Downloaded via UNIV OF PENNSYLVANIA on August 8, 2024 at 13:46:01 (UTC).
See https://pubs.acs.org/sharingguidelines for options on how to legitimately share published articles.

NANO... 5

pubs.acs.org/NanoLett

Non-Classical Euler Buckling and Brazier Instability in Cylindrical

Liquid Droplets
Emery Hsu, Daeyeon Lee,* and Eli Sloutskin™

Cite This: Nano Lett. 2024, 24, 8717-8722

I: I Read Online

ACCESS |

[l Metrics & More |

Article Recommendations |

@ Supporting Information

ABSTRACT: Crystalline monolayers prevalent in nature and
technology possess elusive elastic properties with important
implications in fundamental physics, biology, and nanotechnology.
Leveraging the recently discovered shape transitions of oil-in-water
emulsion droplets, upon which these droplets adopt cylindrical
shapes and elongate, we investigate the elastic characteristics of the
crystalline monolayers covering their interfaces. To unravel the
conditions governing Euler buckling and Brazier kink formation in
these cylindrical tubular interfacial crystals, we strain the elongating
cylindrical droplets within confining microfluidic wells. Our
experiments unveil a nonclassical relation between the Young’s
modulus and the bending modulus of these crystals. Intriguingly,
this relation varies with the radius of the cylindrical crystal,

presenting a nonclassical mechanism for tuning of elasticity in nanotechnology applications.
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lassical theoretical models,"> preclude the existence of

true two-dimensional (2D) crystals, arguing that the
long-range two-dimensional crystalline order is rendered
untenable by thermal elastic vibrations. However, in the past
few decades numerous experimental instances of 2D crystals
have been identified, plagring pivotal roles in various
technological applications.”® The current debate and interest
center at whether the classical theories are incomplete in
explaining the nature of these crystals,” or if the crystalline
order in these crystals is not truly long-ranged.”” Both
scenarios have important implications for the elastic properties
of the 2D crystals, suggesting deviations from the typical ones
of classical bulk matter.””"* However, direct experimental 2D
crystals” elasticity studies are challenging,”'*~"” leading to a
scarcity of results that hinders both fundamental understanding
and practical applications."”'*"® Particularly challenging are
the studies of 2D molecular crystals, self-assembling at liquid
interfaces by adsorption from the bulk phase,'” as such bulk-
soluble crystals, possibly playing an important role in
biology,”””" and promising for their potential technological
applications,””>* evade conventional barrier compression
methods. Moreover, many common 2D crystals are nonplanar,
further challenging the exploration of their elastic properties.
We explore the elasticity of cylindrical tubule-shape 2D
crystals, self-assembled at the interfaces of oil-in-water
emulsion droplets (Figure la). By following the conditions
for these crystals’ Euler bending and Brazier kinking,™ we
extract the relation between the 2D Young’s modulus Y, and
the bending modulus k of these tubule-forming molecular
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monolayer crystals. We reveal that the classical thin-plate
Y,p(k) relation'>'”>>?® does not hold. Strikingly, the extracted
moduli exhibit a strong dependence on the radius of the
tubular crystal, . We demonstrate that the observed apparent r
— dependence may indicate that the spontaneous curvature
radius of the studied 2D crystals is finite, with important
consequences for liquid droplets’ self-faceting transitions and
beyond.”’

Here-studied 2D crystals self-assemble at the interfaces of
hexadecane [CH;(CH,),,CH;] emulsion droplets, stabilized
in water by the sodium octadecyl sulfate
[CH5(CH,),;0SO3Na, 98% Thermo Scientific] surfactant.
Upon cooling below the so-called “interfacial freezing”
temperature T, the alkane and the surfactant molecules
residing in the interfacial monolayer of these droplets adopt a
fully extended, all-trans, conformation, with their axes orienting
in-normal to the interface.”®*” As for other similar
alkane:surfactant combinations, the interfacial freezing is
manifested by a dramatic change in the temperature slope of
the interfacial tension, y(T): while a near-zero negative dy/dT,
typical for disordered liquid interfaces, is observed at T > T,
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Figure 1. (a) Cylindrical liquid droplet of oil (hexadecane) in an aqueous sodium octadecyl sulfate surfactant solution. The cylindrical shape of the
droplet is dictated by thermodynamic and elastic properties of the interfacially frozen (IF) monolagrer crystal, covering the surface of the droplet32
3,

(see blown-up insert). The IF crystal is composed of a cocrystallized alkane:surfactant mixture.”

% (b) 3D view of the microfluidic device. Note

the blown-up top-view of 15 wells inside the device. Cylindrical droplets are shown to reside in four of the wells. (c) A side view of our device, with
the cylindrical droplets residing in two of the five wells shown. As the surface area of a droplet increases in the microwell, the droplet evolves from
(d) a straight tubule to (e) a tubule undergoing Euler buckling and eventually to (f) a tubule exhibiting Brazier kink formation. Panel (g)
demonstrates angle measurement at kink formation. The marked angle, (7 — a,), is complementary to the critical angle a,, which is discussed in the

text. Scale bar length in panels (d)-(g) is 20 ym.

the slope switches to a large positive value C = dy/dT = 0.8
mN/m/K at T < T, where the interface is frozen.>2*83931
Consequently, y goes down on cooling below T, and vanishes
at TSE = Ts - 7(Ts)/c

The dramatic reduction of y in the vicinity of Tgg, enables
the elastic energy of the interfacial crystal to dominate the
shape of the liquid droplets, giving rise to droplet shape
transformations.””** Furthermore, on cooling to T < T,
droplets’ interfaces transiently adopt a negative y, which
promotes further shape transformations with a dramatic
increase in interfacial area.””*” While a different droplet self-
shaping mechanism has been proposed in some early
studies,”>** recent experimental evidence strongly supports
the present scenario.””*”*>*® In the negative-y regime, many
droplets adopt a cylindrical shape,” with the length of the
cylinder increasing as a function of time. This increase is
accompanied by thinning of cylinder’s cross section, warranting
droplet’s volume conservation. The 2D crystal, covering the
surface of such a droplet, is rapidly restructuring: this crystal’s
destruction would raise y to its near-T, value of &5 mN/m,
resulting in droplet’s return to the spherical shape.”” In
previously studied bulk emulsion samples,”*"**** the increase
in droplets’ surface areas at T < T, accompanied by surfactant
adsorption from the aqueous bulk to the newly created
interfacial areas, led to depletion in bulk surfactant
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concentration, increasing y and prohibiting further surface
area growth.

Here, we employ a microfluidic platform, where each oil
droplet is confined to a separate well, and the aqueous solution
within the wells is exchanged by flowing oil-free solution in a
microchannel,”” beneath the wells (see Figure 1b,c). Thus, no
significant surfactant depletion takes place on the time scale of
the experiment. Instead, the cylinder-shape droplets exhibit an
accelerated growth until the cylinder’s ends reach the side walls
of the well. Further y-driven growth applies a longitudinal
stress onto the interfacially frozen 2D crystal, giving rise to
cylindrical droplet’s buckling, breaking the rotational symmetry
about its long axis (Figure ld,e). Initially, the buckling
transition induces a global bending of the cylindrical droplet, as
in the classical Euler’s buckling instability, observed in slender
columns succumbing to an excessive load.”® However, upon
further growth of the cylinder’s length, which is accompanied
by its cross section thinning, a local kink is formed, roughly in
the middle of the cylinder’s length. The bending focuses at the
kink, with the rest of the cylinder straightening (Figure 1f).
This kink formation, known as Brazier instability,38 is followed
by cylinder’s folding and further elongation (Supplementary
Video 1). At this stage, the droplet becomes too thin for its
visualization with our current optical setup.
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Our experimental observation that the buckling cylindrical
droplets’ lateral deviations are maximal near their center,
monotonically decreasing toward the ends (ie., firstmode
buckling; Figure le) provides an important insight into the
elastic properties of their 2D crystalline surfaces. While the
critical load for Euler’s buckling of a slender rod is always lower
than the one for the rod’s higher-mode bending,26 cylindrical
shells may, instead of the buckling, fail by wall wrinkling
instabilities. A wrinkling instability does not involve any
bending of the long axis of the cylinder: the walls fold on
themselves, without breaking the rotation symmetry of the
axis.”> The observed long axis bending of our droplets
indicates the absence of wrinkling instabilities and sets a
constraint onto the values of the elastic parameters. In
particular, while the critical strain for Euler-like overall
buckling of a cylindrical tube of length L and radius r (with
hinged edges) is €V=(ar/L)?/2, the critical strain for the
lowest (i.e., second) mode of walls’ wrinkling is estimated”” as
(2) _ 5, -1 : . . .
e’ =2r \Jk/Y,p. Using the classical elastic thin plate

.26
relation:

Y, = 12k(1 — %)/t (1)

where t is the wall thickness and v is the Poisson’s ratio, the
last expression is recast as”> € = r7'[3(1 — *)]7"/2. The
obtained ¢ and ¢® yield a necessary condition for the
buckling to take place: eW<e® If this condition is violated,
the cylinder fails through wall wrinkling, with no buckling
taking place. Since all the parameters in this condition, except
for v, are known, we use the buckling condition to set the
bottom limit on the Poisson’s ratio:

v>|[1 - (4/3)(tL2/71'2r3)2]1/2. The length of the cylindrical
droplets at the buckling transition is equal to the diameter of
the well, L = 70 um. Interfacial crystal’s thickness is**** t ~
2 nm. The radius of the thickest cylinders observed to buckle is
r = 2.9 pm. Strikingly, we obtain an anomalous v > 0.999, far
beyond the range of v allowed in classical stable elastic
matter.”® The unphysical limit obtained for v, indicates that the
classical elastic thin plate relation fails for the interfacially
frozen crystalline monolayers, in agreement with several
previous studies of 2D solids."*'”***°

To obtain a further insight into our cylindrical crystals’
elasticity, we measure the critical bending angle a,, at which
the Brazier instability takes place, forming a localized kink in
the middle of the cylindrical droplet (Figure 1lg). The
experimental @, exhibits a monotonic increase with the
cylinder radius r (Figure 2a). Thus, the thinnest droplets
bend the least prior to their kinking, while the thicker droplets
can bend a lot, without the Brazier instability setting in.
Strikingly, an opposite behavior has been predicted and
reproduced by computer simulations, in carbon nanotubes: the
critical curvature of the nanotubes was demonstrated to scale
as 2, so that the thinnest nanotubes can bend much stronger
than the thicker ones, prior to kink formation.”* Note that
there is a fundamental difference between the tubular
interfacially frozen crystals and the carbon nanotubes. While
the ends of the carbon nanotubes can either be open or closed,
and the internal volume of a nanotube may change freely, our
cylindrical droplets are fully covered with an interfacially frozen
crystal. The bulk of our droplets is an incompressible oil phase,
so that the volume of each individual droplet is conserved.
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Figure 2. (a) The experimental critical angle @, for Brazier kink
formation increases with the cylindrical droplet’s radius r, contrasting
with the kink formation conditions in carbon nanotubes. The error
bars represent the estimated accuracy of the measurement of @, and r.
(b) Computer simulations reproduce Euler buckling when the Foppl-
von Karman (FvK) number is in the range 10 < FvK < 5 X 10 while
crumpled shapes (c) are exhibited at higher FvK, and wall folding
supersedes buckling at lower FvK (not shown). Brazier kink
formation, observed in the same computer simulations at higher
strains, may either (d) occur simultaneously at several different spots
along the droplet, or (e) take place at an individual spot, as in the
experiments.

Volume conservation limits the accessible conformations of
our cylinders.

To model cylindrical droplets” buckling and kinking subject
to the constraint of volume conservation, we employ numerical
Surface Evolver simulations.”” Notably, our present approach
allows both dimensionless elastic parameters: the Foppl-von
Karman number FvK = Yr*/k and the Poisson’s ratio, v, to be
varied. It is therefore superior to most previous simulations of
unconstrained droplet shape transformations,”””***** where a
triangular Hookean springs’ network was employed, arbitrarily
fixing v = 1/3. Since the value of the critical strain at the onset
of Euler’s instability is highly noise-sensitive, we only employ
the simulations to test the overall appearance of the buckled
shapes, for a qualitative comparison with the shapes of the
experimental droplets. Remarkably, when the volume con-
servation constraint is employed, the buckled shape exhibits a
nontrivial dependence on k and v. In particular, at the
intermediate values of the bending modulus: 10 S FvK S 5 X
10%, the cylinder exhibits the classical Euler buckling, with its
walls undergoing no crumpling or wrinkling, for any value of v
(Figure 2(b)). For larger FvK, the shape depends on the
Poisson’s ratio: for small and negative v, the surfaces of the
droplets are relatively smooth, but the tendency to crumpling
and wrinkling increases for larger v values (Figure 2(c)).
Finally, for very small FvK, no buckling takes place whatsoever.
Instead, we see cylinders’ walls folding on themselves (almost)
without breaking the symmetry of rotation about the long axis
of the cylinder.

To gain a comprehensive understanding of instabilities
within our system, we systematically investigate a broad
spectrum of (FvK,l) combinations. For each combination, we
measure the integral of squared mean curvature over the
(distorted-) cylindrical shape, at the onset of shape instability.
Smaller integral values are obtained for smoother and less-
crumpled shapes, allowing the full spectrum to be captured by
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a single plot (Figure 3). Importantly, taken that the
experimental cylindrical droplets are (a) optically smooth;
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Figure 3. Squared mean curvature, integrated over the simulated
droplet shape, at the onset of Euler buckling instability, is encoded in
the color map, for a wide range of Foppl-von Karman values (Y,pr*/k)
and Poisson’s ratios (v). Large squared mean curvature values
corresponds to shapes exhibiting crumpled and rough surfaces. Note,
while a significant v-dependence is observed at high-FvK, the
dependence is much weaker at low FvK. The experimentally relevant
regime of intermediate FvK is marked by dashes.

and (b) fail through Euler's buckling, with no visible
crumpling, we conclude that the experimentally relevant
range of FvK is from ~10 to ~5 X 10° (marked by brown
dashes in Figure 3). In this range of FvK values, the
dependence on v is rather weak, suggesting that a simpler
analytical estimate may be employed to describe the
experimental @ (r) variation at the onset of Brazier instability.

To obtain an analytical estimate for the Brazier instability
conditions, we note that during kinking, (only) one side of the
tube is compressed and buckles (see the simulated shapes in
Figure 2(d,e)). As in the studies of carbon nanotubes,” we
assume that the buckling occurs when the local strain € = Kr,
where K is the local curvature, is approximately equal to € %

Consequently, a, = (2L/r*)\/x/Y,,, and we employ the
experimental a(r) to obtain an estimate for \/k/Y,, of the
interfacial monolayer crystal, covering the surfaces of our
cylindrical droplets. Importantly, this derivation does not rely

on the classical thin plate relation (eq 1), which otherwise
leads to nonphysical v value, as for the Euler’s buckling above.

Remarkably, the obtained

dependence, as demonstrated in Figure 4(a). Clearly, these
results contrast with the classical solid matter elasticity, where
the moduli are r-independent. We note that the observed r-
dependence appears almost perfectly linear, when plotted on a
log—log scale (Figure 4(b)). Thus, we fit to it a power-law

dependence: \[k/Y,p, = (44 £ 0.9) X 1075*P*%P ym,
where r is in ym (Figure 4(b), red line). Note the excellent

match between this fit and the experimental data. We also note
that for r & 32 nm, this fit matches the previously estimated

limit: \/x/Y;p, < 2.6 X 107 um, based on the observation that

droplets of radius ~32 nm exhibit a sphere-to-icosahedron
shape transition.”

The observed anomaly of the elastic moduli -dependence is
further supported by returning to analysis of Euler buckling

k/Y,p exhibits a significant r-
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Figure 4. ,/k/Y,, ratio, obtained from the experimental critical angles
a, corresponding to the onset of Brazier kink instability (see Figure
2(a)), are shown (a) on a linear and (b) on a log—log scale (scatter).
The bottom limit, below which no Euler-like buckling may take place,
is shown in (a), with the r-dependence of the moduli either excluded
(short purple dashes) or allowed (solid dark yellow curve). Since
buckling is observed for all droplets studied, \/«/Y,;, values falling
below the purple dashes invalidate this limit, suggesting that the r-
k/Y,p fall
above the solid curve, in agreement with the experimental
observations. In (b), the data are overlaid by a phenomenological
power-law fit (solid red line). Fits assuming a nonzero spontaneous
curvature H, of the interfacial crystal are shown as well. See legend for
the corresponding spontaneous curvature radii. The error bars are due
to the finite accuracy of our experimental r.

dependence of the moduli cannot be excluded. Note that

conditions. As discussed above, for the Euler-like buckling of
our cylindrical droplets to avoid being preceded by higher-
mode instabilities, the corresponding strains should fulfill
eW<e®. With the classical thin plate relation (eq 1) avoided,

we obtain (/k/Y,, > (n/ZL)2r3. If \/x/Y,p is r-independent,

the present inequality implies that \/k/Y,, > 1.3 X 107> pum,
since we observe the buckling transition to take place for r
values at least up to 2.9 um. This condition, shown in short
purple dashes in Figure 4(a), is violated by the experimental
data for r < 1.45 um. However, if moduli variation is allowed, a
much weaker condition on «/Y,p sets in. This weaker

condition is fulfilled by the experimental data: the /k/Y;,

values fall above the limit on Euler-like buckling (cf. scatter
and dark yellow curve in Figure 4(a)), in line with the
experimental observation that all the cylindrical droplets
undergo buckling.

While our present data do not allow the origin of the
observed r-dependence to be unequivocally determined, we
suggest here several possible mechanisms for this unexpected
observation. First, the small-r cylindrical shapes have a lower
surface area. Thus, the number of structural defects (coupled
to possible fluctuations of Gaussian curvature*') and surface-
adsorbed impurities is smaller, so that the structure of the
interfacial crystal is closer to being perfect and its Y, is higher.
Another possibility is that the unscreened electrostatic fields
due to the charged head groups of the interfacial surfactants
penetrate through the bulk oil of the small-r droplets,42 so that
the ensuing electrostatic contribution modifies the elastic
moduli. The third possibility is that the interfacial crystal
exhibits a nonzero spontaneous curvature, as also suggested by
a recent theoretical model of self-faceting.”’ Note that the
interfacial crystal is formed by the cocrystallization of alkane
and surfactant molecules, with the effective cross section of the
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surfactant’s headgroup™ (~30 A?) far exceeding the cross
section of these molecules’ alkyl tails (~20 A?). Furthermore,
since the anionic headgroup may be ionized in water, with the
adjacent head groups repelling by Coulomb forces, the
effective cross section of the headgroup may significantly
exceed its steric dimensions. The difference between the cross
sections of the heads and the tails may possibly give rise to a
nonzero spontaneous culrvature,44 H,. However, its value is
difficult to predict from the first-principles, as it depends on
both the relative interfacial concentration of the alkanes and
the surfactants, and the surfactant head groups’ ionization
ratio.”” Qualitatively, we observe that the introduction of a
positive H into our Surface Evolver simulations increases the
tendency of thinner cylinders to buckle and is therefore
expected to promote their kink instability. Thus, on a
qualitative level, H, > 0 may be responsible for the observed
r-variation of the moduli.

To additionally support the hypothesis that the r-variation of
the moduli stems from nonzero Hy, we note that the bending
energy (per unit area) term appearing in the Hamiltonian®” is
2%(H — H,)* = 2kH> — 4HH + 2kH;, where & is the
bending modulus and H is the mean curvature. Neglecting
spontaneous curvature, amounts to replacing the bending
energy term by 2kH”. The bending modulus , appearing in
Hj-neglecting formalism, is related to the bending modulus &
of the Hgy-preserving formalism as

k = & — 2(Hy/H)R + &(Hy/H)*. In a cylinder, H = 1/(2r),
so that k = &(1 — 4Hy + 4Hr*). Thus, the neglected

spontaneous curvature may give rise to an r-dependent k,
even if the true bending modulus, &, is constant. To obtain an

estimate for H,, we fit our /Y, data by

JR/Yop[1 — 4Hyr + 4Hr? 12, Remarkably, the correct over-

all trend is reproduced with Hy' fixed to S8 nm, as estimated
previously by a theoretical model of self-faceting, for an
emulsion stabilized by a cationic (octadecyl-
trimethylammonium bromide) surfactant®” (green dashes).
Note that this fit is obtained with only one tunable parameter.
An even better match is obtained if H,, is allowed to vary. Since
an anionic surfactant, with a different headgroup, is employed
in the present work, the H, value may be completely different
from the one estimated in previous studies.”” Indeed, we
obtain Hy' 610 nm, indicating that the spontaneous
curvature in our system is smaller, in line with the smaller
mismatch between the headgroup and the tail cross sections in
sodium octadecyl sulfate, compared to octadecyl-
trimethylammonium bromide. Future systematic studies of
buckling and kink formation in cylinder-shape emulsion
droplets stabilized by a wide range of surfactants, may allow
the hypothesized mechanism of moduli r-dependence to be
verified.

Conclusions. We have demonstrated, that the cylinder-
shape interfacially frozen emulsion droplets confined within a
microwell, undergo Euler-like buckling and Brazier kink
formation instabilities during their spontaneous elongation.
We have leveraged these confinement-induced shape trans-
formations to probe the elastic properties of cylindrical
monolayer crystals, covering the surfaces of these droplets.
We observe, that the classical thin elastic plate relation
between bending modulus and Young’s modulus is invalid for
these 2D crystals, indicating that k and Y, can in principle, be
independently tuned in these systems, providing unique

~
~
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flexibility for material engineering, which is not available for
classical solids. Furthermore, we demonstrate that the ratio
between these moduli exhibits an anomalous dependence on
droplet size. We hypothesize that the origin of this dependence
may either be the higher quality structure of the smallest
interfacial crystals, the unscreened electrostatic field penetrat-
ing through the bulk of the droplet, or the finite spontaneous
curvature of the interfacial crystal. Future studies, involving
detailed atomic-resolution simulation of interfacially frozen
crystals, may allow the spontaneous curvature value to be
obtained from the first-principles, testing the proposed
scenarios and providing a deeper understanding of droplets’
self-faceting transitions and free cylinders’ elongation dynam-
ics.
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