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Abstract
Given an NQC log canonical generalized pair (X , B + M) whose underlying variety X is
not necessarily Q-factorial, we show that one may run a (KX + B + M)-MMP with scaling
of an ample divisor which terminates, provided that (X , B + M) has a minimal model in
a weaker sense or that KX + B + M is not pseudo-effective. We also prove the existence
of minimal models of pseudo-effective NQC log canonical generalized pairs under various
additional assumptions, for instance when the boundary contains an ample divisor.
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1 Introduction

The theory of generalized pairs was originally introduced by Birkar and Zhang [9] in order
to address the so-called effective Iitaka fibration conjecture, but nowadays it has become a
central topic in higher-dimensional birational geometry due to its plethora of applications.
The survey article [6] provides an overview of various applications of generalized pairs,
while further applications concern the existence of minimal models conjecture [37–40], the
termination of flips conjecture [14, 30] and the generalized non-vanishing conjecture [22,
25, 35]. For the definition of the fundamental concept of an NQC log canonical generalized
pair we refer to Sect. 2.1.

The Minimal Model Program (MMP) for generalized pairs developed rapidly since the
introduction of these geometric objects. Initially, it was established for NQC log canonical
generalized pairs whose underlying variety has Q-factorial klt singularities [9, 27], since
various core results, such as the existence of flips, could be reduced to analogous statements
for usual pairs under this additional assumption on the underlying variety. Currently, the
MMP for generalized pairs works in full generality; namely, the papers [29, 40, 45] proved,
respectively, the Cone theorem, the Contraction theorem and the existence of flips for (not
necessarily Q-factorial) NQC log canonical generalized pairs. Therefore, it should now be
possible, at least in principle, to remove the Q-factoriality assumption from many already
existing results about generalized pairs.

In this paperwe aremainly concernedwith the problemof the existence ofminimalmodels
and Mori fiber spaces of (not necessarily Q-factorial) NQC log canonical generalized pairs.
To a certain extent, this paper may be regarded as an extension of the previous works [37,
38], since our first objective is to refine the majority of the results of [38] by removing
the assumption that the underlying variety isQ-factorial. Our second goal is to make further
progress towards the existence ofminimalmodels for generalized pairs by establishing several
new special cases. Our results rely essentially on the substantial recent progress in the MMP
for generalized pairs mentioned above, and especially on the Contraction theorem for (not
necessarily Q-factorial) NQC log canonical generalized pairs [45]. Our main result is the
following theorem.

Theorem A (= Theorem 4.2) Let (X/Z , B +M) be an NQC log canonical generalized pair.
Assume that either

(a) (X , B + M) has a minimal model in the sense of Birkar-Shokurov over Z, or
(b) KX + B + M is not pseudo-effective over Z.

Let A be an effective R-Cartier R-divisor on X which is ample over Z such that the NQC
generalized pair

(
X/Z , (B+ A)+M

)
is log canonical and the divisor KX + B+ A+M is

nef over Z. Then there exists a (KX+B+M)-MMP over Z with scaling of A that terminates.
In particular:

• (X , B + M) has a minimal model in the sense of Birkar-Shokurov over Z if and only if
it has a minimal model over Z;

• if KX + B + M is not pseudo-effective over Z, then (X , B + M) has a Mori fiber space
over Z.
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We refer to Sect. 2.2 for the definitions of the various notions of models of a generalized
pair that appear in the above statement. We stress that Theorem A improves on [38, Theorem
1.2] in the aforementioned way and extends [24, Theorem 1.7] to the setting of generalized
pairs as well. The three main ingredients for its proof are [39, Theorem 1.3(1)], [45, Theorem
1.5] and a refinement of [38, Theorem 4.1].

We emphasize that ourmain result, TheoremA, has numerous applications. First, it enables
us to achieve our first goal; namely, the following four results are the desired refinements of
certain results that were previously obtained in [37, 38]. As in op. cit., the phrase “existence
of minimal models for smooth varieties” that appears below means the existence of relative
minimal models, that is, minimal models of smooth quasi-projective varieties which are
projective and whose canonical class is pseudoeffective over another normal quasi-projective
variety.

Theorem B (= Theorem 5.4) The existence of minimal models for smooth varieties of dimen-
sion n implies the existence of minimal models for NQC log canonical generalized pairs of
dimension n.

Theorem C (= Theorem 5.5) Assume the existence of minimal models for smooth varieties
of dimension n − 1.

Let (X/Z , B + M) be an NQC log canonical generalized pair of dimension n such that
KX + B + M is pseudo-effective over Z. If a general fiber of the morphism X → Z is
uniruled, then (X , B + M) has a minimal model over Z.

Theorem D (= Theorem 5.2) Assume the existence of minimal models for smooth varieties
of dimension n − 1.

Let (X/Z , B + M) be an NQC log canonical generalized pair of dimension n such that
KX + B + M is pseudo-effective over Z. The following are equivalent:

(i) (X , B + M) admits an NQC weak Zariski decomposition over Z,
(ii) (X , B + M) has a minimal model over Z.

Recall that an NQC generalized pair (X/Z , B+M) admits an NQCweak Zariski decom-
position over Z if its canonical class KX + B + M can be written, birationally and up to
numerical equivalence over Z , as the sum of an NQC and an effective R-Cartier R-divisor;
see Sect. 5.1 for the precise definition. The implication (ii) #⇒ (i) in Theorem D is a
consequence of the Negativity lemma and does not even require the assumptions in lower
dimensions. The essence of Theorem D is thus that the converse implication also holds under
some mild assumptions in lower dimensions. It refines the previous results [4, Theorem 1.5],
[27, Theorem 1.5] and [37, Theorems B and 4.2].

Since the existence of relative minimal models for smooth varieties of dimension n ≤ 4
was established by [32, Theorem 5-1-15], we also deduce the following corollary in low
dimensions. Part (i) follows immediately from Theorem B for n ≤ 4, while parts (ii) and (iii)
are special cases of Theorems C and D, respectively, for n = 5.

Corollary E (= Corollaries 5.3 and 5.6) Let (X/Z , B +M) be an NQC log canonical gener-
alized pair of dimension n such that KX + B + M is pseudo-effective over Z. The following
statements hold:

(i) If n ≤ 4, then (X , B + M) has a minimal model over Z.
(ii) If n = 5 and a general fiber of the morphism X → Z is uniruled, then (X , B+M) has

a minimal model over Z.
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(iii) If n = 5 and (X , B + M) admits an NQC weak Zariski decomposition over Z (e.g., if
KX + B + M is effective over Z), then (X , B + M) has a minimal model over Z.

Our second objective in this paper is to derive several new results about the existence of
minimal models of generalized pairs utilizing Theorem A. First and foremost, we show that
anyNQC log canonical generalized pair whose canonical class is pseudo-effective andwhose
boundary contains an ample divisor has a good minimal model, improving considerably on
[39, Theorem 1.3(2)] and generalizing [24, Theorem 1.5] to the context of generalized pairs.

Theorem F (= Theorem 5.26 and Corollary 5.27) Let
(
X/Z , (B + A)+ M

)
be an NQC log

canonical generalized pair such that KX + B+ A+M is pseudo-effective over Z, where A is
an effectiveR-CartierR-divisorwhich is ample over Z. Then there exists a (KX+B+A+M)-
MMP over Z which terminates with a good minimal model of

(
X , (B + A)+ M

)
over Z.

In particular, if B, A and M are Q-divisors, then

R(X/Z , KX + B + A + M) :=
⊕

m≥0

π∗OX
(
m(KX + B + A + M)

)

is a finitely generated OZ -algebra, where π denotes the projective morphism X → Z.

Moreover, we deal with the problem of the existence of minimal models for NQC log
canonical generalized pairs whose underlying variety has maximal Albanese dimension;
see Sect. 5.3 for the definition of this notion for a (smooth or singular) projective variety.
Specifically, we first obtain the following generalization of [16, Theorem 3.4] to the setting
of generalized pairs.

Theorem G (= Theorem 5.14) Let (X , B + M) be an NQC klt generalized pair. If X has
maximal Albanese dimension, then (X , B + M) has a minimal model.

It should be mentioned that Theorem A does not play any role in the proof of the above
theorem. On the other hand, in view of our previous results, one may wonder whether the
hypothesis in TheoremG that (X , B+M) has klt singularities can be replaced by the weaker
assumption that (X , B + M) has log canonical singularities. As an indirect application of
Theorem A, we give an affirmative answer to this question under mild assumptions in lower
dimensions.

Theorem H (= Theorem 5.15 and Corollary 5.16) Assume the existence of minimal models
for smooth varieties of dimension n − 1.

Let (X , B + M) be an NQC log canonical generalized pair of dimension n such that
KX + B + M is pseudo-effective. If X has maximal Albanese dimension, then (X , B + M)

has a minimal model.
In particular, any NQC log canonical generalized pair (X , B + M) of dimension 5 such

that KX + B+M is pseudo-effective and whose underlying variety X has maximal Albanese
dimension has a minimal model.

We discuss now two applications of Theorem A concerning the relation between the exis-
tence of certain types of Zariski decompositions and the existence of minimal models of
NQC log canonical generalized pairs. The first one involving NQC weak Zariski decom-
positions was already mentioned above; see Theorem D. The second one is obtained by
considering instead a stronger form of Zariski decomposition, namely the so-called NQC
Nakayama–Zariski decomposition, whose definition can be found in Sect. 5.4. More pre-
cisely, we deduce the following result, which is valid in the absolute setting and does not
require any assumptions in lower dimensions.
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Theorem I (= Theorem 5.18) Let (X , B + M) be an NQC log canonical generalized pair.
Then (X , B + M) has a minimal model (resp. good minimal model) if and only if it admits
birationally a Nakayama–Zariski decomposition with NQC (resp. semi-ample) positive part.

The above theorem extends [2, Theorem 1.1] to the setting of generalized pairs, while its
conclusion is even stronger. It also has significant consequences with regard to the existence
of minimal models conjecture for generalized pairs. Indeed, Theorem 5.20 and Lemma 6.3
constitute analogues of [23, Theorem 1.5] and [20, Lemma 3.11], respectively, in the context
of generalized pairs.

Another application of Theorem A is the following analogue of [18, Theorem 1.1] in the
context of generalized pairs.

Theorem J (= Theorem 5.22) Let (X , B + M) be an NQC log canonical generalized pair. If
κσ (X , KX + B + M) = 0, then (X , B + M) has a minimal model.

Furthermore, we can now extend to the setting of generalized pairs all results from [20,
Sect. 3.2], albeit this is often only partially possible; see Sect. 6 for the details. For instance,we
obtain the following sufficient conditions for the existence of minimal models of abundant or
log abundant NQC log canonical generalized pairs (whose underlying variety is projective);
see Sect. 2.4 for the relevant definitions.

Corollary K (= Corollaries 6.4 and 6.5) Let (X , B+M) be anNQC log canonical generalized
pair. Assume that KX + B + M is pseudo-effective and abundant and that all lc centers of
(X , B + M) have dimension at most 4. Then (X , B + M) has a minimal model which is
abundant.

In particular, any NQC log canonical generalized pair (X , B + M) of dimension 6 such
that KX + B+M is pseudo-effective and abundant and !B" = 0 has a minimal model which
is abundant.

Corollary L (= Corollary 6.8) Let (X , B + M) be an NQC log canonical generalized pair.
Assume that KX + B+M is pseudo-effective and log abundant with respect to (X , B+M).
Assume, moreover, that the stable base locus of KX + B + M does not contain the center of
any divisorial valuation P over X such that a(P, X , B + M) < 0. Then (X , B + M) has a
minimal model which is log abundant.

We conclude the introduction by commenting briefly on the previous two corollaries,
beginning with Corollary K. First, observe that the dim X = 5 case of Corollary K is a special
case of Corollary E(iii) and then the condition !B" = 0 is actually redundant, whereas the
dim X = 6 case of Corollary K is new, cf. [20, Corollary 1.6]. Second, regarding the proof
of Corollary K, one of its main ingredients is [21, Theorem 3.14]. Hashizume’s theorem,
together with Theorem A, imply that an NQC klt generalized pair (X , B + M) such that
KX + B + M is pseudo-effective and abundant has a minimal model (X ′, B ′ + M ′), which
is also (klt and) abundant. If, moreover, all divisors involved have rational coefficients, then
it follows from [11, Theorem 2] that (X ′, B ′ + M ′) is actually a good minimal model of
(X , B + M); see also [40, First paragraph in §2.2.2]. In particular, klt generalized pairs of
general typewith rational coefficients have good minimal models; see also Theorem 2.12 for
a more general version of the previous result, which follows readily from [1].

Finally, as far as Corollary L is concerned, prompted by the case of usual pairs, one might
expect to establish the existence of a good minimal model of (X , B + M) in the setting of
Corollary L. However, as indicated by [40, Example 2.2], this need not be true in the context
of generalized pairs; in other words, the canonical divisor of a log canonical generalized pair
is not necessarily semi-ample even if it is nef and log abundant.
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2 Preliminaries

Throughout the paper wework over the fieldC of complex numbers. Unless otherwise stated,
we assume that varieties are normal and quasi-projective and that a variety X over a variety Z ,
denoted by X/Z , is projective over Z . We often quote in the paper the Negativity lemma; see
[31, Lemma 3.39(1)] and [17, Lemma 2.3.26]. A fibration is a projective surjective morphism
with connected fibers, and a birational contraction is a birational map whose inverse does
not contract any divisors.

Let π : X → Z be a projective morphism between normal varieties. An R-Cartier R-
divisor D on X is said to be pseudo-effective over Z if it is pseudo-effective on a very general
fiber of π ; and NQC (over Z ) [27] if it is a non-negative linear combination of Q-Cartier
divisors on X which are nef over Z . Two R-Cartier R-divisors D1 and D2 on X are said
to be R-linearly equivalent over Z , denoted by D1 ∼R,Z D2, if there exists an R-Cartier
R-divisor G on Z such that D1 ∼R D2 +π∗G; and numerically equivalent over Z , denoted
by D1 ≡Z D2, if it holds that D1 · C = D2 · C for any curve C contained in a fiber of
π . Finally, we denote by N 1(X/Z)R the R-vector space of relative numerical equivalence
classes of R-Cartier divisors on X over Z and by ρ(X/Z) the relative Picard number of X
over Z , i.e., ρ(X/Z) := dimR N 1(X/Z)R.

2.1 Generalized pairs

For the standard theory of usual pairs and the Minimal Model Program (MMP) we refer
to [17, 31], while for the recently developed theory of generalized pairs we refer to [9, 29,
37–40, 45] and the relevant references therein. We recall now the definitions of generalized
pairs and their usual classes of singularities. Afterwards, we briefly discuss some basic results
about generalized pairs.

Definition 2.1 A generalized pair, abbreviated as g-pair, consists of

• a normal variety X , equipped with a projective morphism X → Z ,
• an effective R-divisor B on X ,
• a projective birational morphism f : W → X from a normal varietyW and an R-Cartier

R-divisor MW on W which is nef over Z ,

such that the divisor KX + B +M is R-Cartier, where M := f∗MW . We say that the divisor
B (resp. M) is the boundary part (resp. the nef part) of the g-pair, and we call the given
g-pair NQC if MW is an NQC divisor (over Z ) on W .

We note that the variety W in the definition may always be chosen as a sufficiently
high birational model of X ; see [9, Definition 1.4]. Usually we denote a g-pair as above by
(X/Z , B + M), but remember the whole g-pair structure. In a few occasions all divisors
involved will be Q-divisors and then we will use the term Q-g-pair to refer to such a g-pair.
Sometimes we will work exclusively in the absolute setting (Z = SpecC) and then the
underlying variety X of any given g-pair (X , B + M) will be projective, even though this
will not be mentioned explicitly, since it is implied by our conventions above.

Definition 2.2 Let (X , B + M) be a g-pair with data W
f−→ X → Z and MW . Let E be

a divisorial valuation over X . We may assume that the center cW (E) of E on W is a prime
divisor on W . If we write

KW + BW + MW = f ∗(KX + B + M)
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for some R-divisor BW on W , then the discrepancy of E with respect to (X , B + M) is
defined as

a(E, X , B + M) := −multE BW .

We say that the g-pair (X , B + M) is:

• klt if a(E, X , B + M) > −1 for any divisorial valuation E over X ;
• lc if a(E, X , B + M) ≥ −1 for any divisorial valuation E over X ;
• dlt if it is lc and if there exists an open subset U ⊆ X such that (U , B|U ) is a log

smooth pair, and if a(E, X , B + M) = −1 for some divisorial valuation E over X , then
cX (E) ∩U ̸= ∅ and cX (E) ∩U is an lc center of (U , B|U ).

We highlight that, according to [21, Theorem 6.1], the above definition of dlt singularities,
namely [27, Definition 2.3], and the one from [5, Sect. 2.13(2)] coincide for NQC g-pairs.

We also recall that, given an lc g-pair (X , B + M), an irreducible subvariety S of X is
called an lc center of (X , B + M) if there exists a divisorial valuation E over X such that
cX (E) = S and a(E, X , B + M) = −1.

The next result is [27, Proposition 3.10] and will be frequently used in the paper without
explicit mention.

Lemma 2.3 Let (X , B + M) be an lc g-pair with data W
f→ X → Z and MW . Then, after

possibly replacing f with a higher model, there exist a Q-factorial dlt g-pair (X ′, B ′ + M ′)
with data W

g→ X ′ → Z and MW , and a projective birational morphism h : X ′ → X such
that

KX ′ + B ′ + M ′ ∼R h∗(KX + B + M) and B ′ = h−1
∗ B + E,

where E is the sum of all h-exceptional prime divisors on X ′. The g-pair (X ′, B ′ + M ′) is
called a dlt blow-up of (X , B + M).

We now derive an easy corollary of the Negativity lemma, which plays a key role in the
paper nonetheless.

Lemma 2.4 Let (X , B + M) be an NQC lc g-pair with data W
f−→ X → Z and MW . Let

P be the pushforward to X of an NQC divisor (over Z) on a birational model of X and let
N be an effective R-divisor on X such that N + P is R-Cartier. After possibly replacing f
with a higher model, we may assume that W is smooth and that there exists anR-divisor PW
on W such that PW is NQC (over Z) and f∗PW = P. Then we may write

f ∗(P + N ) = PW + f −1
∗ N + EW ,

where EW is an effective f -exceptional R-divisor on W.

Proof Since f∗(PW + f −1
∗ N ) = P + N by construction, we may write

f ∗(P + N ) = PW + f −1
∗ N + EW

for some f -exceptional R-Cartier R-divisor EW on W . Since PW is clearly nef over X , we
infer that −( f −1

∗ N + EW ) is also nef over X , and since N ≥ 0, by the Negativity lemma we
obtain f −1

∗ N + EW ≥ 0. But f −1
∗ N and EW have no common components, which implies

that EW ≥ 0, as claimed. ⊓⊔
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Finally, the following result will be often used in the paper without explicit mention, cf.
[38, Lemma 2.3]. It is an analogue of [31, Corollaries 2.35(1) and 2.39(1)] in the context of
g-pairs. For brevity we only outline its proof below.

Lemma 2.5 Let (X/Z , B+M) be a g-pair. Let P be the pushforward to X of an NQC divisor
(over Z) on a birational model of X and let N be an effectiveR-divisor on X such that N+ P
is R-Cartier. If the g-pair

(
X , (B + N )+ (M + P)

)
is klt (resp. dlt, resp. lc), then the g-pair

(X , B + M) is also klt (resp. dlt, resp. lc).

Proof To prove the statement for klt (resp. lc) singularities, we argue as in the proof of [14,
Lemma 2.7] and we apply Lemma 2.4 instead of invoking directly the Negativity lemma as
in the proof of op. cit. To prove the statement for dlt singularities, we argue as in the proof
of [38, Lemma 2.3] and we apply Lemma 2.4 as explained previously. ⊓⊔

2.2 Minimal models, canonical models andMori fiber spaces

We first recall the definition of (good) minimal models and Mori fiber spaces both in the
usual sense and in the sense of Birkar–Shokurov.

Definition 2.6 Assume that we have a birational map ϕ : X ##$ X ′ over Z and g-pairs
(X/Z , B +M) and (X ′/Z , B ′ +M ′) such that (X , B +M) is lc and the divisors M and M ′

are pushforwards of the same nef R-Cartier R-divisor on a common birational model of X
and X ′.

(X , B + M) (X ′, B ′ + M ′)

Z

ϕ

(a) The map ϕ is called a minimal model in the sense of Birkar–Shokurov over Z of the
g-pair (X , B + M) if

• B ′ = ϕ∗B + E , where E is the sum of all ϕ−1-exceptional prime divisors on X ′,
• X ′ is Q-factorial,
• KX ′ + B ′ + M ′ is nef over Z , and
• for any ϕ-exceptional prime divisor F on X we have

a(F, X , B + M) < a(F, X ′, B ′ + M ′).

If, moreover, ϕ is a birational contraction, and X ′ is not necessarily Q-factorial if X is
not Q-factorial (but X ′ is required to be Q-factorial if X is Q-factorial), then the map ϕ

is called a minimal model (in the usual sense) of (X , B + M) over Z .

Finally, a minimal model ϕ : (X , B + M) ##$ (X ′, B ′ + M ′) in the usual sense or
in the sense of Birkar–Shokurov of (X , B + M) over Z is called good if the divisor
KX ′ + B ′ + M ′ is semi-ample over Z .

(b) The map ϕ is called a Mori fiber space in the sense of Birkar–Shokurov over Z of the
g-pair (X , B + M) if

• B ′ = ϕ∗B + E , where E is the sum of all ϕ−1-exceptional prime divisors on X ′,
• X ′ is Q-factorial,
• there exists a (KX ′ + B ′ + M ′)-negative extremal contraction X ′ → T over Z with

dim X ′ > dim T , and

123



Remarks on the existence of minimal... Page 9 of 39 20

• for any divisorial valuation F over X we have

a(F, X , B + M) ≤ a(F, X ′, B ′ + M ′)

and the strict inequality holds if cX (F) is a ϕ-exceptional prime divisor on X .

If, moreover, ϕ is a birational contraction, and X ′ is not necessarily Q-factorial if X is
not Q-factorial (but X ′ is required to be Q-factorial if X is Q-factorial), then the map ϕ

is called a Mori fiber space (in the usual sense) of (X , B + M) over Z .

We emphasize that in Definition 2.6 we allow a minimal model (resp. Mori fiber space)
in the sense of Birkar–Shokurov to be lc and not only dlt; see [19, Remark 2.4] and [43,
p. 34, Comment] for the justification. Furthermore, the g-pair (X ′, B ′ + M ′) in Definition
2.6 is lc. Indeed, if it is a (good) minimal model (in any sense) of (X , B + M), then this
follows immediately from [36, Lemma 2.8(i)], while if it is a Mori fiber space (in any sense)
of (X , B + M), then this follows from the above inequalities on discrepancies.

We briefly discuss now the differences between the aforementioned two notions of a min-
imal model of a given g-pair. It is easy to check that minimal models in the usual sense and in
the sense of Birkar–Shokurov coincide (moduloQ-factoriality) in the klt case; see [4, Remark
2.4(iii)] and [43, Sect. 2.2.4]. The following result, which is an immediate consequence of
Proposition 4.1, allows us to compare these two notions in the lc case as well, cf. [37, Lemma
2.9(ii)], [38, Theorem 1.2(a)].

Theorem 2.7 Let (X/Z , B + M) be an NQC lc g-pair. Then (X , B + M) has a minimal
model over Z if and only if (X , B+M) has a minimal model in the sense of Birkar–Shokurov
over Z.

Proof If (X ′, B ′ + M ′) is a minimal model of (X , B + M) over Z , then a dlt blow-up of
(X ′, B ′ + M ′) is a minimal model in the sense of Birkar–Shokurov of (X , B + M) over
Z . The converse follows immediately from Proposition 4.1. Note also that the statement for
M = 0 follows from [24, Theorem 1.7]. ⊓⊔

The next remark is another immediate corollary of Proposition 4.1. It is very useful when
one tries to construct minimal models of NQC lc g-pairs, as it allows one to work with NQC
Q-factorial dlt g-pairs instead, and thus it plays a key role in the proofs of Theorems 5.15
and 5.22 and Corollaries 6.4 and 6.8.

Remark 2.8 Let (X/Z , B +M) be an NQC lc g-pair. Let h : (T , BT +MT ) → (X , B +M)

be a dlt blow-up of (X , B + M). If (Y , BY + MY ) is a minimal model (in any sense) of
(T , BT + MT ) over Z , then one can readily check that (Y , BY + MY ) is a minimal model
in the sense of Birkar–Shokurov of (X , B + M) over Z , and therefore (X , B + M) has a
minimal model over Z by Proposition 4.1.

For the sake of completeness we also mention here that any two minimal models in
the usual sense (resp. in the sense of Birkar–Shokurov) of an lc g-pair are isomorphic in
codimension 1; see [14, Lemma 2.14] (resp. [10, Lemma 3.1]).

Remark 2.9 With the same notation as in Definition 2.6, if in part (a) we omit the second
bullet and we replace the fourth bullet with the weaker condition “for any ϕ-exceptional
prime divisor F on X we have a(F, X , B + M) ≤ a(F, X ′, B ′ + M ′)”, then we say that
(X ′, B ′+M ′) is aweak canonical model in the sense of Birkar–Shokurov of (X , B+M) over
Z ; see [43, Definition 2.26] or [29, Definition 3.2(2)]. According to [43, Proposition 2.33] or
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20 Page 10 of 39 N. Tsakanikas, L. Xie

[29, Lemma 3.8], if an NQC lc g-pair (X/Z , B+M) has a weak canonical model in the sense
of Birkar–Shokurov over Z , then it has a minimal model in the sense of Birkar–Shokurov
over Z .

The following basic result about good minimal models will be needed for the proof of
Theorems 5.18 and 5.20.

Lemma 2.10 Let (X/Z , B + M) be an lc g-pair. If (X , B + M) has a good minimal model
in the usual sense or in the sense of Birkar–Shokurov over Z, then every minimal model in
the usual sense or in the sense of Birkar–Shokurov of (X , B + M) over Z is also good.

Proof If (X , B+M) has a good minimal model (V , BV +MV ) over Z , then a dlt blow-up of
(V , BV +MV ) is a goodminimal model in the sense of Birkar–Shokurov of (X , B+M) over
Z , so it suffices to prove the statement under this assumption. Hence, assume now that there
exists a good minimal model (X ′, B ′ +M ′) in the sense of Birkar–Shokurov of (X , B +M)

over Z . The first part of the proof below is similar to the proof of [3, Remark 2.7], but we
provide all the details for the convenience of the reader.

Fix a minimal model (X ′′, B ′′ + M ′′) in the sense of Birkar–Shokurov of (X , B + M)

over Z , pick a (sufficiently high) common resolution of indeterminacies (p, q, r) : W →
X × X ′ × X ′′ of the maps X ##$ X ′ and X ##$ X ′′,

X ′

W X

X ′′

p

q

r

and set

E ′ := p∗(KX + B + M) − q∗(KX ′ + B ′ + M ′)

and

E ′′ := p∗(KX + B + M) − r∗(KX ′′ + B ′′ + M ′′).

By [38, Remark 2.6] (see also [3, Remark 2.6]), E ′ is effective and q-exceptional, while E ′′

is effective and r -exceptional. Since q∗(E ′′ − E ′) ≥ 0 and −(E ′′ − E ′) is q-nef, by the
Negativity lemma we deduce that E ′′ − E ′ ≥ 0. Similarly, we have E ′ − E ′′ ≥ 0. Therefore,
E ′ = E ′′, which yields

q∗(KX ′ + B ′ + M ′) = r∗(KX ′′ + B ′′ + M ′′).

Since KX ′ + B ′ + M ′ is semi-ample over Z by assumption, we infer that KX ′′ + B ′′ + M ′′

is also semi-ample over Z ; in other words, (X ′′, B ′′ + M ′′) is a good minimal model in the
sense of Birkar–Shokurov of (X , B + M) over Z .1

Finally, fix aminimalmodel (Y , BY+MY )of (X , B+M)over Z and consider a dlt blow-up
h : (T , BT+MT ) → (Y , BY+MY ) of (Y , BY+MY ). Then (T , BT+MT ) is aminimalmodel
in the sense of Birkar–Shokurov of (X , B + M) over Z , which is actually a good minimal
model in the sense of Birkar–Shokurov of (X , B +M) over Z by the previous paragraph; in

1 Note that this part of the proof is also valid if we assume instead that both (X ′, B′+M ′) and (X ′′, B′′+M ′′)
are onlyweak canonical models in the sense of Birkar–Shokurov over (X , B+M) over Z ; see also [29, Lemma
3.5].
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particular, KT+BT+MT is semi-ample over Z . Since KT+BT+MT ∼R h∗(KY+BY+MY ),
we infer that KY + BY + MY is also semi-ample over Z ; in other words, (Y , BY + MY ) is a
good minimal model of (X , B + M) over Z . ⊓⊔

Next, we recall the definition of a canonical model of a g-pair and we briefly comment on
this definition afterwards.

Definition 2.11 Consider a diagram

(X , B + M) (X ′, B ′ + M ′)

Z

ϕ

as in Definition 2.6. If

• ϕ is a birational contraction,
• B ′ = ϕ∗B,
• KX ′ + B ′ + M ′ is ample over Z , and
• for any ϕ-exceptional prime divisor F on X we have

a(F, X , B + M) ≤ a(F, X ′, B ′ + M ′),

then the map ϕ is called a canonical model of (X , B + M) over Z .

Note that the g-pair (X ′, B ′ + M ′) is lc by [36, Lemma 2.8(i)], and it is unique up to
isomorphism by [36, Lemma 2.12].

Finally, as promised at the end of the introduction, we show that klt generalized pairs of
general type have good minimal models using the main result of [1], cf. [9, Lemma 4.4(2)].

Theorem 2.12 Let (X/Z , B + M) be a klt g-pair. The following statements hold:

(i) If KX + B + M is pseudo-effective over Z and if B is big over Z, then (X , B + M) has
a good minimal model over Z.

(ii) If KX + B + M is big over Z, then (X , B + M) has a good minimal model over Z as
well as a canonical model over Z.

Proof
(i) This is [25, Lemma 4.2(ii)].
(ii) Since KX + B + M is big over Z , there exist an effective R-Cartier R-divisor A on X
which is ample over Z and an effective R-Cartier R-divisor E on X such that A + E ∼R,Z
KX + B+M . Since (X , B+M) is klt, for any 0 < ε ≪ 1 the g-pair (X , B+εA+εE+M)

with boundary part B + εA + εE is also klt according to [9, Remark 4.2(2)]. If we regard
instead B+εE as the boundary part and εA+M as the nef part of the aforementioned g-pair,
then by [40, Lemma 3.4] there exists an effective R-divisor ' on X such that (X ,') is a klt
pair and

KX + ' ∼R,Z KX + B + εE + εA + M ∼R,Z (1+ ε)(KX + B + M).

According to [1], the pair (X ,') has a good minimal model over Z as well as a canonical
model over Z , so the same holds for the g-pair (X/Z , B + M), as asserted. ⊓⊔

Remark 2.13 Theorem 2.12(ii) can be proved alternatively as follows. Consider a small Q-
factorial modification of (X , B+M), namely, aQ-factorial klt g-pair (X ′, B ′+M ′)with data

123
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W
g→ X ′ → Z and MW , together with a small projective birational morphism h : X ′ → X

such that KX ′ + B ′ + M ′ ∼R h∗(KX + B + M) and B ′ = h−1
∗ B; see [43, Lemma 2.24(ii)].

Since KX ′ + B ′ + M ′ is big over Z , by [9, Lemma 4.4(2)] we conclude that (X ′, B ′ + M ′)
has a good minimal model (X ′′, B ′′+M ′′) over Z , and since h is small, we can readily check
now that (X ′′, B ′′ + M ′′) is also a good minimal model of (X , B + M) over Z .

Corollary 2.14 Let (X , B + M) be a klt Q-g-pair with data W → X
π−→ Z and MW such

that either KX + B + M is pseudo-effective over Z and B is big over Z or KX + B + M is
big over Z. Then

R(X/Z , KX + B + M) :=
⊕

m≥0

π∗OX
(
m(KX + B + M)

)

is a finitely generated OZ -algebra.

Proof Follows immediately from Theorem 2.12. ⊓⊔

2.3 TheMMP for generalized pairs

In this paper we use the foundations of the MMP for (not necessarily Q-factorial) NQC lc
g-pairs, which were recently established in the papers [29, 40, 45]. More precisely, by [29,
Theorem1.1(1)-(4)] and by [45, Theorem1.5]wenowhave aCone theorem and aContraction
theorem for (not necessarily Q-factorial) NQC lc g-pairs, respectively, while [40, Theorem
1.2] proved the existence of flips in this setting. Therefore, given a (not necessarilyQ-factorial)
NQC lc g-pair (X/Z , B + M), we may run a (KX + B + M)-MMP over Z .

Remark 2.15 Let (X/Z , B + M) be an NQC lc g-pair and assume that KX + B + M is not
nef over Z . By [29, Theorem 1.1(1)] there exists a (KX + B + M)-negative extremal ray
R ∈ NE(X/Z) and by [45, Theorem 1.5] we may consider the contraction g : X → Y of
R. If dim Y < dim X , then g is a Fano contraction, that is, it determines a Mori fiber space
structure on (X/Z , B + M). If, on the other hand, dim Y = dim X , then g is a birational
contraction, and either codimX Exc(g) = 1, in which case g may contract more than one
divisor, or codimX Exc(g) ≥ 2, in which case g is small.

In any of those two cases (dim Y < dim X or dim Y = dim X ), the numerical equivalence
over Y coincides with the R-linear equivalence over Y . Indeed, let D be an R-Cartier divisor
on X such that D ≡Y 0, or equivalently, D · R = 0. Then D = ∑

d j D j , where each d j ∈ R
and each Dj is a Cartier Z-divisor on X which is numerically trivial over Y ; cf. [33, Example
1.3.10]. In other words, Dj · R = 0, and by (the third bullet of) [45, Theorem 1.5] we deduce
that Dj ∼ g∗G j for some Cartier Z-divisor G j on Y . Hence, D ∼R g∗( ∑

d jG j
)
, that is,

D ∼R,Y 0, which proves the claim.
Assume from now on that g is a birational contraction. Then, as in the proof of [45,

Theorem 1.6], we obtain a diagram

(X , B + M) (X ′, B ′ + M ′)

Y

Z

g

ϕ

h
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where the NQC lc g-pair (X ′/Z , B ′ + M ′) is the canonical model of (X , B + M) over Y ;
see also [17, Section 4.9]. We emphasize that both ϕ and h are birational contractions by
construction; see, for example, the proof of [40, Theorem 1.2] for the details.

We also make the following observations, which will be useful later in the paper.

(1) If g contracts a prime divisor F on X , then ϕ contracts F as well, since it cannot be an
isomorphism at the generic point of F according to [36, Lemma 2.8(iii)(a)].

(2) The birational contraction h is small, regardless of whether g is small or not. Indeed,
arguing by contradiction and using the fact that ϕ is a birational contraction, this follows
readily from [36, Lemma 2.8(iii)(b)].

(3) It follows from Remark 2.9 that (X , B+M) has a minimal model in the sense of Birkar–
Shokurov over Y .

We establish now some basic properties of the MMP for (not necessarily Q-factorial)
NQC lc g-pairs.

Lemma 2.16 Let (X/Z , B +M) be an NQC lc g-pair. Consider a step of a (KX + B +M)-
MMP over Z:

(X , B + M) (X ′, B ′ + M ′)

Y

ϕ

g h

Denote by K the field Q of rational numbers or the field R of real numbers. The following
statements hold:

(i) If D is a K-Cartier divisor on X, then ϕ∗D is a K-Cartier divisor on X ′.
(ii) The birational contraction ϕ induces a linear map

N 1(X/Z)K → N 1(X ′/Z)K, [D]Z 4→ [ϕ∗D]Z .
If, moreover, ϕ is small, then the induced linear map is injective.

Proof
(i) It suffices to treat the caseK = Q, so let D be aQ-Cartier divisor on X . We first claim that
the map ϕ is also a step of a (KX + B̂+ M̂)-MMP over Z for some lcQ-g-pair (X , B̂+ M̂).
To prove this assertion, by [12, Theorem 1.4] we may find positive real numbers r1, . . . , rℓ
and Q-divisors B1, . . . , Bℓ and M1, . . . ,Mℓ on X such that

ℓ∑

j=1

r j = 1, B =
ℓ∑

j=1

r j B j , M =
ℓ∑

j=1

r j M j ,

each Q-g-pair (X , Bj + Mj ) is lc, each divisor KX + Bj + Mj is Q-Cartier, and we have

KX + B + M =
ℓ∑

j=1

r j
(
KX + Bj + Mj

)
. (1)

Since ρ(X/Y ) = 1, for each 1 ≤ j ≤ ℓ there exists α j ∈ R such that

KX + B + M ≡Y α j (KX + Bj + Mj ). (2)

Since −(KX + B+M) is ample over Y , it holds that α j ̸= 0 for every 1 ≤ j ≤ ℓ. Moreover,
at least one of the α j , say α1, must be positive, since otherwise each divisor KX + Bj + Mj
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would be ample over Y by (2), and hence KX + B + M would also be ample over Y by (1),
which is impossible. Therefore, (X/Z , B1+M1) is an lcQ-g-pair such that−(KX+B1+M1)

is ample over Y . Then, by definition of an MMP step (see also the proof of [45, Theorem
1.6] and [17, Section 4.9]), we have

X ′ ≃ ProjY

( ⊕

m≥0

g∗OX
(
m(KX + B1 + M1)

))
.

Thus, ϕ is a step of a (KX + B1 + M1)-MMP over Z .
Consequently, we may assume that (X , B + M) itself is a Q-g-pair. We denote by R the

(KX + B + M)-negative extremal ray contracted by g = contR . Since ρ(X/Y ) = 1, there
exists µ ∈ Q such that

(
D + µ(KX + B + M)

)
· R = 0.

Take a positive integer m such that m
(
D +µ(KX + B + M)

)
is Cartier. By (the third bullet

of) [45, Theorem 1.5] there exists a Cartier Z-divisor G on Y such that

m
(
D + µ(KX + B + M)

)
∼ g∗G.

Therefore,

m
(
ϕ∗D + µ(KX ′ + B ′ + M ′)

)
∼ h∗G

is a CartierZ-divisor on X ′; see also Remark 2.15(2). Since KX ′ +B ′+M ′ is itselfQ-Cartier
by construction, we conclude that ϕ∗D is a Q-Cartier divisor on X ′, which completes the
proof of (i).

(ii) The existence of the linear map

N 1(X/Z)K → N 1(X ′/Z)K, [D]Z 4→ [ϕ∗D]Z
follows immediately from (i).

Assume now that ϕ is small and also that D′ := ϕ∗D ≡Z 0. We will show that D ≡Z 0.
To this end, consider a resolution of indeterminacies (p, q) : W → X × X ′ of the map ϕ.

W

X X ′

Y

p q

ϕ

g h

Since D′ is nef over Y , we can readily check that −(p∗D − q∗D′) is nef over X . Since ϕ is
small, the K-Cartier K-divisor p∗D − q∗D′ is p-exceptional, and it follows now from the
Negativity lemma that p∗D−q∗D′ ≥ 0. Since−D′ is also nef overY , we haveq∗D′−p∗D ≥
0 as well, and hence p∗D = q∗D′. It follows that D ≡Z 0, which completes the proof of
(ii). ⊓⊔

Even though we may run a (KX + B + M)-MMP over Z for any given NQC lc g-
pair (X/Z , B + M), its termination is not known in general. However, [14] establishes the
termination of flips (and hence of any MMP) for all NQC lc g-pairs of dimension 3 as well
as for NQC lc g-pairs of dimension 4 whose canonical class is pseudo-effective; see also [28,
30].
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As the next result demonstrates, we may also run MMPs with scaling in this very general
setting. Their termination is also unsettled in general, but there are already several results
in the literature regarding this termination problem. We refer to [9, 37–39] and the relevant
references therein for more information. See also Theorem 2.19 below, which constitutes an
exact analogue of [3, Theorem 4.1(iii)] in the setting of g-pairs, as well as Sects. 5 and 6 for
further developments.

Lemma 2.17 Let (X/Z , B + M) be an NQC lc g-pair. Let P be the pushforward to X of an
NQC divisor (over Z) on a birational model of X and let N be an effective R-divisor on X
such that N+ P isR-Cartier. Assume that the NQC g-pair

(
X , (B+N )+(M+ P)

)
is lc and

that the divisor KX +B+N+M+ P is nef over Z. Then we may run a (KX +B+M)-MMP
over Z with scaling of N + P.

In particular, we may run a (KX + B+M)-MMP over Z with scaling of an ample divisor.

Proof Due to [29, Theorem 1.1(1)(2)] and [25, Proposition 2.6], it is easy to check that
[27, Lemma 3.23] holds if the assumption that X is Q-factorial klt (which is present in
op. cit.) is replaced by the assumption that N + P is R-Cartier (which is included in the
above statement). Thus, taking the second paragraph of Remark 2.15 into account (for the
repetitions of the procedure), the previous observation and [45, Theorem 1.5] imply that one
may run a (KX + B + M)-MMP over Z with scaling of N + P . Now, regarding the last
sentence of the lemma, set N = 0 and take P to be a general ample over Z R-divisor on X
to conclude. ⊓⊔

The recently established Contraction theorem for (not necessarily Q-factorial) NQC lc
g-pairs has even further and significant consequences. Specifically, it allows us to remove
the Q-factoriality assumption from the majority of the results of the paper [38]. We indicate
now such refinements of [38, Lemma 2.13, Theorem 2.14, Lemma 2.16 and Theorem 4.1].
This discussion, however, will be completed later in the paper, where [38, Proposition A.3,
Theorem 1.2, Corollaries 1.3 and 1.4, and Theorem 1.5] will also be refined accordingly.

Remark 2.18 For ease of reference we will use here the same notation as the one from those
parts of [38] which will be mentioned below.

(1) Taking Lemmas 2.4 and 2.17 into account, it is straightforward to check that [38, Lemma
2.13 and Theorem 2.14] also hold without the assumption that the underlying variety
X1 of the given NQC lc g-pair

(
X1/Z , (B1 + N1)+ (M1 + P1)

)
is Q-factorial; see also

Sect. 3 for further developments.
(2) In view of Lemma 2.17 and [39, Section 3], one may readily check that [38, Lemma

2.16] also holds without the assumption that the underlying variety X of the given NQC
lc g-pair

(
X/Z , (B + N )+ (M + P)

)
is Q-factorial.

Theorem 2.19 Let (X/Z , B+M) be an NQC lc g-pair. Let P be the pushforward to X of an
NQC divisor (over Z) on a high birational model of X and let N be an effectiveR-divisor on
X such that N + P is R-Cartier. Assume that the NQC g-pair

(
X , (B+ N )+ (M + P)

)
is lc

and that the divisor KX + B + N +M + P is nef over Z. Consider a (KX + B +M)-MMP
over Z with scaling of N + P, denote by λi the corresponding nef thresholds at the steps of
this MMP and set λ := lim

i→+∞
λi .

If λ ̸= λi for every i and if
(
X , (B+λN )+ (M +λP)

)
has a minimal model in the sense

of Birkar–Shokurov over Z, then the given MMP terminates.
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Proof Taking Lemma 2.17 into account, we may repeat verbatim the proof of [38, Theo-
rem 4.1], except that we now invoke the refined version of [38, Theorem 2.14], which was
discussed in Remark 2.18(1), in Step 5 of that proof2. ⊓⊔

The final result in this subsection exploits the boundedness of the length of extremal rays,
namely [29, Theorem 1.1(2)], and plays a fundamental role in the proofs of Theorem 4.2
and Lemma 4.3. It is a variant of [27, Lemma 3.21] and constitutes a generalization of [37,
Lemma 2.20], cf. [38, Proposition 2.12]. For brevity we only indicate below the necessary
modifications to the proof of [37, Lemma 2.20] and we refer to op. cit. for the details. We
stress that the proof of Lemma 2.20 also relies essentially on the Contraction theorem for
NQC lc g-pairs, namely [45, Theorem 1.5].

Lemma 2.20 Let (X/Z , B + M) be an NQC lc g-pair. Let P be the pushforward to X of
an NQC divisor (over Z) on a birational model of X and let N be an effective R-divisor on
X such that N + P is R-Cartier. Assume that the NQC g-pair

(
X , (B + N ) + (M + P)

)

is lc and that the divisor KX + B + N + M + P is nef over Z. Then there exists ε0 > 0
such that for every ε ∈ (0, ε0), any

(
KX + B + M + (1 − ε)(N + P)

)
-MMP over Z is

(KX + B + N + M + P)-trivial.

Proof To prove the statement, we argue as in the proof of [37, Lemma 2.20], the difference
being that we now work with the g-pair

(
X , (B + N ) + (M + P)

)
and we invoke [25,

Proposition 2.6], (the third bullet of) [45, Theorem 1.5] and [29, Theorem 1.1(2)] instead of
[HL18, Prop. 3.16] = [27, Proposition 3.20], [31, Theorem 3.25(4)] and [HL18, Prop. 3.13]
= [27, Proposition 3.17], respectively. ⊓⊔

2.4 Log abundant generalized pairs

Throughout this subsection we work exclusively in the absolute setting, that is, we assume
that Z = SpecC. Therefore, X always denotes here a normal projective variety.

Given a normal projective variety X and an R-Cartier R-divisor D on X , we denote by
κι(X , D) the invariant Iitaka dimension of D and by κσ (X , D) the numerical dimension of
D; see [13] and [41], respectively. We say that D is abundant if the equality κι(X , D) =
κσ (X , D) holds. In particular, we say that an lc g-pair (X , B+M) is abundant if the divisor
KX + B + M is abundant.

Remark 2.21 Let (X , B + M) be an lc g-pair and let ϕ : (X , B + M) ##$ (X ′, B ′ + M ′) be
a minimal model (in any sense) of (X , B + M). Then (X , B + M) is abundant if and only if
(X ′, B ′+M ′) is abundant. Indeed, for any resolution of indeterminacies (p, q) : W → X×X ′

of the map ϕ we may write

p∗(KX + B + M) ∼R q∗(KX ′ + B ′ + M ′)+ E,

where E is an effective q-exceptional R-Cartier R-divisor on W (see [36, Lemma 2.8(i)]
and [38, Remark 2.6], respectively), and it follows now from [20, Remark 2.15(2)] that
KX + B + M is abundant if and only if KX ′ + B ′ + M ′ is abundant.

The following definition will be needed in Sect. 6. For more information about the notion
that will be defined below as well as for its relative version we refer to [20, Sect. 2.3].

2 For the sake of clarity we note that [38, Lemma 2.16] was (only) applied in Step 5 of the proof of [38,
Theorem 4.1] to NQC Q-factorial dlt g-pairs. Therefore, the slightly more general version of [38, Lemma
2.16] mentioned in Remark 2.18(2) is not required for the proof of Theorem 2.19.
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Definition 2.22 Let (X , B + M) be an lc g-pair, where X is a normal projective variety. An
R-Cartier R-divisor D on X is said to be log abundant with respect to (X , B + M) if D is
abundant and for any lc center S of (X , B + M) with normalization ν : Sν → S the divisor
ν∗D is abundant. In particular, we say that the given lc g-pair (X , B + M) is log abundant
if the divisor KX + B + M is log abundant with respect to (X , B + M).

Lemma 2.23 Let (X , B +M) be an lc g-pair and let h : (X ′, B ′ +M ′) → (X , B +M) be a
dlt blow-up of (X , B + M). Then (X , B + M) is log abundant if and only if (X ′, B ′ + M ′)
is log abundant.

Proof Since

KX ′ + B ′ + M ′ ∼R h∗(KX + B + M),

by [20, Remark 2.15(2)] we deduce that KX+B+M is abundant if and only if KX ′ +B ′+M ′

is abundant.
For any divisorial valuation E over X we have a(E, X , B+M) = a(E, X ′, B ′+M ′), and

thus cX (E) is an lc center of (X , B+M) if and only if cX ′(E) is an lc center of (X ′, B ′+M ′).
Therefore, given an lc center W ′ of (X ′, B ′ + M ′), its image W := h(W ′) is an lc center
of (X , B + M). Since W ′ is normal (see [27, Sect. 2.3]), the restriction h|W ′ : W ′ → W
of h to W ′ factors through the normalization W ν of W , so we obtain a projective surjective
morphism ξ : W ′ → W ν . Since

(KX ′ + B ′ + M ′)|W ′ ∼R ξ∗((KX + B + M)|W ν

)
,

by [20, Remark 2.15(2)] we deduce that (KX + B + M)|W ν is abundant if and only if
(KX ′ + B ′ + M ′)|W ′ is abundant, which proves the statement. ⊓⊔

Lemma 2.24 Let (X , B + M) be an lc g-pair and let (X ′, B ′ + M ′) and (X ′′, B ′′ + M ′′) be
two minimal models (in any sense) of (X , B + M). Then (X ′, B ′ + M ′) is log abundant if
and only if (X ′′, B ′′ + M ′′) is log abundant.

Proof In view of Lemma 2.23, it suffices to treat the case when both (X ′, B ′ + M ′) and
(X ′′, B ′′ + M ′′) are minimal models in the sense of Birkar–Shokurov of (X , B + M) and
have dlt singularities as well. Then the lc centers of (X ′, B ′ + M ′) and (X ′′, B ′′ + M ′′) are
normal (and finitely many); see [27, Sect. 2.3].

Pick a sufficiently high common resolution of indeterminacies (p, q, r) : W → X × X ′ ×
X ′′ of the maps X ##$ X ′ and X ##$ X ′′ such that all lc centers of (X ′, B ′ + M ′) and
(X ′′, B ′′ + M ′′) have been extracted on W . Then the occurring equality E ′ = E ′′ (see the
second paragraph of the proof of Lemma 2.10) implies

a(D, X ′, B ′ + M ′) = a(D, X ′′, B ′′ + M ′′) for any prime divisorDonW (3)

and

q∗(KX ′ + B ′ + M ′) = r∗(KX ′′ + B ′′ + M ′′). (4)

By (3) and by construction, for any lc center S of (X ′, B ′ + M ′) there exists a prime divisor
D onW whose image T := r(D) is an lc center of (X ′′, B ′′ +M ′′), and vice versa. Then the
statement follows readily by using (4) and by invoking [20, Remark 2.15(2)], bearing also
the proof of Lemma 2.23 in mind. ⊓⊔
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3 Lifting anMMP

Our first goal in this section is to demonstrate how one can “lift” an MMP starting with an
NQC lc g-pair to an MMP starting with an NQC Q-factorial dlt g-pair, cf. [36, Section 3].

Let (X1/Z , B1 + M1) be an NQC lc g-pair. Assume that the divisor KX1 + B1 + M1 is
not nef over Z . Consider the first step

(X1, B1 + M1) (X2, B2 + M2)

Z1

π1

θ1 θ+1

of a (KX1 + B1 + M1)-MMP over Z , assuming (for our purposes here) that θ1 is not a Mori
fiber space, and a dlt blow-up h1 : (X ′

1, B
′
1 + M ′

1) → (X1, B1 + M1) of (X1, B1 + M1).
By arguing as in the first paragraph of the proof of [38, Lemma 2.13] and by takingRemark

2.15(3) into account, we may construct the following diagram:

(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2)

(X1, B1 + M1) (X2, B2 + M2)

Z1

h1

ρ1

h2

θ1

π1

θ+1

where themap ρ1 : X ′
1 ##$ X ′

2 is a (KX ′
1
+B ′

1+M ′
1)-MMP over Z1 (with scaling of an ample

divisor) and themap h2 : (X ′
2, B

′
2+M ′

2) → (X2, B2+M2) is a dlt blow-up of (X2, B2+M2).

Remark 3.1 If θ1 contracts a prime divisor D on X1, then so does π1 according to Remark
2.15(1). Furthermore, the strict transform (h1)−1

∗ D of D on X ′
1 must be contracted by ρ1.

Indeed, by [36, Lemma 2.8(iii)(a)] we obtain

a(D, X ′
1, B

′
1 + M ′

1) = a(D, X1, B1 + M1) < a(D, X2, B2 + M2) = a(D, X ′
2, B

′
2 + M ′

2),

which shows that ρ1 cannot be an isomorphism at the generic point of (h1)−1
∗ D and proves

the previous claim. In particular, it follows from the above and from [29, Corollary 5.10 and
Theorem 6.1] that ρ(X ′

2/Z) < ρ(X ′
1/Z).

If we now have a (KX1 + B1 +M1)-MMP over Z , then by repeating the above procedure
we obtain the following result, which plays a crucial role in the proof of Proposition 4.1.

Theorem 3.2 Let (X1/Z , B1+M1) be an NQC lc g-pair. Consider a (KX1+B1+M1)-MMP
over Z:

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) · · ·

Z1 Z2

θ1

π1

θ+1 θ2

π2

θ+2

π3

Then there exists a diagram
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(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2) (X ′
3, B

′
3 + M ′

3) . . .

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) . . .

Z1 Z2

h1

ρ1

h2

ρ2

h3

ρ3

θ1

π1

θ+1 θ2

π2

θ+2

π3

where, for each i ≥ 1,

• the map ρi : X ′
i ##$ X ′

i+1 is a (KX ′
i
+ B ′

i + M ′
i )-MMP over Zi , and

• the map hi : (X ′
i , B

′
i + M ′

i ) → (Xi , Bi + Mi ) is a dlt blow-up.

In particular, the sequence on top of the above diagram is a (KX ′
1
+ B ′

1 + M ′
1)-MMP over

Z, where (X ′
1/Z , B

′
1 + M ′

1) is an NQC Q-factorial dlt g-pair.
Furthermore, there exists an integer k ≥ 1 such that themapπi : Xi ##$ Xi+1 is small and

the induced linear map N1(Xi/Z)R → N 1(Xi+1/Z)R is an isomorphism for each i ≥ k;
in particular, it holds that ρ(Xi/Z) = ρ(Xi+1/Z) for each i ≥ k.

Proof It remains to prove the second part of the statement. In view of Lemma 2.16(ii) and
Remark 3.1, wemay find an integer ℓ1 ≥ 1 such that for each i ≥ ℓ1 the birational contraction
πi : Xi ##$ Xi+1 is small and the induced linear map N 1(Xi/Z)R → N 1(Xi+1/Z)R is
injective. By relabelling the given (KX1 + B1 + M1)-MMP over Z , we may assume that
ℓ1 = 1. We obtain thus a non-decreasing sequence

{
ρ(Xi/Z)

}+∞
i=1 of positive integers which

is bounded from above by ρ(X ′
1/Z) < +∞; see [29, Corollary 5.10 and Theorem 6.1].

Therefore, this sequence must stabilize, that is, there exists an integer ℓ2 ≥ 1 such that for
each i ≥ ℓ2 the linear map N 1(Xi/Z)R → N 1(Xi+1/Z)R is an isomorphism. We are done
by taking k := ℓ2 ≥ ℓ1 ≥ 1. ⊓⊔

Our second goal in this section is to explain how one can make an analogous construction
when one considers an MMP with scaling starting with an NQC lc g-pair, cf. [38, Sect. 2.5].

Let the g-pair (X1/Z , B1 + M1) and the divisors P1 and N1 be as in Lemma 2.17 so that
we may run a (KX1 + B1 + M1)-MMP over Z with scaling of N1 + P1. Assume that the
divisor KX1 + B1 + M1 is not nef over Z , and set

λ1 := inf{t ∈ R≥0 | KX1 + (B1 + t N1)+ (M1 + t P1) is nef over Z} ∈ (0, 1].
Consider the first step

(X1, B1 + M1) (X2, B2 + M2)

Z1

π1

θ1 θ+1

of a (KX1+B1+M1)-MMP over Z with scaling of N1+P1, assuming (for our purposes here)
that θ1 is not aMori fiber space, as well as a dlt blow-up h1 : (X ′

1, B
′
1+M ′

1) → (X1, B1+M1)

of (X1, B1 + M1); in particular, we have

KX ′
1
+ B ′

1 + M ′
1 ∼R h∗

1(KX1 + B1 + M1).

Let f1 : W → X1 be a log resolution of (X1, B1 + N1) which factors through X ′
1 and such

that there exists an R-divisor PW on W such that PW is NQC (over Z ) and ( f1)∗PW = P .
By Lemma 2.4 we may write

f ∗
1 (P1 + N1) = PW + ( f1)−1

∗ N1 + E1,
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where E1 is an effective f1-exceptional R-divisor on W . We now define N ′
1 and P ′

1 as the
pushforwards of ( f1)−1

∗ N1 + E1 and PW , respectively, to X ′
1, and we note that

N ′
1 + P ′

1 = h∗
1(N1 + P1). (5)

By arguing as in the proof of [38, Lemma 2.13] and by taking Remark 2.15(3) into account,
we may construct the following diagram:

(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2)

(X1, B1 + M1) (X2, B2 + M2)

Z1

h1

ρ1

h2

θ1

π1

θ+1

where the map ρ1 : X ′
1 ##$ X ′

2 is a (KX ′
1
+ B ′

1+M ′
1)-MMP over Z1 with scaling of N ′

1+ P ′
1

and the map h2 : (X ′
2, B

′
2 + M ′

2) → (X2, B2 + M2) is a dlt blow-up of (X2, B2 + M2).
Moreover, this MMP is also a (KX ′

1
+ B ′

1 +M ′
1)-MMP over Z with scaling of N ′

1 + P ′
1, and

if we set P2 := (π1)∗P1, N2 := (π1)∗N1, P ′
2 := (ρ1)∗P ′

1 and N ′
2 := (ρ1)∗N ′

1, then we have

N ′
2 + P ′

2 = h∗
2(N2 + P2). (6)

A priori, the map ρ1 : X ′
1 ##$ X ′

2 is a (KX ′
1
+ B ′

1 + M ′
1)-MMP over Z1 with scaling of

an ample divisor. However, the following crucial observation, which is also contained in the
proof of [38, Lemma 2.13], allows us to view ρ1 as a (KX ′

1
+ B ′

1+M ′
1)-MMPwith scaling of

N ′
1 + P ′

1 over Z1 or over Z , as mentioned above. Specifically, if we denote by Y j ##$ Y j+1

the steps of the (KX ′
1
+ B ′

1 + M ′
1)-MMP over Z1 with scaling of an ample divisor, where

Y 1 := X ′
1 and Y k := X ′

2, and by B j , M j , N j and P j the pushforwards of B ′
1, M

′
1, N

′
1 and

P ′
1, respectively, to Y j , and if we consider the nef thresholds ν j at the steps of this MMP,

i.e.,

ν j := inf
{
t ∈ R≥0 | KY j + (B j + t N j )+ (M j + t P j ) is nef over Z

}
, j ∈ {1, . . . , k},

then we can check that ν j = λ1 for every j ∈ {1, . . . , k − 1}.
Therefore, if we are given instead a (KX1 + B1 + M1)-MMP over Z with scaling of

N1 + P1, then by repeating the above procedure and by taking the previous observation,
Lemma 2.16(ii) and Remark 3.1 into account, we obtain the following result, which plays a
central role in the proofs of Corollaries 6.2 and 6.4.

Theorem 3.3 Let (X1/Z , B1+M1) be an NQC lc g-pair. Let P1 be the pushforward to X1 of
an NQC divisor (over Z) on a birational model of X1 and let N1 be an effectiveR-divisor on
X1 such that N1+P1 isR-Cartier. Assume that the NQC g-pair

(
X1, (B1+N1)+(M1+P1)

)

is lc and that the divisor KX1+B1+N1+M1+P1 is nef over Z. Consider a (KX1+B1+M1)-
MMP over Z with scaling of N1 + P1:

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) · · ·

Z1 Z2

θ1

π1

θ+1 θ2

π2

θ+2

π3

and denote by Ni and Pi the pushforwards of N1 and P1, respectively, to Xi . Then there
exists a diagram
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(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2) (X ′
3, B

′
3 + M ′

3) . . .

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) . . .

Z1 Z2

h1

ρ1

h2

ρ2

h3

ρ3

θ1

π1

θ+1 θ2

π2

θ+2

π3

where, for each i ≥ 1,

• the map ρi : X ′
i ##$ X ′

i+1 is a (KX ′
i
+ B ′

i + M ′
i )-MMP over Z with scaling of N ′

i + P ′
i ,

where the divisors N ′
i and P ′

i on X ′
i are defined as in (6) (or as in (5) for i = 1), and

• the map hi : (X ′
i , B

′
i + M ′

i ) → (Xi , Bi + Mi ) is a dlt blow-up.

In particular, the sequence on top of the above diagram is a (KX ′
1
+ B ′

1 + M ′
1)-MMP over

Z with scaling of N ′
1 + P ′

1 = h∗
1(N1 + P1), where (X ′

1/Z , B
′
1 + M ′

1) is an NQC Q-factorial
dlt g-pair.

Furthermore, if we denote by λi the nef thresholds at the steps of the (KX1 + B1 + M1)-
MMP over Z with scaling of N1 + P1, that is,

λi := inf{t ∈ R≥0 | KXi + (Bi + t Ni )+ (Mi + t Pi ) is nef over Z},

and by µi the nef thresholds at the corresponding steps of the (KX ′
1
+ B ′

1 + M ′
1)-MMP over

Z with scaling of N ′
1 + P ′

1 = h∗
1(N1 + P1), that is,

µi := inf{t ∈ R≥0 | KX ′
i
+ (B ′

i + t N ′
i )+ (M ′

i + t P ′
i ) is nef over Z},

then it holds that

λi = µi for every i ≥ 1.

Finally, there exists an integer k ≥ 1 such that the map πi : Xi ##$ Xi+1 is small and the
induced linear map N 1(Xi/Z)R → N 1(Xi+1/Z)R is an isomorphism for each i ≥ k.

We conclude this section with some clarifying comments about Theorem 3.3. Each map
ρi : X ′

i ##$ X ′
i+1 is, in general, the composite of finitely many steps of a (KX ′

i
+ B ′

i + M ′
i )-

MMP over Z with scaling of N ′
i + P ′

i = h∗
i (Ni + Pi ), but not necessarily just one step (e.g.,

a flip). Additionally, the nef thresholds at the steps of this MMP, denoted by

ν
(i)
j , i ≥ 1, 1 ≤ j ≤ ki ,

where ν
(i)
1 is computed on X ′

i and ν
(i)
ki

is computed on X ′
i+1, satisfy the following properties:

ν
(i)
j = λi for all 1 ≤ j < ki and ν

(i)
ki

= λi+1,

where λi denotes the nef threshold at the i-th step of the given (KX1 + B1+M1)-MMP over
Z with scaling of N1 + P1. Finally, the sequence {µi }+∞

i=1 of nef thresholds defined above

forms a subsequence of
{
ν
(i)
j

}+∞, ki
i=1, j=1, namely, we have

µi = ν
(i)
1 = λi for each i ≥ 1.
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4 Proof of Theorem A and an application

We prove here our main result, Theorem A. This is accomplished by removing from [38,
Proposition A.3 and Theorem 1.2] the assumption that the underlying variety is Q-factorial
with the aid of [45, Theorem 1.5]; see Proposition 4.1 and Theorem 4.2, respectively. The
strategy for the proof of these two results is essentially the same as the one employed in [38],
so we only outline their proofs below and we refer to op. cit. for the details, although there
are some additional complications now due to the absence of Q-factoriality.

Proposition 4.1 Let (X/Z , B + M) be an NQC lc g-pair. Assume that (X , B + M) has a
minimal model in the sense of Birkar–Shokurov over Z or that KX + B + M is not pseudo-
effective over Z. Then there exists a (KX + B + M)-MMP over Z which terminates. In
particular, (X , B + M) has a minimal model or a Mori fiber space over Z.

Proof To prove the statement, we follow closely the proofs of [24, Proposition 6.2] and [38,
Propositions 5.1 and A.3].

First, since we work here without the assumption that X is Q-factorial, by applying
Theorem 3.2 and by replacing (X , B + M) with an appropriate g-pair, we may assume that
any (KX + B + M)-MMP over Z

(X1, B1 + M1) := (X , B + M) ##$ (X2, B2 + M2) ##$ · · · ##$ (Xi , Bi + Mi ) ##$ · · ·

has the property that for each i ≥ 1, the map Xi ##$ Xi+1 is small and ρ(Xi/Z) =
ρ(Xi+1/Z); see the second and third paragraph of the proof of [24, Proposition 6.2], as well
as the second paragraph of the proof of [38, Proposition 5.1].

Next, by arguing by contradiction and by repeating essentially verbatim the proof of [38,
Proposition 5.1] (starting from the third paragraph of op. cit. and also replacing [14, Section
3.3] = [27, Section 3.3] with [12, Theorem 1.4]), we infer that eventually there exists a
(KX + B + M)-MMP over Z with scaling of an (appropriately chosen) ample divisor A,
which consists only of flips, whose nef thresholds satisfy λi > λi+1 for every i ≥ 1, and
which does not terminate by assumption.We remark in passing that for the proof of the above
strict inequality in our setting we invoke Lemma 2.16(i) as in the fifth paragraph of the proof
of [24, Proposition 6.2] and we also need to replace [16, Theorem 1.3(4)(c)] = [29, Theorem
1.1(5)(c)] with (the third bullet of) [45, Theorem 1.5].

Finally, we set λ := limi→+∞ λi and we observe that λ < λi for every i ≥ 1. Since each
divisor KXi + Bi +Mi +λi Ai is nef over Z by construction of the MMPwith scaling, where
(Xi , Bi + Mi ) is the NQC lc g-pair appearing at the i-th step of this MMP and Ai is the
strict transform of A on Xi , the divisor KX + B + M + λA is pseudo-effective over Z . By
the assumptions of the proposition when λ = 0 or by [39, Theorem 1.3(1)] when λ > 0 we
conclude that the g-pair

(
X , (B + λA) + M

)
has a minimal model in the sense of Birkar–

Shokurov over Z . Hence, the above MMP terminates by Theorem 2.19, a contradiction.
⊓⊔

Theorem 4.2 Let (X/Z , B + M) be an NQC lc g-pair. Assume that (X , B + M) has a
minimal model in the sense of Birkar–Shokurov over Z or that KX + B + M is not pseudo-
effective over Z. Let A be an effective R-Cartier R-divisor on X which is ample over Z such
that

(
X/Z , (B + A) + M

)
is lc and KX + B + A + M is nef over Z. Then there exists a

(KX + B + M)-MMP over Z with scaling of A that terminates. In particular, (X , B + M)

has a minimal model or a Mori fiber space over Z.

123



Remarks on the existence of minimal... Page 23 of 39 20

Proof Wemay repeat verbatim the proof of [38, Theorem 1.2] (which is essentially the same
as that of [38, Theorem 5.2] with P = A and N = 0), except that we replace [38, Theorem
A.2] with [39, Theorem 1.3(1)], [38, Proposition 2.12] with Lemma 2.20, [38, Proposition
A.3] with Proposition 4.1, and finally [38, Theorem 4.1] with Theorem 2.19. ⊓⊔

We conclude this brief section with an application of Theorem 4.2, which generalizes [20,
Lemma 2.12] to the setting of g-pairs and improves on [39, Lemma 2.10] by removing the
assumption that the underlying variety is Q-factorial klt. For brevity we only indicate below
the necessary modifications to the proof of [39, Lemma 2.10].

Lemma 4.3 Let (X/Z , B+M)be anNQC lc g-pair. Let H be an effectiveR-CartierR-divisor
on X such that the NQC g-pair

(
X/Z , (B+H)+M

)
is lc and the divisor KX + B+H +M

is nef over Z. Assume also that for any ν ∈ (0, 1] the NQC lc g-pair
(
X , (B + νH) + M

)

has a minimal model in the sense of Birkar–Shokurov over Z. Then we can construct a
(KX + B + M)-MMP over Z with scaling of H

(X1, B1 + M1) := (X , B + M) ##$ (X2, B2 + M2) ##$ · · · ##$ (Xi , Bi + Mi ) ##$ · · ·
with the following property: if we denote by Hi the strict transform of H on Xi and by

λi := inf{t ≥ 0 | KXi + Bi + t Hi + Mi is nef over Z}
the corresponding nef threshold, then it holds that

lim
i→+∞

λi = 0,

regardless of whether this (KX + B+M)-MMP over Z with scaling of H terminates or not.

Proof We may repeat verbatim the proof of [39, Lemma 2.10], except that we replace [27,
Lemma 3.21] with Lemma 2.20, [15, Theorem 2.24] = [29, Theorem 2.8] with Theorem 4.2,
and [27, Theorem 4.1] with Theorem 2.19. ⊓⊔

5 Applications – Part I

In this section we present numerous applications of Proposition 4.1. The title of each sub-
section indicates clearly its contents.

5.1 NQCweak Zariski decompositions

We first recall the notion of an NQC weak Zariski decomposition and we refer to [4, 27, 37,
38] for more information. Afterwards, we prove Theorem D and Corollary E(iii).

Definition 5.1 Let X → Z be a projective morphism between normal varieties and let D be
an R-Cartier R-divisor on X . An NQC weak Zariski decomposition of D over Z consists
of a projective birational morphism f : W → X from a normal variety W and a numerical
equivalence f ∗D ≡Z P+N , where P is an NQC divisor (over Z ) onW and N is an effective
R-Cartier R-divisor on W .

Let (X/Z , B +M) be an NQC g-pair such that KX + B +M is pseudo-effective over Z .
We say that (X , B + M) admits an NQC weak Zariski decomposition over Z if the divisor
KX + B + M admits an NQC weak Zariski decomposition over Z .
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The state-of-the-art result concerning the relation between the existence of NQC weak
Zariski decompositions and the existence of minimal models for generalized pairs is the
following:

Theorem 5.2 Assume the existence of minimal models for smooth varieties of dimension
n − 1.

Let (X/Z , B + M) be an NQC lc g-pair of dimension n. The following are equivalent:

(i) (X , B + M) admits an NQC weak Zariski decomposition over Z,
(ii) (X , B + M) has a minimal model over Z.

Proof For the implication (ii) #⇒ (i) see, for example, [43, Corollary 3.10]. The converse
implication follows immediately from [37, Theorem 4.4(i)] and Proposition 4.1. ⊓⊔

Corollary 5.3 Let (X/Z , B + M) be an NQC lc g-pair such that KX + B + M is pseudo-
effective over Z. If dim X = 5 and if (X , B+M) admits an NQCweak Zariski decomposition
over Z, then (X , B + M) has a minimal model over Z.

Proof Follows immediately from [32, Theorem 5-1-15] and Theorem 5.2. ⊓⊔

5.2 On the existence of minimal models of generalized pairs

With the aid of results from [37, Section 4], we derive here several corollaries of Proposition
4.1, which refine [38, Corollary 1.3, Theorem 1.5 and Corollary 1.4], respectively, and which
include [37, Theorem A, Theorem C and Corollary D], respectively, as special cases.

Theorem 5.4 The existence of minimal models for smooth varieties of dimension n implies
the existence of minimal models for NQC lc g-pairs of dimension n.

Proof Follows immediately from [37, Theorem 4.1(i)] and Proposition 4.1. ⊓⊔

Theorem 5.5 Assume the existence of minimal models for smooth varieties of dimension
n − 1.

Let (X/Z , B+M) be an NQC lc g-pair of dimension n such that KX + B+M is pseudo-
effective over Z. If a general fiber of the morphism X → Z is uniruled, then (X , B + M)

has a minimal model over Z.

Proof Follows immediately from [37, Theorem 4.3] and Proposition 4.1. ⊓⊔

Corollary 5.6 Let (X/Z , B+M) be an NQC lc g-pair of dimension n such that KX + B+M
is pseudo-effective over Z. The following statements hold:

(i) If n ≤ 4, then (X , B + M) has a minimal model over Z.
(ii) If n ≤ 5 and a general fiber of the morphism X → Z is uniruled, then (X , B + M) has

a minimal model over Z.

Proof The existence of minimal models for terminal varieties of dimension n ≤ 4 over Z is
well-known; see [32, Theorem 5-1-15]. Consequently, (i) and (ii) follow from Theorem 5.4
and Theorem 5.5, respectively. ⊓⊔
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5.3 Generalized pairs of maximal Albanese dimension

In this subsection we mainly work in the absolute setting; see the beginning of Sect. 2.4.
First, we briefly discuss the notion of maximal Albanese dimension for smooth and singular
varieties.

Definition 5.7 Let X be a smooth projective variety. Denote by Alb(X) the Albanese variety
of X and let α : X → Alb(X) be the associated Albanese morphism. We say that X has
maximal Albanese dimension if dim α(X) = dim X .

The property of having maximal Albanese dimension is birationally invariant for smooth
projective varieties. We provide the proof of this fact for the benefit of the reader.

Lemma 5.8 If X and Y are birationally equivalent smooth projective varieties, then X has
maximal Albanese dimension if and only if Y has maximal Albanese dimension.

Proof By considering a resolution of indeterminacies (p, q) : W → X × Y of the birational
map X ##$ Y such thatW is smooth,we immediately see that it suffices to prove the statement
when X ##$ Y is actually a birational morphism. Denote it by f , and let β : Y → Alb(Y ) be
the Albanese morphism of Y . By [44, Proposition 9.12], the map α := β ◦ f is the Albanese
morphism of X . In particular, α(X) = (β ◦ f )(X) = β(Y ), and since dim X = dim Y ,
it follows readily that X has maximal Albanese dimension if and only if Y has maximal
Albanese dimension. ⊓⊔
Definition 5.9 Let X be a projective variety. We say that X hasmaximal Albanese dimension
if there exists a resolution W → X of X such that W has maximal Albanese dimension.

According to Lemma 5.8, the above definition does not depend on the choice of resolu-
tion of X . Additionally, the property of having maximal Albanese dimension is birationally
invariant for singular varieties as well. More precisely:

Lemma 5.10 If X and Y are birationally equivalent projective varieties, then X has maximal
Albanese dimension if and only if Y has maximal Albanese dimension.

Proof The statement follows by considering a common resolution (p, q) : W → X × Y of
X and Y and by invoking Lemma 5.8. ⊓⊔

We now turn to the proofs of Theorems G and H, beginning with the former. For its proof
we follow closely Fujino’s strategy from [16], so we first derive analogues of [16, Lemmas
3.1, 3.2 and 3.3] in the context of g-pairs.

Lemma 5.11 Let (X , B + M) be an NQC lc g-pair. If KX + B + M is not nef, then there
exists a rational curve C on X such that −2 dim X ≤ (KX + B + M) · C < 0.

Proof Follows immediately from [29, Theorem 1.1(1)(2)]. ⊓⊔
Lemma 5.12 Let (X , B + M) be an NQC lc g-pair. Let g : X → S be a morphism between
projective varieties. Assume that KX + B + M is nef over S and that S contains no rational
curves. Then KX + B + M is nef.

Proof Assume, by contradiction, that KX + B + M is not nef. Then, by Lemma 5.11, there
exists a rational curve C on X such that (KX + B + M) · C < 0. Since KX + B + M is nef
over S by assumption, the curve C cannot be contracted by g, so its image g(C) is a rational
curve in S. However, this contradicts the assumption that S does not contain any rational
curves, and thus proves the statement. ⊓⊔

123



20 Page 26 of 39 N. Tsakanikas, L. Xie

Lemma 5.13 Let (X , B + M) be an NQC lc g-pair. Let g : X → S be a morphism between
projective varieties and assume that S contains no rational curves. If (X ′, B ′ + M ′) is a
minimal model of (X , B+M) over S, then (X ′, B ′+M ′) is a minimal model of (X , B+M).

Proof Follows immediately from the definition of minimal models and Lemma 5.12. ⊓⊔

We are now ready to generalize [16, Theorem 3.4] to the setting of g-pairs.

Theorem 5.14 Let (X , B+M) be an NQC klt g-pair. If X has maximal Albanese dimension,
then (X , B + M) has a minimal model.

Proof Let π : W → X be a resolution of X and let β : W → Alb(W ) be the Albanese
morphism of W . Since X has rational singularities by [25, Lemma 4.2(i)], it follows from
[8, Lemma 2.4.1] that there exists a morphism g : X → Alb(W ) such that the following
diagram commutes:

W Alb(W )

X

π

β

g

Set S := g(X) = β(W ) ⊆ Alb(W ) and note that S contains no rational curves, since the
same holds for Alb(W ) by [7, Proposition 4.9.5]. Moreover, the morphism g : X → S is
generically finite, since X has maximal Albanese dimension, and thus KX + B + M is big
over S; see [41, p. 69, Remark (2)]. Hence, the statement follows from Theorem 2.12(ii) and
Lemma 5.13. ⊓⊔

We recall that if M = 0 in the previous theorem, then the (usual) klt pair (X , B) has
a good minimal model; see [16, Theorem 4.3]. One may thus wonder whether a similar
statement also holds in the category of generalized pairs, but one quickly realizes that the
answer is negative in general. Indeed, Example 5.23 indicates that NQC klt generalized pairs
(X , B + M) whose underlying variety X has maximal Albanese dimension need not be
abundant, and hence need not have good minimal models in general.

Next, under mild assumptions in lower dimensions and by utilizing the close relation
between the existence of NQC weak Zariski decompositions and the existence of minimal
models, namely Theorem 5.2, we derive the following version of [16, Theorem 3.4] for NQC
lc g-pairs.

Theorem 5.15 Assume the existence of minimal models for smooth varieties of dimension
n − 1.

Let (X , B + M) be an NQC lc g-pair of dimension n such that KX + B + M is pseudo-
effective. If X has maximal Albanese dimension, then (X , B + M) has a minimal model.

Proof According to Remark 2.8 and Lemma 5.10, to prove the statement, we may assume
that (X , B + M) is Q-factorial dlt. We distinguish two cases.

Case I: Assume that ⌊B⌋ = 0. Then the g-pair (X , B + M) has klt singularities, so it has
a minimal model by Theorem 5.14.

Case II: Assume that ⌊B⌋ ̸= 0. We consider the quantity

τ := inf
{
t ∈ R≥0 | KX +

(
B − ⌊B⌋

)
+ t⌊B⌋ + M is pseudo-effective

}
∈ [0, 1]
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and we distinguish two (sub)cases.
Assume first that τ = 1. Then (X , B + M) admits a weak Zariski decomposition by [38,

Theorem 3.1], so (X , B + M) has a minimal model by Theorem 5.2.
Assume now that τ ∈ [0, 1). Set ' := B − (1 − τ )⌊B⌋ and note that, by construction,

(X ,' + M) is an NQC Q-factorial klt g-pair such that KX + ' + M is pseudo-effective.
Therefore, (X ,' + M) has a minimal model by Theorem 5.14, so it admits a weak Zariski
decomposition by Theorem 5.2. Since B = ' + (1 − τ )⌊B⌋ and since X is Q-factorial, it
is straightforward that (X , B + M) also admits a weak Zariski decomposition, and hence it
has a minimal model by Theorem 5.2. ⊓⊔

Corollary 5.16 Let (X , B + M) be an NQC lc g-pair such that KX + B + M is pseudo-
effective. If dim X = 5 and if X has maximal Albanese dimension, then (X , B + M) has a
minimal model.

Proof Follows immediately from [32, Theorem 5-1-15] and Theorem 5.15. ⊓⊔

Finally, for the sake of completeness, we remark that [16, Theorem 5.1] can also be
generalized to the setting of g-pairs. More precisely, using the fact that lc centers of dlt g-
pairs are normal (see [27, Lemma 2.9 and Sect. 2.3]) and invoking Lemma 5.11 and [45,
Theorem 1.1], we may prove, arguing as in the proof of [16, Theorem 5.1], the following
statement: if (X , B+M) is an NQC dlt g-pair such that KX + B+M is log big with respect
to (X , B + M) and if X contains no rational curves, then KX + B + M is ample. We leave
the details of the proof to the interested reader, since this result will not be needed in this
paper.

5.4 NQC Nakayama–Zariski decomposition

In this subsection we work exclusively in the absolute setting; see the beginning of Sect. 2.4.
Given a pseudo-effective R-divisor D on a smooth projective variety X , Nakayama [41]

defined a decomposition D = Pσ (D) + Nσ (D), which is usually called the Nakayama-
Zariski decomposition of D. The divisor Pσ (D) (resp. Nσ (D)) is called the positive part
(resp. the negative part) of the Nakayama–Zariski decomposition of D. Note that Nσ (D)

is effective by construction and Pσ (D) is movable by [41, Lemma III.1.8 and Proposition
III.1.14(1)]. For general properties of the Nakayama–Zariski decomposition we refer to [41,
Chapter III] and [2, Lemma 4.1].

The above decomposition can be extended both to the singular setting, see for instance [2,
Section 4] and [20, Sect. 2.1], and to the relative setting, see for example [41, Sect. III.4] and
[39, Section 3]. However, according to [34], the relative Nakayama–Zariski decomposition
of a relatively pseudo-effective R-divisor is not always well-defined.

We now recall the following definitions.

Definition 5.17 Let X be a normal projective variety and let D be a pseudo-effectiveR-Cartier
R-divisor on X . We say that D admits birationally a Nakayama–Zariski decomposition with
nef (resp. NQC, semi-ample) positive part if there exists a resolution f : W → X such that
Pσ ( f ∗D) is nef (resp. NQC, semi-ample).

Let (X , B + M) be a g-pair such that KX + B + M is pseudo-effective. We say that
(X , B + M) admits birationally a Nakayama–Zariski decomposition with nef (resp. NQC,
semi-ample) positive part if the divisor KX+B+M admits birationally a Nakayama–Zariski
decomposition with nef (resp. NQC, semi-ample) positive part.
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If the given g-pair (X , B + M) is NQC, then we will be interested only in a birational
Nakayama–Zariski decomposition of KX + B + M with NQC positive part. For brevity
we sometimes refer to such a decomposition simply as an NQC Nakayama–Zariski decom-
position, since it is highly unlikely that this will cause any confusion. The NQC variant
of Definition 5.17 was introduced in [43], where various properties of that decomposition
were established, which are completely analogous to properties of weak Zariski decomposi-
tions that were thoroughly studied in [37, Sect. 2.3]. We refer to [43, Chapter 3] for further
information.

The next theorem describes the relation between the existence of “good” Nakayama–
Zariski decompositions and the existence of (good) minimal models for (generalized) pairs,
cf. Theorem 5.2. Part (i) is essentially [2, Theorem 1.1], while part (ii) is essentially [43,
Theorem 4.18]. For brevity we only outline the proof below.

Theorem 5.18 The following statements hold:

(i) Let (X , B) be an lc pair such that KX+B is pseudo-effective. Then (X , B) has aminimal
model (resp. good minimal model) if and only if it admits birationally a Nakayama–
Zariski decomposition with nef (resp. semi-ample) positive part.

(ii) Let (X , B + M) be an NQC lc g-pair such that KX + B + M is pseudo-effective. Then
(X , B + M) has a minimal model (resp. good minimal model) if and only if it admits
birationally a Nakayama–Zariski decomposition with NQC (resp. semi-ample) positive
part.

Proof
(i) If (X , B) has a minimal model (resp. good minimal model), then it follows from [3,
Remark 2.6] and [2, Lemma 4.1(2)] that (X , B) admits birationally a Nakayama–Zariski
decomposition with nef (resp. semi-ample) positive part.

If (X , B) admits birationally a Nakayama–Zariski decomposition with nef positive part,
then it has a minimal model in the sense of Birkar–Shokurov by [2, Theorem 1.1], and thus
it has a minimal model by [24, Theorem 1.7]. If, moreover, (X , B) admits birationally a
Nakayama–Zariski decomposition with semi-ample positive part, then the same arguments
also yield that (X , B) has a good minimal model, taking into account [31, Theorem 3.25(4)]
and Lemma 2.10; see also (the paragraph preceeding) [20, Theorem 2.23].

(ii) The “only if” part of the statement follows from (the proof of) [43, Corollary 3.27]. As far
as the “if” part of the statement is concerned, if (X , B+M) admits birationally a Nakayama–
Zariski decomposition with NQC positive part, then it has a minimal model in the sense of
Birkar–Shokurov by [43, Theorem 4.18], and thus it has a minimal model by Proposition
4.1. If, moreover, (X , B + M) admits birationally a Nakayama–Zariski decomposition with
semi-ample positive part, then by repeating verbatim the proof of [43, Theorem 4.18], while
bearing [17, 2.1.8] in mind, we deduce that (X , B + M) has a good minimal model in the
sense of Birkar–Shokurov. It follows from Lemma 2.10 and Proposition 4.1 that (X , B+M)

has a good minimal model. ⊓⊔

Remark 5.19

(1) In Theorem 5.18(i) there is no loss of generality if we replace the phrase “(X , B) admits
birationally a Nakayama–Zariski decomposition with nef positive part” with the phrase
“(X , B) admits birationally a Nakayama–Zariski decomposition with NQC positive
part”. Indeed, this follows readily from the construction and [17, 2.1.8 and Theorem
4.7.2(3)]. Thus, (i) may be regarded as a special case of (ii) for M = 0.
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(2) The NQC condition is used crucially in Theorem 5.18(ii) due to the application of [27,
Lemma 3.22] for its proof.

We conclude this subsection with the generalization of [23, Theorem 1.5] to the context of
g-pairs. More precisely, we establish the minimal model theory for NQC lc g-pairs admitting
an lc-trivial fibration with log big moduli part (noting that log bigness is satisfied on a
sufficiently high birational model of the base of the lc-trivial fibration). We only outline the
proof below and we refer to op. cit. for the details as well as for the relevant definitions.

Theorem 5.20 Let (X , B + M) be an NQC lc g-pair admitting an lc-trivial fibration with
log big moduli part. Then (X , B + M) has a good minimal model or a Mori fiber space.

Proof Assume first that KX + B + M is not pseudo-effective. Then (X , B + M) has a Mori
fiber space by Proposition 4.1.

Assume now that KX + B + M is pseudo-effective. In order to show that (X , B + M)

has a good minimal model, we argue essentially as in the proof of [23, Theorem 1.5], except
that we now invoke Theorem 5.18(ii) instead of [20, Theorem 2.23]. ⊓⊔

5.5 Generalized pairs of numerical dimension zero

In this subsection we work exclusively in the absolute setting; see the beginning of Sect. 2.4.
We prove here the existence of minimal models of NQC lc g-pairs of numerical dimension
zero. To this end, we first derive an analogue of [18, Theorem 5.1] in the context of g-pairs.

Lemma 5.21 Let (X , B + M) be an NQC lc g-pair such that (X , 0) is Q-factorial klt and
κσ (X , KX + B + M) = 0. Let A be an effective ample R-divisor on X such that

(
X , (B +

A)+ M
)
is lc and KX + B + A+ M is nef. Then any (KX + B + M)-MMP with scaling of

A terminates.

Proof We run a (KX + B + M)-MMP with scaling of A. For each i ≥ 1, we denote by
(Xi , Bi + Mi ) the g-pair appearing at the i-th step of this MMP, where (X1, B1 + M1) :=
(X , B + M), and by λi the corresponding nef threshold. We set λ := limi→+∞ λi and we
distinguish two cases.

First, if λ > 0, then we claim that the given MMP terminates. Indeed, this MMP is also
a (KX + B + M + λ

2 A)-MMP. By [27, Lemma 3.4] there exists a boundary ' on X such
that KX + ' ∼R KX + B + M + λ

2 A, (X ,') is klt and ' is big. By [1, Corollary 1.4.2],
the (KX + ')-MMP with scaling of A over Z terminates, and therefore the original MMP
terminates.

Second, if λ = 0, then we will also show that the given MMP terminates. To this end,
arguing by contradiction, we assume that the above (KX + B + M)-MMP with scaling of
A does not terminate. We may also assume that it consists only of flips. By [37, Lemma
2.17] there exists an index ℓ ≥ 1 such that the divisor KXℓ + Bℓ + Mℓ is movable (see [41,
Definition III.1.13]). On the other hand, it follows from the Negativity lemma [31, Lemma
3.39(1)] and from [20, Remark 2.15(2)] that κσ (Xℓ, KXℓ + Bℓ + Mℓ) = 0. Therefore, we
may replace (X , B + M) with (Xk, Bk + Mk) and we may thus assume that the divisor
KX + B + M is movable.

Next, let f : W → X be a log resolution of (X , B) and consider the Nakayama–Zariski
decomposition of f ∗(KX + B + M):

f ∗(KX + B + M) = Pσ

(
f ∗(KX + B + M)

)
+ Nσ

(
f ∗(KX + B + M)

)
. (7)
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Since by [20, Remark 2.15(2)] we have

κσ

(
W , f ∗(KX + B + M)

)
= κσ (X , KX + B + M) = 0,

by [41, Proposition V.2.7(8)] we infer that

Pσ

(
f ∗(KX + B + M)

)
≡ 0. (8)

We now claim that Nσ

(
f ∗(KX + B + M)

)
≥ 0 is an f -exceptional divisor. Indeed, there

would otherwise exist a component G of Nσ

(
f ∗(KX + B + M)

)
which would not be f -

exceptional, so f∗G would be a component of Nσ (KX + B+M) by [41, Theorem III.5.16],
but this is impossible by [41, Proposition III.1.14(1)]. (Alternatively, one may argue as in the
proof of [18, Claim 5.2], taking [41, Lemma III.1.4(5)] and [20, Lemma 2.4] into account.)
Therefore, the previous claim, together with (7) and (8), imply that KX + B + M ≡ 0;
in particular, KX + B + M is nef. However, this contradicts our assumption that the given
(KX + B + M)-MMP with scaling of A does not terminate, and finishes the proof. ⊓⊔

We are now ready to generalize [18, Theorem 1.1 = Corollary 5.1] to the setting of g-
pairs. Even though part (i) of the next theorem is a special case of part (ii), for the sake of
completeness we also give a direct proof of (i) which depends only on [18] and [24].

Theorem 5.22 The following statements hold:

(i) If (X , B) is an lc pair such that κσ (X , KX + B) = 0, then (X , B) has a minimal model.
(ii) If (X , B+M) is an NQC lc g-pair such that κσ (X , KX + B+M) = 0, then (X , B+M)

has a minimal model.

Proof
(i) Let h : (T , BT ) → (X , B) be a dlt blow-up of (X , B). By [20, Remark 2.15(2)] it holds
that κσ (T , KT + BT ) = 0, so (T , BT ) has a minimal model (Y , BY ) by [18, Corollary
5.1]. Note that (Y , BY ) is a minimal model in the sense of Birkar–Shokurov of (X , B). We
conclude by [24, Theorem 1.7].

(ii) Let h : (T , BT +MT ) → (X , B +M) be a dlt blow-up of (X , B +M). By [20, Remark
2.15(2)] it holds that κσ (T , KT + BT + MT ) = 0, so (T , BT + MT ) has a minimal model
(Y , BY + MY ) by Lemma 5.21. Note that (Y , BY + MY ) is a minimal model in the sense of
Birkar–Shokurov of (X , B + M). We conclude by Proposition 4.1. ⊓⊔

Finally, one may wonder whether it is also possible to extend [18, Theorem 1.2 = The-
orem 6.1] to the setting of g-pairs; in other words, whether NQC lc g-pairs of numerical
dimension zero are abundant. The following example, which was first discussed in [2, p. 212,
Nonvanishing], demonstrates that this fails in general.

Example 5.23 Let X be an elliptic curve, set B := 0 and take M to be a non-torsion divisor
on X of degree zero. Then (X , B + M) is an NQC lc g-pair such that

κσ (X , KX + B + M) = κσ (X ,M) = 0

and

κι(X , KX + B + M) = κ(X ,M) = −∞.
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5.6 Generalized pairs whose boundary contains an ample divisor

We establish here an analogue of [24, Theorem 1.5] in the context of g-pairs, which also
refines [39, Theorem 1.3(2)] significantly; see Theorem 5.26. To this end, we first prove two
auxiliary results. The first one is the relative version of [31, Proposition 1.45], so it should
be well-known, but we provide its proof for the convenience of the reader nonetheless.

Lemma 5.24 Let f : X → Y and g : Y → Z be projective morphisms of varieties. If H is
an f -ample divisor on X and if L is a g-ample divisor on Y , then the divisor H + ν f ∗L is
(g ◦ f )-ample for ν ≫ 0.

Proof Fix a point z ∈ Z and consider the projective fibers Yz := g−1(z) and Xz := (g ◦
f )−1(z) = f −1(Yz) and the induced map f |Xz : Xz → Yz . Note that L|Yz is ample and H |Xz

is ample over Yz . Therefore, by [31, Proposition 1.45], (H + νz f ∗L)|Xz is ample on Xz for
νz ≫ 0. It follows now from [31, Proposition 1.41] that the divisor H + νz f ∗L is ample
over some open neighborhood Uz ⊆ Z of z for νz ≫ 0. Since Z is quasi-compact, it can be
covered by only finitely many such open subsets Uz ⊆ Z . Thus, for any sufficiently large
positive integer ν, the divisor H + ν f ∗L on X is ample over Z , as asserted. ⊓⊔
Lemma 5.25 Let

(
X/Z , (B + A) + M

)
be an NQC lc g-pair, where A is an effective R-

Cartier R-divisor on X which is ample over Z and contains no lc center of the g-pair(
X/Z , (B + A)+ M

)
. If ϕ : X ##$ X ′ is a partial (KX + B + A + M)-MMP over Z, then

there exist effective R-divisors Ã and B̃ on X ′ such that

• Ã is ample over Z,
• B̃ + Ã ∼R,Z ϕ∗(B + A),
•

(
X ′/Z , (B̃ + Ã)+ M ′) is an NQC lc g-pair, and

• Ã contains no lc center of
(
X ′/Z , (B̃ + Ã)+ M ′).

Proof We may assume that ϕ is a single step of a (KX + B + A + M)-MMP over Z :

(X , B + M) (X ′, B ′ + M ′)

Y

ϕ

g h

Arguing as in the first paragraph of the proof of Lemma 2.16(i), we may further assume that(
X , (B + A)+ M

)
is aQ-g-pair. Then there exists aQ-divisor H on X which is ample over

Y such that KX + B + A + M + H ∼Q,g 0, and hence, by definition, the above MMP step
is constructed as follows:

h : X ′ ≃ ProjY

( ⊕

m≥0

g∗OX (−mH)

)
−→ Y .

Let H ′ be the strict transform of H on X ′. Then−H ′ is ample over Y . Since theQ-divisor
A on X is ample over Z and since relative ampleness is an open condition, we may find a
Q-divisor C on Y which is ample over Z such that the divisor A − g∗C is still ample over
Z . Additionally, for any sufficiently small rational number ε > 0, both Q-divisors

A − g∗C + εH and h∗C − εH ′ are ample over Z .

Indeed, the claim about the former follows as above, while the claim about the latter follows
from Lemma 5.24. Thus, we may find a sufficiently general

0 ≤ Eε ∼Q,Z A − g∗C + εH
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such that
(
X , (B+ Eε)+M

)
is an NQC lc g-pair and any lc center of

(
X , (B+ Eε)+M

)
is

an lc center of
(
X , (B + A)+ M

)
. We denote by E ′

ε the strict transform of Eε on X ′. Since
the map ϕ : X ##$ X ′ is also a single step of a (KX + B+ Eε +M)-MMP over Z for ε ≪ 1
due to the choice of Eε , the NQC g-pair

(
X ′, (B ′ + E ′

ε) + M ′) is also lc. Furthermore, we
may choose

0 ≤ Ã ∼Q,Z h∗C − εH ′

sufficiently general such that the NQC g-pair
(
X ′, (B ′ + E ′

ε + Ã)+M ′) is lc and Ã contains
no lc center of

(
X ′, (B ′ + E ′

ε + Ã)+ M
)
. Now, we set

B̃ := B ′ + E ′
ε,

and by construction we have

ϕ∗(B + A) ∼Q,Z B̃ + Ã.

Therefore, the divisors Ã and B̃ on X ′ satisfy all the requirements. ⊓⊔

Theorem 5.26 Let
(
X/Z , (B + A) + M

)
be an NQC lc g-pair, where A is an effective R-

Cartier R-divisor which is ample over Z. If the divisor KX + B+ A+M is pseudo-effective
over Z, then there exists a (KX + B + A+ M)-MMP over Z which terminates with a good
minimal model of

(
X , (B + A)+ M

)
over Z.

Proof By [39, Theorem 1.3(1)] the g-pair
(
X , (B + A) + M

)
has a minimal model in the

sense of Birkar–Shokurov over Z . Therefore, by Proposition 4.1 there exists a (KX + B +
A + M)-MMP over Z which terminates with a minimal model

(
X ′, (B ′ + A′) + M ′) of(

X , (B + A) + M
)
over Z . By replacing A with a general member of its R-linear system,

we may assume that A contains no lc center of the g-pair
(
X/Z , (B + A)+ M

)
. It follows

now from Lemma 5.25 and from [45, Theorem 1.2] that the divisor KX ′ + B ′ + A′ + M ′ is
semi-ample over Z , which proves the assertion. ⊓⊔

Corollary 5.27 Let
(
X , (B+ A)+M

)
be an lcQ-g-pair with data W → X

π−→ Z and MW ,
where A is an effective Q-Cartier Q-divisor on X which is ample over Z. Then

R(X/Z , KX + B + A + M) :=
⊕

m≥0

π∗OX
(
m(KX + B + A + M)

)

is a finitely generated OZ -algebra.

Proof Follows immediately from Theorem 5.26. ⊓⊔

6 Applications – Part II

In this section we generalize appropriately to the setting of g-pairs all results from [20, Sect.
3.2].

First, we extend [20, Corollaries 3.8 and 3.9] to the context of g-pairs as well as to the
relative setting; see Corollaries 6.1 and 6.2, respectively. For the definition of the notion of
a relatively log abundant log canonical generalized pair that appears in these two results
we refer, for example, to [20, Sect. 2.3]. Before stating and proving Corollaries 6.1 and 6.2,
we note that the phrase “an MMP with scaling contains only finitely many (relatively) log
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abundant generalized pairs” used below means the following: if we have a (KX + B + M)-
MMP over Z with scaling of A and if for each i ≥ 1 we denote by (Xi , Bi + Mi ) the g-pair
appearing at the i-th step of this MMP, where (X1, B1 +M1) := (X , B+M), then there are
only finitely many indices i such that KXi + Bi + Mi is log abundant over Z with respect to
(Xi , Bi + Mi ).

Corollary 6.1 Any MMP with scaling of an ample divisor starting with an NQC Q-factorial
dlt g-pair contains only finitely many log abundant NQC Q-factorial dlt g-pairs.

Proof Fix anNQCQ-factorial dlt g-pair (X/Z , B+M). Pick an effectiveR-CartierR-divisor
A on X which is ample over Z such that

(
X/Z , (B + A)+ M

)
is lc and KX + B + A+ M

is nef over Z . We distinguish two cases.
If KX + B + M is not pseudo-effective over Z , then by [9, Lemma 4.4(1)] any (KX +

B + M)-MMP over Z with scaling of A terminates with a Mori fiber space of (X , B + M)

over Z , so the statement clearly holds.
If KX + B + M is pseudo-effective over Z , then run a (KX + B + M)-MMP over

Z with scaling of A, denote by λi the nef thresholds at the steps of this MMP and set
λ := limi→+∞ λi . If λ > 0, then this MMP terminates; see the second paragraph of the
proof of Lemma 5.21. If λ = 0, then by [39, Theorem 6.6], cf. [21, Theorem 3.15], this
MMP contains only finitely many log abundant NQC Q-factorial dlt g-pairs. Thus, in any
case, the statement holds. ⊓⊔

Corollary 6.2 Let (X/Z , B+M) be an NQC lc g-pair and let A be an effectiveR-CartierR-
divisor on X which is ample over Z such that

(
X/Z , (B+A)+M

)
is lc and KX+B+A+M is

nef over Z. Then there exists a (KX + B+M)-MMP over Z with scaling of A which contains
only finitely many log abundant NQC lc g-pairs.

Proof Assume first that KX + B + M is not pseudo-effective over Z . By Theorem 4.2 there
exists a (KX + B + M)-MMP over Z with scaling of A that terminates with a Mori fiber
space of (X , B + M) over Z , so the statement clearly holds.

Assume now that KX + B + M is pseudo-effective over Z . By [39, Theorem 1.3(1)],
for any ν ∈ (0, 1] the NQC lc g-pair

(
X , (B + νA) + M

)
has a minimal model in the

sense of Birkar–Shokurov over Z . Therefore, by Lemma 4.3 we can construct a (KX +
B + M)-MMP over Z with scaling of A whose nef thresholds λi converge to zero, that is,
limi→+∞ λi = 0, regardless of whether thisMMP terminates or not. If it does terminate, then
the statement clearly holds. Otherwise, to prove the statement, we argue by contradiction as
follows. Assume that this (KX + B +M)-MMP over Z with scaling of A contains infinitely
many log abundant NQC lc g-pairs. By considering a dlt blow-up h : (X ′, B ′ + M ′) →
(X , B+M) and by applying Theorem 3.3, we can construct a (KX ′ +B ′+M ′)-MMP over Z
with scaling of h∗A, which contains infinitely many log abundant NQC lc g-pairs according
to Lemma 2.23 and whose nef thresholds µi converge to zero, that is, limi→+∞ µi = 0.
However, this is impossible by [39, Theorem 6.6], cf. [21, Theorem 3.15]. Thus, the statement
holds in this case as well. ⊓⊔

The above two results are closely related to the termination of flips conjecture. In fact,
two applications of Corollary 6.1 in this direction will be provided below; see Lemma 6.7
and Corollary 6.8. For further information we refer to the introduction of [20].

Convention From this point forward we work exclusively in the absolute setting; see the
beginning of Sect. 2.4.
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As another application of Theorem 5.18(ii), we may generalize [20, Lemma 3.11] to the
context of g-pairs.

Lemma 6.3 Let (X , B+M) be an NQC lc g-pair such that KX + B+M is pseudo-effective.
Assume that there exists a projective morphism π : X → Y to a projective variety Y such
that dim Y ≤ 4 and KX + B + M ∼R,Y 0. Then (X , B + M) has a minimal model.

Proof By taking the Stein factorization of π , we may assume that Y is a normal variety and
that π is a fibration. By the canonical bundle formula [15, 26] there exists an NQC lc g-pair
structure (Y , BY + MY ) on Y such that

KX + B + M ∼R π∗(KY + BY + MY ). (9)

By Corollary 5.6(i), (Y , BY + MY ) has a minimal model, and hence it admits an NQC
Nakayama–Zariski decomposition by Theorem 5.18(ii). By (9) and by [43, Remark 3.21],
(X , B + M) admits an NQC Nakayama–Zariski decomposition as well, and thus it has a
minimal model by Theorem 5.18(ii). ⊓⊔

The following two results constitute analogues of [20, Corollaries 3.13 and 3.12], respec-
tively, in the setting of g-pairs.

Corollary 6.4 Let (X , B + M) be an NQC lc g-pair. Assume that KX + B + M is pseudo-
effective and abundant and that all lc centers of (X , B+M) have dimension at most 4. Then
(X , B + M) has a minimal model which is abundant.

Proof First, consider a dlt blow-up h : (X ′, B ′ + M ′) → (X , B + M) of (X , B + M), and
set (X1, B1 + M1) := (X , B + M), (X ′

1, B
′
1 + M ′

1) := (X ′, B ′ + M ′) and h1 := h. As in
the second paragraph of the proof of Corollary 6.2, we can construct the following diagram:

(X ′
1, B

′
1 + M ′

1) (X ′
2, B

′
2 + M ′

2) (X ′
3, B

′
3 + M ′

3) . . .

(X1, B1 + M1) (X2, B2 + M2) (X3, B3 + M3) . . .

h1

ρ1

h2

ρ2

h3

ρ3

π1 π2 π3

where the sequence at the bottom is a (KX + B + M)-MMP with scaling of an ample
divisor H whose nef thresholds λi satisfy λ := limi→+∞ λi = 0, the sequence on top
is a (KX ′ + B ′ + M ′)-MMP with scaling of h∗H whose nef thresholds µi also satisfy
µ := limi→+∞ µi = 0, and each map hi : (X ′

i , B
′
i +M ′

i ) → (Xi , Bi +Mi ) is a dlt blow-up.
Next, for any i ≥ 1 and any lc center Ti of (X ′

i , B
′
i + M ′

i ) we define an NQC dlt g-pair
(Ti , B ′

Ti
+ M ′

Ti
) by adjunction (see [27, Sect. 2.3] for the details):

KTi + B ′
Ti + M ′

Ti = (KX ′
i
+ B ′

i + M ′
i )|Ti .

We will show that (Ti , B ′
Ti
+ M ′

Ti
) has a minimal model or a Mori fiber space. Since all lc

centers of (X , B + M) have dimension at most 4 by assumption, the same holds for all lc
centers of (Xi , Bi +Mi ) as well. Therefore, the morphism hi : X ′

i → Xi induces a morphism
Ti → Si to a projective variety Si such that dim Si ≤ 4 and KTi + B ′

Ti
+M ′

Ti
∼R,Si 0; see the

second paragraph of the proof of Lemma 2.23 for the details. By Lemma 6.3 or by Proposition
4.1 the g-pair (Ti , B ′

Ti
+ M ′

Ti
) has indeed a minimal model or a Mori fiber space.

Due to the above fact, by using the standard argument of special termination (see [36] and
[20, Remark 2.21] for the details), together with [27, Theorem 4.1], we may find a positive
integer m such that any step in the sequence

(X ′
m, B

′
m + M ′

m) ##$ (X ′
m+1, B

′
m+1 + M ′

m+1) ##$ · · · ##$ (X ′
i , B

′
i + M ′

i ) ##$ · · ·
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is an isomorphism in a neighborhood of Supp!B ′
i". Since µ = 0, by [21, Lemma 3.8] (see

also [41, Remark III.2.8 and Lemma V.1.9]) the restriction of KX ′
m
+ B ′

m + M ′
m to any

component of !B ′
m" is nef and, additionally, for any divisorial valuation P over X ′

m whose
center cX ′

m
(P) intersects an lc center of (X ′

m, B
′
m + M ′

m) we have

σP (KX ′
m
+ B ′

m + M ′
m) = 0.

Since KX + B + M is abundant and since the map (X ′, B ′ + M ′) ##$ (X ′
m, B

′
m + M ′

m) is
a partial (KX ′ + B ′ + M ′)-MMP, by the Negativity lemma and by [20, Remark 2.15(2)] we
deduce that KX ′

m
+ B ′

m + M ′
m is also abundant. Hence, the g-pair (X ′

m, B
′
m + M ′

m) has a
minimal model in the sense of Birkar–Shokurov by [21, Theorem 3.14], and thus so does the
g-pair (X ′

1, B
′
1 + M ′

1) = (X ′, B ′ + M ′); indeed, this follows by applying Proposition 4.1 to
the g-pair (X ′

m, B
′
m +M ′

m) and by observing that we obtain overall a (KX ′ + B ′+M ′)-MMP
which terminates. Finally, according to Remarks 2.8 and 2.21, the given g-pair (X , B + M)

has a minimal model which is abundant, as claimed. ⊓⊔

Corollary 6.5 Let (X , B + M) be an NQC lc g-pair of dimension dim X = 6. Assume that
KX + B + M is pseudo-effective and abundant and that !B" = 0. Then (X , B + M) has a
minimal model which is abundant.

Proof Since dim X = 6, the condition !B" = 0 implies that any lc center of (X , B + M)

has dimension ≤ 4, so the statement follows immediately from Corollary 6.4. ⊓⊔

We stress that Corollaries 6.4 and 6.5 are not exact analogues of [20, Corollaries 3.13
and 3.12], respectively, in the context of g-pairs and we explain now the main reason why
we cannot obtain completely analogous statements in this more general framework. In [20,
Corollaries 3.12 and 3.13] it is shown that the divisor KX+' is abundant using the assumption
that κι(X , KX +') ≥ dim X − 3 as follows: first, by taking the Iitaka fibration f : X → V
associated with KX +' and by invoking the Abundance theorem for 3-dimensional lc pairs,
one deduces that

κι(F, KF + 'F ) = κσ (F, KF + 'F ) = 0,

where F is a general fiber of f and (KF + 'F ) := (KX + ')|F , and then by applying [41,
Proposition V.2.7(9)] one obtains

κσ (X , KX + ') ≤ κσ (F, KF + 'F )+ dim V = κι(X , KX + '),

which implies that KX + ' is abundant. However, the Abundance conjecture fails even in
dimension one for generalized pairs; see, for instance, [2, Section 3]. The following example,
whose first part is briefly discussed also in [42, Section 2, Paragraph after Theorem2.1], shows
that the canonical divisor KX + B + M of a g-pair (X , B + M) may not be abundant even
if it is nef and satisfies κι(X , KX + B + M) = 0.

Example 6.6 Let g : X → P2 be the blow-up of P2 at nine very general points of an elliptic
curve E and let B be the strict transform of E on X . Since E ∈ |OP2(3)|, and thus E2 = 9, it
is easy to see that B2 = 0, and since B is irreducible, we infer that B is nef. Observe also that
B is not numerically trivial, and since it is not big either, we conclude that κσ (X , B) = 1.
Furthermore, the normal bundleOX (B)|B of B in X is a non-torsion line bundle of degree 0
on B, and hence no positive multiple of B moves in X , that is, for every n ≥ 1, the effective
divisor nB is the unique element of the linear system |nB|, which yields κ(X , B) = 0.
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Set M := B and note that (X , B + M) is an lc g-pair. By construction it holds that
KX + B ∼ g∗(KP2 + E) ∼ 0, so

KX + B + M ∼ B is nef

and by the above we obtain

κι(X , KX + B + M) = κ(X , B) = 0,

while

κσ (X , KX + B + M) = κσ (X , B) = 1.

It remains to deduce an analogue of [20, Corollary 3.10] in the setting of g-pairs; this is
Corollary 6.8 below. We begin with an auxiliary result, which plays a key role in the proof of
Corollary 6.8. Specifically, the next lemma provides a sufficient condition for the termination
of an MMP with scaling of an ample divisor starting from an NQC Q-factorial dlt g-pair,
essentially when the corresponding nef thresholds converge to zero.

Lemma 6.7 Let (X , B + M) be an NQC Q-factorial dlt g-pair. Assume that KX + B + M
is pseudo-effective and log abundant with respect to (X , B + M), and that the stable base
locus of KX + B +M does not contain the center of any divisorial valuation P over X such
that a(P, X , B +M) < 0. Then any (KX + B +M)-MMP with scaling of an ample divisor
terminates with a minimal model of (X , B + M) which is log abundant.

Proof Run a (KX + B + M)-MMP with scaling of an ample divisor:

(X1, B1 + M1) := (X , B + M) ##$ (X2, B2 + M2) ##$ · · · ##$ (Xi , Bi + Mi ) ##$ · · ·
Fix i ≥ 1 and pick an lc center Si of (Xi , Bi + Mi ). Then there exists an lc center S of
(X , B+M) such that the map X ##$ Xi induces a birational map S ##$ Si ; see [43, Lemma
2.18(iii)]. Define NQC dlt g-pairs (S, BS + MS) and (Si , BSi + MSi ) by adjunction:

KS + BS + MS = (KX + B + M)|S and KSi + BSi + MSi = (KXi + Bi + Mi )|Si ;
see [27, Sect. 2.3] for the details. By [43, Lemma 2.18(iv)] for any divisorial valuation P
over S we have

a(P, S, BS + MS) ≤ a(P, Si , BSi + MSi ).

In addition, by our assumptions, [21, Lemma 3.5] and [39, Lemma 3.7(4)], for every prime
divisor G on Si we have

a(G, Si , BSi + MSi ) ≤ a(G, S, BS + MS).

Therefore, [21, Lemma 3.9] implies that the divisor KSi + BSi +MSi is abundant. Hence, for
every i ≥ 1 the g-pair (Xi , Bi +Mi ) is log abundant. It follows now from Corollary 6.1 that
the above (KX +B+M)-MMPwith scaling terminates with a minimal model (Y , BY +MY )

of (X , B+M), while by construction the divisor KY +BY +MY is log abundant with respect
to (Y , BY + MY ). ⊓⊔

Corollary 6.8 Let (X , B + M) be an NQC lc g-pair. Assume that KX + B + M is pseudo-
effective and log abundant with respect to (X , B + M), and that the stable base locus of
KX + B + M does not contain the center of any divisorial valuation P over X such that
a(P, X , B + M) < 0. Then (X , B + M) has a minimal model which is log abundant.

123



Remarks on the existence of minimal... Page 37 of 39 20

Proof Let h : (X ′, B ′ + M ′) → (X , B + M) be a dlt blow-up of (X , B + M). According to
Lemma 2.23, the divisor KX ′ + B ′+M ′ is pseudo-effective and log abundant with respect to
(X ′, B ′ + M ′), and by [36, Lemma 2.3] we deduce that the stable base loci of KX + B + M
and KX ′ + B ′ + M ′ are related as follows:

B(KX ′ + B ′ + M ′) = h−1(B(KX + B + M)
)
.

Therefore, (X ′, B ′ +M ′) satisfies the same hypotheses as (X , B+M), and now Lemma 6.7
implies that it has a minimal model (Y ′′, B ′′

Y + M ′′
Y ) which is log abundant. It follows from

Remark 2.8 that (X , B+M) has a minimal model (Y , BY +MY ). Let t : (Y ′, B ′
Y +M ′

Y ) →
(Y , BY + MY ) be a dlt blow-up of (Y , BY + MY ). Note that (Y ′, B ′

Y + M ′
Y ) is a minimal

model in the sense of Birkar–Shokurov of (X , B + M), so it is also log abundant according
to Lemma 2.24. By Lemma 2.23 we now conclude that (Y , BY +MY ) is log abundant, which
completes the proof. ⊓⊔

As in the case of Corollaries 6.4 and 6.5, we remark that Corollary 6.8 is also only a
partial analogue of [20, Corollary 3.10] in the context of g-pairs. Indeed, in contrast to the
case of usual pairs, where it is well-known that a nef and log abundant canonical divisor
is semi-ample (see, for instance, [45] for more information), we cannot necessarily deduce
the existence of a good minimal model of the g-pair (X , B + M) from Corollary 6.8, as
demonstrated by [40, Example 2.2].
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