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A B S T R A C T

Microstructurally small cracks (MSCs) are sensitive to their local microstructural neighborhoods,
resulting in highly variable 3D crack propagation within individual samples and among a
population of samples. Statistically quantifying this complex spatiotemporal variability requires
collecting and analyzing a large number of 3D MSC growth observations, which remains chal-
lenging due to experimental constraints that limit the availability of 3D observations of MSCs
in the existing literature. We address this gap by leveraging virtual observations of MSC growth
using a state-of-the-art, high-fidelity simulation framework to provide a statistical perspective
on 3D MSC growth behavior. The MSC growth simulations were performed in 40 unique but
statistically similar polycrystalline microstructures, and the data extracted from the virtual
observations were collectively analyzed to quantify variability in geometric, microstructural,
and micromechanical aspects of MSCs. Variability in tortuosity, crack surface crystallography,
and MSC growth parameters (local crack extension and kink angle) were quantified statistically.
The results show that 3D MSC surfaces do not necessarily propagate along {111} crystallo-
graphic planes despite crack traces on radial planes being closely aligned with {111} slip plane
traces. Also, the 3D MSC surfaces exhibit increasingly tortuous propagation and spatially varying
local crack growth rates (with variability as high as 59% among the population). Moreover, a
correlation study revealed some of the highly influential microstructural and micromechanical
features controlling MSC growth parameters. The quantified variability holds direct implications
for advanced materials prognosis in engineering applications, and the identified features from
the correlation study can be leveraged to train machine learning models for rapidly predicting
MSC growth behavior in the future.

1. Introduction

To date, the industrial design of most aerospace and mission-critical components is primarily based on the analysis of long
racks, which adhere to the concept of similitude. Their behavior is effectively characterized by the Paris law, which establishes
unique relationship between growth rate and stress intensity factor range within a specific material system. However, as we
elve into the microstructurally small crack (MSC) regime — typically defined as cracks smaller than 10 times the grain diameter
n a polycrystal [1] — the notion of a unique relationship between growth rate and stress intensity factor range starts to break
own [1,2]. This shift is primarily due to the influence of local microstructural neighborhoods on MSCs, which results in a high
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Nomenclature

Symbols

𝑖 microstructural instantiation
𝑗 crack front node
𝑘 crack growth step
𝜃 angular position of vector connecting 𝑜 and 𝑗 with respect to Y-axis
⇀𝑟 radial vector
𝑑 equivalent grain diameter
𝑎 half-crack length
𝛥𝑎𝑗 crack extension at node 𝑗
𝛷𝑐𝑟𝑖𝑡

𝑗 kink angle at node 𝑗
𝛥𝐶𝑇𝐷𝑗 crack tip displacement range at node 𝑗
𝜌 Pearson correlation coefficient
𝑑𝑥𝑓𝑠, 𝑑

𝑦
𝑓𝑠 nearest distance to the free surface in X and Y directions

𝐸𝑒𝑓𝑓 elastic modulus along the loading direction [001]
𝑚 Schmid factor
𝜔 disorientation angle
𝑇 𝐼 texture index
𝜆1, 𝜆2, 𝜆3, 𝜆4 angle formed by the trace of the slip planes 1 to 4 on the radial plane with ⇀𝑟
𝜆𝑐𝑙𝑜𝑠 closest of 𝜆1, 𝜆2, 𝜆3, 𝜆4 to 𝛷𝑐𝑟𝑖𝑡

𝑗
𝜆𝑚 one of 𝜆1, 𝜆2, 𝜆3, 𝜆4 that has the maximum Schmid factor
𝑀𝑚𝑖𝑐𝑟𝑜 micromechanical Taylor factor
𝐷5 fatigue indicator parameter
𝜎𝑡𝑟𝑖𝑎𝑥 stress-triaxiality
𝜎1, 𝜎2, 𝜎3 principal stresses
𝜎𝑥𝑥, 𝜎𝑦𝑦, 𝜎𝑧𝑧 normal stresses
𝜏𝑥𝑦, 𝜏𝑦𝑧, 𝜏𝑥𝑧 shear stresses
𝜖1, 𝜖2, 𝜖3 principal strains
𝜖𝑥𝑥, 𝜖𝑦𝑦, 𝜖𝑧𝑧 normal strains
𝛾𝑥𝑦, 𝛾𝑦𝑧, 𝛾𝑥𝑧 shear strains
𝛷𝑚𝑎𝑥(𝑓 ) angle along the probe path at which a feature 𝑓 is maximum
𝛷𝑚𝑖𝑛(𝑓 ) angle along the probe path at which a feature 𝑓 is minimum
𝛷𝑚𝑎𝑥(∇𝑓 ) angle along the probe path at which the spatial gradient of a feature 𝑓 is maximum
𝛺,𝛹 tilt and twist angles, respectively

degree of variability in their growth behavior. For instance, two MSCs with identical geometric and loading conditions may exhibit
significantly different growth rates and propagation paths depending on their microstructural surroundings, thus violating the
concept of similitude. For high-cycle fatigue scenarios, a majority of a fatigue crack’s lifetime (upwards of 90%) is spent in the
MSC regime [3,4]. Therefore, capturing the variability in MSC growth could potentially mitigate uncertainty in the residual life
estimation and alleviate the need for overly conservative safety factors in the design phase of engineering components. Furthermore,
the ability to predict fatigue crack growth in the MSC regime presents opportunities for early detection of potential structural issues
and proactive maintenance.

Despite the potential benefits described above, a high degree of variability exhibited by MSCs — both within individual samples
nd among a population of samples — poses a significant challenge for capturing the variability and predicting their growth
ehavior. Extensive efforts have been undertaken in the literature to investigate the influence of various microstructural features on
ontrolling MSC growth behavior and to develop empirical models for predicting crack behavior. Pioneering work on fatigue crack
ormation by Neumann [5,6] suggests that the early crack propagation occurs predominantly on the crystallographic glide planes
also known as stage-I cracking), thereby emphasizing the importance of the local grain orientation containing a propagating crack.
unkler et al. [7] developed a mechanism-based numerical model based on experimental evidence in which fatigue cracks initially
row along a single slip plane. As additional slip systems become active, cracks tend to propagate along alternating slip bands,
ventually manifesting in mode I growth. Zhai et al. [8] showed with experimental evidence that the tilt and twist angles between
crack (propagating along a slip plane) and the next favored slip plane across a grain boundary are the key parameters controlling
he path and growth rate of a short crack. They associated higher twist angles with crack retardation at the grain boundaries. The
2
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Schmid factor of the slip planes and the geometric compatibility factor have also been shown to play a role in governing MSC
propagation.

However, while experimental analyses offer qualitative insights into the influence of various microstructural features on MSC
rowth, their applicability is strictly limited to the analyzed samples. Thus, relying solely on experiments is insufficient to predict
he variable nature of MSCs. Therefore, microstructure-sensitive computational modeling has emerged as a valuable supplement
o studies involving MSC growth behavior. Numerical simulations using calibrated crystal plasticity models enable access to the
icromechanical fields ahead of the crack front, which are challenging to obtain via experiments. These micromechanical fields
re then correlated to the growth behavior through a suitable fatigue indicator parameter (FIP). McDowell et al. [9] employed 2D
rystal plasticity simulations of experimentally measured microstructure and proposed plastic strain accumulation could be used as
FIP, as they found the growth of MSCs is associated with the regions of highest plastic strain accumulation. Rovinelli et al. [10,11]
sed crystal plasticity simulation to complement experimental observations and tested the predictability of various slip-based small
rack driving force metrics. Proudhon et al. [12] simulated 3D short crack propagation in an experimentally observed microstructure
ased on a FIP similar to one proposed by Hochhalter et al. [13] and reported short crack features such as deviation of crack at the
rain boundary and effect of the twist angle on the crack retardation are in good agreement with experimental findings.
Although there are experimental and numerical studies focused on understanding the underlying causes of variability in MSC

rowth, so far, little to no effort has been made to quantify the extent of this variability in a statistical sense in any material
ystem despite the potential industrial significance of doing so. This gap exists because statistically quantifying such variability
ould require collecting a substantial number of 3D observations of MSC growth within the same material system, either through
xperiments or simulations, to achieve statistical significance – a task that is exceedingly challenging using the current state-of-
he-art systems. On one hand, collecting 3D observations of MSC growth via experiments is constrained by the time, cost, and
ophisticated equipment requirements, particularly given the microstructural length scale of MSCs. On the other hand, high-fidelity
umerical simulations suffer from being computationally heavy. Nonetheless, addressing these challenges is crucial for capturing
he inherent variability of MSCs within any material systems, as well as elucidating important couplings that could exist between
he microstructure and MSC growth behavior.
The objective of this work is to conduct statistical analysis on data extracted from a large number of virtual 3D observations of
SC growth. The virtual observations are generated using a high-fidelity numerical simulation framework that relies on a state-of-
he-art remeshing approach along with a crystal plasticity constitutive model to accurately predict the micromechanical fields near
n explicitly resolved crack front. MSCs that are assumed to have an initial semicircular shape are propagated in 40 microstructural
nstantiations using the high-fidelity simulation framework. Data collected along discrete crack fronts from 40 simulations yield
400 data points that are used to quantify the variability in MSC growth parameters, namely local crack extension and kink angle.
he crystallography of the evolved crack surfaces is studied to characterize the texture preference of MSCs. Finally, a correlation
nalysis is conducted to determine the relative importance of various microstructural and micromechanical features in predicting
he MSC growth parameters.

. Methods

.1. High-fidelity simulation

In the absence of sufficient experimental observations, we elect to conduct many virtual observations of 3D MSC propagation
n polycrystalline microstructures using a high-fidelity simulation workflow. The workflow comprises an in-house voxel-based
emeshing framework [14], an in-house tool called Crackmesher [15], DREAM.3D [16], and a commercial finite-element solver
ith a crystal plasticity constitutive model. The entire crack-simulation workflow is detailed in the following subsections.

.1.1. Synthetic microstructure generation
Each crack-growth simulation starts by generating a synthetic voxel-based representation (VBR) of a polycrystalline microstruc-

ure using DREAM.3D [16]. The microstructure contains 150 × 75 × 100 voxels representing a physical volume of 150 × 75 × 100 μm
with a resolution of 1 μm per voxel edge. The microstructural volume is packed with equiaxed grains comprising random
crystallographic orientations and is intended to represent Al–Mg–Si alloy [17]. The grain size follows a log-normal distribution
having a mean equivalent spherical diameter of 27 μm and a standard deviation of 4 μm. There are approximately 120 grains in
each microstructure. One of the generated microstructures along with the orientation distribution function (ODF) used to generate
random crystallographic orientations (no texture) is shown in Fig. 1a. In total, 40 microstructural instantiations were created. While
the microstructural instantiations are statistically similar, each is unique in terms of its precise microstructural arrangement of grains
and crystal orientations. All 40 microstructural instantiations are presented in the Appendix A.

2.1.2. Explicit crack insertion and adaptive remeshing
The voxel-based remeshing framework developed by Phung and Spear [14] forms the foundation for the crack simulation

framework by performing crucial tasks such as crack insertion and conformal meshing. The VBR of the microstructure and a point
cloud of the crack geometry serve as inputs to the framework. For more details, the reader is referred to Ref. [14]. In this work, a
semicircular surface crack of length 2𝑎 = 48 μm is inserted into the VBR of the microstructure in a mode I orientation, as shown
in Fig. 1b. The voxel-based remeshing framework partitions the grains in the VBR based on the user-provided crack geometry. All
3

grains, both partitioned and unpartitioned, are then surface meshed individually using DREAM.3D [16], which results in a uniform
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Fig. 1. (a) One of 40 synthetic microstructures prior to crack insertion and the corresponding ODF showing the random distribution of crystal orientations. (b)
eshed microstructure with an initial semicircular surface crack inserted using a voxel-based remeshing framework and with boundary conditions depicted. A
ortion of the mesh is magnified to illustrate the local mesh refinement applied near the crack front and mesh coarsening applied to the far field.

esh that is conformal to the grain boundaries and crack surface. A Laplacian smoothing is applied to alleviate the stair-step effect
f the VBR. The initial uniform mesh is used as an input to an in-house surface mesh gradation tool [15] that allows selective
control of the element size distribution via edge-splitting and edge-collapsing algorithms. Using this tool, elements close to the
crack-front (near-field mesh) are refined, and elements far from the crack-front (far-field mesh) are coarsened to achieve target
element edge lengths of 0.8 μm near the crack front and 2.5 μm away from the crack front, respectively. The gradated surface
esh is then converted into a suitable volume mesh consisting of linear tetrahedral elements. The target values for the element size
ere determined by a mesh convergence study performed to verify the convergence of MSC growth parameters, namely the crack
xtension and kink angle. In this study, the far-field element size is fixed, and the near-field element size is progressively reduced
ntil the MSC growth parameters converge within a 5% error tolerance. This type of mesh gradation allows for the convergence of
SC growth parameters with fewer total number of elements compared to a uniform mesh, providing a significant computational
dvantage during the simulation as documented in Ref. [15].

.1.3. Boundary and loading conditions
Once the mesh is generated, the boundary conditions are applied to simulate fatigue loading conditions. Nodal displacements

n the bottom face are constrained in the Z-direction. In order to prevent rigid body rotation, all degrees of freedom were arrested
or the node at the origin, and the nodes along the bottom front edge were constrained in the Y-direction, as shown in Fig. 1b.
his type of boundary condition containing four free surfaces is similar to the ‘‘minimal’’ boundary condition examined by Stopka
t al. [18], which provided faster convergence of FIP metrics while being least restrictive among other non-periodic boundary
onditions investigated in their study. Vertical displacement is applied on the top surface via strain control with a maximum
pplied strain of 0.2% and a loading ratio 𝑅 = 0.1 to simulate one complete cycle of fatigue loading (loading, unloading). The
ecision to simulate one fatigue cycle is based on a kink angle convergence study. In this study, three fatigue cycles were simulated
n a microstructural instantiation with an initial crack, and the kink angle along the crack front was evaluated (as described in
ection 2.1.5) at the maximum applied strain of each of the three fatigue cycles. The variation in kink angle among those calculated
rom three fatigue cycles was less than 1%.

.1.4. Crystal plasticity constitutive model
The finite element implementation of an elasto-viscoplastic constitutive model is used to define material behavior. The

®

4

onstitutive model is based on crystal plasticity theory and is implemented as a user element subroutine in ABAQUS . For more
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Table 1
Calibrated crystal-plasticity parameters and Lamé constants [20].
𝛾̇0 (s−1) 𝑚 𝐺0 (MPa) 𝑔0 (MPa) 𝜆 (MPa) 𝜇 (MPa)

0.05 0.0049 150.0 95.5 50775.0 24 800.0

details regarding the implementation, the reader is referred to Matouš and Maniatty [19]; however, some key aspects of the crystal
plasticity model are briefly discussed here.

When materials deform, the deformation gradient tensor, 𝑭 , acts as a linear transformation between the reference configuration
and the current configuration:

d𝒙 = 𝑭d𝑿 , (1)

where 𝑿 and 𝒙 denote the position vector of any arbitrary point in reference and current configurations respectively. The
deformation gradient tensor, 𝑭 , is multiplicatively decomposed into an elastic component, 𝑭 e, that accounts for the elastic stretching
and rigid body rotations and an isochoric plastic component, 𝑭 p, as follows:

𝑭 = 𝑭 e𝑭 p. (2)

The plastic velocity gradient, 𝑳p, expressed in terms of the plastic deformation gradient, is related to the superposition of
crystallographic slip rate, 𝛾̇𝛼 , on 𝑛𝑠 slip systems:

𝑳p = 𝑭̇ p𝑭 p−1 =
𝑛𝑠
∑

𝛼=1
𝛾̇𝛼𝑷 𝛼 . (3)

The idea of accommodating plastic deformation by shear deformations along each slip system is foundational to the crystal plasticity
theory. In this work, as we model a face centered cubic (FCC) material system, the slip evolution along 12 octahedral slip systems,
i.e., slip on four {111} planes in three ⟨110⟩ directions, is considered. The term 𝑷 𝛼 denotes the Schmid tensor, which is a dyadic
product of the slip direction, 𝒔𝛼 , and the slip plane normal, 𝒎𝛼 , for the slip system 𝛼:

𝑷 𝛼 = 𝒔𝛼 ⊗𝒎𝛼 . (4)

The slip rate on a slip system is defined by a power law flow rule that describes the dependence of slip rate on individual slip
systems as a function of resolved shear stress, 𝜏, and slip resistance, 𝑔, as follows:

𝛾̇𝛼 = 𝛾̇0
𝜏𝛼

𝑔𝛼
|

|

|

𝜏𝛼

𝑔𝛼
|

|

|

1
𝑚−1

. (5)

The term 𝛾̇0 indicates a reference slip rate, and 𝑚 denotes a rate-sensitivity parameter. The slip resistance, 𝑔𝛼 , evolves based on
a Voce–Kocks type hardening rule, where all 12 slip systems harden at the same rate. The calibrated parameters for the crystal
plasticity model are similar to those reported in Ref. [20]. For the list of crystal plasticity parameters and their calibrated values,
refer to Table 1.

2.1.5. Crack growth rules and MSC growth
The meshed polycrystalline geometry with an explicit geometric discontinuity representing the crack surface is analyzed using

ABAQUS® standard solver to compute local stress and strain fields ahead of the 3D crack front. Crack growth parameters (viz., 𝛥𝑎
and 𝛷𝑐𝑟𝑖𝑡) are evaluated at each node 𝑗 along the crack front according to the following rules.

The local crack growth rate is modeled as a function of the cyclic crack tip displacement range (𝛥𝐶𝑇𝐷) [21,22]:
d𝑎
d𝑁 = 𝐺(𝛥𝐶𝑇𝐷 − 𝛥𝐶𝑇𝐷𝑡ℎ) , (6)

here 𝐺 is a proportionality constant that represents the mechanical irreversibility of slip near the crack tip due to cyclic loading
nd is taken as 0.1 [22], and 𝛥𝐶𝑇𝐷𝑡ℎ is the threshold value for a non-propagating crack and is taken as 5 × 10−10 m [22]. We elect
o use 𝛥𝐶𝑇𝐷 because it has been shown to serve as a surrogate for the crack driving force in MSCs [7,21,23]. From the local crack
rowth rate, we estimate 𝛥𝑎, by assuming 𝛥𝑁 to be a constant (1500 cycles) as follows:

𝛥𝑎 = 𝐺(𝛥𝐶𝑇𝐷 − 𝛥𝐶𝑇𝐷𝑡ℎ)𝛥𝑁 . (7)

The cyclic crack tip displacement range at a given node 𝑗, i.e., 𝛥𝐶𝑇𝐷𝑗 , is calculated between the maximum and minimum points
long the unloading portion of the applied cyclic displacement and is measured by finding the euclidean distance between the
urfaces of the crack 1 μm behind the crack front node (consistent with experimental measurements [24]). This is illustrated in
ig. 2, where the position of a radial plane relative to a crack front node, 𝑗, along the crack front is shown in Fig. 2a, while the
easurement of CTD behind the node 𝑗, on that radial plane is depicted in Fig. 2b.
The direction of crack propagation, or the kink angle (𝛷𝑐𝑟𝑖𝑡

𝑗 ), is estimated at each crack front node 𝑗 using a modified Fatemi–Socie
etric designated as 𝐷5 by Hochhalter et al. [13]:

𝐷5 = max
𝑝 ∫

𝑡 𝑁𝑑
∑

|

|

|

𝛾̇𝛼𝑝
|

|

|

(

1 + 𝑘
⟨𝜎𝑝𝑛⟩

)

d𝑡 , (8)
5

0 𝛼=0 𝑔0
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Fig. 2. Schematic diagram showing the measurement of 𝐶𝑇𝐷 behind the crack front node and the estimation of kink angle using non-local probe points ahead
of the crack front node.

where ⟨𝜎𝑝𝑛⟩ is the normal tensile stress acting on slip plane 𝑝, 𝑔0 is the initial hardness of the slip system, 𝑘 is a parameter that
dictates the importance of tensile stress relative to plastic slip, and 𝑁𝑑 is the number of slip directions on a given slip plane.

The 𝐷5 metric is evaluated at 181 points along a semicircular non-local probe path of radius 4.8 μm1 centered around crack-front
ode 𝑗, as shown in Fig. 2b. Typically, the 𝐷5 metric along the non-local probe shows a distinct primary peak with maximum 𝐷5
ccumulation, often accompanied by one or two secondary peaks with less 𝐷5 accumulation depending on the orientation of slip
lanes and their degree of activation. The direction along the probe, 𝛷 (with respect to the X-axis), where the 𝐷5 metric has a
aximum value (i.e., the primary peak), is interpreted/postulated as 𝛷𝑐𝑟𝑖𝑡 at 𝑗 as follows:

𝛷𝑐𝑟𝑖𝑡
𝑗 = argmax

𝛷
(𝐷5) . (9)

However, calculating 𝛷𝑐𝑟𝑖𝑡 along the crack front at discrete nodes leads to spurious spikes that are neither physically meaningful
or easy to simulate. An example is shown in Fig. 3, where the raw angular probe-path positions corresponding to primary and
econdary 𝐷5 peaks are plotted for distinct crack front nodes along the crack front. Spikes associated with the curve by simply
onnecting the primary peaks can be seen in Fig. 3. The spikes stem from numerical instabilities and are alleviated by applying a
rain-level conditioning scheme. To apply grain-level conditioning, the crack front is first partitioned into sub-regions based on the
ntersection of grain boundaries (dashed vertical lines in Fig. 3) with the crack front. Nodes causing spurious spikes within each
sub-region (if any) are identified, and 𝛷𝑐𝑟𝑖𝑡 for those nodes are reassigned to the direction of a secondary peak that is closer to other
primary peaks of the neighboring non-spurious nodes within the sub-region. The motivation for this grain-level conditioning is that
it is physically unlikely for a crack front to bifurcate abruptly within the same grain.

Once 𝛥𝑎𝑗 and 𝛷𝑐𝑟𝑖𝑡
𝑗 at each node 𝑗 are determined, the point cloud containing the crack surface is updated. The updated crack

surface is inserted back into the VBR of the microstructure, and the entire process of simulating the MSC growth is repeated to
simulate further crack propagation. Five crack growth increments are simulated in each of the 40 microstructural instantiations,
resulting in 200 increments of virtually observed crack propagation. Fig. 4 illustrates the incremental nature of MSC propagation
in the high-fidelity simulation by showing the crack surface at each crack growth increment. Further, discretizing each crack front
enables collection of massive data (𝑛 = 7400 crack front points) to assess crack growth variability and perform statistical correlation
analysis.

2.2. Quantifying variability in MSC growth

Microstructure-sensitive growth characteristics of the MSCs are assessed by quantifying the variability in geometric, microstruc-
tural, and micromechanical aspects of MSCs. The variability in geometry is assessed based on a tortuosity metric. Microstructural
variability is assessed by analyzing the crack surface crystallography. Micromechanical variability is assessed based on the MSC
growth parameters, namely, 𝛥𝑎 and 𝛷𝑐𝑟𝑖𝑡.

1 The radius of the non-local probe is taken as 20% of the initial half-crack length, 𝑎, which is within the bounds suggested in Ref. [13].
6
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a
g

Fig. 3. Plot showing kink angles before and after applying a grain-level conditioning scheme to fix the spurious spikes observed while determining kink angle
t discrete nodes along the crack front. Scatter points indicate the angle of primary and secondary 𝐷5 peaks along the semicircular probe. Dashed lines indicate
rain boundary intersections.

Fig. 4. Simulated incremental growth of a 3D MSC in a polycrystalline microstructure, where 𝑘 in the figure corresponds to the crack growth increment. Grains
are colored according to their crystal orientation using an inverse pole figure (IPF) map.
7
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Fig. 5. Illustration of a tortuous crack surface (omitting the initial planar portion) along with its projection on the best-fit plane. The best-fit plane is shifted
downwards to visualize the projection of the crack surface.

2.2.1. Tortuosity
We define tortuosity as the deviation of a surface from being planar. Mathematically, it is defined as the ratio of the true area

f the tortuous surface, 𝐴𝑡, to its projected area on the best-fit plane, 𝐴𝑝:

𝜏 =
𝐴𝑡
𝐴𝑝

. (10)

Fig. 5 shows a meshed, incremental crack surface whose true area is estimated by summing up the area of the triangular facets
comprising the crack surface. These individual triangles are projected onto the best-fit plane, and the projected area is calculated.
The best-fit plane is determined by performing weighted principal component analysis on the point cloud of the evolved crack
surface. The eigenvector corresponding to the smallest eigenvalue represents the normal of the best-fit plane, as illustrated in Fig. 5.

2.2.2. Crystallographic texture of MSCs
To assess the evolution of crack-path crystallography with respect to crack propagation, we quantified the texture of the initial

crack surface and compared it with the texture of the propagated crack surface. Fig. 6a shows a triangulated initial crack surface
from one of the high-fidelity simulations, and Fig. 6b shows the same crack surface after four propagation steps (excluding the initial
crack). The crack-surface crystallography is quantified by first calculating the surface normal for each of the triangulated facets in
the global coordinate system. A coordinate transformation is then applied to represent the facet normals in the crystal coordinate
system using the Euler angles of the grain with which each triangle is associated. To visualize the crystallographic planes along the
crack surface, the normals are mapped to their respective inverse pole figure (IPF) colors, as shown in Fig. 6. A pole density function
with due respect to the crystal symmetry (m-3m) is generated using the unit facet normals of all triangles represented in the crystal
coordinate system and is plotted in an irreducible stereographic triangle, which will be discussed in Section 3.2. A Python module,
orix [25], is used to generate pole density functions and plot inverse pole figures.2

2.3. Data collection for correlation analysis

Correlations between various features and the MSC growth parameters (𝛥𝑎 and 𝛷𝑐𝑟𝑖𝑡) are quantified by the Pearson correlation
coefficient, 𝜌, which measures the strength of the linear relationship between two quantitative variables. The extracted features are
divided into three categories: geometric, microstructural, and micromechanical. The feature extraction and processing techniques
employed to study the correlations with 𝛥𝑎 differ from those used to study the correlations with 𝛷𝑐𝑟𝑖𝑡. This difference is based on
the rationale that, unlike 𝛥𝑎, 𝛷𝑐𝑟𝑖𝑡 is a direction-based metric and therefore requires direction-dependent features. The two different
strategies used for correlation analysis are summarized as follows.

The feature-extraction strategy for the 𝛥𝑎 correlation study involves placing 3D cubic sampling grids at crack front nodes along
a given crack front, as illustrated in Fig. 7a. For visualization, only four grids are shown in the figure; however, sampling grids

2 Because the discretized crack surface contains a non-uniform mesh size, appropriate weights have been assigned to each of the facet normals commensurate
8

ith their respective facet area while generating the pole density function.
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Fig. 6. Crack surface crystallography for one of 40 MSC growth simulations: (a) initial crack surface, and (b) final crack surface after four MSC propagation
steps (excluding the initial crack) demarcated by black curves.

Fig. 7. Illustration of data-extraction processes to support correlation analysis: (a) 3D grids are placed at nodes along the crack front for analysis of 𝛥𝑎. (b)
emicircular probes are placed at nodes along the crack front for analysis of 𝛷𝑐𝑟𝑖𝑡.

re placed at 5◦ intervals along the crack front, resulting in 37 grids for any given crack configuration. Each 3D grid has a local
artesian coordinate system, denoted 𝑋′, 𝑌 ′, 𝑍′, and is aligned such that the 𝑋′-axis of the grid is orthogonal to the radial vector
nd the 𝑌 ′-axis of the grid is parallel to the radial vector. Each sampling grid is positioned along the radial direction such that more
ata points (about 80%) are sampled ahead of the crack front node than behind the crack front node. The grid size is determined
y a grid-size study, where grid sizes with edge lengths ranging from 3 μm to 12 μm are investigated, and the one that produces
aximum correlation between 𝛥𝑎 and the 𝐷5 metric is selected. Note that the purpose of this grid-size study is to ensure that the
eatures are sampled from a relevant volume of material that captures localized micromechanical fields ahead of the crack while
inimizing the inclusion of non-crack tip fields. A 3D grid with edge lengths of 8 μm is found to be optimal by this study, and this
rid size is consistently applied to collect all input features. The resolution of the grid is set to 1 μm, which is approximately the
lement size near the crack front. Geometric, microstructural, and micromechanical features are extracted at grid points within each
ampling grid. After extracting the features as 3D arrays, they are averaged, thereby reducing the 3D array to a single real-valued
utput for each sampling grid, which is then correlated with 𝛥𝑎 at the corresponding position.
The feature-extraction strategy for the 𝛷𝑐𝑟𝑖𝑡 correlation study involves placing semicircular probes ahead of all crack front nodes,

s illustrated in Fig. 7b. For visualization, only four probes are shown; however, the sampling probes are placed at 5◦ intervals along
he crack front that results in 37 probes in any given crack configuration. The sampling probe is centered about the crack front node,
nd all points on the probe are contained within the radial plane. Geometric, microstructural, and micromechanical features are
xtracted at the probe points. After extracting the features along the semicircular probe, the direction, 𝛷, along the probe path at
9

hich a given feature value is maximized is designated as the direction-dependent descriptor of that feature.
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Fig. 8. IPF-colored local crack surface normals of (a) an experimentally propagated crack (initiated from a FIB notch) by Menasche et al. [26] and (b) a
numerically simulated crack (initiated from an initial half-penny crack) using high-fidelity framework by present work. (c) Crack length as a function of the
position along the crack front at two different growth increments, 𝑘 = 2 and 𝑘 = 4. The dashed vertical lines correspond to grain boundaries that intersect the
crack front at the increment 𝑘 = 4.

As this probing strategy is similar to the non-local probing technique used to estimate 𝛷𝑐𝑟𝑖𝑡 itself, we know as a priori that a
similar probe radius should maximize the correlations of kink angle with the direction-dependent 𝐷5 metric. Therefore, the radius
of the probe is chosen as 4.8 μm and the angular resolution of the probe is set to 1◦. It is noted, however, that the goal is to assess
he correlations between 𝛷𝑐𝑟𝑖𝑡 and a variety of geometrical, microstructural, and micromechanical features, but we use correlations
ith 𝐷5 as a verification parameter (i.e., we expect it to have the highest correlation)

. Results and discussion

.1. Comparison between simulated and experimentally observed crack surfaces

In this section, we compare qualitatively the characteristics of simulated MSCs from this work with those of experimental
bservations available in the literature to evaluate the effectiveness of the simulation framework for generating realistic MSC growth.
In Fig. 8, an experimentally observed 3D crack surface reported in a recent paper by Menasche et al. [26] is compared with
representative crack surface from the present work. Both Figs. 8a and 8b show the geometry of the propagated crack surfaces
ith colors representing the crack surface crystallography in the IPF convention. It is noted that the experimental fatigue crack is
nitiated from a FIB notch in a Ni-based superalloy specimen; whereas, the simulated crack is initiated from a half-penny crack in
l–Mg–Si alloy. Both microstructures have FCC crystal structures.
Visually, the regions marked as 𝑎, 𝑐, 𝑑, and 𝑒 in Fig. 8a have approximately similar crystallography at similar locations in Fig. 8b.

Interestingly, a band-like feature, marked as 𝑏 in Fig. 8a, is also observed in Fig. 8b in close proximity to region 𝑐. Moreover, a
similarity in crack morphology is also observed near 𝑏 and 𝑐, where the crack takes a steep slope downward in both Figs. 8a and
8b (not very obvious because of the viewpoint).

One of the key findings from Ref. [26] was that the crack propagation was rapid along {111} planes, such as the regions indicated
as 𝑐 and 𝑒 in Figs. 8a and 8b. The crack growth was relatively slower in regions 𝑎 and 𝑓 . To verify if the simulated crack exhibits
his behavior, the crack length of the simulated crack is plotted as a function of angular location along the crack front in Fig. 8c
10

t two different crack growth steps. The dashed vertical lines in Fig. 8c indicate the intersection of the crack front, 𝑘 = 4, with the
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Fig. 9. (a) Crack-surface crystallography of simulated MSCs from six out of 40 instantiations. The IPF colors on the crack surfaces indicate the local crack-facet
normals resolved in crystal reference frame. Crack-surface crystallography for all 40 MSC simulations represented as density plots on irreducible stereographic
triangles: (b) initial crack surface and (c) propagated crack surface. Insets highlight the crack surface whose facet normals were used to generate the corresponding
density plots.

grain boundaries. The regions corresponding to Fig. 8b are labeled approximately in Fig. 8c. It can be seen that the crack length
corresponding to regions 𝑐, 𝑑, and 𝑒 have relatively larger crack lengths compared to the regions 𝑎 and 𝑓 ′. This implies that the
crack growth rate near regions 𝑐, 𝑑, and 𝑒 are higher relative to the regions 𝑎 and 𝑓 ′, which is consistent with their experimental
findings.

Despite differences in material composition and crack initialization between the experimental and simulated crack, the striking
similarities observed in the propagated crack, including crack morphology, crystallography, and rapid crack propagation regions,
instill confidence in high-fidelity simulations in capturing the critical aspects of MSC propagation.

3.2. Crystallographic texture of virtually observed crack surfaces

This section compares the crack surface crystallography of initial crack surfaces with that of the propagated crack surfaces from
the entire population of 40 instantiations to investigate if the tortuous crack surfaces exhibit crystallographic texture with respect to
the initial flat cracks. Fig. 9a visualizes the propagated crack surfaces in six simulated instantiations (only for visual representation
— the texture analysis is conducted with data from all 40 simulated crack surfaces). The colors on the crack surfaces indicate the
local crack-facet normals resolved in crystal reference frame with the IPF convention. All 40 crack-surface crystallography maps are
presented in Appendix A.

Fig. 9b shows the distribution of crack surface normals resolved in their local crystallographic coordinates for the initial cracks
from all 40 instantiations. As shown in Fig. 9b, the initial crack does not exhibit significant crystallographic texture, which is expected
given that the initial cracks were inserted arbitrarily without regard for crystal orientation (similar to FIB notches introduced in
experiments). Fig. 9c shows the crystallography of the propagated crack surfaces from all 40 instantiations. The intensities shown
n Fig. 9c indicate no texture on the propagated crack surface. The absence of higher intensity regions near {111} planes suggests
hat these cracks did not propagate along the {111} slip planes, contrary to what is generally observed in stage-I crack growth.
e observed this behavior despite the fact that the direction of crack propagation in this work is modeled based on the 𝐷5 metric,
hich accounts for slip occurring on {111} octahedral planes.
11
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Fig. 10. Schematic illustration of the orientation of slip planes and radial planes with respect to the crack surface. Note that crack propagation aligns with the
trace of the slip plane when viewed on the radial plane despite the 3D crack surface not coinciding with the slip plane.

To provide geometric reasoning behind the non-conformal crack propagation to the slip planes, Fig. 10 schematically depicts
the orientation of slip planes (blue) and radial planes (green) at two neighboring crack front nodes, 𝑗1 and 𝑗2, contained within
the same grain. The first thing to note from Fig. 10 is the alignment between the trace of the slip plane and the trace of the crack
surface (e.g., 𝑗1 to 𝑗′1) with respect to the radial planes. In other words, 2D observations of crack growth on the radial planes suggest
rack propagation along the slip plane. However, in 3D, it can be seen that the crack surface (formed by 𝑗1, 𝑗2, 𝑗′2, and 𝑗′1) does not
necessarily align with the slip plane. This occurs when the slip plane is twisted relative to the local crack surface. The crack surface
coincided with a slip plane in 3D for cases where the twist angle is minimal. Examples can be seen in Fig. 8b, where portions of
the crack that propagated along {111} slip planes (blue) had a minimal twist angle. These results imply that the direction of the
crack kink, 𝛷𝑐𝑟𝑖𝑡

𝑗 (based on the direction of 𝐷5 localization), is mostly influenced by the tilt angle of the highly activated slip plane,
while the twist angle has a minor effect.

Another less obvious reason for the lack of texture is an artifact of the implementation used for crack extension. In this work,
local crack extensions are allowed to cross grain boundaries. For instance, cracks can propagate from nodes 𝑗1 and 𝑗2 directly to
the nodes 𝑗′1 and 𝑗′2 while crossing a grain boundary. However, the direction of 𝐷5 localization (used to calculate 𝛷𝑐𝑟𝑖𝑡) evaluated at
crack front nodes 𝑗1 and 𝑗2 could become irrelevant for the portion of the crack spanning from the grain boundary to nodes 𝑗′1 and
𝑗′2. While this could impact crack surface crystallography, we believe the impact is minimal given that the crack extensions (∼4 μm)
are quite small relative to the grain size (∼27 μm).

Recognizing that the lack of a strong crack-surface texture occurs in our simulations due to modeling implementations (albeit
well-justified and consistent with currently available mechanics insight), it is worth pointing out that experimental observations of
crack-surface crystallography using 3D imaging techniques have similarly revealed little to no texture on MSC surfaces for various
material systems. For instance, crack growth on classic slip planes (i.e., stage-I) was not observed in Al alloys 7075-T651 and 7050-
T7451 in work by Gupta et al. [27] and was rarely observed in an Al–Mg–Si alloy by Spear et al. [20] and in a Ti alloy by Herbig
et al. [28]. Therefore, we hypothesize a correlation between the crack-surface crystallography observed in our simulations and the
xperimental observations; however, establishing a causal relationship between the two would require further investigation.

.3. Geometric variability of virtually observed crack surfaces

Crack-surface tortuosity (Eq. (10)) is quantified to evaluate geometric variability among the virtually observed crack surfaces for
he entire population of 40 microstructures. Fig. 11 shows the distribution of tortuosity at each crack growth step, 𝑘. Because cracks
re initially flat, the best-fit plane coincides with the respective crack surfaces, at 𝑘 = 0, which leads to a unit tortuosity for all
nitial cracks. As the crack grows and begins to deflect in response to the microstructure, the best-fit plane no longer coincides with
he crack surface, causing an increase in the tortuosity. The crack path in each instantiation was observed to be unique, leading to a
ight-skewed distribution of tortuosity at each crack growth step. Because the global geometry and loading conditions are identical
or all 40 instantiations, we attribute differences observed in tortuosity within a given crack growth increment to microstructural
ariability in the population. As each crack grows and intersects more grains along the crack front, the right-tail of the distribution
ets longer indicating an overall increase in the tortuosity with crack growth. A standard t-test conducted between the distributions
orresponding to 𝑘 = 1 and 𝑘 = 4 suggests the existence of a statistically significant difference between the means of the respective
istributions. It is worth mentioning that the increase in tortuosity is not caused by a mere increase in area from 𝑘 = 1 to 𝑘 = 4
ecause tortuosity is a ratio of areas. Therefore, a statistically significant increase in tortuosity should indicate an inherent increase
n the frequency of crack path switching with crack growth.
12



Engineering Fracture Mechanics 307 (2024) 110282V. Babu Rao et al.

c

i
m
t
s

3

T
t
a
p
b
n
i
d

Fig. 11. Tortuosity distribution of simulated MSCs from 40 microstructural instantiations at each crack growth step, 𝑘.

Fig. 12. Crack growth rate plotted as a function of crack length on three distinct planes from all 40 instantiations. The position of the planes is shown for
illustration in one of the 40 simulated crack surfaces.

3.4. Variability in MSC growth rate: surface vs. subsurface

Variability in local crack growth rate (evaluated at five crack growth increments in 40 instantiations) plotted as a function of
rack length on three distinct planes is shown in Fig. 12. Planes L and R are placed such that they capture the near-free-surface
growth of MSCs, which might be observed in a typical experiment. Plane M is placed such that it captures the deep subsurface
propagation of the MSCs. The growth rate observed in all three planes exhibits a general increasing trend with the crack length but
with significant variability. The mean and standard deviation of growth rate observed on planes L and R combined is 3.85 ± 0.86
nm/cycle, whereas, on plane M, it is 3.2 ± 0.54 nm/cycle. It is noted that the growth rates in our simulations fall under the range
of growth rates reported experimentally for comparable crack size in FCC materials [26,29,30]. Because all 40 microstructural
nstantiations had identical global geometry and boundary conditions, the scatter observed in any given plane is driven by the
icrostructural aspects. An increase in the mean suggests that the MSCs grow about 20% faster near the free surface compared to
he subsurface. A 59% higher standard deviation on planes L and R than on plane M suggests that the presence of free surface can
ignificantly amplify the effects of microstructure on MSCs, in addition to increasing the growth rate.

.5. Variability in kink angle

The distribution of kink angle, 𝛷𝑐𝑟𝑖𝑡, at any particular crack growth step is found to be non-uniform and often bimodal.
herefore, non-parametric box-and-whisker plots that are appropriate for visualizing variations without making assumptions about
he underlying distribution have been used in Fig. 13 to show variations in 𝛷𝑐𝑟𝑖𝑡. The colored box in Fig. 13 represents the second
nd third quartiles (aka inter-quartile range) separated by the median line. The lower and upper whiskers are drawn at 1 and 99
ercentile, respectively. The extreme one percentile data points are shown as scatter points to alleviate the outliers’ influence in the
oxplot interpretation. As shown in Fig. 13, 𝛷𝑐𝑟𝑖𝑡 ranges from −90◦ to +90◦ in almost all crack growth steps. The median lines show
o apparent trend. However small, there is a consistent increase in the length of the first and fourth quartile, which suggests an
ncrease in the variability of crack deflections with crack growth. This result is consistent with the trend observed in the tortuosity
istribution.
13
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Fig. 13. Boxplot showing the distribution of kink angle calculated at crack front points 𝑗 as a function of crack growth step, 𝑘.

3.6. Statistical correlation analysis

In this section, candidate features that potentially influence MSC growth are identified and classified into geometric/microstruc-
tural or micromechanical categories. The classified features are correlated with the MSC growth parameters, viz., 𝛥𝑎 and 𝛷𝑐𝑟𝑖𝑡. The
correlated features are ranked based on the Pearson correlation coefficient with the objective of identifying the most influential
features. Note that the correlation values reported in this section are calculated after combining the data extracted from five crack
growth increments in all 40 microstructural instantiations.

3.6.1. Correlation of extracted features with crack extension
Fig. 14a shows Pearson correlation of 𝛥𝑎 with a variety of geometric/micromechanical features. The features 𝑑𝑥𝑓𝑠 and 𝑑𝑦𝑓𝑠

epresent the shortest distance of the crack front point to the free surface ahead of the crack front in the X and Y-direction,
espectively. These features are included to capture the free surface’s influence on 𝛥𝑎. The correlation coefficients of 𝑑𝑥𝑓𝑠 and 𝑑𝑦𝑓𝑠 with
𝑎 implies that the crack front points near the free surface grow relatively faster than those along the rest of the crack front. This is
ikely due to less material constraint experienced by the crack front points closer to the free surface. The crack length normalized by
he average grain diameter, 𝑎∕𝑑, correlates weakly with 𝛥𝑎. Note that despite the well-established relationship between crack growth
ate and crack size in continuum fracture mechanics, MSCs exhibit a very weak correlation. The other candidate microstructural
eatures chosen based on literature, including the average disorientation (𝜔𝑎𝑣𝑔) [31], the average sum of top-five Schmid factors
(∑5

1 𝑚) [32,33], and the tilt (𝛺𝜆𝑐𝑙𝑜𝑠 ) and twist (𝛹𝜆𝑐𝑙𝑜𝑠 ) angles of the slip plane relative to the crack orientation [8,34], exhibited a
poor correlation with 𝛥𝑎 in our study, indicating the limited generalization of these features across the 40 observations.

Correlation coefficients between the local crack extension and a variety of volume-averaged micromechanical field variables
calculated ahead of the crack front are shown in Fig. 14b. Among the features investigated, the equivalent plastic strain, 𝜖𝑝𝑒𝑞 , and the
𝐷5 metric had the highest correlation with 𝛥𝑎. In a study involving single crystals, Castelluccio et al. [35] found a linear relationship
between 𝛥𝐶𝑇𝐷 and a FIP similar to 𝐷5. Our work involving polycrystals reveals a strong relationship between 𝛥𝑎 (modeled as a
linear function of 𝛥𝐶𝑇𝐷) and 𝐷5. However, the relationship is not perfectly linear, indicating microstructural influence on FIP
values. The correlation between 𝛥𝑎 and gradient of 𝐷5 is only slightly less than that between 𝛥𝑎 and 𝐷5.

The micromechanical Taylor factor, which is the local crystallographic shear accumulation normalized by the local von Mises
strain, is another feature that correlates well with 𝛥𝑎. Raabe et al. [36] introduced the micromechanical Taylor factor to better
investigate strain heterogeneity in polycrystals. They also used its gradient to separate in-grain kinematics and grain interaction
effects. The correlation of 𝛥𝑎 with these factors suggests the key role played by grain-scale effects compared to the macroscopic
effects of boundary and loading conditions in modulating 𝛥𝑎. Stress triaxiality, or the ratio of hydrostatic stress to the equivalent
(or von Mises) stress, is an important parameter in determining continuum scale damage in ductile materials. Stress triaxiality along
the crack front represents local crack constraint [37] and has been found to be inversely related to the crack tip opening displacement
for long cracks [38]. A negative correlation of 𝛥𝑎 with stress triaxiality suggests the existence of such an inverse relationship even
t the microstructurally small regime.
The correlation of individual stress and strain components with 𝛥𝑎 ranges from < 0.13 to 0.62. The normal strain and normal

tresses correlate more strongly with 𝛥𝑎 than do shear strains and shear stresses. The correlation of principal strains or the principal
tresses is not as strong, suggesting the high correlations we observed with some of the normal strains/stresses are probably load
pecific and might change with other loading configurations.
14
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Fig. 14. Pearson correlation coefficients computed between (a) microstructural features and 𝛥𝑎, (b) micromechanical features and 𝛥𝑎, (c) microstructural features
and 𝛷𝑐𝑟𝑖𝑡, and (d) micromechanical features and 𝛷𝑐𝑟𝑖𝑡.
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3.6.2. Correlation of extracted features with kink angle
The slip plane angles, i.e., the direction of the intersection of the radial plane with that of the four local slip planes, (111), (111),

111), and (111) are represented by 𝜆1, 𝜆2, 𝜆3, and 𝜆4 respectively. It can be seen from Fig. 14c that the kink angle has a very
weak correlation with the individual slip plane angles, indicating no preferential crack inclination on a specific slip plane. This is
obvious, as we know that different slip planes get activated on different grains along the crack front depending on the local crystal
orientation, neighbor orientation, and grain size.

Because the Schmid factor describes the slip systems that can resolve the most shear stress, we investigated its role by correlating
𝜆𝑚𝑎𝑥(𝑚) (the slip plane angle with the maximum total Schmid factor), with kink angle. This feature exhibits a slightly stronger
correlation than any specific slip plane angle; however, the relationship is still weak, implying that the role of the Schmid factor
is negligible in determining kink angle. To check for the significance of slip plane angles on crack kink, we investigated another
feature, 𝜆𝑐𝑙𝑜𝑠, the closest of the four slip plane angles to the kink angle. This feature lacks any predictive capability, as the kink
angle must be known a priori to identify the closest slip plane. Nonetheless, a high correlation coefficient emphasizes the fact that
he crack deflections indeed occur close to one of the four slip planes.
The other two microstructural features analyzed are 𝛷𝑚𝑖𝑛(𝜔), the direction of minimum disorientation between the crystal

rientations of crack front point and probe points, and 𝛷𝑚𝑎𝑥(𝑚), which is the direction of the maximum Schmid factor along the
robe path. Note for 𝛷𝑚𝑖𝑛(𝜔) and 𝛷𝑚𝑎𝑥(𝑚), a unique minima/maxima along the probe could not be found because multiple probe
oints residing in the same grain yielded a similar value. In cases with such ambiguity, the direction of the probe point closest to
he crack’s orientation in the previous crack growth step is assigned as the minima/maxima, which is justified based on the energetic
tandpoint.
The slip plane angle with the minimum tilt, 𝜆𝑚𝑖𝑛(𝛺), shows a positive correlation with the kink angle, while the slip plane angle

ith the maximum tilt, 𝜆𝑚𝑎𝑥(𝛺), exhibits a negative correlation. This suggests that MSC growth tends to follow a path that minimizes
he tilt angle. Additionally, the slip plane angle with the minimum twist angle, 𝜆𝑚𝑖𝑛(𝛹 ), is positively correlated with the kink angle,
although this correlation is weaker compared to that of 𝜆𝑚𝑖𝑛(𝛺).

The strength of the linear relationship between the kink angle and a variety of direction-dependent micromechanical field
variables evaluated at each crack front point is presented in Fig. 14d. The correlation of micromechanical Taylor factor, 𝛷𝑚𝑎𝑥(𝑀𝑚𝑖𝑐𝑟𝑜)
with kink angle has the maximum value of 0.75. Correlation of direction-dependent 𝐷5 metric, 𝛷𝑚𝑎𝑥(𝐷5), with kink angle has a value
of 0.74. This is expected as kink angle itself is derived from the direction of maximum 𝐷5 along the non-local probe. The reason
for the lack of unity correlation coefficient is due to the grain conditioning applied after collecting the direction of maximum 𝐷5
metric to determine kink angle. In general, compared to the direction of maximum stress and strain components, the direction in
which the gradients of such components are maximized has stronger correlation with kink angle. The direction-dependent stress
triaxiality gradient, 𝛷𝑚𝑎𝑥(∇𝜎𝑡𝑟𝑖𝑎𝑥), is another feature that correlates strongly with kink angle. It is noted that the direction-dependent
stress triaxiality, 𝛷𝑚𝑎𝑥(𝜎𝑡𝑟𝑖𝑎𝑥), itself, had a very poor correlation with kink angle.

Overall, the correlation study revealed some of the most influential features in controlling MSC growth parameters. However,
it can be seen from Sections 3.6.1 and 3.6.2 that a variety of geometric/microstructural and micromechanical features and an
nterplay between them can influence MSC growth, indicating that the MSC growth phenomenon is indeed complex and requires a
olistic approach for the development of predictive models.

.7. Limitations and implications

There are four limitations that must be acknowledged. First, the simulations treat grain boundaries as discrete changes in
he material orientation field; however, grain boundary strengthening effects due to dislocation pile-ups are not included in the
onstitutive model. Second, while simulating MSC growth in discrete growth increments, the stress and strain fields are not mapped
rom one mesh to the next with incremental crack growth due to computational expense. Third, the crack growth rules are
ostulated due to ongoing efforts in the community to validate crack-growth criteria [39]. Finally, only the strength of linear
elationships between microstructural and micromechanical features and MSC growth parameters is analyzed (via the Pearson
orrelation coefficient).
Despite the aforementioned limitations, this work offers valuable insights into the statistical aspects of the variability in 3D MSC

rowth. The collection and subsequent analysis of a substantially large number of 3D MSC growth observations, as presented in
his work, is unprecedented, according to the authors’ best knowledge. The reported statistical estimates of the variability have
irect implications for engineering design, enabling accurate estimations of remaining useful life for components and facilitating
nformed decisions regarding safety factors during the design phase. The features identified as being highly influential in determining
rack growth represent key couplings between the microstructure and MSC growth behavior and lay the groundwork for developing
redictive models for MSC growth behavior. For instance, features extracted from a large number of simulated MSCs can be leveraged
o train data-driven machine-learning models for rapid predictions of MSC growth parameters. Moreover, the simulation and analysis
echniques used in this work are generic and can be readily extended to estimate the variability in 3D crack growth in other materials.
16
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4. Conclusion

A high-fidelity modeling framework was used to simulate the growth of 3D microstructurally small cracks (MSCs) in 40
nstantiations of 3D polycrystals. The crack growth was simulated incrementally, wherein the magnitude and direction of crack
rowth at each step were informed by the cyclic crack tip displacement range and 𝐷5-fatigue indicator metric, respectively. Data
from the 40 simulations were sampled using various data extraction strategies to study the crystallography of the crack surface,
quantify the statistical variability of MSC growth, and conduct statistical correlation analysis to find highly influential features
governing MSC growth. Based on the results, the following conclusions are drawn:

• Crystallographic analysis of the 40 propagated crack surfaces revealed a lack of preferential crack growth along {111} slip
planes despite crack traces on radial planes being closely aligned with {111} slip plane traces. The discrepancy between
trace-based observations and 3D surface-based observations is explained by visualizing slip- and crack-plane interactions in
3D.

• The local kink angle of the crack (and the direction of 𝐷5 localization) is mostly influenced by the tilt angle of the grain with
respect to the crack plane, while the twist angle has a minor effect.

• The free-surface interaction can significantly accelerate the growth rate of MSCs. Statistically (based on 40 simulated MSCs),
portions of the 3D crack front closer to the free surface exhibited a 20% higher mean growth rate, with 59% higher variability
compared to those far from the free surface.

• The local crack extension evaluated behind the crack front at each growth step correlated well with many of the candidate
micromechanical features extracted ahead of the crack front. Equivalent plastic strain and its gradient, 𝐷5 metric and its
gradient, and micromechanical Taylor factor are some of the highly correlated features with crack growth rate. The candidate
microstructural features investigated in this work, however, correlated poorly with crack extension.

• The kink angle exhibited a strong correlation with both microstructural and micromechanical features. The most strongly
correlated micromechanical features with kink angle are the angles of: maximum micromechanical Taylor factor, maximum
equivalent plastic strain, and maximum principal strain. The angle of minimum disorientation, the angle of the slip plane with
minimum tilt angle, the angle of maximum Schmid factor, and the angle of the slip plane with minimum twist angle are the
most strongly correlated microstructural features.

In conclusion, our work provides new insights into the factors influencing the variability in MSC growth, backed by statistical
significance. Collectively, the length scale, detail, dimensionality, and quantity of observations provided here are, to the best of our
knowledge, unprecedented for MSCs. These findings have direct implications for engineering design and predictive modeling. In the
future, the application of machine learning techniques to analyze large datasets generated in this work can open new avenues for
rapid residual life prediction and design optimization in engineering applications.
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Appendix A

Fig. 15 presents a compilation of all 40 synthetic microstructural instantiations generated using DREAM.3D, each consisting
f 150 × 75 × 100 voxels. While each instantiation is unique, they are all derived from the same grain statistics with random
rystal orientations, as discussed in Section 2.1.1. Initially, each instantiation is introduced with a flat semi-circular crack, which is
ubsequently propagated in increments using high-fidelity numerical simulations. The resulting crack surfaces after four propagation
teps are visualized in Fig. 16. Note that the 40 crack surfaces in Fig. 16 correspond directly to the 40 microstructures in Fig. 15.
he IPF colors on the crack surfaces indicate the local crack-facet normals resolved in the crystal reference frame.
17
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Fig. 15. A collection of all 40 microstructural instantiations used in the MSC growth simulations. The IPF colors represent the crystal orientation of grains in
each instantiation.
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Fig. 16. Crack-surface crystallography of all 40 propagated MSCs obtained from simulations corresponding directly to the microstructures presented in Fig. 15.

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.engfracmech.2024.110282.
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