal Voronoi tessella-
tion with 10,000 cells [46].

Following prior work [18], we also assess the ability of each algo-
rithm to uniformly explore the feature space. Thus, we measure the
cross-entropy between a uniform distribution and the distribution
of sampled features. Let N, be the total times throughout the entire
search that solutions were discovered in cell e € {1,...,1} in the
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passive archive, and Niga = Zé=1 Ne. The cross-entropy score is
defined as:

1
1 Ne
CE=-) -log ( ) 4)
Z l Niotal
CE achieves its minimum value when N, is uniformly distributed
across all cells e € {1,...,I}. For all passive archives in our experi-
ments, this minimum is 9.21 for [ = 10,000 cells.

6.2 Domain Details

Linear Projection (LP). LP is a QD domain where ¢ induces high
distortion by mapping an n-dimensional solution space to a 2D
feature space [14]. A harsh penalty is applied outside the bounds
of the feature space to hinder exploration near the bounds. The
feature function ¢ : R" — [-5.12- 2,5.12 - %]2 is defined as:

2

$(0) =| D clip(6), > clip(6)

(5)
i=1 i=5+1
0; if |0;] < 5.12
clipey = {1 1ol ©
5.12/0; otherwise

where 6; is the ith component of 8, and we assume that n is divisible
by 2. ¢(0) applies clip(-) to each 6; and sums the two halves of
0. Since clip(6;) restricts 0; to the interval [-5.12,5.12], ¢(0) is
bounded by the closed interval [-5.12- %,5.12 - %] 2

For DO experiments, we set the objective function f(0) = 1.
Following prior work [11, 12], we let the solution dimension be
n = 100.
Arm Repertoire. The goal of Arm Repertoire [10, 47] is to search
for a diverse collection of arm positions for a planar robotic arm
with n revolving joints. In this domain, 6 € [—x, 7]" represents
the angles of the n joints, and ¢(0) computes the (x, y) position of
the arm’s end-effector using forward kinematics. While all other
domains in this paper have a maximum of 100% coverage, Arm
Repertoire has a maximum coverage of 80.24% when using a 100 X
100 grid archive [12], since the arm can only move in a circle of
radius n. Similar to LP, we set f(60) = 1 and n = 100.
Deceptive Maze. Deceptive Maze is a DO domain that challenges
the algorithm to discover a diverse set of final positions for robots
navigating a maze (Fig. 2b) [29]. In this domain, @ parameterizes
the robot’s neural network controller. ¢(8) is the final position of
the robot after evaluating its path in the maze. As a DO domain, this
has no objective function. In our experiments, the neural network
is a MLP with n = 66 parameters.
Multi-feature Linear Projection (Multi-feature LP). We in-
troduce a generalized version of LP that scales to m-dimensional
feature spaces. Assuming that n is divisible by m, let r = ;+. The
feature function ¢ : R — [-5.12-r,5.12 - r]™ is defined as

G+)r

$(0)=| > clip(6):je{0,....m-1}

i=jr+1

™

When m = 2, this is equivalent to LP definition in Eq. 5. Our exper-
iments use n = 100 and m = 10.

679

h =10.0

(a) The effect of the bandwidth
h on a one-dimensional KDE.
Red dots represent the data,
and black lines depict the KDE.
When h is too small, the KDE
reveals many misleading local
maxima. When £ is too large, the
KDE conceals modes from the
underlying distribution.

Lee et al.

(b) The layout in the deceptive
maze domain. The red dot in-
dicates the start, and the green
dot indicates the goal. While
there is a goal, DO seeks to find
agents that reach every position
in the maze. Adapted from prior
work [29].

Figure 2

6.3 Analysis

Fig. 3 shows the mean coverage and cross-entropy over 10 trials.
In each domain, we conducted a one-way ANOVA to check if the
algorithms differed in their coverage and cross-entropy. Since all
ANOVAs were significant (p < 0.001), we followed up with pair-
wise comparisons via Tukey’s HSD test. We include full statistical
analysis in Appendix F.

Coverage. DDS-KDE and DDS-CNF outperform all baselines on LP,
Arm Repertoire, and Multi-feature LP. They exhibit no statistical
difference in performance with the best-performing algorithm on
Deceptive Maze (CMA-MAE). Notably, DDS-KDE solves Arm Reper-
toire nearly perfectly, as the maximum coverage in the domain is
80.24%.

We attribute the high coverage of DDS-KDE and DDS-CNF on
these domains to the continuity of their density estimate, which
prevents DDS-KDE from converging prematurely. For example, on
LP, our algorithms discover more solutions near the edges of the
feature space than CMA-MAE (Appendix G). The passive archive
maintained by CMA-MAE converges as all the solutions fall into
previously discovered cells [14]. In contrast, the continuity of our
density estimate and the online buffer updates facilitate DDS al-
gorithms to achieve slow but continual progress in exploring the
feature space (Fig. 3, LP and Arm Repertoire). This is because the
shape of the continuous density estimate always changes slightly
after each iteration of the algorithm.

For multi-feature LP, we observe that algorithms leveraging
continuous representations of the feature space, i.e., DDS and NS,
explore the feature space much faster than other algorithms driven
by discrete feature space representations, e.g., CMA-MAE (Fig. 3).
This is because CMA-MAE is optimizing on a centroidal Voronoi
tessellation with 10,000 cells, where each cell has significantly more
volume compared to that of a 100 X 100 grid due to the increased
dimensionality of the feature space. Hence, more solutions map to
the same cells, making it more difficult to find solutions outside of
previously explored cells.
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—e— DDS-KDE DDS-CNF NS —v— CMA-MAE CMA-ME —+— MAP-Elites (line)
LP Arm Repertoire Deceptive Maze Multi-feature LP
100 - 100 - 100 -
g e
= O — —————
g 50- 50
e
3 — /
0 1 1 0 i 1 1
30- 25 -
>
g A
E 25 C— 20
% 20\ 15- .
o
S ‘\
15 i 1 1 10 i 1 1 1 1
0 2500 5000 0 2500 5000 2500 5000
Iterations Iterations Iterations Iterations
LP Arm Repertoire Deceptive Maze Multi-feature LP
Coverage Cross-Entropy Coverage Cross-Entropy Coverage Cross-Entropy Coverage Cross-Entropy
DDS-KDE 67.67 +2.13% 17.57 £0.41 80.22 +0.01% 14.14 £0.02  94.93 £0.84% 11.84 £0.21 50.22 +0.45% 22.20 +0.09
DDS-CNF 63.65 £1.38% 18.50 £0.29  79.82 £0.19% 13.48 £0.12  85.17 £2.28% 14.01 £0.38  16.57 £0.22% 28.07 £0.03
NS 22.96 £1.59% 24.78 £0.06  78.67 £0.23% 15.32 £0.07  77.70 £2.47% 15.78 £0.50  10.36 £0.16% 28.39 £0.03
CMA-MAE 56.47 £1.06% 19.09 £0.23  77.77 £0.10% 13.14 +0.01 98.83 +0.18% 10.55 £0.06  11.68 +0.37% 29.06 £0.06
CMA-ME 42.90 £0.25% 22.45 £0.05  39.29 +0.24% 20.13 £0.09  79.97 +2.17% 15.33 £0.39 0.56 +£0.14% 28.10 £0.28
MAP-Elites (line)  42.30 +0.31% 22.43 £0.07  74.62 +£0.07% 13.60 £0.01  90.32 £0.87% 13.28 +£0.16 6.28 £0.34% 29.61 £0.02

Figure 3: Coverage and cross-entropy (CE) after 5,000 iterations of each algorithm in all domains. We report the mean over 10
trials, with error bars showing the standard error of the mean. Higher coverage and lower cross-entropy are better.

A similar phenomenon was observed in prior work when increas-
ing the dimensionality of the solution space in the LP domain [12].
Increased solution dimensionality more heavily distorts the feature
mapping and, similarly, causes most solutions to fall in the same
cells of the feature space. Consequently, the LP domain becomes
exceptionally challenging for QD algorithms working with a tessel-
lation (like CMA-MAE), as there is insufficient signal to drive the
algorithm towards the boundaries of the feature space.

DDS-KDE circumvents this limitation of tessellations with its
continuous density estimation of the feature space. While in tesselation-
based algorithms, solutions will fall into the same cell, DDS-KDE
will retain the solutions in its buffer, which generates signal to drive
the search towards the feature space boundaries. Thus, DDS-KDE
is more resilient to the distortions of the feature mapping and can
better scale with the dimensionality of the feature space.
Cross-Entropy. DDS-KDE and DDS-CNF outperform! all baselines
in LP, with the exception of DDS-CNF, whose performance is not
significantly different from CMA-MAE. On Arm Repertoire and
Deceptive Maze, DDS-KDE and DDS-CNF outperform NS. However,
while DDS-KDE is on par with CMA-MAE on Arm Repertoire ,
CMA-MAE outperforms DDS-KDE on Deceptive Maze and DDS-
CNF on both Arm Repertoire and Deceptive Maze. Finally, DDS-
KDE outperforms all algorithms on Multi-feature LP, while DDS-
CNF outperforms CMA-MAE and MAP-Elites (line).

We attribute the improved performance of CMA-MAE to the
nature of the cross-entropy metric. Cross-entropy is intended to
approximate the distributional similarity between the exploration of

!Recall that lower CE is better as it indicates a more uniform exploration of the feature
space (Sec. 6.1)
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the feature space and the uniform distribution. CMA-MAE directly
optimizes a passive archive with uniform tessellation, unlike DDS
and NS, which are agnostic to the passive archive. This experimental
setup naturally favors CMA-MAE with respect to the cross-entropy
metric.

DDS-KDE performs as well as DDS-CNF in terms of coverage
and cross-entropy across most domains. However, on Multi-feature
LP, DDS-KDE outperforms DDS-CNF on both metrics; on LP and
Deceptive Maze, DDS-KDE outperforms DDS-CNF in terms of cross-
entropy.

We attribute the difference between the performance of DDS-
KDE and DDS-CNF to the bandwidth parameter in KDE, which
allows us to adjust the smoothness of the KDE (Fig. 2a). On the
other hand, CNF lacks explicit control over its smoothness. Thus,
while we adjust the smoothness of the KDE to improve performance
for DDS-KDE (Sec. 5), we can not apply the same techniques to
boost the performance of DDS-CNF.

7 LIMITATIONS AND FUTURE WORK

We introduce a new diversity optimization algorithm with two vari-
ants, DDS-KDE and DDS-CNF. We provide theoretical insight into
the connection between DDS-KDE and novelty search and show
that both DDS algorithms excel at discovering diverse solutions.
We envision several extensions to DDS. While we proposed
two DDS variants, DDS is a general method that can integrate
with a wide variety of distribution fitting techniques. DDS can be
combined with parametric estimators like mixture models [32] and
moment matching [22], as well as with non-parametric estimators
like vector quantization [27] and generative models [19]. In general,
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we believe that DDS will interface with any method that learns a
continuous density representation of the feature space.

For DDS-KDE, while we assumed a constant bandwidth, prior
work has adapted the bandwidth online [28] and varied the band-
width based on query location [43]. These methods could be applied
to secure tighter uniform stability bounds for the KDE, making fea-
ture space exploration more efficient.

A key limitation of our algorithms is their significant computa-
tional cost. Querying the KDE incurs a runtime of O(|8|), where
|B| is the buffer size, and fine-tuning the CNF is computationally
expensive due to backpropagation, even when accelerated on a
GPU. These issues could be mitigated by accelerating KDE compu-
tation [34, 49] and improving CNF training efficiency [25, 35].

We proposed a generalization of the standard linear projection
domain to higher dimensional feature spaces, and demonstrate
that DDS exhibits superior performance to existing algorithms.
Our results could be further strengthened by evaluating DDS’s
performance on more complex domains. For example, we could
evaluate the performance of DDS on locomotion tasks, where the
solutions are neural network controllers and the task is to control
a multi-pedal walker to move efficiently [39, 41].

Finally, we are excited to see how the underlying insight of DDS —
leveraging continuous density representations of the feature space —
can improve the exploration power of QD algorithms, especially in
high-dimensional feature spaces. Applying DDS to QD will improve
its performance on applications such as scenario generation for
complex systems [13], generative design [15], damage recovery in
robotics [9], reinforcement learning [2], and procedural content
generation [20].
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