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Effect of contact angle on the pressure needed for a liquid to permeate a 
cylindrical pore 
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A B S T R A C T   

Effective separation of two immiscible liquids with filters requires a difference in the pressures to permeate 
between the two liquids, and setting the applied pressure between these two pressures. To help design such 
filters, we present an equation that enables the calculation of the pressure for a liquid phase to permeate through 
a smooth pore in the shape of a truncated cone as a function of (a) the contact angle of the liquid on the filters 
and (b) the angle of the pore wall. The equation was derived by considering the interfacial energy required to 
push a liquid meniscus from the top of the pore to the bottom, and then to exceed the maximum curvature 
required at the exit. This equation was tested experimentally by adding a hydrostatic head with water on the 3D- 
printed filters of acrylate polymer while systematically varying the pore radii and contact angle with water. 
Experimental results showed an increased pressure to permeate with higher contact angles while the equation 
predicted the opposite. We hypothesized that the reason for the disagreement was the assumption of a smooth 
pore. For a liquid on a rough pore wall, the curvature of the meniscus is not solely determined from the 
microscopic contact angle and the pore wall angle, but the liquid would adopt a lower curvature meniscus. 
Therefore, the developed equation was modified after reflecting the lower curvature, which showed much better 
agreement with the experimental results. The remaining discrepancy from the theory was attributed to the 
pressure fluctuation from the fluid flow occurring while adding water.  
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1. Introduction 

Surface wettability plays a pivotal role in determining the func
tionality and utility of a material. [1–5] Therefore, extensive research 
has been conducted on the behavior of liquids on rough or porous ma
terials in relation to wetting transitions to achieve desired functional
ities. [6–10] 

Most theoretical studies on wetting transitions consider the situation 
where the pores are open at one end and closed at the other end. 
However, a large class of applications, including fabrics, filters, and 
membranes, deal with surfaces where the pores are open at both ends. 
Microfluidics also involves channels with two open ends, where fluid 
flow occurs and the influence of momentum and interfacial energy be
comes significant in narrow channels. [11–13] One can dominate over 
the other depending on the size of the channel and the wettability of 
specific liquids on the material with which the channels are made. One 
of the areas in which wettability plays a critical role is liquid-liquid 
separation using filter and thin membranes [14–16] due to their sub
stantially smaller lengths of channels compared to the opening areas of 
the pores, in contrast to microfluidic channels. While extensive research 
exists on flow through long, thin channels, and abundant are articles 
addressing the onset of flow at the gate of pores that do not concern the 
flow inside the pores, the studies focusing on flow through pores with 
their depth or length comparable to their radii are relatively scarce. This 
research endeavors to address this knowledge gap, aiming to deepen our 
understanding of how wettability affects liquid flow through such pores 
and ultimately enhance the utility of fabrics, filters, and thin 
membranes. 

Our focus here is on filters and membranes that separate two 
immiscible liquid phases, especially oil and water. [14–16] These filters 
leverage the fact that liquid phases that wet the pore materials of filters 
and membranes (showing high wettability or low contact angle) can 
permeate through them without much external pressure. Simulta
neously, other phases with high contact angles are retained due to the 
higher energy requirement when increasing the solid–liquid interfacial 
area, which requires an additional pressure for the liquid to permeate. If 
the applied pressure is set between the two pressures to permeate, 
separation can be achieved. 

The selectivity in permeation based on wettability has motivated the 
development of filters with hydrophilic polymer materials due to their 
ease of fabrication and cost-effectiveness. Significant efforts have been 
directed toward altering surface properties to selectively permit the 
desired phases (typically water) to pass while rejecting others (usually 
oil). [17–21] Indeed, many studies have demonstrated high separation 
efficiency, even achieving near-perfect separation, by rendering their 
materials highly hydrophilic. [14,22–24] These studies, however, 
demonstrated how membranes or filters allow only the water phase to 
permeate from oil–water mixtures that are already well-separated by 
gravity, which lacks practical effectiveness for emulsified mixtures. 
There are also reports addressing the separation of emulsions or oil 
droplets in water. [14,25] Numerous techniques for this purpose have 
demonstrated high water throughput by rendering solids or hydrogels 
with which filters are made highly hydrophilic. Additionally, they 
exhibit anti-oil-fouling functionality by making oil adhesion less favor
able to solid or hydrogel surfaces. Nevertheless, it is essential to note 
that, over time, oil will inevitably adhere to solid surfaces, eventually 
clogging the pores. [14,22–25] 

Consequently, fouling remains an intrinsic problem in liquid–liquid 
separation techniques involving emulsified mixtures. One solution is to 
halt the separation process and remove the retentate that fouls the filter. 
However, this approach is unfavorable due to increased costs and time. 
An alternative remedy is to temporarily apply increased pressure, 
allowing the intended permeating phase to still pass through the pores. 
This also means the permeation of the intended retentate, thereby 
undermining the purpose of separation. Therefore, it becomes impera
tive to determine this threshold pressure, enabling decision-making 

regarding whether to increase pressure despite the permeation of both 
phases or prioritize selectivity by keeping the pressure low. While this 
threshold pressure can be determined through trial-and-error experi
ments, having predictable values becomes essential for designing large- 
scale processes and equipment. 

Another approach to address fouling involves temporarily altering 
the wettability of filters in situ, transitioning them from being water- 
wetting to oil-wetting, so as to enable the fouling phase to be 
removed. This method is highly sought after and has seen various suc
cessful implementations. Some have achieved wettability changes by 
manipulating temperature [26–30], while others have employed 
changes in pH [31]. Additionally, there are methods involving electro
chemical or electrical techniques. [32–36] While these and other in
stances of active wettability changes have proven effective in separating 
oil from water, [37] understanding the threshold pressure remains 
crucial for achieving high selectivity. 

A switch in wettability is not sufficient for achieving high selectivity. 
The applied pressure (hydrostatic head) must also be adjusted, and this 
is where the need for a predictive equation arises. To understand this, 
consider a scenario where an active filter can transition from a state 
where its surfaces are water-wetting and oil-dewetting (State 1) to a 
state where it becomes oil-wetting and water-dewetting (State 2). The 
notion of wetting or dewetting characteristics is relative to the other 
phase. Water mixed with oil droplets is to be separated with this active 
filter. Depending on wettability, the hydraulic heads needed for each 
liquid phase to permeate in each state are different owing to different 
wettability as illustrated in Fig. 1. Presume the hydraulic head needed 
for water to permeate at State 1, Hwater,1, is 30 mm and that for oil, Hoil,1, 
is 70 mm. When the height of liquid over the filter, H1, is between 30 mm 
and 70 mm, for example, H1 = 60 mm, water permeates while oil is 
rejected. If the wetting properties are now altered to State 2, where 
Hwater,2 = 50 mm and Hoil,2 = 20 mm, separation can only be achieved if 
the head is between 50 mm and 20 mm, so the head must be reduced 
from the original 60 mm. While H2 can be found with trial and error, this 
can be time-consuming and may cause an interruption in the separation 
process. Therefore, it is desirable to predict H2 for more efficient sepa
ration operation. Hence, for both active and non-active filters, it is 
necessary to predict the pressure or hydraulic head required for the 
exclusive permeation of a single phase. 

The Hagen–Poiseuille equation describes flows through and pressure 
differences inside a channel even in the context of small pores. However, 
this equation does not account for end effects where wetting occurs, 
which become dominants in the geometry of interest where the depth of 
the pore is comparable to the radius of the pore. Porosimetry, on the 
other hand, considers the pressure at the initiation of flow at the gate of 
pores. [38,39] However, this technique only accounts for the Laplace 
pressure at the entrance of a pore and does not describe the adhesion 
energy required to wet the inner wall of the pore when the depth is 
comparable to the radius or length. 

Therefore, this article aims at the development of an equation for 
calculating the interfacial energy that must be overcome to enable a 
liquid phase to pass through a geometrically well-defined pore and 
detach from the exit. As a result, this equation will incorporate end ef
fects and the interfacial energy required while liquids move inside pores. 
Once this equation is established, it will provide the basis for calculating 
the minimum pressure required for a liquid to permeate and generate a 
flux, denoted as "pressure to permeate". Furthermore, experimental tests 
were conducted to validate the developed equation. Specifically, the 
pressure to permeate water was measured as a function of advancing 
contact angles. Note that this article will not explore the effects of pore 
radius or liquid surface tension. However, subsequent equations, such as 
Eqs. (16) – (19), will demonstrate their obvious effects. In conducting 
these experiments, the authors prioritized practical applicability to 
industrialization. Accordingly, the pores were prepared using resin and 
3D printing. The primary objective of this paper was to test the effect of 
contact angles, and the experiments were designed accordingly. 
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However, the effect of the pore wall angle was also included in an 
attempt to reconcile the data with the theory. 

2. Theory 

The equation for the pressure to permeate is derived for a truncated 
cone. This derivation is developed for pores whose radius is comparable 
to its height as shown in Fig. 2, and it can also be applied to pores or 
channels of varying depths or heights. We consider the case of (a) a thin 
pore of small radius such that the difference in the hydrostatic head 
within the pore is negligible (low Bond number, Bo) and (b) a slow flow 
rate such that the Hagen–Poiseuille pressure is negligible (low Capillary 
number, Ca). In practice, the pore radius should be less than 850 μm for 
water to have Bo < 0.1. We consider a pore with the shape of a truncated 
cone, which introduces the additional variable of the pore wall angle, αj 
(Fig. 2). Note that the pore angle affects the equilibrium curvature of the 
meniscus. Fig. 2 illustrates how the same contact angle can lead to the 
opposite curvature of meniscus if the wall angle is changed. The sum of 
the contact angle and the wall angle for the truncated cone takes on the 
role of the contact angle for the straight pore. This has obvious impli
cations for the pressure to permeate. 

The critical steps in permeation are shown in Fig. 3. A liquid i 
(colored in blue) forms a contact angle θi on the filter material (colored 
in grey). The bottom opening of the pore has radius r0, and the thickness 
of the filter is denoted as h0. The position of the three-phase boundary is 
denoted as h measured from the bottom of the pore. The angle αj, 
characterizing the angle of the wall at a specific geometry j, is measured 
from the bottom surface. For instance, αj = 90◦ indicates a cylindrical 
pore. Fig. 3 provides an example where αj = 80◦ but this derivation is 
applicable for any αj between 0 and 180◦. The notation A represents an 
interfacial area, with subscripts denoting S for solid, L for liquid, and V 
for vapor. The final subscript signifies the location of the three-phase 
boundary of the meniscus, relative to the bottom of the filter pore. 
Thus, the last subscript h denotes the meniscus at the top and 0 denotes 
the bottom. Four states during permeation are shown: (1) the initial 
placement of liquid on the top of a pore, (2) the three-phase boundary at 
the exit of the pore by increasing the liquid-solid interfacial area, (3) a 
flattened meniscus achieved after applying pressure to State (2), and (4) 
the growth of the droplet after achieving the minimum curvature of the 
interface. The transitions between states are called steps. Note that the 
states shown here are used for derivation and calculation purposes to 

compare the energy and pressure needed for each step, and not all of 
them are stable. As will be explained, Panel 1 A is not stable because 
Panel 2 A is a more preferred state. Even Panel 2 A would not be 
observed if the hydraulic head is high enough to make the concave 
meniscus bulge while the meniscus similar to that depicted in Panel 2 A 
can exist with a very small amount of water inside a pore. 

The first step in permeation is to apply pressure to push the meniscus 
from the top to the bottom of the pore (Panel 1–2 in Fig. 3). When a 
liquid is placed on the top of a filter with pores depicted in Fig. 3, it 
forms a meniscus, and its shape is determined by αj and θi. It then has to 
be pushed to the bottom of the pore. The derivation for this step closely 
follows that of Kaufman et al. [40] They derived the equation with a 
specific assumption of ro ≫ h, whereas our derivation does not rely on 
that assumption. The calculation involves determining the change in 
surface energy between the two stages described in Panels 1 and 2. 
Therefore, areas that remain constant throughout the two stages, namely 
the liquid-solid interfaces at the top of the filter and the solid-vapor 
interfaces at the bottom, are not considered. 

In Panel 1, the sum of all interfacial energy, E1, is:  

E1 = ALV, γLV + ASV,h γSV + ASL,h γSL.                                              (1) 

Likewise, in Panel 2, the sum of all interfacial energy, E1, is:  

E2 = ALV,0 γLV + ASV,0 γSV + ASL,0 γSL.                                            (2) 

The energy needed to push the meniscus down to the bottom is;  

E2 – E1 = (ALV,0 – ALV,h)γLV + (ASV,0 – ASV,h)γSV + (ASL,0 – ASL,h)γSL.  (3) 

ASL,h = 0 because the wall of the pore has no contact with the liquid 
when the position of the meniscus is h = h. Likewise, ASV,0 = 0 because 
the wall of the pore has no contact of vapor at h = 0. Given that ASL,h =

ASV,0 = 0, and Young’s equation (γSV – γSL= γLV cosθi), Eq. (3) reduces to:  

E2 – E1 = γLV (ALV,0 – ALV,h – ASL,0 cos θi)                                        (4) 

Panels 1 A and 1B describe the liquid after it is placed on the top of 
the filter and establishes the equilibrium contact angle with the three- 
phase line at the pore entrance. If αj + θi < 180◦, the meniscus of the 
liquid-vapor interface will be concave toward the liquid, and if αj + θi >

180◦, it will be convex. Using the assumption that the pore radius is 
small (small Bo), the air–liquid interface of the meniscus is a spherical 
cap with area: 

Fig. 1. Illustration of the need for predicting the right head required for each phase to permeate in an active filter that can control wettability in situ. Hi,j is the 
hydraulic head needed for Species i to permeate at State j. H1 is the hydraulic head due to the height of the mixture above the filter at the beginning of the operation, 
and H2 is the head after the adjustment. All values presented here are made up for illustration purposes. 
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ALV,h = 2π
(

r0 +
h

tanαj

)2 1
1 − cos

(
αj + θi

). (5) 

More details are given in Section 1 of Supporting Information. The 
area of the wall denoted as ASL,0, which is the same as ASV,h is: 

ASL,0 = ASV,h = π
(
r0 + rLV,h

)
sSV,h =

πh
sinαj

(

2r0 +
h

tanαj

)

. (6) 

Substituting Eqs. (5) and (6) to Eq. (4) yields 

E2 − E1 = ΔE = − πhγLV

(

2r0 +
h

tanαj

)[
2

[
1 − cos

(
αj + θi

) ]
tanαj

+
cosθi

sinαj

]

(7) 

Fig. 4 shows results for a sample calculation for water using pore 
dimensions similar to those in the experiments. 

As Fig. 4 illustrates, ΔE > 0 when αj + θi > 180◦ and ΔE < 0 (spon
taneous wetting) when αj + θi ≤ 180◦. This observation aligns with the 
conclusions discussed by Kaufman et al. [40] Here we assume that the 
energy gained by the spontaneous wetting is dissipated by heat before it 
can be used to reshape the curvature of the vapor–liquid interface. 
Therefore, the energy at the bottom of the pore is reset to zero for Case A 
because the quantity of interest is the “extra” energy required for the 
transition from top to bottom. The demarcation between spontaneous 

and non-spontaneous wetting at αj + θi = 180◦ is our rationale for the 
two cases shown in Fig. 3. The force, F(h), is: 

F(h) = −
dE
dh

= 2πγLV

(

r0 +
h

tanαj

)[
2

[
1 − cos

(
αj + θi

) ]
tanαj

+
cosθi

sinαj

]

(8) 

Since ΔE < 0, i.e., αj + θi ≤ 180◦, means a spontaneous transition 
from Panel 1 A to Panel 2 A, F(h) > 0 means a spontaneous transition. 
Therefore, F(h) is understood as the force pulling the meniscus down. If 
it is negative, force is required to make the transition. 

The pressure required to push the meniscus to each height is the force 
divided by the area of the pore at that height, A(h). The positive value of 
F(h)/A(h) represents the pressure pulling the meniscus down as with F 
(h) because A(h) is positive. However, the negative sign is added to F(h) 
in describing the pressure needed to permeate because the pressure 
needed to overcome is of interest. To calculate this pressure that should 
be overcome to permeate, P(h), the area of the pore at h should be 
calculated from the radius of the three-phase boundary at h given as r(h) 
= r0 + h/tan αj (refer to Section 1 of the Supporting Information for 
further details). Therefore, dividing π r(h)2 yields: 

Fig. 2. Definitions of geometry used in derivation. Note that the curvature of the fluid–fluid interface depends on the contact angle, θi, and pore wall angle, αj.  

Fig. 3. States of permeation through a tapered cylindrical pore also showing the geometry and nomenclature used for the derivation.  
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P(h) = −
2γLV(

r0 + h
tanαj

)

[
2

[
1 − cos

(
αj + θi

) ]
tanαj

+
cosθi

sinαj

]

(9) 

When this quantity is made positive, it represents the pressure that 
has to be overcome to transition from Panel 1–2. 

For αj ≤ 90◦, it is important to note that the smallest area is always at 
the bottom of the pore (h = 0) making r(h = 0) = r0. On the other hand, 
for αj ≤ 90◦, the top of the pore has the smallest area. Note that negative 
values of r(h) are physically impossible. Therefore, Fig. 4 was prepared 
within the constraint that r(h) is never negative. Within this limit of 
positive r(h), the external pressure required to displace the meniscus 
from the top to the bottom of the pore, denoted as Pwet, can be described 
as follows: 

Pwet = 0 if αj + θi ≤ 180◦ (10)  

Pwet = −
2γLV

r0

[
2

[
1 − cos

(
αj + θi

) ]
tanαj

+
cosθi

sinαj

]

if αj + θi > 180◦ and αj

≤ 90◦

(11)  

Pwet = −
2γLV(

r0 + h
tanαj

)

[
2

[
1 − cos

(
αj + θi

) ]
tanαj

+
cosθi

sinαj

]

if αj + θi

> 180◦ and αj > 90◦ (12) 

The subsequent step involves flattening the meniscus by overcoming 
the Laplace pressure that maintains the meniscus in its concave (or 
convex) shape, as depicted in Panels 2 and 3 of Fig. 3. To calculate this 
pressure, it is necessary to determine the radius of curvature of the 
meniscus assuming it is a truncated sphere. The radius of curvature for a 
meniscus at a specific height, denoted as RLV,h, can be obtained by 
referring to Section 1 of the Supporting Information. The pressure 
required to flatten the meniscus, PL,1, can be calculated as follows: 

PL,1 =
2γLV

r0
sin

(
αj + θi

)
if αj ≤ 90◦ (13)  

PL,1 =
2γLV(

r0 + h
tanαj

) sin
(
αj + θi

)
if αj > 90◦ (14) 

Note that there is no distinction between αj + θi > 180◦ or ≤ 180◦. 
Yet, the PL,1 is negative when αj + θi > 180◦, thus requiring less total 
pressure to enable permeation. 

The process continues with the flattened meniscus requiring further 
enlargement until the droplet becomes sufficiently large and heavy to 
detach from the bottom of the pore, as depicted in the transition from 
Panels 3–4. During this transition, the maximum required pressure oc
curs at the smallest radius of curvature, which occurs when the meniscus 
becomes a hemisphere with the radius r0. For all larger pendant drops, 
the Laplace pressure is lower because the radius of curvature is lower. 
Providing the same hydrostatic head is maintained, the droplet will 
continue to increase in size until gravity drives detachment of the 
droplet. Regardless of any conditions posed by αj and θi, the pressure 
needed to further make the meniscus grow, PL,2, is; 

PL,2 =
2γLV

r0
(15) 

Therefore, the pressure needed for a liquid i that makes the contact 
angle with the filter material at θi, placed on the top of the tapered cy
lindrical pore at a certain angle αj, symbolized by Pi,j, can be calculated 
as below in case of αj > 90◦ by adding all three pressures, Pwet, PL,1, and 
PL,2. 

Pi,j =
2γLV(

r0 + h
tanαj

)

[

sin
(
αj + θi

)
+ 1 +

h
r0tanαj

]

if αj + θi ≤ 180◦ (16)  

Pi,j =
2γLV(

r0 + h
tanαj

)

[

−
2

[
1 − cos

(
αj + θi

) ]
tanαj

−
cosθi

sinαj
+ sin

(
αj + θi

)
+ 1

+
h

r0tanαj

]

if αj + θi

> 180◦

(17) 

In the case of αj ≤ 90◦, the smallest area is at the bottom of the pore 
where h = 0. Substituting h = 0 to Eq. (16) and (17) yields; 

Pi,j =
2γLV

r0

[
sin

(
αj + θi

)
+ 1

]
if αj + θi ≤ 180◦ (18)  

Pi,j =
2γLV

r0

[

−
2

[
1 − cos

(
αj + θi

) ]
tanαj

−
cosθi

sinαj
+ sin

(
αj + θi

)
+ 1

]

if αj

+ θi

> 180◦

(19) 

For experiments, the pressure was controlled by the height of water 
above the filter pore (the hydrostatic “head”), which is given as Hi,j = Pi, 

j/ρg with ρ being the density of the liquid and g the gravitational 
constant. 

Though the equations were derived separately for the two cases, αj ≤

90◦ and αj > 90◦, they are eventually the same equation. For brevity, 
Eqs. (18) and (19) can be expressed as a dimensionless quantity by 
dividing the Laplace pressure for zero contact angle for the 90º pore, 
which is 2γLV/r0: 

r0Pi,j

2γLV
= sin

(
αj + θi

)
+ 1 if αj + θi ≤ 180◦ (20) 

Fig. 4. Sample calculation of ΔE with Eq. (7) when γLV = 72 mN/m, r0 =

0.4 mm, and h = 0.4 mm. With these values of r0 and h, the radius at the top of 
the pore becomes negative at αj > 135◦. Therefore, the data is present for 0 < αj 
< 135◦. ΔE values are expressed with different colors. Note that all energies are 
much greater in magnitude than kT. The red colors in different hues represent 
ΔE < 0 and the blue colors represent ΔE > 0. The diagonal black line represents 
the conditions where αj + θi = 180◦, at which the sign of ΔE changes. 
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r0Pi,j

2γLV
= −

2
[
1 − cos

(
αj + θi

) ]
tanαj

−
cosθi

sinαj
+ sin

(
αj + θi

)
+ 1 if αj + θi

> 180◦

(21) 

For example, the pressure required to permeate when αj = 90º and θi 
= 0 is simply the pressure required to push the curvature from -r0 to r0, 
which is a pressure of 2 in dimensionless units 

The experiments in this work are restricted to situations where αj =

90º. For this condition, we have: 

r0Pi,j

2γLV
= cosθi + 1 if αj + θi ≤ 180◦ (22)  

r0Pi,j

2γLV
= 1 if αj + θi > 180◦ (23) 

The dimensionless pressure to permeate as expressed with Eqs. (22) 
and (23) along with its three components at αj = 90º calculated using 
Eqs. (20) and (21), are shown in Fig. 5. 

At this point, we remind readers that we assumed that the filling of 
the pore by liquid was done sufficiently slowly that the energy released 
between states 1 A and 2 A was lost before the energy was required for 
state 3 A. If the pore is filled quickly, some of this energy could 
conceivably be used to go further than state 2 A and in this case Eq. (20) 
provides an overestimate. Another important consideration is that the 
model system has sharp edges at the entrance and exit which is not 
physically realizable. 

When considering the total pressure required, it may seem counter
intuitive that lower contact angles need more pressure. This is due to the 
pressure required to reverse the curvature of the meniscus at the pore 
exit. There are no contributions from Pwet when αj + θi ≤ 180◦, and PL,2 
remains constant regardless of αj and θi. At high θi which causes αj + θi >

180◦, the convex meniscus requires negative Laplace pressure which 
offsets Pwet that increases with increasing θi. Since this criterion on 
having a constant value or changing values is determined by αj + θi and 
αj is constant in this case, θi at which the trend changes is called the 
transition contact angle, or θi, trans. With αj = 90◦, θi = 90◦ as shown in 
Fig. 5. 

The equations developed in this section were tested through exper
iments to investigate the impact of θi on Pi,j. To conduct these experi
ments, the height of water at which the first droplet detached from the 
filter materials was measured, with variations in the θi of water. This was 

done using the simplest geometry, with αj set to 90◦. The pores were 
prepared using a more realistic method, rather than employing a 
geometrically perfect setup that is challenging to achieve on an indus
trial scale, thus making the theory more practically applicable. 

3. Experiments 

3.1. Preparation of cylindrical pores 

Pores of varying sizes were fabricated using 3D-printing based on 3D 
models, an example of which is depicted schematically in Fig. 6. The 
intended radius of these pores was 150, 200, and 250 micrometers, with 
a fixed height of 400 micrometers. To address issues related to the un
controllable three-phase boundaries of the droplets forming at the bot
tom of the pore, a spout was added. The theory stipulated that the three- 
phase boundary should form at the bottom ridge of the pore as shown in 
Panel 4 of Fig. 3. To achieve this, a 50 μm thick spout was printed so that 
the three-phase boundary does not form randomly on a flat bottom 
surface. Furthermore, a weir was printed around the pore to attach a 
glass column, in which water was to be placed. The inner diameter of the 
weir’s rim was 8.5 mm. These 3D-printed models are referred to as fil
ters in the following discussion. 

The 3D model was produced using a stereolithography (SLA) Form 2 
printer, utilizing resin purchased from Formlabs Inc. This proprietary 
resin consisted of urethane dimethacrylate, methacrylate, and a photo 
initiator. The model was printed at a 45◦ angle compared to the major 
plane with a step size of 25 μm. Subsequently, the printed filters were 
immersed in isopropyl alcohol for 15 minutes to remove any excess 
resin. Dry air was used to blow through the pores and eliminate any 
remaining resin inside them. The filters were then post-cured for 
30 minutes at 60◦C. Once they reached room temperature, their pore 
radii were verified using an optical microscope. Additionally, a 3D laser 
profilometer (Zeta 20, Zeta Instruments) was employed to measure the 
pore radii and the surface roughness of the filters, both with and without 

Fig. 5. Dimensionless pressure to permeate (solid black) as a function of contact angle with the contribution from each component. “wet” represents the pressure 
required to change the interfacial area, “L,1” for making the convex or concave meniscus flat by overcoming the Laplace pressure, and “L,2” for making the meniscus 
larger by overcoming the smallest radius at r0, which is at the bottom of the pore. The transition contact angle is the angle at which the trend in dimensionless 
pressure shifts from increasing or decreasing to remaining constant. 

Fig. 6. Design of filters with a 90◦ pore with the names of different parts.  
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a PDMS coating (further explained in the next paragraph). To minimize 
data deviation, it was decided to print a single pore per filter, as multiple 
pores had shown higher variability probably due to the limitation of 3D 
printers that produced differently-sized pores even with the same 
design. 

To reduce roughness and facilitate control of the water contact angle 
on the filter, the filters were coated with polydimethylsiloxane (PDMS). 
Dow SYLGARD™ 184 Silicone Elastomer Clear (PDMS 184) was pur
chased and used as is. Several milliliters of a 10:1 mixture of PDMS and a 
curing agent were prepared and placed inside the circular weir. This 
mixture was then drawn through the bottom of the pore using a vacuum, 
ensuring that the wall of the pore and the bottom of the filter were 
coated. The vacuum was then applied from the top of the filter. This 
process was repeated multiple times to fully coat the pore’s wall, remove 
excess PDMS, and prevent pore clogging. From the same batch of the 
mixture, a 3D-printed flat slab was also coated. This slab, named as the 
accompanying slab, was prepared because measuring the contact angle 
of water on the filter with the dimensions shown in Fig. 6 was chal
lenging. Contact angle measurements were conducted on this accom
panying slab. Both the filter and the accompanying slab were 
subsequently cured in an oven at 60◦C for approximately 4 hours. After 
curing, the contact angle of water on the accompanying slab was 
measured. 

3.2. Measurement of head to permeate 

The filter, coated with PDMS and cured in an oven, was then affixed 
to a glass column by applying vacuum grease on the outside of the 
column and the topside of the weir. The assembled column was securely 
mounted vertically between two foam pieces to minimize the impact of 
external vibrations. A ruler was attached alongside the column for 
measurement purposes. Water was supplied to the column via a Teflon 
tube connected to a syringe pump. The end of the tube was positioned at 
the corner where the bottom of the column met the filter material to 
minimize flow-induced pressure fluctuations. Water was incrementally 
added, approximately one millimeter at a time, followed by a 2-minute 
wait period to reach equilibrium. 

After each 1 mm addition of water, the glass column containing 
water was imaged to measure the height of the water meniscus inside the 
column. If the first droplet formed and left the spout during the 2-minute 
waiting period, the previous height was recorded as the head to 
permeate, denoted as Hi,j. Subsequently, the filter was detached from the 
glass column, and any grease on the outside of the weir was physically 
removed with a swab. The remaining grease was then cleaned with 
toluene and ethanol, followed by air drying. The accompanying slab 
underwent the same cleaning process and was subsequently attached to 
the glass column to repeat the measurement of Hi,j. This process was 
repeated at least four times to obtain at least four values of Hi,j for a 
single contact angle. 

After completing one set of experiments and cleaning the filter, both 
the filter and the accompanying slab were subjected to UV ozone 
treatment. An approximate time required to induce a certain degree of 
change in contact angles was known from a prior experiment conducted 
on a different piece of slab coated with the 10:1 ratio mixture of PDMS 
(refer to Section 2 of Supporting Information). Yet, accurate contact 
angle values were measured using the accompanying slab after each UV 
ozone treatment. 

3.3. 3D fluorescent confocal microscopy 

To visualize the 3D shapes of the meniscus in water saturated with 
fluorescein, a fluorescent confocal microscope (FV 1000, Olympus) was 
employed. Filters with single pores were prepared as previously 
described, with the exception that PDMS was dyed with Nile red before 
curing. The filters were oriented with their bottom sides facing the 
objective lens, which was mounted invertedly. Subsequently, water 

containing fluorescein was introduced into the weir, and the filter was 
covered with a microscope slide cover glass. The confocal microscope 
was configured to use a dual-channel excitation for a contrasted view of 
the PDMS coating and the deionized (DI) water with fluorescein inside 
the pores. To generate 3D images, z-axis scans were initiated just below 
the spout and continued throughout the entire height of the pore (400 
μm) with a step height of 5 μm. Subsequently, ImageJ software was 
utilized to analyze the radius of curvature of the meniscus from the 
obtained images. 

4. Results and discussion 

4.1. Measured head to permeate 

Fig. 7 shows the measured head to permeate as a function of the 
contact angle of water on filters for a cylindrical pore (αj= 90º). As 
previously mentioned, these filters were coated with PDMS and then 
subjected to varying durations of UV ozone exposure to alter the contact 
angle. When compared to the calculated dimensionless pressure to 
permeate in Fig. 5, the experimental trend in Fig. 7 is the opposite. Fig. 5 
shows a cosine-like decrease at the low θi, which transitions to a constant 
value when θi > 90◦. Yet, Fig. 7 shows a constant height to permeate at 
low θi, which transitions to a sine-like increase around 60 – 70◦ in θi. 
Consequently, alternative explanations are needed to explain the 
discrepancy. Given that PL,2 remains constant irrespective of angles, the 
experimental changes with contact angle must be attributed to Pwet and/ 
or PL,1. Interestingly, the trend closely resembles that of Pwet alone, 
which raises questions about the presence of PL,1. As a result, it is 
postulated that PL,1 is negligible, and the transition contact angle, θi,trans, 
is influenced by the geometric irregularities on the wall of the pore. 

4.2. Formation of flat menisci regardless of contact angle 

To test the hypothesis that PL,1 is negligible, the shapes of menisci 
were imaged with a 3D fluorescent confocal microscope as shown in  
Fig. 8. Regardless of θi, the meniscus was flat while the meniscus for θi =

0◦ should be concave toward water (green) and θi = 130◦ be convex. To 
check both the resolution of the confocal and the effect of surface 
roughness, we measured the meniscus shape inside a smooth glass 
capillary. For the smooth glass capillary, a curved meniscus was resolved 
with the same microscope. (Refer to Section 3 of the Supporting Infor
mation for more detail.) Therefore, the flat meniscus was attributed to 

Fig. 7. Measured head to permeate as a function of contact angle of water 
through 3D-printed cylindrical pores. Dots are for data and the lines are guides 
to the eye. Values of r0 are indicated on the graph. 
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the surface roughness of the pore. For this rough surface case, the 
meniscus is always flat and PL,1 is negligible. 

The formation of a flat meniscus is possible because of surface 
roughness. When the wall of the pore is not homogeneous in topog
raphy, there is not a unique relationship between θi, r0, and the curva
ture of the liquid–vapor interface. The liquid can find a situation where 
the curvature is low, therefore the Laplace pressure is low. In the case of 
filters 3D-printed at a 45◦ angle, the printed pore would have a corru
gated pore wall, as illustrated by the dotted line beneath the grey 
shading in Fig. 9. Although this wall was coated with PDMS to reduce 
roughness and create a smoother surface from the surface tension of 
PDMS before curing, it would still retain smoothed grooves. Consider a 
case where a liquid forms a contact angle of θi = 120◦ as depicted with 
the orange shade. This liquid can form a contact angle of θi = 120◦ with 
the filter material (grey shade) at some slope on the groove without 
creating a convex meniscus. Similarly, a liquid with θi = 40◦ (blue 
shade) can also form a flat meniscus even though the contact angle is 
non-zero. The availability of these low-curvature configurations means 
that the permeation can occur at a lower pressure. 

Although not as pronounced as in Fig. 9, the 3D optical profilometry 
images of the pore’s inner wall display angles on a scale of several mi
crometers to several tens of micrometers as illustrated in Fig. 10 and 
Figures S4 – S7 in Supporting Information. While the measurements in 
angle may not be highly precise due to a limited number of samples and 
noises due to the glossiness of PDMS surfaces, the angles can be between 
13 – 20◦ considering the average and the standard deviation. This im
plies that αj can vary between 70 and 110◦. 

As demonstrated in Fig. 4, an increase in αj results in an increased ΔE, 
which in turn increases Pwet. Therefore, for the purpose of seeking the 
pressure above which permeation occurs, αj = 107◦ (the average angle of 
17◦ from five measurements added to the intended angle of 90◦) was 
chosen when applying the modified theory discussed in the following 

section. 

4.3. Modified theory 

Eqs. (18) and (19) predict (as depicted in Fig. 5) the decrease of Pi,j 
before αj + θi becomes greater than 180◦, followed by a constant value 
when αj + θi > 180◦. Therefore, αj can shift the θi,trans toward the smaller 
or larger θi. If assumed αj = 90◦ as intended, θi,trans = 90◦ (see Fig. 5). 
However, the experimental trend in Fig. 7 showed θi,trans around 70 – 
80◦, which is a shift of 10 – 20◦. This agrees with the approximate 13 – 
20◦ change in slope discussed in the previous section. 

We now assume that when the liquid exits the pore, it wets to the 
outer edge of the spout which has a wall thickness of 50 μm. This makes 
the exit radius r0 + 50 μm. Eqs. (18) and (19) are modified to account for 
the increased exit radius, no effect from PL,1, and divided by ρg to 
calculate the head. Therefore, Hi,j is: 

Hi,j =
2γLV

ρg(r0 + 50μm)
if αj + θi ≤ 180◦ (24)  

Hi,j =
2γLV

ρgr0

[

−
2

[
1 − cos

(
αj + θi

) ]
tanαj

−
cosθi

sinαj

]

+
2γLV

ρg(r0 + 50μm)
if αj

+ θi

> 180◦

(25) 

With γLV = 72 mN/m, ρ = 1000 kg/m3, g = 9.8 m/s2, and r0 = 150, 
200, 250 μm, the plot according to Eqs. (24) and (25) along with Fig. 7 
(without showing the results from r0 = 157 and 160 μm since they are 
similar to 159 μm) are shown in Fig. 11. 

The trend from the experiments agrees well with the calculated 
trend, having larger Hi,j as θi increases and the transition contact angle 
aligned with theory. Yet, two facts do not agree with the experiments. 
First, the value at the plateau at lower θi does not agree with the 
calculation. Second, the Hi,j values from the calculation are about two to 
three times larger than the experimental value. Section 5 of Supporting 
Information discusses the possible explanation for the discrepancy, and 
the next section provides a brief summary. 

4.4. Factors decreasing the pressure to permeate 

The calculation is based on thermodynamic equilibrium, and does 
not consider other factors that may lower the pressure to permeate. 
These factors are discussed for more practical applications where they 
can be of importance. 

First of all, the geometric uncertainty would play a role. As discussed, 
the 25-μm resolution limit from the 3D-printing provided grooves on the 
pore walls, and made the Laplace pressure much less. This resolution is 
comparable with the added radius of 50 μm to the pore size by printing 
the spout. This, or any defects from the printing, may form a pocket or 
dent that would help form droplets with unpredictable radii of curva
ture. Although spouts were meant to keep the positions of the three- 
phase boundary consistent, thus providing larger droplet size with 
larger r0, the observation showed this trend was not always followed. 
(Refer to Section 5 of Supporting Information). This unexpected 

Fig. 8. Shapes of meniscus inside 3D-printed pores and coated with PDMS. Note that the green color is water saturated with fluorescein while the red is PDMS with 
Nile red. From left to right, the contact angles of water on PDMS were 0◦, 60◦, 76◦, 118◦, and 130◦. The last image is the 3D-constructed meniscus of water dyed with 
fluorescein inside a smooth glass capillary with high water wettability. 

Fig. 9. Possible configuration of menisci from liquids with different contact 
angles. This depicts that flat menisci can form on grooved pore walls regardless 
of contact angle. 
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variation would contribute to the discrepancy between the measure
ments and theory in predicting PL,2. 

Chemical inhomogeneity would also affect the pressure to permeate. 
As described in Eqs. (18) and (19) or Eqs. (24) and (25), θi controls the 
pressure to permeate. In case αj + θi ≤ 180◦, water would spontaneously 
wet the pore wall and the meniscus would form at the bottom of the 
pore. If a part of the bottom area of the pore has impurities or defects 
that are more hydrophilic than the inside of the pore, water will wet the 
area spontaneously. As a consequence, the droplet can form in the more 
hydrophilic area, requiring less pressure to permeate. 

The fluid flow may cause the pressure fluctuation that would be 
added to the hydrostatic head. Experiments were done in the same way 
presented in this paper except that the water was added continuously 
from a syringe pump. This design was discarded because it provided a 
very high deviation. These data can be found in Section 5 of Supporting 
Information, which showed lower heads to permeate compared to those 
reported in this article where the experiments were done by adding 
water incrementally. This confirms the effect of fluid flow in lowering 
the head to permeate. In addition, the fluid flow and pressure fluctua
tions may have contributed to the random advancement of the three- 
phase boundaries at the bottom toward the bottom surface of the spout. 

5. Conclusions 

We derived an equation that enables the calculation of the pressure 
required for a liquid to permeate through a tapered cylindrical pore. Of 
several variables in the equation, the effect of the contact angle of the 

liquid that permeates through the pore was tested experimentally in a 
practical setup where pores with radii varying from 150 to 250 μm were 
3D-printed and coated with PDMS for easy control of the contact angle. 
The three steps of permeation were presented for the derivation of the 
pressure to permeate. The first step was for a liquid on the top of a pore 
to make more contact with the pore wall. This derivation closely fol
lowed that of Kaufman et al., [40] while the derivation in this paper can 
be applied more to general cases without geometric limitations. The 
second step was to calculate the Laplace pressure from the concave or 
convex shape of the liquid meniscus. The third step was about increasing 
the surface curvature until a liquid droplet would become heavy enough 
to leave the bottom of the filter. The pressures from these three steps 
were summed up to calculate the pressure to permeate. To verify the 
theory experimentally, filters with one pore were prepared, the contact 
angles were modified, water was added above the filter incrementally, 
and the hydraulic heads at which the first droplet left the pore were 
recorded as a function of the contact angle of water. Yet, the measured 
results showed an increase in the pressure to permeate with the increase 
in contact angles while the equation showed a decreasing trend. Thus, 
the theory was modified by hypothesizing that the Laplace pressure to 
be overcome from the second step was negligible. With this modification 
of the theory, the trend and the order of the measured and calculated 
values were reconciled. The Laplace pressure indeed was zero for any 
contact angles, verified with the flat shape of the meniscus at the 
liquid-vapor interface inside pores, which should be concave or convex 
depending on contact angles. This was attributed to the fact that the 
3D-printed pore had roughness in which a flat meniscus could form 

Fig. 10. 3D profilometry image of the wall of a pore. The approximate slopes at the bottom side of the profile were shown with light blue lines. Most small features (2 
– 5 μm laterally) are noise due the glossiness of PDMS surfaces. 

Fig. 11. Measured head to permeate (dots with straight lines, left axis) compared to calculated head to permeate (dotted lines, right axis) according to Eqs. (24) and 
(25). Blue lines are for the pore with r0 = 159 μm, orange for 214 μm, and green for 259 μm. 
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regardless of contact angles. Even after this correction, a discrepancy in 
the magnitude of the calculated and measured values remained. This is 
attributed to the effect of fluid flow that occurred when water was 
incrementally added, providing more pressure in addition to the hy
draulic head. 

This knowledge can be further utilized in the design and operation of 
filters for liquid-liquid separation by allowing the calculation of the 
threshold pressure for permeation with different liquids and geometries. 
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