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Infinitesimal structure of log canonical thresholds

Jihao Liu, Fanjun Meng, and Lingyao Xie

Abstract. We show that log canonical thresholds of fixed dimension are standardized. More pre-
cisely, we show that any sequence of log canonical thresholds in fixed dimension d accumulates
either (i) in a way which is similar to how standard and hyperstandard sets accumulate, or (ii) to log
canonical thresholds in dimension  d � 2. This provides an accurate description on the infinites-
imal structure of the set of log canonical thresholds. We also discuss similar behaviors of minimal
log discrepancies, canonical thresholds, and K-semistable thresholds.

1. Introduction

We work over the field of complex numbers C. For any set Ä ⇢ R, we let @Ä be the set
of accumulation points of Ä and xÄ WD Ä [ @Ä the closure of Ä . We let @0

Ä WD xÄ , and
denote the set of k-th order accumulation points of Ä by @k

Ä for any k > 0. It is clear that
@

k
Ä D @

k xÄ for any non-negative integer k.

Log canonical thresholds. The log canonical threshold (lct for short) is a fundamental
invariant in algebraic geometry. It originates from analysis which measures the integra-
bility of a holomorphic function. In birational geometry, the log canonical threshold mea-
sures the complexity of the singularities of a triple .X; BID/ where .X; B/ is a pair and
D is an effective R-Cartier R-divisor.

Definition 1.1. Let .X;B/ be a pair and D � 0 an R-Cartier R-divisor. We define

lct.X;BID/ WD sup
®
t � 0 j .X;B C tD/ is log canonical (lc)

¯

to be the lct of D with respect to .X;B/. The set of lcts in dimension d is defined as

lct.d/ WD
≤

lct.X;BID/
ˇ̌
ˇ̌ dimX D d; .X;B/ is lc, B is an effective Weil divisor;

and D is an effective Q-Cartier Weil divisor

≥
:

It is well known that the set of log canonical thresholds of fixed dimension satisfies
the ascending chain condition (ACC) [10, Theorem 1.1] and their accumulation points
are log canonical thresholds from lower dimension [10, Theorem 1.11]. The purpose of
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this paper is to discuss how lcts approach their accumulation points. More precisely, we
show that the sets of lcts of fixed dimension are standardized sets. Roughly speaking, this
says that the infinitesimal behavior of the sets of lcts is similar to the behavior of standard
and hyperstandard sets, especially near their first order accumulation points. We first give
definitions of standardized sets.

Definition 1.2 (Standardized sets). Let Ä ⇢ R be a set and �0 a real number. We say that
Ä is standardized near �0 if there exist a positive real number ", a positive integer m, and
real numbers b1; : : : ; bm, such that

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

We say that Ä is

(1) weakly standardized if Ä is standardized near any �0 2 xÄn@2
Ä , and

(2) standardized if @k
Ä is weakly standardized for any non-negative integer k and

@
l
Ä D ; for some positive integer l .

By Lemma 2.16 below, Ä is weakly standardized (resp. standardized) if and only if
@

0
Ä D xÄ is weakly standardized (resp. standardized).

Roughly speaking, a standardized set Ä has a filtration

xÄ D @
0
Ä � @Ä � @

2
Ä � � � � @

l
Ä D ;

which consists of weakly standardized sets. Note that when Ä ⇢ Œ0; 1ç and 1 is the only
possible accumulation point of Ä , a standardized set is always a subset of a hyperstandard
set [25, Section 3.2]. This is the reason why we adopt the word “standardized”.

The main theorem of our paper is as follows.

Theorem 1.3 (Main theorem). For any positive integer d , the set lct.d/ is standardized.

We remark that Theorem 1.3 also holds for pairs which allow more complicated
boundary coefficients. See Theorem 4.2 for more details.

To obtain a better understanding of Theorem 1.3, we provide several examples below.

Example 1.4. Let d; a1; : : : ; ad be fixed positive integers. For any positive integer n, we
consider the “diagonal” polynomial fn D x

a1
1 C x

a2
2 C � � � C x

ad

d C x
n
dC1 and the divisor

Sn WD .fn D 0/ on X WD CdC1. Suppose that
Pd

iD1
1
ai
< 1 and n � 0, then it is well

known that

�n WD lct.X; 0ISn/ D min
≤
1;

dX
iD1

1

ai
C 1

n

≥
D

dX
iD1

1

ai
C 1

n
:

Let �0 WDPd
iD1

1
ai

. Then �0 is the accumulation point of π�nºC1
nD1. Moreover, �n approaches

�0 in a “standardized way” as

�n D �0 C 1

n
:
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In other words, π�nºC1
nD1 is standardized near �0, hence π�nºC1

nD1 is a standardized set. In
fact, it is not hard to check that the set of lcts of “diagonal” polynomials of dimension
d C 1, ´

dC1X
iD1

1

ci

ˇ̌
ˇ c1; : : : ; cdC1 2 NC

µ
\ Œ0; 1ç;

is a standardized set.

Example 1.5. It is known that the set of lcts on C2 is

HT 2 D
≤

c1 C c2

c1c2 C a1c2 C a2c1

ˇ̌
ˇ̌ a1 C c1 � maxπ2; a2º; a2 C c2 � maxπ2; a1º;
a1; a2; c1; c2 2 N

≥
;

and the set of lcts on C1 is

HT 1 D lct.1/ D
≤
1

k

ˇ̌
ˇ k 2 NC

≥
[ π0º

(cf. [16, (15.5)]). We have

@HT 2 D HT 1nπ1º D
≤
1

k

ˇ̌
ˇ k 2 NC

; k � 2

≥
[ π0º

and @2
HT 2 D π0º (cf. [16, Theoerem 7]). It is not hard to see that, for any k 2 NC and

any sequence
π�nºC1

nD1 ⇢ HT 2

such that
0 <

1

k
D �0 WD lim

n!C1
�n;

possibly by passing to a subsequence and switching c1 and c2, we have

�n D c1;n C c2

c1;nc2 C a1c2 C a2c1;n

for some fixed a1; a2; c2 and strictly increasing sequence of integers c1;n, such that a2 C
c2 D k and a1  k. Therefore, �n approaches �0 in a “standardized way” as

�n D �0 C c2.k � a1/

k
� 1

kc1;n C a1c2
2
≤
�0 C c2.k � a1/

m

ˇ̌
ˇ m 2 NC

≥
:

It is not hard to deduce that HT 2 is standardized near any �0 2 @HT 2n@2
HT 2.

On the other hand, it is clear that the values in HT 2 may not approach 0 in a stan-
dardized way, hence HT 2 is not standardized near 0. Nevertheless, 0 is a second order
accumulation point of HT 2, hence HT 2 is still a weakly standardized set. Moreover,
since 0 is an accumulation point of HT 1 and HT 1 is standardized near 0, we know that
HT 2 is standardized.
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Theorem 1.3 could be potentially applied to the study on Han’s uniform bounded-
ness conjecture of minimal log discrepancies (cf. [11, Conjecture 7.2]), especially on its
weaker version for fixed germs (cf. [21, Conjecture 1.1]), as the accumulation points of
lcts naturally appear in the study of these conjectures.

We also expect Theorem 1.3 to be useful when estimating the precise values of log
canonical thresholds in high dimension, especially the 1-gap of lc thresholds.

Nevertheless, with Theorem 1.3 settled, it will be interesting to ask whether other
invariants in birational geometry behave similarly, such as the minimal log discrepancy
and the canonical threshold. We will confirm that the sets of these invariants are standard-
ized in some special cases in the following.

Minimal log discrepancies. The minimal log discrepancy (mld for short) is another fun-
damental invariant in algebraic geometry, which measures how singular a variety is. The
smaller the mld is, the worse the singularity is.

Definition 1.6. Let .X 3 x/ be an lc singularity. We define

mld.X 3 x/ WD min
®
a.E;X/ j E is over X 3 x

¯

to be the mld of .X 3 x/. The set of mlds for varieties of dimension d is defined as

mld.d/ WD
®

mld.X 3 x/ j dimX D d; X 3 x is lc
¯
:

Similar to the sets of log canonical thresholds, the sets of minimal log discrepancies of
fixed dimension are also conjectured to satisfy the ACC [27, Problem 5], and its accumula-
tion points are expected to come from lower dimension (cf. [12, Version 1, Remark 1.2]).
Unfortunately, the ACC conjecture for mlds is open in dimension � 3, hence it will be
difficult to show the standardized behavior of this invariant. Nevertheless, we are able to
prove that the sets of mlds are standardized in some special cases.

Theorem 1.7. The following sets of minimal log discrepancies are standardized.

(1) The sets mld.1/ and mld.2/ are standardized.

(2) The set πmld.X/ j dimX D 3; X is canonicalº is standardized.

(3) For any positive integer d and positive real number ",

®
mld.X 3 x/ j dimX D d; X 3 x has an "-plt blow up

¯

is standardized. In particular,

®
mld.X 3 x/ j dimX D d; X 3 x is exceptional

¯

is standardized.

We remark that Theorem 1.7 also holds for lc pairs whose boundary coefficients
belong to a finite set. See Section 3 for more details.
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We also remark that Theorem 1.7 (3) is actually important in the proof of Theorem 1.3.
Note that the standardized behavior of mlds is very important due to the following exam-
ple, which shows that a conjectural standardized behavior is already very helpful in the
study of the ACC conjecture for mlds. In fact, the standardized behavior of lcts and mlds
was observed when the first author examined the following example in [19].

Example 1.8. A recent work of the first author and Luo shows that 5
6 is the second largest

accumulation point of global mlds in dimension 3 [19, Theorem 1.3]. An important ingre-
dient of the proof is [19, Theorem 3.5], which essentially uses the conjectural standardized
behavior of mld.3/ in .5

6 ; 1/. The idea is as follows.
For any real number a 2 .5

6 ; 1/, we associate infinite equations to a such that a 2
mld.3/ (almost) only if these equations have a common solution (cf. [19, Definition 3.4]).
Denote the set of these equations by E.a/. For each fixed a, the equations in E.a/ are
computable. As there are infinitely many equations, in practice, it is not hard to verify
that the equations in E.a/ do not have any common solution by checking finitely many
of them, but it is difficult to verify that the equations in E.a/ have a common solution.
Moreover, since there are uncountably many real numbers a in .5

6 ; 1/, we cannot consider
all E.a/ at the same time. To resolve these issues, a key idea is to decompose .5

6 ; 1/ as a
disjoint union of subsets ✓

5

6
; 1

◆
D
[
n

Än [ zÄ

such that

(1) zÄ satisfies the ACC and only accumulates to 5
6 (hence these values will not influ-

ence the proof of [19, Theorem 3.5]), and

(2) for any fixed n, Än is an open interval, and the equations in
T

a2Än
E.a/ do not

have any common solution. This implies that Än \ mld.3/ D ;.

The difficulty is that we need to guess what zÄ is. Since the equations in E.a/ have a
common solution (almost) whenever a 2 mld.3/\ .5

6 ; 1/ and mld.3/\ .5
6 ; 1/ is known to

be an infinite set, we need to find a regular pattern of the values in zÄ .
At this point, a key observation is that the equations in E.a/ heavily rely on the

denominator of a. This is the reason why we conjectured that the denominator of a grows
standardly respect to a� 5

6 when a approaches 5
6 . With this conjecture in mind, an attempt

on setting
zÄ D

≤
5nCm

6nCm

ˇ̌
ˇ m; n 2 NC

; 1  m  5

≥
[
≤
12

13

≥

is successful. In summary, the conjecture on the standardized behavior of the set of mlds
was essentially applied in the proof of [19, Theorem 3.5], in a way that we directly “guess
the set of mlds out”. Note that zÄ is standardized as the only accumulation point of zÄ is 5

6

and
5nCm

6nCm
D 5

6
C m

36nC 6m
2
≤
5

6
C m

l

ˇ̌
ˇ l; m 2 NC

; 1  m  5

≥
:
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Similar strategies in [19] can be applied to further studies on mld.3/, especially for
those values that are � 1

2 as 1
2 is the conjectured largest second order accumulation point

of threefold mlds. See [14, 20, 26] for related results.

Canonical thresholds. The canonical threshold is another important invariant in bira-
tional geometry. In particular, canonical thresholds in dimension 3 are deeply related to
Sarkisov links in dimension 3 (cf. [9, 24]). It is known that, in dimension  3, the set of
canonical thresholds satisfies the ACC [7, 8, 11], and its accumulation points come from
lower dimension [7,11]. We show that the set of canonical thresholds is also standardized
in dimension  3, which actually follows from the proofs in [7, 11].

Theorem 1.9. The set of canonical thresholds ct.d/ in dimension d is standardized when

d  3.

Further discussions. Yuchen Liu informed us that an invariant in K-stability and wall-
crossing theory, the K-semistable threshold (walls), may also behave in a standardized
way.

Example 1.10 ([2, Theorem 5.16]). The list of K-moduli walls of xMK
c (the K-moduli

stack which parametrizes K-polystable log Fano pairs .X; cD/ admitting a Q-Gorenstein
smoothing to .P 3

; cS/ where S is a quartic surface) is
°
1 � 4

n

ˇ̌
ˇ n 2 π6; 8; 10; 12; 13; 14; 16; 18; 22º

±
;

which is a subset of a hyperstandard set (Definition 2.1). Although this is a very specific
example and the value of the walls are finite, using a hyperstandard set to describe the
thresholds is natural in this case, and it is possible that larger classes of K-semistable
thresholds also behave in a standardized way.

2. Preliminaries

We adopt the standard notation and definitions in [5, 17] and will freely use them.

2.1. Sets

Definition 2.1. Let Ä ⇢ R be a set. We say that

(1) Ä satisfies the descending chain condition (DCC) if any decreasing sequence in Ä
stabilizes,

(2) Ä satisfies the ascending chain condition (ACC) if any increasing sequence in Ä
stabilizes,

(3) Ä is the standard set if Ä D π1 � 1
n j n 2 NCº [ π1º, and

(4) ([25, Section 3.2], [3, Section 2.2]) Ä is a hyperstandard set if there exists a finite
set Ä0 ⇢ R�0 such that 0; 1 2 Ä0 and Ä D π1 � �

n j n 2 NC
; � 2 Ä0º \ Œ0; 1ç.
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2.2. Pairs and singularities

Definition 2.2 (Pairs, cf. [6, Definition 3.2]). A pair .X=Z 3 z;B/ consists of a contrac-
tion ⇡ W X ! Z, a (not necessarily closed) point z 2 Z, and an R-divisor B � 0 on X ,
such that KX C B is R-Cartier over a neighborhood of z. If ⇡ is the identity map and
z D x, then we may use .X 3 x;B/ instead of .X=Z 3 z;B/. In addition, if B D 0, then
we use X 3 x instead of .X 3 x; 0/. If .X 3 x;B/ is a pair for any codimension � 1 point
x 2X , then we call .X;B/ a pair. A pair .X 3 x;B/ is called a germ if x is a closed point.

Definition 2.3 (Singularities of pairs). Let .X 3 x; B/ be a pair and E a prime divisor
over X such that x 2 centerX E. Let f W Y ! X be a log resolution of .X; B/ such that
centerY E is a divisor, and suppose that KY C BY D f

⇤
.KX C B/ over a neighborhood

of x. We define a.E;X;B/ WD 1� multE BY to be the log discrepancy of E with respect
to .X;B/.

For any prime divisor E over X , we say that E is over X 3 x if centerX E D Nx. We
define

mld.X 3 x;B/ WD inf
®
a.E;X;B/ j E is over X 3 x

¯

to be the minimal log discrepancy (mld) of .X 3 x;B/. We define

mld.X;B/ WD inf
®
a.E;X;B/ j E is exceptional over X

¯
:

We define
tmld.X;B/ WD inf

®
a.E;X;B/ j E is over X

¯

to be the total minimal log discrepancy (tmld) of .X;B/.
Let " be a non-negative real number. We say that .X 3 x;B/ is lc (resp. klt, "-lc, "-klt)

if mld.X 3 x;B/ � 0 (resp. > 0, � ", > "). We say that .X;B/ is lc (resp. klt, "-lc, "-klt)
if tmld.X;B/ � 0 (resp. > 0, � ", > ").

We say that .X;B/ is canonical (resp. terminal, plt, "-plt) if mld.X;B/� 1 (resp.> 1,
> 0, > ").

Definition 2.4. Let a be a non-negative real number, .X 3 x;B/ (resp. .X;B/) an lc pair,
and D � 0 an R-Cartier R-divisor on X . We define

a- lct.X 3 x;BID/ WD sup
®

� 1; t j t � 0; .X 3 x;B C tD/ is a-lc
¯

�
resp. a- lct.X;BID/ WD sup

®
� 1; t j t � 0; .X;B C tD/ is a-lc

¯�

to be the a-lc threshold of D with respect to .X 3 x;B/ (resp. .X;B/). We define

ct.X 3 x;BID/ WD sup
®

� 1; t j t � 0; .X 3 x;B C tD/ is 1-lc
¯

�
resp. ct.X;BID/ WD sup

®
� 1; t j t � 0; .X;B C tD/ is canonical

¯�

to be the canonical threshold of D with respect to .X 3 x; B/ (resp. .X; B/). We define
lct.X 3 x; BID/ WD 0- lct.X 3 x; BID/ (resp. lct.X; BID/ WD 0- lct.X; BID/) to be
the lc threshold of D with respect to .X 3 x;B/ (resp. .X;B/).
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Definition 2.5. Assume that X is a normal variety and B is an R-divisor on X . We write
B 2 Ä if the coefficients of B belong to Ä . For any positive integer d , we define

mld.d;Ä/ WD
®

mld.X 3 x;B/ j dimX D d; .X 3 x;B/ is lc; B 2 Ä
¯
;

lct.d;Ä/ WD
®

lct.X;BID/ j dimX D d; .X;B/ is lc; B 2 Ä; D 2 NC¯
;

ct.d;Ä/ WD
®

ct.X;BID/ j dimX D d; .X;B/ is canonical; B 2 Ä; D 2 NC¯
:

We let mld.0;Ä/ D lct.0;Ä/ D ct.0;Ä/ WD π0º. For any non-negative integer d , we
let mld.d/ WD mld.d; π0º/, lct.d/ WD lct.d; π0; 1º/, and ct.d/ WD ct.d; π0; 1º/.

2.3. Complements

Definition 2.6. Let n be a positive integer, Ä0 ⇢ .0; 1ç a finite set, and .X=Z 3 z;B/ and
.X=Z3z;BC

/ two pairs. We say that .X=Z3z;BC
/ is an R-complement of .X=Z3z; B/

if

• .X=Z 3 z; BC
/ is lc,

• B
C � B , and

• KX C B
C ⇠R 0 over a neighborhood of z.

We say that .X=Z 3 z; BC
/ is an n-complement of .X=Z 3 z; B/ if

• .X=Z 3 z; BC
/ is lc,

• nB
C � b.nC 1/πBºc C nbBc, and

• n.KX C B
C
/ ⇠ 0 over a neighborhood of z.

We say that .X=Z 3 z; B/ is R-complementary if .X=Z 3 z; B/ has an R-complement.
We say that .X=Z3z;BC

/ is a monotonic n-complement of .X=Z3z;B/ if .X=Z3z;BC
/

is an n-complement of .X=Z 3 z; B/ and BC � B .
We say that .X=Z3z;BC

/ is an .n;Ä0/-decomposable R-complement of .X=Z3z;B/
if there exist a positive integer k, a1; : : : ; ak 2 Ä0, and Q-divisorsBC

1 ; : : : ;B
C
k onX , such

that

•
Pk

iD1 ai D 1 and
Pk

iD1 aiB
C
i D B

C,

• .X=Z 3 z; BC
/ is an R-complement of .X=Z 3 z; B/, and

• .X=Z 3 z; BC
i / is an n-complement of itself for each i .

Theorem 2.7 ([12, Theorem 1.10]). Let d be a positive integer and Ä ⇢ Œ0; 1ç a DCC set.

Then there exist a positive integer n and a finite set Ä0 ⇢ .0; 1ç depending only on d and

Ä satisfying the following.

Assume that .X=Z 3 z;B/ is a pair of dimension d and B 2 Ä , such thatX is of Fano

type over Z and .X=Z 3 z;B/ is R-complementary. Then .X=Z 3 z;B/ has an .n;Ä0/-

decomposable R-complement. Moreover, if xÄ ⇢ Q, then .X=Z 3 z; B/ has a monotonic

n-complement.
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2.4. Plt blow-ups

Definition 2.8. Let .X 3 x;B/ be a klt germ and " a positive real number. A plt (resp. "-
plt) blow-up of .X 3 x;B/ is a divisorial contraction f W Y !X with a prime exceptional
divisorE overX 3 x, such that .Y=X 3 x;f �1

⇤ B CE/ is plt (resp. "-plt) and �E is ample
over X .

Lemma 2.9 ([28, Section 3.1], [23, Proposition 2.9], [18, Theorem 1.5], [29, Lemma 1]).
Assume that .X 3 x;B/ is a klt germ such that dimX � 2. Then there exists a plt blow-up

of .X 3 x;B/.

Definition 2.10. Let .X 3 x; B/ be an lc germ. We say that .X 3 x; B/ is exceptional if
for any R-divisor G � 0 on X such that .X 3 x;B CG/ is lc, there exists at most one lc
place of .X 3 x;B CG/.

2.5. Special sets

Definition 2.11. Let Ä ⇢ Œ0; 1ç be a set, d a positive integer, and c a positive real number.
We define

ÄC WD
 

π0º [
´

nX
iD1

�i j �1; : : : ; �n 2 Ä
µ!

\ Œ0; 1ç;

D.Ä/ WD
≤
m � 1C �

m

ˇ̌
ˇ m 2 NC

; � 2 ÄC

≥
;

D.Ä; c/ WD
≤
m � 1C � C kc

m

ˇ̌
ˇ m; k 2 NC

; � 2 ÄC

≥
\ Œ0; 1ç;

N.d;Ä; c/ WD
≤
.X;B/

ˇ̌
ˇ̌ .X;B/ is projective lc; KX C B ⌘ 0; dimX D d;

B D LC C; L 2 D.Ä/; 0 6D C 2 D.Ä; c/

≥
;

R.d;Ä; c/ WD
≤
.X;B/

ˇ̌
ˇ̌ .X;B/ 2 N.n;Ä; c/; .X;B/ is Q-factorial klt;

⇢.X/ D 1; 1  n  d

≥
;

N.d;Ä/ WD
®
c j c 2 Œ0; 1ç; N.d;Ä; c/ 6D ;

¯
;

K.d;Ä/ WD
®
c j c 2 Œ0; 1ç; R.d;Ä; c/ 6D ;

¯
:

We define

N.0;Ä/ D K.0;Ä/ WD
≤
1 � �
n

ˇ̌
ˇ � 2 ÄC; n 2 NC

≥
[ π0º;

N.�1;Ä/ D K.�1;Ä/ WD π0º:

The following results in [10] are used in the proof of the main theorem.

Theorem 2.12 ([10, Lemmas 11.2 and 11.4, Proposition 11.5, Theorem 1.11]). Let d be

a non-negative integer and Ä ⇢ Œ0; 1ç a set. Then

(1) lct.d;Ä/ ⇢ lct.d C 1;Ä/ and N.d � 1;Ä/ ⇢ N.d;Ä/,
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(2) N.d;Ä [ π1º/ D K.d;Ä/,

(3) if Ä D ÄC, then lct.d;Ä/ D N.d � 1;Ä/, and

(4) if 1 2 Ä , Ä D ÄC, and @Ä ⇢ π1º, then @ lct.d C 1;Ä/ D lct.d;Ä/nπ1º.

2.6. Basic properties of standardized sets

The behavior of standardized sets is generally similar to the behavior of DCC sets and
ACC sets. However, there are still some differences.

Example 2.13. It is clear that any subset of a DCC (resp. ACC) set is still DCC (resp.
ACC). However, a subset of a standardized set may no longer be standardized. Consider
the sets Ä1 WD π n

n2C1
j n 2 NCº and Ä2 D Ä1 [ π 1

n C 1
m j n;m 2 NCº. Then Ä1 ⇢ Ä2.

It is not hard to check that Ä2 is a standardized set but Ä1 is not. This is because although
Ä1 and Ä2 are both not standardized near 0, 0 62 @2

Ä1, but 0 2 @2
Ä2.

We summarize the following properties on standardized sets below which we will use
in this paper.

Lemma 2.14. Let Ä be a set of real numbers and �0 a real number. Then:

(1) If �0 62 @Ä , then Ä is standardized near �0.

(2) If �0 2 @2
Ä , then Ä is not standardized near �0.

(3) For any real number a, Ä is standardized near �0 if and only if π� C a j � 2 Äº
is standardized near aC �0.

(4) For any non-zero number c, Ä is standardized near �0 if and only if πc� j � 2 Äº
is standardized near c�0.

(5) Suppose that Ä D Sk
iD1 Äi . Then Ä is standardized near �0 if and only if each Äi

is standardized near �0. In particular, Ä is standardized near �0 if and only if any

subset of Ä is standardized near �0.

(6) Ä is standardized near �0 if and only if Ä \ .�0 � "0; �0 C "0/ is standardized

near �0 for some positive real number "0.

(7) If π� � �0 j � 2 Äº ⇢ Q, then Ä is standardized near �0 if and only if there exists

a positive integer I and a positive real number ", such that

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C I

n

ˇ̌
ˇ n 2 Znπ0º

≥
[ π�0º:

(8) Ä is standardized near �0 if and only if xÄ is standardized near �0.

Proof. For any �0 62 @Ä , we may pick a positive real number " such that

.�0 � "; �0 C "/ \ Ä D π�0º or ;:

This implies (1).
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Suppose that Ä is standardized near �0 for some �0 2 @2
Ä . Then there exist a positive

real number ", a positive integer m, and real numbers b1; : : : ; bm, such that

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

Thus the only accumulation point of Ä \ .�0 � "; �0 C "/ is �0, hence �0 62 @2
Ä , a con-

tradiction. This implies (2).
(3) (4) (6) are obvious.
We prove (5). If Ä is standardized near �0, then there exist a positive real number ", a

positive integer m, and non-zero real numbers b1; : : : ; bm, such that

Äi \ .�0 � "; �0 C "/ ⇢ Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bj

n

ˇ̌
ˇ j; n 2 NC

; 1  j  m

≥
:

for each 1  i  k, hence Äi is standardized near �0 for each i . If Äi is standardized near
�0 for each i , then there exist positive integers m1; : : : ; mk , a finite set of real numbers
πbi;j º1ik; 1j mi

, and real numbers "1; : : : ; "k , such that

Äi \ .�0 � "i ; �0 C "i / ⇢
≤
�0 C bi;j

n

ˇ̌
ˇ j; n 2 NC

; 1  j  mi

≥

for each i . Let " WD minπ"1; : : : ; "kº, then

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bi;j

n

ˇ̌
ˇ i; j; n 2 NC

; 1  i  k; 1  j  mi

≥
;

hence Ä is standardized.
We prove (7). The if part is obvious. Suppose that Ä is standardized near �0, then there

exist a positive real number ", a positive integerm, and non-zero real numbers b1; : : : ; bm,
such that

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

Since π� � �0 j � 2 Äº ⇢ Q, we may assume that bi 2 Q for each i . We may let I be a
common denominator of the elements in

®
1
bi

j bi 6D 0
¯
.

The if part of (8) follows from (5). Suppose that Ä is standardized near �0, then there
exist a positive real number ", a positive integerm, and non-zero real numbers b1; : : : ; bm,
such that

Ä \ .�0 � "; �0 C "/ ⇢
≤
�0 C bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

Thus

xÄ \ .�0 � ";�0 C "/⇢ Ä \ .�0 � "; �0 C "/⇢
≤
�0 C bi

m

ˇ̌
ˇ i; n 2 NC

; 1 i  n

≥
[ π�0º;

hence xÄ is standardized near �0.
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Lemma 2.15. Let Ä be a set of real numbers and �0 a real number. Suppose that for any

sequence π�i ºC1
iD1 ⇢ Ä such that limi!C1 �i D �0, there exists an infinite subsequence

of π�i ºC1
iD1 which is standardized near �0. Then Ä is standardized near �0.

Proof. For any non-zero real number � , we let Œ�ç be its Q-class under multiplication:
Œ�ç D Œ�

0
ç if and only if � D s�

0 for some s 2 Q⇥. By Lemma 2.14 (3), possibly by
replacing �0 with 0 and Ä with π� � �0 j � 2 Äº, we may assume that �0 D 0. For any
positive real number ", we consider ÄQ;" WD πŒ�ç j � 2 .Ä \ .�"; "//nπ0ºº.

Suppose that ÄQ;" is an infinite set for any positive real number ". Then we may pick a
sequence π�i ºC1

iD1 ⇢Ä such that Œ�i ç 6D Œ�j ç for any i 6D j and limi!C1 �i D 0. By assump-
tion, there exists a strictly increasing sequence of integers πri ºC1

iD1 such that π�ri ºC1
iD1 is

standardized near 0, so there exist a positive integer m and real numbers b1; : : : ; bm, such
that

π�ri ºC1
iD1 ⇢

≤
bj

n

ˇ̌
ˇ j; n 2 NC

; 1  j  m

≥
:

This is not possible as the Q-classes of π bj

n j j; n 2 NC
; 1  j mº are finite. Therefore,

ÄQ;"0 is a finite set for some positive real number "0. By Lemma 2.14 (6), we may replace
Ä with Ä \ .�"0; "0/ and write Ä DSk

iD1 Äi for some positive integer k, such that Œ�i ç 6D
Œ�j ç for any �i 2 Äi and �j 2 Äj and any i 6D j , and Œ˛ç D Œˇç for any ˛; ˇ 2 Äi and
any i . By Lemma 2.14 (5), we only need to show that Äi is standardized near 0 for any i .
Therefore, we may assume that k D 1. In particular, there exists a non-zero real number c
and a set Ä 0 ⇢ Q such that Ä D πc� 0 j � 0 2 Ä 0º. By Lemma 2.14 (4), possibly by replacing
Ä with Ä 0, we may assume that Ä ⇢ Q.

Suppose that Ä is not standardized near 0. By Lemma 2.14 (7), there exists a sequence
°
pi

qi

±C1

iD1
⇢ Ä

such that gcd.pi ; qi / D 1, limi!C1 jpi j D C1, and limi!C1
pi
qi

D 0. It is clear that no
infinite subsequence of π pi

qi
ºC1

iD1 is standardized near 0, a contradiction.

Lemma 2.16. Let Ä;Ä
0

be two sets of real numbers. Then:

(1) Ä is weakly standardized (resp. standardized) if and only if xÄ is weakly standard-

ized (resp. standardized).

(2) If Ä and Ä
0

are weakly standardized (resp. standardized), then Ä [ Ä
0

is weakly

standardized (resp. standardized).

Proof. Since xÄn@2
Ä D xÄn@2 xÄ D xxÄn@2 xÄ and @k

Ä D @
k xÄ for any non-negative integer k,

(1) follows from Lemma 2.14 (8).
Since @k

.Ä [ Ä
0
/ D @

k
Ä [ @

k
Ä

0 for any non-negative integer k, (2) follows from
Lemma 2.14 (5).

We summarize some additional properties of standardized sets in the following lemma.
The lemma is interesting in its own right. However, we do not need this lemma in the rest
of this paper.
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Lemma 2.17. Let Ä;Ä
0

be two sets of real numbers.

(1) Ä is weakly standardized if and only if Ä is standardized near any �0 2 @Än@2
Ä .

(2) If Ä;Ä
0

are standardized and both satisfy the DCC (resp. ACC), then

Ä
00 WD π� C �

0 j � 2 Ä; � 0 2 Ä 0º
is standardized.

(3) If Ä
0

is a finite set, then Ä is standardized if and only if Ä [ Ä 0
is standardized.

(4) If Ä
0

is an interval, Ä is DCC or ACC, and Ä is standardized, then Ä \ Ä
0

is

standardized.

(5) If Ä ⇢ Œ0; 1ç satisfies the DCC and is standardized, then ÄC and D.Ä/ are stan-

dardized.

(6) If Ä ⇢ Œ0;C1/ satisfies the ACC and is standardized, then π �
n j � 2 Ä; n 2 NCº

is standardized.

Proof. (1) It follows from Lemma 2.14 (1).
(2) Since Ä and Ä 0 both satisfy the DCC (resp. ACC), we have

@
k
Ä

00 D
k[

iD0

π� C �
0 j � 2 @i

Ä; �
0 2 @k�i

Ä
0º:

Since Ä and Ä 0 are standardized, @l
Ä D ; and @l 0

Ä
0 D ; for some positive integers l; l 0.

Thus @lCl 0
Ä

00 D ;. By induction on l C l
0 and Lemma 2.16 (2), we only need to show

that Ä 00 is weakly standardized. By Lemma 2.15 and (1), we only need to show that for
any � 00

0 2 @Ä 00n@2
Ä

00 and any sequence π� 00
i ºC1

iD1 such that limi!C1 �
00
i D �

00
0 , a subse-

quence of π� 00
i ºC1

iD1 is standardized near � 00
0 . We may write � 00

i D �i C �
0
i where �i 2 Ä and

�
0
i 2 Ä 0. Possibly by passing to a subsequence, we may assume that �i ; �

0
i are increasing

(resp. decreasing), limi!C1 �i D �0, and limi!C1 �
0
i D �

0
0. If π�i ºC1

iD1 and π� 0
i ºC1

iD1 both
have strictly increasing (resp. strictly decreasing) subsequences, then possibly by passing
to subsequences, we may assume that π�i ºC1

iD1 and π� 0
i ºC1

iD1 are strictly increasing (resp.
strictly decreasing). Since

�
00
0 D lim

j !C1
.�0 C �

0
j / D lim

j !C1
lim

i!C1
.�i C �

0
j /;

�
00
0 2 @

2
Ä

00, a contradiction. Thus possibly by passing to a subsequence and switching
Ä;Ä

0, we may assume that �i D �0 for each i . By Lemma 2.14 (3), π� 00
i ºC1

iD1 is standardized
near � 00

0 , and we get (2).
(3) We have @k

.Ä [ Ä 0
/D @

k
Ä for any positive integer k. For any real number �0 and

non-negative integer k, since Ä 0 is a finite set, by Lemma 2.14 (5), @k
Ä is standardized

near �0 if and only if @k
.Ä [ Ä 0

/ is standardized near �0. This implies (3).
(4) By Lemma 2.14 (4), possibly by replacing Ä with π�� j � 2 Äº and Ä 0 with π�� 0 j

�
0 2 Ä 0º, we may assume that Ä is DCC. Let a WD infÄ 0 2 π�1º [ R and c WD supÄ 0 2

πC1º [ R. Since Ä satisfies the DCC, a is not an accumulation point of Ä \ Ä
0. Thus

@
k
.Ä \ Ä

0
/ D .@

k
Ä \ Ä

0
/nπa; cº or .@k

Ä \ Ä
0nπaº/ [ πcº for any positive integer k.
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By (3) and induction on the minimal non-negative integer l such that @l
Ä D ;, we only

need to show that Ä \Ä 0 is weakly standardized. By (1) and Lemma 2.14 (6), we only need
to show that Ä \ Ä 0 is standardized near c when c <C1 and c 2 @.Ä \ Ä 0

/n@2
.Ä \ Ä 0

/.
Since Ä satisfies the DCC, c 2 @.Ä \ Ä

0
/n@2

.Ä \ Ä
0
/ if and only if c 2 @Än@2

Ä , hence
Ä is standardized near c when c 2 @.Ä \ Ä

0
/n@2

.Ä \ Ä
0
/. Statement (4) follows from

Lemma 2.14 (5).
(5) Suppose that Ä ⇢ Œ0; 1ç satisfies the DCC and is standardized. First we show that

ÄC is standardized. We let Ä1 WD Ä and let Äk WD π� C z� j � 2 Ä; z� 2 Äk�1º for any
integer k � 2. Since Ä satisfies the DCC, we may let x� WD minπ1; � 2 Ä j � > 0º. By (2),
Äk is standardized for any positive integer k. Since ÄC D .Äb 1

x� c [ π0º/\ Œ0; 1ç, by (3) (4),
ÄC is standardized.

Now we show thatD.Ä/ is standardized. We may replace Ä with ÄC and suppose that
Ä D ÄC. Then .@k

Ä/C D @
k
Ä [ π0º for any non-negative integer k. We have

D.Ä/ D
≤
m � 1C �

m

ˇ̌
ˇ m 2 NC

; � 2 Ä
≥
:

Let k0 be the minimal positive integer such that @k0Ä 6D ;. By induction, we have

@
k
D.Ä/ D π1º [

≤
m � 1C �

m

ˇ̌
ˇ m 2 NC

; � 2 @k
Ä

≥

for any 1  k  k0, @k0C1
D.Ä/ D π1º, and @k

D.Ä/ D ; for any k � k0 C 2. By (3) and
induction on k0, we only need to show that D.Ä/ is weakly standardized. There are two
cases.

Case 1. The set Ä is a finite set. Then 1 is the only accumulation point of D.Ä/, and it is
clear that D.Ä/ is standardized near 1. By (1), D.Ä/ is weakly standardized.

Case 2. The set Ä is not a finite set. Then 1 2 @2
D.Ä/. For any c 2 Œ0;1/ and any sequence

πci ºC1
iD1 ⇢D.Ä/ such that limi!C1 ci D c, possibly by passing to a subsequence we have

ci D m � 1C �i

m

such thatm is a constant and �i 2 Ä for each i . If c 62 @2
D.Ä/, then by Lemma 2.14 (3) (4),

πci ºC1
iD1 is standardized near c. By Lemma 2.15,D.Ä/ is standardized near c, henceD.Ä/

is weakly standardized.
(6) Since Ä satisfies the ACC,

Ä ⇢ Œ0;M ç

for some positive integerM. By Lemma 2.14 (4), possibly by replacingÄ with π �
M j � 2Äº,

we may assume thatM D 1. Let Ä 0 WD π1� � j � 2 Äº, then Ä 0 ⇢ Œ0; 1ç satisfies the DCC
and is standardized. By the same argument as in (5) and Lemma 2.14 (3) (4),≤

�

n

ˇ̌
ˇ n 2 NC

; � 2 Ä
≥

D
≤
1 � m � 1C �

0

m

ˇ̌
ˇ m 2 NC

; �
0 2 Ä 0

≥

is standardized.
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3. Standardization of (some) log discrepancies

Theorem 3.1. Let Ä ⇢ Œ0; 1ç be a finite set. Then mld.1;Ä/ and mld.2;Ä/ are standard-

ized.

Proof. Since mld.1;Ä/ D π1; 1 � � j � 2 Äº is a finite set, mld.1;Ä/ is standardized.
We first show that mld.2; Ä/ is standardized near any a0 > 0. Fix a0 > 0 and let

πai ºC1
iD1 ⇢ mld.2;Ä/ be any sequence such that limi!C1 ai D a0. Let .Xi 3 xi ; Bi / be

a surface singularity such that Bi 2 Ä and mld.Xi 3 xi ; Bi / D ai .

Claim 3.2. Possibly by passing to a subsequence, we have

ai D ˛Ai C ˇ

Ai C ı
;

where ˛; ı � 0 and ˇ > 0 are constants such that ı 2 Q, and Ai 2 NC
.

Proof. This essentially follows from [6, Lemma A.2] (see also [1, Lemma 3.3]), but since
the argument of [6, Lemma A.2] is very long, we provide a short proof here.

Let " WD minπa0;Ä>0º. If the possibilities of the dual graphs of the minimal resolution
ofXi 2 xi is finite, then there are only finitely many possibilities of ai D mld.Xi 2 xi ;Bi /,
which is not possible. Therefore, by [6, Lemma A.6], possibly by passing to a subse-
quence, we may assume that

ai D mld.Xi 3 xi ; Bi / D pld.Xi 3 xi ; Bi /:

Possibly by passing to a subsequence, we may assume that .Xi 3 xi ; Bi / is of one of the
types as in [6, Lemma A.2 (1)] (F";Ä ), [6, Lemma A.2 (2)] (C";Ä ), or [6, Lemma A.2 (3)]
(T";Ä ). If .Xi 3 xi ;Bi / is of type F";Ä for each i , then there are finitely many possibilities
of the dual graph of the minimal resolution of Xi 3 xi , which is again not possible. If
.Xi 3 xi ; Bi / is of type T";Ä for each i , then [6, Lemma A.2 (3)] implies that

ai D pld.Xi 3 xi ; Bi / D ˛i

mi � qi
;

where qi < mi  b 2
" cb 2

" c, qi and mi are integers, and ˛i belongs to a finite set as it is
constructed as in [6, p. 35, line 17] and Ä is a finite set. In this case, ˛i

mi �qi
belongs to a

finite set, which is not possible. Therefore, we may assume that .Xi 3 xi ; Bi / is of type
C";Ä for each i . [6, Lemma A.2 (2)] implies that

ai D pld.Xi 3 xi ; Bi / D
�
Ai C m2;i

m2;i �q2;i

� ˛1;i

m1;i �q1;i
C q1;i

m1;i �q1;i
� ˛2;i

m2;i �q2;i

Ai C q1;i

m1;i �q1;i
C m2;i

m2;i �q2;i

;

where q1;i < m1;i  b 2
" cb 2

" c and q2;i < m2;i  b 2
" cb 2

" c, q1;i ; q2;i ; m1;i ; m2;i are integers,
and Ai is a non-negative integers. Therefore, possibly passing to a subsequence, we may
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assume that q1;i ; q2;i ; m1;i ; m2;i are constants, and Ai > 0. We may let

˛ WD ˛1;i

m1;i � q1;i
; ˇ WD m2;i

m2;i � q2;i
� ˛1;i

m1;i � q1;i
C q1;i

m1;i � q1;i
� ˛2;i

m2;i � q2;i
;

and
ı WD q1;i

m1;i � q1;i
C m2;i

m2;i � q2;i
:

Proof of Theorem 3.1 continued. Let ˛; ˇ; ı and Ai be as in Claim 3.2. Then ˛ D a0, and

ai D a0 C ˇ � a0ı

Ai C ı
:

Therefore, πai ºC1
iD1 is standardized near a0. By Lemma 2.15, mld.2; Ä/ is standardized

near a0.
By [6, Lemma A.2] (see also [1, Lemma 3.3]), we have

≤
0;
1

n

ˇ̌
ˇ n 2 NC

≥
⇢ @mld.2;Ä/ ⇢

≤
0;
1 � �
n

ˇ̌
ˇ n 2 NC

; � 2 ÄC

≥

and
@

2 mld.2;Ä/ D π0º:
Since Ä is a finite set, ÄC is a finite set, hence π0; 1��

n j � 2 ÄC; n 2 NCº is standard-
ized near 0. By Lemma 2.14 (5), @mld.2; Ä/ is standardized near 0. Since mld.2;Ä/ ⇢
Œ0;C1/, mld.2;Ä/ is standardized.

Theorem 3.3. Let Ä ⇢ Œ0; 1ç be a finite set. Then

Ä
0 WD

®
mld.X;B/ j dimX D 3; B 2 Ä

¯
\ Œ1;C1/

is standardized and its only accumulation point is 1.

Proof. By [22, Corollary 1.5], 1 is the only accumulation point of Ä 0, so we only need
to show that Ä 0 is standardized near 1. By Lemma 2.15, we only need to show that for
any sequence of pairs π.Xi ; Bi /ºC1

iD1 such that dimXi D 3;Bi 2 Ä , and mld.Xi ; Bi / � 1,
πmld.Xi ; Bi /ºC1

iD1 has a subsequence which is standardized near 1. Possibly by passing
to a subsequence and replacing each .Xi ; Bi / with a Q-factorialization, we may assume
that each Xi is Q-factorial. By [11, Theorem 6.12], possibly by passing to a subsequence,
we may find a positive integer l depending only on Ä , and prime divisors Ei that are
exceptional overXi , such that a.Ei ;Xi ;Bi /D mld.Xi ;Bi / > 1 and a.Ei ;Xi ; 0/ 1C l

Ii
,

where Ii is the Cartier index of KXi near the generic point xi of centerXi Ei . By [15,
Corollary 5.2], for any prime divisor D on Xi , IiD is Cartier near xi . Since Ä is a finite
set, possibly by passing to a subsequence, we may assume that a.Ei ; Xi ; Bi / D 1C �

Ii

where � 2 .0; l ç is a constant. It is clear that πa.Ei ; Xi ; Bi /ºC1
iD1 is standardized near 1 and

the theorem follows.
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Lemma 3.4. Let d be a positive integer, " and c two positive real numbers, and Ä ⇢ Œ0; 1ç

and Ä
0 ⇢ Œ0;C1/ \ Q two finite sets. Then there exist a finite set Ä1 ⇢ .0;C1/ and

a finite set Ä2 ⇢ Œ0;C1/ \ Q depending only on d; "; c; Ä , and Ä
0

which satisfy the

following.

Assume that .X 3 x;B/ is an lc pair of dimension d , such that

(1) B D ÅC sS such that Å 2 Ä , S 2 Ä 0
, and

(2) .X3x;ÅCcS/ has an "-plt blow-up f W Y !X which extracts a prime divisorE.

Then a.E;X;B/ D ˛�.s�c/ˇ
n , where ˛ 2 Ä1; ˇ 2 Ä2, and n 2 NC

.

Proof. Possibly by replacing c; s and Ä 0, we may assume that S is a Weil divisor. By
cutting X by general hyperplane sections and applying induction on dimension, we may
assume that x is a closed point. Let ÅY ; BY , and SY be the strict transforms of Å; B and
S on Y respectively, and a WD a.E;X;B/.

KY C BY C .1 � a/E D f
⇤
.KX C B/:

Since .X 3 x;B/ is lc, a � 0. Let

KE C BE WD .KY C BY CE/jE and KE C B
0
E WD .KY CÅY C cSY CE/jE :

Since a � 0 and �E is ample=X , �.KE C BE / is nef. Since f is an "-plt blow-up of
.X 3 x;ÅC cS/, .E;B 0

E / is an "-klt log Fano pair. By [4, Theorem 1.1], E belongs to a
bounded family. Thus there exist a positive integer M depending only on d and ", and a
very ample divisor H on E, such that

�KE �Hd�2  M:

By adjunction (cf. [12, Theorem 3.10]), we may write

BE D
X
D

mD � 1C �D C skD

mD
D and B

0
E D

X
D

mD � 1C �D C ckD

mD
D;

where the sums are taken over all prime divisors D on E, mD are positive integers, kD

are non-negative integers, and �D 2 ÄC. Since .E; B 0
E / is "-klt and Ä ⇢ Œ0; 1ç is a finite

set, �D belongs to a finite set of non-negative real numbers, mD belongs to a finite set of
positive integers, and kD belongs to a finite set of non-negative integers.

Since 0 < �.KE CB
0
E / �Hd�2  M andD �Hd�2 is a positive integer for eachD,

�.KE C BE / �Hd�2 is of the form ˛
0 � .s � c/ˇ

0, where ˛0 D �.KE C B
0
E / �Hd�2

belongs to a finite set of positive real numbers and ˇ0 WD .
P

D
kD
mD
D/ �Hd�2 belongs to

a finite set of non-negative rational numbers.
Let H1; : : : ; Hd�2 be general elements in jH j, C WD E \H1 \H2 � � � \Hd�2, and

r WD b 1
" cä. Since .Y=X 3 x;BY CE/ is "-plt, by [12, Theorem 3.10], rEjE is a Q-Cartier

Weil divisor. In particular, �E � C belongs to the discrete set 1
r NC. Since

.KY C BY C .1 � a/E/ � C D 0;
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we have

a D �.KY C BY CE/ � C
�E � C D �.KE C BE / �Hd�2

�E � C :

Thus a D r.˛0�.s�c/ˇ 0/
n , where n 2 NC. We may let ˛ WD r˛

0 and ˇ WD rˇ
0.

Lemma 3.5. Let d be a positive integer, " a positive real number, and Ä ⇢ Œ0; 1ç a finite

set. Then

≤
a.E;X;B/

ˇ̌
ˇ̌ .X 3 x;B/ has an "-plt blow-up f W Y ! X

which extracts E; dimX D d;B 2 Ä

≥

is standardized and its only possible accumulation point is 0.

Proof. It follows from Lemma 3.4 by letting c D s D 1 and S D 0.

Theorem 3.6. Let d be a positive integer, " a positive real number, and Ä ⇢ Œ0; 1ç a finite

set. Then

Ä1.d; ";Ä/ WD
®

mld.X 3 x;B/ j dimX D d; .X 3 x;B/ has an "-plt blow up
¯

is standardized and its only possible accumulation point is 0. In particular,

Ä2.d;Ä/ WD
®

mld.X 3 x;B/ j dimX D d; .X 3 x;B/ is exceptional
¯

is standardized and its only possible accumulation point is 0.

Proof. By [12, Theorems 1.2, 1.3], the only possible accumulation point of Ä1.d; "; Ä/

and Ä2.d;Ä/ is 0. By Lemma 2.14 (1), we only need to show that Ä1.d; ";Ä/ and Ä2.d;Ä/

are standardized near 0.
By [12, Lemma 3.22], there exists a positive real number "0 depending only on d and

Ä , such that for any exceptional pair .X 3 x;B/ of dimension d with B 2 Ä , .X 3 x;B/
has an "0-plt blow-up. In particular, Ä2.d;Ä/ ⇢ Ä1.d; "

0
;Ä/.

By [12, Theorem 1.3] and Lemma 3.5,

Ä1.d; ";Ä/ \ Œ0; "ç and Ä1.d; "
0
;Ä/ \ Œ0; "0

ç

are standardized near 0. By Lemma 2.14 (6), Ä1.d; ";Ä/ and Ä1.d; "
0
;Ä/ are standardized

near 0. By Lemma 2.14 (5), Ä2.d;Ä/ is standardized near 0, and we are done.

Proof of Theorem 1.7. It follows from Theorems 3.1, 3.3, and 3.6 when Ä D π0º.

4. Standardization of log canonical thresholds

Lemma 4.1. Let d be a positive integer, c a non-negative real number, and Ä ⇢ Œ0; 1ç a

set such that 1 2 ÄC. Suppose that .X; B/ 2 N.d;Ä; c/ is a pair such that .X; B/ is not

klt. Then c 2 N.d � 1;Ä/.
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Proof. Possibly by replacing .X;B/with a dlt modification, we may assume that bBc 6D 0

and X is Q-factorial. We may assume that c 6D 0. We may write B D LC C such that
L 2 D.Ä/ and 0 6D C 2 D.Ä; c/. If bC c 6D 0, then

m � 1C � C kc

m
D 1

for somem;k 2 NC and � 2ÄC. By Theorem 2.12 (1), cD 1��
k 2N.0;Ä/⇢N.d � 1;Ä/.

Thus we may assume that bC c D 0.
If bLc D 0, then

m1 � 1C �1

m1
C m2 � 1C �2 C kc

m2
D 1

for some m1; m2; k 2 NC and �1; �2 2 ÄC. Since c 6D 0, either m1 D 1 or m2 D 1. If
m1 D 1, then

c D 1 � �2 �m2�1

k
2 N.0;Ä/ ⇢ N.d � 1;Ä/;

and if m2 D 1, then

c D 1 � �1 �m1�2

m1k
2 N.0;Ä/ ⇢ N.d � 1;Ä/:

Thus we may assume that bLc 6D 0. We let T be an irreducible component of bLc. We run
a .KX CL/-MMP � W X Ü X

0 which terminates with a Mori fiber space X 0 ! Z. Then
this MMP is C -positive, hence C is not contracted by this MMP.

If T is contracted by �, then there exists a step of the MMP  W X 00 ! X
000 which is a

divisorial contraction and contracts the strict transform of T on X 00. Let B 00
; L

00
; C

00
; T

00

be the strict transforms of B; L; C; T on X 00 respectively. Since  is C 00-positive, T 00

intersects C 00. Since .X;L/ is dlt, .X 00
; L

00
/ is dlt, hence T 00 is normal. Let

KT 00 C BT 00 WD .KX 00 C B
00
/jT 00 ;

then .T 00
; BT 00/ 2 N.d � 1;Ä; c/. Thus c 2 N.d � 1;Ä/. Therefore, we may assume that

T is not contracted by �.
We let B 0

; L
0
; C

0
; T

0 be the strict transforms of B; L; C; T on X 0 respectively. Note
that T 0 is normal as .X 0

; L
0
/ is dlt. Since � is C -positive, C 0 dominates Z.

If dimZ > 0, then we let F be a very general fiber of X 0 ! Z, and let

KF C BF WD .KX 0 C B
0
/jF ;

then .F;BF / 2 N.d � dimZ;Ä; c/. Thus c 2 N.d � dimZ;Ä/ ⇢ N.d � 1;Ä/. Thus we
may assume that dimZ D 0 and ⇢.X 0

/ D 1.
If d � 2, then T 0 intersects C 0. Let

KT 0 C BT 0 WD .KX 0 C B
0
/jT 0 ;

then .T 0
; BT 0/ 2 N.d � 1;Ä; c/. Thus c 2 N.d � 1;Ä/ and we are done.
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If d D 1, then we have

l1X
j D1

mj � 1C �j

mj
C

l2X
j D1

nj � 1C �
0
j C kj c

nj
D 1

for some l1 2 N, l2;mj ; nj ; kj 2 NC, and �j ;�
0
j 2 ÄC. Since c > 0, possibly by reordering

indices, eithermj D 1 for every j and nj D 1 for every j � 2, ormj D 1 for every j � 2

and nj D 1 for every j . Thus either

c D
1 � n1.

Pl1
j D1 �j CPl2

j D2 �
0
j / � � 0

1

k1 C n1

Pl2
j D2 kj

2 N.0;Ä/ ⇢ N.d � 1;Ä/

or

c D
1 �m1.

Pl1
j D2 �j CPl2

j D1 �
0
j / � �1

m1

Pl2
j D1 kj

2 N.0;Ä/ ⇢ N.d � 1;Ä/

and we are done.

Theorem 4.2. Let d be a non-negative integer and Ä ⇢ Œ0; 1ç a set, such that 1 2 Ä ,

Ä D ÄC, 1 is the only possible accumulation point of Ä , and Ä is standardized. Then

lct.d;Ä/ is standardized.

Proof. The proof consists of eight steps.

Step 1. In this step, we reduce our theorem to the case when d � 2 and show that we only
need to prove that lct.d;Ä/ is standardized near any

c 2 lct.d � 1;Ä/n
�

lct.d � 2;Ä/ [ π1º
�
:

Since 1 is the only possible accumulation point of Ä and Ä is standardized, there exists
a positive integer m and non-negative real numbers b1; : : : ; bm, such that

Ä ⇢
≤
1 � bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

In particular, Ä satisfies the DCC. By [10, Theorem 1.1], lct.d;Ä/ satisfies the ACC for
any non-negative integer d .

If d D 0, then the theorem follows from the definition. If d D 1, then

lct.d;Ä/ D
≤
1 � �
k

ˇ̌
ˇ k 2 NC

; � 2 Ä
≥

⇢
≤
bi

nk

ˇ̌
ˇ i; n; k 2 NC

; 1  i  m

≥

⇢
≤
bi

n

ˇ̌
ˇ i; n 2 NC

; 1  i  m

≥
:

Thus the only possible accumulation point of lct.d; Ä/ is 0, and by Lemma 2.14 (5),
lct.d;Ä/ is standardized near 0. Thus lct.d;Ä/ is standardized and we are done.
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Therefore, we may assume that d�2.By induction on dimension and Theorem 2.12(4),
we only need to show that lct.d;Ä/ is weakly standardized, that is, for any

c 2 @ lct.d;Ä/n@2 lct.d;Ä/ D lct.d � 1;Ä/n
�

lct.d � 2;Ä/ [ π1º
�
;

lct.d;Ä/ is standardized near c.

Step 2. For any c 2 lct.d � 1;Ä/n.lct.d � 2;Ä/ [ π1º/ and ci 2 lct.d;Ä/ such that

lim
i!C1

ci D c;

we construct pairs .Xi ; Bi / 2 R.d;Ä; ci / in this step.
For c 2 lct.d � 1;Ä/n.lct.d � 2;Ä/ [ π1º/, we define

"c WD sup
®
t j 0  t  1; .c; c C t / \ lct.d � 1;Ä/ D ;

¯
:

Since c 62 @ lct.d � 1;Ä/, "c > 0. By Theorem 2.12 (4), c is the only accumulation point of
.c;cC "c/\ lct.d;Ä/. Since lct.d;Ä/ satisfies the ACC, by Lemma 2.14 (6), we only need
to show that .c; c C "c/\ lct.d;Ä/ is standardized near c. By Lemma 2.15, we only need
to show that for any sequence πci ºC1

iD1 ⇢ .c; cC "c/\ lct.d;Ä/ such that limi!C1 ci D c,
a subsequence of πci ºC1

iD1 is standardized near c. Possibly by passing to a subsequence,
we may assume that ci is strictly decreasing.

In the following, we will fix c 2 lct.d � 1;Ä/n.lct.d � 2;Ä/ [ π1º/ and a sequence

πci ºC1
iD1 ⇢ .c; c C "c/ \ lct.d;Ä/

such that limi!C1 ci D c. In particular,

ci 62 lct.d � 1;Ä/
for each i . By Theorem 2.12 (2) (3), ci 2 K.d � 1; Ä/nK.d � 2; Ä/ for each i and c 2
K.d � 2;Ä/nK.d � 3;Ä/. Since d � 2 and c 62 lct.d � 2;Ä/, c 6D 0. Thus there exists a
sequence of pairs .Xi ; Bi D Li C Ci /, such that

(1) dimXi D d � 1 and ⇢.Xi / D 1,

(2) KXi C Bi ⌘ 0 and .Xi ; Bi / is Q-factorial klt, and

(3) Li 2 D.Ä/ and 0 6D Ci 2 D.Ä; ci /.

In particular, for each i , we may write

Li D
X

j

mi;j � 1C �i;j

mi;j
Li;j and Ci D

X
j

ni;j � 1C �
0
i;j C ki;j ci

ni;j
Ci;j ;

such that mi;j ; ni;j ; ki;j 2 NC, �i;j ; �
0
i;j 2 Ä , and Li;j ; Ci;j are prime divisors. We write

Ci D Ri C ciSi where

Ri WD
X

j

ni;j � 1C �
0
i;j

ni;j
Ci;j and Si WD

X
j

ki;j

ni;j
Ci;j :

We let ai WD tmld.Xi ;Li CRi C cSi /. Possibly by passing to a subsequence, we may
assume that ai is increasing or decreasing, and let a WD limi!C1 ai .
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Step 3. In this step, we show that a D 0.
Suppose that a is a positive real number. Then there exists a positive real number "

such that .Xi ; Li C Ri C cSi / is "-lc for each i , hence Xi belongs to a bounded family
by [4, Theorem 1.1]. Thus there exist a positive integer M which does not depend on i ,
and very ample divisors Hi on Xi , such that �KXi �Hd�2

i  M for each i .
Since .Xi ; Li CRi C cSi / is "-lc for each i ,

mi;j � 1C �i;j

mi;j
 1 � " and

ni;j � 1C �
0
i;j C ki;j c

ni;j
 1 � " for any i; j:

Since 1 is the only possible accumulation point of Ä and c > 0, mi;j ; �i;j ; ni;j ; �
0
i;j ; ki;j

belong to a finite set. Thus Li �Hd�2
i � 0;Ri �Hd�2

i � 0, and Si �Hd�2
i > 0 belong to

discrete sets. Since KXi C Bi ⌘ 0, we have

.KXi C Li CRi C ciSi / �Hd�2
i D 0:

Thus ci D pi
qi

, where pi D �.KXi C Li CRi / �Hd�2
i belongs to a finite set of positive

real numbers, and qi D Si �Hd�2
i belongs to a discrete set of positive real numbers. Thus

the only possible accumulation point of πci ºC1
iD1 is 0, which is not possible as c 6D 0.

Thus a D 0. Let a0
i WD tmld.Xi ; Bi /. Since a D 0 and 0 < a0

i  ai , limi!C1 a
0
i D 0.

Possibly by passing to a subsequence, we may assume that a0
i is strictly decreasing.

Step 4. In this step, we find a positive integer N , a finite set Ä0 ⇢ .0; 1ç, a positive
real number "0, and divisors Ti over Xi . We then construct .N; Ä0/-decomposable R-
complements .Xi ;Li CRi C cSi CGi / and Mori fiber spaces .X 0

i ;B
0
i /!Zi , and reduce

our theorem to the case when dimZi D 0 and ⇢.X 0
i / D 1.

By Theorem 2.7, there exist a positive integerN and a finite set Ä0 ⇢ .0; 1ç depending
only on d;Ä and c, such that for any R-complementary pair .X=Z 3 z;B/ where X is of
Fano type over Z, dimX D d � 1, and B 2 D.Ä [ πcº/, .X=Z 3 z; B/ has an .N;Ä0/-
decomposable R-complement. We let "0 WD minπ �0

2N j �0 2 Ä0º > 0. Since 0 D a D
limi!C1 ai , possibly by passing to a subsequence, we may assume that ai  minπ"0; 1º
for each i . We let Ti be a prime divisor over Xi such that a.Ti ; Xi ; Bi / D tmld.Xi ; Bi /

D a
0
i . We let .Xi ; Li C Ri C cSi C Gi / be an .N;Ä0/-decomposable R-complement of

.Xi ; Li CRi C cSi /. By our construction, a.Ti ; Xi ; Li CRi C cSi CGi / D 0.
We construct a pair .X 0

i ; B
0
i / and a Mori fiber space X 0

i ! Zi in the following way:

• If Ti is on Xi , we let Zi WD πptº, .X 0
i ; B

0
i / D .Xi ; Bi /, L0

i WD Li � Li ^ Ti , L0
i;j WD

Li;j , C 0
i WDCi �Ci ^ Ti , C 0

i;j WDCi;j ,R0
i WDRi �Ri ^ Ti , S 0

i WD Si � .multTi Si /Ti ,
and G0

i WD Gi �Gi ^ Ti . We let T 0
i WD Ti .

• If Ti is exceptional overXi , we let fi W Yi !Xi be a birational contraction which only
extracts Ti , and let BYi , LYi , LYi ;j , CYi , CYi ;j , RYi , SYi , GYi be the strict transforms
of Bi , Li , Li;j , Ci , Ci;j , Ri , Si , Gi on Yi respectively. We run a .KYi C BYi /-MMP,
which terminates with a Mori fiber space X 0

i ! Zi . We let L0
i , L

0
i;j , C 0

i , C 0
i;j , R0

i ,
S

0
i , G

0
i , T

0
i be the strict transforms of LYi , LYi ;j , CYi , CYi ;j , RYi , SYi , GYi , Ti on X 0

i

respectively, and let B 0
i WD .1 � a0

i /T
0
i C L

0
i C C

0
i .
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By our construction, T 0
i 6D 0, T 0

i dominates Zi , B 0
i D .1 � a

0
i /T

0
i C L

0
i C C

0
i , and C 0

i D
R

0
i C ciS

0
i . Moreover, since

KXi C Li CRi C cSi CGi ⌘ 0 and a.Ti ; Xi ; Li CRi C cSi CGi / D 0;

.Xi ; Li CRi C cSi CGi / and .X 0
i ; T

0
i C L

0
i CR

0
i C cS

0
i CG

0
i / are crepant. Since

KXi C Li CRi C ciSi ⌘ 0 and a.Ti ; Xi ; Li CRi C ciSi / D a
0
i ;

.X
0
i ; .1 � a

0
i /T

0
i C L

0
i C R

0
i C ciS

0
i / and .Xi ; Bi / are crepant. Thus KX 0

i
C .1 � a

0
i /T

0
i C

L
0
i C R

0
i C ciS

0
i ⌘ 0 and .X 0

i ; .1 � a
0
i /T

0
i C L

0
i C R

0
i C ciS

0
i / is klt. Since a0

i > 0 and
limi!C1 a

0
i D 0, by [10, Theorem 1.5], possibly by passing to a subsequence, we may

assume that S 0
i 6D 0.

Suppose that dimZi > 0 for infinitely many i . Possibly by passing to a subsequence,
we may assume that dimZi >0 for each i and dimZi D dimZj for each i and j . LetFi be
a general fiber ofX 0

i !Zi , andBFi WDB
0
i jFi ,LFi WDL

0
i jFi , CFi WD C

0
i jFi ,RFi WDR

0
i jFi ,

SFi WD S
0
i jFi , and TFi WD T

0
i jFi . Then

.Fi ; BFi D .1 � a0
i /TFi C LFi CRFi C ciSFi /

is klt andKFi CBFi ⌘ 0. Since T 0
i dominatesZi , TFi 6D 0. Since a0

i > 0 and limi!C1 a
0
i

D 0, by [10, Theorem 1.5], possibly by passing to a subsequence, we may assume that
SFi 6D 0. Since dimFi  dimX 0

i � 1D d � 2, by [10, Proposition 11.7], c 2N.d � 3;Ä/.
By Theorem 2.12 (3), c 2 lct.d � 2; Ä/, a contradiction. Thus possibly by passing to a
subsequence, we may assume that dimZi D 0 for each i . In particular, ⇢.X 0

i / D 1 for
each i .

Step 5. We reduce our theorem to the case when G0
i D 0 and

c
0
i WD lct.X 0

i ; T
0
i C L

0
i CR

0
i IS 0

i / � ci

in this step.
Since .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i C G

0
i / is lc, .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is lc. We

consider c0
i WD lct.X 0

i ; T
0
i C L

0
i C R

0
i I S 0

i /, then c0
i � c. Possibly by passing to a subse-

quence, we may assume that either c0
i 2 Œc; ci / for each i or c0

i � ci for each i . Suppose
that c0

i 2 Œc; ci / for each i . Since .X 0
i ; .1 � a

0
i /T

0
i C L

0
i C R

0
i C ciS

0
i / is klt, all lc cen-

ters of .X 0
i ; T

0
i C L

0
i C R

0
i C c

0
iS

0
i / are contained in T 0

i , and there exists an lc center
of .X 0

i ; T
0
i C L

0
i C R

0
i C c

0
iS

0
i / which is contained in T 0

i \ Supp S 0
i . In particular, there

exist general hyperplane sections Hi;1; : : : ;Hi;li
⇢ X

0
i for some integer li � 0 and Ui WD

X
0
i \ .Tli

j D1Hi;j /, such that

• .Ui ;Åi WD TUi C LUi CRUi C c
0
iSUi / is lc, where TUi WD T

0
i jUi , LUi WD L

0
i jUi ,

RUi WD R
0
i jUi , and SUi WD S

0
i jUi ,

• all lc centers of .Ui ;Åi / are contained in TUi ,

• there exists an lc center of .Ui ;Åi / which is contained in TUi \ SuppSUi , and

• all lc centers of .Ui ;Åi / which are contained in TUi \ SuppSUi have dimension 0.
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Possibly by passing to a subsequence, we may assume that li D l0 is a constant. Let gi W
Wi !Ui be a dlt modification of .Ui ;Åi /, and SWi the strict transform of SUi onWi . Note
that g⇤

i SUi D SWi CFi for some Fi � 0 such that Fi ⇢ Exc.gi /. We show that SuppSWi \
Fi 6D ;. Suppose that Supp SWi \ Fi D ;, then by the negativity lemma, Fi D 0, hence
gi is the identity morphism near Supp SUi . Thus .Ui ;Åi / is dlt near Supp SUi . Since
c

0
i < ci < 1, bÅi c D TUi , so .Ui ;Åi / is plt near SuppSUi . However, this is not possible

since there exists an lc center of .Ui ;Åi / which is contained in TUi \ SuppSUi .
Thus we can pick a gi -exceptional prime divisor Ei such that Ei \ Supp SWi 6D ;

and Ei ⇢ Fi . Since Ei is an lc place of .Ui ;Åi /, centerUi Ei is contained in TUi . Thus
Vi WD centerUi Ei is contained in TUi \ SuppSUi , so Vi is a point.

We denote the sum of all gi -exceptional prime divisors by Egi . We let

BWi WD .g
�1
i /⇤Åi CEgi and KEi C BEi WD .KWi C BWi /jEi :

ThenKEi CBEi ⇠R 0 as Vi is a point. Since dimEi D d � 2� l0 andEi \ SuppSWi 6D ;,

.Ei ; BEi / 2 N.d � 2 � l0;Ä; c0
i /:

Since Vi 2 TUi , .Ei ;BEi / is not klt. By Lemma 4.1, c0
i 2N.d � 3� l0;Ä/⇢N.d � 3;Ä/.

By Theorem 2.12 (1) (3) (4), c 2 N.d � 3;Ä/, which is not possible.
Thus c0

i � ci for each i . Since ⇢.X 0
i /D 1, we may let c00

i be the unique real number such
thatKX 0

i
C T

0
i CL

0
i CR

0
i C c

00
i S

0
i ⌘ 0. SinceKX 0

i
C .1� a0

i /T
0
i CL

0
i CR

0
i C ciS

0
i ⌘ 0 and

KX 0
i
CT

0
i CL

0
i CR

0
i C cS

0
i CG

0
i ⌘ 0, c c00

i <ci  c0
i . By Lemma 4.1, c00

i 2N.d � 2;Ä/.
Since c 62 N.d � 3;Ä/, by Theorem 2.12 (4), possibly by passing to a subsequence, we
may assume that c00

i D c for each i . In particular, G0
i D 0 for each i .

Step 6. In this step, we reduce our theorem to the case when .X 0
i ; T

0
i C L

0
i C R

0
i C cS

0
i /

is plt for each i .
Suppose that .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is not plt for infinitely many i . Possibly by

passing to a subsequence, we may assume that .X 0
i ; T

0
i C L

0
i C R

0
i C cS

0
i / is not plt for

each i . Since .X 0
i ; .1 � a

0
i /T

0
i C L

0
i C R

0
i C cS

0
i / is klt, .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is not

plt near T 0
i . Since lct.X 0

i ; T
0
i C L

0
i C R

0
i I S 0

i / D c
0
i � ci > c, .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i /

is plt near the generic point of each irreducible component of T 0
i \ S

0
i . Moreover, since

.X
0
i ; .1 � a

0
i /T

0
i C L

0
i C R

0
i C ciS

0
i / is klt, any lc center of .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is

contained in T 0
i . Thus we may take a dlt modification

gi W Wi ! X
0
i

of .X 0
i ; T

0
i C L

0
i C R

0
i C cS

0
i / which is an isomorphism near the generic point of each

irreducible component of T 0
i \ S 0

i . We denote the sum of all gi -exceptional prime divisors
by Egi . We let TWi and SWi be the strict transforms of T 0

i and S 0
i on Wi respectively.

Since T 0
i \ S

0
i 6D ; and gi is an isomorphism near the generic point of each irreducible

component of T 0
i \ S 0

i , TWi \ SWi 6D ;. Let BWi WD .g
�1
i /⇤.T 0

i CL
0
i CR

0
i C cS

0
i /CEgi .

Since KX 0
i

C T
0
i C L

0
i CR

0
i C cS

0
i ⌘ 0, KWi C BWi ⌘ 0. Let

KTWi
C BTWi

WD .KWi C BWi /jTWi
;
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then
.TWi ; BTWi

/ 2 N.d � 2;Ä; c/
and .TWi ;BTWi

/ is not klt since .X 0
i ;T

0
i CL0

i CR0
i CcS 0

i / is not plt near T 0
i . By Lemma 4.1,

c 2 N.d � 3;Ä/, which is not possible.
Thus possibly by passing to a subsequence, we may assume that

.X
0
i ; T

0
i C L

0
i CR

0
i C cS

0
i /

is plt for each i . Since G0
i D 0, .Xi ;Li CRi C cSi CGi / and .X 0

i ; T
0
i CL

0
i CR

0
i C cS

0
i /

are crepant. Since .Xi ;Li CRi C cSi CGi / is an .N;Ä0/-decomposable R-complement
of .Xi ; Li C Ri C cSi /, a.Ei ; Xi ; Li C Ri C cSi C Gi / � 2"0 for any prime divisor
Ei 6D Ti over Xi .

Step 7. We prove the case when Ti is on Xi for each i in this step.
Suppose that Ti is on Xi for each i . Then Xi D X

0
i is "0-klt, hence Xi belongs to a

bounded family by [4, Theorem 1.1]. Moreover, since 1 is the only possible accumulation
point of Ä , the coefficients of L0

i , R
0
i , S

0
i belong to a finite set and 1 � a

0
i 2 D.Ä [ πci º/.

In particular, there exist a positive integerM which does not depend on i , and very ample
divisors Hi on Xi , such that �KXi �Hd�2

i  M . Since

.KXi C Ti C L
0
i CR

0
i C cS

0
i / �Hd�2

i D 0

and c > 0, Ti �Hd�2
i > 0 and S 0

i �Hd�2
i belong to a finite set. Since ⇢.Xi / D 1, possibly

by passing to a subsequence, we may assume that there exists a positive rational number
� D p

q , where p and q are coprime positive integers, such that Ti ⌘ �S
0
i for each i . Since

KXi C .1 � a0
i /Ti C L

0
i CR

0
i C ciS

0
i ⌘ 0 ⌘ KXi C Ti C L

0
i CR

0
i C cS

0
i ;

we have
a

0
i�S

0
i ⌘ a

0
iTi ⌘ .ci � c/S 0

i ;

hence ci � c D a
0
i�. Since 1 � a0

i 2 D.Ä [ πci º/,

0 < a
0
i D 1 � �i � kici

mi

for some �i 2 Änπ1º, ki 2 N, and mi 2 NC. Since ci > c > 0, possibly by passing to a
subsequence, we may assume that ki D k is a constant. Since

Ä ⇢
≤
1 � bj

n

ˇ̌
ˇ j; n 2 NC

; 1  j  m

≥
;

possibly by passing to a subsequence, we have a0
i D

bj
ni

�kci

mi
for ni 2 NC and some fixed j .

Thus

ci D c C
�bj

ni
� �kc

mi C �k
:
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If k D 0, then ci D c C �bj

ni mi
2 πc C �bj

n j n 2 NCº, hence πci ºC1
iD1 is standardized near

c and we are done. If k > 0, then since ci > c, possibly by passing to a subsequence, we
may assume that ni D n0 is a constant, hence

ci 2
≤
c C

q
��bj

n0
� �kc

�
n

ˇ̌
ˇ n 2 NC

≥
;

so πci ºC1
iD1 is standardized near c and we are done.

Step 8. We conclude the proof in this step. By Step 7, possibly by passing to a subse-
quence, we may assume that Ti is exceptional over Xi for each i . Then fi W Yi ! Xi is
the birational contraction which only extracts Ti , and fi is an "0-plt blow-up of .Xi 3 xi ;

Li C Ri C cSi /, where xi is the generic point of centerXi Ti . Moreover, the coefficients
of Li ; Ri belong to a finite set, and the coefficients of Si belong to a finite rational set.
By Lemma 3.4, possibly by passing to a subsequence, there exist a positive real number ˛
and a non-negative rational number ˇ such that

a
0
i D ˛ � .ci � c/ˇ

ni

for some positive integer ni .
Since .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is plt and .X 0

i ; T
0
i C L

0
i C R

0
i C cS

0
i / is an .N;Ä0/-

decomposable R-complement of itself, X 0
i is "0-klt. Thus X 0

i belongs to a bounded family
by [4, Theorem 1.1], and there exist a positive integer M and very ample divisors Hi on
X

0
i such that �KX 0

i
�Hd�2

i  M . Since

.KX 0
i

C T
0
i C L

0
i CR

0
i C cS

0
i / �Hd�2

i D 0

and c > 0, T 0
i �Hd�2

i > 0 and S 0
i �Hd�2

i belong to a finite set. Since ⇢.X 0
i / D 1, possibly

by passing to a subsequence, we may assume that there exists a positive rational number
� such that T 0

i ⌘ �S
0
i for each i . Since

KX 0
i

C .1 � a0
i /T

0
i C L

0
i CR

0
i C ciS

0
i ⌘ 0 ⌘ KX 0

i
C T

0
i C L

0
i CR

0
i C cS

0
i ;

we have
a

0
i�S

0
i ⌘ a

0
iT

0
i ⌘ .ci � c/S 0

i ;

hence ci � c D a
0
i�. Thus

ci � c D ˛�

ni C ˇ�
:

Let � be a positive integer such that �ˇ� 2 N, then

ci D c C �˛�

�ni C �ˇ�
2
≤
c C �˛�

n

ˇ̌
ˇ n 2 NC

≥
:

Thus πci ºC1
iD1 is standardized near c, and we are done.

Proof of Theorem 1.3. It follows from Theorem 4.2.
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5. Standardization of threefold canonical thresholds

Proof of Theorem 1.9. We only need to show that ct.3/ is standardized since ct.1/ D π0º
and ct.2/ D π 1

n j n 2 NCº [ π0º by [13, Lemma 2.17]. By [11, Theorem 1.8] and [7,
Theorem 1.1], we know

@ ct.3/ D
≤
1

k

ˇ̌
ˇ k 2 NC

; k � 2

≥
[ π0º:

Thus we only need to show that ct.3/ is standardized near 1
k for any integer k � 2. By

Lemma 2.15, we only need to show that for any sequence πci ºC1
iD1 ⇢ ct.3/ such that

limi!C1 ci D 1
k , a subsequence of πci ºC1

iD1 is standardized near 1
k . In the following,

we fix k and πci ºC1
iD1 ⇢ ct.3/.

Possibly by passing to a subsequence, we may assume that ci 2 . 1
k ;

1
k�1 / for each

i , ci is strictly decreasing, and ci D ct.Xi 3 xi ; 0I Bi /, where Xi 3 xi is a threefold
terminal singularity and Bi � 0 is Weil divisor on Xi . Possibly by replacing Xi with a Q-
factorialization, we may assume that Xi is Q-factorial for each i . By [11, Theorem 4.8],
0 is the only accumulation point of canonical thresholds whose ambient variety is neither
smooth, nor of cA-type or cA=n-type. Since limi!C1 ci D 1

k > 0, possibly by passing
to a subsequence, we may assume that Xi 3 xi is either smooth, or a cA-type singularity,
or a cA=ni -type singularity for some positive integer ni . By [7, Propositions 2.1, 2.2],
we may assume that Xi 3 xi is a cA=ni -type singularity for some positive integer ni .
By [8, Lemma 5.10], ni  3k, so possibly by passing to a subsequence, we may assume
that n D ni is a constant.

By [7, Claims 2.4, 2.5, and 2.6] and [8, Lemma 5.2], we may assume that

ci D ct.Xi ; 0IBi / D ai

mi
;

and there exist positive integers di , non-negative integers l2;i ; l3;i ; r1;i ; r2;i , such that

• r1;i C r2;i D aidin and r1;i  r2;i [7, Proof of Lemma 2.3, line 8],

• if ai ≠ mi , then mi � r1;i r2;i

di n2 [8, Lemma 5.2],

• if ai � 6k
2, then din  4k [7, Claim 2.4],

• maxπl2;i ; l3;i º < k and either l2;i > 0 or l3;i > 0 [7, Claim 2.5],

• dinl2;i C l3;i � k [7, Claim 2.6], and

• ai
mi

 ai �n
.r2;i �di n2/l2;i C.ai �n/l3;i

[7, Claim 2.6].

Possibly by passing to a subsequence, we may assume that l2 WD l2;i and l3 WD l3;i are
constant integers. Since limi!C1 ci D 1

k , limi!C1 ai D limi!C1 mi D C1. There-
fore, possibly by passing to a subsequence, we have din  4k. Possibly by passing to a
subsequence, we may assume that d WD di is a constant. Since ai

mi
2 . 1

k ;
1

k�1 /, ai ≠ mi .
Thus mi � r1;i r2;i

dn2 , so

1

k
<
ai

mi
D aidn

2

r1;ir2;i
D n

r1;i
C n

r2;i
 2n

r1;i
;
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so r1;i < 2kn. Possibly by passing to a sequence, we may assume that r1 D r1;i is a
constant. Therefore,

ai

mi
 ai � n
.r2 � dn2/l2 C .ai � n/l3

D ai � n
.aidn � r1 � dn2/l2 C .ai � n/l3

D
1 � n

ai

dnl2 C l3 � .r1Cdn2/l2Cnl3

ai

:

Since limi!C1 ai
mi

D 1
k , dnl2 C l3 D k. Let I WD .r1 C dn

2
/l2 C nl3, then

1

k
<
ai

mi

1 � n

ai

k � I
ai

D ai � n
kai � I ;

so
kai > mi � kai � ai

ai � n.I � kn/:

Since limi!C1 ai D C1, possibly by passing to a subsequence, we may assume that
there exists a positive integer I 0 such that mi D kai � I 0 for each i . Thus

ci D ai

mi
D ai

kai � I 0 D 1

k
C I

0

k.kai � I 0/
2
≤
1

k
C I

0

m

ˇ̌
ˇ m 2 NC

≥
;

so πci ºC1
iD1 is standardized near 1

k , and we are done.
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