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Abstract
We define a state space and a Markov process associated to the stochastic quantisation
equation of Yang–Mills–Higgs (YMH) theories. The state space S is a nonlinear
metric space of distributions, elements of which can be used as initial conditions for
the (deterministic and stochastic) YMH flow with good continuity properties. Using
gauge covariance of the deterministic YMH flow, we extend gauge equivalence ∼
to S and thus define a quotient space of “gauge orbits” O. We use the theory of
regularity structures to prove local in time solutions to the renormalised stochastic
YMH flow. Moreover, by leveraging symmetry arguments in the small noise limit,
we show that there is a unique choice of renormalisation counterterms such that these
solutions are gauge covariant in law. This allows us to define a canonical Markov
process on O (up to a potential finite time blow-up) associated to the stochastic YMH
flow.
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1 Introduction

The purpose of this paper is to construct and study the Langevin dynamic associated
to the Euclidean Yang–Mills–Higgs (YMH) measure on the torus Td , for d = 3. Post-
poning precise definitions to Sect. 1.3, the YMH measure should be the probability
measure formally given by

dμYMH(A,�)∝ exp
[− SYMH(A,�)

]
dAd� , (1.1)

where dA (resp. d�) is a formal Lebesgue measure on the space of principal G-
connections on a principal bundle P→ Td (resp. associated vector bundle V), for G
a compact Lie group with Lie algebra g. The YMH action SYMH(A,�) is given by

SYMH(A,�)
def=
∫

Td

(
|FA(x)|2 + |dA�(x)|2 +m2|�(x)|2 + 1

2
|�(x)|4

)
dx , (1.2)

where FA is the curvature 2-form ofA and dA denotes the covariant derivative defined
by the connection A. In particular, this includes the pure Yang–Mills (YM) action, in
which the Higgs field � is absent (i.e., the associated vector bundle has dimension
0).

The YMH action is an important component of the Standard Model Lagrangian,
and the mathematical study of the YMH measure on various manifolds has a long
history. Much work has been done to give a meaning to (1.1) for the pure YM
theory in d = 2, including R2 and compact surfaces. These works are primarily
based on an elegant integrability property of 2D YM; a sample list of contributions
is [38, 41, 52, 67, 72, 81]. In the Abelian case G= U(1) on Rd the measure (1.1) is
essentially a Gaussian measure (e.g. [49]), and [48] and [37] proved convergence of
the U(1) lattice Yang–Mills theory to the continuum theory in d = 3 and d = 4 re-
spectively. Still in the Abelian case, one can also make sense of the full YMH theory
in d = 2 [13–15] and d = 3 [64, 65]. A form of ultraviolet stability in finite volume
(i.e. on Td ) was also shown for the pure YM theory in d = 4 using a continuum reg-
ularisation in [71] and in d = 3,4 using renormalisation group methods on the lattice
in a series of works by Balaban culminating in [2–4]. The above list of works is far
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from exhaustive and we refer to the surveys [26, 62, 69] for further references and
history. We mention that the construction of the pure YM measure in d = 3 and of
the non-Abelian YMH measure in d = 2 (and d = 3), even in finite volume, is open.

In this paper we will always assume that the bundles P and V are trivial. Upon
fixing a global section of P , we can therefore identify a connection A with a g-
valued 1-form and a section of V with a function � : Td → V, where V is a real
finite-dimensional inner product space carrying an orthogonal representation � of G.
We will often drop � from our notation and simply write gφ for �(g)φ, and similarly
hφ for h ∈ g will denote the derivative representation of g on V.

Besides the non-existence of the Lebesgue measure on infinite-dimensional spaces
and the usual divergencies which arise from the non-quadratic terms in an action, a
major problem when trying to give a meaning to (1.1) is the fact that it is (formally)
invariant under the action of an infinite-dimensional group of transformation. Indeed,
assuming for now that all the objects are smooth, a gauge transformation g is an

element g ∈G∞ def= C∞(Td ,G) which acts on (A,�) by

g • A=Ag def= Adg(A)− (dg)g−1 , and g •�=�g def= g� . (1.3)

Geometrically, gauge transformations are automorphisms of the principal bundle P ,
so (Ag,�g) can be interpreted as representing (A,�) in a new coordinate system i.e.,
using a different global section of P . An important feature of gauge theory is that all
coordinate systems should give rise to the same physical quantities. In particular, one
can verify that

SYMH(A
g,�g)= SYMH(A,�) ,

which suggests that μYMH should be invariant under the action of any gauge transfor-
mations g. Since the group of all gauge transformations is infinite-dimensional, such
a measure cannot exist as a bona fide σ -additive probability measure.

A potential way to make rigorous sense of (1.1) is through stochastic quantisation,
which was introduced in the physics literature for gauge theories by Parisi–Wu [78].
In this approach, one aims to construct μYMH as the invariant measure of the Langevin
dynamic associated to the action SYMH. Formally, this is given by

∂tA=− d∗AFA −B(dA�⊗�)+ ξ ,
∂t�=− d∗AdA�−m2�− |�|2�+ ζ ,

(1.4)

where d∗A denotes the adjoint of dA, and B : V⊗V→ g is the unique R-linear form
such that

〈B(u⊗ v),h〉g = 〈u,hv〉V (1.5)

for all u,v ∈ V and h ∈ g. The noises ξ and ζ are independent space-time white
noises with respect to our metrics, i.e. for ξ = ξidxi ,

E[ξi(t, x)⊗ ξj (s, y)] = δij δ(t − s)δ(x − y)Cas ,

E[ζ(t, x)⊗ ζ(s, y)] = δ(t − s)δ(x − y)Cov .
(1.6)
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Here Cas ∈ g⊗s g is the quadratic Casimir element and Cov ∈V⊗s V is identity map
if we identify V�V∗ using the metric on V. We normalise the Casimir similarly and
note that these covariances satisfy the invariant properties (Adg ⊗ Adg)Cas = Cas
and (g ⊗ g)Cov = Cov for every g ∈G. The dynamic (1.4) is formally invariant in
law under any time-independent gauge transformation g by (1.3), namely, if (A,�) a
solution to (1.4) then, for any fixed time-independent gauge transformation g we have
that (Ag,�g) solves (1.4) with (ξ, ζ ) replaced by the rotated noise (Adgξ, gζ ) which
is equal in law. In particular, the bilinear form B satisfies the covariance property
AdgB(u⊗ v)= B(gu⊗ gv).

In spatial coordinates, (1.4) reads

∂tAi =	Ai − ∂2
jiAj + [Aj ,2∂jAi − ∂iAj + [Aj ,Ai]]

+ [∂jAj ,Ai] −B((∂i�+Ai�)⊗�)+ ξi ,
∂t�=	�+ (∂jAj )�+ 2Aj∂j�+A2

j�−m2�− |�|2�+ ζ ,
(1.7)

for i ∈ [d] = {1, . . . , d} with the summation over j implicit. A major problem with
this equation is the lack of parabolicity in the equations for A, which is a reflection
of the invariance of the action SYMH under the gauge group. As discussed in [22],
this problem can be circumvented by taking any sufficiently regular time-dependent
0-form ω : [0, T ]→ C∞(Td ,g) and consider instead of (1.4) the equation

∂tA=− d∗AFA + dAω−B(dA�⊗�)+ ξ ,
∂t�=− d∗AdA�−ω�−m2�− |�|2�+ ζ .

(1.8)

Then, at least formally, solutions to (1.8) are gauge equivalent in law to those of
(1.4) under a time-dependent gauge transformation. To get a parabolic flow for A
in (1.8) a convenient choice of ω is ω = −d∗A = ∂jAj which yields the so-called
DeTurck–Zwanziger term [34, 35, 88] in the first equation of (1.8). After making this
choice our main focus will be the stochastic Yang–Mills–Higgs (SYMH) flow which
in coordinates reads

∂tAi =	Ai +
[
Aj ,2∂jAi − ∂iAj + [Aj ,Ai]

]

−B((∂i�+Ai�)⊗�)+ ξi ,
∂t�=	�+ 2Aj∂j�+A2

j�−m2�− |�|2�+ ζ .
(1.9)

The system (1.9) is formally gauge covariant in the following sense: if (A,�)
is a solution to (1.9) then, given a time evolving gauge transformation g solving
g−1∂tg = −d∗A(g−1dg), (Ag,�g) solves the same equation with (ξ, ζ ) replaced by
(Adgξ, gζ ) which, since g is adapted, is equal in law to (ξ, ζ ).

1.1 Outline of the paper

In Sects. 1.3 and 1.4 we introduce important notation and summarise the main theo-
rems.
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In Sect. 2 we construct a nonlinear metric space S of distributions which serves
as the state space for SYMH on T3. By using the regularising and gauge covariant
properties of the deterministic YMH flow (with DeTurck–Zwanziger term), we define
regularised gauge-invariant observables on S which have good continuity properties
and show that gauge equivalence ∼ extends to S in a canonical way. Furthermore
sufficiently regular gauge transformations g ∈ C�(T3,G) act on S and preserve ∼.
The main idea in the definition of S is to specify how the heat semigroup t �→ PtX
behaves on elements X ∈ S ; the space S is nonlinear because we force control on
quadratic terms of the form PtX ·∇PtX arising from the most singular terms in (1.9).
In Sect. 3 we show that the stochastic heat equation defines a continuous stochastic
process with values in S .

In Sect. 4 we build on the “basis free” regularity structures framework in [22] to
show that certain symmetries are preserved by BPHZ renormalisation. This is then
used in Sect. 5 to show that SYMH can be renormalised with mass counterterms to
admit local solutions through mollifier approximations, which defines a continuous
stochastic process with values in S (possibly with blow-up).

In Sect. 6 we show that there exists a choice for the mass renormalisation so that
SYMH is genuinely (not only formally) gauge covariant in law. That is, the push-
forwards to O= S/∼ of the laws of two solutions (A(t),�(t)) and (Ā(t), �̄(t)) to
SYMH for t > 0 with initial conditions (A(0),�(0)) = (a,φ) and (Ā(0), �̄(0)) =
(ag,φg) respectively are equal (modulo subtleties involving restarting the equation).
This is done through an argument based on preservation of gauge symmetry in the
small noise limit, which is inspired by [12]. In Sect. 7 we show that there exists a
Markov process on the space of “gauge orbits” O, which is unique in a suitable sense
and onto which the solution to SYMH from Sect. 6 projects.

Finally in Appendix A we collect some results concerning modelled distributions
with singular behaviour at t = 0, which allows us to construct solutions to our SPDEs
starting from suitable singular initial conditions. In Appendix B we collect some re-
sults on the deterministic YMH flow which are useful for defining gauge equivalence
∼ on S regularised observables. In Appendix C, we extend the well-posedness result
for (A,�) in Sect. 5 to a coupled (A,�,g) system which is used in Sects. 6 and 7.
In Appendix D we prove that our solution maps are injective in law as functions of
renormalisation constants, which is useful in showing gauge covariance in Sect. 6.

1.2 Related works and open problems

Let us mention several other works related to this one. The idea to use the regular-
ising properties of the deterministic YMH flow to define regularised gauge-invariant
observables for singular gauge fields was advocated in [23, 24] and more recently
in [17, 18]; see also [7, 33, 42, 70, 76] for related ideas in the physics literature.
The results in [17, 18] are closely related to those obtained in Sects. 2 and 3; see
Remarks 2.8, 2.14, and 3.16 for a brief comparison.

In further work, Gross established a solution theory for the YM flow with initial
conditions in H 1/2 in [50, 51]. This space is natural since it is scaling critical for the
YM flow in three dimensions. (This is in the sense that it has small-scales scaling
exponent α = −1, so that 	u, u · Du and u3 all have the same scaling exponent
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α − 2 = 2α − 1 = 3α = −3.) Note however that the solution to the stochastic YM
flow does not belong to that space. Instead, it belongs to C− 1

2−κ for any κ > 0 (but not

to C− 1
2 ) which, although it is a space of rather badly behaved distributions, has scaling

exponent − 1
2 − κ which is subcritical for the YM flow. Unfortunately, these spaces

are sufficiently badly behaved so that there do exist vector-valuedX ∈ C− 1
2 for which

the map t �→ PtX⊗∇PtX fails to be locally integrable at t = 0 (this does not happen

when u ∈H 1
2 ). In fact, there exists no Banach space of distributions supporting the

3D Gaussian free field to which the YM flow extends continuously [31].
There are also number of recent results, from a probability theory perspective, on

lattice gauge theories in d = 3 and d = 4 and their scaling limits. Some works in
this direction include [25] on the YM free energy, [16, 27, 43, 44] on the analysis
of Wilson loops with discrete gauge group and [19, 46] with G= U(1), and [28] on
the confinement problem. See also [84–86] for work on lattice gauge theory using
Langevin dynamics.

The idea of stochastic quantisation was introduced in the physics literature by
Nelson [77] and Parisi–Wu [78]. With the development of regularity structures [56]
and paracontrolled distributions [55] to solve singular SPDEs (see also [20, 39, 66]),
this idea has been applied to the rigorous construction and study of scalar quantum
fields, especially the �4

3 theory [1, 53, 59, 73, 74]. See also [5, 6, 54] for another
stochastic analytic approach.

We finally mention some earlier works of the authors. In [22] we studied the
Langevin dynamic on for the pure YM measure on T2 (though the results therein
carry over without fundamental problems to the YMH theory). Because the equa-
tions in d = 2 are much less singular than in d = 3, we were able to obtain stronger
results with different methods. Namely,

• The state space constructed in [22] was a linear Banach space and came with an
action of a gauge group which determined completely the “gauge equivalence”
relation ∼; we do not know here if there exists a gauge group acting on S which
determines ∼ (we suspect it does not with the current definitions).

• Gauge covariance of the SYM process in [22] was shown through a direct com-
putation of the renormalisation constants coming from just three stochastic ob-
jects. Here such a computation is infeasible by hand due to the presence of a
large number of logarithmic divergences, which is why we rely on more subtle
symmetry arguments.

• The SYMH (1.9) for d = 2 (and its deterministic version for any d) admits arbi-
trary initial conditions in the Hölder–Besov space Cη only for η >− 1

2 , and the
state space considered in [22] embeds into such a Hölder–Besov space. Here S
embeds at best into Cη for η < − 1

2 , which causes significant complications in
the short-time analysis. This problem becomes even worse for the multiplica-
tive noise versions of (1.9) considered in Sect. 6 to the extent that we require
a substantial change to the fixed point problem when restarting the equation, in
particular solving for a suitable ‘remainder’, in order to obtain maximal solu-
tions.

We also mention that the first work to study the stochastic quantisation of a gauge
theory using regularity structures is [83] (using a lattice regularisation of T2 withG=
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U(1) and a Higgs field), and the first work to give a representation of the YM measure
on T2 as a random variable taking values in a (linear) state space of distributional
connections for which certain Wilson loops are defined pathwise is [30]. The state
space in [30] served as the basis for that in [22], and part of the definition of S in the
present work is inspired by these works (see Sects. 2.3 and 2.5).

We close with some open problems. One of the main questions is whether the
Markov process on O constructed in this paper admits an invariant measure, which
should then be unique due to the strong Feller [57] and full support [58] properties
of the solution. We do conjecture that such an invariant measure exists, which then
yields a reasonable candidate for the YMH measure on T3. Unfortunately, we do not
even know how to show the weaker statement that the Markov process survives for
all times. For the pure YM measure and Langevin dynamic on T2, this question was
recently answered in [32].

Another question is whether one can strengthen or change the construction of
(S,∼) in such a way that there exists a topological group Ḡ containing G∞ =
C∞(T3,G) as a dense subgroup, acting on S , having closed orbits, and such that
∼ is given by its orbits. For d = 2, it was shown in [22] that (the closure of smooth
functions in) Cα(T2,G), for some α ∈ ( 1

2 ,1) is such a group; this is both aesthet-
ically pleasing and a tool to simplify a number of arguments. The lack of a nice
gauge group in d = 3, for example, leads to difficulties in studying the topology of
O (we only know it is separable and completely Hausdorff here as opposed to Polish
in [22]), and complicates the construction of the Markov process on O.

We finally mention that it would be of interest to extend the results of this paper
to R3, but this problem is entirely open. In fact, this problem is open even in the 2D
setting of [22, 32]. Regarding global-in-time solutions, see the very recent progress
[9] for Abelian-Higgs on T2.

1.3 Notation and conventions

We collect some conventions and notations used throughout the article. Part of this
notation follows [22]. We equip the torus T3 = R3/Z3 with the geodesic distance
denoted by |x − y|, and R× T3 the parabolic distance |(t, x)− (s, y)| = √|t − s| +
|x − y|. We will tacitly identify T3 with the set [− 1

2 ,
1
2 )

3.
Throughout the article we fix a compact Lie group G, with associated Lie algebra

g, endowed with an adjoint invariant metric denoted by 〈 , 〉g. We will often assume
G to be embedded into a space of matrices. Let V be a real vector space of finite
dimension dim V ≥ 0 endowed with a scalar product 〈 , 〉V and an orthogonal rep-
resentation � of G. As mentioned before, we often drop � from our notation and
simply write gφ ≡ �(g)φ and hφ ≡ �(h)φ for g ∈G, h ∈ g, and φ ∈V, where �(h)φ

is understood as the derivative representation.

Remark 1.1 Even if V is a complex vector space endowed with a Hermitian inner
product 〈 , 〉V, and the representation ofG on V is unitary, we instead view V as a real
vector space with dimR(V)= 2 dimC(V) endowed with the Euclidean inner product
given by Re〈 , 〉V and view the representation as an orthogonal representation on V.
In fact, the definition of the YMH action (1.2), the deterministic part of the SPDE
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(1.4) which is its gradient flow, and the definition of white noise in (1.6) all only
depend on Re〈 , 〉V and not on Im〈 , 〉V.

A “gauge field” A is an equivariant connection on the trivial1 principal bundle
P � T3 ×G viewed as a 1-form A = (A1,A2,A3) : T3 → g3, which determines a
covariant derivative dA on the associated bundle V = P ⊗� V� T3 × V by dA� =
d�+A�= (∂i�+Ai�)dxi (see e.g. [36, Sect. 2.1.1]). A “Higgs field” is a section
of V , viewed simply as a function � : T3 → V. The curvature of a gauge field A is
the g-valued 2-form (FA)ij = ∂iAj − ∂jAi + [Ai,Aj ].

A space-time mollifier χ is a compactly supported smooth function on R × R3

such that
∫
χ = 1 and for every i ∈ {1,2,3}, χ is invariant under xi �→ −xi along

with (x1, x2, x3) �→ (xσ(1), xσ(2), xσ(3)) for any permutation σ on {1,2,3}. χ is called
non-anticipative if it is supported in the set {(t, x) : t ≥ 0}.

Assume that we are given a finite-dimensional normed space (E, | · |) and a metric
space (F, d). For α ∈ (0,1], we define as usual

Cα(F,E)= {f : F →E : |f |Cα def= |f |∞ + |f |α-Höl <∞} ,

where |f |α-Höl
def= supx �=y∈F

|f (x)−f (y)|
d(x,y)α

< ∞ denotes the Hölder seminorm and
|f |∞ = supx∈F |f (x)| denotes the sup norm.

For α > 1, we define Cα(T3,E) (resp. Cα(R × T3,E)) to be the space of k
def=

�α�− 1 times differentiable functions (resp. k0-times differentiable in t and k1-times
differentiable in x for all 2k0 + k1 ≤ k), with (α− k)-Hölder continuous k-th deriva-
tives.

For α < 0, let r
def= −�α− 1� and we define

Cα(T3,E)= {ξ ∈D′(T3,E) : |ξ |Cα def= sup
λ∈(0,1]

sup
ψ∈Br

sup
x∈T3

λ−α|〈ξ,ψλx 〉|<∞} ,

where Br denotes the set of all smooth functions ψ ∈ C∞(T3) with |ψ |Cr ≤ 1 and

support in {z ∈ T3 : |z| ≤ 1
4 } and where ψλx (y)

def= λ−3ψ(λ−1(y − x)).
For α = 0, we define C0 to simply be L∞(T3,E), and use C(T3,E) to denote the

space of continuous functions, both spaces being equipped with the sup norm. For
any α ∈ R, we denote by C0,α the closure of smooth functions in Cα . We drop E
from the notation whenever it is clear from the context.

If B is a space of g-valued distributions equipped with a (semi-)norm | · |,
then �B denotes the space of g-valued distributional 1-forms A = Ai dxi where

Ai ∈ B, equipped with the corresponding (semi-)norm |A| def= ∑3
i=1 |Ai |. When B

is of the form C(T3,g), Cα(T3,g), etc., we write simply �C, �Cα , etc. for �B. For

� ∈ [0,∞], we write G�
def= C�(T3,G) and let G0,� denote the closure of smooth

functions in G� , where we understand G as embedded into a space of matrices. We
often call G� a gauge group and its elements gauge transformations.

1We emphasise again that the case of non-trivial bundles is of course very interesting but will not be treated
here.
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In the remainder of the article, unless otherwise stated, we denote E = g3 ⊕ V.
This implies D′(T3,E)��D′ ⊕D′(T3,V) and, for X ∈D′(T3,E), we write X =
(A,�) for the corresponding decomposition. In particular, the configuration space of
smooth (connection-Higgs) pairs (A,�) is C∞(T3,E).

We similarly combine noises into a single variable ξ = ((ξi)3i=1, ζ ), which in view
of (1.6) has covariance E[ξ(t, x)⊗ ξ(s, y)] = δ(t − s)δ(x − y)Cov, with

Cov= Cas⊕3 ⊕Cov . (1.10)

Note that E carries a representation of G given for g ∈G by

E � x = ((xi)3i=1, y) �→ gx
def= ((Adgxi)

3
i=1, gy) ∈E . (1.11)

If g and x are functions (or distributions) with values in G and E respectively, we let
gξ denote the above operation pointwise whenever it makes sense.

For X,Y ∈ C∞(T3,E) we write X ∼ Y if there exists g ∈G∞ such that Xg = Y ,
where Xg = (Ag,�g) is defined in (1.3). Recall that X �→ Xg defines a left group

action of G∞ on C∞(T3,E). We denote by O∞ def= C∞(T3,E)/∼ the corresponding
quotient space. (The action X �→ Xg = g • X of G∞ on C∞(T3,E) should not be
confused with the action of G∞ on C∞(T3,E) given by (1.11).)

We will often use the following streamlined notation for writing the nonlinear
terms of our equations. For any X ∈E and i ∈ {1,2,3}, we write X|gi ∈ g and X|V ∈
V to be the projections of X onto the i-th component of X which is a copy of g

and the last component of X which is a copy of V respectively. Given any X ∈ E
and ∂X = (∂1X,∂2X,∂3X) ∈ E3, where ∂iX is just a generic element in E (which
does not necessarily mean a derivative in general), and similarly X̄ ∈ E and ∂X̄, we
introduce the shorthand notation X∂X̄,X3 ∈E defined as

X∂X̄|gi =
[
Aj ,2∂j Āi − ∂iĀj

]−B(∂i�̄⊗�) ,X∂X̄|V = 2Aj∂j �̄ ,

X3|gi =
[
Aj , [Aj ,Ai]

]−B((Ai�)⊗�) , X3|V =−|�|2�
(1.12)

where, as above, the summation over j is implicit and we have written

Ai
def= X|gi , ∂jAi def= ∂jX|gi , � def= X|V , ∂j� def= ∂jX|V , (1.13)

and Āi , ∂j Āi , �̄, ∂j �̄ are understood in the analogous way.
Recall the following notation from [22, Sect. 1.5.1]. Given a metric space F , we

extend it with a cemetery state by setting F̂ = F � { } and postulating that the
complement of every closed ball in F is a neighbourhood of in F̂ . We then recall
the definition of the metric space F sol from [22, Sect. 1.5.1], which should be thought
of as the space of continuous trajectories with values in F̂ which can blow up in finite
time but cannot be “reborn”. The purpose of the rather convoluted definition of the
metric of F sol is to guarantee that it is separable and complete (provided that F is).

1.4 Main theorems

We first collect our results on the state space of our 3D stochastic YMH process,
with references to more precise statements in later sections. Here, we will use the
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notation Ft for the DeTurck–YMH flow (the solution to (1.9) with ξ = ζ = 0 and the
�|�|2 term dropped2) at time t . Standard parabolic PDE theory shows that this is
well-posed for short times for all initial conditions in Cν(T3,E) as soon as ν >− 1

2 .
In other words, writing Ot ⊂ Cν for the set of initial conditions admitting a solution
up to time t , these are a decreasing family of open sets with

⋃
t∈(0,ε]Ot = Cν . On

the other hand, the projection F̃t of the DeTurck–YMH flow onto O∞ is globally
well-posed for all initial conditions in Cν . (This allows for a time-dependent gauge
transformation which doesn’t change the projection of the flow to O∞ but can prevent
it from blowing up, see Appendix B, in particular Corollary B.5.) Recalling that E =
g3 ⊕ V, we can state our results regarding the state space S (see Definition 2.22
below) as follows.

Theorem 1.2 (State space) For every η ∈ (− 1
2 − κ,− 1

2 ), where κ > 0 is sufficiently
small, there exists a complete (nonlinear) metric space (S,�) of E-valued distribu-
tions satisfying the following properties.

(i) There is a canonical embedding S ↪→ Cη(T3,E) and there exists ν̄ < 0 such that
C ν̄ (T3,E) ↪→ S densely. Furthermore, S is closed under scalar multiplication
when viewed as a space of distributions. See Lemmas 2.25 and 2.35(ii).

(ii) The deterministic DeTurck–YMH flowX �→Ft (X) ∈ C∞(T3,E) extends contin-
uously to the closure of Ot+s in S for every s, t > 0. It follows that t �→ Ft (X)
is well-posed for every X ∈ S and every sufficiently small t (depending on X)
and the flow on gauge orbits X �→ F̃t ∈O∞(X) extends continuously to all of
S for every t > 0. One furthermore has

lim
t→0

�(Ft (X),X)= 0 ∀X ∈ S .

See Proposition 2.9 and Lemma 7.8.
(iii) Define the equivalence relation on S by X ∼ Y ⇔ F̃(X) = F̃(Y ). Then ∼ ex-

tends the notion of gauge-equivalence defined for smooth functions. Moreover,

the quotient space O
def= S/∼ is a separable completely Hausdorff space. See

Proposition 2.51.
(iv) There exists � ∈ ( 1

2 ,1) and a continuous left group action G� × S � (g,X) �→
Xg ∈ S for which X ∼Xg and which agrees with the action (1.3) for smooth g
and X. See Proposition 2.28.

(v) There exist ν ∈ (0, 1
2 ) and C,q > 0 such that, for all g ∈G� and X ∈ S , one has

|g|Cν ≤ C(1+�(X,0)+�(Xg,0))q . See Theorem 2.39.

Remark 1.3 A consequence of Theorem 1.2(iii) is that classical gauge-invariant ob-
servables (Wilson loops, string observables, etc) have “smoothened” analogues de-
fined on O obtained by precomposing the classical observable with F̃t for some (typ-
ically small) t > 0. These smoothened observables are sufficient to separate points in
O, see Sect. 2.8.

2Dropping the �|�|2 term is done for purely technical convenience since this allows us to reuse results
from [61] and has no effect on our statements – see Remark 2.10.
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Remark 1.4 The significance of point (v) may seem unclear at this stage. However,
this estimate is crucial in the construction of the Markov process on O in Sect. 7.

Remark 1.5 The definition of the metric � is given in two parts: �(X,Y ) =
�(X,Y ) + |||X− Y |||. The metric � is defined in Sect. 2.1 and guarantees conti-
nuity of F̃t with respect to the initial condition. The norm ||| · ||| is defined in Sect. 2.5
and implies point (v). Both metrics come with several parameters, the final values of
which are given at the beginning of Sect. 5.

Fix i.i.d. g-valued white noises (ξi)3i=1 on R× T3 and an independent V-valued

space-time white noise ζ on R×T3 and write ξεi
def= ξi ∗ χε along with ζ ε

def= ζ ∗ χε .
Here χ is a mollifier as in Sect. 1.3 and χε(t, x)= ε−5χ(ε−2t, ε−1x). For each ε ∈
(0,1] consider the system of SPDEs on R+ ×T3 with i ∈ {1,2,3}3

∂tAi =	Ai + [Aj ,2∂jAi − ∂iAj + [Aj ,Ai]]
−B((∂i�+Ai�)⊗�)+CεAAi + ξεi ,

∂t�=	�+ 2Aj∂j�+A2
j�− |�|2�+Cε��+ ζ ε ,

(A(0),�(0))= (a,φ) ∈ S ,

(1.14)

where the summation over j is again implicit, and we fix some choice of (CεA,C
ε
� :

ε ∈ (0,1]) with

CεA ∈ LG(g,g) , and Cε� ∈ LG(V,V) .
Here LG(V,V) (resp. LG(g,g)) is the space of all the linear operators from V (resp.
g) to itself which commute with the action of G (resp. adjoint action of G). Recall
also that B : V ⊗ V → g is the bilinear form determined by (1.5). In view of the
notation introduced in Sect. 1.3, we may also write (1.14) as

∂tX =	X+X∂X+X3 + ((CεA)⊕3 ⊕Cε�)X+ ξε , (1.15)

where for any C ∈ L(g,g) we write C⊕3 for C ⊕C ⊕C ∈ L(g3,g3).

Remark 1.6 One particular example in our setting is that V is the adjoint bundle, i.e.
V = g, and G acts on V by adjoint action. In this case, � is also g-valued and the
bilinear form is simply given by the Lie bracket B(dA�⊗�)=−[dA�,�].

Recall the definition of Ssol from Sect. 1.3 (see F sol below (1.13) for any metric
space F ).

Theorem 1.7 (Local existence) Consider any C̊A ∈ LG(g,g) and a space-time molli-
fier χ . Then there exist (Cε

YM
,CεHiggs)ε∈(0,1] with Cε

YM
∈ LG(g,g) and CεHiggs ∈ LG(V,V)

and which depend only on χ , such that the following statements hold.

3One would have a term −m2� here in view of (1.2), but we absorb it into the term Cε��.
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(i) The solution (A,�) to the system (1.14) where

CεA = CεYM
+ C̊A , Cε� = CεHiggs −m2

converges in Ssol in probability as ε→ 0.
(ii) The limit in item (i) depends only on C̊A and not on χ .

Remark 1.8 See Theorem 5.1 for a slightly more general version of Theorem 1.7. The
operators Cε

YM
and CεHiggs will be determined by the BPHZ character that deforms the

canonical lift of ξε into the BPHZ lift of ξε .
While the equation (1.14) does fall under the “blackbox” local existence theory

of [10, 11, 21, 56] and the vectorial regularity structures of [22], this theory does
not directly give us Theorem 1.7. There are three issues we must overcome: (i) we
want our solution to take values in the non-standard state space S , (ii) we want to
start the dynamic from arbitrary, rough (not necessary “modelled”) initial data in S ,
and (iii) we must verify that the renormalisation counter-term is given by ((Cε

YM
)⊕3⊕

CεHiggs)X for some Cε
YM
∈ LG(g,g) and CεHiggs ∈ LG(V,V) which is not obvious from

the formulae for counterterms provided in [11, 22].

Our next result is about gauge covariance of the limiting solution, provided that
the operator C̊A is suitably chosen. See [22, Sect. 2.2] for a discussion in the 2D
case (which extends mutatis mutandis to the 3D case) on gauge covariance, and lack
thereof before the limit, from a geometric perspective. To formulate this result, we
consider a gauge transformation g(0) acting on the initial condition (a,φ) of (A,�)
as in (1.14), and define a new dynamic (B,�) with initial condition g(0) • (a,φ) such
that (B,�) = g • (A,�) for some suitable time-dependent gauge-transformation g.
The transformation g is chosen in such a way as to ensure that (B,�) converges in
law to the solution to SYMH with initial condition g(0) • (a,φ), provided that C̊A is
suitably chosen. The resulting dynamics (B,�) and g satisfy the equations

∂tBi =	Bi + [Bj ,2∂jBi − ∂iBj + [Bj ,Bi]] −B((∂i� +Bi�)⊗�)
+CεABi +CεA(∂ig)g−1 + gξεi g−1 ,

∂t� =	� + 2Bj∂j� +B2
j � − |�|2� +Cε�� + gζ ε ,

(∂tg)g
−1 = ∂j ((∂j g)g−1)+ [Bj , (∂j g)g−1] ,

(B(0),�(0))= g(0) • (a,φ) , g(0) ∈G
0,� .

(1.16)

Above and for the rest of this section, we let � ∈ ( 1
2 ,1) be as in Theorem 1.2(iv).

As mentioned above, for this choice of (B,�) and g, one has (B,�)= g • (A,�)

for any fixed ε > 0. Furthermore, g as given by the solutions to (1.16) also solves

g−1(∂tg)= ∂j (g−1∂jg)+ [Aj ,g−1∂jg] . (1.17)

Note that (1.17) with A given as in Theorem 1.7 is also classically ill-posed as ε ↓ 0
but can be shown to converge using regularity structures (however, it might blow up
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before A does). Since the products in g • (A,�) are well defined in the spaces where
convergence takes place, this gives one way of seeing that the solutions to (1.16) also
converge as ε ↓ 0.

For any C̊A ∈ L(g,g), let A
C̊A
: S → Ssol be the solution map taking initial data

(a,φ) ∈ S to the limiting maximal solution of (1.14) promised by Theorem 1.7. Our
main result on the construction of a gauge covariant process can be stated as follows.

Theorem 1.9 (Gauge covariance) There exists a unique C̊A ∈ LG(g,g), independent
of our choice of mollifier χ , with the following properties.

(i) For all g(0) ∈G� and (a,φ) ∈ S , one has, modulo finite time blow-up

g • A
C̊A
(a,φ)

law= A
C̊A

(
g(0) • (a,φ)

)

where g is given by (1.17) with A therein given by the corresponding component
of A

C̊A
(a,φ) and initial condition g(0). See Theorem 6.1 for a precise state-

ment.
(ii) There exists a unique Markov process X on O such that, for every (a,φ) ∈ S ,

if X is started from [(a,φ)] then there exists a random time t > 0 such that, for
all s ∈ [0, t], Xs = [AC̊A

(a,φ)s]. See Theorem 7.5.

Remark 1.10 One reason why statement (i) above is not precise is that it is not clear
that g • A

C̊A
(a,φ) as given above belongs to Ssol – we cannot exclude that both g

and A
C̊A
(a,φ) blow up at some finite time T but in such a way that g • A

C̊A
(a,φ)

converges to a finite limit at T .

2 State space and gauge-invariant observables

We construct in this section the metric space (S,�) described in Theorem 1.2. As
mentioned in Remark 1.5, we first define a metric space (I,�) in Sect. 2.1 which will
serve as the space of initial conditions for the (stochastic and deterministic) YMH
flow. The final state space (S,�) is defined in Sect. 2.3 using an additional norm
on I . The definitions of the spaces I and S will depend on several parameters, and
we will formulate a condition (I) (which stands for initial) for the parameters under
which we can solve the deterministic initial value problem in the space I , and a
condition (GI) (resp. (GS)) under which we have a continuous left group action of
G0,� on I (resp. on S).

Remark 2.1 All the results of this section hold with T3 replaced by Td for d = 2,3.
Furthermore, the only result which requires d ≤ 3 is the global existence of the de-
terministic YMH flow without DeTurck term E from Appendix B, which is used in
Definition 2.11 (and even this could be disposed of by redefining∼ in Definition 2.11
to use only local in time solutions). Note that long-time existence in d = 4 of the YM
flow (i.e. no Higgs component) was recently shown in [87]. However, the state space
I in Definition 2.4 below would not support the Gaussian free field in dimension
d ≥ 4 (or distributions of similar regularity). Furthermore, the results of all subse-
quent sections break down badly in d ≥ 4.
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We write “Let η = α−, β = ν+, etc. Then . . . ” to indicate that there exists ε > 0
such that for all η ∈ (α − ε,α), β ∈ (ν, ν + ε), etc. “. . . ” holds. If “. . . ” involves a
statement of the form “there exists � = γ−”, this means that there exists � < γ and
�→ γ as η→ α, β→ ν, etc., and similarly for “�= γ+”.

We will also use the shorthands x ≤ Poly(K)y and x � y to denote that x ≤
C(K + 1)qy and x ≤ Cy respectively for some C,q > 0 which, unless otherwise
stated, depend only the Greek letters α, β , etc.

2.1 Space of initial conditions

Definition 2.2 Recall the notation E = g3 ⊕V. For X ∈D′(T3,E), define

PX : (0,∞)→ C∞(T3,E) , PtX
def= et	X ,

the solution to the heat equation with initial condition X, and

N (X) : (0,∞)→ C∞(T3,E ⊗E3) , Nt (X)
def= PtX⊗∇PtX . (2.1)

For δ, β ∈ R, let Bβ,δ denote the Banach space of continuous functions Y : (0,1] →
Cβ(T3,E ⊗E3) for which

|Y |Bβ,δ def= sup
t∈(0,1)

tδ|Yt |Cβ <∞ .

For η ∈ R, we define the space D(N ) def= {X ∈ Cη(T3,E) : N (X) ∈ Bβ,δ} en-
dowed with the topology induced from Cη . Although, for the parameters η, β , δ in
the regime we care about, the function N : D(N )→ Bβ,δ is not continuous, the con-
tinuity of Cη(T3,E) � X �→ Nt (X) ∈ Cβ(T3,E ⊗ E3) for each t > 0 easily yields
the following:

Lemma 2.3 For every η, β , δ ∈R, the graph of N : D(N )→ Bβ,δ is closed. �

Definition 2.4 For X,Y ∈ D′(T3,E) and δ,β, η ∈ R, define the (extended) pseudo-
metric and (extended) metric

�X;Y�β,δ
def= |N (X)−N (Y )|Bβ,δ , �η,β,δ(X,Y )

def= |X− Y |Cη + �X;Y�β,δ .

Let I = Iη,β,δ denote the closure of smooth functions under the metric �≡�η,β,δ .
We define the shorthands �X�β,δ

def= �X;0�β,δ and �(X)
def= �(X,0). We will often

drop the reference to η,β, δ in the notation (I,�). Unless otherwise stated, we equip
I with the metric �.

Remark 2.5 By Lemma 2.3, I can be identified with a subset of C0,η .

Remark 2.6 We will later choose η, β , δ such that the additive stochastic heat equa-
tion defines a continuous I-valued process. An (essentially optimal) example is
η=− 1

2−, δ ∈ ( 3
4 ,1), and β =−2(1− δ)−.
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For a (possibly time-dependent) distribution X taking values in E, we will of-
ten write X = (A,�) to denote the two components of X in the decomposition
D′(T3,E)��D′ ⊕D′(T3,V).

Definition 2.7 We say that (η,β, δ) ∈R3 satisfies condition (I) if

η ∈ (−2/3,0] , β ∈ (−1,0] , δ ∈ (0,1) ,
β̂

def= β + 2(1− δ) ∈ (−1/2,0] , and η+ β̂ >−1 .
(I)

Remark 2.8 The space I is essentially the same as the space of possible initial condi-
tions appearing in [17, Thm. 2.9], provided that the exponents γi appearing there are
identified with γ1 =−η/2, γ2 = δ− 1−β/2. In particular, the condition η+ β̂ >−1
in (I) (guaranteeing that the initial data is scaling subcritical) corresponds to their
condition γ1 + γ2 < 1/2.

Proposition 2.9 (Local well-posedness of YMH flow) Suppose that (η,β, δ) sat-
isfy (I). For T > 0, let B denote the Banach space of functions

R ∈ C([0, T ],Cβ̂ (T3,E))

for which

|R|B def= sup
t∈(0,T )

|Rt |Cβ̂ + t−
β̂
2 |Rt |∞ + t 1

2− β̂2 |Rt |C1 <∞ .

Then for all X = (A,�) ∈ I and T ≤ Poly(�(X)−1), there exists a unique function
R(X) ∈ B such that

F(X) def= (a,φ) def= R(X)+PX : (0, T ]→ C∞(T3,E)

solves the YMH flow (with DeTurck term)

∂ta =− d∗aFa − dad∗a −B(daφ ⊗ φ) ,
∂tφ =− d∗adaφ + (d∗a)φ ,

(2.2)

with initial condition X in the sense that limt→0 |Rt (X)|Cβ̂ = 0. Furthermore,

|R(X)|B � �X�β,δ + 1 ,

where the proportionality constant depends only on η,β, δ, and the map I � X �→
R(X) ∈ B is locally Lipschitz continuous.

Remark 2.10 In coordinates, (2.2) reads

∂tai =	ai + [aj ,2∂j ai − ∂iaj + [aj , ai]] −B((∂iφ + aiφ)⊗ φ) ,
∂tφ =	φ + 2aj ∂jφ + a2

j φ ,
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with implicit summation over j . We will use the flow induced by this equation to
define our space of “gauge orbits” in Sect. 2.6. For this purpose, we could equally
have used any regularising and gauge covariant flow with nonlinearities of the same
order, such as the deterministic analogue of (1.9).

Proof For X ∈ I , consider any map MX : B→ B of the form

MX
t (R)

def=
∫ t

0
Pt−s

(
(PsX+Rs)∂(PsX+Rs)+ P(Rs,PsX)

)
ds ,

where P : E × E → E is a polynomial of degree at most 3 such that P(0) = 0.

Observe that |PsX|∞ � s
η
2 |X|Cη and |∂PsX|∞ � s

η
2− 1

2 |X|Cη . Furthermore, since
β−β̂

2 =−(1− δ),
∫ t

0
|Pt−s(Ns(X))|Cβ̂ds �

∫ t

0
(t − s)−(1−δ)s−δ�X�β,δds � �X�β,δ , (2.3)

and the same bound holds with | · |Cβ̂ replaced by | · |∞ and | · |C1 , (t − s)−(1−δ)
replaced by (t − s) β2 and (t − s)− 1

2+ β2 , and the final �X�β,δ replaced by t
β̂
2 �X�β,δ

and t− 1
2+ β̂2 �X�β,δ respectively.

It readily follows that for κ = 1
2 min{η+ β̂ + 1,2β̂ + 1,3η+ 2} and all R ∈ B

|MX(R)|B � �X�β,δ + T κ(|X|3Cη + |X|Cη + |R|3B + |R|B)

and for X̄ ∈ I , R̄ ∈ B , and denoting Q(x)
def= x2 + x,

|MX(R)−MX̄(R̄)|B � �X; X̄�β,δ + T κ |X− X̄|CηQ(|X|Cη + |X̄|Cη )
+ T κ |R − R̄|BQ(|X|Cη + |X̄|Cη + |R|B + |R̄|B) .

(The terms PsX∂Rs , Rs∂PsX account for the condition η + β̂ > −1, Rs∂Rs ac-
counts for β̂ > − 1

2 , and (PsX)3 accounts for η > − 2
3 .) It follows that for T ≤

Poly(�(X)−1) sufficiently small, MX stabilises the ball in B of radius� �X�β,δ+1,

is a contraction on this ball, and the unique fixed point of MX is a locally Lipschitz
function of X ∈ I . Moreover, since I is the closure of smooth functions,

lim
t→0

tδ|Nt (X)|Cβ = 0 ,

and thus limt→0 |MX
t (R)|Cβ̂ = 0 for all R ∈ B . It remains to observe that the desired

R(X) is the fixed point of a map MX of the above form. �

Definition 2.11 Let (η,β, δ) satisfy (I). For X ∈ I , let F(X) ∈ C∞((0, TX)×T3,E)

denote the solution to (2.2) with initial condition X where TX denotes the maximal
existence time of the solution in C∞(T3,E). We write Ft (X)= (FA,t (X),F�,t (X))
for its decomposition in C∞(T3,E)��C∞ ⊕ C∞(T3,V).
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Define F̃(X) : (0,∞)→O∞ by

F̃t (X)
def=
{
[Ft (X)] if t ∈ (0, TX/2] ,
[Et−TX/2(FTX/2)] if t > TX/2 ,

where E is the flow of the YMH equation without the DeTurck and �3 terms, see
Definition B.3.

We define an equivalent relation ∼ on I by X ∼ Y ⇔ F̃(X) = F̃(Y ). Let [X]
denote the equivalence class of X ∈ I .

Remark 2.12 We will see below in Proposition 2.15 that ∼ extends the notion of
gauge equivalence for smooth functions.

Remark 2.13 By Lemma B.4, Ft (X) ∈ F̃t (X) for all t ∈ (0, TX). This allows us in-
terpret F̃ as an extension of F to all times modulo gauge equivalence.

Remark 2.14 In [18], the authors introduce a topological space X as a candidate state
space of the 3D Yang–Mills measure. Roughly speaking, X contains all functions
X : (0,∞)→ O∞ which solve the YM flow F with the DeTurck–Zwanziger term
modulo gauge equivalence (with no restrictions at t = 0 although some restrictions
could easily be added). They furthermore show in [17] that the Gaussian free field
has a natural representative as a probability measure on X . Note that we will use a
space we call X in Sect. 2.3 which is unrelated to the space X in [18].

The space I/∼ (and thus also the smaller space O = S/∼ that we ultimately
work with) embeds canonically into X . The main difference is that I and S are
actual spaces of distributional connections that are not themselves defined in terms
of the flow F , although the analytic conditions we impose control how fast Ft can
blow up at time t = 0. One advantage is that this yields a large number of continuous
operations on the state space O. Furthermore, we later show that the SHE takes values
in C(R+,S), thus effectively recovering the main result of [17]; see Remark 3.16.

A result in [18] that we do not consider here is a tightness criterion for X although
it is possible in principle to formulate such criteria for I and S using the compact
embedding results in Sect. 2.7.

2.2 Backwards uniqueness on gauge orbits for the YMH flow

In this subsection we show a backwards uniqueness property for the YMH flow which
will be a key step in defining our space of “gauge orbits”. For � ∈ ( 1

2 ,1], recall
from [22, Sect. 3] the spaces ��-gr and �1

�-gr, the closure of g-valued 1-forms in
��-gr. More precisely, ��-gr is equipped with a norm | · |�-gr, defined in the same way
as in [22, Def. 3.7] except that T2 is replaced by T3. In Sect. 2.21 we will introduce
a generalisation of it, but for this subsection we only need �1

�-gr. Here we only recall

that �1
�-gr is embedded into C�−1, see e.g. (2.9) below. For

X = (A,�), X̄ = (Ā, �̄) ∈�� def= �1
�-gr × C�−1(T3,V) ,
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we say that X ∼ X̄ in �� if there exists g ∈ G� such that X̄ = Xg def= (AdgA −
(dg)g−1, g�). (Here, we recall the action of G� on �1

�-gr in [22, Sect. 3.4, Definition

3.26]; in particular the formal expression Ag = AdgA− (dg)g−1 is defined there as
an element of �1

�-gr.) Remark that ∼ in �� extends the usual notion of gauge equiva-
lence of smooth functions. Remark also that �� embeds into I for some parameters
satisfying (I), so that the YMH flow F is well-defined on �� . The following is the
main result of this subsection.

Proposition 2.15 Let � ∈ ( 1
2 ,1] and X,Y ∈�� . The following statements are equiv-

alent.

(i) X ∼ Y in �� .
(ii) F̃(X)= F̃(Y ), i.e. X ∼ Y in I .

(iii) F̃t (X)= F̃t (Y ) for some t > 0.

Remark 2.16 In the setting of Proposition 2.15, it also holds that if Ft (X) = Ft (Y )
for some t ∈ (0, TX∧TY ), thenX = Y . This follows from Lemma 2.17 below or from
classical backwards uniqueness statements for parabolic PDEs, e.g. [29, Thm. 2.2].

The proof of Proposition 2.15, which is based on analytic continuation and the
YMH flow without DeTurck term, is given at the end of this subsection. Denote by
K0 the real Banach space of pairs (A,�) ∈ I which are continuously differentiable
and write K for the complexification of K0. Note that even if V happens to have
a complex structure already, we view it as real in this construction, so that the �-
component of an element of K takes values in V ⊕ V endowed with its canonical
complex structure. A similar remark applies to g. We also write L0 ⊂K0 and L⊂K
for the subspaces consisting of twice continuously differentiable functions, endowed
with the corresponding norms.

For the remainder of the subsection, fix α < π/2 and T > 0 and define the sector
Sα = {t ∈ C : Re(t) ∈ [0, T ]& |arg t | ≤ α}. Write BK for the set of holomorphic
functions X : Sα→K such that

‖X‖BK def= sup
t∈Sα

‖X(t)‖K <∞ ,

and similarly for BL.

Lemma 2.17 Let X0 ∈ L0. Then, for T sufficiently small, F(X0) : [0, T ] → L0 ad-
mits a (necessarily unique) analytic continuation to an element of BL.

Proof Note that X
def= F(X0) solves

∂tX =	X+ F(X) ,
for a holomorphic function F : L→K (see [75] for a definition) that is bounded on
bounded sets. This is equivalent to the integral equation

Xt = et	X0 + t
∫ 1

0
etu	F(Xt(1−u))du , (2.4)
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which we now interpret as a fixed point problem on a space of holomorphic functions
on Sα . Recall that ‖et	u‖L � |t |−1/2‖u‖K for all t ∈ Sα as can easily be seen from
the explicit expression of the heat kernel. It immediately follows that the operator
M : Y �→ (t �→ t

∫ 1
0 e

tu	Yt(1−u)du) is bounded from BK into BL with norm of order
T 1/2, and therefore that the fixed point problem (2.4) admits a unique solution in
BL. �

Lemma 2.18 Let H ∈ BK and let g denote the solution to

g−1∂tg =H , (2.5)

with some initial condition g0 ∈ C1. Set hi = g−1∂ig and U = �(g) for some finite-
dimensional representation � of G. Then, hi and U can be extended uniquely to
holomorphic functions Sα→ C and Sα→ C1 respectively.

Proof It suffices to note that hi and U solve pointwise the ODEs

∂thi = ∂iH + [hi,H ] , ∂tU =U�(H) .

We can interpret these as ODEs in C and C1 respectively, which admit solutions since
the right-hand sides are holomorphic functions of H , h and U . These solutions are
global since the equations are linear. �

Recall that E(X) denotes the solution of the YMH flow without DeTurck term and
with initial condition X.

Lemma 2.19 For X ∈ C∞(T3,E), E(X) is real analytic on R+ with values in C.

Proof Denoting F(X)= (a,φ), by Lemma B.4, if g solves the ODE

g−1∂tg =−d∗a , g0 = id ,

then E(X)= F(X)g = U(F(X)− h) where h (understood as (h1, h2, h3,0)) and U
are defined from g as in Lemma 2.18 but with � replaced by Ad3 ⊕ � on g3 ⊕ V.
Lemma 2.17 implies that F(X) is real analytic with values in C2 for short times,
and Lemma 2.18 implies that h and U are real analytic with values in C and C1

respectively. It follows that E(X) is real analytic for short times (with a lower bound
on these times depending only on its C2 norm) and thus on R+ since E(X) exists
globally by Lemma B.1. �

Lemma 2.20 Let � ∈ ( 1
2 ,1]. The set {(X,Y ) ∈�� ×�� : X ∼ Y in ��} is closed in

�� ×�� .

Proof Suppose (Xn,Yn)→ (X,Y ) in �� ×�� with Xgnn = Yn. Consider �̄ ∈ ( 1
2 , �).

By the estimate |g|�-Höl � |A|�-gr + |Ag|�-gr (see [22, Prop. 3.35]) and the compact
embedding G� ↪→ G�̄ , it follows that gn→ g in G�̄ along a subsequence with g ∈
G� . Furthermore, by continuity of the maps

G
�̄ ×��-gr � (g,A) �→Ag ∈��̄-gr ,
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G
�̄ × C�−1(T3,V) � (g,�) �→ g� ∈ C�−1(T3,V) ,

(see [22, Lem. 3.30, 3.32] for the first; the second is obvious), we have Xg − Yn→ 0
in ��̄ , which implies Xg = Y . �

Proof of Proposition 2.15 The implication (ii)⇒(iii) is trivial. To show (i)⇒(ii), sup-
pose Xg = Y for some g ∈ G� . Then Ft (X)ht = Ft (Y ) for all sufficiently small
t > 0, where h solves a parabolic PDE with initial condition g (see [22, Sect. 2.2] or
Remark 2.44 below). Hence (i)⇒(ii). For the final implication (iii)⇒(i), suppose first
that X,Y ∈ C∞(T3,E). By Lemma B.4, Et (X)∼ Ft (X), and likewise for Y , hence
Et (X) ∼ Et (Y ). By Lemma B.6, there exists g ∈ G∞ such that Es(X)g = Es(Y ) for
all s ≥ t . By Lemma 2.19 and uniqueness of analytic continuations, it follows that
Es(X)g = Es(Y ) for all s ≥ 0, in particular X ∼ Y . The case of general (X,Y ) ∈��
follows by Lemma 2.20 and the fact that lims→0 Fs(X)=X in��̄ for any �̄ ∈ ( 1

2 , �).

Indeed, if F̃t (X) = F̃t (Y ) for some t > 0, since Fs(X) and Fs(Y ) are C∞ for all
s ∈ (0, TX ∧ TY ∧ t), one has Fs(X)∼ Fs(Y ) by the C∞ case proved above, and in
particular (Fs(X),Fs(Y )) is in the set defined in Lemma 2.20. One then has X ∼ Y
in �� by sending s→ 0. Hence (iii)⇒(i). �

2.3 Final state space

In this subsection, we introduce the “second half” of our state space (S,�). We do
this by introducing an additional norm ||| · |||α,θ . The role of this norm will become
clear in Sect. 2.5 where it will be used to control the Hölder norm of any gauge
transformation g in terms of X and Xg (Theorem 2.39 below).

Let X denote the set of oriented line segments in T3 of length at most 1
4 , i.e.

X def= T3 ×B1/4 (2.6)

where Br
def= {v ∈ R3 : |v| ≤ r}, (the first coordinate of X is the initial point, the

second coordinate is the direction). We say that �= (x, v) and �̄= (x̄, v̄) are joinable
if x̄ = x + v, there exists c ∈R such that v̄ = cv, and |v + v̄| ≤ 1/4. In that case, we
define � � �̄= (x, v + v̄).

Let � denote the space of additive g-valued functions on X (see [22, Def. 3.1]
for the definition in 2D – precisely the same definition applies here with T2 and R2

replaced by T3 and R3). Observe that every A ∈�B, where B denotes the space of
bounded measurable g-valued functions, canonically defines an element of � by

A(x, v)
def=
∫ 1

0

3∑

i=1

viAi(x + tv)dt . (2.7)

Definition 2.21 For A ∈�, α ∈ (0,1], and t > 0, define

|A|α-gr;<t
def= sup

|�|<t
|A(�)|
|�|α ,
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where the supremum is taken over all lines � ∈X of length less than t . For A ∈�D′
and θ ∈R, define the (extended) norm

|||A|||α,θ def= sup
t∈(0,1)

|PtA|α-gr;<tθ .

For η,β, δ ∈R, α ∈ (0,1], θ ∈R, recalling Definition 2.4 and the notational conven-
tion X = (A,�), define on D′(T3,E) the (extended) metric � ≡�η,β,δ,α,θ by

�(X, X̄)
def= �(X, X̄)+ |||A− Ā|||α,θ . (2.8)

Similar to before, we use the shorthand �(X)
def= �(X,0) and will often drop the

reference to η,β, δ,α, θ in the notation �.

Definition 2.22 For α ∈ (0,1] and θ ∈ R, let S ≡ Sη,β,δ,α,θ ⊂ Iη,β,δ denote the clo-
sure of smooth functions under �. Unless otherwise stated, we equip S with the
metric �.

Lemma 2.25 below provides a basic relation between ||| · |||α,θ and the Hölder–
Besov spaces | · |Cη that generalises the estimates

|A|Cα−1 � |A|α-gr ≤ |A|1-gr � |A|L∞ (2.9)

(which hold for all A ∈ �C and α ∈ (0,1], see [30, Prop. 3.21]). We first state the
following lemma.

Lemma 2.23 For all α ∈ (0,1], t ∈ (0,1), and A ∈�,

|A|α-gr ≤ t−(1−α)|A|α-gr;<t .

Proof Identical to [45, Ex. 4.24]. �

The proof of the following lemma is obvious.

Lemma 2.24 For all 0< α ≤ β ≤ 1, t ∈ (0,1), and A ∈�,

|A|α-gr;<t ≤ tβ−α|A|β-gr;<t .

We now have the ingredients in place for the generalisation of (2.9) we just an-
nounced.

Lemma 2.25 For A ∈�D′, α ∈ (0,1], and θ ≥ 0,

|A|C(1+2θ)(α−1) � |||A|||α,θ � |A|C2θ(α−1) ,

where the proportionality constants depend only on α, θ .
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Proof Denoting η
def= (1+ 2θ)(α − 1),

|A|Cη � sup
t∈(0,1)

t
α−1−η

2 |PtA|Cα−1 � sup
t∈(0,1)

t
α−1−η

2 |PtA|α-gr

≤ sup
t∈(0,1)

t
α−1−η

2 t−θ(1−α)|PtA|α-gr;<tθ = sup
t∈(0,1)

|PtA|α-gr;<tθ

≤ sup
t∈(0,1)

tθ(1−α)|PtA|1-gr � |A|C−2θ(1−α) ,

where we used (2.9) in the first line, Lemma 2.23 in the second line, and Lemma 2.24
in the third line. �

2.4 Gauge transformations

Throughout this subsection, let us fix

� ∈ (1/2,1], η ∈ (−�,�− 1], β ∈ (−�,0], and δ ∈R . (2.10)

Recall that C0,η denotes the closure of smooth functions in Cη . Since �+η > 0, 2�−
1 > 0, and η ≤ � − 1, the group G0,� (resp. G�) acts continuously on C0,η(T3,E)

(resp. Cη(T3,E)) via (A,�) �→ (A,�)g
def= (AdgA− (dg)g−1, g�). The following

result shows that, under further conditions, the action of G0,� extends to I .

Definition 2.26 We say that (�, η,β, δ) ∈R4 satisfies condition (GI) if

� ∈ [3/2− δ,1] , η ∈ [2− 2δ− �,�− 1] ,
β ∈ (−�,0] , and δ ∈ [1/2,1) . (GI)

We say that (�, η,β, δ,α, θ) ∈R6 satisfies condition (GS) if

(�, η,β, δ) satisfies condition (GI), and

α ∈ (0,1] , θ ≥ 0 , � ≥ 1+ 2θ(α − 1) , �+ (1+ 2θ)(α − 1) > 0 .
(GS)

Remark 2.27 The conditions (2.10) stated at the start of this subsection together with
η ≥ 2− 2δ− � and δ < 1 are equivalent to (GI).

Proposition 2.28 Suppose (�, η,β, δ) satisfies (GI). Then (g,X) �→ Xg defines a
continuous left group action G0,� × I → I which is uniformly continuous on ev-
ery ball in G0,� × I . If in addition (η,β, δ) satisfies (I), then Xg ∼ X for all
(g,X) ∈G0,� × I . Finally, if (�, η,β, δ,α, θ) satisfies (GS), then (g,X) �→ Xg de-
fines a continuous left group action G0,� × S→ S which is uniformly continuous on
every ball in G0,� × S .

We break up the proof into several lemmas.
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Lemma 2.29 Let g ∈ C�(T3), h ∈ Cη(T3), which we identify with periodic distribu-
tions on R3. For every Schwartz function φ ∈ S(R3)

sup
x∈R3

sup
λ∈(0,1]

λ−η−�|〈gh,φλx 〉 − g(x)〈h,φλx 〉|� |g|�-Höl|h|Cη , (2.11)

where φλx = λ−3φ( ·−x
λ
) and the proportionality constant depends only on �,η,φ.

Proof The reconstruction theorem, using a modification of the proof of [56,
Prop. 4.14], implies that

sup
x∈R3

sup
λ∈(0,1]

sup
φ∈B1

λ−�−η|〈gh,φλx 〉 − g(x)〈h,φλx 〉|� |g|�-Höl|h|Cη . (2.12)

To extend this to a Schwartz function φ, we can decompose φ =∑k∈Z3 φk(· − k)
where φk has support in a ball of radius

√
d centered at 0 and |φk|C1 � |k|−d−1−� .

Then φλx =
∑
k∈Z3(φk)

λ
x+λk and (2.12) implies

|〈gh, (φk)λx+λk〉 − g(x + λk)〈h, (φk)λx+λk〉|� k−d−1−�λ�+η|g|�-Höl|h|Cη .
Furthermore

|(g(x)− g(x + λk))〈h, (φk)λx+λk〉|� |λk|�|g|�-Hölk
−d−1−�λη|h|Cη ,

from which (2.11) follows by taking the sum over k ∈ Z3. �

Corollary 2.30 Consider g,h as in Lemma 2.29. Then for all t ∈ (0,1)

|Pt (gh)− gPt h|∞ � t
η+�

2 |g|�-Höl|h|Cη
and

|∇Pt (gh)− g∇Pt h|∞ � t
η+�−1

2 |g|�-Höl|X|Cη ,
where the proportionality constants depend only on �,η.

Proof Apply Lemma 2.29 with φ = P1 and φ = ∇P1, where we interpret Pt as the
heat kernel at time t > 0. �

For g ∈ G and (a,φ) ∈ E, let us denote g(a,φ)
def= (Adga, gφ) ∈ E. We extend

this action to G× E3 → E3 diagonally. In particular, gX is well-defined as an el-
ement of Cη(T3,E) (resp. Cη(T3,E3)) provided g ∈ G� and X ∈ Cη(T3,E) (resp.
X ∈ Cη(T3,E3)). Similarly for the spaces C0,η and G0,� . Denote further

gNt (X)
def= (g⊗ g)Nt (X)= (gPtX)⊗ (g∇PtX) .

Lemma 2.31 For X,Y ∈ Cη(T3,E), g ∈G� , and t ∈ (0,1)
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|g(Nt (X)−Nt (Y ))− (Nt (gX)−Nt (gY ))|∞
� tη+

�−1
2 |g|C� |g|�-Höl|X− Y |Cη (|X|Cη + |Y |Cη ) ,

where the proportionality constant depends only on η,�.

Proof We use the shorthand ai, bi for i = 1,2 to denote gPtX,gPt Y if i = 1 and
g∇PtX,g∇Pt Y if i = 2, and āi , b̄i to denote the same symbols except with the
g inside the Pt , e.g. ā1 = Pt gX, b̄2 = ∇Pt gY . With this notation, and henceforth
dropping ⊗, the quantity we aim to bound is |(a1a2 − b1b2)− (ā1ā2 − b̄1b̄2)|∞.

By Corollary 2.30,

|a1 − ā1|∞ = |Pt gX− gPtX|∞ � t
η+�

2 |g|�-Höl|X|Cη
and

|a2 − ā2|∞ = |∇Pt gX− g∇PtX|∞ � t
η+�−1

2 |g|�-Höl|X|Cη ,
with similar inequalities for the “b” terms. It follows that

|(b1 − b̄1)(a2 − b2)|∞ � tη+
�−1

2 |g|�-Höl|X− Y |Cη |Y |Cη
|(ā1 − b̄1)(b2 − b̄2)|∞ � tη+

�−1
2 |g|C� |g|�-Höl|X− Y |Cη |Y |Cη

where in the first line we used the fact that multiplication by g on E preserves the
L∞ norm, and in the second line Young’s theorem for C� × Cη by η > −�. In the
same way

|((a1 − ā1)− (b1 − b̄1))a2|∞ � tη+
�−1

2 |g|C� |X− Y |Cη |X|Cη ,
|ā1((a2 − ā2)− (b2 − b̄2))|∞ � tη+

�−1
2 |g|C� |g|�-Höl|X− Y |Cη |X|Cη .

It remains to observe that (a1a2 − b1b2)− (ā1ā2 − b̄1b̄2) is the sum of the previous
four terms inside the norms | · |∞. �

Lemma 2.32 Suppose η+ �−1
2 ≥−δ. Then for X,Y ∈ Cη(T3,E) and g ∈G�

�gX;gY�β,δ � |g|2C��X;Y�β,δ + |g|C� |g|�-Höl|X− Y |Cη (|X|Cη + |Y |Cη ) ,
where the proportionality constant depends only on η,β,�, δ.

Proof For Z ∈ Cβ(T3,E ⊗E3) and g ∈G� ,

|(g⊗ g)Z|Cβ � |g|2C� |Z|Cβ . (2.13)

The conclusion now follows by applying (2.13) to Z =Nt (X)−Nt (Y ) together with
Lemma 2.31. �
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Lemma 2.33 Suppose η+ �−1
2 ≥−δ. For X ∈ Cη(T3,E) and g ∈G� ,

�X;gX�β,δ � |g− 1|C� |g|C��X�β,δ + |g|C� |g|�-Höl|X|2Cη ,
where the proportionality constant depends only on η,�,β, δ.

Proof For Z ∈ Cβ(T3,E ⊗E3) and g ∈G� ,

|(g⊗ g)Z −Z|Cβ � |g|C� |g − 1|C� |Z|Cβ . (2.14)

The conclusion follows by combining (2.14) with Lemma 2.31. �

Lemma 2.34 Consider η̄, η ≤ 0, t ∈ (0,1), and X,Y, X̄, Ȳ ∈D′(T3,E). Then

|PtX⊗∇Pt X̄−Pt Y ⊗∇Pt Ȳ |∞ � t (η+η̄−1)/2(|X− Y |Cη |X̄|Cη̄
+ |Y |Cη |X̄− Ȳ |Cη̄ ) ,

where the proportionality constant depends only on η̄ and η.

Proof Using |PtX|∞ � tη/2|X|Cη and |∇PtX|∞ � t (η+1)/2|X|Cη , we obtain

|PtX⊗∇Pt X̄−Pt Y ⊗∇Pt Ȳ |∞
� |PtX⊗∇Pt X̄−Pt Y ⊗∇Pt X̄|∞

+ |Pt Y ⊗∇Pt X̄−Pt Y ⊗∇Pt Ȳ |∞
� t

η+η̄−1
2 (|X− Y |Cη |X̄|Cη̄ + |Y |Cη |X̄− Ȳ |Cη̄ ) ,

as claimed. �

Lemma 2.35 Consider η̄ ≤ 0 and X,Y, X̄, Ȳ ∈D′(T3,E).

(i) Suppose η+ η̄ ≥ 1− 2δ. Then

�X+ X̄;Y + Ȳ�β,δ � �X;Y�β,δ + �X̄; Ȳ�β,δ

+ |X− Y |Cη (|X̄|Cη̄ + |Ȳ |Cη̄ )
+ |X̄− Ȳ |Cη̄ (|X|Cη + |Y |Cη ) .

(ii) Suppose η̄ ≥ 1
2 − δ. Then

�X;Y�0,δ � |X− Y |Cη̄ (|X|Cη̄ + |Y |Cη̄ ) .
The proportionality constants in both statements depend only on η, η̄, β, δ.

Proof (i) follows from applying Lemma 2.34 and the embedding L∞ ↪→ Cβ to the
two “cross terms” and from the fact that η+η̄−1

2 ≥−δ⇔ η+ η̄ ≥ 1− 2δ. (ii) follows
directly from Lemma 2.34 with η= η̄. �
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Lemma 2.36 Suppose η ≥ 2− 2δ− � and X,Y ∈ Cη(T3,E) and g ∈G� . Then

�X;Xg�β,δ � |g|C�
(
|g − 1|C��X�β,δ + |g|C� |g|2�-Höl

+ |g|�-Höl|X|Cη (|g|C� + |X|Cη )
)
,

(2.15)

and

�Xg;Yg�β,δ � |g|2C� (�X;Y�β,δ + |X− Y |Cη (|X|Cη + |Y |Cη + |g|�-Höl)) , (2.16)

where the proportionality constants depend only on η,β,�, δ.

Proof Recall our assumption (2.10) on the parameters. Observe that η ∈ (−�,�− 1],
� ≤ 1, and η + � ≥ 2 − 2δ together imply η + �−1

2 ≥ −δ and � ≥ 3
2 − δ. Writing

dgg−1 ∈ C�−1(T3,E) as the element with zero second component in E = g3 ⊕V,

�X;Xg�β,δ = �X;gX− dgg−1�β,δ

� �X;gX�β,δ + �dgg−1�β,δ + |g|�-Höl|g|C� (|X|Cη + |gX|Cη ) ,
where we used Lemma 2.35(i) with η̄ = � − 1 (using η + � ≥ 2 − 2δ). We then
obtain (2.15) from Lemmas 2.33 and 2.35(ii) again with η̄= �−1 (using � ≥ 3

2 − δ).
In a similar way

�Xg;Yg�β,δ = �gX− dgg−1;gY − dgg−1�β,δ

� �gX;gY�β,δ + |gX− gY |Cη |g|�-Höl|g|C�
� |g|2C� (�X;Y�β + |X− Y |Cη (|X|Cη + |Y |Cη + |g|�-Höl)) ,

where we used Lemma 2.35(i) with η̄= �− 1 in the first bound (using again η+� >
2− 2δ) and Lemma 2.32 in the second bound. �

Lemma 2.37 Let α ∈ (0,1] and θ ≥ 0 such that � ≥ 1 + 2θ(α − 1). Then for all
g ∈G�

|||(dg)g−1|||α,θ � |g|C� |g|�-Höl ,

where the proportionality constant depends only on �,α, θ .

Proof Since � > 1
2 , |(dg)g−1|C�−1 � |g|C� |g|�-Höl. Since �−1≥ 2θ(α−1), the con-

clusion follows by Lemma 2.25. �

Lemma 2.38 Let α ∈ (0,1] and θ ≥ 0 such that � ≥ −η̃ def= −(1 + 2θ)(α − 1). Let
A ∈�Cη and g ∈G� . Then

|||A−AdgA|||α,θ � (|g − 1|∞ + |g|�-Höl)|||A|||α,θ ,
where the proportionality constant depends only on �,α, θ .
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Proof By Lemma 2.25, |A|Cη̃ � |||A|||α,θ . Since η̃+ � > 0, by Corollary 2.30, for all
t ∈ (0,1)

|PtAdgA−AdgPtA|α-gr;<tθ ≤ |PtAdgA−AdgPtA|1-gr

� |PtAdgA−AdgPtA|L∞ � t
η+�

2 |g|�-Höl|||A|||α,θ .

On the other hand, −η̃≥ 1− α, hence �+ α > 1, and thus for all t ∈ (0,1)

|PtA−AdgPtA|α-gr;<tθ � (|g − 1|∞ + |g|�-Höl)|PtA|α-gr;<tθ

(this follows by restricting the proof of [22, Lem. 3.32] to lines of length less than
tθ ), from which the conclusion follows. �

Proof of Proposition 2.28 For X,Y ∈ I and g ∈ G� , by (2.15) and the fact that
|g|�-Höl ≤ |g − 1|C� ,

�X;Yg�β,δ ≤ �X;Y�β,δ + �Y ;Yg�β,δ→ 0

as (g,Y )→ (1,X) in G� × I . Furthermore, for h ∈G� , clearly |Xg − Yh|Cη → 0 as
(g,X)→ (h,Y ). Therefore, by (2.16),

�Xg;Yh�β,δ = �Xg; (Y g−1h)g�β,δ→ 0

as (g,X)→ (h,Y ). It follows that, if g ∈G0,� , then Xg ∈ I . Furthermore (g,X) �→
Xg is a continuous left group action G0,� × I → I and it is easy to see from the
explicit form of the estimates (2.15) and (2.16) that this map is uniformly continuous
on every ball in G0,� × I .

Suppose further that (η,β, δ) satisfies (I). Then Xg ∼X for all smooth (g,X) ∈
G0,� × I . The fact that Xg ∼X for all (g,X) ∈G0,� × I now follows from Propo-
sition 2.15 together with the density of smooth functions in G0,� × I and continuity
of F on I by Proposition 2.9.

Finally, suppose further that (�, η,β, δ,α, θ) satisfies (GS). Fix (g,X) ∈G� × S .
Then for (h,Y ) ∈G� × S , by Lemmas 2.37 and 2.38

|||X− Yh|||α,θ ≤ |||X− Y |||α,θ + |||Y −AdhY |||α,θ + |||(dh)h−1|||α,θ → 0

as |h− 1|C� + |||X− Y |||α,θ → 0. Furthermore, by Lemma 2.38, |||Xg − Yg|||α,θ → 0
as |||Y −X|||α,θ → 0, and therefore

|||Xg − Yh|||α,θ = |||Xg − (Y g)hg−1 |||α,θ → 0

as |h − g|C� + |||X− Y |||α,θ → 0. It follows that (g,X) �→ Xg is a continuous left
group action G0,�×S→ S and uniform continuity on every ball in G0,�×S is clear
again from the explicit form of the estimates in Lemmas 2.37 and 2.38. �
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2.5 Estimates on gauge transformations

Recall that, by Proposition 2.28, if (�, η,β, δ) satisfies (GI), then (g,X) �→Xg is a
continuous group action G0,� × I→ I .

Theorem 2.39 Let θ = 0+, α = 1
2−, δ ∈ ( 3

4 ,1), β = −2(1 − δ)−, and η = − 1
2−.

There exists ν = 1
2− such that |g|Cν ≤ Poly(�(X)+�(Xg)) for all g ∈G0,� , X ∈ I ,

and � ∈ ( 1
2 ,1] such that (�, η,β, δ) satisfies (GI).

Remark 2.40 The conditions on (η,β, δ) in the above theorem ensure that they satisfy
(I) and that there exists � ∈ ( 1

2 ,1] such that (�, η,β, δ) satisfies (GI). On the other
hand, we do not suppose in this subsection that (�, η,β, δ,α, θ) satisfies (GS) since
the continuity of the group action G0,� × S→ S will not be needed.

We prove the theorem at the end of this subsection. The main ingredients are
Lemma 2.46(b), which provides an estimate on |g|Cν in terms of a nonlinear PDE
HX(g) with initial condition g (this is rather generic and similar to how the heat flow
characterises Hölder spaces), and Lemma 2.45, which estimates the (spatial) Hölder
norm of HX(g) in terms of F(X) and F(Xg) (this estimate is based on holonomies
and Young ODE theory, and was used extensively in [22]).

We first require several lemmas and definitions. Recall the notation F(X) =
(FA(X),F�(X)) from Definition 2.11.

Definition 2.41 Let (η,β, δ) satisfy (I), X ∈ I and g ∈Gν for some ν > 0. We de-
note by HX(g) : (0, TX,g)→G∞ the solution to

∂tHH
−1 =−d∗FA(X)H (dHH

−1)

= ∂j ((∂jH)H−1)+ [AdH (FA(X)j ), (∂jH)H−1] ,
H(0)= g ,

(2.17)

where TX,g is the minimum between TX and the blow up time of HX(g) in G∞.

Remark 2.42 Using the bound supt∈(0,T ) t−
η∧β̂

2 |Ft (X)|∞ <∞ for some T > 0, stan-
dard arguments show that, if g ∈Gν for some ν > 0, then indeed a classical solution
to (2.17) exists and is continuous with respect to g ∈Gν (cf. Lemma 2.46(a)).

Remark 2.43 “H” stands for “harmonic” since, if FA(X) = 0, then HX(g) is the
harmonic map flow with initial condition g.

Remark 2.44 The significance behind Definition 2.41 is the identity

Ft (X)H
X
t (g) =Ft (Xg) , ∀ t ∈ [0, TX,g ∧ TXg ) , (2.18)

which is valid for all smooth (g,X) and therefore for all X ∈ I and g ∈G0,� when-
ever (�, η,β, δ) satisfies both (I) and (GI). In particular, HX(g) also solves

∂tHH
−1 =−d∗FA(Xg)(dHH

−1)
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= ∂j ((∂jH)H−1)+ [FA(Xg), (∂jH)H−1] ,
which follows from [AdH (FA(X)j ), (∂jH)H−1] = [FA(X)Hj , (∂jH)H−1] in (2.17)

and then (2.18). Moreover, a direct computation shows that HXt (g)−1 =HXgt (g−1)

for all t ∈ [0, TX,g ∧ TXg,g−1).

The relation (2.18) yields the following lemma.

Lemma 2.45 Let (�, η,β, δ) satisfy (I) and (GI), g ∈G0,� , and X ∈ I . Then TX,g =
TXg,g−1 = TX ∧ TXg , and, for all t ∈ (0, TX,g) and γ ∈ ( 1

2 ,1],

|HXt (g)|γ -Höl � |FA,t (X)|γ -gr + |FA,t (Xg)|γ -gr , (2.19)

where the proportionality constant depends only on γ .

Proof The bound (2.19) follows from (2.18) and [22, Prop. 3.35, Eq. 3.24]. Then
TX ∧ TXg ≤ TX,g follows from the fact that, for any given k > 0, ‖HX(g)‖Ck only
blows up if |HX(g)|Cν does for all ν > 0. Since TX,g ≤ TX by definition, it remains
only to show that TX,g ≤ TXg (which will show TX,g = TX ∧ TXg and the fact that
TXg,g−1 = TX ∧ TXg follows by symmetry). But this follows from the facts that, for

all γ ∈ ( 1
2 ,1], F(X) can only blow up if |FA(X)|γ -gr + |F�(X)|Cγ−1 does and that

|Ag|γ -gr + |g�|Cγ−1 ≤K(|A|γ -gr + |�|Cγ−1 + |g|γ -Höl) for some increasing function
K : R+ →R+. �

For η ∈R, T > 0, a normed space B , and X : (0, T )→ C(T3,B), denote

|X|η;T def= sup
t∈(0,T )

t−η/2|Xt |∞ .

Lemma 2.46 Let (η,β, δ) satisfy (I), ν ∈ (0,1], g ∈Gν , X ∈ I , and T > 0.

(i) Let γ ∈ [ν,2), and define κ
def= 1

2 min{η+ 1, ν}. Then there exists c > 0 such that

for all S ∈ (0, T ) such that 0< Sκ ≤ c|g|−2
Cν (|FA(X)|η;T + 1)−1,

|HX(g)|γ,ν;S def= sup
t∈(0,S)

t (γ−ν)/2|HXt (g)|Cγ � |g|Cν , (2.20)

where the proportionality constant depends only on η, ν, γ .
(ii) Conversely, if γ − ν ∈ [0, 2κ

3 ), then

|g|Cν ≤ Poly(|FA(X)|η;T + |HX(g)|γ,ν;T + T −1) ,

where the relevant constants depend only on η, ν, γ .

Proof (a) Observe that h
def= HX(g) solves a fixed point of the form

ht =M(h)t
def= et	g +

∫ t

0
e(t−s)	((∇hs)2hs + (∇hs)h2

sFA,s(X))ds .
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It is easy to check that, for the given values of S and for c small enough, M sta-
bilises the ball of radius 2|g|Cν in the Banach space Cγ,ν;S ∩C1,ν;S ∩Cν,ν;S (using the
notation obvious from (2.20)) and is a contraction on this ball.

(b) Observe that, for all S > 0 and t ∈ (0, S)

|e(t−s)	(∇hs)h2
sFA,s(X)|Cγ � (t − s)−γ /2s η2+ ν−1

2 |FA,s(X)|η;S |h|2ν,ν;S |h|1,ν;S ,
and

|e(t−s)	(∇hs)2hs |Cγ � (t − s)−γ /2sν−1|h|21,ν;S |h|ν,ν;S .

By part (a), |h|ν,ν;S + |h|1,ν;S � |g|Cν whenever S ≤ Poly(|FA(X)|−1
η;S)|g|−2/κ

Cν , and
thus

sup
t∈(0,S)

t (γ−ν)/2|ht − et	g|Cγ � Sκ(|FA(X)|η;S + 1)|g|3Cν .

On the other hand,

|g|Cν � sup
t∈(0,1)

t (γ−ν)/2|et	g|Cγ

and, for all t ≥ S, |et	g|Cγ ≤ |eS	g|Cγ . Therefore, denoting κ̄
def= κ − γ−ν

2 ∈ ( 2κ
3 , κ),

|g|Cν � S−(γ−ν)/2 sup
t∈(0,S)

t (γ−ν)/2|et	g|Cγ

� S−(γ−ν)/2|h|γ,ν;S + Sκ̄ (|FA(X)|η;S + 1)|g|3Cν .

Hence, whenever S ≤ Poly(|FA(X)|−1
η;S)|g|−2/κ̄

Cν ,

|g|Cν � S−(γ−ν)/2|h|γ,ν;S . (2.21)

If T ≤ Poly(|FA(X)|−1
η;T )|g|−2/κ̄

Cν , then the conclusion follows. Otherwise, we can

choose S ∈ (0, T ) such that S � (|FA(X)|η;T + 1)q |g|−2/κ̄
Cν for some q < 0 and such

that (2.21) holds, and thus

|g|Cν ≤ Poly(|FA(X)|η;T )|g|(γ−ν)/κ̄Cν |h|γ,ν;T .

Since γ − ν ∈ [0, 2κ
3 )⇔ (γ − ν)/κ̄ ∈ [0,1), the conclusion follows. �

The proof of the following lemma is routine.

Lemma 2.47 (Interpolation) For α, ζ ∈ (0,1], κ ∈ [0,1], and A ∈�,

|A|(κα+(1−κ)ζ )-gr ≤ |A|κα-gr|A|1−κζ -gr .

We will apply the following lemma with α = 1
2− and γ = 1

2+.
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Lemma 2.48 For all η ≤ 0, α ∈ (0,1], γ ∈ [α,1], θ ≥ 0, and A ∈�D′,

sup
t∈(0,1)

t−(1−κ)η/2+θ(1−α)κ |PtA|γ -gr � |||A|||κα,θ |A|1−κCη

where κ
def= γ−1

α−1 ∈ [0,1] and the proportionality constant depends only on η.

Proof Observe that |PtA|1-gr � |PtA|∞ � tη/2|A|Cη , and, by Lemma 2.23,
|PtA|α-gr ≤ t−θ(1−α)|||A|||α,θ . Since γ = κα + (1− κ), it follows from Lemma 2.47
that

|PtA|γ -gr ≤ |PtA|κα-gr|PtA|1−κ1-gr � t−θ(1−α)κ |||A|||κα,θ t (1−κ)η/2|A|1−κCη ,

as claimed. �

Proof of Theorem 2.39 Take γ = 1
2+ and denote X = (A,�). Then, for all T ≤

Poly(�(X)−1) and t ∈ (0, T ),
|FA,t (X)|γ -gr ≤ |PtA|γ -gr + |FA,t (X)−PtA|γ -gr

� t (1−κ)η/2−θ(1−α)κ |||A|||κα,θ |A|1−κCη + t β̂/2(�X�β + 1)

≤ tω(�(X)+ 1) ,

where κ = γ−1
α−1 and ω= 0−, and where we used Lemma 2.48 and Proposition 2.9 in

the second bound along with the trivial bound | · |γ -gr ≤ | · |1-gr � | · |∞.

Define ν
def= γ + 2ω. Observe that ν = 1

2− for our choice of parameters. It follows
from Lemma 2.45 that

|HX(g)|γ,ν;T = sup
t∈(0,T )

t−ω|HXt (g)|Cγ ��(X)+�(Xg)+ 1 .

Since |FA(X)|η;T � �(X)+ 1 by Proposition 2.9, it follows from Lemma 2.46(b)
that |g|Cν ≤ Poly(�(A)+�(Ag)). �

2.6 Gauge orbits

Let us fix (η,β, δ) satisfying (I) for the rest of the subsection. Recall the relation
∼ on I from Definition 2.11 which extends the usual notion of gauge equivalence.
Recall also the space S in Definition 2.22.

Definition 2.49 Define the quotient space under ∼ by O
def= S/∼.

Lemma 2.50 The set {(X,Y ) ∈ I2 : X ∼ Y } is closed in I2.

Proof Suppose (Xn,Yn)→ (X,Y ) in I2 with Xn ∼ Yn. Then, by Proposition 2.9,

|Ft (Xn)−Ft (X)|�1-gr×C(T3,V)→ 0
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for some t > 0 sufficiently small, and similarly for Yn,Y . The conclusion now follows
from Lemma 2.20. �

Proposition 2.51 With the quotient topology, O is separable and completely Haus-
dorff.

Proof Separability follows from the fact that S is separable. The relation ∼ is of
the form X ∼ Y ⇔ f (X) = f (Y ) for a continuous function f : S → U, where U a
metric space; for instance, f = F̃t for t > 0 (recall Proposition 2.15) and U=Oα for
α ∈ ( 2

3 ,1] as defined in [22, Sect. 3.6]. Since U is completely Hausdorff, so is O. �

Remark 2.52 In addition to the quotient topology, another natural topology on O is
given by taking one of the functions f : S → U mentioned in the proof of Proposi-
tion 2.51, which necessarily induces a bijection f : O→ f (O) ⊂ U, and equip O

with the corresponding subspace topology. This leads to a weaker topology than the
quotient topology but which is metrisable and separable. One loses, however, conti-
nuity of solutions to SYMH (modulo gauge equivalence) with respect to the initial
condition under this topology, and it is not clear whether there is a choice for f (or
some family of such functions) for which this weaker topology is completely metris-
able.

Recall (see the last paragraph of Sect. 1.3) the metrisable space Ŝ def= S ∪ { }. We

extend∼ to Ŝ by Y ∼ ⇔ Y = . In particular, we identify Ô
def= Ŝ/∼with O∪{ }.

Equip Ô with the quotient topology.

Proposition 2.53 A strict subset O � Ô is open if and only if /∈O and O is open
as a subset of O.

Proof Consider the collection τ
def= {Ô} ∪ {O ⊂O : O is open}. It is easy to verify

that τ is a topology on Ô. Let σ denote the quotient topology on Ô. We claim that the
projection π : Ŝ → (Ô, τ ) is continuous, from which it follows that τ ⊂ σ . Indeed,
for O ∈ τ , either O = Ô in which case π−1(O) = Ŝ , or O ⊂ O is open in which
case π−1(O) is an open subset of S and therefore also an open subset in Ŝ . Hence
π : Ŝ→ (Ô, τ ) is continuous as claimed.

We now claim that also σ ⊂ τ , which then completes the proof. Indeed, every
equivalence class [A] ∈O contains a sequence which converges to in Ŝ (see [22,
Lem. 3.46] for the proof of a similar statement). Therefore, ifO ∈ σ and ∈O , then
O = Ô ∈ τ since π−1(O) is open by definition of the quotient topology and contains

, so that it must contain some element of every equivalence class [A] ∈O. On the
other hand, suppose O ∈ σ and /∈O . Then π−1(O)⊂ S and π−1(O) is open as a
subset of Ŝ (by definition of σ ). It is easy to see that every open subset of Ŝ which
does not contain is also open in S . Hence π−1(O) is also open in S , and therefore
O is open in O, thus O ∈ τ . Hence σ ⊂ τ as claimed. �
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2.7 Embeddings and heat flow

In this subsection, we study compact embeddings for the spaces I and S and the
effect of the heat flow. We first record the following lemma, the proof of which is
straightforward.

Lemma 2.54 (Lower semi-continuity) Let η,β, δ, θ, κ ∈R, α ∈ (0,1]. The functions

| · |Cη , � · �β,δ , ||| · |||α,θ : Cκ→[0,∞]
are lower semi-continuous.

Lemma 2.55 (i) For all η,β ∈ R and δ ≥ 0, there exists C > 0 such that, for all
h ∈ [0,1] and X ∈D′(T3,E), �(PhX)≤ (1+Ch)�(X).

(ii) For all α ∈ (0,1], A ∈�D′, and t, s ≥ 0, |PsA|α-gr;<t ≤ |A|α-gr;<t . In particu-
lar, Ps is a contraction for ||| · |||α,θ for any α ∈ (0,1] and θ ∈R.

Proof (i) Note that |PhX|Cη ≤ (1+Ch)|X|Cη . Furthermore

�PhX�β,δ = sup
t∈(0,1)

tδ|NtPhX|Cβ

= sup
t∈(h,1+h)

(t − h)δ|NtX|Cβ ≤ �X�β,δ +Ch|X|2Cη ,

where we used that supt∈[1,1+h) |NtX −N1X|Cβ ≤ Ch|X|2Cη to get the last bound.
(ii) Consider �= (x, v) with |�|< t . Then, by the definition (2.7),

|PsA(�)| =
∣∣∣
∫ 1

0

∫

T3

3∑

i=1

viPs(y)Ai(x + rv − y)dydr
∣∣∣

=
∣∣∣
∫

T3
Ps(y)A(x − y, v)dy

∣∣∣≤ |A|α-gr;<t |�|α ,

where we used that |A(x − y, v)| ≤ |A|α-gr;<t |�|α and
∫

T3 Ps(y)dy = 1. �

The proof of the following lemma is obvious.

Lemma 2.56 For s ∈ (0,1), 0< α ≤ ᾱ ≤ 1, θ ≥ 0, and A ∈�D′,

sup
t∈(0,s]

|PtA|α-gr;<tθ ≤ sθ(ᾱ−α)|||A|||ᾱ,θ .

Proposition 2.57 (Compact embeddings) Let η < η̄, δ̄ < δ, β,κ ∈R, 0< α < ᾱ ≤ 1,
and θ,R > 0.

(i) If Xn→ X in Cκ (T3,E) and supn �η̄,β,δ̄(Xn) <∞, then �(Xn,X)→ 0. In

particular, {X ∈D′(T3,E) : �η̄,β,δ̄(X)≤R} is a compact subset of (I,�).
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(ii) If An→ A in �Cκ and supn |||An|||ᾱ,θ <∞, then |||An −A|||α,θ → 0. In par-
ticular, {A ∈�D′ : |||A|||ᾱ,θ ≤ R} is a compact subset of the closure of smooth
functions under ||| · |||α,θ .

(iii) {X ∈D′(T3,E) : �η̄,β,δ̄,ᾱ,θ (X)≤R} is a compact subset of (S,�).

Proof (i) Recall the compact embedding Cη̄ ↪→ C0,η . Furthermore, for every s ∈
(0,1)

�Xn;X�β,δ ≤ sup
t∈(0,s]

tδ{|NtXn|Cβ + |NtX|Cβ } + sup
t∈(s,1)

tδ|NtXn −NtX|Cβ .

The first term is bounded above by 2sδ−δ̄ supn �Xn�β,δ̄ due to the lower semi-
continuity of � · �β,δ̄ (Lemma 2.54) and can therefore be made arbitrarily small by
choosing s sufficiently small, while the second term converges to 0 as n→∞ for
any fixed s ∈ (0,1) since the operator norm of Pt : Cκ → C1 is bounded uniformly
in t > s. It follows that �(Xn,X)→ 0. The final claim in (i) now follows from
Lemma 2.54.

(ii) In a similar way, for every s ∈ (0,1)
|||An −A|||α,θ ≤ sup

t∈(0,s]
{|PtAn|α-gr;<tθ + |PtA|α-gr;<tθ }

+ sup
t∈(s,1)

|PtAn −PtA|α-gr .

The first term is bounded above by 2sθ(ᾱ−α) supn |||An|||ᾱ,θ by Lemma 2.56 and lower
semi-continuity of ||| · |||α,θ (Lemma 2.54) and can therefore be made arbitrarily small,
while the second term converges to 0 as n→∞. Hence |||An −A|||α,θ → 0. The final
claim in (ii) now follows from Lemma 2.54.

(iii) This claim is a consequence of (i) and (ii). �

Proposition 2.58 Let β,η, θ ∈R, δ ≥ 0, and α ∈ (0,1].
(i) limh↓0�(PhX,X)= 0 for all X ∈ I .

(ii) limh↓0�(PhX,X)= 0 for all X ∈ S .

Proof To prove (i), observe that for all h ∈ [0,1]
�PhX;PhY�β,δ = sup

t∈(0,1)
tδ|NtPhX−NtPhY |Cβ

= sup
t∈(h,1+h)

(t − h)δ|NtX−Nt Y |Cβ

� |X− Y |Cη (|X|Cη + |Y |Cη )+ �X;Y�β,δ

(2.22)

for a proportionality constant depending only on η,β, δ. It readily follows that the set
ofX ∈ I such that limh↓0 �X;PhX�= 0 is closed in I . Furthermore, this set contains
all smooth functions, from which (i) follows. The claim (ii) follows in the same way
once we remark that |||PhA|||α,θ ≤ |||A|||α,θ by Lemma 2.55(ii) and therefore the set
of X ∈ S for which limh↓0�(PhX,X) = 0 is closed in S and contains the smooth
functions. �
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Lemma 2.59 Let 0< ᾱ ≤ α ≤ 1, θ ≥ 0, κ ∈ (0,1), h > 0, and A ∈�D′. Then

|||PhA−A|||ᾱ,θ � hκθ(α−ᾱ)|||A|||α,θ ,
where the proportionality constant depends only on ᾱ, α, θ, κ .

Proof We can assume that h ∈ (0,1). For all 0< t ≤ s < 1

|Pt+hA−PtA|ᾱ-gr;<tθ ≤ sθ(α−ᾱ)|Pt+hA−PtA|α-gr;<tθ ≤ 2sθ(α−ᾱ)|||A|||α,θ
where we used Lemma 2.24 in the first bound and Lemma 2.55(ii) in the second

bound. On the other hand, denote η
def= (1+ 2θ)(α − 1) so that |A|Cη � |||A|||α,θ by

Lemma 2.25. Then, for 0< s < t < 1 and η̄ ≤ η,

|Pt+hA−PtA|ᾱ-gr;<tθ ≤ |Pt+hA−PtA|1-gr � |Pt+hA−PtA|L∞
� t η̄/2|PhA−A|Cη̄ � t η̄/2h(η−η̄)/2|A|Cη
� sη̄/2h(η−η̄)/2|||A|||α,θ .

Optimising over s ∈ (0,1) so that sθ(α−ᾱ) = sη̄/2h(η−η̄)/2 ⇔ s = hγ where γ =
η−η̄

2θ(α−ᾱ)−η̄ , we see that

|||PhA−A|||ᾱ,θ � hγ θ(α−ᾱ)|||A|||α,θ .
Note that η ≤ 2θ(α − ᾱ) (with strict inequality if θ > 0 and ᾱ < 1), hence γ ↗ 1 as
η̄→−∞, from which the conclusion follows. �

Lemma 2.60 Let κ,h ∈ (0,1), β,η ≤ 0, δ < δ̄ with δ̄ ≥ 0, and X ∈D′(T3,E). Then

�PhX;X�β,δ̄ � hκ(δ̄−δ)(�X�β,δ + |X|2Cη ) .
where the proportionality constant depends only on η, κ .

Proof For all 0< t ≤ s < 1

t δ̄|Nt+hX−NtX|Cβ ≤ sδ̄−δtδ(|Nt+hX|Cβ + |NtX|Cβ )� sδ̄−δ(�X�β,δ + |X|2Cη ) .
On the other hand, for 0< s < t < 1 and any η̄ ≤ η

t δ̄|Nt+hX−NtX|Cβ ≤ |Nt+hX−NtX|∞ (2.23)

� t (η̄+η−1)/2(|PhX|Cη + |X|Cη )|PhX−X|Cη̄
� s(η̄+η−1)/2h(η−η̄)/2|X|2Cη ,

where we used Lemma 2.34 in the second bound. Optimising over s ∈ (0,1) so that
sδ̄−δ = s(η̄+η−1)/2h(η−η̄)/2 ⇔ s = hγ where γ = η−η̄

2(δ̄−δ)+1−η−η̄ , we see that

�PhX;X�β,δ̄ � hγ (δ̄−δ)(�X�β,δ + |X|2Cη ) .
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Note that η < 2(δ̄− δ)+1−η, hence γ ↗ 1 as η̄→−∞, from which the conclusion
follows. �

Remark 2.61 One could sharpen Lemma 2.60 by not immediately dropping t δ̄

in (2.23), but this only improves the result in the case 2η ≥ 1 − 2δ, which is not
the case in which we will apply this lemma.

2.8 Smoothened gauge-invariant observables

We conclude this section with a discussion on the gauge-invariant observables defined
on the space I (and therefore on S).

Definition 2.62 A function O : C∞(T3,E)→ R is called gauge-invariant if O fac-
tors through a function O : O∞→ R (which we denote by the same symbol), i.e. if
O(X)=O(Y )wheneverX ∼ Y . A collection {Oi}i∈I of gauge-invariant observables
on C∞(T3,E) is called separating if for all X,Y ∈ C∞(T3,E)

Oi (X)=Oi (Y ) ∀i ∈ I ⇔ X ∼ Y .

The same definitions apply with C∞(T3,E) replaced by I .
If O : C∞(T3,E)→ R is a gauge-invariant observable then, recalling the YMH

flow F̃ : (0,∞)→ O∞ from Definition 2.11, we define its “smoothened” version
Ot : I→R for t > 0 by

Ot
def= O ◦ F̃t .

For X,Y ∈ I , recall that X ∼ Y if and only if F̃t (X)= F̃t (Y ) for some t > 0 due
to Proposition 2.15. Hence, given a separating collection {Oi}i∈I of gauge-invariant
observables on C∞(T3,E) and any t > 0, {Oit }i∈I is a separating collection of gauge-
invariant observables on I .

In the rest of this subsection, we describe a natural separating collection of gauge-
invariant observables on C∞(T3,E).4 For x ∈ T3 denote by Px the set of piecewise
smooth paths γ : [0,1] → T3 such that γ0 = x and by Lx ⊂ Px the subset of loops,
i.e. those γ ∈Px such that γ1 = x.

Given γ ∈ Px for some x ∈ T3 and A ∈ �C∞, the holonomy of A along γ is

defined as hol(A,γ )
def= y1 where y satisfies the ODE dyt = ytA(γt )γ̇t with y0 =

id (in fact A ∈ �α for α ∈ ( 1
2 ,1] suffices to define the holonomy as shown in [22,

Thm. 2.1(i)].

Definition 2.63 For n≥ 1 let An denote the set of all continuous functions f : Gn ×
Vn→R such that for all g,h1, . . . , hn ∈G and φ1, . . . , φn ∈V

f (gh1g
−1, . . . , ghng

−1, gφ1, . . . , gφn)= f (h1, . . . , hn,φ1, . . . , φn) .

4This construction is a simple adaptation of a well-known construction for pure gauge fields; for com-
pleteness, and since it is easy to do so, we give the details.
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Then, for any x ∈ T3, let Wx denote the set of all functions on C∞(T3,E) of the
form

(A,�) �→ f (hol(A, �1), . . . , hol(A, �n),hol(A,γ 1)�(γ 1
1 ), . . . ,hol(A,γ n)�(γ n1 )) ,

where n≥ 1, f ∈An, �1, . . . , �n ∈ Lx , and γ 1, . . . , γ n ∈ Px .

Remark 2.64 Every O ∈ Wx is gauge-invariant due to the identity hol(Ag, γ ) =
g(γ0)hol(A,γ )g(γ1)

−1. In the absence of the Higgs field (i.e. V= {0} or when f is
independent of its Vn-argument), Wx is a separating collection for �C∞/∼, see [79,
Prop. 2.1.2].

Remark 2.65 Elements of Wx of the form (A,�) �→ f (hol(A, �)), where � ∈ Lx and
f : G→ R is a class function, are known as Wilson loops. For many choices of G,
Wilson loops also form a separating collection for �C∞, but this is harder to show
than for Wx ; see [40, 68, 80] where this question is investigated.

Remark 2.66 Elements of Wx of the form (A,�) �→ 〈�(x),hol(A,γ )�(γ1)〉V are
known as string observables.

We now show that Wx is a separating collection for all of C∞(T3,E)/∼.

Proposition 2.67 Consider x ∈ T3 and (A,�), (B,�) ∈ C∞(T3,E). The following
statements are equivalent.

(i) (A,�)∼ (B,�).
(ii) O(A,�)=O(B,�) for all O ∈Wx .

Proof This is similar to [79, Prop. 2.1.2]. The direction (i)⇒(ii) is Remark 2.64.

Suppose now that (ii) holds. For γ ∈ Px define �γ
def= {g ∈G : ghol(A,γ )�(γ1)=

hol(B,γ )�(γ1)}, and for � ∈ Lx define  �
def= {g ∈G : ghol(A, �)g−1 = hol(B, �)}.

Then (ii) implies
(⋂

γ∈I
�γ

)
∩
(⋂

�∈J
 �

)
�= �� (2.24)

for any finite subsets I ⊂Px , J ⊂ Lx . This is due to the fact that if

f (h1, . . . , hn,φ1, . . . , φn)= f (h̄1, . . . , h̄n, φ̄1, . . . , φ̄n) ∀f ∈An ,

then there exists g ∈G such that hi = gh̄ig−1 and φi = gφ̄i for all 1≤ i ≤ n. Since
�γ and  � are compact, (2.24) holds for any countable I ⊂ Px , J ⊂ Lx by Cantor’s
intersection theorem. Since all objects are smooth and Px and Lx are separable (say
in the C1-metric), one can choose I ⊂Px , J ⊂ Lx to be countable dense subsets, and
it follows that there exists g ∈ (⋂γ∈Px �γ )∩ (

⋂
�∈Lx  �).

Define h ∈ C∞(T3,G) by the identity ghol(A,γ ) = hol(B,γ )h(y), where γ is
any path in Px such that γ1 = y (note that h(y) is independent of the choice of γ ).
Then hol(B,γ )h(γ1)�(γ1) = ghol(A,γ )�(γ1) = hol(B,γ )�(γ1) for all γ ∈ Px ,
and thus � =�h. Similarly h(z)hol(A,γ )h(y)−1 = hol(B,γ ) for all z, y ∈ T3 and
γ ∈Pz with γ1 = y, from which it follows that Ah = B . �
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3 Stochastic heat equation

The main goal of this section is to show that the stochastic heat equation (SHE) is a
continuous process with values in (S,�). We analyse separately the two parts � and
||| · |||α,θ which add to give �.

3.1 The first half

Throughout this subsection, let ξ denote either the E-valued space-time white noise
((ξi)

3
i=1, ζ ) on R × T3 or its smoothened version ((ξεi )

3
i=1, ζ

ε). Then there exists
Cξ > 0 such that E[|〈ξ,φ〉|2] ≤ Cξ |φ|2L2(R×T3)

for all smooth compactly supported

φ : R × T3 → E. Let � solve (∂t − 	)� = ξ on R+ × T3 with initial condition
�(0) ∈D′(T3,E). We will often write �t =�(t) for short.

Definition 3.1 We say that (η,β, δ) ∈R3 satisfies condition (I ′) if

η ∈ (−2/3,−1/2) , β ∈ (−1/2,0] , δ ∈ (3/4,1) ,
β̂

def= β + 2(1− δ) < η+ 1/2 .
(I ′)

We introduce the homogenous version of the metric � by

�̃η,β,δ(X,Y )= |X− Y |Cη ∨ �X;Y�
1/2
β,δ .

Proposition 3.2 Assume (I ′) and that �0 ∈ Iη,β,δ . Then for all T > 0, there is a
modification of � such that � ∈ C([0, T ],Iη,β,δ) and, for every η̄ < η, β̄ < β and
δ̄ > δ there exists κ > 0 such that p ∈ [1,∞),
(

E
∣∣∣ sup

0≤s<r≤T
|r − s|−κ�̃η̄,β̄,δ̄(�r,�s)

∣∣∣
p)1/p

� ��0�
1/2
β,δ + |�0|Cη +C1/2

ξ (3.1)

and

(
E sup
r∈[0,T ]

r−κ�̃η,β,δ(�r,Pr�0)
p
)1/p

� C1/4
ξ (C

1/4
ξ + |�0|1/2Cη ) . (3.2)

For the proof, we require several lemmas. Below we denote by ∗̂ the spatial con-
volution (in contrast with ∗ for space-time convolution). Below we write G for the
heat kernel associated to the heat semigroup P .5

Lemma 3.3 Let d ≥ 1, γ ∈ (0, d) and α ∈ (0, γ ). Let P(k)t be the kth spatial derivative
of the heat semigroup P for multiindex |k| ≤ 1. Let f ∈ D′(Td) which is smooth

5Writing G for both heat kernel and the Lie group will not cause any confusion since it is clear from the
context.
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except for the origin, and satisfy the bound |f (x)|� |x|−γ uniformly in x ∈ Td\{0}.
Then for any ω ∈ (0,min(α2 ,

1
2 )
)

one has

|t α+|k|2 (P(k)t f )(x)|� |x|α−γ ,
|(t α+|k|2 P(k)t f − t̄

α+|k|
2 P(k)

t̄
f )(x)|� |t − t̄ |ω|x|α−γ−2ω ,

uniformly in t ∈ (0,1) and x ∈ Td \ {0}.

Proof By the bound |G(k)(t, x)|� (|x| +√t)−d−|k| one has

|(P(k)t f )(x)|�
((| · | +√t)−d−|k| ∗̂ |f |

)
(x)� t−

α+|k|
2

(
| · |α−d ∗̂ |f |

)
(x)

� t−
α+|k|

2 |x|α−γ

uniformly in t ∈ (0,1), where in the last step we applied [56, Lem. 10.14]. The second
bound follows in the same way using the bound on ∂tG(k)(t, x) by

(|x|+√t)−d−|k|−2

and interpolation. �

Lemma 3.4 Suppose that �̃ solves SHE with initial condition �̃(0)= 0. Let T > 0,

δ ∈ ( 1
2 ,1), and β < 2(δ − 1). Then for κ

def= min{2(δ − 1)− β, 1
2 }, one has

E
∣∣
∣
(
tδNt �̃r − t̄ δNt̄ �̃s

)
(φλ)

∣∣
∣
2

� C2
ξ λ

2β(|t − t̄ | + |r − s|)κ (3.3)

uniformly in t, t̄ ∈ (0,1), r, s ∈ [0, T ], and λ ∈ (0,1), where φλ = λ−3φ(·/λ) and
φ ∈ C∞(T3) with support in {z ∈ T3 : |z| ≤ 1

4 }.

Proof Define Cr,s(x) = E〈�̃(r,0), �̃(s, x)〉E . For any t, t̄ , r, s ≥ 0 and x ∈ T3, re-
calling [3] = {1,2,3}, we write

J
(1)
t,t̄ ,x
(r, s)

def=
∑

k∈[3]
(t t̄)δ (Gt ∗̂Cr,s ∗̂ ∂kGt̄ )(x) (∂kGt ∗̂Cr,s ∗̂Gt̄)(x) ,

J
(2)
t,t̄ ,x
(r, s)

def=
∑

k∈[3]
(t t̄)δ (Gt ∗̂Cr,s ∗̂Gt̄)(x) (∂kGt ∗̂Cr,s ∗̂ ∂kGt̄ )(x) .

Here note that Nt (�̃r ) has zero mean thanks to the spatial derivative in its definition
(2.1). By Wick’s theorem for x, x̄ ∈ T3 one has

E
〈(
tδNt �̃r − t̄ δNt̄ �̃s

)
(x),

(
tδNt �̃r − t̄ δNt̄ �̃s

)
(x̄)
〉

E⊗E3

=
2∑

�=1

(
J
(�)
t,t,x−x̄ (r, r)− J (�)t,t̄ ,x−x̄ (r, s)− J (�)t̄,t,x−x̄ (s, r)+ J (�)t̄,t̄ ,x−x̄ (s, s)

)
.

(3.4)
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It is easy to check that

|Cr,s(x)|� Cξ |x|−1 , |(Cr,r −Cr,s)(x)|� Cξ |r − s|1/2|x|−2 , (3.5)

uniformly in r, s ∈ [0, T ] and x ∈ T3 \ {0}. Since κ ∈ (0, 1
2 ], interpolation between

the two bounds in (3.5) implies

|(Cr,r −Cr,s)(x)|� Cξ |r − s|κ |x|−1−2κ .

Applying Lemma 3.3 twice, with γ = 1 and then with γ = 1− α for any α ∈ (0, 1
2 )

therein, one has, for any τ, τ̄ ∈ {t, t̄}, ι, ῑ ∈ {r, s}, i, j ∈ {0,1},

|(τ α+i2 G(i)τ ) ∗̂Cι,ῑ ∗̂ (τ̄
α+j

2 G
(j)
τ̄ )(x)|� Cξ |x|2α−1 ,

|(τ α+i2 G(i)τ ) ∗̂ (Cr,r −Cr,s) ∗̂ (τ̄
α+j

2 G
(j)
τ̄ )(x)|� Cξ |x|2α−1−2κ |r − s|κ ,

|(τ α+i2 G(i)τ ) ∗̂Cι,ῑ ∗̂ (t
α+j

2 G
(j)
t − t̄ α+j2 G

(j)

t̄
)(x)|� Cξ |x|2α−1−2κ |t − t̄ |κ .

(3.6)

Here G(0) =G and G(1) denotes ∂kG for a generic k ∈ [3]. Choose α
def= δ − 1

2 . By
these bounds and obvious telescoping, one then has the bound

|J (�)t,t,x−x̄ (r, r)− J (�)t,t̄ ,x−x̄ (r, s)|� C2
ξ (|t − t̄ | + |r − s|)κ |x − x̄|4δ−4−2κ

for � ∈ {1,2}. The same bound holds with r, s and t, t̄ swapped and thus holds for
(3.4).

It remains to integrate this bound on (3.4) against the test functions φλ. Bounding
φλ by constant λ−3 over its support which has diameter proportional to λ, one ob-
tains that the integral of (3.4) against φλ(x)φλ(x̄) is bounded above by a multiple of
C2
ξ (|t − t̄ | + |r − s|)κ times λ4δ−4−2κ ≤ λ2β , where used that κ ≤ 2(δ− 1)−β in the

final bound. �

Lemma 3.5 Let β,η ≤ 0, δ < δ̄ with δ̄ ≥ 0, and �0 ∈ D′(T3,E). Then for κ ∈
(0,2(δ̄ − δ)), writing

Mt,t̄ ,r,s,δ̄(�0)
def= t δ̄Nt (Pr�0)− t̄ δ̄Nt̄ (Ps�0) , (3.7)

one has

|Mt,t̄ ,r,s,δ̄(�0)|Cβ � (|t − t̄ | + |r − s|) κ2 (��0�β,δ + |�0|2Cη ) (3.8)

where the proportionality constant depends only on β,η, δ, δ̄, κ .

Proof By Lemma 2.60,

t δ̄|Nt (Pr�0)−Nt (Ps�0)|Cβ � |r − s|κ̃(δ̄−δ)(��0�β,δ + |�0|2Cη )
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for any κ̃ ∈ (0,1) and δ < δ̄, where we used �Ps�0�β,δ � ��0�β,δ + |�0|2Cη and

similarly for the Cη norm. By assumption on the indices, |r − s|κ̃(δ̄−δ) � |r − s| κ2 for
κ̃ sufficiently close to 1, where we used κ < 2(δ̄ − δ). Similarly,

t δ̄|Nt (Ps�0)−Nt̄ (Ps�0)|Cβ = t δ̄|Nt (Ps�0)−Nt (Ps+t̄−t�0)|Cβ
� |t − t̄ | κ2 (��0�β,δ + |�0|2Cη ) .

Finally, assuming t ≤ t̄ without loss of generality,

|(t δ̄ − t̄ δ̄ )Nt̄ (Ps�0)|Cβ � |t − t̄ | κ2 |t̄ δ̄− κ2 Nt̄ (Ps�0)|Cβ � |t − t̄ | κ2 ��0�β,δ

where we again used κ < 2(δ̄ − δ) in the last bound. Combining the above three
bounds we obtain (3.8). �

Lemma 3.6 Assume (I ′) and that δ < δ̄ < 1 and β > β̄ >− 1
2 . Let 0< κ <min(2(δ̄−

δ), η− β + 2δ − 3/2), and T > 0. Then for all r, s ∈ [0, T ] and p ∈ [1,∞)

{E|t δ̄Nt�r − t̄ δ̄Nt̄�s |2pCβ̄ }
1/p � (|r − s| + |t − t̄ |)κ (��(0)�2

β,δ + |�(0)|4Cη +C2
ξ ) ,

where the proportionality constant depends only on η,β, β̄, δ, δ̄, κ, T .

Proof Write �s = �̃s + Ps�0 where �̃ solves SHE with �̃(0) = 0, and assume
r > s. Since �̃ and Nt (�̃r ) are mean-zero, it is straightforward to check that

E
〈(
t δ̄Nt (�r)− t̄ δ̄Nt (�s)

)
(x),

(
t δ̄Nt (�r)− t̄ δ̄Nt (�s)

)
(x̄)
〉

E⊗E3

= (3.4)+ 〈Mt,t̄ ,r,s,δ̄(�0)(x),Mt,t̄ ,r,s,δ̄(�0)(x̄)〉E⊗E3

+
∑

i,j∈{0,1}

(
J
(i,j)
t,t,x,x̄ (r, r)− J (i,j)t,t̄ ,x,x̄

(r, s)− J (i,j)
t̄ ,t,x,x̄

(s, r)+ J (i,j)
t̄ ,t̄ ,x,x̄

(s, s)
)

(3.9)

where in the first term on the right-hand side we replace δ in (3.4) by δ̄, and
Mt,t̄ ,r,s,δ̄(�0) is as in (3.7). Here for i, j ∈ {0,1} we define

J
(i,j)

t,t̄ ,x,x̄
(r, s)

def= (t t̄)δ̄ E〈P(i)t+r�0(x)⊗P(1−i)t �̃r (x),P(j)t̄+s�0(x̄)⊗P(1−j)
t̄

�̃s(x̄)〉E⊗E3

where P(i) denotes the i-th spatial derivative of P as in the proof of Lemma 3.4.
By Lemma 3.4, the integral of (3.4) against φλ(x)φλ(x̄) satisfies the bound (3.3).

By Lemma 3.5, the integration of the second term on the right-hand side of (3.9)
against φλ(x)φλ(x̄) is bounded by

λ2β(|t − t̄ | + |r − s|) κ2 (��0�
2
β,δ + |�0|4Cη ) . (3.10)
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It remains to bound the last term in (3.9). We can prove for each i, j ∈ {0,1},
∣∣∣J (i,j)t,t,x,x̄ (r, r)− J (i,j)t,t̄ ,x,x̄

(r, s)

∣∣
∣

� Cξ (|t − t̄ | + |r − s|)κ (t ∨ t̄ )2δ̄−β− 3
2+η−κ |x − x̄|2β |�0|2Cη .

(3.11)

Indeed, if t̄ /∈ ( t2 ,2t), we bound the two terms on the left-hand side of (3.11) sep-

arately, and by the first inequality in (3.6) (with α = β + 1
2 ) and |P(i)t+r�0|∞ �

t
η−|i|

2 |�0|Cη , we have

|J (i,j)
t,t̄ ,x,x̄

(r, s)|� Cξ (t t̄)δ̄− β2− 3
4+ η2 |x − x̄|2β |�0|2Cη .

This is then bounded by the right-hand side of (3.11) since δ̄− β
2 − 3

4 + η
2 > 0 by (I ′)

and (t ∨ t̄ )κ � |t − t̄ |κ by our assumption on t, t̄ . The other term J
(i,j)
t,t,x,x̄ (r, r) is

bounded in the same way. On the other hand, if t̄ ∈ ( t2 ,2t), we bound the left-hand
side of (3.11) by obvious telescoping. Using (3.6) (with α = β+ 1

2 or α = β+ 1
2 +κ),

|P(i)t+r�0|∞ � t
η−|i|

2 |�0|Cη , and

|P(i)t+r�0 −P(i)t+s�0|∞ � |r − s|κ t η−|i|2 −κ |�0|Cη ,
we obtain a bound by

Cξ (|t − t̄ | + |r − s|)κ tq t̄ q̄ |x − x̄|2β |�0|2Cη ,

where q, q̄ ∈ R are such that q + q̄ = 2δ̄ − β − 3
2 + η − κ . By our assumption on

t, t̄ , one has tq t̄ q̄ � (t ∨ t̄ )q+q̄ , so we obtain (3.11). Here we recall again that η −
β + 2δ̄ − 3/2 > 0 by (I ′), and we assume κ < η − β + 2δ − 3/2. So one has (t ∨
t̄ )2δ̄−β− 3

2+η−κ ≤ 1. The same bound holds with r, s and t, t̄ swapped. So the last line
of (3.9) is bounded by

Cξ (|t − t̄ | + |r − s|)κ |x − x̄|2β |�0|2Cη ,
The integration of the last line of (3.9) against test functions φλ(x)φλ(x̄) is then
bounded by Cξ times (3.10). The lemma then follows by collecting the above bounds
and using the equivalence of Gaussian moments. �

or Proposition 3.2 It is standard to show that for all η̄ ∈ (− 2
3 , η), 0< κ < η−η̄

2 , p ≥ 1
and T > 0

E
[

sup
0≤s<r≤T

|�(r)−�(s)|pCη̄
|r − s|pκ

]1/p
� |�0|Cη +C1/2

ξ ,

where the proportionality constant depends only on p,η, η̄, κ, T . Recalling Def. 2.4,
it remains to bound the moments of, for a suitable modificaiton of� and for δ < δ̄ < 1
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and κ > 0 sufficiently small,

sup
0≤s<r≤T

��(r);�(s)�β,δ̄
|r − s|κ = sup

t∈(0,1)
sup

0≤s<r≤T
|t δ̄(Nt�r −Nt�s)|Cβ

|r − s|κ . (3.12)

By Lemma 3.6 below and the classical Kolmogorov continuity theorem over (0,1)×
[0, T ], one has, for every p ∈ [1,∞) and κ ∈ (0, (δ̄ − δ)∧ η−β+2δ−3/2

2 ),

(
E
∣∣∣ sup
t,t̄∈(0,1),s,r∈[0,T ]

(t,r)�=(t̄ ,s)

|t δ̄Nt�r − t̄ δ̄Nt̄�s |Cβ̄
(|t − t̄ | + |r − s|)κ

∣∣∣
2p
)1/p

� ��(0)�2
β,δ + |�(0)|4Cη +C2

ξ

where the proportionality constant depends only on p,η, η̄, β, δ, δ̄, κ, T , which in
particular bounds the moments of (3.12) by restricting to t = t̄ and proves (3.1).

To prove (3.2), writing �r =Pr�0 + �̃r as in the proof of Lemma 3.6, we have

sup
r∈[0,T ]

r−κ |�r −Pr�0|Cη = sup
r∈[0,T ]

r−κ |�̃r |Cη ≤ |�̃|Cκ ([0,T ],Cη)

which has finite moments of all orders for κ > 0 sufficiently small. Moreover

�Pr�0 + �̃r ;Pr�0�β,δ ≤ sup
t∈(0,1)

tδ
(|Pt �̃r ⊗∇Pt+r�0|Cβ

+ |Pt+r�0 ⊗∇Pt �̃r |Cβ + |Pt �̃r ⊗∇Pt �̃r |Cβ
)

(3.13)

By Lemma 3.4, Kolmogorov’s theorem, and equivalence of Gaussian moments, we
have

(
E
∣∣∣ sup

0≤s<r≤T
|s − r|−κ |Pt �̃r ⊗∇Pt �̃r −Pt �̃s ⊗∇Pt �̃s |

∣∣∣
p)1/p

� Cξ .

Furthermore, by (3.11),

(
E
∣∣
∣ sup

0≤s<r≤T
|s − r|−κ |Pt �̃r ⊗∇Pt+r�0 −Pt �̃s ⊗∇Pt+s�0|

∣∣
∣
p)1/p

� C1/2
ξ |�0|Cη

and likewise with Pt �̃r ⊗ ∇Pt+r�0 replaced by Pt+r�0 ⊗ ∇Pt �̃r . Restricting to
s = 0 and combining with (3.13) concludes the proof of (3.2).

For the final claim that � is in C([0, T ],I), remark that [0, T ] � r �→ �r ∈ I
is continuous at 0 due to (3.2) and due to continuity of [0, T ] � r �→ Pr�0 ∈ I
(Proposition 2.58(i)). Continuity at r > 0 follows from the fact that �̃ ∈ C([0, T ],I)
due to (3.1) and from Lemma 2.35(i) once we write �r = �̃r + Pr�0 where
P�0 ∈ C((0, T ],L∞). �

3.2 The second half

Throughout this subsection, let ξ be an g3-valued Gaussian random distribution on
R×T3. Suppose there exists Cξ > 0 such that

E[|〈ξ,φ〉|2] ≤ Cξ |φ|2L2(R×T3)
(3.14)
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for all smooth compactly supported φ : R×T3 → g3. Let � solve (∂t −	)� = ξ on
R+ ×T3 with initial condition �(0) ∈D′(T3,g3).

Proposition 3.7 Let 0 < ᾱ < α < 1
2 , θ ∈ (0,1], and 0 < κ < θ min{α − ᾱ, 1−2ᾱ

4 }.
Then for all p ≥ 1 and T > 0

E
[

sup
0≤s<t≤T

|||�(t)−�(s)|||pᾱ,θ
|t − s|pκ

]1/p
� |||�(0)|||α,θ +C1/2

ξ ,

where the proportionality constant depends only on p,α, ᾱ, θ, κ, T .

We give the proof at the end of this subsection after several preliminary results.
Recall the space of line segments X defined by (2.6). For a line �= (x, v) ∈X , define
the line integral along � as the distribution

〈δ�,ψ〉 def=
∫ 1

0
|v|ψ(x + tv)dt .

Lemma 3.8 For all κ ∈ ( 1
2 ,1), there exists C > 0 such that for all t ∈ (0,1) and � ∈X

|et	δ�|2H−κ ≤ Ct2κ−2|�| .

Proof By translation and rotation6 invariance, we can assume �= (0, re1). Then for
k = (k1, k2, k3) ∈ Z3 with k �= 0

δ̂�(k)
def= 〈δ�, e2πi〈k,·〉〉 = e

2πirk1 − 1

2πik1
.

Therefore

|et	δ�|2H−κ � r2 +
∑

k∈Z3\{0}
e−2t |k|2 |δ̂�(k)|2|k|−2κ

� r2 +
∑

k∈Z3\{0}
e−2t |k|2(r2 ∧ k−2

1 )|k|−2κ .

If |k| ≥ t−1, then e−2t |k|2 ≤ e−2|k|, which is summable so that these values of k make
a contribution to the sum of order at most r2 which in turn is bounded by rt2κ−2

since r, t ≤ 1. For the rest of the sum we simply bound the exponential by 1, so that
is bounded above by

∑

k∈Z3

0<|k|<t−1

(r2 ∧ k−2
1 )(1∧ |k2

2 + k2
3 |−κ )�

∑

k∈Z
0<k<t−1

(r2 ∧ k−2)t2κ−2 � rt2κ−2 ,

6There is a bijection between distributions on Td supported in a ball centered at zero of radius 1
4 and distri-

butions on Rd (where Sobolev norms are rotation invariant) with the same property, and the corresponding
Sobolev norms on Td and Rd are equivalent.
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as required. Here the second inequality holds since when r ≤ t , the sum of r2 ∧ k−2

over 0< k < t−1 is bounded by r2t−1 ≤ r , and when r > t , this sum is bounded by∑
0<k≤r−1 r2 plus

∑
r−1<k<t−1 k−2 which is bounded by r + (r − t) � r . The first

inequality follows by splitting the sum into the regime |k1| ≥ |k2| + |k3| where we
first sum over k2, k3 and use |k1| � |k|, and the regime |k1| ≤ |k2| + |k3| where we
first sum over k1 and use |k2| + |k3| � |k|. �

For a triangle P = (x, v,w), x ∈ T3, v,w ∈ R3 with |v|, |w| ≤ 1
4 , define the sur-

face integral along P as the distribution

〈δP ,ψ〉 def=
∫ 1

0
ds
∫ 1−s

0
dt |P |ψ(x + sv + tw) .

Lemma 3.9 For all κ > 0, t ∈ (0,1), and triangles P

|et	δP |2Hκ � t−κ |e t2	δP |2L2 � |P |t− 1
2−κ ,

where the first proportionality constant depends on κ and the second is universal.

Remark 3.10 The bound |et	δP |2L2 � |P |t− 1
2 is likely optimal. On the other hand, the

bound |et	δP |2Hκ � |P |t− 1
2−κ is likely suboptimal but suffices for our purposes.

Proof The first bound follows from the heat flow estimate |et	f |2Hκ � t−κ |f |L2 ,
so it remains to show that |et	δP |2L2 � |P |t−1/2. Moreover, it suffices to consider
right-angled triangles, in which case we can assume P = (0, re1, he2). Note that

|et	δP |L2 ≤ |et	δR|L2 where 〈δR,ψ〉 def= ∫ 1
0 ds

∫ 1
0 dtrhψ(x+ sre1+ the2) is the sur-

face integral along the rectangle with sides re1 and he2. Then for k ∈ Z3

δ̂R(k)
def= 〈δR, e2πi〈k,·〉〉 =

(e2πirk1 − 1

2πik1

)(e2πihk2 − 1

2πik2

)
,

and therefore

|et	δR|2L2 =
∑

k∈Z3

e−2t |k|2 |δ̂R(k)|2 �
∑

k∈Z2

t−1/2(r2 ∧ k−2
1 )(h2 ∧ k−2

2 ) .

The sum over k1 splits into |k1| ≤ r−1 and |k1|> r−1, each of which are of order at
most r , and likewise for k2, which shows that |et	δR|2L2 � rht−1/2 = 2|P |t−1/2. �

Lemma 3.11 Suppose �(0) = 0 and let T > 0. Then for all s ∈ [0, T ], t ∈ (0,1),
κ ∈ (0, 1

2 ), and � ∈X

E[|et	�(s)(�)|2]� Cξsκ |�|t−2κ , (3.15)

and for all κ ∈ (0,1) and triangles P

E[|et	�(s)(∂P )|2]� Cξsκ |P |t− 1
2−κ , (3.16)
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where A(∂P ) denotes the line integral of A ∈�C∞ around the boundary of P under
an arbitrary orientation (see [22, Def. 3.10]) and where the proportionality constants
depend only on κ and T .

Proof Observe that, for any A ∈�C∞, A(�)=∑3
i=1 |v|−1vi〈Ai, δ�〉. Furthermore,

〈et	�i(s), δ�〉 =
∫

R×T3
ξi(u, y)1u∈[0,s][e(t+s−u)	δ�](y)dudy .

Hence, by (3.14),

E
[〈et	�i(s), δ�〉2

]≤ Cξ
∫ s

0
|e(t+u)	δ�|2L2 du .

Since |e(t+u)	δ�|2L2 � uκ−1|et	δ�|2Hκ−1 � uκ−1|�|t−2κ , where we used Lemma 3.8
in the final bound, we obtain

E
[〈et	�i(t), δ�〉2

]
� Cξ

∫ s

0
uκ−1|�|t−2κ du� Cξsκ |�|t−2κ ,

from which (3.15) follows. To show (3.16), we can suppose that P is in the (x1, x2)-
plane. Then, by Stokes’ theorem,

|et	�(s)(∂P )| = |〈et	(∂1�2(s)− ∂2�1(s)), δP 〉| .
Furthermore,

〈et	∂1�2(s), δP 〉 = −
∫

R×T3
ξ2(u, y)1u∈[0,s][e(t+s−u)	∂1δP ](y)dudy ,

and thus by (3.14), Lemma 3.9, and the bound |eu	∂if |2L2 � uκ−1|f |2Hκ ,

E[|〈et	∂1�2(s), δP 〉|2] ≤ Cξ
∫ s

0
|e(t+u)	∂1δP |2L2 du

� Cξ
∫ s

0
uκ−1|P |t− 1

2−κ du� Cξsκ |P |t− 1
2−κ .

The same applies to 〈∂2�1(s), δP 〉, from which the conclusion follows. �

Lemma 3.12 Let A be a g-valued stochastic process indexed by X such that, for all
joinable �, �̄ ∈ X , A(� � �̄) = A(�) + A(�̄) almost surely. Suppose that there exist
r, s ∈ (0,1), p,M > 0, and α ∈ (0,1] such that for all � ∈X with |�|< r

E[|A(�)|p] ≤M|�|pα ,
and for all triangles P with |P |< s

E[|A(∂P )|p] ≤M|P |pα/2 .
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Then there exists a modification of A (which we denote by the same letter) which is
a.s. a continuous function on X . Furthermore, for every ᾱ ∈ (0, α − 24

p
), there exists

λ > 0, depending only on p,α, ᾱ, such that

E[|A|p
ᾱ-gr;<r ] ≤ λM((s−6 + r−12)rp(α−ᾱ) + 1) .

Proof For �= (x, v) ∈X , let us denote �i
def= x and �f

def= x+v, and define the metric
d on X by

d(�, �̄)
def= |�i − �̄i | ∨ |�f − �̄f | .

Recall that �, �̄ ∈ X are called far if d(�, �̄) > 1
4 (|�| ∧ |�̄|). For (�, �̄) ∈ X 2, let

T (�, �̄) = |P1| + |P2| where P1,P2 are the triangles P1 = (�i, �f , �̄f ) and P2 =
(�i, �̄f , �̄i). Let Area(�i, �̄i ) = T (�, �̄) ∧ T (�̄, �). Similar to [22, Def. 3.3], we now
define � : X 2 →[0,∞) by

�(�, �̄)
def=
{
|�| + |�̄| if �, �̄ are far,

|�i − �̄i | + |�f − �̄f | +Area(�, �̄)1/2 otherwise.

By the same argument as in [22, Remark 3.4], note that there exists C > 0 such that
�(a, b)≤ C(�(a, c)+ �(c, b)).

By definition, for any �, �̄ ∈ X , there exist a, b ∈ X and triangles P1,P2 such
that A(�)−A(�̄)=A(∂P1)+A(∂P2)+A(a)−A(b) and |P1| + |P2| ≤ �(�, �̄)2 and
|a| + |b| ≤ �(�, �̄) (if �, �̄ are far, then a = �, b= �̄, and P1,P2 are empty; if �, �̄ are
not far, then a is the chord from �f to �̄f and b is the chord from �̄i to �i ). It follows
that for all �, �̄ ∈X with �(�, �̄) <

√
s ∧ r

E[|A(�)−A(�̄)|p]�M�(�, �̄)pα , (3.17)

where the proportionality constant depends only on p,α.
Let X<r denote the set of line segments of length less than r . For N ≥ 1 letDN;<r

denote the set of line segments in X<r whose start and end points have dyadic coor-
dinates of scale 2−N , and let D<r = ∪N≥1DN;<r . For any � ∈ D<r and L ≥ 1, we
can write A(�) = A(�0)+∑m

i=1A(�i)− A(�i−1) for some finite m ≥ 1 and where
�i ∈ D2(L+i);<Kr and �(�i, �i−1) ≤ K2−(L+i) for a constant K > 0. Moreover, the
first �i which has non-zero length satisfies |�i | � |�|. Taking L as the smallest positive
integer such that 2−L <

√
s ∧ r , it follows that, for any ᾱ ∈ (0,1],

sup
|�|∈D<r

|A(�)|
|�|ᾱ � sup

�∈D2L;<r

|A(�)|
|�|ᾱ + sup

N>L

sup
a,b∈D2N;<r
�(a,b)≤K2−N

|A(a)−A(b)|
2−Nᾱ

, (3.18)

where the proportionality constant depends only on ᾱ. Observe that |D2N | � 212N .
Therefore, raising both sides of (3.18) to the power p and replacing the suprema on
the right-hand side by sums, we obtain from (3.17)

E
[(

sup
|�|∈D<r

|A(�)|
|�|ᾱ

)p]
�M(s−6 + r−12)rp(α−ᾱ) +M

∑

N≥1

2N(24−p(α−ᾱ)) ,
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where the proportionality constant depends only on p, ᾱ. Since 24−p(α− ᾱ) < 0⇔
ᾱ ∈ (0, α − 24

p
), the conclusion follows as in the classical Kolmogorov criterion, see

e.g. the proof of [63, Thm. 4.23]. �

Lemma 3.13 Suppose �(0)= 0. Let α ∈ (0, 1
2 ), ᾱ ∈ (0, α − 24

p
), θ ∈ (0,1], and T >

0. Then for all p ≥ p0(α, ᾱ, θ) > 0 is sufficiently large,

sup
s∈(0,T )

s−pθ(1−2α)/4E[|||�(s)|||pᾱ,θ ]� Cp/2ξ ,

where the proportionality constant depends only on α, ᾱ, θ,p,T .

Proof Take κ
def= θ( 1

2 − α) ∈ (0, 1
2 ). Then |�|t−2κ ≤ |�|2α whenever |�|< tθ < 1 and

|P |t− 1
2−κ ≤ |P |α whenever |P |< t < 1, in which case Lemma 3.11 and equivalence

of Gaussian moments imply

E[|et	�(s)(�)|p]� Cp/2ξ spκ/2|�|pα ,
and

E[|et	�(s)(∂P )|p]� Cp/2ξ spκ/2|P |pα/2 .

Applying Lemma 3.12 (with r, s therein equal to tθ , t respectively) and taking p
sufficiently large so that supt∈(0,1)(t−6 + t−12θ )tθp(α−ᾱ) ≤ 2, we obtain for all β ∈
(0, α − 24

p
)

sup
t∈(0,1)

E[|et	�(s)|p
β-gr;<tθ ]� C

p/2
ξ spκ/2 . (3.19)

It is easy to see that for all A ∈�D′

|||A|||ᾱ,θ � sup
k≥1

|e2−k	A|ᾱ-gr;<2−θk , (3.20)

where the proportionality constant depends only on ᾱ, θ . Combining (3.20), (3.19),
and the fact that |A|ᾱ-gr;<tθ ≤ tθ(β−ᾱ)|A|β-gr;<tθ for β ∈ [ᾱ,1] (Lemma 2.24) we
eventually obtain

E[|||�(s)|||pᾱ,θ ]� E
[ ∞∑

k=1

|e2−k	�(s)|p
ᾱ-gr;<2−kθ

]
� Cp/2ξ spκ/2 ,

as claimed. �

Proof of Proposition 3.7 Let 0≤ s ≤ t ≤ T and observe that

�(t)−�(s)= (e(t−s)	 − 1)es	�(0)+ (e(t−s)	 − 1)�̃(s)+ �̂(t) ,
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where �̃ : [0, s] → �D′ and �̂ : [s, t] → �D′ solve the SHE driven by ξ with
�̃(0)= 0 and �̂(s)= 0. By Lemmas 2.55(ii) and 2.59, for any γ ∈ (0,1),

|||(e(t−s)	 − 1)es	�(0)|||ᾱ,θ � |t − s|γ θ(α−ᾱ)|||�(0)|||α,θ .

Likewise, by Lemmas 2.59 and 3.13, for any ζ ∈ (α + 24
p
, 1

2 ) and γ ∈ (0,1),

E[|||(e(t−s)	 − 1)�̃(s)|||pᾱ,θ ]� Cp/2ξ |t − s|pγ θ(α−ᾱ)spθ(1−2ζ )/4 .

Finally, by Lemma 3.13, for any β ∈ (ᾱ + 24
p
, 1

2 ),

E[|||�̂(t)|||pᾱ,θ ]� Cp/2ξ |t − s|pθ(1−2β)/4 .

Taking γ ∈ (0,1), β ∈ (ᾱ + 24
p
, 1

2 ), and denoting κ̄
def= θ min{γ (α − ᾱ), 1−2β

4 }, we
obtain

E[|||�(t)−�(s)|||pᾱ,θ ]� |t − s|pκ̄ (|||�(0)|||pα,θ +Cp/2ξ ) .

We can choose p sufficiently large and γ ∈ (0,1) sufficiently close to 1 such that κ <
κ̄ for some β ∈ (ᾱ + 24

p
, 1

2 ), and the conclusion follows by Kolmogorov’s continuity
theorem. �

3.3 Convergence of mollifications

We conclude this section with a corollary on the convergence of mollifications of the
SHE in C([0, T ],S) (albeit with no quantitative statement).

Lemma 3.14 Let η < η̄, δ̄ < δ, β ∈ R, 0 < α < ᾱ ≤ 1, and θ,R > 0. Denote �̄
def=

�η̄,β,δ̄,ᾱ,θ and define the set BR
def= {Y ∈ S : �̄(Y )≤ R}. Then for every c > 0 there

exists c̄ > 0 such that for all X,Y ∈ BR , |X− Y |Cη < c̄⇒�(X,Y ) < c.

Proof By Proposition 2.57(iii), BR is compact in S . The metric � is stronger than
| · |Cη so the identity map id : (BR,�)→ (BR, | · |Cη ) is continuous. In particular, BR
is compact also in Cη . Recall that if τ, σ are Hausdorff topologies on a set A such that
(i) τ is stronger than σ and (ii) (A, τ) and (A,σ ) are both compact, then τ = σ . It
follows that the identity map id : (BR, | · |Cη )→ (BR,�) is also continuous and thus
uniformly continuous by the Heine–Cantor theorem. �

Corollary 3.15 Let ξ be as in Sect. 3.1. Let χ be a mollifier and ξε = χε ∗ ξ . Suppose
that �ε (resp. �) solves SHE driven by ξε (resp. ξ ), with �ε0 =�0 ∈ S . Suppose (I ′)
and let θ ∈ (0,1], α ∈ (0, 1

2 ), T > 0. Then �ε→� in probability in C([0, T ],S) as
ε→ 0.

Proof By Propositions 3.2 and 3.7, � and �ε a.s. take values in C([0, T ],S). Let

η̄ ∈ (η,− 1
2 ), δ̄ ∈ (0, δ), and ᾱ ∈ (α, 1

2 ) such that (η̄, β, δ̄) satisfies (I ′), denote �̄
def=
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�η̄,β,δ̄,ᾱ,θ . Then, for every c,R > 0, by Lemma 3.14, there exists c̄ > 0 such that

P
[

sup
t∈[0,T ]

�(�εt ,�t ) > c
]
≤ P
[

sup
t∈[0,r]

{�(�εt ,Pt�0)+�(�t ,Pt�0)}> c
]

+ P
[

sup
t∈[r,T ]

|�εt −�t |Cη > c̄
]
+ P

[
sup
t∈[r,T ]

{�̄(�t )+ �̄(�εt )}>R
]
.

By (3.2), the first probability on the right-hand side can be made arbitrarily small,
uniformly in ε ∈ (0,1), by taking r small. On the other hand, for any fixed r > 0,
the final probability, by (3.1) and Proposition 3.7, converges to 0 uniformly in ε ∈
(0,1) as R→∞, while the second probability converges to 0 as ε→ 0, see e.g. [56,
Prop. 9.5]. �

Remark 3.16 The main result of [17] is that the YM flow F started from smooth
approximations of the Gaussian free field (GFF) converges locally in time to a process
which one can interpret as the flow started from the GFF. We recover essentially the
same result from Proposition 2.9 and Corollary 3.15 once we start the SHE from the
GFF, which is its invariant measure.

In fact, after showing that F is a locally Lipschitz function on I ⊃ S in Propo-
sition 2.9, the claim that F is well-defined on the GFF reduces to showing that the
latter takes values in I , which is a Gaussian moment computation similar and simpler
to that of Sect. 3.1.

A minor difference with the results of [17] is that therein convergence is shown
in Lp while we only show convergence in probability; it would not be difficult to
modify our arguments to show convergence in Lp but we refrain from doing so since
it is not needed in the sequel.

4 Symmetry and renormalisation in regularity structures

In this section we formulate algebraic arguments which verify that the symmetries of
a system of equations are preserved by the BPHZ renormalisation procedure.

For what follows we are in the setting of [22, Sect. 5]; we fix a collection of
solution types L+, noise types L−, a target space assignment W = (Wt)t∈L and a
kernel space assignment K = (Kt)t∈L+ , with L = L+ � L−. We assume that all of
these space assignments are finite-dimensional.

We then fix a corresponding space assignment V = (Vt)t∈L as in [22, Eq. 5.25],
that is

Vt =
{
W ∗

t if t ∈ L− ,
K∗t if t ∈ L+ .

(4.1)

The symmetries that we study are simultaneous transformations of the target
spaces where the solution and the noise take values in and transformations on the
underlying (spatial) base space  ⊂Rd . We assume that  is invariant under reflec-
tions across coordinate axes and permutations of canonical basis vectors – to keep our
presentation simpler we will only consider transformations of the base space that are
compositions of such reflections and permutations.
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Definition 4.1 Let Tran be the collection of quartets T= (T ,O,σ, r) where

• T = (Tb)b∈L with Tb ∈ L(Wb,Wb) invertible. T determines our transformation
of the target spaces for the noise and solution.

• O = (Ot)t∈L+ with Ot ∈ L(Kt) invertible. The role of O is to specify transfor-
mations of our kernels.

• σ ∈ Sd where Sd is the set of permutations of the set [d], and r ∈ {−1,1}d . The
role of σ and r is to determine our transformation of the base space – we also
overload notation and, for σ and r as above, define σ, r ∈ L(Rd,Rd) by setting
(rx)i = rixi and (σx)i = xσ−1(i) for i = 1 . . . d . We have σ, r : Td → Td and
also view them as maps on our space-time domain R+ × Td by acting on the
spatial coordinates only.

One should view an element T= (T ,O,σ, r) ∈ Tran as acting on solutions / noises
At and kernels Kt by mapping

At(·) �→ TtAt(σ
−1r·) for t ∈ L and Kt(·) �→OtKt(σ

−1r·) for t ∈ L+ .

We endow Tran with a group structure compatible with the above: given T =
(T ,O,σ, r) and T′ = (T ′,O ′, σ ′, r ′) we set TT′ = (T T ′,OO ′, σσ ′, σ r ′σ−1r).

As above, we have a left group action of Sd on multi-indices Nd+1 by setting
σ(p0, . . . , pd) = (p0,pσ−1(1), . . . , pσ−1(d)), yielding an action on the set of edge

types E = L × Nd+1. It also yields an action of Sd on NE , viewed as multi-sets
of elements of E , given by applying σ to each element of any given multiset in NE .
We then fix a rule R that is Sd -invariant in the sense that, for any σ ∈ Sd , t ∈ L, and
N ∈R(t)⊂NE , we have σN ∈R(t).

Recall that a rule R assigns a subset of NE to each t ∈ L and determines a set of
conforming trees T and forests F. Our trees have edge decorations e �→ (t(e),n(e)) ∈
E and node decorations v �→ n(v) ∈ Nd+1, the latter also being referred to as “poly-
nomial decorations”. Loosely speaking, such a decorated tree conforms to the rule R
if, given any inner node, if t ∈ L is the type of the unique edge leaving v, the multiset
given by the decorations of the edges entering v belongs to R(t). Combining this with
a space-assignment V yields a regularity structure Twhich admits a decomposition
into subspaces T[τ ] indexed by trees τ ∈ T (and an algebra F decomposing into
linear subspaces F[f ] indexed by f ∈ F). We refer to [10, Definition 5.8] and [22,
Sect. 5.5] for more details.

In order to formulate our arguments we now define a right action Tran � T �→
T∗ ∈ L(F,F) by specifying three transformations on F: one that encodes T and O ,
one that encodes σ , and one that encodes r .

For encoding the transformation of the target space we use [22, Remark 5.19].
Given an “operator assignment”

L=
⊕

b∈L
Lb ∈ L(V ) def=

⊕

b∈L
L(Vb,Vb) , (4.2)

that remark says that, for any L-typed symmetric set s, we can apply L “component-
wise” to obtain a linear operator L[s] ∈ L(V⊗s,V⊗s). Since F decomposes as a
direct sum of such spaces, this defines a linear operator L ∈ L(F,F).
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Example 4.2 We present a simple example of the above construction. We work with
L− = {l}, L+ = {t}. Suppose we fix some linear transformation acting on the target
space of our noise, that is some U ∈ L(Wl,Wl), and define an operator assignment
L by Lt = id ∈ L(Vt,Vt) and Ll = U∗ ∈ L(Vl,Vl). Then, to demonstrate the cor-
responding linear transformation on our regularity structure, we look at the L-typed
symmetric set 〈 〉 associated to the tree . We have V⊗〈 〉 =T[ ] � Vl⊗s Vl ⊂
Vl ⊗ Vl and, given u,v ∈ Vl, we have u⊗ v+ v⊗ u ∈T[ ] and

L(u⊗ v+ v⊗ u)= (U∗u)⊗ (U∗v)+ (U∗v)⊗ (U∗u) ∈T[ ] .
Given T ∈ Tran, we define the operator assignment

I (T)∗ =
(
I (T)∗b∈L : b ∈ L

)
def=
( ⊕

b∈L−
T ∗b
)
⊕
( ⊕

b∈L+
O∗b
)
∈ L(V ) .

We write I (T)∗
b∈L ∈ L(F,F) for the corresponding linear operator given by [22,

Remark 5.19] which encodes the transformation of our target space on F.

Remark 4.3 It is natural that the operators (Tt : t ∈ L+) do not play a role in how
we transform the regularity structure because the regularity structure is constructed
to study the structure of the noise and does not depend on our choice of the spaces
(Wt : t ∈ L+). The role of the operators (Tt : t ∈ L+) will be to act on the Wt-valued
modelled distributions with t ∈ L+ that describe the solution.

Given r ∈ {−1,1}d we define r∗ ∈ L(F,F) by setting, for each f ∈ F,

r∗[f ] def= r∗ �F[f ]= rn(f )idF[f ] ,
where for any q = (qi)di=0 ∈Nd+1 we write rq =∏di=1 r

qi
i and n(f ) ∈Nd+1 is given

by

n(f )=
∑

e∈Ef
n(e)+

∑

u∈Nf
n(u) . (4.3)

Here Ef is the set of edges of f , Nf is the set of nodes of f , and n denotes the edge
and polynomial decorations.

We define a left group action (σ,f ) �→ σf of Sd on F by setting σf to be the forest
obtained by performing the replacement n(a) �→ σn(a) for any edge or node a ∈
Ef �Nf . Note that, for any f ∈ F, there is a canonical isomorphism σ ∗[f ] : F[f ]→
F[σ−1f ] since the edges of σ−1f are in natural correspondence with those of f . We
write σ ∗ =⊕f∈Fσ ∗[f ] ∈ L(F,F).

We then set T∗ = I (T)∗σ ∗r∗ ∈ L(F,F). Note that, as elements of L(F,F),
I (T)∗ commutes with r∗ and with σ ∗. We abuse notation and write I (T), σ, r,T ∈
L(F∗,F∗) for the adjoints of the operators we just introduced.

We also have a natural left action of Tran on A
def= ∏o∈E Wo given by setting, for

T= (T ,O,σ, r) ∈ Tran and A= (A(b,p))(b,p)∈E ,

TA= (Āo)o∈E with Ā(b,p) = rpTbA(b,σ−1p) . (4.4)
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We now define the various ways in which we impose that a given system should
respect a given transformation.

Definition 4.4 Fix T ∈ Tran, with Tran defined as in Definition 4.1.

• Given a nonlinearity F(·) =⊕t∈LFt(·) we say F is T-covariant if, for every
l ∈ L−, Fl(·)= idWl

and, for every t ∈ L+,

(O∗t ⊗ T −1
t )Ft(TA)= Ft(A) .

where on the left-hand side we are using the action (4.4).
• Given a kernel assignment K = (Kt)t∈L+ we say K is T-invariant if for every

t ∈ L+ and z ∈R×Td , OtKt(σ
−1rz)=Kt(z).

• Given a random noise assignment ζ = (ζl)l∈L− we say ζ is T-invariant if the
tuple of random fields

(
ζl(·)

)
l∈L− and

(
Tlζl(σ

−1r·))
l∈L− have the same proba-

bility law.

• Given � ∈F∗ or7 � ∈F∗−, we say that � is T-invariant if T� def= � ◦T∗ = �.

We then have the following lemma, where the canonical lift is defined as in [10,
Sect. 6.3], and the corresponding BPHZ character is defined as in [10, Thm 6.18] (see
also [22, Sect. 5.7.2]).

Lemma 4.5 Fix T ∈ Tran. Suppose we are given a kernel assignmentK and a smooth,
random noise assignment ζ which are both T-invariant. Let �̄can ∈F∗ be the corre-
sponding canonical lift and �BPHZ ∈F∗− its BPHZ character. Then both �̄can and �BPHZ

are T-invariant.

Proof To show that �̄can is invariant it suffices to show that, for any τ ∈ T, one
has (T�̄can)[τ ] = �̄can[σ−1τ ] ◦ T∗[τ ] = �̄can[τ ] – this is because both T and �̄can

“factorise” over forests appropriately.
Using the same notation convention as used in [22, Eq. 5.31], one has that

�̄can[σ−1τ ] ◦T[τ ] is given by

rn(τ)E
∫

(Rd+1)N(τ)
dxN(τ)δ(x�)

( ∏

v∈N(τ)
xσ

−1n(v)
v

)
(4.5)

( ⊗

e∈K(τ)

(
Dσ

−1n(e)Ot(e)Kt(e)

)
(xe+ − xe−)

)

( ⊗

e∈L(τ)

(
Dσ

−1n(e)Tt(e)ζt(e)
)
(xe+)

)

= rn(τ)E
∫

(Rd+1)N(τ)
dxN(τ)δ(x�)

( ∏

v∈N(τ)
(σ−1rxv)

σ−1n(v)
)

7F− ⊂F is defined in [22, Sect. 5.5], and it is immediate that T" leaves F− invariant.



594 A. Chandra et al.

( ⊗

e∈K(τ)

(
Dσ

−1n(e)Ot(e)Kt(e)

)
(σ−1rxe+ − σ−1rxe−)

)

( ⊗

e∈L(τ)

(
Dσ

−1n(e)Tt(e)ζt(e)
)
(σ−1rxe+)

)

= rn(τ)E
∫

(Rd+1)N(τ)
dxN(τ)δ(x�)

( ∏

v∈N(τ)
rn(v)xn(v)v

)

( ⊗

e∈K(τ)
rn(e)Dn(e)Ot(e)

[
Kt(e)(σ

−1r·)]∣∣
xe+−xe−

)

( ⊗

e∈L(τ)
rn(e)Dn(e)

[
Tt(e)ζt(e)(σ

−1r·)]∣∣
xe+

)
.

By cancelling powers of r , using the T-invariance ofK and ζ we see that the last line
is precisely �̄can[τ ].

To prove the statement regarding �BPHZ we observe that �BPHZ = �̄can ◦ Ã− where
Ã− is the negative twisted antipode defined in [10, Eq. 6.8]. From the definition
of 	− as in [22, Sect. 5.5], it is straightforward to verify recursively that (T∗ ⊗
T∗)	− =	−T∗ and, combining this with the inductive definition of Ã−, it follows
that Ã− ◦T∗ = T∗ ◦ Ã−, so that

T�BPHZ = �̄can ◦ Ã− ◦T∗ = �̄can ◦T∗ ◦ Ã− = �̄can ◦ Ã− = �BPHZ ,

concluding the proof. �

Note that, for the linear operator It : T⊗ Vt → T (see [22, Sect. 5.8.2] for its
definition) we have, for any T ∈ Tran, the identity

It ◦ (T∗ ⊗ I (T)∗t )= T∗It . (4.6)

Lemma 4.7 below shows how covariance of our nonlinearity propagates through
coherence. We refer to [22, Sect. 5.8.2] for the notion of coherence, as well as the
definitions of the maps ϒ and ϒ̄ which basically describe the coefficient in front of
τ in the expansion of the solution as a modelled distribution. (See also [11, Sect. 2]
where the notion of coherence and the maps ϒ and ϒ̄ are discussed in more details.)
For our purposes it suffices to recall that these maps ϒ and ϒ̄ satisfy the following
inductive property: if τ is of the form

Xk
m∏

i=1

Ioi (τi) , (4.7)
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where m≥ 0, τi ∈ T, and oi ∈ E , then8

ϒ̄t[τ ] def= 1

S̊(τ )
Xk
[
∂kDo1 · · ·Domϒ̄t[1]

](
ϒo1 [τ1], . . . ,ϒom [τm]

)
,

ϒ(t,p)[τ ] def= (I(t,p) ⊗ idWt
)(ϒ̄t[τ ]) ,

(4.8)

where

S̊(τ )= S(τ)
∏m
i=1 S(τi)

and S(τ) is defined as in [22, Eq. 5.56]. More explicitly, if, for each i ∈ [m], we
define βi ∈N to be the multiplicity of Ioi (τi) in βi ∈N in (4.7), then

S̊(τ )= k!
m∏

i=1

(βi !)
1
βi . (4.9)

Remark 4.6 In what follows we will often suppress tensor products with an identity
operator from our notation. For instance, given a tensor product of vector spaces
H ⊗H ′ a third vector space H̃ , and operators on H ⊗H ′ of the form (L⊗ idH ′) for
L ∈ L(H, H̃ ) or (idH ⊗Q) for Q ∈ L(H ′, H̃ ), we will often write, for v ∈H ⊗H ′,
Lv ∈ H̃ ⊗ H ′ or Qv ∈ H ⊗ H̃ where L and Q are only acting on the appropriate
factor of the tensor product.

Lemma 4.7 Let T ∈ Tran and suppose that F is a T-covariant nonlinearity. Then we
have, for any t ∈ L,

(T∗ ⊗ I (T)∗t ⊗ idWt
)ϒ̄t(A)= (idT⊗ idVt ⊗ Tt)ϒ̄t(T−1A) .

Proof We will prove that, for every τ ∈ T, t ∈ L, and q ∈Nd+1, we have the identities

(T∗ ⊗ I (T)∗t ⊗ idWt
)ϒ̄t[τ ](A)= (idT⊗ idVt ⊗ Tt)ϒ̄t[σ−1τ ](T−1A) ,

(T∗ ⊗ idWt
)ϒ(t,q)[τ ](A)= (idT⊗ T(t,q))ϒ(t,σ−1q)[σ−1τ ](T−1A)

(4.10)

where we set T(t,q) = rqTt. The desired claim then follows after summing over τ ∈ T.
We will prove the identities (4.10) by induction in |Eτ | +∑u∈Nτ |n(τ )|. We start

by proving the first identity of (4.10) when τ = 1 and t = l ∈ L−. Fix some basis
(ei)i∈I of Wl, we then have

ϒ̄l[1] = idWl
=
∑

i∈I
e∗i ⊗ ei ∈ Vl ⊗Wl �T[1] ⊗ Vl ⊗Wl .

8Recall from [22, Sect. 5.8.2] that ϒo[τ ] = ϒo[τ ]/S(τ) and recursive formulae for ϒ and S are given
therein. Here, we instead give a recursive formula for ϒ . It is easy to check that these recursive formulae
are consistent and one may be more convenient than the other for different purposes. The formula here
involves a factor S̊(τ ) and we give a formula for it in (4.9).
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On the other hand, we have

Tlϒ̄l[1](TA)= Tlϒ̄l[1] =
∑

i∈I
e∗i ⊗ Tlei =

∑

i∈I
T ∗l e

∗
i ⊗ ei

= (T∗ ⊗ I (T)∗t ⊗ idWt
)ϒ̄t[1](A) .

When τ = 1 and t ∈ L+ we have

Ttϒ̄t[1](T−1A)= TtFt(T−1A)= I (T)∗tFt(TT−1A)= I (T)∗tFt(A)
= I (T)∗t ϒ̄t[1](A)= (T∗ ⊗ I (T)∗t ⊗ idWt

)ϒ̄t[1](A) ,
where, in the second equality above, we used the T-covariance of F . Note that in
both computations above we are using the fact that T∗[1] = idR.

From (4.8), we immediately see that, for fixed t ∈ L and τ ∈ T, the second identity
of (4.10) follows from the first and (4.6).

To finish our proof we just need to prove the inductive step for the first identity of
(4.10) – for this we may assume that t ∈ L+. We then write, using (4.8),

S̊(τ )(T∗ ⊗ I (T)∗t )ϒ̄t[τ ](A) (4.11)

= (T∗ ⊗ I (T)∗t )Xk
[
∂kDo1 · · ·DomI (T)∗t ϒ̄t[1]

]

A

(
ϒo1 [τ1](A), . . . ,ϒom [τm](A)

)

= rkXσ−1k
[
∂kDo1 · · ·DomI (T)∗t ϒ̄t[1]

]

A

(
T∗ϒo1 [τ1](A), . . . ,T∗ϒom [τm](A)

)

= rkXσ−1k
[
∂kDo1 · · ·DomI (T)∗t ϒ̄t[1]

]

A
(
To1ϒσ−1o1

[σ−1τ1](T−1A), . . . , Tomϒσ−1om
[σ−1τm](T−1A)

)
.

Here the subscript [·]A indicates where the derivative is being evaluated. In the second
equality of (4.11) we used that the operator T∗ is appropriately multiplicative and in
the third equality we used our inductive hypothesis.

Using the T-covariance of F we have I (T)∗t ϒ̄t[1](A) = Ttϒ̄t[1](T−1A). From
this it follows that

[
∂kDo1 · · ·DomI (T)∗t ϒ̄t[1]

]

A

(•, . . . ,•) (4.12)

= rk
[
∂σ

−1kDσ−1o1
· · ·Dσ−1om

Ttϒ̄t[1]
]

T−1A

(
T −1
o1
•, . . . , T −1

om
• ) .

Inserting (4.12) into the last line of (4.11) gives

S̊(τ )(T∗ ⊗ I (T)∗t )ϒ̄t[τ ](A)
=Xσ

−1k
[
∂σ

−1kDσ−1o1
· · ·Dσ−1om

Ttϒ̄t[1]
]

T−1A
(
ϒσ−1o1

[σ−1τ1](T−1A), . . . ,ϒσ−1om
[σ−1τm](T−1A)

)

= S̊(σ−1τ)Ttϒ̄t[σ−1τ ](T−1A) ,

and we are done since S(τ)= S(σ−1τ). �
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Let R ⊂ F∗ be the collection of algebra homomorphisms � from F to R that
satisfy �[τ ] = 0 for any τ ∈ T \ T−.9 Recall that R can be identified with the renor-
malisation group via an action R � � �→ M� ∈ L(T,T) and that [22, Prop. 5.68]
describes an action of the renormalisation group on nonlinearities, which we write
F �→M�F .

We can then state the following proposition.

Proposition 4.8 Let T ∈ Tran, let F be a T-covariant nonlinearity, and let � ∈R be
T-invariant. Then, for every t ∈ L+,

(�⊗O∗t ⊗ idWt
)ϒ̄t(A)= (�⊗ idVt ⊗ Tt)ϒ̄t(T−1A) .

In particular,M�F is T-covariant.

Proof Since F is already T-covariant we see that the second statement follows from
the first. Now observe that

(�⊗ idVt ⊗ Tt)ϒ̄t(T−1A)= (� ◦T∗ ⊗O∗t ⊗ idWt
)ϒ̄t(A)

= (T�⊗O∗t ⊗ idWt
)ϒ̄t(A)= (�⊗O∗t ⊗ idWt

)ϒ̄t(A) ,

where in the first equality we used Lemma 4.7 and the last equality we used the
T-invariance of �. �

5 The stochastic Yang–Mills–Higgs equation

In this section we study the system (1.14) and prove Theorem 1.7. We will first for-
mulate (1.14) in terms of the blackbox theory of [10, 11, 21] and vectorial regularity
structures of [22], but in order to obtain our desired result we will need to handle the
three issues described in Remark 1.8.

Throughout the rest of the paper, let us fix η ∈ (− 2
3 ,− 1

2 ), δ ∈ ( 3
4 ,1), β ∈

(− 1
2 ,−2(1− δ)), θ ∈ (0,1], and α ∈ (0, 1

2 ) such that

β̂
def= β + 2(1− δ)≥ 2θ(α − 1) , (5.1)

β̂ ≥ η̂ def= 1− 2δ− η , (5.2)

β̂ < η+ 1

2
, (5.3)

and such that the conditions of Theorem 2.39 hold. Note that such a choice of param-
eters is always possible – we first choose α, θ , then choose η sufficiently close to − 1

2
such that 2θ(α−1) < η+ 1

2 , then choose δ sufficiently close to 1 such that η̂ < η+ 1
2 ,

and finally choose β such that β̂ satisfies (5.1)–(5.3). We also remark that the tuple
(�, η,β, δ,α, θ) ∈R6 satisfies conditions (I), (I ′) and (GS) for some � ∈ ( 1

2 ,1). We

9As in [22] T− def= {τ ∈ T : deg τ < 0, n(�)= 0, τ unplanted} where � is the root of τ .
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use these parameters to define the metric space (S,�)≡ (Sη,β,δ,α,θ ,�η,β,δ,α,θ ) as in
Definition 2.22.

We rewrite (1.14) as

∂tX =	X+X∂X+X3 + ((CεA)⊕3 ⊕Cε�)X+ σ εξ ε

X0 = (a,φ) ∈ S .
(5.4)

Here we introduced constants σ ε ∈R which will be useful in Sect. 6.

Theorem 5.1 Fix any space-time mollifier χ . Then there exist

(Cεj,YM
,Cεj,Higgs

)j∈{1,2},ε∈(0,1]

with Cεj,YM
∈ LG(g,g) and Cεj,Higgs

∈ LG(V,V) such that the following statements
hold.

(i) For any (C̊A,σ ) ∈ LG(g,g)×R and any sequence (C̊εA,σ
ε)→ (C̊A,σ ) as ε ↓

0, the solutions X to the system (5.4) where

CεA = (σ ε)2Cε1,YM
+ (σ ε)4Cε2,YM

+ C̊εA , (5.5)

Cε� = (σ ε)2Cε1,Higgs
+ (σ ε)4Cε2,Higgs

−m2

converge in Ssol in probability as ε→ 0.
(ii) The limit of the solutions depends on the sequence (C̊εA,σ

ε) only through its
limit (C̊A,σ ).

Remark that Theorem 1.7 clearly follows from Theorem 5.1. The rest of this sec-
tion is devoted to the proof of Theorem 5.1, which we give in Sect. 5.3. To set up the
regularity structure, we represent the Yang–Mills–Higgs field X by a single type de-
noted as z, and we setWz =E. The noise ξ is represented by a type l̄ and accordingly
we setW

l̄
=E. Our set of types is then specified as L= L+ ∪L− with L+ = {z} and

L− = {l̄}. We write E = L×N3+1, and (ei)3i=0 for the generators of N3+1.
Let κ ∈ (0,1/100].10 The associated degrees are defined as deg(z) = 2 − κ and

deg(l̄)=−5/2− κ , and the map reg : L→ R verifying the subcriticality of our sys-
tem is given by reg(z)=−1/2− 4κ and reg(l̄)=−5/2− 2κ .

We also set our kernel space assignment by setting Kz =R and we define a corre-
sponding space assignment (Vt)t∈L according to (4.1) – this space assignment is then
used for the construction of our concrete regularity structure via the functor FV as in
[22, Sect. 5].

Remark 5.2 Here we have taken a smaller set of types, namely, if we followed the
setting as in [22, Sect. 6] we would have to associate a type to each component of
the connection and the Higgs field, and each component of the noises, and the target
spaceW would be either g or V depending on the specific component.

10We will impose additional, more stringent, smallness requirements on κ for other purposes later.
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The form of (1.9) motivates us to consider the rule R̊ given by R̊(l̄)
def= {��} and

R̊(z)
def= {l̄, z∂j z, zzz : 1≤ j ≤ 3

}
. (5.6)

Here for any t ∈ L we write t= (t,0) and ∂j t= (t, ej ) as shorthand for edge types.
We also write products to represent multisets, for instance z∂j z = {(z,0), (z, ej )}. It
is straightforward to verify that R̊ is subcritical, and has a smallest normal extension
which admits a completion R in the sense of [10, Sect. 5] that is also subcritical and
will be used to define our regularity structure.

We also obtain a corresponding set of trees T= T(R) conforming to R. As in [22,
Sect. 7], we write $=I(l̄,0)(1), and write � ∈T[$] ⊗E for the corresponding E-
valued modelled distribution. Recall that �= id, the identity map under the canonical
identifications T[$]⊗E � V

l̄
⊗E �E∗⊗E � L(E,E). For this section and the rest

of the paper, we will adopt the usual graphical notation (e.g. [22]) for trees: circles
for noises, thin and thick lines for Iz and I(z,ej ) for some j ∈ [3]; see Sect. 5.1 for
examples. We will also sometimes write ∂jIz for I(z,ej ).

For the kernel assignment, we set Kz = K where we fix K to be a truncation of
the Green’s function G(z) of the heat operator as in [22, Sect. 6.2]. In particular we
choose K so that it satisfies all the symmetries of the heat kernel so that, with the no-
tation in Sect. 4, for any σ ∈ S3, r ∈ {−1,1}3 and z ∈R×Td , one has Kt(σ

−1rz)=
Kt(z). We also fix a random smooth noise assignment ξ

l̄
= σ εξ ε = σ εξ ∗ χε .

Remark 5.3 Within the rest of this section, to lighten our notation, we will simply as-
sume that C̊εA = C̊A and σ ε = σ (except for the very end of the proof of Theorem 5.1).
This will not affect any of the arguments in this section.

Following the notation in [22, Sect. 7], for A ∈A
def= ∏o∈E Wo we write its com-

ponents in the following way:

X
def= A(z,0) , ∂jX

def= A(z,ej ) , $̄
def= A(l̄,0) (5.7)

and ∂X = (∂1X,∂2X,∂3X) ∈ E3. We then define the nonlinearity as F
l̄
(A) = idE

and, in the notation of (1.15),

Fz(A)=X∂X+X3 + C̊zX+ $̄ (5.8)

where C̊z
def= C̊⊕3

A ⊕ (−m2).

Remark 5.4 Here and below, we always use purple colour (see the colour version
online) to identify elements A ∈Aand their components.

5.1 Mass renormalisation

Recall that T− = T−(R) is the set of all unplanted trees in T with vanishing polyno-
mial label at the root and negative degree. Define the subset

T
even−

def=
{
τ ∈ T− :

3∑

i=1

ni(τ ) and |{e ∈Eτ : t(e)= l̄}| are both even
}

(5.9)
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where n(τ) = (n0(τ ), . . . , n3(τ )) ∈ N3+1 is defined in (4.3), Eτ denotes the set of
edges of τ , and we write t :Eτ → L for the map that labels edges with their types.

Recall from [22, Prop. 5.68] that to find the renormalised equation, we aim to
compute the counterterms

∑

τ∈T−
(�ε

BPHZ
[τ ] ⊗ idWt

)ϒ̄t[τ ](A) . (5.10)

Thanks to Lemma 5.5 below, only trees in Teven− will actually contribute to (5.10).

Lemma 5.5 Let τ ∈ T, then �ε
BPHZ
[τ ] �= 0⇒ τ ∈ Teven− .

Proof We first note that by convention �ε
BPHZ
[τ ] = 0 for τ ∈ T \T−.

Now, if we define T = (T ,O,σ, r) ∈ Tran by setting T , O , and σ to be identity
operators and r = (−1,−1,−1) then we have that ξε and K are both T-invariant,
so we have �ε

BPHZ
◦ T∗[τ ] = �ε

BPHZ
[τ ] by Lemma 4.5. On the other hand �ε

BPHZ
◦ T∗[τ ] =

(−1)
∑3
i=1 ni (τ )�ε

BPHZ
[τ ]. Therefore, if

∑3
i=1 ni(τ ) is not even, we must have �ε

BPHZ
[τ ] =

0.
The second constraint defining Teven− can be argued similarly by setting T

l̄
=−idW

l̄

and then Tz, S, σ , and r to be identity operators. �

Remark 5.6 Note that, since d = 3, the term C̊zX leads to trees of the form
Iz(l̄)I(z,ej )(Iz(l̄)) with degree −κ . However, by Lemma 5.5, the BPHZ character
vanishes on each of these trees since it has an odd number of derivatives. This is im-
portant because it is convenient for the constants Cε

YM
and CεHiggs appearing below to be

independent of the constant C̊z.

One of our key results for this section is the following proposition.

Proposition 5.7 Suppose τ ∈ Teven− . Then, for any v ∈ T∗, there exists Cv,τ ∈
L(Wz,Wz) such that

(v⊗ idWz
)ϒ̄z[τ ](A)= Cv,τX .

Furthermore, there exist Cε
YM
∈ LG(g,g) and CεHiggs ∈ LG(V,V) such that

∑

τ∈T−
(�ε

BPHZ
[τ ] ⊗ idWz

)ϒ̄z[τ ](A)=
( 3⊕

i=1

Cε
YM
Ai

)
⊕CεHiggs� ,

where X = ((Ai)3i=1,�) ∈ g3 ⊕ V = Wz, and the linear maps Cε
YM

, CεHiggs have the
forms

Cε
YM
= σ 2Cε1,YM

+ σ 4Cε2,YM
and CεHiggs = σ 2Cε1,Higgs

+ σ 4Cε2,Higgs
(5.11)

where for j ∈ {1,2}, the maps Cεj,YM
∈ LG(g,g) and Cεj,Higgs

∈ LG(V,V) are indepen-
dent of σ .
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Proof The first statement, that the left-hand side is a linear function of X, is shown
in Lemma 5.12. The second statement is proven in Lemma 5.13. �

Before going into the proof of Proposition 5.7, we give an explicit calculation of
(5.10) at the “leading order”. This will not be used elsewhere but demonstrates how
the “basis-free” framework developed in [22, Sect. 5] applies to an SPDE where the
nonlinearities are given by three intrinsic operations: the Lie brackets, the bilinear
form B, and the natural action of g on V.

Until the start of Sect. 5.1.1, consider d = 2,3. As in [22, Eq. (6.7)], Tlead =
{ , , } consists of all the “leading order” trees, i.e. trees of degree −1 − 2κ
for d = 3 (resp. −2κ for d = 2) that contribute to (5.10). Denoting (ti) (resp. (vμ))
an orthonormal basis of g (resp. V), our claim is that, at the leading order, the renor-
malisation is given by the following natural G-invariant linear operators:

adCas : g→ g CCas : g→ g �(Cas) : V→V

A �→ [ti , [ti ,A]] A �→ B(vμ ⊗Avμ) � �→ B(vμ ⊗�)vμ
with Einstein’s convention of summation.

Remark 5.8 The first map is indeed adCas with Cas = ti ⊗ ti ∈ g ⊗s g the Casimir
element, see [22, Remark 6.8]. For the last map we note that by (1.5) and the fact that
the representation is orthogonal,

B(vμ ⊗�)vμ = �(〈B(vμ ⊗�), ti〉gti ) vμ = 〈vμ,�(ti)�〉V �(ti)vμ

= 〈�(ti)∗vμ,�(ti)�〉V �(ti)�(ti)
∗vμ = 〈vμ,�(ti)2�〉V vμ

= �(ti)
2�= �(Cas)� .

We remark that adCas is a multiple of idg when g is simple, and �(Cas) is a multiple
of idV when the representation is irreducible (see [60, Prop. 10.6] for a formula of
this multiple). For the map CCas, one has

CCasA= 〈B(vμ ⊗ �(A)vμ), ti〉gti (1.5)= 〈vμ,�(ti)�(A)vμ〉Vti = tr(�(ti)�(A))ti ,

which is just the contraction of Cas with A ∈ g using the Hilbert–Schmidt inner prod-
uct on End(V). It is easy to check their G-invariance.

Following the notation of [22, Sect. 6], but with dimension d and the Higgs field
�, one has11

�ε
BPHZ
[ ] = −�ε

BPHZ
[ ] = −ĈεCov , �ε

BPHZ
[ ] = −C̄εCov ,

where Cov is as in (1.10) and

C̄ε
def=
∫
dz Kε(z)2, Ĉε

def=
∫
dz ∂jK

ε(z)(∂jK ∗Kε)(z) .

11To avoid any confusion with other renormalisation operators we consider later, we remark that C̄ε and
Ĉε defined here are only used within Lemma 5.9 and Remark 5.10.
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Here, the index j ∈ [d] is fixed (no summation) and Ĉε is clearly independent of
it.

Lemma 5.9 We have
∑
τ∈Tlead

(�ε
BPHZ
[τ ] ⊗ idE)ϒ̄z[τ ](A)= σ 2LleadX where

Llead

def=
(
((1− d)C̄ε + (6d − 8)Ĉε)adCas + (4Ĉε − C̄ε)CCas

)⊕d

⊕
(
(2dĈε − dC̄ε)�(Cas)− C̄εidV

)
.

Proof (Sketch) By straightforward calculation one has12

(�ε
BPHZ
[ ] ⊗ id)ϒ̄z[ ](A)= Ĉε

((
(4d − 5)adCas + 2CCas

)⊕d ⊕ 2d�(Cas)
)
X ,

(�ε
BPHZ
[ ] ⊗ id)ϒ̄z[ ](A)= Ĉε

((
(2d − 3)adCas + 2CCas

)⊕d ⊕ 0
)
X ,

(�ε
BPHZ
[ ] ⊗ id)ϒ̄z[ ](A)

= C̄ε
((
(1− d)adCas −CCas

)⊕d ⊕ (−d�(Cas)− idV)
)
X.

Adding all these identities we obtain the claimed map Llead. �

Remark 5.10 C̄ε − 2dĈε converges to a finite value as ε→ 0, which essentially fol-
lows from [22, Proof of Lemma 6.9]. So when d = 3, both the coefficients of adCas
and CCas are divergent (at rate O(ε−1)). Interestingly, if d = 2, the coefficients of
adCas and CCas both converge to finite limits (which was shown in the case without
Higgs field in [22, Sect. 6]). With this remark and Lemma 5.9 one should be able to
extend the main results of [22] to the Yang–Mills–Higgs case in 2D by following the
arguments therein.

Note that there are a large number of trees in Teven− besides the ones in Lemma 5.9,
for instance

, , , , , , , , etc.

Below we develop more systematic arguments to find their contribution to the renor-
malised equation.

5.1.1 Linearity of renormalisation

We prove the first statement of Proposition 5.7, namely we only have linear renor-
malisation. Note that for each τ ∈ T−(R), ϒ̄z[τ ](A) is polynomial in A (namely, in
X and its derivatives). Obviously it suffices to show that each term of the polynomial
is linear in X. Fixing such a term, we write pX and p∂ for the total powers of X and

12For instance, in the first identity, 2ĈεCCas is obtained by “substituting” 2I(Aj ∂j�) into B(∂i�⊗�)
for �, and 2dĈε�(Cas) is obtained by substituting I(B(∂j�⊗�)) into 2Aj ∂j� for Aj .
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derivatives respectively in this monomial, for instance for X∂X we have pX = 2 and
p∂ = 1.

It turns out to be convenient to introduce a formal parameter λ and to write the
nonlinear terms of our SPDE13 as λX∂X + λ2X3. Since ϒ̄z[τ ] is generated by it-
erative substitutions with these nonlinear terms, each term of ϒ̄z[τ ] comes with a

coefficient λnλ for some positive integer nλ. For instance ϒ̄z[ ] is associated with
nλ = 4.

For a fixed tree τ we also write kξ = |{e ∈ Eτ : t(e) = l̄}| for the total number
of noises and k∂ =∑3

i=1 |ni(τ )| for the total number of derivatives plus the total

powers of X. (Recall (4.3) for relevant notation.) For instance for the tree we
have kξ = 4 and k∂ = 2.

Lemma 5.11 Let τ ∈ T−(R). For each term of ϒ̄z[τ ] which is associated with num-
bers (nλ, k∂ , kξ ,pX,p∂) as above, we have

kξ = nλ + 1− pX , (5.12a)

nλ + k∂ + p∂ ≡ 0 mod 2 , (5.12b)

deg(τ )= nλ
2
− 5

2
+ pX

2
+ p∂ − kξ κ . (5.12c)

Proof For τ =Xq
∏m
i=1 Ioi (τi) where oi ∈ E , recall our recursive definition

ϒ̄z[τ ] def= Xq
[
∂qDo1 · · ·Domϒ̄z[1]

](
ϒo1[τ1], . . . ,ϒom [τm]

)
(5.13)

where ϒ̄z[1] = 1⊗ (λX∂X+λ2X3+ξ). Since our SPDE has additive noise, we only
need to consider the case oi ∈ L+ × Nd+1 for all i ∈ [m]. By linearity it suffices to
prove the lemma assuming that ϒ̄z[τ ] is monomial. Also note that it suffices to show
the case q = 0, since increasing |q| by 1 amounts to increasing each of p∂, k∂ ,deg(τ )
by 1, which preserves (5.12a)–(5.12c).

We prove the lemma by induction. The base case of the induction is τ =$= I
l̄
[1]

which has deg(τ )=−5/2−κ , and its associated five numbers (nλ, k∂ , kξ ,pX,p∂)=
(0,0,1,0,0) obviously satisfy the three identities.14

For each 1≤ i ≤m denote by (n(i)λ , k
(i)
∂ , k

(i)
ξ ,p

(i)
X ,p

(i)
∂ ) the numbers associated to

each ϒ̄oi [τi], and our induction assumption is that they all satisfy (5.12a)–(5.12c).

Denote by (n(0)λ , k
(0)
∂ , k

(0)
ξ ,p

(0)
X ,p

(0)
∂ ) the numbers associated to either the term

1⊗ (λX∂X) or the term 1⊗ (λ2X3), which are (1,0,0,2,1) and (2,0,0,3,0) re-
spectively. It is easy to check that these satisfy (5.12a)–(5.12c) since deg(1)= 0.

13One can eventually take λ= 1, but having these coefficients will be helpful for power counting: pretend-
ing that λ has “degree −1/2”, these nonlinear terms all have the same degree as white noise.
14We do not start the induction from τ = 1 since it does not satisfy the last identity: ϒ̄z[1] has a term

1⊗ ξ , for which nλ = kξ = pX = p∂ = 0, and deg(1)= 0, so (5.12c) would read 0=− 5
2 .
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From the recursion (5.13) we observe that

kξ =
m∑

i=0

k
(i)
ξ , nλ =

m∑

i=0

n
(i)
λ , pX =

( m∑

i=0

p
(i)
X

)
−m , (5.14)

and p∂ + k∂ =∑m
i=0(p

(i)
∂ + k(i)∂ ). Using these relations together with our induction

assumption, one easily checks that (5.12a) and (5.12b) hold for τ .
Finally, observe that if the factor ∂X in X∂X is not substituted (i.e. oi = (z,0)

for all i ∈ [m]), one has deg(τ )=∑m
i=1 deg(τi)+2m and p∂ =∑m

i=0 p
(i)
∂ , where the

term 2m arises from the increase of degree by the heat kernel. On the other hand if ∂X
is substituted by some ϒoi [τi] (i.e. oi = (z, ej ) for some i ∈ [m] and j ∈ {1,2,3}),
one has deg(τ ) =∑m

i=1 deg(τi) + 2m − 1 and p∂ = (∑m
i=0 p

(i)
∂ ) − 1. Using these

relations and (5.14) as well as our inductive assumption, we see that in both cases the
last identity (5.12c) is preserved for τ . �

The following lemma shows that we only have linear renormalisation.

Lemma 5.12 There exists L ∈ L(E,E) such that
∑

τ∈T−
(�ε

BPHZ
[τ ] ⊗ idE)ϒ̄z[τ ](A)= LX .

The map L has the form L= σ 2L1 + σ 4L2 where for each j ∈ {1,2}, the map Lj ∈
L(E,E) is independent of σ .

Proof It suffices to prove that for each tree τ ∈ T−(R), we have either (pX,p∂) =
(1,0) or �ε

BPHZ
[τ ] = 0.

The proof easily follows from analysing each possible value of nλ (which is the
advantage of introducing this parameter). By the “parity” Lemma 5.5, both kξ ≥ 2
and k∂ must be even, or �ε

BPHZ
[τ ] = 0. Obviously we also have pX = 0⇒ p∂ = 0.

Let nλ = 2. We look for solutions to15

deg(τ )=−3

2
+ pX

2
+ p∂ ≤ 0 .

To have even kξ ≥ 2, by (5.12a) of Lemma 5.11, pX must be odd. To have even k∂ ,
by (5.12b) p∂ must be even. Thus we only have one solution (pX,p∂)= (1,0) to the
above inequality. For this solution, by (5.12a), we have kξ = 2.

Let nλ = 3 and we solve

deg(τ )=−1+ pX
2
+ p∂ ≤ 0 .

As above, to have even kξ ≥ 2, pX ∈ {2,0}. To have even k∂ , the number p∂ must be
odd. Since whenever pX = 0 we must have p∂ = 0 as mentioned above, there is then
no solution to the above inequality.

15In this proof we drop the term −kξ κ in (5.12c) since it is irrelevant after we have chosen κ > 0 suffi-
ciently small.
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Consider nλ = 4 and

deg(τ )=−1

2
+ pX

2
+ p∂ ≤ 0 .

To have even kξ ≥ 2, pX ∈ {1,3}. To have even k∂ , the number p∂ must be even. So
the only solution is (pX,p∂)= (1,0). For this solution, by (5.12a), we have kξ = 4.

Consider nλ = 5 and deg(τ )= pX
2 +p∂ ≤ 0. To have even k∂ , the number p∂ must

be odd, so there is no solution. Finally for nλ ≥ 6, deg(τ ) > 0. Putting these together
proves the first claim. Moreover, since we have shown above that kξ can only be 2 or
4, and σ is the coefficient in front of the noise, the map L has the claimed form. �

5.1.2 Symmetries of the renormalisation

Having proved that the renormalisation is linear in X, we now show that L is sub-
ject to a number of constraints by symmetries, allowing us to complete the proof of
Proposition 5.7.

Lemma 5.13 For any ε > 0, the linear map L ∈ L(E,E) in Lemma 5.12 has the
form L= Cε

YM
⊕Cε

YM
⊕Cε

YM
⊕CεHiggs with Cε

YM
∈ L(g,g) and CεHiggs ∈ L(V,V). Moreover

L ∈ LG(E,E), namely L commutes with the action Ad⊕ � of G on E. In particular,
Cε

YM
∈ LG(g,g) and CεHiggs ∈ LG(V,V).

Proof Our proof will repeatedly reference Proposition 4.8, with various choices of
T= (T ,O,σ, r) ∈ Tran to prove the various properties of L. We will always choose
T of the form T = Tz ⊕ Tl̄ = T̃ ⊕ T̃ for some T̃ ∈ L(E,E) – recall that Wz �Wl̄

�
E = g1 ⊕ g2 ⊕ g3 ⊕V where each gi is a copy of g.

We first show that L is appropriately block diagonal. Fix i ∈ {1,2,3} and choose
T= (T ,O,σ, r) ∈ Tran as follows. The map T̃ acts on E by flipping the sign of the
i-th component, namely for every u ∈ E, let (T̃ u)|gi = −u|gi and (T̃ u)|

g⊥i
= u|

g⊥i
.

We then also flip the sign of the i-th spatial coordinate, namely σ = id, O = id and
rj = 1j �=i − 1j=i for every j ∈ {1,2,3}.

Observe that our nonlinearity F(A) is then T-covariant, namely Fz(TA) =
TzFz(A); this is because, in any term for the gi component in (1.12), the spatial
index j (appearing either as a subscript of A• or as a partial derivative ∂•) appears an
even number of times if j �= i and an odd number of times if j = i. For instance, one
of the terms in the gi component [Aj , ∂jAi] flips sign when A is replaced by TA,
because according to the definition of TA given by (4.4), if j �= i, Aj is fixed and
∂jAi flips sign, and if j = i, Aj flips sign and ∂jAi is fixed.

Also, K and ξε are both T-invariant, so by Lemma 4.5, both �̄can and �BPHZ are
T-invariant. Invoking Proposition 4.8 and Lemma 5.12 we conclude that LX is T-
covariant. Since this holds for every i ∈ {1,2,3}, one has L= C(1)ε ⊕C(2)ε ⊕C(3)ε ⊕
CεHiggs with C(1)ε ,C

(2)
ε ,C

(3)
ε ∈ L(g,g) and CεHiggs ∈ L(V,V).

We now show that the first three blocks are identical. Fixing i �= j ∈ {1,2,3}, we
choose another T = (T ,O,σ, r) ∈ Tran where σ ∈ S3 is defined by swapping i and
j , r = 1, O = id, and T is given by swapping the gi and gj components, namely

(T̃ u)|gi = u|gj , (T̃ u)|gj = u|gi , (T̃ u)|(gi⊕gj )
⊥ = u|(gi⊕gj )

⊥ .
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It is easy to check that F(A) is again T-covariant, and the kernel K and noise ξ are
both T-invariant. Invoking Proposition 4.8 again it follows that LX is T-covariant

which implies that C(1)ε = C(2)ε = C(3)ε def= Cε
YM

.
To show L ∈ LG(E,E) we choose T= (T ,O,σ, r) ∈ Tran by taking r = 1, O =

id and σ = id, and, for any fixed g ∈ G, define T̃ to be the action by g ∈ G on E.
Note that F(A) is T-covariant (since each term in (1.9) is covariant), and the noise ξε
is T-invariant. Since this holds for any g ∈G, we thus have L ∈ LG(E,E). �

Remark 5.14 It is possible to show that L in Lemma 5.12 – 5.13 is symmetric with
respect to the inner product given on E. Indeed, recalling that V ∼= V∗ is canoni-
cally given by the scalar product 〈 , 〉V, the action (1.2) is invariant under � �→�∗
(with connection replaced by its dual connection, which is locally still represented
by A), and (1.9) is covariant i.e. the transformation (�, ζ ) �→ (�∗, ζ ∗) just amounts
to applying the dual operation to the second equation. A similar argument as above
can show that L∗�∗ = (L�)∗ which means that L is symmetric. If g is simple and
� is irreducible, and assuming � is surjective, then Cε

YM
,CεHiggs commute with all the

orthogonal transformations and therefore must be multiples of the identity on g and
V respectively.

Remark 5.15 One may wonder if our model “decouples” as g splits into simple and
abelian components and V decomposes into irreducible subspaces. The “pure YM”
part (i.e. the first term in (1.2)) decouples under the decomposition of g, as observed
in [22, Remarks 2.8, 2.10]. The term |dA�(x)|2 (and the corresponding terms in our
SPDE) decouples into orthogonal irreducible components, but the |�|4 term does
not. On the other hand, assuming that V is irreducible but g= g1 ⊕ g2, by [82, The-
orem 3.9], V=V1 ⊗V2 for irreducible representations Vi of gi . So for Aj ∈ gj and
�j ∈Vj we have dA1+A2(�1⊗�2)= (dA1�1)⊗�2+�1⊗ (dA2�2); the two terms
are generally not orthogonal, and one does not have any decoupling.

5.2 Solution theory

We now turn to posing the analytic fixed point problem in an appropriate space of
modelled distributions for (5.8). A naive formulation would be

X = Gz1+
(
X ∂X +X 3 + C̊zX +�

)+PX0 . (5.15)

Here, 1+ is the restriction of modelled distributions to non-negative times, Gz
def=

Kz+RR where Kz is the abstract integration operator, and R the operator realising
convolution with G − K as a map from appropriate Hölder–Besov functions into
modelled distributions as in [56, Eq. 7.7], and PX0 is the “harmonic extension” of
X0 as in [56, Eq. 7.13]. However, (5.15) can not be closed in any D

γ,η
α space, even

for smooth initial data. This is because 1+� ∈D∞,∞
−5/2−, so X ∈D

γ,η
α would require

η,α <−1/2, but then X ∂X ∈D
γ− 3

2−,−2−
−2− at best. Unfortunately, exponents below

−2 represent a non-integrable singularity in the time variable so that we cannot apply
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the standard integration result [56, Prop. 6.16] (which requires η ∧ α >−2) for the
modelled distributions 1+� and X ∂X .16

Recall the local reconstruction operator R̃ and the global reconstruction operator
R described in Appendix A. The reason that the proof of [56, Prop. 6.16] fails in this
case is that the modelled distributions 1+� and X ∂X canonically only admit local
(but not global) reconstructions R̃1+� and R̃(X ∂X ) which are defined as space-
time distributions only away from the t = 0 hyperplane. However, Lemma A.4 allows
us to bypass this difficulty if we also specify space-time distributions that extend
R̃1+� and R̃(X ∂X ) to t = 0.

More precisely, for fixed ε > 0, we can easily define such an extension for R̃1+�,
and by linearising around the SHE we can similarly handle the product X ∂X . Let

�̃ε = σK ∗ (1t>0ξ
ε) (5.16)

and consider

X = X̃ + �̃ , �̃ =K
σ1t>0ξ

ε

z (1+�) ,

X̃ = Gz1+
(
X 3 + C̊zX

)+ G�̃ε∂�̃εz

(
�̃∂�̃

)

+ Gz1+
(
X̃ ∂�̃ + �̃∂X̃ + X̃ ∂X̃

)+R(σ1t>0ξ
ε)+PX0 ,

(5.17)

where, for a space-time distribution ω, the notation Gωz f =Kω
z f +Rω is defined as

in Appendix A. The space-time distributions in the superscripts here play the role of
“inputs by hand” to the integration operators which replace the standard reconstruc-
tions that aren’t defined a priori. Pretending for now that the initial condition X0 is
sufficiently regular, the fixed point problem (5.17) can be solved for X̃ ∈ D

3/2+,0−
0−

and we can apply Lemma A.4 once we check its condition, that is, 1t>0ξ
ε and

R̃(1+�) agree away from t = 0 (which is obvious), and the same holds for �̃ε∂�̃ε
and R̃

(
�̃∂�̃

)
. The fact that RX solves (5.4) then follows by combining [11] and

[22, Sect. 5.8] along with Proposition 5.7.
Note that we are slightly outside of the setting of [11] because we have replaced

the standard integration operators Gz and Kz with non-standard ones with “inputs”.
However the results of [11] still hold because X is still coherent17 with respect to the
nonlinearity (5.8). Coherence is a completely local algebraic property and for each
(t, x) with t > 0, X (t, x) solves an algebraic fixed point problem of the form

X (t, x)=Iz

(
X (t, x)∂X (t, x)+X (t, x)3 + C̊zX (t, x)+�

)
+ (· · · ) (5.18)

where (· · · ) takes values in the polynomial sector of the regularity structure. The
relation above is all that is needed to deduce that X is coherent at (t, x).

16Another way to bypass this problem is to let $ represent the noise restricted to positive times, that is
we could put the indicator function for positive times inside the model instead of the fixed point problem
for modelled distributions. However, working with a non-stationary noise would create serious technical
difficulties since we would not be able to use [21] to control the given models – in general the trees in T−
would need time-dependent renormalisation counter-terms.
17See [22, Def. 5.64].
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Remark 5.16 Note that there is a degree of freedom in the “t = 0 renormalisation”
of (5.17) that could be exploited: one could add to the �̃ε∂�̃ε appearing in the su-
perscript any fixed distribution supported on t = 0. This does not affect at all the
coherence of X with the nonlinearity, but in fact changes our initial condition. The
fact that we do not add such a distribution in the superscript means that RX really
does solve (5.4) with the prescribed initial data.

Combining this with the probabilistic convergence of the BPHZ models and the
distributions 1t>0ξ

ε and �̃ε∂�̃ε in the appropriate spaces as ε ↓ 0, one also gets
stability of the solution in this limit. However, the analysis above depends on having
fairly regular initial data which is not sufficient for our purposes. In order to use this
dynamic to construct our Markov process we will need to start the dynamic from an
arbitrary X0 ∈ S .

As in our analysis of the deterministic equation (2.2) with rough initial data, the
t = 0 behaviour of the term X∂X requires us to linearise about PX0 and take ad-
vantage of the control over N (X0) given by the metric on S . We thus introduce the
decomposition

X =PX0 + �̃ + X̂ , (5.19)

where �̃ is as in (5.17), and consider the fixed point problem

X̂ = Gz
(
PX0∂PX0 +PX0 ∂X̂ + X̂ ∂PX0 + X̂ ∂X̂

)
+R(1t>0ξ

ε)

+ Gz
(
�̃∂X̂ + X̂ ∂�̃ +X 3 + C̊zX

)

+ G�̃ε∂�̃εz (�̃∂�̃)+ GPX0∂�̃ε
z (PX0∂�̃)+ G�̃ε∂PX0

z (�̃∂PX0) .

(5.20)

Instead of using the spaces D
γ,η
α of [56], it will be convenient to use a slightly smaller

class of “D̂ spaces” with D̂
γ,η
α � D

γ,η
α which impose a vanishing condition near t =

0. These spaces were introduced in [47] and used in [22] for the SYM in dimension
d = 2. We collect their important properties in Appendix A.

Imposing X0 ∈ S will give us control over the first term on the right-hand side
of (5.20). We will see that the other products in the first and second lines of (5.20)
will belong to D̂ spaces with good enough exponents for Theorem A.5 (for non-
anticipative kernels) to apply, thanks to Lemma A.3 which gives more refined power-
counting for multiplication in D̂ spaces than that of for instance [56, Prop. 6.12] for
the usual D spaces. While we choose to use D̂ spaces here as a matter of convenience,
it will serve as a warm-up for Sect. 6.4.2 where it is crucial.

Finally the products of modelled distributions in the last line of (5.20) give us
non-integrable singularities, similarly as in our discussion for (5.17), but we can
again appeal to the integration result Lemma A.4 instead of the standard result [56,
Prop. 6.16]. Note that the distributions PX0 and �̃ε are explicit objects, so we
can again show by hand that PX0∂�̃ε and �̃ε∂PX0 converge probabilistically as
ε ↓ 0 to some well-defined distributions over the entire space-time. We can argue
exactly as for (5.17) that RX solves (5.4) for every fixed ε > 0 whenever X solves
(5.19)–(5.20).
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Below we first prove the necessary probabilistic convergences mentioned above,
and then close the analytic fixed point problem (5.19)–(5.20). This will complete the
proof of Theorem 5.1.

5.2.1 Probabilistic estimates for solution theory

We start with the probabilistic convergence of models. Let Zε
BPHZ

be the BPHZ models
determined by the kernel and noise assignments as in the beginning of this section.

Lemma 5.17 The random models Zε
BPHZ

converge in probability to a limiting random
model ZBPHZ as ε ↓ 0.

Proof We take a choice of scalar noise decomposition and check the criteria of [21,
Theorem 2.15] which are insensitive to this choice. First, it is clear that for any scalar
noise decomposition, the random smooth noise assignments here are a uniformly
compatible family of Gaussian noises that converge to the Gaussian white noise. We
then note that

min{deg(τ ) : τ ∈ T(R), |N(τ)|> 1} = −2− 2κ >−5/2=−|s|/2
and the minimum is achieved for τ of the form . Here N(τ) is the set of vertices
of τ such that v �= e− for any e with t(e) ∈ L−, so the third criterion is satisfied.
Combining this with the fact that deg(l)=−5/2− κ for every l ∈ L− guarantees that
the second criterion is satisfied. Finally, the worst case scenario for the first condition
is for τ of the form and A = {a} with t(a) = l for l ∈ L− for which we have
deg(τ )+ deg(l)+ |s| = 1− 4κ > 0 as required. �

We now give the promised statement about the probabilistic definition of products
involving the initial data and the solution to SHE. We skip proving the convergence of
1t>0ξ

ε since this follows by a straightforward application of Kolmogorov’s argument
combined with second moment computations. In the next lemmas, we recall thatG is
the Green’s function of the heat operator and we let (�noise,P) denote the probability
space on which ξ is defined.

Lemma 5.18 For each κ > 0 there exists κ̄ > 0 such that, for all T > 0 and p ∈
[1,∞),G∗(�̃ε∂�̃ε) converges inLp(�noise;C κ̄ ([0, T ],C−κ (T3))) to a limit denoted
by G ∗ (�̃∂�̃). In particular, �̃ε∂�̃ε converges in Lp(�noise;C−2−κ (K)) to a limit
denoted by �̃∂�̃ for any compact K⊂R×T3.

Proof By equivalence of Gaussian moments, it suffices to consider p = 2. Dropping
reference to ε and denoting Y =G ∗ (�̃∂�̃), one has

Yt −Ys = (Pt−s − 1)Ys +
∫ t

s

Pt−r (�̃r∂�̃r )dr . (5.21)

Using [56, Lem. 10.14], followed by Lemma 3.3 (with γ = 2 and α = 2−2κ therein),
one has

E
∣∣∣
〈 ∫ t

s

Pt−r (�̃r∂�̃r )dr,φλ
〉∣∣∣

2
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�
∫

r,r̄∈[s,t]
Gt−r (x − y)Gt−r̄ (x̄ − ȳ)|(r, y)− (r̄, ȳ)|−4|φλ(x)φλ(x̄)|drdr̄dydȳdxdx̄

�
∫

r∈[s,t]
Gt−r (x − y)|y − x̄|−2|φλ(x)φλ(x̄)|drdydxdx̄

�
∫

r∈[s,t]
(t − r)− 2−2κ

2 |x − x̄|−2κ |φλ(x)φλ(x̄)|drdxdx̄ � |t − s|κλ−2κ

for κ > 0 arbitrarily small, where the first bound follows from Wick’s theorem, the
fact that E(�̃∂�̃)= 0 thanks to the derivative, and the uniform in ε > 0 bound

|E(∂k�̃(z) ∂k̄�̃(z̄))|� |z− z̄|−1−|k|−|k̄| (|k|, |k̄| ∈ {0,1}) . (5.22)

Here φλ is the rescaled spatial test function as in Lemma 3.4. Setting s = 0 one then
has E|〈Yt , φλ〉|2 � tκλ−2κ . Therefore E|(Pt−s − 1)Ys |2C−κ � sκ/4|t − s|κ/4, which
handles the first term on the right-hand side of (5.21). Since Yr = 0 for r ≤ 0, it
follows from a Kolmogorov argument that E|Y|2Cκ̄ ([0,T ],C−κ (T3))

is bounded uniformly
in ε > 0 for any T > 0 and κ > 0.

To show that Y converges in C κ̄ ([0, T ],C−κ (T3)) as ε ↓ 0, it suffices to extract a
small power of ε̄ in the corresponding bounds on Pt−r (�̃ε∂�̃ε)−Pt−r (�̃ε̄∂�̃ε̄) for
0< ε < ε̄.

The final claim follows by applying to Y the heat operator, which is a bounded
operator from C([−T ,T ],C−κ (T3)) to C−2−κ ((−T ,T )× T3) and remarking that Y
is continuous over [−T ,T ] once we extend it by Yt = 0 for t < 0. �

Lemma 5.19 For every κ > 0 and η ∈ (−1,− 1
2 ), there exists κ̄ > 0 such that, for all

T > 0, p ∈ [1,∞), uniformly in 0< ε < ε̄ < 1,

E|G ∗ (PX0∂�̃ε −PX0∂�̃ε̄)|p
Cκ̄ ([0,T ],Cη+ 1

2−κ )
� ε̄κ̄ |X0|pCη

E|G ∗ (�̃ε∂PX0 − �̃ε̄∂PX0)|p
Cκ̄ ([0,T ],Cη+ 1

2−κ )
� ε̄κ̄ |X0|pCη .

In particular, G ∗ (PX0∂�̃ε) and G ∗ (�̃ε∂PX0) converge in C κ̄ ([0, T ],Cη+ 1
2−κ) in

Lp(�noise,P) to limits denoted respectively byG∗ (PX0∂�̃) andG∗ (�̃∂PX0), and

PX0∂�̃ε and �̃ε∂PX0 converge in Cη− 3
2−κ(K) in Lp(�noise,P) to limits denoted

respectively by PX0∂�̃ and �̃∂PX0 for any compact K⊂R×T3. The maps sending
X0 to any of these limits is a bounded linear map from Cη to the corresponding
Lp(�noise,P) space.

Proof We apply the same trick as (5.21). Dropping again reference to ε, one has

E
∣∣
∣
〈 ∫ t

s

Pt−r (PrX0∂�̃r )dr,φ
λ
〉∣∣
∣
2

� |X0|2η
∫

r,r̄∈[s,t]
Gt−r (x − y)Gt−r̄ (x̄ − ȳ)

× rη/2r̄η/2|(r, y)− (r̄, ȳ)|−3|φλ(x)φλ(x̄)|drdydr̄dȳdxdx̄ .

(5.23)
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Since r, r̄ are symmetric, we just consider the regime r ≤ r̄ , so that r̄η/2 ≤ rη/2. By
[56, Lem. 10.14] followed by Lemma 3.3 (with γ = 1 and α = 2η+ 2− 2κ ∈ (0,1)
therein for κ sufficiently small), the above quantity is bounded by a multiple of

|X0|2η
∫

r∈[s,t]
Gt−r (x − y)rη|x̄ − y|−1|φλ(x)φλ(x̄)|drdydxdx̄

� |X0|2η
∫

r∈[s,t]
(t − r)− α2 rη|x − x̄|α−1|φλ(x)φλ(x̄)|drdxdx̄ � |t − s|κλ2η+1−2κ .

Setting s = 0 and denoting Y = G ∗ (PX0∂�̃), one then has E|〈Yt , φλ〉|2 �
tκλ2η+1−2κ . The claim for G ∗ (PX0∂�̃) and PX0∂�̃ now follows in the same way
as in the proof of Lemma 5.18.

The argument for �̃∂PX0 is similar except we have

E
∣∣∣
〈 ∫ t

s

Pt−r (�̃r∂PrX0)dr,φ
λ
〉∣∣∣

2
� |X0|2η

∫

r,r̄∈[s,t]
Gt−r (x − y)Gt−r̄ (x̄ − ȳ)

× r η2− 1
2 r̄

η
2− 1

2 |(r, y)− (r̄, ȳ)|−1|φλ(x)φλ(x̄)|drdydr̄dȳdxdx̄

(5.24)

and instead of [56, Lem. 10.14] we use Lemma 3.3 twice (first with γ = 1 and α =
1 + η ∈ (0, 1

2 ) and then with γ = −η and α = η + 1 − 2κ ∈ (0,−η) therein for κ
sufficiently small) to bound the above quantity by a multiple of

|X0|2η
∫

r,r̄∈[s,t]
Gt−r (x − y)r η2− 1

2 r̄
η
2− 1

2 (t − r̄)− 1
2− η2 |x̄ − y|η|φλ(x)φλ(x̄)|drdr̄dydxdx̄

� |X0|2η
∫

r∈[s,t]
Gt−r (x − y)r η2− 1

2 |x̄ − y|η|φλ(x)φλ(x̄)|drdydxdx̄

� |X0|2η
∫

r∈[s,t]
(t − r)− η2− 1

2+κr
η
2− 1

2 |x − x̄|2η+1−2κ |φλ(x)φλ(x̄)|drdxdx̄

� |t − s|κλ2η+1−2κ .

The rest of the proof is again the same as that of Lemma 5.18. �

5.3 Proof of Theorem 5.1

Proof of Theorem 5.1 We first show that the fixed point problem (5.20) is well-posed,
and then argue that the reconstructed solutions converge in Ssol.

Fix γ ∈ ( 3
2 + 2κ,2). Writing X as (5.19), we will solve the fixed point problem

(5.19) and (5.20) for X̂ in D̂
γ,β̂

−5κ with β̂ >−1/2 as in (I). Note that

PX0 ∈ D̂
∞,η
0 , ∂PX0 ∈ D̂

∞,η−1
0 . (5.25)
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Moreover, since X0 ∈ I , we use the bound (2.3) with | · |Cβ̂ replaced by | · |Ck (for

|k|< γ ) to conclude18 that Gz
(
PX0∂PX0

)
is well-defined as an element of D̂

γ,β̂

0 .

For the other terms in the first line on the right-hand side of (5.20), since ∂X̂ ∈
D̂
γ−1,β̂−1
−1−5κ , by (5.25) and Lemma A.3 one has

PX0 ∂X̂ ∈ D̂
γ−1,β̂+η−1
−1−5κ , X̂ ∂PX0 ∈ D̂

γ,β̂+η−1
−5κ ,

X̂ ∂X̂ ∈ D̂
γ−1−4κ,2β̂−1
−1−10κ ,

(5.26)

where we took κ > 0 sufficiently small such that −5κ > β̂ . Note that β̂ >−1/2 due
to (I), and thus min(β̂ + η− 1,2β̂ − 1) >−2. Therefore, by Theorem A.5,

Gz
(
PX0 ∂X̂ + X̂ ∂PX0 + X̂ ∂X̂

)
∈ D̂

γ,β̂

−2κ ,

provided that κ > 0 is sufficiently small.
For the cubic and linear term on the second line of (5.20), by the definition of �̃

in (5.17) and Lemma A.4, we have �̃ ∈D
γ,− 1

2−2κ

− 1
2−2κ

and thus �̃ ∈ D̂
γ,− 1

2−2κ

− 1
2−2κ

. Then by

the fact that PX0, X̂ belong to the D̂ -spaces with exponents stated above, and taking
κ > 0 sufficiently small such that η <− 1

2 − 2κ , one has

X ∈ D̂
γ,η

− 1
2−2κ

, and thus X 3 ∈ D̂
γ−1−2κ,3η
− 3

2−6κ
. (5.27)

By (I), 3η >−2 so that Theorem A.5 applies, and we have Gz
(
X 3 + C̊zX

) ∈ D̂
γ,β̂

−2κ .
Moreover, one has

�̃∂X̂ , X̂ ∂�̃ ∈ D̂
γ− 3

2−2κ,β̂− 3
2−2κ

− 3
2−7κ

. (5.28)

The condition (I) again guarantees that Theorem A.5 applies to these terms provided
that κ > 0 is small enough. This concludes our analysis for the second line of (5.20).

The terms in the third line of (5.20) require extra care. Indeed, applying
Lemma A.3 for multiplication as before we have

�̃∂�̃ ∈ D̂
γ− 3

2−2κ,−2−4κ
−2−4κ , (5.29)

and

PX0∂�̃ ∈ D̂
γ−1,η− 3

2−2κ

− 3
2−2κ

, �̃∂PX0 ∈ D̂
γ,η− 3

2−2κ

− 1
2−2κ

, (5.30)

but then the reconstruction Theorem A.2 and thus Theorem A.5 do not apply because
−2− 4κ <−2 and η− 3

2 − κ <−2. To control these terms in (5.20) we use instead

18Note that the bound (2.3) references classical Hölder-Besov spaces but the space of modelled distribu-
tions taking values in the polynomial sector coincides with these classical spaces.
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Lemma A.4, for which we need to check that ω is compatible with f for every term
of the form Gω(f ).

For the last two terms this is immediate since for |k| ∈ {0,1} and t �= 0,
(R̃∂k�̃)(t, x) = ∂k�̃ε(t, x), and since renormalisation commutes with multiplica-
tion by polynomials, for any modeled distribution H taking values in the span of the
polynomial sector, one has R̃(H∂k�̃)(t, x)= (R̃H)(t, x)(R̃∂k�̃)(t, x).

For the term G�̃ε∂�̃ε (�̃∂�̃), since the action of the model on is unaffected by
BPHZ renormalisation (see Lemma 5.5), one has

R̃(�̃∂�̃)(t, x)= R̃(�̃)(t, x)R̃(∂�̃)(t, x)= �̃ε∂�̃ε
for t �= 0. This verifies the conditions of Lemma A.4 which together with (5.29)–
(5.30) shows that the fixed point problem (5.20) is well-posed for ε > 0.

The stability of the fixed point problem (in modelled distribution space) as ε ↓ 0
for a short (random) time interval [0, τ ] then follows from the convergence of models
(Lemma 5.17), Lemmas 5.18–5.19 and (A.1). Here τ > 0 depends only on the size
of model in the time interval [−1,2] and the size of the initial condition in S .

We write Xε =RX in the rest of the argument, where X is given by (5.19) and X̂
is the solution to the fixed point problem (5.20) for the model Zε

BPHZ
over the interval

[0, τ ].
We now show that Xε converges as ε ↓ 0 in C([0, τ ],S). To this end, let �ε

(resp. �) solve the stochastic heat equation driven by ξε (resp. ξ ) with initial con-
dition (a,φ) ∈ S , and let us decompose Xε =�ε + X̂ε . By the above construction,
X̂ε =RX̂ where R is the reconstruction map for Zε

BPHZ
. By convergence of models

given by Lemma 5.17, and continuity of the reconstruction map R, X̂ε converges in
probability to a limit denoted by X̂ in C−κ ((0, τ )×T3).

We claim further that X̂ε converges to X̂ in C([0, τ ],Cη+ 1
2−κ(T3)). Indeed, one

has X̂ = Y+ X̂R where Y def= G∗ (�∂�) withG the heat kernel and � as above, and
X̂R ∈ C([0, τ ],C 1

2−κ ). Then writing� =PX0+ �̃ with X0 = (a,φ) and �̃ the solu-
tion to SHE with 0 initial condition, we can split Y into four terms. The term quadratic
in PX0 can be bounded as in the proof of Proposition 2.9, while the term quadratic

in �̃ and the cross terms between PX0 and �̃ converge in C([0, T ],Cη+ 1
2−κ) due to

Lemmas 5.18 and 5.19 respectively. In conclusion, Yε→ Y in probability (even in

Lp for any p ∈ [0,∞)) in C([0, T ],Cη+ 1
2−κ(T3)), and therefore X̂ε→ X̂ in proba-

bility in C([0, τ ],Cη+ 1
2−κ) for any κ > 0 as claimed.

To show that Xε converges as ε ↓ 0 in C([0, τ ],S), note that, by assumption (5.2)
(and the condition for β therein), we can choose κ > 0 small enough such that η +
(η+ 1

2 − κ) > 1− 2δ (which follows from (5.2)-(5.3)), η+ 1
2 − κ > 1

2 − δ (see above
(5.1)), and η + 1

2 − κ > 2θ(α − 1) (see below (5.3)). Then, by items (i) and (ii) of
Lemma 2.35 respectively, pointwise in [0, τ ],

�Xε;X�β,δ � ��ε;��β,δ + �X̂ε; X̂�β,δ (5.31)

+ |�ε −�|Cη
(
|X̂ε|

Cη+
1
2−κ
+ |X̂|

Cη+
1
2−κ
)
+ |X̂ε − X̂|

Cη+
1
2−κ
(
|�ε|Cη + |�|Cη

)
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and

�X̂ε; X̂�β,δ � |X̂ε − X̂|
Cη+

1
2−κ
(
|X̂ε|

Cη+
1
2−κ

+ |X̂|
Cη+

1
2−κ
)
,

and by Lemma 2.25,

|||X̂ε − X̂|||α,θ � |X̂ε − X̂|
Cη+

1
2−κ
.

Furthermore, by Corollary 3.15, for all T > 0

lim
ε→0

sup
t∈[0,T ]

(|||�εt −�t |||α,θ + ��εt ;�t�β,δ + |�εt −�t |Cη
)= 0

in probability. It follows that there exists a random variable Cε > 0 (with moments of
all orders bounded uniformly in ε > 0) such that, for all R > 1 and t ∈ [0, τ ], on the
event |X̂t |C−κ + |X̂εt |C−κ < R, it holds that

• �(Xt)+�(Xεt ) < CεR2, and
• |X̂t − X̂εt |Cη+ 1

2−κ
< ε⇒�(Xt ,X

ε
t ) < cεR +Cεε,

where cε is another random variable (with finite moments of all orders) such
that cε → 0 in probability as ε → 0. Using that X̂ε → X̂ in probability in

C([0, τ ],Cη+ 1
2−κ), and using Proposition 2.58(ii) to handle continuity at time t = 0

for the stochastic heat equation, it follows that Xε→X in probability in C([0, τ ],S)
as claimed.

Finally, we note that Xε indeed solves equation (5.4) on the time interval [0, τ ],
since for smooth initial data the equation (5.20) reconstructs to the same equation that
(5.17) does.

After the initial time interval [0, τ ], we can restart the equation “close to station-
arity” by solving for the remainder. More specifically, let V denote the solution in
the space of modelled distributions for the remainder equation arising from the “gen-
eralised Da Prato–Debussche trick” in [11] and associated to the model Zε

BPHZ
(we

allow ε = 0). Recall that this equation removes the stationary “distributional” ob-
jects, which in our case are ε and ε , and solves for the remainder in the space of
modelled distributions U

γ,η
+ specified in [11, Sect. 5.5, Eq. 5.16].

We start the equation from time τ and with initial condition vε(τ )
def= X̂εR(τ ) +

f ε(τ ) where X̂εR ∈ C([0, τ ],C 1
2−κ ) is defined as above and f ε is defined by

f ε(t)= �̃ε(t)− ε(t)+K ∗ (�̃ε∂�̃ε)(t)− ε(t) , (5.32)

where the symbols represent the stationary objects

ε
def= K ∗ ξε , ε

def= K ∗ ( ε∂ ε) .

Note that �̃ε − ε converges in C∞((0,∞)×T3) and therefore K ∗ (�̃ε∂�̃ε)− ε

converges in C 1
2−κ ((0,∞) × T3) in probability as ε ↓ 0. Hence f ε converges in

probability in C 1
2−κ((0,∞)×T3) as ε ↓ 0.
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Since the initial condition of V is Hölder continuous with exponent 1
2 − κ , we

obtain a maximal solution for V for which RεV converges in C 1
2−κ(T3)sol to R0V

(we use here that RεV is continuous with respect to the initial data vε(τ ), and that
vε(τ )→ v0(τ )). Furthermore, f is chosen in such a way that

RεV (τ)+ ε(τ )+ ε(τ )=Xε(τ) .
Finally, for ε > 0, it follows from coherence (specifically from [11, Thm. 5.7]) that

RεV + ε + ε solves the equation (5.4) with initial condition Xε(τ) on [τ, T ∗ε ),
where T ∗ε is the maximal existence time of RεV . By the same argument as above
concerning X̂ε and �ε we further see that RεV + ε + ε converges as ε ↓ 0 in
probability in Ssol to R0V + 0 + 0. This completes the proof of part (i).

Part (ii) simply follows from the stability of the fixed point problem in space of
modelled distributions with respect to coefficients in the fixed point problem. �

6 The gauge transformed system

We now formulate the first part of Theorem 1.9 precisely. Throughout the section, let
χ be a space-time mollifier. Define the mapping

G
� � g �→ (U,h) ∈ G̃

� def= C�
(
T3,LG(g,g)⊕LG(V,V)

)× C�−1(T3,g3) , (6.1)

by setting

h
def= (dg)g−1 and U = (Ug,UV)

def= (Adg,�(g)) . (6.2)

Observe that (6.1) maps G0,� into G̃0,� , the closure of smooth functions in G̃� .
By Lemma C.1, for any (x, g0) ∈ S × G0,� , if we write (Xε, gε) for the solu-

tion to (C.1)+(C.2) starting with initial data (x, g0) and with cε = 0 and C̊εA, C̊ε� as
in the statement of the lemma, then we have that (Xε, gε) converges in probabil-

ity, as ε ↓ 0, in (S ×G0,�)sol to a limit (X,g). We write ABPHZ[C̊A, x, g0] def= (X,g).
We analogously write ÃBPHZ[C̊A, x, g0] for the analogous construction, obtained via
Lemma C.2 to take the limit of the solutions to (C.6)+(C.7) instead of (C.1)+(C.2).

Theorem 6.1 Suppose χ is non-anticipative and let Cε
YM
,CεHiggs be as in (5.11) with

σ = 1. Fix C̊A ∈ LG(g,g), (a,φ) ∈ S , and g(0) ∈ G0,� . Let CεA = CεYM
+ C̊A and

Cε� = CεHiggs −m2, and let (B,�,g) be the solution to (1.16). Furthermore, for Č ∈
LG(g,g), let (Ā, �̄, ḡ) be the solution to

∂t Āi =	Āi + [Āj ,2∂j Āi − ∂iĀj + [Āj , Āi]] −B((∂i�̄+ Āi�̄)⊗ �̄)
+CεAĀi + (C̊A − Č)(∂i ḡ)ḡ−1 + χε ∗ (ḡξi ḡ−1) ,

∂t �̄=	�̄+ 2Āj ∂j �̄+ Ā2
j �̄− |�̄|2�̄+Cε��̄+ χε ∗ (ḡζ ) , (6.3)

(∂t ḡ)ḡ
−1 = ∂j ((∂j ḡ)ḡ−1)+ [Āj , (∂j ḡ)ḡ−1] ,
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Fig. 1 An illustration (see colour figure online) of the (A,�) system (blue) (1.14), the (B,�) system (red)
(1.16), g (cyan) given by (1.16) (or equivalently (1.17)), and the (Ā, �̄) system (green) (6.3). The black
curves stand for gauge orbits. With the choice C̊A = Č, (A,�) and (Ā, �̄) have the same law modulo
initial condition. As ε ↓ 0, the red and green curves on the right converge to the same limit

(Ā(0), �̄(0))= g(0) • (a,φ) , ḡ(0)= g(0) ,
where we set ḡ ≡ 1 on (−∞,0).

(i) For every ε > 0, there exists a smooth maximal solution to (6.3) in (S ×G0,�)

obtained by replacing ξ = ((ξi)3i=1, ζ
)

by ξ̃ δ
def= ξ1t<0 + 1t≥0ξ

δ and taking the
δ ↓ 0 limit.

(ii) There exists a unique operator Č ∈ LG(g,g) such that for all choices of
(B(0),�(0), g(0)) = (Ā(0), �̄(0), ḡ(0)) ∈ S × G0,� , (B,�,U,h) and (Ā, �̄,
Ū , h̄) converge in probability to the same limit in (S × G̃0,�)sol as ε ↓ 0. Here
Ū , h̄ and U,h are determined by ḡ and g respectively via (6.2).

(iii) The operator Č above is independent of C̊A and our choice of non-anticipative
mollifier χ .

(iv) Č is the unique value of C̊A for which the following property holds: for any
(x, g0) ∈ S × G0,� , if one writes (X̃, g̃) = ÃBPHZ[C̊A, g0 • x,g0] and (X,g) =
ABPHZ[C̊A, x, g0], then (g • X,U,h)

law= (X̃, Ũ , h̃) in (S × G̃0,�)sol, where Ũ , h̃
and U,h are determined by g̃ and g respectively via (6.2).

The proof of Theorem 6.1 will be given at the end of this section. If χ is non-
anticipative, then limδ↓0 Ū ξ̃

δ is equal in law to ξ by Itô isometry since Ū is adapted
and is orthogonal on E. Therefore, when we choose C̊A = Č, the law of (Ā, �̄) –
which does not depend on ḡ anymore – is equal to the solution to (1.14) with ini-
tial condition g(0) • (a,φ), and Theorem 6.1 implies the desired property of gauge
covariance described in Theorem 1.9(ii) – this property is illustrated in Fig. 1. The
desired Markov process on gauge orbits in Sect. 7 will therefore be constructed from
the ε ↓ 0 limit X = (A,�) of the solutions to (1.14) where the constants are defined
by (5.5) with C̊A = Č and σ ε = 1. Remark that, by Theorems 5.1(ii) and 6.1(iii), this
X is canonical in that it does not depend on χ .

Remark 6.2 The non-anticipative assumption on the mollifier χ is used in various
places in the proof of Theorem 6.1(ii). We use it in Proposition 6.38 to relate (6.3) in
law to an SPDE with additive noise, for which the short-time analysis is simpler. Fur-
thermore, under this assumption, Č defined by the limit in (6.113) is an ε-independent
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finite constant; this relies on Proposition 6.43 which requires a non-anticipative mol-
lifier.

Before continuing we describe some of the important differences between the
proof of Theorem 6.1 and the analogous theorem in d = 2, namely [22, Thm. 2.9].
For this comparison, the fact that [22] does not involve a Higgs field is an immaterial
difference.

Firstly, the short-time analysis of the systems (1.16) and (6.3) is significantly more
involved for d = 3 than d = 2. We therefore require control on more stochastic ob-
jects (in addition to the models) which arise from ill-defined products between terms
involving the noise and the initial condition; some of these objects require non-trivial
renormalisation not present in d = 2 (see (6.58) and (6.66)).

We furthermore require a more involved decomposition of the abstract fixed point
problem due to these singularities than for d = 2. This is particularly the case in the
analysis of the maximal solution to the system (6.3) performed in Proposition 6.39,
where we require a new fixed point problem which solves for a suitable ‘remain-
der’. While a similar but simpler change in the fixed point problem was also required
in [22, Sect. 7.2.4], the main difference here is that we need to leverage the fact that
the fixed point for the ‘remainder’ has an improved initial condition. (We already
met similar considerations in the proof of Theorem 5.1, where we used two different
strategies for the time intervals [0, τ ] and [τ,∞) and were able to fall back on the
results of [11] for the latter due to the additive nature of the noise – in the proof of
Proposition 6.39, the results of [11] are not available because the noise is multiplica-
tive.)

Next, note that the parameters C̄ appearing in [22, Thm 2.9] and Č in Theorem 6.1
are related as follows: in d = 2, one has the convergence limε↓0C

ε
YM
= C0

YM
where Cε

YM

is the BPHZ constant appearing in Theorem 1.7.19 The parameter C̄ appearing in [22]
would then correspond to Č +C0

YM
.

The key difference in our arguments is the use of explicit formulae for renormal-
isation constants in d = 2 vs. small noise limits and injectivity arguments in d = 3 –
without either of these the best one would be able to do in both d = 2,3 would be
to obtain Theorem 6.1(ii) with the modification that Č would have to be replaced by,
say, Čε which in principle would be allowed to diverge as ε ↓ 0.

In d = 2, C̄ε can be computed explicitly in terms of a small number of trees,
and it can be shown that one has the convergence limε↓0 C̄ε = C̄. This gives [22,
Thm 2.9(i)]. Moreover one can directly verify that, for a non-anticipative mollifier,
C̄ −C0

YM
is independent of the mollifier. This would prove Theorem 6.1(iii) in d = 2

since in the limit, BPHZ renormalisation removes all the dependence on the mollifier.
In d = 3, Čε has contributions from dozens of trees and explicit computation is

not feasible. As mentioned earlier, by using small noise limits we can argue that
Čε remains bounded as ε ↓ 0 (Lemmas 6.36 and 6.37). Injectivity of our solution
theory also provides some rigidity and prevents Čε from having distinct subsequential
limits (Propositions 6.41 and 6.43). This gives the convergence limε↓0 Čε = Č which

19This is not true for CεHiggs in d = 2 but again, this makes no difference as the Higgs doesn’t play an
important role in this argument.
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establishes Theorem 6.1(ii). These same propositions also show that the limiting Č
does not depend on our particular choice of non-anticipative mollifier which gives
part of Theorem 6.1(iii).20

Note that while Č is independent of the mollifier in both d = 2,3 we do not claim
that it is a universal21 constant – our constant Č, as well as the constants Cε

YM
, CεHiggs,

is fixed only once one has fixed a BPHZ lift of space-time white noise, but the latter
is not canonical since we must prescribe a large-scale truncation of the heat kernel to
perform this lift.

6.1 Setting up regularity structures

As in [22, Sect. 7] we will replace the evolutions of gauge transformations in (1.16)
and (6.3) with evolutions in linear spaces – to that end, recall the mapping (6.1). We
next state a lemma about writing the dynamics (1.16) and (6.3) in terms of the vari-
ables (6.2).

Below it will be convenient to overload notation and sometimes write � for the
direct sum of the adjoint representation of G on g and the representation of G on
V. Note that we also write � for its derivative representation (except in the proof of
Lemma 6.3 where we will use �̄ instead since the distinction is conceptually more
important there), but the meaning of � will be clear from the context.

Lemma 6.3 Consider any smooth B : (0, T ] →�C∞ and suppose g solves the third
equation in (1.16). Then h and U defined by (6.2) satisfy

(∂t −	)hi =−[hj , ∂jhi] + [[Bj ,hj ], hi] + ∂i[Bj ,hj ] ,
(∂t −	)U =−�(hj )

2U + �([Bj ,hj ])U .
(6.4)

Proof The derivation for the equation of h is exactly the same as in [22, Lem. 7.2]
since it does not rely on any specific representation, and in particular the third equa-
tion in (1.16) for g can be rewritten as

(∂tg)g
−1 = ∂jhj + [Bj ,hj ] . (6.5)

Given any Lie group representation � : G→ GL(V ) for a vector space V and its
derivative representation �̄ : g→ L(V,V ), (6.5) implies that the function U : T3 →
GL(V ) defined by U = �(g) satisfies (6.4).

Indeed if h̄i = (∂ig)g−1 for i ∈ {0} ∪ [d], then �̄(h̄i)= ∂i(�(g))�(g)−1 and so in
particular ∂iU = �̄(h̄i)U . This identity has two consequences:

	U = �̄(∂ihi)U + �̄(hi)
2U ,

∂tU = �̄(∂tg g
−1)U

(6.5)= �̄(∂jhj + [Bj ,hj ])U .
These two identities together then yield the desired equation. �

20That Č doesn’t depend on C̊A can be argued with power-counting and parity, see Remark 6.8.
21Such as the 1/24 that appears in KPZ in d = 1.
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Define U and h as in (6.2) using g from (1.16), and Ū and h̄ as in (6.2) using ḡ
from (6.3). We can then rewrite the “unrenormalised” equations of (1.16) and (6.3)
respectively as

(∂t −	)Bi = [Bj ,2∂jBi − ∂iBj + [Bj ,Bi]] (6.6)

−B((∂i� +Bi�)⊗�)+ C̊ABi + C̊hhi +Ug(χ
ε ∗ ξi) ,

(∂t −	)� = 2Bj∂j� +B2
j � −m2� − |�|2� +UV(χ

ε ∗ ζ ) ,
combined with (6.4) for the evolution of (U,h) and

(∂t −	)Āi = [Āj ,2∂j Āi − ∂iĀj + [Āj , Āi]] (6.7)

−B((∂i�̄+ Āi�̄)⊗ �̄)+ C̊AĀi + C̊hh̄i + χε ∗ (Ūgξi),

(∂t −	)�̄= 2Āj ∂j �̄+ Ā2
j �̄−m2�̄− |�̄|2�̄+ χε ∗ (ŪVζ ) ,

again combined with (6.4). Note that in the nonlinear terms such as B2
j � we are

implicitly referencing the derivative representation of g on V.
To set up the regularity structure, as in the previous section, we combine the com-

ponents of the connection and the Higgs field into a single variable: X̄ = ((Āi)3i=1, �̄)

and Y = ((Bi)3i=1,�). Recall the notation ξ
def= ((ξi)3i=1, ζ ). Our approach is to work

with one single regularity structure to simultaneously study the systems (6.4)+(6.6)
for (Y,U,h) and (6.4)+(6.7) for (X̄, Ū , h̄), allowing us to compare their solutions at
the abstract level of modelled distributions. In fact, we will set it up in such a way that
in the ε ↓ 0 limit, the two solution maps associated to each of these systems converge
to the same limit as modelled distributions.

Let κ > 0. We introduce the label sets L+
def= {z,m,h,h′,u} and L−

def= {l, l̄} and
set their degrees to

deg(t)
def=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2− κ t ∈ {z,m} ,
2 t ∈ {h,u} ,
1 t= h′ ,
−5/2− κ t ∈ {l, l̄} .

We briefly explain the roles of the types introduced above. Regarding noises, l̄ repre-
sents the noise χε ∗ ξ in the (B,�) equation (6.6), while l represents the noise ξ in
the (Ā, �̄) equation (6.7).22

To understand the roles of the types z and m, observe that when writing (6.7) as
an integral equation we are in an analogous situation to the one described in [22,
Sect. 7.2], namely the term Ūξ = ((Ūgξi)

3
i=1, ŪVζ ) appearing on the right-hand side

is convolved with a mollified heat kernel G ∗ χε while the remaining terms are con-
volved with an un-mollified heat kernel. This requires us to use two types to track

22The “bar” in the notation l̄ indicates the “mollification at scale ε”, and has nothing to do with the “bars”
in (Ā, �̄).
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the RHS of (6.7): we use m for the term Ūξ and z for everything else. As in [22,
Sect. 7.2], we also use z to keep track of the entire RHS of (6.6).

One difference in our use of types versus what was done in [22, Sect. 7] is that
here the RHS of the equation for h in (6.4) is also split into two pieces using the
types h and h′. Since we are working in dimension d = 3, power counting after an
application of Leibniz rule would suggest that the terms ∂i[Bj ,hj ] could generate
a number of counterterms, but by keeping them written as total derivatives we can
easily verify that no counterterms are generated. To implement this we use h′ to keep
track of the terms [Bj ,hj ] with the understanding that in the integral equation for h
coming from (6.4), the terms associated to h′ should be integrated with the gradient
of the heat kernel, while h tracks the rest of the RHS of the h equation in (6.4) while
u tracks the U equation.

We will specify the corresponding rule R later, but it will be subcritical with re-
spect to the map reg : L→R given by

reg(t)
def=

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−1/2− 4κ t ∈ {z,m} ,
1/2− 5κ t ∈ {h,h′} ,
3/2− 5κ t= u ,

−5/2− 2κ t ∈ {l, l̄} ,

provided that κ < 1
100 (more stringent requirements on κ will be imposed for other

purposes later). Our target space assignment (Wt)t∈L is given by

Wt
def=

⎧
⎪⎨

⎪⎩

E t ∈ {z,m, l, l̄} ,
g3 t ∈ {h,h′} ,
L(g,g)⊕L(V,V) t= u ,

(6.8)

and our kernel space assignment (Kt)t∈L+ is given by

Kt
def=
{

Rd t= h′ ,
R otherwise.

(6.9)

The assignment (Vt)t∈L used to build our regularity structure is then given by (4.1).
We now specify our rule23

R̊(l)= R̊(l̄)= {1} , R̊(m)= {ul} ,
R̊(u)= {ur2, uqr : q ∈ {z,m}, r ∈ {h,h′}} ,
R̊(h)= {r∂j r, qr2 : q ∈ {z,m}, r ∈ {h,h′}, j ∈ [d]} ,
R̊(h′)= {qr : q ∈ {z,m}, r ∈ {h,h′}} ,
R̊(z)= {q, r, qq̂q̃, q∂j q̂, ul, ul̄ : q, q̂, q̃ ∈ {z,m}, r ∈ {h,h′}, j ∈ [d]} .

(6.10)

23As in [22], the choice to include {ul} ∈ R̊(z) isn’t directly motivated by the systems associated to (6.6)
and (6.7) but is needed to compare these two systems, see e.g. (6.87).
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It is straightforward to verify that R̊ is subcritical with respect to deg (for reg defined
as above), and has a smallest normal extension which admits a completion R and
that is also subcritical. We use R to define our regularity structure and write T for
the corresponding set of trees conforming to R. As in Sect. 5 we write $=I(l,0)(1)
and $̄=I(l̄,0)(1), and later we will also use the notations � ∈T[$] ⊗ E and �̄ ∈
T[$̄] ⊗E for the corresponding E-valued modelled distributions.

The kernel assignment K(ε) = (K(ε)t : t ∈ L+) is given by

K
(ε)
t =

⎧
⎨

⎩

K t ∈ {z,h,u} ,
Kε t=m ,

∇K t= h′ ,
(6.11)

where Kε =K ∗ χε .
Our noise assignment ζ δ,ε = (ζl : l ∈ L−) is given by

ζl = σ εχδ ∗ ξ = σ εξ δ , ζ
l̄
= σ εχε ∗ ξ = σ εξ ε . (6.12)

Namely, l̄ indexes the noise ξε = σ εχε ∗ ξ in (6.6), while l indexes the white noise
σ εξ in (6.7) – we have replaced ξ with ξδ above since it is convenient to work with
smooth models, we will later take, for ε > 0, the benign limit δ ↓ 0 to obtain (6.7).
The label m is used to track the term Ūξ in (6.7) – these terms are treated separately
because they are hit by a mollified heat kernel, which is why we defined K(ε)m =Kε
above.

We now fix two nonlinearities F =⊕t∈LFt, F̄ =
⊕

t∈L F̄t which encode the
systems (Y,U,h) and (X̄, Ū , h̄) separately. For t ∈ L− we set Ft = F̄t = idE (recall-
ing that T[$] ⊗E � L(E,E)), and set, similarly as in (5.7),

Y
def= A(z,0), ∂jY

def= A(z,ej ),

h
def= A(h,0) +A(h′,0), ∂jh

def= A(h,ej ) +A(h′,ej ),

U
def= A(u,0), ∂jU

def= A(u,ej ) , $̄
def= A(l̄,0) .

(6.13)

We also write U = Ug ⊕ UV ∈ L(g,g)⊕ L(V,V) and similarly decompose ∂jU =
∂jUg ⊕ ∂jUV.

Recalling the convention (1.12), overloading notation h= (h,0) and writing

C̊z = C̊⊕3
A ⊕ (−m2) , C̊h = C̊⊕3

h ⊕ 0 , (6.14)

we define

Fz(A)
def= Y∂Y + Y 3 + C̊zY + C̊hh+U$̄ . (6.15)

Moreover, writing hi
def= h|gi , ∂jhi def= ∂jh|gi , and Bi

def= Y |gi , we define

Fh(A)|gi def= −[hj , ∂jhi] + [[Bj ,hj ], hi] ,
Fh′(A)|span{ek}⊗gi

def= 1i=k[Bj ,hj ] ,
(6.16)
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where (ek) is the canonical basis of Vh′ = R3 and the index j is summed over
{1,2,3}; and finally

Fu(A)
def= −�(hj )

2U + �([Bj ,hj ])U , Fm(A)= 0 . (6.17)

Remark 6.4 By [22, Sect. 5.8] the nonlinearity Fh′ takes values in Vh′ ⊗Wh′ ∼=R3 ⊗
g3 ∼= g3×3, although it has a special diagonal24 form with identical entries. This is
because Fh′ here describes a gradient of a g-valued function.

Regarding F̄ , we set

X̄
def= A(z,0) +A(m,0) , ∂iX̄

def= A(z,ei ) +A(m,ei ) , $
def= A(l,0) .

and h̄, ∂j h̄, Ū in the same way as (6.13) above,

F̄z(A)
def= X̄∂X̄+ X̄3 + C̊zX̄+ C̊hh̄ , F̄m(A)

def= Ū$ ,

and define F̄h, F̄h′ , F̄u in the same way as Fh, Fh′ , Fu except that h, U , B are
replaced by h̄, Ū , Ā.

We write M for the space of all models and, for ε ∈ [0,1], we write Mε ⊂M
for the family of K(ε)-admissible models. We also define �δ,ε

BPHZ
∈R⊂F∗ to be the

BPHZ character associated to the kernel assignment K(ε) and the noise assignment
ζ δ,ε .

6.2 Renormalisation of the gauge transformed system

The following proposition is one of the main results of this section and describes the
form of the BPHZ counterterms that appear in (6.6) and (6.7) after renormalisation. In
order to write these counterterms in a clean form, we will want to impose a nonlinear
constraint on U and h that is consistent with (6.2). Recalling that A=∏e∈E We, we
define

Definition 6.5 We define Ā⊂Ato be the collection of A ∈Asuch thatU ∈ Im(Ad⊕
�) and �(hi)= (∂iUg)U

−1
g for each i ∈ {1,2,3}.25

Proposition 6.6 For t ∈ {u,h,h′} and any A ∈Aone has

(�δ,ε
BPHZ
⊗ idWt

)ϒ̄
F

t (A)= (�δ,εBPHZ
⊗ idWt

)ϒ̄
F̄

t (A)= 0 . (6.18)

24The framework of Sect. 4 allows for cases where the nonlinearity would have a non-diagonal form and
the “components mix”, for instance the Navier–Stokes equations with div(u⊗u) where u⊗u takes values
in R3×3.
25Here, when we write �(hi ) the notation � means the adjoint representation of hi on g.
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Moreover, there exist operators Cδ,ε
YM
,CεGauge,C

δ,ε
Gauge ∈ LG(g,g) and Cδ,εHiggs ∈ LG(V,V)

such that, for any A ∈ Ā,

(�δ,ε
BPHZ
⊗ idWz

)ϒ̄
F

z (A)=
( 3⊕

i=1

Cε
YM
Bi +CεGaugehi

)
⊕CεHiggs� ,

∑

t∈{z,m}
(�δ,ε

BPHZ
⊗ idWt

)ϒ̄
F̄

t (A)=
( 3⊕

i=1

Cδ,ε
YM
Āi +Cδ,εGaugeh̄i

)
⊕Cδ,εHiggs�̄ ,

(6.19)

where Cε
YM

and CεHiggs are the same maps as in Proposition 5.7. One also has the con-
vergence

lim
δ↓0
Cδ,ε

YM
= Cε

YM
, lim

δ↓0
Cδ,εHiggs = CεHiggs , and C0,ε

Gauge

def= lim
δ↓0
Cδ,εGauge . (6.20)

Finally there are Cδ,εj,YM
,Cεj,Gauge

,C
δ,ε
j,Gauge

∈ LG(g,g) and Cδ,εj,Higgs
∈ LG(V,V) for j ∈

{1,2} which are all independent of σ , such that

CεGauge = σ 2Cε1,Gauge
+ σ 4Cε2,Gauge

and Cδ,ε• = σ 2C
δ,ε
1,• + σ 4C

δ,ε
2,• (6.21)

where • ∈ {YM, Gauge, Higgs}.
The proof of Proposition 6.6 requires many intermediate computations and is de-

layed to the end of Sect. 6.3. We note that the situation here is more complicated than
Proposition 5.7, in particular the number of trees of negative degree that appear is
much larger and power-counting arguments as in Lemma 5.11 do not get us quite as
far because of the presence of components U and h of positive regularity. We will
have to combine power-counting and parity arguments in a more sophisticated way.

As before, we define T− the set of all unplanted trees in T with vanishing poly-
nomial label at the root and negative degree. To impose parity constraints, we define
the following sets of trees where we recall the definition of n(τ) in (4.3) and write
n(τ)= (n0(τ ), . . . , nd(τ )) ∈Nd+1:

T
ev,sp =

{
τ ∈ T :

d∑

i=1

ni(τ )+ |{e ∈Eτ : t(e)= h
′}| is even

}
, (6.22)

T
ev,noi = {τ ∈ T : |{e ∈Eτ : t(e)= l̄}| is even

}
.

The first set above enforces that a tree has “even parity in space” while the second
enforces that a tree has “even parity in the noise”. We also define Tod,sp and Tod,noi

analogously with “even” replaced by “odd”. We set Teven− = T− ∩ Tev,sp ∩ Tev,noi.
Note that some of our notation in this section, like T and Teven− , collide with notation
we used in Sect. 5 but which definition we are referring to should be clear from
context – namely in this section we are, unless we explicitly say otherwise, always
referring to the definitions made in this section.26

26Later, in Sect. 6.2.1, we will refer to sets of tree introduced in Sect. 5 but use a different notation to
distinguish them.
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We have the following version of Lemma 5.5 which is proven in exactly the same
way.

Lemma 6.7 Let τ ∈ T, then �δ,ε
BPHZ
[τ ] �= 0⇒ τ ∈ Teven− . �

Remark 6.8 A generalisation of Remark 5.6 also holds in the present setting. In par-
ticular, recalling C̊z and C̊h from (6.14), C̊h cannot generate any new renormalisation
by power counting and the counterterms generated by C̊z are of the same type as in
Remark 5.6, with the BPHZ characters vanishing on them by parity. This implies
again that the constants on the right-hand side of (6.19) do not depend on C̊z or C̊h.

In what follows, we will first show that the (Y,U,h) system only requires renor-
malisation terms that are linear in (Y,h) in the Y equation. We then point out how to
get the same result for the (X̄, Ū , h̄) system.

Remark 6.9 We overload our Lie bracket notation in various ways. For (ai)di=1,

(bi)
d
i=1 ∈ gd , we write [a, b] def= ∑d

i=1[ai, bi] ∈ g. For u = v ⊕ w ∈ gd ⊕ V = Wz

and b ∈ gd we set [u,b] def= [v, b] ∈ g. For h ∈ g and u ∈ gd , we define [h,u] ∈ gd

componentwise.

The equations for hi and U contain several products that are not classically de-
fined, namely, the term [hj , ∂jhi], and [Bj ,hj ] which appears three times. However,
the following lemma shows that BPHZ renormalisation doesn’t generate any renor-
malisation27 in the equations for hi and U .

Lemma 6.10 For every τ ∈ Teven− one has ϒ̄
F

h [τ ] = ϒ̄
F

h′ [τ ] = ϒ̄
F

u [τ ] = 0.

Recall [22, Lemma 5.65, Remark 5.66] that the map ϒF can be computed by an
(algebraic) Picard iteration as follows. An element A ∈H, where H is the space of
expansions as in [22, Sect. 5.8], has the form At = ARt +

∑
k

1
k!X

k ⊗ A(t,k) ∈ Ht

where ARt ∈Bt ⊗Wt,28 and if A ∈ H is coherent then (up to truncation at some
order),

ARt =ϒF
t (A

A)= (It ⊗ idWt
)ϒ̄

F

t (A
A)= (It ⊗ idWt

)Ft(A) , (6.23)

where AA def= (A(t,k)) ∈ A. Given A ∈ A⊂H, we substitute it into the right-hand
side of (6.23), and obtain an element AR , which together with A yields a new element
A ∈Hwhich is then substituted again into the right-hand side of (6.23). By subcriti-
cality, this iteration stabilises after a finite number of steps to an element which gives
ϒF (A).

27This also holds in 2D, see [22, Lem. 7.28].
28See [22, Sect. 5.8.2] for the definition of Bt.
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We will use a “substitution” notation to keep track of how terms are produced by
expanding the polynomial F on the right-hand side of (6.23). As an example, we
write

UIz(�̄)� �
([B

�
, h])U . (6.24)

The notation B
�

indicates that we replace B with the term on the left-hand side. Thus

(6.24) corresponds to

�([UIz(�̄), h])U

which is a contribution to ϒ̄
F

u [Iz(l̄)] (since ϒF
z [l̄] =U�̄ and �

([B,h])U appears on
the RHS for the equation for U .)

Note that above we are using the convention for Lie brackets given in Remark 6.9
and we set �̄= idE ∈T[l̄] ⊗E. Below, when multiple factors are being substituted
as in (6.26a)–(6.26b) the substitutions should be read from left to right on both sides.

Proof of Lemma 6.10 Denote Y def= Az and H def= Ah +Ah′ . We start with the coher-
ent expansion q≤0Y = UIz(�̄)+ Y0 + 1⊗ Y , where Y0 is obtained by substituting
both Y in Y∂Y by UIz(�̄). Here q≤L denotes the projection onto degrees ≤ L. A
substitution UIz(�̄)� [B

�
, h] in the h equation yields q≤ 1

2
H= 1⊗h+h1/2 where

h1/2
def= [UIh′(Iz�̄), h] ∈T[τ ] ⊗ g

3 with τ ∈ T
od,sp ∩T

od,noi . (6.25)

Considering the term �([Bj ,hj ])U in the U equation: by a simple power counting

the only substitutions relevant to ϒ̄
F

u [τ ] with τ ∈ T− are

UIz(�̄)� �([B
�
, h])U , (6.26a)

Y0 � �([B
�
, h])U, (UIz(�̄), h1/2)� �([B

�
, h

�
])U , (6.26b)

which only contribute to ϒ̄
F

u [τ ] with τ ∈ Tod,noi and τ ∈ Tod,sp respectively. Thus

the claim for ϒ̄
F

u holds.
We turn to the equation for hi . Considering the term [[Bj ,hj ], hi], by power

counting the relevant substitutions are UIz(�̄)� [[B
�
, h], h] and

(UIz(�̄), h1/2)� [[B
�
, h

�
], h], (UIz(�̄), h1/2)� [[B

�
, h], h

�
],

which only contribute to ϒ̄
F

h [τ ] with τ ∈ Tod,noi or τ ∈ Tod,sp. Concerning the term
∂i[Bj ,hj ], the substitution

(UIz(�̄), h1/2)� [B
�
, h

�
]

gives an updated expansion q≤1H= 1⊗ h+ h1/2 + h1 +X⊗ ∂h where

h1
def= Ih′ [UIz(�̄), h1/2] ∈T[τ ] ⊗ g

3 with τ ∈ T
ev,sp ∩T

ev,noi . (6.27)
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Now for the term [hj , ∂jhi] in the equation for hi , the relevant substitutions

h1/2 � [h, ∂h
�
], (h1/2, h1/2)� [h

�
, ∂h

�
], h1 � [h, ∂h

�
]

again lead to trees in Tod,noi or Tod,sp, which proves the claim for ϒ̄
F

h and ϒ̄
F

h′ . �

We now prepare for our analysis of the renormalisation in the equation for Y equa-
tion by keeping track of the key substitutions involved.

The main difference between renormalising the Y equation versus renormalising
the YMH equation of Sect. 5 comes from substituting for U . The coherent expansion
(up to order 5/2) for U is written as

q≤ 5
2
Au = 1⊗U +Xj ⊗ ∂jU +U3/2 +U2

+ ( 1
2 XiXj ⊗ ∂i∂jU +X0 ⊗ ∂0U)+U5/2 (6.28)

where the subscripts indicate the degrees (minus some multiple of κ > 0 which is
taken to be arbitrarily small). Here the term U3/2 is obtained by (6.26a) and U2 is
obtained by (6.26b). The term U5/2 is obtained by summing

(UIz(�̄),X⊗ ∂U)� �([B
�
, h])U

��
T

od,sp ∩T
od,noi

(UIz(�̄), h1)� �([B
�
, h

�
])U T

ev,sp ∩T
od,noi (6.29a)

(UIz(�̄),X⊗ ∂h)� �([B
�
, h

�
])U T

od,sp ∩T
od,noi

h1/2 � �([B,h
�
])U T

od,sp ∩T
od,noi

(Y0, h1/2)� �([B
�
, h

�
])U T

ev,sp ∩T
od,noi (6.29b)

Y1/2 � �([B
�
, h])U T

od,noi (6.29c)

h1/2 � �(h
�
)�(h)U or �(h)�(h

�
)U T

od,sp ∩T
od,noi .

Above we have listed parity information for the substitutions as well – recall that the
parities of h1/2 and h1 are given in (6.25) and (6.27). Here Y1/2 is the degree 1

2− term

in the coherent expansion of Y def= Az, which arises from

(UIz(�̄),UIz(�̄),UIz(�̄))� Y
�

3
T

ev,sp ∩T
od,noi

(Y0,UIz(�̄)) or (UIz(�̄), Y0)� Y
�
∂ Y

�
T

ev,sp ∩T
od,noi

UIz(�̄)� Y∂ Y
�
, (X∂U, �̄)� U

�
$̄
�

T
od,sp ∩T

od,noi .

To find all the relevant trees contributing to the renormalisation of the (Y,U,h)
system, we can simply take the trees for the YMH system discussed in Sect. 5 such
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as and replace some of their noises by the trees that appear in q≤ 5
2
Au$̄. Intu-

itively one could think of the Y equation as driven by “additive noises” which are ξ
multiplied by the terms in (6.28).

Remark 6.11 Note that U2 depends on Y0, and U5/2 depends on Y0 and Y1/2. For-
tunately, Y0 and Y1/2 only depend on the first two terms on the right-hand side of
(6.28) (since Yr depends on Us if s − 5

2 + 2 ≤ r). This makes some of the explicit
calculations below not too difficult.

6.2.1 Grafting

In this section we make precise the statement above that we compute the renormalisa-
tion of the Y equation by using the trees for the simpler YMH equation of Sect. 5. The
purpose of this subsection is to facilitate the proof of Lemma 6.22. Instead of trying
to compute the renormalisation counterterms by hand, we instead use arguments that
only leverage space and noise parity arguments and the relation of the Y equation to
the YMH equation of Sect. 5.

Let T̃ be the set of trees that was referred to as T in Sect. 5. Since our label set
and rule is just an extension of what was introduced in Sect. 5, we have that T̃ ⊂ T

where T refers to the set of trees we introduced in this section. Since our target and
kernel space assignments in this section are also just an extension of those introduced
in Sect. 5, we also have canonical inclusions T[T̃] ⊂T[T]. We also write ϒYMH and
ϒ̄

YMH

for the corresponding maps for the YMH system which are defined on T[T̃].
We write TYMH for the set of all trees τ ∈ T̃∩T− with ϒYMH[τ ] �= 0.

Remark 6.12 We make some observations about the structure of trees τ ∈ TYMH. First,
any τ ∈ TYMH cannot contain any instances of I(z,p)(Xk) for any p,k ∈ Nd+1. If this
was the case then one would be able to replace an instance of I(z,p)(Xk) in τ with
I(z,p)(Īl

(1)) to obtain a new tree τ̄ ∈ TYMH for which deg(τ̄ )≤ deg(τ )+ deg(l̄). But
since deg(τ ) < 0, this would violate subcriticality.

Second, any τ ∈ TYMH cannot have instances of XkĪ
l
(1) for k �= 0 – since

ϒYMH[XkĪ
l
(1)] = 0, this would force ϒYMH[τ ] = 0.

Putting these two observations together, τ ∈ TYMH imposes that the leaves of τ are
given by noises, and there are no products of a polynomial with noises. This will be
useful to keep in mind for some of the lemmas (and inductive proofs) to follow.

We define Tg (g stands for “grafting”) to be the collection of all the trees used to
describe the RHS of (6.28), namely,

Tg
def= {Xp : |p|s ≤ 5/2} � {Iu(τ̃ ) : ϒu[τ̃ ] �= 0 , deg(τ̃ )≤ 1/2} . (6.30)

In particular Tg has as elements the abstract monomials, τ̂3/2
def= Iu( ), and

τ̂
(1)
2

def= Iu

(
Ih′( )

)
, τ̂

(2,i)
2

def= Iu

( )
, (6.31)
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which can be seen by the discussion below (6.28) (or (6.26a)–(6.26b)), and

τ̂
(1)
5/2

def= Iu

(
Ih′
(
Ih′( )

))
, τ̂

(2)
5/2

def= Iu

(
Ih′( )

)
,

τ̂
(3)
5/2

def= Iu

( )
, τ̂

(4,i,j)
5/2

def= Iu

( )
, τ̂

(5,i,j)
5/2

def= Iu

( )
,

(6.32)

which originate from (6.29a), (6.29b), (6.29c). Here, i, j ∈ {1,2,3} represent space
indices which specify the directions of the derivatives appearing on the given symbol.
Again, the subscripts indicate their degrees (modulo a multiple of κ). Our list of the
5
2 trees is not exhaustive; we listed only those in Tev,sp∩Tod,noi since the rest of them
will turn out to be irrelevant in renormalisation.

As described earlier, we will modify the trees τ̄ ∈ TYMH by replacing an instance of
l̄ in τ̄ by τ̂ l̄ where τ̂ ∈ Tg . We will also say that τ̂ is “grafted” onto l̄ in the tree τ̄ .
Note that grafting 1 onto some τ̄ ∈ TYMH yields τ̄ itself. For instance, for j ∈ {1,2,3},
we have ∂jIz(l̄)Iz(l̄) ∈ TYMH and two modifications of the tree given by grafting
τ̂ = τ̂3/2 =Iu(Iz(l̄)) are

∂jIz

(
Iu(Iz(l̄)) l̄

)
Iz(l̄) and ∂jIz(l̄)Iz

(
Iu(Iz(l̄)) l̄

)
.

For any τ̄ ∈ TYMH and τ̂ ∈ Tg , we define T[τ̂ ; τ̄ ] ⊂ T to be the collection of all the
trees τ ∈ T which are obtained by precisely one grafting of τ̂ onto an instance of l̄
in τ̄ . More precisely, T[τ̂ ; τ̄ ] is defined inductively in the number of instances of l̄ in
τ̄ . For the base case we have τ̄ = l̄ and set T[τ̂ ; l̄] = {τ̂ l̄}. For the inductive step, we
note that any τ̄ ∈ TYMH with τ̄ �= l̄ can be written

τ̄ =Xk
m∏

j=1

Ioj (τ̄j ) , m≥ 1 , oj = (z,pj ) ∈ E , τ̄j ∈ T
YMH , (6.33)

and we then set

T[τ̂ ; τ̄ ] =
{
τ ∈ T : τ =XkIo1(τ̄1) · · ·Ioj (τ̊ ) · · ·Iom(τ̄m)

for some 1≤ j ≤m and τ̊ ∈ T[τ̂ ; τ̄j ]
}
. (6.34)

Remark 6.13 Note that the parity in space / parity in the number of noises / degree of
every tree in T[τ̂ ; τ̄ ] is the sum of the corresponding quantities for τ̂ and τ̄ . We also
note that, for (τ̂1, τ̄1), (τ̂2, τ̄2) ∈ Tg × TYMH, the condition (τ̂1, τ̄1) �= (τ̂2, τ̄2) forces
T[τ̂1; τ̄1] and T[τ̂2; τ̄2] to be disjoint.

We write Tg[τ̄ ] =⊔τ̂∈Tg T[τ̂ ; τ̄ ], and define the following subspaces of T

Tg =T[Tg] , TYMH =T[TYMH] , and T[τ̂ ; τ̄ ] =T
[
T[τ̂ ; τ̄ ]] .

We then have the following lemma which classifies the trees in Teven− .

Lemma 6.14 Let τ ∈ Teven− with ϒ̄
F

z [τ ] �= 0, then τ ∈ Tg[τ̄ ] for some τ̄ ∈ TYMH.
Moreover, precisely one of the following statements hold:
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1. τ ∈ TYMH.
2. τ ∈ T[Xj ; τ̄ ] for some j ∈ {1,2,3} and

τ̄ ∈ T
od,sp ∩T

ev,noi ∩T
YMH with deg(τ̄ )≤−1 . (6.35)

3. τ ∈ T[Iu( ), τ̄ ] for some

τ̄ ∈ T
ev,sp ∩T

od,noi ∩T
YMH with deg(τ̄ )≤−3/2 . (6.36)

4. τ ∈ T[τ̂ ; ] for some τ̂ given in (6.31).
5. τ ∈ T[τ̂ ; ] for some τ̂ given in (6.32).

Remark 6.15 Note that the assumption ϒ̄
F

z [τ ] �= 0 is needed because the set of trees T
includes many trees that don’t even appear in the coherent expansion of the Y system
(such as l) and the lemma would fail in these cases.

Remark 6.16 The trees satisfying (6.36) are , , . Some examples of trees
satisfying (6.35) are

, , , , ,

In fact, (6.35) implies that τ̄ can only have 2 or 4 noises. Indeed, since τ̄ ∈ Tev,noi ∩
TYMH, in the notation of Lemma 5.11, kξ is even, so by (5.12a) nλ − pX must be odd;
then using deg(τ̄ )≤−1 and (5.12a), we see that the only solutions to (5.12a)–(5.12c)
are kξ = 2 and kξ = 4.

Proof In this proof we keep in mind that parities and degrees are additive under graft-
ing (Remark 6.13).

By the discussion in the beginning of this subsection, for every τ ∈ T with

ϒ̄
F

z [τ ] �= 0, there is a unique way of obtaining τ by choosing some τ̄ ∈ T̃ with

ϒYMH[τ̄ ] �= 0, m ≥ 0, and τ̂1, . . . , τ̂m with τ̂j �= 1 and ϒF
u [τ̂j ] �= 0, and then choos-

ing m instances of l̄ in τ̄ and replace them by τ̂1 l̄, . . . , τ̂m l̄. Recalling that each tree in
T[τ̂ ; τ̄ ] is obtained by only one grafting by definition, to prove the first statement we
must show m= 1.

Now, since we impose τ ∈ T−, then, for κ > 0 sufficiently small, one necessarily
has deg(τ̂j ) ≥ 1 for all j ∈ {1, . . . ,m} and therefore one must have m ≤ 1 unless
τ̄ = . This is because every τ̄ satisfying the above condition with at least two
noises has degree strictly larger than −2, except for τ̄ = .

Suppose τ̄ = , for which deg(τ̄ )=−2−2κ . Then since τ ∈ T−, one must have
m ≤ 2. If m= 2 then one must have τ̂j = Xij for both j = 1,2 (since, for τ̂j not of
this form, one has deg(τ̂j ) ≥ 3/2−). However, in this case τ /∈ Tev,sp, therefore we
must have m= 1. Since τ ∈ T− and deg(τ̂ ) ≥ 0 furthermore imply deg(τ̄ ) < 0, one
has τ̄ ∈ TYMH, thus proving the first statement.

We now prove the second statement. Note that the claim that we fall into precisely
one of these cases follows from the disjointness statement in Remark 6.13. The key
point to prove is that the sets in the statement of the lemma cover Teven− . Write τ ∈
T[τ̂ ; τ̄ ] with τ̂ ∈ Tg and τ̄ ∈ TYMH.
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• If τ̂ = 1, then τ = τ̄ so τ ∈ TYMH.
• If τ̂ =Xp with |p|s = 2 then we must have deg(τ̄ )≤−2, which forces τ̄ = or
τ̄ = . But in both cases τ /∈ Teven− .

• If τ̂ =Xp for |p|s = 1 then we must have τ̄ as in (6.35), since parity and degree
are additive under grafting.

Thus all that remains are the cases where τ̂ belongs to the second set on the right-
hand side of (6.30) so we assume this from now on.

• There is a single such τ̂ of minimal degree given by τ̂ =Iu( ) with deg(τ̂ ) =
3/2−. This choice of τ̂ forces τ̄ to be as in (6.36).

• If deg(τ̂ )= 2−, it has to be one of the trees in (6.31), so we have τ̂ ∈ Tev,noi ∩
Tod,sp, which forces τ̄ to be in Tev,noi ∩ Tod,sp as well and deg(τ̄ ) ≤ −2, so
τ̄ = .

• If deg(τ̂ )= 5/2− then we must have τ̄ = in order for deg(τ ) < 0. This in turn
forces τ̂ ∈ Tod,noi ∩Tev,sp, and all such τ̂ are listed in (6.32).

Thus we proved that τ is in precisely one of the five cases claimed by the lemma. �

Below we study the effect of the ϒ map acting on the trees that appeared in the
previous proof.

The following lemma states that the contribution to the renormalised equation
from trees in TYMH is the same as what was observed in Sect. 5. In what follows,
we overload notation and write U∗ ∈ L(F,F) for the operator constructed via [22,
Remark 5.19] using the operator assignment L= (Lt)t∈L given by setting Lt = U∗
if t ∈ {l̄, l} and Lt = idVt otherwise; namely, U∗ acts on Fby acting on each factor
Vl and V

l̄
.

We also note that, while ϒYMH

z [τ ](·) should take as an argument an element of∏
o=(z,p),(l̄,p) Wo, there is a natural projection to this space from A=∏o∈E Wo by

dropping all other components, so below we write ϒYMH

z [τ ](·) with arguments A ∈A
with this projection implicitly understood.

Lemma 6.17 For any τ ∈ TYMH one has

ϒ̄
F

z [τ ](A)=U∗ϒ̄YMH

z [τ ](A) .

Proof We can proceed by an induction in the number of instances of l̄ in the tree τ ,
appealing to the inductive definition (4.8). The base case of the induction is given by
τ = Ī

l
(1)= l̄ in which case29

ϒ̄
F

z [l̄] =U�̄=U∗�̄=U∗ϒ̄YMH

z [l̄] ,

where �̄= idWz
∈ V

l̄
⊗Wz. Now for the inductive step we write τ̄ ∈ TYMH \ {l̄} as in

(6.33) and we have, since m≥ 1 and oj = (z,pj ),

∂kDo1 · · ·Domϒ̄
F

z [1] = ∂kDo1 · · ·Domϒ̄
YMH

z [1] .

29Note that if p �= 0 then the desired statement does not hold for τ =XpĪ
l
[1] but XpĪ

l
[1] /∈ TYMH.
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Then by (4.8) one has

ϒ̄
F

z [τ̄ ] =
1

S̊(τ̄ )
Xk
[
∂kDo1 · · ·Domϒ̄

YMH

z [1]
](

ϒo1 [τ1], . . . ,ϒom [τm]
)

= 1

S̊(τ̄ )
Xk
[
∂kDo1 · · ·Domϒ̄

YMH

z [1]
](
U∗ϒYMH

o1
[τ1], . . . ,U∗ϒYMH

om
[τm]

)

= 1

S̊(τ̄ )
U∗Xk

[
∂kDo1 · · ·Domϒ̄

YMH

z [1]
](

ϒYMH

o1
[τ1], . . . ,ϒYMH

om
[τm]

)

=U∗ϒ̄YMH

z [τ̄ ] ,
where in the second equality we used the induction hypothesis, and in the third equal-
ity we used the definition of U∗ given before this lemma. �

The above lemma shows that if we don’t expand U in the multiplicative noise
Uξ , the corresponding trees are the same as those seen for the YMH system in the
last section, and the renormalisation they produce will be the same as that stated in
Proposition 5.7. In the remainder of this subsection we will actually expand U (thus
generalising Lemma 6.17), and performing a single such expansion can be formulated
using the grafting procedure we described earlier. For each tree τ that comes from

grafting, i.e. τ ∈ T[τ̂ ; τ̄ ], we aim to describe ϒ̄
F

z [τ ].
Before we proceed, a simple example may be helpful to motivate the upcoming

lemmas. Consider τ ∈ T[τ̂ , τ̄ ] with τ̂ =Iu( ) and τ̄ = , as in (6.36). Pretending
that we only have a nonlinearity [Bj , [Bj ,Bi]] in the equation for Y and ignoring the

other terms, ϒ̄
F

z [τ ] is given by

[UIz�̄, [UIz�̄,XIz�̄]] + [UIz�̄, [XIz�̄,UIz�̄]]
+ [XIz�̄, [UIz�̄,UIz�̄]] ,

(6.37)

where X= �([UIuIz�̄, h])U (recall (6.26a)). We can think of this as being ob-

tained by the usual inductive construction of ϒ̄
F

except for a tweak that one starts
as the base case with not only �̄ but also X�̄; this will be made precise in
Lemma 6.18. In order to factor out U (to eventually show that the renormalisation
will not depend on U ), note that (6.37) can be thought of as being obtained by taking
ϒ̄

YMH

z [τ̄ ] = [Iz�̄, [Iz�̄,Iz�̄]] and inserting �([IuIz�̄, h]) into each appropriate
location, and finally applying U∗ in the way explained above Lemma 6.17 – this will
be formulated as a linear map which brings ϒ̄

YMH

z [τ̄ ] to (6.37); see Lemma 6.19 for
the precise formulation.

Given X∈Tg ⊗Wu and τ̄ ∈ TYMH we will define objects ϒ̄
τ̄ ,X
z (A) ∈T

[
Tg[τ̄ ]

]⊗
Wz. Our definition of ϒ̄

τ̄ ,X
z is inductive in the number of l̄ edges in τ̄ . For the base

case, we set

ϒ̄
l̄,X
z (A) def= X�̄ . (6.38)
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For the inductive step, for τ̄ as in (6.33), we set

ϒ̄
τ̄ ,X
z (A) (6.39)

= 1

S̊(τ̄ )

m∑

j=1

Xk
[
∂kDo1 · · ·Domϒ̄

F

z [1]
](

ϒo1 [τ̄1], . . . ,ϒ τ̄j ,X
oj , . . . ,ϒom [τ̄m]

)
,

where ϒ
τ̄j ,X
(z,p) =I(z,p)(ϒ̄

τ̄j ,X
z ). From this inductive definition it is clear that the map-

ping

Tg ⊗Wu �X �→ ϒ̄
τ̄ ,X∈T⊗Wz

is linear, and takes T[τ̂ ] ⊗Wu into T[τ̂ ; τ̄ ] ⊗Wz for every τ̂ ∈ Tg .
In the next lemma we specify X to be the terms appearing in the expansion for U

in (6.28). Recall the shorthand notation ∂pU for the components A(u,p) of A.

Lemma 6.18 For any τ̄ ∈ TYMH and τ̂ ∈ Tg , we have the consistency relation

ϒ̄
τ̄ , U [τ̂ ](A)
z (A)=

∑

τ∈T[τ̂ ;τ̄ ]
ϒ̄
F

z [τ ](A) ,

where

U[τ̂ ](A)=
{

1
p!∂

pUXp if τ̂ =Xp ,

ϒu[τ̃ ](A) if τ̂ =Iu(τ̃ ) .
(6.40)

Proof The proof follows by induction in the number of l̄ edges in τ̄ . The base case
is given by τ̄ = l̄, then if τ ∈ Tg[l̄] one has τ = τ̂ l̄ for some τ̂ ∈ Tg and the result
follows by a straightforward computation: indeed recalling the definition of Tg in
(6.30) and by (4.8) one has

ϒ̄
F

z [XpĪl
(1)] = 1

p!X
p
[
∂pD

l̄
ϒ̄
F

z [1]
]
(ϒF

l̄
[1])= 1

p!∂
pUXp�̄ ,

ϒ̄
F

z [Iu(τ̃ )Īl
[1]] = [DuDl̄

ϒ̄
F

z [1]
]
(ϒF

u [τ̃ ],ϒF

l̄
[1])=ϒF

u [τ̃ ]�̄.
which are consistent with (6.38). For the inductive step, we can assume that τ̄ is of the
form (6.33), and then the claim follows by combining the inductive definition (4.8),
(6.34) and (6.39) along with the induction hypothesis. Indeed, by (4.8) and (6.34)

∑

τ∈T[τ̂ ;τ̄ ]
ϒ̄
F

z [τ ](A)=
1

S̊(τ̄ )

m∑

j=1

1

β̄j

∑

τ̊∈T[τ̂ ;τ̄j ]

S̊(τ̄ )

S̊(τ )

×Xk
[
∂kDo1 · · ·Domϒ̄z[1]

](
ϒo1 [τ̄1], . . . ,ϒoj [τ̊ ], . . . ,ϒom [τ̄m]

)
,

where β̄j denotes the multiplicity of Ioj [τ̄j ] in τ̄ – we need to divide by this
number because our sum above is overcounting the elements of (6.34) when any
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Ioj [τ̄j ] appears with multiplicity. Here on the right-hand side, we are writing
τ = XkIo1(τ̄1) · · ·Ioj (τ̊ ) · · ·Iom(τ̄m) for every fixed j and τ̊ . We then observe that
S̊(τ̄ )

S̊(τ )
= β̄j since S̊ introduced in (4.8)+(4.9) is precisely a product of factorials of

multiplicities. Now using the inductive hypothesis which states that

∑

τ̊∈T[τ̂ ;τ̄j ]
ϒoj [τ̊ ] = ϒ̄

τ̄j , U [τ̂ ](A)
z (A) ,

we obtain the claimed identity by (6.39). �

We now introduce the operator on our regularity structure that are related to the
grafting procedure on trees we described earlier.

Lemma 6.19 There exists Lg ∈ L
(
Tg ⊗Wu,L(T

YMH,T)
)

with the following proper-
ties

1. For any τ̂ ∈ Tg , τ̄ ∈ TYMH, and X∈T[τ̂ ] ⊗Wu, LgXmaps T[τ̄ ] into T[τ̂ ; τ̄ ].
2. For any τ̄ ∈ TYMH,

ϒ τ̄ ,(U∗⊗•U)X
z (A)=U∗(LgX

)
ϒYMH

z [τ̄ ](A) , (6.41)

where U is given by the relevant component of A. Here we are applying the
convention of Remark 4.6 so

(
LgX

)
and U∗ act only on the left factor of T⊗

Wz; and the notation •U denotes right multiplication / composition by U , that is
the mappingWu �M �→MU ∈Wu.

Proof We first define, for fixed X ∈ Tg ⊗ Wu, LgX ∈ L(TYMH,T) by defining(
LgX

)
�T[τ̄ ] for τ̄ ∈ TYMH inductively in the number of l̄ edges in τ̄ . For the base

case τ̄ = l̄, we have, for any v ∈T[l̄], τ̂ ∈ Tg , and X= a⊗ b ∈T[τ̂ ] ⊗Wu,
(
Lga⊗ b

)
v = a · (b∗v) ∈T[τ̂ ; τ̄ ] . (6.42)

Here, to interpret b∗v, we note that Wu has an adjoint action on V
l̄
�W ∗

z and the
product outside of the parentheses above is just the product in the regularity structure.
This extends to arbitrary X∈T[τ̂ ] ⊗Wu by linearity.

For the inductive step, given τ̄ as in (6.33) and vj ∈T[τ̄j ] we define

(
LgX

)
Xk

m∏

j=1

Ioj (vj )=
Xk

S̊(τ̄ )

m∑

j=1

(
Io1(v1)

) · · ·Ioj
(
(LgX)vj

) · · · (Iom(vm)
)
.

(6.43)

By the definition of the space T[τ̄ ] and the symmetry of the above expressions this
suffices to define

(
LgX

)
�T[τ̄ ] and the first statement of the lemma is easy to verify.

The second statement is a straightforward to verify by induction. For the base case
τ̄ = l̄, we note that for X= a⊗ b ∈Tg ⊗Wu,

U∗
(
LgX

)
ϒYMH

z [l̄](A)=U∗(LgX
)
�̄=U∗(a · (b∗e∗i ))⊗ ei
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= (U∗a ·U∗b∗e∗i )⊗ ei = (U∗a⊗ bU)(e∗i ⊗ ei)

= [(U∗ ⊗ •U)X]�̄= ϒ̄
l̄,(U∗⊗•U)X
z (A)

by (6.38), where the {ei}dim(E)
i=1 are a basis for E and i is summed implicitly. For the

inductive step, by definition of ϒ̄
YMH

z , the right-hand side of (6.41) equals

U∗
m∑

j=1

Xk

S̊(τ̄ )

[
∂kDo1 · · ·Domϒ̄t[1]

](
ϒYMH

o1
[τ̄1], . . . ,

(
LgX

)
ϒYMH

oj
[τ̄j ], . . . ,ϒYMH

om
[τ̄m]

)

=
m∑

j=1

Xk

S̊(τ̄ )

[
∂kDo1 · · ·Domϒ̄t[1]

](
ϒF
o1
[τ̄1], . . . ,ϒ τ̄j ,(U

∗⊗•U)X
oj , . . . ,ϒF

om
[τ̄m]

)
,

where in the last step we applied the inductive hypothesis and Lemma 6.17. This is
precisely the left-hand side of (6.41) by definition (6.39). �

6.3 Computation of counterterms

Lemma 6.20 Suppose that τ̄ is of the form or or satisfies (6.35) or (6.36). Then,
ϒYMH

z [τ̄ ](A) has no dependence on A.

Proof The cases of or follow trivially from a short, straightforward computation.
To prove the lemma in the cases of (6.35) or (6.36) we invoke Lemma 5.11 and

show that pX = p∂ = 0.
Suppose that τ̄ satisfies (6.35). Since deg(τ̄ ) ≤ −1, kξ is even and k∂ is odd,

the only solutions to the equations in Lemma 5.11 are (nλ, kξ , k∂) = (1,2,1),
(nλ, kξ , k∂) = (3,4,3), (nλ, kξ , k∂) = (3,4,1), and (pX,p∂) = (0,0) for all these
three solutions.

Now suppose that τ̄ satisfies (6.36). Since deg(τ̄ ) ≤ −3/2, kξ is odd and k∂ is
even, the only solutions to the equations in Lemma 5.11 are (nλ, kξ , k∂)= (0,1,0),
(nλ, kξ , k∂) = (2,3,0), (nλ, kξ , k∂) = (2,3,2), and again (pX,p∂) = (0,0) for all
these three solutions. �

In the next lemma we apply Lemma 6.19 to study the U[τ̂ ](A) introduced in
(6.40).

Lemma 6.21 For every τ̂ ∈ {τ̂3/2, τ̂ •2 , τ̂ •5/2} (see (6.31), (6.32)), writing τ̂ = Iu(τ̃ ),
we have

U[τ̂ ](A)= (U∗ ⊗ •U)Ũ [τ̂ ](h) (6.44)

for some Ũ[τ̂ ](h) which depends on A only through a linear dependence on h.
Moreover, if A ∈A satisfies �(hi)= (∂iU)U−1 then (6.44) also holds for τ̂ =Xi .

Proof We start with the first statement of the lemma in which case τ̂ is of the form
τ̂ = Iu(τ̃ ). If τ̃ ∈ { , , , , }, since τ̃ ∈ TYMH, by Lemma 6.17 one has
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ϒ̄z[τ̃ ](A)= U∗ϒ̄YMH

z [τ̃ ](A) where, following as in Lemma 6.20, ϒYMH

z [τ̃ ](A) has no
dependence on A. Therefore for each τ̃ in this set,

ϒu[τ̃ ](A)=Iu

[
Dz(�([B,h])U)

]
(ϒz[τ̃ ](A))= �([U∗IuϒYMH

z [τ̃ ], h])U
= (U∗ ⊗ •U)(�([IuϒYMH

z [τ̃ ], h]))
which is in the desired form. Moreover,

ϒh′ [ ](A)=Ih′
[
Dz([B,h])

]
(ϒz[ ](A))= [U∗Ih′ϒ

YMH

z [ ], h]
where ϒYMH

z [ ] has no dependence on A. Therefore for τ̃ ∈ { , },
ϒu[τ̃Ih′( )](A)=Iu

[
DzDh′(�([B,h])U)

]
(ϒz[τ̃ ](A),ϒh′ [ ](A))

=Iu

(
�
([U∗ϒYMH

z [τ̃ ], [U∗Ih′ϒ
YMH

z [ ], h]])U
)

= (U∗ ⊗ •U)Iu

(
�
([ϒYMH

z [τ̃ ], [Ih′ϒ
YMH

z [ ], h]])
)

which is also in the desired form. Finally the claim for Iu

(
Ih′
(
Ih′( )

))
can be

checked in an analogous way.
To prove the second statement of the lemma, we note that U∗ �T[Xi ]= idR so

we have U[Xi](A)= (U∗ ⊗ •U)(∂iU)U−1Xi = (U∗ ⊗ •U)�(hi)Xi which is of the
desired form. �

To state the next lemma, for every g ∈G, one can define a natural action of �(g) on
T∗ as in [22, Remark 5.19] or as above Lemma 6.17, with the operator assignment
L = (Lt)t∈L with Lt = �(g) for t ∈ L− and Lt = idV ∗t otherwise. The following
lemma states that under certain conditions of � ∈ T∗ (which in particular will be
satisfied by �ε

BPHZ
), the equation for Y only requires renormalisation that is linear in Y

and h:

Lemma 6.22 Fix � ∈T∗. Suppose that �(g)�= � for every g ∈G, and that �[τ ] = 0
for every τ /∈ Teven− .

Let C�,τ ∈ L(E,E) be the same map30 that appears in Proposition 5.7.
Then there exists C� ∈ L(g3,E) such that, for any A ∈ Ā,

(�⊗ idWz
)ϒ̄

F

z (A)=
∑

τ∈Teven− ∩TYMH

C�,τ Y + C�h . (6.45)

Proof We first note that we have

(�⊗ idWz
)ϒ̄

F

z (A)=
∑

τ∈TYMH∩Teven−

(�⊗ idWz
)ϒ̄

F

z [τ ](A)

+
∑

τ̄∈TYMH,h

∑

τ̂∈Tg,h

∑

τ∈T[τ̂ ;τ̄ ]
(�⊗ idWz

)ϒ̄
F

z [τ ](A) .
(6.46)

30Here we also use the symbol � to refer to its restriction to T[T̃]∗ .
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Here we define TYMH,h ⊂ TYMH to consist of all of those τ̄ as in (6.35) or (6.36), or
of the form or . We also define Tg,h ⊂ Tg to be given by all the symbols that
we graft in Lemma 6.14, namely it consists of Xj for j ∈ {1,2,3} and τ̂3/2 =Iu( ),
along with all symbols appearing in (6.31) and (6.32).

By Proposition 5.7 and Lemma 6.17, one has for each τ ∈ TYMH ∩Teven− ,

(�⊗ idWz
)ϒ̄

F

z [τ ](A)= CU�,τ Y = C�,τ Y .
For the second contribution on the right-hand side of (6.46), by Lemma 6.18 and
linearity,

∑

τ̄∈TYMH,h

∑

τ̂∈Tg,h

∑

τ∈T[τ̂ ;τ̄ ]
ϒ̄
F

z [τ ](A)=
∑

τ̄∈TYMH,h

ϒ̄
τ̄ , X(A)
z (A)

where X(A)=∑τ̂∈Tg,h U[τ̂ ](A). Now, by Lemma 6.21 we can write X(A)= (U∗⊗
•U)X̃(h) for some X̃which depends on A only through a linear dependence on h.

By Lemma 6.19, the second term on the right-hand side of (6.46) then equals to

(�⊗ idWz
)U∗

(
LgX̃(h)

) ∑

τ̄∈TYMH,h

ϒYMH

z [τ̄ ] = (U�⊗ idWz
)
(
LgX̃(h)

) ∑

τ̄∈TYMH,h

ϒYMH

z [τ̄ ] .

Using the fact that U is in the image of �(·), one has U�= �. Recall that ϒYMH

z [τ̄ ] has
no dependence on A thanks to Lemma 6.20. Therefore the last line is of the form C�h
as desired. �

We now turn to the renormalisation of the (X̄, Ū , h̄) system. There are slight dif-
ferences between our book-keeping for (Y,U,h) versus (X̄, Ū , h̄): (i) in the latter
system we use the label l instead of the label l̄ to represent the noise; and (ii) the RHS
of the equation for X̄ is broken as a sum of two terms – the first term being Ūξ which
is labelled by m and the second term which contains everything else being labelled
then by z.

We write TF for the collection of all τ ∈ T that contain no instance of l or m. We
write TF̄ for the collection of all τ ∈ T which (i) contain no instance of l̄ and (ii)
satisfy the constraint that in any expression of the form Io(τIl(1)) we must have
o ∈ {m} ×Nd+1. Trees generated by the F system belong to TF and trees generated

by the F̄ system belong to TF̄ . In particular, τ ∈ T \ TF ⇒ ϒ̄
F [τ ] = 0 and τ ∈

T \TF̄ ⇒ϒF̄ [τ ] = 0.
Moreover, there is a natural bijection θ : TF̄ → TF obtained by replacing any edge

of type (m,p) with (z,p) and noise edge of type l with one of type l̄. Moreover, there
is an induced isomorphism � : T[TF̄ ] → T[TF ] which maps T[τ ] into T[θ(τ )].
We then have the following lemma.

Lemma 6.23 Given any τ ∈ TF̄ , one has, for any t ∈ {u,h,h′},
ϒF

t [θ(τ )](A)= (�⊗ idWt
)ϒF̄

t [τ ](A) ,
ϒF

z [θ(τ )](A)= (�⊗ idWz
)
(
ϒF̄

z [τ ](A)+ϒF̄
m[τ ](A)

)
.
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Proof This is straightforward to prove by appealing to the inductive formulae for ϒF̄

and ϒF . �

We can now give the proof of the main result of this subsection.

Proof of Proposition 6.6 Note that � = �δ,ε
BPHZ

satisfies the conditions of Lemma 6.22
(using Lemma 6.7 for the parity constraint and arguing similarly for the invariance of
� under �(·)). In particular, we see that (6.18) follows from Lemma 6.10; and we also
have (6.45) by Lemma 6.22.

We now turn to proving the first line of (6.19). We will now argue in a similar way
as Lemma 5.13 to show that the right-hand side of (6.45) has a block structure of the
form

( 3⊕

i=1

Čδ,ε
YM
Bi + Čδ,εGaugehi

)
⊕ Čδ,εHiggs� (6.47)

with Čδ,ε
YM
, Čδ,εGauge ∈ LG(g,g), and Čδ,εHiggs ∈ LG(V,V).

Consider T= (T ,σ, r,O) ∈ Tran chosen by fixing i ∈ {1,2,3}, and then choosing
T to act on Wz �Wm �Wl̄

= g1 ⊕ g2 ⊕ g3 ⊕ V, on Wh �Wh′ = g1 ⊕ g2 ⊕ g3 by
flipping the sign of the gi component, and act as the identity on Wu. We set r which
flips the i-th spatial coordinate, and set σ = id. For O = (Ot)t∈L+ , we have Ot = id
except for t = h′ where Kh′ � R3 and we set Oh′ to flip the sign of the i-th spatial
component.

One can check that our nonlinearity F(A) is then T-covariant, and the kernels
and noises are T-invariant. Considering such transformations for every i ∈ {1,2,3}
and applying Proposition 4.8 then implies that the linear renormalisation must be
appropriately block diagonal.

We then show that the blocks associated to different spatial indices are the same.
Again as in Lemma 5.13, we consider T= (T ,σ, r,O) ∈ Tran chosen by fixing 1≤
i < j ≤ 3 and then choosing T to act on Wz �Wm �Wl̄

= g1 ⊕ g2 ⊕ g3 ⊕ V and
Wh � Wh′ = g1 ⊕ g2 ⊕ g3 by swapping the gi and gj components, and act as an
identity on Wu. We also set r given by the identity, and σ exchanges i and j . For
O = (Ot)t∈L+ , we have Ot = idKt

except for t = h′ where Kh′ � R3 and we set
Oh′ to swap the i and j spatial components. One can check that our nonlinearity
F(A) is then T-covariant, and kernels and noises are T-invariant. Considering such
transformations for every 1 ≤ i < j ≤ 3 and applying Proposition 4.8, we conclude
that the blocks indexed by different spatial indices must be identical.

Finally, to show that the block operators all commute with the appropriate actions
of G, we again argue using Proposition 4.8, fixing g ∈ G and looking at T ∈ Tran
where T acts on Wz and Wm as �(g), on Wu by right composition / multiplication
with �(g), and on Wh and Wh′ by Adg . We set r , σ , and O to be the appropriate
identity operators.

To finish justifying the first line of (6.19), we note that our choice of kernel and
noise assignments guarantee that, for any τ ∈ TYMH one has �δ,ε

BPHZ
[τ ] = �ε

BPHZ
[τ ] where

on the right-hand side we are referring to the character in (5.10) – this justifies replac-
ing Čδ,ε

YM
and Čδ,εHiggs with Cε

YM
and CεHiggs. (Note that Cε

YM
and CεHiggs are the same maps
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as that in Proposition 5.7, which follows from Lemma 6.22.) More generally, for any
τ ∈ T with ϒF

z [τ ] �= 0, �δ,ε
BPHZ
[τ ] does not depend on δ > 0, therefore Čδ,εGauge does not

depend on δ > 0 either, and we can just denote this map by CεGauge as in the first line
of (6.19).

Repeating the argument above combined with Lemma 6.23 gives us the second
line of (6.19), although in this case the operators should be allowed to depend on δ.
It then only remains to prove (6.20).

For the first two statements we note that, if �δ,ε is the canonical lift of the kernel
assignment K(ε) and noise assignment ζ δ,ε then for any τ ∈ TF̄ with θ(τ ) ∈ TYMH,
one has

lim
δ↓0

�̄δ,ε[τ ] = �̄δ,ε[θ(τ )] ◦�[τ ] , (6.48)

where �̄δ,ε = E[�δ,ε(0)] and the equality above is between elements of T[τ ]∗. Here
θ and � are as in the paragraph before (6.23). One can verify (6.48) with a straight-
forward computation. The key observation is that the condition θ(τ ) ∈ TYMH means
that the only way any instance of l appears in τ is as I(m,p)(l) for some p ∈ Nd+1,
then to argue (6.48) one just observes that

lim
δ↓0
DpKε ∗ ξδ =DpK ∗ ξε .

Heuristically, as δ ↓ 0, “I(m,p)(l) is the same as I(z,p)(l̄)”. Since the map� interacts
well with coproducts, it is easy to see that (6.48) holds if we replace �̄δ,ε[·] with
�δ,ε

BPHZ
[·].

To prove the last statement of (6.20), it suffices to show that for any ε > 0 and
τ ∈ TF̄ the limit

�0,ε
BPHZ
[τ ] = lim

δ↓0
�δ,ε

BPHZ
[τ ] (6.49)

exists. Note that τ ∈ TF̄ implies that every noise in τ not incident to the root is inci-
dent to an ε-regularised kernel. This then means that E[�δ,ε[τ ](·)] remains smooth
in the limit δ ↓ 0. Indeed, if τ doesn’t contain an instance of the noise l at the root
then �δ,ε[τ ](·) itself remains smooth in the δ ↓ 0 limit. On the other hand, if τ does
contain an instance of l at the root, then one can write E[�δ,ε[τ ](·)] as a sum over
Wick contractions. Each term in the sum can be written a convolution of kernels
where each integration vertex is incident to at most one δ-regularized kernel (the co-
variance of ξδ while the rest of the kernels are of the form DpKε and smooth. It is
then straightforward to argue that, as δ ↓ 0, this convolution converges to one writ-
ten completely in terms of the smooth kernels of the form DpKε . We then obtain
(6.49) by expanding its RHS in terms of the negative twisted antipode and applying
the above observations.

Finally, to show (6.21), it is enough to recall (5.11), and observe that the trees
τ in Lemma 6.14 all have 2 or 4 noises (in particular see Remark 6.16). Moreover,
since the block structure of the operators in (6.19) holds for every choice of σ , all the
blocks appearing must decompose into orders σ 2 and σ 4 in the same way. �



Stochastic quantisation of Yang–Mills–Higgs in 3D 639

6.4 Solution theory

We start by trying to pose the analytic fixed point problems associated to (6.6) for the
E ⊕ g3 ⊕ (L(g,g)⊕L(V,V))-valued modelled distributions (Y,H,U).

As before, for each t ∈ L+ we write Kt for the corresponding abstract integration
operator on modelled distributions realising convolution with K(ε)t in (6.11). We also

sometimes write K and K̄ for Kz and Km respectively. Moreover, we write Gt
def=

Kt + RR for t ∈ {z,h,u} and Gh′
def= Kh′ + ∇RR, where R represents convolution

with G−K as in Sect. 5.2. Recall the convention (1.12).
In addition to the difficulties described in the beginning of Sect. 5.2, we now have a

multiplicative noise term Uξ which requires additional treatments. First, note that the
worst term in U�̄ is of degree − 5

2 − κ which is below −2, so the general integration
theorem [56, Prop. 6.16]31 would not apply. The second problem is that, even if
we could apply the integration operator on it, we would have Kz

(
U�̄
) ∈ Dγ,η for

η =− 1
2 − 2κ , but as in Sect. 5.2 having a closed fixed point problem requires us to

work in D̂γ,β̂ with β̂ >−1/2 due to the term Y∂Y .
To handle these difficulties we start by decomposing U = PU0 + Û and solve for

Û ∈ D̂γ,� for suitable exponents γ,�. The component Û has improved behaviour
near t = 0 since we have subtracted the initial condition U0, so that we are in the
scope of Theorem A.5 for the term Û�̄. On the other hand, PU0�̄ can be handled
with Lemma A.4, since, thanks to Lemma 6.26 below,

ω0
def= σPU0ξ

ε (6.50)

probabilistically converges as ε ↓ 0 in C− 5
2−κ on the entire space-time (not just t > 0).

For � ∈ (1/2,1), we have PU0 ∈ D
∞,�
0 , and since �̄ ∈ D∞,∞

− 5
2−κ

one has PU0�̄ ∈
D
∞,�− 5

2−κ
− 5

2−κ
. So by Lemma A.4

�U0 def= Kω0
z (PU0�̄) ∈D

∞,− 1
2−2κ

− 1
2−2κ

(6.51)

(the compatibility condition of Lemma A.4 will be checked in Lemma 6.27 below).
We write

�U0
ε =K ∗ω0 =R�U0 .

We write ω0 above instead of σPU0ξ
ε not only as shorthand, but also because later

in Lemma 6.31 we will consider ω0 as part of a given deterministic input to a fixed
point problem (which is necessary in the ε ↓ 0 limit).

Furthermore, analogously to Sect. 5.2, we will linearise Y around PY0 and �U0 ,
and then apply Lemma A.4 with appropriate “input” distributions, in a similar way
as we did for the last line of (5.20).

31Recall the conditions η ∧ α >−2 and η̄= η ∧ α+ β in [56, Prop. 6.16].
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Putting things together, for fixed initial data

(Y0,U0, h0) ∈�init def= S × G̃
� , (6.52)

where we recall that S ⊂ Cη for η <−1/2 and � ∈ (1/2,1), we decompose

Y =PY0 +�U0 + Ŷ , U =PU0 + Û , (6.53)

where we want

Ŷ ∈ D̂
γz,β̂

− 1
2−2κ

, Û ∈ D̂
γu,�

0 for γz >
3

2
+ κ , γu > 5

2
+ κ , (6.54)

along with H ∈D
γh,ηh
αh for some appropriate exponents γh, ηh, αh (these exponents

will be specified in (6.81); note that solving H only requires a “standard” modelled
distribution space as in [56]), and solve the fixed point problem

Ŷ = Gω1
z (PY0∂�

U0)+ Gω2
z (�

U0∂PY0)+ Gω3
z (�

U0∂�U0) (6.55)

+ Gz1+
(
RQ +Y3 + C̊zY + C̊hH+ Û�̄+PY0∂PY0

)
+R(ω0) ,

and

H= Gh1+
(
[Hj , ∂jH] + [[Bj ,Hj ],H]

)
+ Gh′1+[Bj ,Hj ] +Ph0 ,

Û = Gu1+
(
− [Hj , [Hj , ·]] ◦ U + [[Bj ,Hj ], ·] ◦ U

)
, B = Y �g3 .

(6.56)

Here we have defined

RQ
def= PY0∂Ŷ + Ŷ∂PY0 + Ŷ∂Ŷ +�U0∂Ŷ + Ŷ∂�U0 . (6.57)

The E-valued space-time distributions ω1,ω2,ω3 are compatible with the respective
modelled distributions and are part of the input to the fixed point problem. We will
later take

ω1
def= PY0∂�

U0
ε ,

ω2
def= �U0

ε ∂PY0 ,

ω3
def= �U0

ε ∂�
U0
ε − σ 2(cε1 + cε2)PU0∂PU0 ,

(6.58)

where, writing χ(2)ε
def= χε ∗ χε ,

cε1
def=
∫

R2×T6
yi Kt−s(−y)∂iKt−s̄ (−ȳ) χ(2)ε (s − s̄, y − ȳ)dsds̄dydȳ ,

cε2
def=
∫

R2×T6
ȳi Kt−s(−y)∂iKt−s̄ (−ȳ) χ(2)ε (s − s̄, y − ȳ)dsds̄dydȳ .

(6.59)
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Here the values of cε1, c
ε
2 clearly do not depend on i ∈ {1,2,3}. Note that in (6.58) we

use the convention (1.12) except for the term PU0∂PU0 for which that convention
does not apply since PU0 is not E-valued. To define PU0∂PU0, for any

u= ug ⊕ uV ∈ L(g,g)⊕L(V,V) ,
∂v = (∂ivg)3i=1 ⊕ (∂iuV)

3
i=1 ∈ L(g,g)3 ⊕L(V,V)3 ,

we set u∂v ∈E = g3 ⊕V as being given by

u∂v �gi
def= −[ugeα, ∂ivgeα] −B(∂ivVea ⊗ uVea) for i ∈ {1,2,3} ,

u∂v �V
def= 0 ,

(6.60)

where (eα)α is an orthonormal basis of g and (ea)a is an orthonormal basis of V.
Here α and a are being summed as usual.

The reason to define the above space-time distributions will become clear in Lem-
mas 6.26 and 6.27. We will write ωε� for � ∈ {0,1,2,3} when we wish to make the
dependence of ω� on ε explicit.

The abstract fixed point problem for the (X̄, Ū , h̄) system (6.7) is given by (6.56)
with U =PU0 + Û as before but with Y in (6.53) replaced by

Y =M+ �̄
U0 + Ŷ , (6.61)

where

M=PY0 +W , (6.62)

and W ∈ D
7
4 ,− 1

2−κ is the canonical lift of a smooth function on (0,∞), and (6.55)
replaced by

Ŷ = Gω̄1
z (M∂�̄U0)+ Gω̄2

z (�̄
U0
∂M)+ Gω̄3

z (�̄
U0
∂�̄U0) (6.63)

+ Gω̄4
z (PY0∂W +W∂PY0 +W∂W)

+ Gz1+
(
R̄Q +Y3 + C̊zY + C̊hH+PY0∂PY0

)
+ Gm1+

(
Û�
)+R(ω̄0) ,

where Gm
def= K̄+ R̄R with R̄ defined just like R but with G−K replaced by Gε −

Kε . Here we define (recall from (6.11) that the kernel assigned to m is Kε)

�̄
U0 def= Kω̄0

m (PU0�) ∈D
∞,− 1

2−2κ

− 1
2−2κ

, (6.64)

R̄Q is defined in the same way as RQ in (6.57) with �U0 replaced by �̄
U0 and PY0

replaced by M, and ω̄i are distributions compatible with the respective modelled
distributions. The modelled distribution W is part of the input for the fixed point
problem and we will later take

W =G ∗ (1t≥0χ
ε ∗ (σ ξ1t<0)) , (6.65)
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understood as W = 0 if ε = 0. The role of W is to encode the behaviour of ξ on
negative times so as to obtain the correct reconstruction. We will also later take

ω̄0
def= σPU0ξ

δ ,

ω̄1
def= M∂�̄

U0
δ ,

ω̄2
def= �̄U0

δ ∂M ,

ω̄3
def= �̄U0

δ ∂�̄
U0
δ − σ 2(c

ε,δ
1 + cε,δ2 )PU0∂PU0 ,

ω̄4
def= PY0∂W +W∂PY0 +W∂W ,

(6.66)

where, similar to before, we write

�̄
U0
δ

def= Kε ∗ ω̄0 =R�̄
U0
. (6.67)

Here cε,δ1 , c
ε,δ
2 are defined as in (6.59) except that K is replaced by Kε and χ(2)ε is

replaced by χ(2)δ . We will write ω̄δ0 and ω̄ε,δ� for � ∈ {1,2,3} and ω̄ε4 when we wish to
make the dependence of ω̄ on ε, δ explicit (remark that ω̄δ0 and ω̄ε4 are independent of
ε and δ respectively).

6.4.1 Probabilistic input

We write Zδ,ε
BPHZ
∈Mε to be the BPHZ models associated to the kernel assignmentK(ε)

and random noise assignment ζ δ,ε . We will first take δ ↓ 0 followed by ε ↓ 0. Recall
that here ε is the mollification parameter in Theorem 6.1, and δ is an additional mol-
lification for the white noise in (6.3) which is introduced just for technical reasons,
so that the models we explicitly construct are smooth models.

Recall from [22, Sect. 7.2.2] that one can encode the smallness of K − Kε and
ξ − ξε by introducing ε-dependent norms on our regularity structure. We then have
corresponding ε-dependent seminorms ||| • |||ε and pseudo-metrics dε(•, •) = |||•; •|||ε
on models as in Appendix A. We will write ς ∈ (0, κ] for the small parameter ‘θ ’
appearing in [22, Sect. 7.2.2] to avoid confusion with θ as defined in Sect. 5. For
the reader unfamiliar with [22, Sect. 7], we remark that all we need with these ε-
dependent (semi)norms is that one can extract a factor ες in an abstract Schauder
estimate for K −Kε (see Lemma A.6 and Lemma A.7) and, similarly, an estimate of
the type |||�− �̄|||ε � ες encoding the corresponding bound on ξ − ξε at the level of
models / modelled distributions (see (6.85) below).

We then also have ε-dependent seminorms on Dγ,η � Mε denoted by | · |Dγ,η,ε ,
and on D̂γ,η � Mε denoted by | · |

D̂γ,η,ε . These seminorms are indexed by compact
subsets of R× T3, which, as in Appendix A, we will always take of the form Oτ =
[−1, τ ] ×T3 for τ ∈ (0,1) and will sometimes keep implicit.

Lemma 6.24 One has, for any p ≥ 1,

sup
ε∈(0,1]

sup
δ∈(0,ε)

E[‖Zδ,ε
BPHZ
‖pε ]<∞ . (6.68)
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Moreover, there exist models Z0,ε
BPHZ
∈Mε for ε ∈ (0,1] and a model Z0,0

BPHZ
∈M0 such

that one has the following convergence in probability:

lim
δ↓0
dε(Z

δ,ε
BPHZ
,Z0,ε

BPHZ
)= 0 (∀ε ∈ (0,1]) , (6.69)

lim
ε↓0
d1(Z

0,ε
BPHZ
,Z0,0

BPHZ
)= 0 . (6.70)

Proof The proof follows in exactly the same way as [22, Lem. 7.24], by invoking
[21, Thm. 2.15] and [21, Thm. 2.31] and checking the criteria of these theorems as in
Lemma 5.17. The only tweak for the proof of [22, Lem. 7.24] is that the covariance
of the noise ξε is measured in the ‖ • ‖−5−2κ,k kernel norm here since d = 3. �

The next lemma shows that W in (6.62) vanishes as ε ↓ 0.

Lemma 6.25 Let W be defined by (6.65) and denote by the same symbol its lift to the
polynomial sector. Then, for all κ ∈ (0,1) and τ > 0, there exists a random variable
M with moments bounded of all orders such that

|W| 7
4 ,− 1

2−2κ;τ ≤Mεκ .

Proof Recall that sups∈[0,ε2] |χε ∗ (ξ1−)(s)|L∞ ≤Mε− 5
2−κ . Therefore, for all γ ∈

[0,2) \ {1} and t ∈ [0,2ε2]

|W(t)|Cγ ≤
∫ t

0
|Gt−s(χε ∗ (ξ1−)(s))|Cγ ds �

∫ t

0
(t − s)− γ2Mε− 5

2−κds

�Mt1−
γ
2 ε−

5
2−κ �Mt−

γ
2− 1

4−κεκ .

Recall further that sups∈[0,ε2] |χε ∗ (ξ1−)(s)|C− 1
2−2κ ≤Mε−2+κ . Therefore, for all γ

as above and t ∈ (2ε2, τ ],

|W(t)|Cγ �
∫ ε2

0
(t − s)− γ2− 1

4−κMε−2+κds ≤ ε2(t − ε2)−
γ
2− 1

4−κMε−2+κ

�Mt−
γ
2− 1

4−κεκ ,

where it suffices to integrate from 0 to ε2 since χε ∗ (ξ1−) is supported on the time
interval (−∞, ε2]. �

The next lemma gives the probabilistic convergence of the products that are ill-
defined due to t = 0 singularities but are needed in the formulation of our fixed point
problem. Recall ωε� defined in (6.50) and (6.58) and ω̄ε,δ� defined in (6.66). In the

definition of ω̄ε,δ� we take M as in (6.62) where W is defined by (6.65).
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Lemma 6.26 For all 0< δ ≤ ε < 1, there exists a random variable M > 0, of which
every moment is bounded uniformly in ε, δ, and such that

|ωε0|C− 5
2−κ

≤Mσ |U0|∞ ,
|ωε0 −ωδ0|C− 5

2−κ
≤Mσ |U0|Cκ/2εκ/2 ,

(6.71)

and

|ωε� − ω̄ε,δ� |Cα−2κ ≤Mσ n|U0|nC� (|Y0|Cη + εκ/2)mεκ , (6.72)

where α = η − 3
2 ,m = 1, n = 1 for � ∈ {1,2} and α = −2,m = 0, n = 2 for � = 3,

and

|ω̄ε4|Cη− 3
2−2κ ≤M(σ |Y0|Cη + σ 2)εκ .

In particular, ω0
0

def= limε↓0ω
ε
0 exists in probability in C− 5

2−κ , and limε↓0 ω̄
ε
4 = 0 in

probability in Cη− 3
2−2κ .

Moreover ωε1 and ωε2 converge in probability as ε→ 0 in Cη− 3
2−κ , and ωε3 con-

verges in probability as ε→ 0 in C−2−κ . We denote their limits by ω0
1,ω

0
2,ω

0
3. Finally,

for � ∈ {1,2,3}, the limit ω̄ε,0�
def= limδ↓0 ω̄

ε,δ
� exists and ω0

� = limε↓0 ω̄
ε,0
� under the

same topologies as above.

Proof Uniformly in ψ ∈ B3, λ, ε ∈ (0,1), and δ ∈ (0, ε),
E
[〈PU0ξ

ε,ψλz 〉2
]= |χε ∗ (PU0ψ

λ
z )|2L2 � |PU0|2L∞λ−5 ,

and

E
[〈PU0(ξ

ε − ξδ),ψλz 〉2
]= |(χε − χδ) ∗ (PU0ψ

λ
z )|2L2 � εκλ−5−κ |U0|2Cκ/2 .

We thus obtain (6.71) by equivalence of Gaussian moments and Kolmogorov’s theo-
rem.

The convergence of ωε1,ω
ε
2 follows in exactly the same way as Lemma 5.19 (for

the special case U0 = 1) except that in (5.23)-(5.24) one also uses |PU0|∞ � 1.
The convergence of the second Wiener chaos of ωε3 also follows in the same way

as Lemma 5.18 except that in (5.22) one simply bounds |PU0|∞ � 1. Regarding the
zeroth chaos of ωε3, we note that

E
((
K ∗ (PU0ξ

ε)
)(
∂K ∗ (PU0ξ

ε)
)
(z)
)

=
∫ (

K(z−w)PU0(w)
)
∂
(
K(z− w̄)PU0(w̄)

)
χ(2)ε (w− w̄)dwdw̄

(6.73)

where the first line should be understood with the notation (1.12) while the second
line should be understood with the notation (6.60). In particular both sides are E-
valued functions of z. Indeed, (6.73) can be checked using (1.12)+(6.60) and the
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facts that the components of the white noise ξ are independent and the basis in (6.60)
are orthogonal.

(6.73) would be zero if U0 = 1 (since the integrand would be odd in the spatial
variable thanks to the derivative), but generally not. Write

PU0(w)=
∑

|k|≤2

(w− z)k
k! ∂kPU0(z)+ ru(w, z) (6.74)

and the same for PU0(w̄) for which we call the multiindex k̄ instead of k. Fixing
i ∈ [3], we consider the i-th component of (6.73). Below we write s, s̄ for the time
variables of w, w̄ and z= (t, x).

We substitute (6.74) into (6.73). The contributions from terms with ki+ k̄i ∈ {0,2}
all vanish since K , χ(2)ε are even and ∂iK is odd in the i-th spatial variables.

The contributions from terms with ki + k̄i = 1 combined with the renormali-
sation terms introduced in (6.58)-(6.59) converge in C−2−κ . Indeed, consider the
contribution of the case (ki, k̄i ) = (0,1) to (6.73) minus the renormalisation term
cε2PU0∂PU0 (the argument for the other case is identical). Note that here s, s̄ need
to be positive for the integrand in (6.73) to be non-zero, whereas in (6.59) s, s̄ ∈ R.
Thus the contribution we consider here is bounded by |PU0(z)∂PU0(z)| times

∣∣∣
∫

R−×T3
Kt−s(y)∂iKt−s(y) yi dyds

∣∣∣�
∫

R−×T3
|y|(√t − s + |y|)−7 dyds

�
∫

R−
(t − s)−3/2 ds � t− 1

2 .

This implies that this part of contribution is in C−1 ⊂ C−2−κ .
All the other terms involve ru and they converge in C−2−κ . Indeed, one has that

for s, s̄ ≤ t , |ru(w, z)| � s �−5/2
2 |w − z| 5

2 |U0|C� . Then the “worst” terms are the two
cross terms between PU0(z) (i.e. k = 0) and ru, one of which (the other one is almost
identical) is bounded by |U0|2C� times

∫
K(z−w)∂iK(z− w̄)s

�−5/2
2 |w− z| 5

2χ(2)ε (w− w̄)dwdw̄

�
∫
s
�−5/2

2 |w− z|−9/2dw �
∫
s
�−5/2

2 (
√
t − s + |y − x|)−9/2dsdy

�
∫
s
�−5/2

2 (t − s)−3/4ds � t
�−2

2

since � > 1/2, where the integration variables s ∈ [0, t]. Regarding the cross terms
between (w − z)kP(k)U0(z) with |k| ∈ {1,2} and ru, one can bound |P(k)U0(z)| �
t
�−|k|

2 |U0|C� , and then proceeding as above one obtains a better bound of the form

t
�−|k|

2

∫ t

0
s
�−5/2

2 (t − s)− 3
4+ |k|

2 ds � t�−1 .
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The cross terms between ru(w, z) and ru(w̄, z) are then even easier to bound. Finally,
note that as a function of z (6.73) converges in C�−2 ⊂ C−2−κ as desired, using the
fact that |||δ − χε|||−5−κ;m � εκ in the notation of [56, Sect. 10.3].

By the same arguments one can show the desired convergences of PY0∂�̄
U0
δ ,

�̄
U0
δ ∂PY0, and ω̄ε,δ3 . To prove the claimed convergences of ω̄ε,δ1,2 it suffices to show

that W∂�̄U0
δ and �̄U0

δ ∂W vanish in the limit. Below we write w < z (resp. w ≤ z)
for space-time variables w,z if the time coordinate of w is less than (resp. less or
equal to) the time coordinate of z.

Using the definitions of W in (6.65) and �̄U0
δ in (6.67), and non-anticipativeness

of K and χ , the zeroth chaos of W∂�̄U0
δ can be bounded by

∫

D

|K(z−w1)∇K(z− y1)χ
ε(w1 −w2)χ

ε(y1 − y2)χ
δ(y2 −w2)|dw1dw2dy1dy2

(6.75)

where D
def= {(w1,w2, y1, y2) : w2 < 0 < w1 ≤ z,0 < y2 < y1 ≤ z}. For any ε > 0,

as δ ↓ 0, the integrand converges to a smooth function but D shrinks to an empty
set, since χδ has support size δ and w2 < 0 < y2, so the above integral vanishes
in the limit. The zeroth chaos of �̄U0

δ ∂W vanishes by the same argument, with the
derivative in (6.75) taken on the first K .

The second chaos of W∂�̄U0
δ and �̄U0

δ ∂W , as well as the term W∂W in ω̄4,
are bounded similarly as Lemma 5.18, except that instead of (5.22) one uses the
bound

|E(∂kW(z) ∂kW(z̄))|�
∫
|∂kK(z−w)∂kK(z̄− w̄)(χε ∗ χε)(w− w̄)|dwdw̄

� εκ |z− z̄|−1−2|k|−κ (6.76)

for |k| ∈ {0,1}, where the time variables of w and w̄ are restricted to [0, ε2], due to
the cutoff functions 1t≥0, 1t<0 and the compact support of χε in the definition of
W . (Note that W defined in (6.65) and �̃ε defined in (5.16) only differ by a cutoff
function 1t<0.) Finally, regarding the terms PY0∂W and W∂PY0 in the definition of
ω̄4, they vanish by the same proof of Lemma 5.19, except that in (5.23)-(5.24), one
obtains an extra factor εκ thanks to (6.76).

The difference estimates (6.72) between ωε� and ω̄ε,δ� follow the same arguments
using |||K −Kε|||−3−κ;m � εκ and |||χδ − χε|||−5−κ;m � (ε ∨ δ)κ . �

The next lemma ensures that the input distributions in our fixed point problem are
compatible with the corresponding modelled distributions.

Lemma 6.27 Consider ε ∈ [0,1] and δ ∈ [0, ε]. Then, for the model Zδ,ε
BPHZ

, ωε0 and ω̄δ0
is compatible with PU0�̄ and PU0� respectively. Furthermore

ωε1,ω
ε
2,ω

ε
3 and ω̄ε,δ1 , ω̄

ε,δ
2 , ω̄

ε,δ
3
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is compatible with

PY0∂�
U0,�U0∂PY0,�

U0∂�U0 and M∂�̄
U0
, �̄

U0
∂M, �̄

U0
∂�̄

U0
,

respectively. Finally, ω̄ε,δ4 is compatible with PY0∂W +W∂PY0 +W∂W .

Proof We first consider ε, δ > 0. For PU0�̄, it is clear that for t > 0

R̃(PU0�̄)(t, x)= σPU0ξε(t, x)= ωε0 (6.77)

because for any modelled distribution f in the span of the polynomials, one has
R̃(f �̄)(t, x)= (R̃f )(t, x)(R̃�̄)(t, x). This also proves the claim for ω̄δ0 since ω̄δ0 =
ωδ0. (Note that we required ε > 0 above since we cannot in general multiply arbitrary

ξ ∈ C− 5
2−κ and PU0 for U0 ∈ C� to obtain a distribution on all of R×T3.)

The case for ε = δ = 0 follows from the fact that the first equality in (6.77) still

holds on (0,∞) × T3 (in a distributional sense) and from the existence of ω0
0

def=
limε→0 PU0ξε in probability in C− 5

2−κ obtained in Lemma 6.26.
Consider again ε, δ > 0. For the same reason, we have for t > 0

R̃(PY0∂�
U0)(t, x)=PY0(t, x)R̃(∂�U0)(t, x)= ωε1(t, x)

and similarly R̃(�U0∂PY0)(t, x)= ωε2(t, x). Moreover, we claim that for t > 0

R̃(�U0∂�U0)= ωε3 . (6.78)

In fact, recalling the definition of �U0 in (6.51) and writing the polynomial lift of
PU0 as u1+ 〈∇u,X〉 plus higher order polynomials, one has

�U0∂�U0 = u∂u + u∂u + (· · · )

where (· · · ) stands for trees which do not require renormalisation. Here a crossed
circle denotes Xj$ with the index j ∈ {1,2,3} being equal to the derivative index
for the derivative (thick line) of the tree. The BPHZ renormalisation of the two trees

and yields renormalisation constants that are precisely given by (6.59), and
therefore one has (6.78).

The corresponding claims for ω̄ε,δ� with � = 1,2,3 follow in an identical way,
while the claim for ω̄4 is obvious. Finally, the case ε > 0 and δ = 0 follows from the
convergence of models (6.69) and the corresponding convergence ω̄ε,0� = limδ↓0 ω̄

ε,δ
�

in Lemma 6.26, and the case ε = δ = 0 follows from (6.70) and the convergences

ω0
� = lim

ε↓0
ωε� = lim

ε↓0
ω̄
ε,0
�

in Lemma 6.26. �
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Remark 6.28 As in the discussion in Sect. 5.2, for each z = (t, x) with t > 0, Y(z)
solves an algebraic fixed point problem of the form

Y(z)=Iz

(
Y(z)∂Y(z)+Y(z)3 + C̊zY(z)+ C̊hH+ U(z)�̄(z)

)
+ (· · · ) ,

where (· · · ) takes values in the polynomial sector, and similarly for U(z) and
H(z). From this we see that the solution Y(z) must be coherent with respect to
(6.15)–(6.17). Therefore, the renormalised equations are still given by Proposi-
tion 6.6. The appearance of the renormalisations in (6.58)-(6.59) are an artifact of
our decomposition (6.53). Namely, they correspond to the BPHZ renormalisations
of and (as pointed out in the proof of Lemma 6.27) which contribute to the
term CεGaugehi in Proposition 6.6; even if one were to renormalise the decomposed

equations, terms such as (cε1 + cε2)Û∂Û would arise in addition to the ones in (6.58),
which would still contribute to CεGaugehi . Also we note that the inputs ω’s match the
global reconstruction with the BPHZ model in the smooth setting, therefore the re-
constructed solution satisfies the correct initial condition.

6.4.2 Closing the analytic fixed point problem

In the rest of this subsection, we collect the deterministic analytic results needed to
solve and compare (6.55)+(6.56) and (6.63)+(6.56). The input necessary to solve the
two systems is a model Z, initial condition (6.52), distributions ω� and ω̄� compat-
ible with the corresponding f in every term of the form Gω(f ), and the modelled
distribution W in (6.62) which takes values in the polynomial sector.

We say that an ε-input of size r > 0 over time τ > 0 is a collection of such objects
which furthermore satisfy

|||Z|||ε;τ +�(Y0)+ |U0|C� + |h0|C�−1 + ε−ς |W| 7
4 ,− 1

2−κ;τ

+
4∑

�=0

(|ω�|Cα�τ + |ω̄�|Cα�τ + ε−ς |ω� − ω̄�|Cα�τ
)

(6.79)

+ sup
t∈[0,τ ]

{
�(�Z (t))+�(�Z (t))+ |�Z (t)|C−κ + |�Z (t)|C−κ

}≤ r ,

where ω4
def= 0, ς > 0 is the fixed parameter from Sect. 6.4.1 (which we later take

sufficiently small), �Z =&0 where we denote as usual Z = (&,�), and

(α0, α1, α2, α3, α4)

=
(
− 5

2
− κ,η− 3

2
− 2κ,η− 3

2
− 2κ,−2− 4κ,η− 3

2
− κ
)
.

Above and until the end of the subsection we write

def= Iz[�̄] , def= Iz[Iz[�̄]∂jIz[�̄]]
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def= Im[�] , def= Iz[Im[�]∂jIm[�]] .

Note that the thick line in and represents a spatial derivative, so each of these
really represents a collection of three basis vectors, one for each direction, indexed by
j . In (6.79), the corresponding norm should be interpreted as including a supremum
over j .

Remark 6.29 The choice ‘0’ in the definition �Z =&0 is completely arbitrary since

the structure group acts trivially on the set of symbols J def= { , , , } and there-
fore &0 =&x for all x ∈R×T3 when restricted to J .

Remark 6.30 The term on the left-hand side of (6.79) involving sup plays no role in
Lemma 6.31, but will be important in Proposition 6.32 below.

We assume throughout this subsection that χ is non-anticipative, which implies
that Kε is also non-anticipative.

Lemma 6.31 Consider r > 0, ε ∈ [0,1], and the bundle of modelled distributions
(
D̂
γz,ηz
αz ⊕ D̂γu,ηu

αu
⊕D

γh,ηh
αh

)
� Mε (6.80)

where

(γt, αt, ηt)=

⎧
⎪⎨

⎪⎩

( 3
2 + 3κ,− 1

2 − 2κ, β̂) if t= z ,

( 5
2 + 2κ,0, �) if t= u ,

(1+ 5κ,0, �− 1) if t= h .

(6.81)

Then there exists τ > 0, depending only on r , such for all ε-inputs of size r over time
τ there exist solutions S and S̄ in (6.80) on the interval (0, τ ) to (6.55)+(6.56) and
(6.63)+(6.56) respectively. Furthermore

|S − S̄ | .γ ,.η,ε;τ � ες (6.82)

uniformly in ε and ε-inputs of size r , where | • | .γ ,.η,ε;τ is the corresponding multi-
component modelled distribution (semi)norm for (6.81) on the interval (0, τ ). Finally,
when the space of models is equipped with the metric d1;τ , both S and S̄ are locally
uniformly continuous with respect to the input.

Proof We first prove well-posedness of the fixed point problem (6.55)+(6.56). For
simplicity we write γ for γz. As in the additive case (5.25), one has PY0 ∈ D̂

∞,η
0 ,

∂PY0 ∈ D̂
∞,η−1
0 , and, since Y0 ∈ I , Gz

(
PY0∂PY0

)
is well-defined as an element

of D̂
γ,β̂

0 due to (2.3). Also, for � ∈ (1/2,1), we recall that PU0 ∈ D
∞,�
0 and �̄ ∈

D∞,∞
− 5

2−κ
. Thus PU0�̄ ∈D

∞,�− 5
2−κ

− 5
2−κ

and, by Lemma A.4, we have (6.51), i.e., �U0 ∈
D
∞,−1/2−2κ
−1/2−2κ .
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Considering the terms in RQ as defined in (6.57), Lemma A.3 implies

PY0∂Ŷ ∈ D̂
γ−1,η+β̂−1
− 3

2−2κ
, Ŷ∂PY0 ∈ D̂

γ,η+β̂−1
− 1

2−2κ
, Ŷ∂Ŷ ∈ D̂

γ− 3
2−2κ,2β̂−1

−2−4κ

and �U0∂Ŷ , Ŷ∂�U0 ∈ D̂
γ− 3

2−2κ,β̂− 3
2−2κ

−2−4κ .

(6.83)

Since (η+ β̂ − 1)∧ (2β̂ − 1)∧ (β̂ − 3
2 − 2κ) >−2 by (I), using Theorem A.5, one

has Gz1+RQ ∈ D̂
γ,β̂

− 1
2−2κ

.

On the other hand, by (6.51), one has

PY0∂�
U0 ∈D

∞,η− 3
2−2κ

− 3
2−2κ

, �U0∂PY0 ∈D
∞,η− 3

2−2κ

− 1
2−2κ

, and

�U0∂�U0 ∈D∞,−2−4κ
−2−4κ

(6.84)

where η − 3
2 − 2κ < −2. Taking κ > 0 sufficiently small such that η + 1

2 < −2κ ,
Lemma A.4 therefore implies that the first line on the right-hand side of (6.55) be-

longs to D
∞,η+ 1

2−3κ
−5κ and thus to D̂

∞,η+ 1
2−3κ

−5κ by Remark A.1.

Moreover, using η < − 1
2 − 2κ , it follows from (6.51), (6.53), (6.54), and Re-

mark A.1 that for � ∈ (1/2,1)

Y ∈ D̂
γ,η

− 1
2−2κ

⇒ Y3 ∈ D̂
γ−1−4κ,3η
− 3

2−6κ
, and H ∈ D̂

1+5κ,�−1
0 ,

so Theorem A.5 applies and one has Gz1+
(
Y3 + C̊zY + C̊hH

) ∈ D̂
γ,β̂

− 1
2−2κ

.

Finally, recalling that γu = 5
2 + 2κ , we have

1+�̄ ∈ D̂
∞,− 5

2−κ
− 5

2−κ
and thus Û�̄ ∈ D̂

κ,�− 5
2−κ

− 5
2−κ

.

Using our assumption � > 1/2 one has �− 5
2 − κ >−2 for κ > 0 sufficiently small,

so Theorem A.5 again applies and one has Gz
(
Û�̄
) ∈ D̂

γ,β̂

− 1
2−2κ

.

Turning to the equation for H, using our assumptions (6.81), we have

[Bj ,Hj ] ∈D
γh− 1

2−2κ,η+ηh
− 1

2−2κ
, [Hj , ∂jH] ∈D

γh−1,2ηh−1

− 1
2−2κ

,

[[Bj ,Hj ],H] ∈D
γh− 1

2−2κ,η+2ηh
− 1

2−2κ
.

For the term [Hj , ∂jH] above, we used that the lowest degree term appearing in the
expansion for H is Ih′ [Iz[�̄]]. Recalling that � ∈ ( 1

2 ,1) and ηh = � − 1, as well
as η+ � > 0 (since (GI) implies (2.10) by Remark 2.27), one has η+ ηh >−1 and
(2ηh− 1)∧ (η+ 2ηh) >−2. Thus the right-hand side of the equation for H belongs
to D

γh,ηh
αh .
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Regarding the equations for U and Û , our assumption (6.81) on Û and the fact that
PU0 ∈D

∞,�
0 implies U ∈D

γu,ηu
0 , so

[Hj , [Hj , ·]] ◦ U ∈D
γh,2ηh
0

∼= D̂
γh,2ηh
0 ,

[[Bj ,Hj ], ·] ◦ U ∈D
γh− 1

2−2κ,η+ηh
− 1

2−2κ
∼= D̂

γh− 1
2−2κ,η+ηh

− 1
2−2κ

where 2ηh ∈ (−1,0), and η+ ηh >−1 as mentioned above. Noting that (γh − 1
2 −

2κ)+ 2− κ = γu, Theorem A.5 then implies that the right-hand side of the equation
for Û belongs to D̂

γu,ηu
αu . The fact that these maps stabilise and are contractions on a

ball follows from the short-time convolution estimates in Theorem A.5 as well as the
refinement of [56, Thm. 7.1] given by [22, Prop. A.4]. Local uniform continuity of
the unique fixed point with respect to the inputs follows in the same way as the proof
of [56, Thm. 7.8].

The well-posedness for the other system (6.63)+(6.56) also follows in the same
way, with the following differences.

• M ∈ D̂
7/4,η
0 now plays the role of PY0 in R̄Q. For the two corresponding terms

in (6.83), by Lemma A.3,

M∂Ŷ ∈ D̂
1
4−2κ,η+β̂−1

− 3
2−2κ

, and Ŷ∂M ∈ D̂
1
4−2κ,η+β̂−1

− 1
2−2κ

.

Therefore Gz1+R̄Q ∈ D̂
γ,β̂

− 1
2−2κ

as before.

• M likewise plays the role of PY0 in the first two terms in (6.84), for which,
using (6.64),

M∂�̄
U0 ∈D

1
4−2κ,η− 3

2−2κ

− 3
2−2κ

, and �̄
U0
∂M ∈D

1
4−2κ,η− 3

2−2κ

− 1
2−2κ

.

By Lemma A.4, the first line of the right-hand side of (6.63) is therefore in

D
γ,η+ 1

2−3κ
−5κ and thus in D̂

γ,η+ 1
2−3κ

−5κ by Remark A.1.

• Since W ∈ D̂
7/4,− 1

2−κ
0 and PY0 ∈ D̂

∞,η
0 , we have PY0∂W ∈ D̂

3/4,η− 3
2−κ

0 ,

W∂PY0 ∈ D̂
7/4,η− 3

2−κ
0 , and W∂W ∈ D̂

3/4,−2−2κ
0 . Therefore, for κ > 0 suffi-

ciently small, the second line of (6.63) is in D̂
γ,β̂

0 by Lemma A.4.

• For the term Gm1+
(
Û�
)
, we recall that Km = K̄ is the abstract integration

realising K(ε)m =Kε =K ∗ χε , and since Kε is non-anticipative, we can use the
statement in Theorem A.5 for non-anticipative kernels in the same way as for
equation (6.55).

It remains to compare the two systems and prove (6.82). First, by (6.51), (6.64),
(A.1) and Lemma A.7,

|�U0 − �̄
U0 |

D∞,− 1
2−2κ,ε

� |Kω0
z (PU0�̄)−Kω̄0

z (PU0�)|
D∞,− 1

2−2κ,ε
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+ |(Kω̄0
z −Kω̄0

m )(PU0�)|
D∞,− 1

2−2κ,ε

� |ω0 − ω̄0|C− 5
2−κ

+ |PU0(�− �̄)|
D∞,− 5

2−κ,ε
+ ες .

Also, as in [22, Eq. (7.19)-(7.20)] one has

|�− �̄|D∞,∞,ε + |1+�− 1+�̄|
D̂∞,− 5

2−κ,ε
� ες . (6.85)

By (6.85) and Remark A.1 one then has

|�U0 − �̄
U0 |

D̂∞,− 1
2−2κ,ε � ες . (6.86)

The same bounds hold for ∂(�U0 − �̄
U0
) with− 1

2 −2κ replaced by− 3
2 −2κ . More-

over, since

G(Û�̄)− Ḡ(Û�)= G(Û(�̄−�))+ (G − Ḡ)(Û�) , (6.87)

its D̂
γz,ηz
αz norm is of order ες using Theorem A.5, (6.85), and Lemma A.6.

Using (6.86), and again by Theorem A.5, the D̂
γz,ηz
αz norm of

G(RQ)− G(R̄Q)= G(Ŷ(∂�U0 − ∂�̄U0
))+ G((�U0 − �̄

U0
)∂Ŷ)

is also of order ες .
Turning to the first lines of (6.55) and (6.63), by (A.1) and Lemma A.7 we have

|Gω3
z (�

U0∂�U0)− Gω̄3
z (�̄

U0
∂�̄

U0
)|D∞,−5κ,ε

−5κ

� |ω3 − ω̄3|C−2−4κ + |�U0∂�U0 − �̄
U0
∂�̄

U0 |D∞,−2−4κ,ε
−2−4κ

.

(6.88)

By (6.51) and (6.86), one has

|�U0∂�U0 − �̄
U0
∂�̄

U0 |D∞,−2−4κ,ε
−2−4κ

� ες .

Therefore (6.88) is of order ες . The differences for the other two terms in the first
lines of (6.55) and (6.63) are bounded in the same way. We readily obtain (6.82) from
the above bounds and the short-time convolution estimates. �

With further assumptions on the models, we can obtain the following improved
convergence. Recall the definition of Y from (6.53).

Proposition 6.32 Suppose we are in the setting of Lemma 6.31. For every τ ∈ (0,1),
equip the space of models M1 with the pseudo-metric32

d1;τ (Z, Z̄)+ sup
t∈[0,τ ]

�(�Z (t),�Z̄ (t))+ |�Z −�Z̄ |C([0,τ ],C−κ ) .

32More precisely, we redefine M1 to be the closure of smooth models under this pseudo-metric with
τ = 1.
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Let λ ∈ (0,1) and r > 0. Then there exists τ ∈ (0,1), depending only on r , such that
I �→RY ∈ C([λτ, τ ],S) is a uniformly continuous function on the set

{
I = (Z,ω, (Y0,U0, h0)) ∈M1 ×

4⊕

�=0

Cα� ×�init

: I is a 1-input of size r over time τ
}
.

The same statement holds with Y replaced by Ȳ def= PY0 + �̄
U0 + Ŷ i.e. by the Y-

component of S̄ , ω replaced by ω̄, and and replaced by and .
Furthermore, as ε ↓ 0,

sup
t∈[λτ,τ ]

�(RY(t),RȲ(t))→ 0 (6.89)

uniformly over all ε-inputs of size r over time τ which satisfy

�Z =�Z , �Z =�Z . (6.90)

Proof We prove first the statement regarding uniform continuity of I �→RY . It fol-
lows from Lemma 6.31 and continuity of the reconstruction map that, for some

τ ∈ (0,1), RU is a uniformly continuous function into C([λτ, τ ],C 3
2−3κ ) of the input.

Truncating Y at level γ = 1
2 − 6κ , we can write

Y(t, x)= u(t, x) + v(t, x) + b(t, x)1 ,

where u=RU and v = u⊗u. Remark that the structure group acts trivially on , ,

and 1, and in particular b is a uniformly continuous function into C([λτ, τ ],C 1
2−6κ)

of the input.
The reconstruction of Y on [λτ, τ ] ×T3 is then

RY = u�Z + v�Z + b .

Observe that �Z and �Z are uniformly continuous functions into C([λτ, τ ],S)
and C([λτ, τ ],C−κ ) respectively of the input due to our choice of metric on M1.
Hence v�Z + b is a uniformly continuous function into C([λτ, τ ],C−κ ) of the
input. Furthermore, it follows from Lemmas 2.32, 2.33, and 2.38 that (g,Y ) �→ gY

is uniformly continuous from every ball in G� × S into S . Therefore u�Z is a
uniformly continuous functions into C([λτ, τ ],S) of the input. It follows from the
same perturbation argument as in (5.31) that RY is a uniformly continuous function
into C([λτ, τ ],S) of the input. The proof of the analogous statement for I �→RȲ is
identical.

It remains to prove (6.89). Due to (6.82), |b − b̄|C([λτ,τ ],C1/2−6κ )→ 0, and, com-
bining with continuity of the reconstruction map, |RU −RŪ |C([λτ,τ ],C3/2−3κ )→ 0 as
ε ↓ 0. Both convergences are uniform over all inputs of a given size. Then (6.89)
follows from assumption (6.90) and a similar argument as above. �
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Remark 6.33 Similar to [22, Rem. 7.16], one should be able to set λ = 0 in Propo-
sition 6.32 once the initial conditions are taken appropriately (namely h0 = (dg)g−1

for some g ∈G0,�) and extra assumptions on ω�, ω̄� are made of the type G ∗ ω0 ∈
C([0,1],S) andG∗ω� ∈ C([0,1],C−κ ) for �= 1,2,3,4. However, the weaker state-
ment with λ > 0 suffices for our purposes.

6.5 Renormalised local solutions

The main result of this subsection is Proposition 6.38 which shows that the SPDEs
(6.92) and (6.93) below, which we will later take to coincide with (6.3) (up to o(1))
and (1.16) respectively, converge to the same limit locally in time in C([0, τ ],S ×
G̃0,�).

We start by introducing some decomposition for our renormalisation constants.
Recalling that we have fixed a space-time mollifier χ , Proposition 6.6 defines the
renormalisation operators CεHiggs ∈ LG(V,V) and Cε

YM
,CεGauge,C

0,ε
Gauge ∈ LG(g,g), which

depend on σ ε ∈R. Recall from Propositions 5.7 and 6.6 that for j ∈ {1,2} there exist
Cεj,Higgs

∈ LG(V,V) and Cεj,YM
,Cεj,Gauge

,C
0,ε
j,Gauge

∈ LG(g,g) which are all independent

of σ ε , such that for C•• ∈ {CεYM
, CεHiggs, C

ε
Gauge, C

0,ε
Gauge},

C•• = (σ ε)2C•1,• + (σ ε)4C•2,• .
We first show in Proposition 6.34 that the SPDEs (6.92) and (6.93) converge (to

the same limit) locally in time as space-time distributions in C− 1
2−κ ((0, τ ) × T3).

This allows us to use a small noise limit argument in Lemmas 6.36 and 6.37 to show
that Cεj,YM

−Cεj,Gauge
and C0,ε

j,Gauge
are bounded in ε. This in turn allows us to improve the

mode of convergence in Proposition 6.38 to C([0, τ ],S × G̃0,�) by comparing (6.92)
and (6.93) to an SPDE with additive noise.

We define operators in LG(E,E) given by

Cε
YMH

def= (Cε
YM
)⊕3 ⊕CεHiggs , CεGaugeH

def= (CεGauge)
⊕3 ⊕ 0 ,

and C0,ε
GaugeH

def= (C0,ε
Gauge)

⊕3 ⊕ 0 .

To state Proposition 6.34, we fix σ ∈ R, and some choice of constants (σ ε ∈
R : ε ∈ (0,1]) with σ ε → σ . We also fix C̊A, C̊h ∈ LG(g,g), and some choice of
C̊εA, C̊

ε
h ∈ LG(g,g) with C̊εA → C̊A, and C̊εh → C̊h as ε ↓ 0, and then define as in

(6.14)

C̊εz = (C̊εA)⊕3 ⊕ (−m2) , C̊εh = (C̊εh)⊕3 ⊕ 0 . (6.91)

Finally we will simply write dgg−1 for dgg−1 ⊕ 0 ∈ E and recall the shorthand
notation (1.15) and that F is the filtration generated by the white noise.

Proposition 6.34 Suppose χ is non-anticipative and fix any initial data x̄ = (ā, φ̄) ∈
S and g(0) ∈G0,� . Consider the system of equations for X̄ = (Ā, �̄)

∂t X̄ =	X̄+ X̄∂X̄+ X̄3 +CεzX̄+ C̄εhdḡḡ−1 + σ εχε ∗ (ḡξ) (6.92)
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where ḡ solves the last equation in (6.3) with Ā given by the first component of the X̄
from (6.92) and we define ḡξ as in (1.11) with ḡ ≡ 1 on (−∞,0). Consider further
the system of equations for Y = (B,�)

∂tY =	Y + Y∂Y + Y 3 +CεzY +Cεhdgg−1 + σ ε(gξε) (6.93)

where g solves the last equation in (1.16) with B given by the first component of Y ,
and gξε is again defined by (1.11). Both systems are taken with initial conditions
X̄(0)= Y(0)= x̄ and ḡ(0)= g(0), and with renormalisation operators

Cεz = C̊εz +CεYMH
, Cεh = C̊εh +CεGaugeH , C̄εh = C̊εh +C0,ε

GaugeH . (6.94)

Then, for ε > 0, the system (6.92) is well-posed in the same sense as Theorem 6.1(i).
Furthermore, let (U,h) (resp. (Ū , h̄)) be defined by g (resp. ḡ) as in (6.2). Then

there exists τ > 0, depending only on supε∈(0,1)(|C̊εA| + |C̊εh | + |σ ε|), the realisa-
tion of the noise on [−1,2] × T3, and the size of (x̄, g(0)) in S ×G� , such that τ
is an F-stopping time and such that (X̄, Ū , h̄) and (Y,U,h) converge in probabil-

ity in C− 1
2−κ ((0, τ )× T3) to the same limit as ε ↓ 0. More precisely, there exists a

C− 1
2−κ((0,∞)×T3)-valued random variable (X,V,f ) such that

|(X,V,f )− (X̄, Ū , h̄)|
C−

1
2−κ ((0,τ )×T3)

+ |(X,V,f )− (Y,U,h)|
C−

1
2−κ ((0,τ )×T3)

→ 0

in probability as ε ↓ 0. Moreover, (X,V,f ) depends on the sequences C̊εA, C̊εh and
σ ε only through their limits C̊A, C̊h, and σ .

Proof We first claim that (6.92) is well-posed and is moreover the renormalised equa-
tion satisfied by the reconstruction of Y in (6.53) with respect to Z0,ε

BPHZ
, where Ŷ

solves the fixed point problem (6.63). The other inputs ω̄� and W for (6.63) are de-
fined by (6.65) and (6.66). Since Z0,ε

BPHZ
is not a smooth model, the proof of the claim

for (6.92) goes via obtaining the corresponding renormalised equation for the model
Zδ,ε

BPHZ
and then taking the limit δ ↓ 0, which is justified by the convergence (6.69) and

Lemmas 6.26-6.27.
By [11, Thm. 5.7] and [22, Prop. 5.68], together with the discussion in Sect. 6.4

(see in particular Remark 6.28), the reconstruction with respect to Z0,ε
BPHZ

of (Y,U ,H)
yields (X̄, Ū , h̄) where we write X̄ = (Ā, �̄), and by (6.18) from Proposition 6.6,
(Ū , h̄) satisfies the “barred” version33 of (6.4) which is not renormalised.

We first claim that Ū satisfies the conditions of Definition 6.5. Indeed, if ḡ
solves (6.3) for the given Ā, then Lemma 6.3 with this given Ā implies that (dḡ)ḡ−1

and �(ḡ) solve the “barred” version of (6.4) with the same initial condition as that of
(Ū , h̄), thus (Ū , h̄)= (�(ḡ), (dḡ)ḡ−1).

We apply Proposition 6.6, and take the limit δ ↓ 0 of the renormalisation constants
to conclude that X̄ solves (6.92) but with ḡξi replaced by Ūξi and (dḡ)ḡ−1 replaced

33That is with Ū and h̄ instead of U and h and also with B replaced by Ā.
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by h̄. It remains to observe that if (X̄′, ḡ) is the solution to (6.92) and the last equation
in (6.3), where ḡ is such that �(ḡ)= Ū and dḡḡ−1 = h̄, then similarly as above using
Lemma 6.3, we have X̄ = X̄′, which proves the claim that X̄ solves (6.92).

A similar argument shows that (6.93) is the renormalised equation satisfied by the
reconstruction of Y in (6.53) with respect to Z0,ε

BPHZ
, where Ŷ solves the fixed point

problem (6.55).
The probabilistic input from Lemmas 6.24, 6.26, and 6.27, together with the de-

terministic Lemma 6.31, Remark 6.30, and continuity of the reconstruction map
R : D

γt,ηt
αt → Cαt∧ηt((0, τ ) × T3), prove the statement concerning convergence in

probability as ε ↓ 0. The fact that τ is a stopping time follows from the fact that,
since χ and K are non-anticipative, one only needs to know the noise up to time
t > 0 to determine if the corresponding ε-input is of size r > 0 over time t .

Finally, the fact that (X,V,f ) in the proposition statement can be chosen to de-
pend only on the limits C̊A, C̊h, and σ follows from the continuity of the fixed point
problems (6.55)+(6.56) and (6.63)+(6.56) with respect to the coefficients of the non-
linearity, and with respect to the input model Zε

BPHZ
and distributions ωε�, ω̄

ε,0
� which

are multilinear functions of σ ε . �

Our next goal is to show boundedness of Cεz − Cεh and C̄ε
h

appearing in Proposi-

tion 6.34. This will allow us to relate X̄ and Y to a variant of equation (1.14), which
we study in Appendix C, and for which continuity into S at time t = 0 is simpler to
show since the noise appears additively.

We now take advantage of the parameter σ . For clarity we include the following
remark.

Remark 6.35 In Sects. 5 and 6, the parameter σ ε which multiplies the noise terms in
(5.4) and (6.92)–(6.93) is incorporated into our noise assignment,34 that is we look at
the BPHZ lifts of the noise σ εξ ε in Sect. 5 (and σ εξ ε , σ εξ in Sect. 6).

In the results below we perform small noise limits limε↓0 σ ε = 0. An important
fact is that in this limit the corresponding BPHZ lifts converge to the BPHZ lift of the
“noise” 0 (which is just the canonical lift of 0, that is the unique admissible model that
vanishes on any tree containing a label in L−). In fact, the full “ε-inputs” converge
to 0 (see the σ dependence in the bounds of Lemma 6.26), which allows us to argue
that the corresponding solutions converge (in the appropriate sense), as ε ↓ 0 to the
solution we obtain from the zero noise.

Lemma 6.36 For j ∈ {1,2}, let Dεj
def= Cεj,YM

−Cεj,Gauge
∈ LG(g,g). Then

sup
ε∈(0,1]

(|Dε1| + |Dε2|
)
<∞ .

Proof We proceed by contradiction, supposing that we have a subsequence of ε ↓ 0

along which limε↓0 r
ε
1 + rε2 =∞ where rεj

def= |Dεj |
1

2j . We then set σ̄ ε = (rε1 + rε2 )−1.

34For instance, the noise term in the abstract fixed point problem in Sect. 5 is just �̄, not σ ε�̄.
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By passing to another subsequence we can assume that

lim
ε↓0

(
(σ̄ ε)2Dε1, (σ̄

ε)4Dε2

)
= (Ĉ1, Ĉ2) �= (0,0) . (6.95)

It follows that we can find a constant z ∈ R such that if we set σ ε
def= zσ̄ ε and Ĉε

def=
(σ ε)2Dε1 + (σ ε)4Dε2 then Ĉε → Ĉ = z2Ĉ1 + z4Ĉ2 �= 0 along the subsequence for
which we have (6.95).

Now we set

C̊εA = 0 , C̊εh = Ĉε , (6.96)

as the constants in (6.91) and Proposition 6.34. We then note that the solution Y to
(6.93) for initial data (x̄, g(0)) ∈ S × G0,� , with renormalisation constants Cεz ,C

ε
h

given by (6.94), namely the solution to

∂tY =	Y + Y∂Y + Y 3 + ((Cε
YM
)⊕3 ⊕Cε�)Y

+ ((Ĉε +CεGauge)
⊕3 ⊕ 0)dgg−1 + σ εgξε ,

(6.97)

is equal to g •X where X solves (5.4) with initial data x
def= ḡ(0)−1 • x̄, with constants

(5.5) and C̊εA = 0 and σ ε as above, namely X solves

∂tX =	X+X∂X+X3 + ((Cε
YM
)⊕3 ⊕Cε�)X+ σ εξ ε . (6.98)

The key fact is that with our choices of constants one has Cε
YM
= Ĉε +CεGauge.

As ε ↓ 0 we have that σ ε → 0 and so, by Remark 6.35, the solutions to (6.98)
converge (in the sense given by Proposition 6.34) to the solution of the deterministic
PDE

∂tX =	X+X∂X+X3 − (0⊕3 ⊕m2)X .

(Recall that Cε� = CεHiggs −m2.) On the other hand, as ε ↓ 0 along our subsequence,
the solutions to (6.97) converge to the solution of the deterministic PDE

∂tY =	Y + Y∂Y + Y 3 − (0⊕3 ⊕m2)Y + (Ĉ⊕3 ⊕ 0)dgg−1 ,

where dgg−1 = h solves the deterministic PDE (6.4), which is non-zero for generic
initial conditions. We remind the reader that convergence as ε ↓ 0 of the solutions to
(6.4) is a straightforward consequence of Lemma 6.31 and continuity of the recon-
struction operator.

Since on the one hand the relation g • X = Y is preserved under the limit ε ↓ 0
but on the other hand g • X solves the same equation as X (i.e. without the last term
appearing in the equation for Y ), this gives us the desired contradiction.35 �

35Note that while Proposition 6.34 gives us convergence in a space where we don’t have continuity at t = 0,
the limiting deterministic equations certainly have continuity at 0 for smooth initial data and therefore must
be different as space-time distributions on (0, T )×T3 for sufficiently small T > 0.
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Lemma 6.37 Suppose χ is non-anticipative. Then

sup
ε∈(0,1]

(|C0,ε
1,Gauge

| + |C0,ε
2,Gauge

|)<∞ .

Proof We proceed similarly to the proof of Lemma 6.36, except that now instead of
comparing Y with a gauge transformation of X, we compare X̄ with X.

Arguing by contradiction, we suppose as in the proof of Lemma 6.36 that we have
a subsequence ε ↓ 0 and σ ε→ 0 with

(σ ε)2C0,ε
1,Gauge

+ (σ ε)4C0,ε
2,Gauge

= C0,ε
Gauge → C0,0

Gauge �= 0 .

This time, we consider (X̄, ḡ) as in Proposition 6.34 – namely, with X̄ = (Ā, �̄) solv-
ing (6.92) and ḡ as in (6.3) – and choose

C̊εA
def= 0 and C̊εh

def= −C0,ε
Gauge (6.99)

as the constants in (6.91). For any ε > 0, define the transformation of the white noise
T ε : ξ �→ T ε(ξ) by T ε(ξ) = ḡξ on [0, τ ] and T ε(ξ) = ξ on R \ [0, τ ]. Recall here
that τ > 0 is the F-stopping time as in Proposition 6.34. In particular, since χ is non-
anticipative, ḡ is adapted to F, it follows that this operation is well defined and that

moreover T ε(ξ)
law= ξ .36

Then, by definition, X̄ = X̃ def= (Ã, �̃) on [0, τ ] where X̃ and g̃ solve

∂t X̃ =	X̃+ X̃∂X̃+ X̃3 +CεzX̃+ σ εχε ∗ T ε(ξ) ,
(∂t g̃)g̃

−1 = ∂j ((∂j g̃)g̃−1)+ [Ãj , (∂j g̃)g̃−1] ,
X̃(0)= x̄ ∈ S , g̃(0)= ḡ(0) ∈G

0,� .

(6.100)

(The reason why the term C̄ε
h

dg̃g̃−1 is absent is that C̄ε
h
= 0 thanks to our choice

(6.99).) Remark that, for every ε > 0, the above equations are well-posed and (X̃, g̃)

are smooth for t > 0 since T ε(ξ)
law= ξ , and thus (X̃, g̃) can be extended to maximal

solutions in (S ×G0,�)sol.
On the one hand, by Remark 6.35, X̄ converges in probability on [0, τ ] (in the

sense given by Proposition 6.34) to the solution of the deterministic equation

∂t X̄ =	X̄+ X̄∂X̄+ X̄3 − (0⊕3 ⊕m2)X̄− ((C0,0
Gauge)

⊕3 ⊕ 0)dḡḡ−1 , (6.101)

where ḡ solves the relevant equation in (6.3). On the other hand, since T ε(ξ)
law= ξ , it

follows from Theorem 5.1 that X̃ converges in law (and thus in probability) in Ssol

to the solution of the deterministic equation

∂t X̃ =	X̃+ X̃∂X̃+ X̃3 − (0⊕3 ⊕m2)X̃ . (6.102)

36This equality in law follows from applying Itô’s isometry to T ε(ξ), using that ḡ acts by an orthogonal
representation, and then appealing to Lévy’s characterisation of Brownian motion.
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Since we can choose ḡ0 so that dḡ0g
−1
0 �= 0, we can find initial data for which the

(deterministic) solution of (6.101) differs from that of (6.102) for all sufficiently small
times, which gives the desired contradiction. �

We are now ready to improve the mode of convergence in Proposition 6.34.

Proposition 6.38 The conclusion of Proposition 6.34 holds with the improvement
that (X̄, Ū , h̄) and (Y,U,h) converge in probability in C([0, τ ],S × G̃0,�) as ε ↓ 0.
More precisely, the random variable (X,V,f ) in Proposition 6.34 takes values in
C([0, τ ],S × G̃0,�) and

|(X,V,f )− (X̄, Ū , h̄)|C([0,τ ],S×G̃0,�)
+ |(X,V,f )− (Y,U,h)|C([0,τ ],S×G̃0,�)

→ 0

in probability as ε ↓ 0.

Proof Continuing from the proof of Proposition 6.34 – Corollary 3.15 and Proposi-
tion 6.32 provide the additional probabilistic and deterministic input respectively to
conclude the desired statement with C([0, τ ],S × G̃0,�) replaced by C([λτ, τ ],S ×
G̃0,�) for any fixed λ ∈ (0,1).

To lighten notation, we will only consider the X̄ and Y components henceforth;
how to add back Ū , h̄ and U,h will be clear. We assume henceforth that τ ∈ (0,1).

For ε > 0, we extend Y to a function in C([0,1],S) by stopping it at τ . It follows
from the above that there exists a C((0,1],S)-valued random variable Z such that
supt∈(λ,1]�(Z(t), Y (t))→ 0 in probability as ε ↓ 0 for every λ > 0. We now claim
that

lim
λ↓0

lim sup
ε↓0

P
[

sup
t∈[0,λ]

�(Y(t), Y (0)) > δ
]
= 0 ∀δ > 0 , (6.103)

and likewise for X̄. To prove (6.103), a similar calculation as in [22, Sect. 2.2] implies
that Y = g • X where X,g solve (C.1)-(C.2) with operator

cε
def= Cεh −Cεz�g3 = (C̊εh)⊕3 + (CεGauge)

⊕3 − (C̊εA)⊕3 − (Cε
YM
)⊕3 (6.104)

and initial condition x = g(0)−1 • x̄.
Observe that supε∈(0,1] |cε| <∞ due to Lemma 6.36. It follows from a simi-

lar proof to that of Theorem 5.1 with minor changes as indicated in the proof of
Lemma C.1, that (6.103) holds with �(Y(t), Y (0)) replaced by �(X(t),X(0)) +
|g(t)−g(0)|G0,� . Recalling from Proposition 2.28 that (g,X) �→ g •X is a uniformly
continuous function from every ball in G0,� × S into S , we obtain (6.103) from the
identity Y = g • X.

Observe that (6.103) implies that Z can be extended to a C([0,1],S)-valued ran-
dom variable by defining Z(0)= Y(0) and supt∈[0,1]�(Y(t),Z(t))→ 0 in probabil-
ity as ε ↓ 0.

We now claim that (6.103) holds with Y replaced by X̄, where we also extend X̄
to a function in C([0,1],S) by stopping it at τ . Recall that τ > 0 is the F-stopping
time, which depends only on ξ�[−1,2]×T3 (through the size of its BPHZ model), for
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which X̄ is well-defined and converges in probability in C([λτ, τ ],S) as ε ↓ 0 to the
same limit Z as Y for all λ ∈ (0,1).

To prove the claim, for ε > 0, define as in the proof of Lemma 6.37 the transfor-
mation of the white noise T : ξ �→ T (ξ), where T (ξ) = ḡξ on [0, τ ] and T (ξ) = ξ
on R \ [0, τ ]. Then X̄ = X̃ def= (Ã, �̃) on [0, τ ] where (X̃, g̃) ∈ (S ×G0,�)sol denotes
the maximal solution to

∂t X̃ =	X̃+ X̃∂X̃+ X̃3 +CεzX̃+ C̄εhdg̃g̃−1 + σ εχε ∗ T (ξ) ,
(∂t g̃)g̃

−1 = ∂j ((∂j g̃)g̃−1)+ [Ãj , (∂j g̃)g̃−1] ,
X̃(0)= (ā, φ̄) ∈ S , g̃(0)= ḡ(0) ∈G

0,� .

Since χ is non-anticipative, Lemma 6.37 yields supε∈(0,1] |C̄εh|<∞. Since T (ξ)
law=

ξ , it follows again from the same proof as Theorem 5.1 with small changes as indi-
cated in the proof of Lemma C.1 / C.2 that (6.103) holds with Y replaced by X̃. (In
fact, if we knew that C̄ε

h
converges to a finite limit as ε ↓ 0, then we would know that

(X̃, g̃) converges in (S×G0,�)sol.) Since X̄ = X̃ on [0, τ ], it also follows that (6.103)
holds with Y replaced by X̄ as claimed.

Finally, recalling that supt∈(λ,1]�(X̄(t), Y (t))→ 0 in probability as ε ↓ 0 for all
λ ∈ (0,1), it follows that supt∈[0,1]�(X̄(t), Y (t))→ 0 in probability as ε ↓ 0 as re-
quired. �

6.6 Convergence of maximal solutions

The main result of this subsection is the following.

Proposition 6.39 Suppose we are in the setting of Proposition 6.34. Then (X̄, Ū , h̄),
obtained as in Theorem 6.1(i), converge in probability as maximal solutions in (S ×
G̃0,�)sol as ε ↓ 0.

Remark 6.40 The proof of Proposition 6.39 applies with several changes to show
convergence of (Y,U,h) as maximal solutions. However, we will derive this result
below more simply in Corollary 6.42 using pathwise gauge equivalence.

Proof As in [22, Sect. 7.2.4], it will be convenient to consider a different abstract
fixed point problem from (6.63), which solves instead for the ‘remainder’ of X̄. Like
in [22], this new fixed point will encode information of Ū on an earlier time interval
which is necessary to make sense of the term χε ∗ (ḡξ). In addition to this, and
unlike in [22], it is important that this new fixed point problem will have an improved
regularity in the initial condition for X̄.

To motivate the new fixed point problem, consider the system of SPDEs given by
(6.92)+(6.4). Note that if we start with an arbitrary initial condition at some earlier
time t0 < 0, then the solution at time 0 is necessarily of the form

X̄0 =
(
Kε ∗ (Ūξ))(0, •)+K ∗ (Kε ∗ (Ūξ)∂Kε ∗ (Ūξ))(0, •)+ X̃0 ,
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where X̃0 ∈ C−κ (even in C 1
2−, but we don’t need to use this). Looking now at positive

times, it is straightforward to see that X = X̃ + Z1 + Z2 where Z1 = Kε ∗ (Ūξ),
Z2 =K ∗ (Z1∂Z1), and Ū solves (6.2) for positive times and is equal to its previous
value for negative times, and X̃ solves the fixed point problem

X̃ =PX̃0 +G ∗ 1+(X̃3 + X̃∂X̃+ C̊zX̃+ C̊hh−Z1∂Z1) . (6.105)

We now lift this to a fixed point problem in a suitable space of modelled distri-

butions. For this, assume that we are given X̃0 ∈ C−κ , h0 ∈ C 1
2−3κ , and a modelled

distribution Ũ ∈D
5
2+2κ defined on [−T ,0] ×T3 for some T ∈ (0,1) and taking val-

ues in the corresponding sector of our regularity structure. One should think of Ũ as
the ‘previous’ Ū restricted to a sufficiently short interval [−T ,0].

As earlier, we decompose U =PŪ0 + Û . We therefore extend Ũ to positive times
by the Taylor lift of the harmonic extension of its reconstruction Ū0 at time 0. Note
that Ū0 is simply given by the component of Ũ multiplying 1 since the sector corre-

sponding to U is of function type. We also have Ū0 ∈ C 3
2−3κ which implies that, as a

modelled distribution on [−T ,∞)×T3, Ũ ∈ D̄
5
2+2κ, 3

2−3κ
0 .

Let us write now

Z1 = Gm(U�) and Z2 = Gz(Z1∂Z1) ,

where U = Ũ+ Û . Here Û and H solve (6.56), and Y def= Z1+Z2+ Ỹ where Ỹ solves

Ỹ =PX̃0 + Gz1+(Y3 +Y∂Y + C̊zY + C̊hH−Z1∂Z1) . (6.106)

We claim that we can solve for

(Ỹ, Û ,H) ∈D
3
2+3κ,−κ

0 × D̂
5
2+2κ, 3

2−3κ
0 ×D

1+5κ, 1
2−3κ

0 .

Indeed, by Lemma A.3 and Theorem A.5, U� ∈ D̄κ,−1−4κ
− 5

2−κ
and Z1 ∈ D̄2−κ,1−5κ

− 1
2−2κ

.

Hence

Z1∂Z1 ∈ D̄
1
2−3κ,− 1

2−7κ
−2−4κ ⇒Z2 ∈D

5
2−4κ, 3

2−8κ
−5κ .

Furthermore X̃0 ∈ C−κ and the ‘right-hand side’ is

Y3 +Y∂Y + C̊zY + C̊hH−Z1∂Z1 ∈ D̄
κ,− 3

2−3κ

− 3
2−6κ

⊂D
κ,− 3

2−6κ

− 3
2−6κ

.

Note how −Z1∂Z1 cancels the worst term in Y∂Y , so that the worst terms are now

Z3
1 ∈ D̄1−5κ,−9κ

− 3
2−6κ

and Z1∂Ỹ ∈ D̄
κ,− 3

2−3κ

− 3
2−2κ

. Since D
κ,− 3

2−6κ

− 3
2−6κ

is stable under multiplica-

tion by 1+, the fixed point problem (6.106) is well-posed.
Furthermore, under the same pseudo-metric on models as in Proposition 6.32, the

reconstruction (X̄, X̃,Z1,Z2, Ū , h̄) of the solution (Y, Ỹ,Z1,Z2,U ,H) is a locally
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uniformly continuous function into C([λτ, τ ],S × C−κ × S × C−5κ × G̃0,�) (for any
fixed λ > 0) of the tuple

(Z, Ũ , X̃0, h0) ∈M1 ×D
5
2+2κ × C−κ × C

1
2−3κ

where τ is locally uniform in the tuple. (Note how we do not require the input distri-
butions ω̄ any more because the initial condition is in C−κ instead of Cη for η <− 1

2 .)
For ε ∈ [0,1], the construction of the maximal solutions (modelled distribu-

tions) (Y,U ,H) is then similar to [22, Def. 7.20]. Namely, we begin by solv-
ing for (Y,U ,H) using the original equation (6.63)+(6.61)+(6.56) on an interval

[0, σ1] def= [0,2τ1]. The underlying model is Z0,ε
BPHZ

∈ M1 as in Lemma 6.24, W is
taken as in (6.65), and ω̄0

0, ω̄ε,0� for � ∈ {1,2,3}, and ω̄ε4 are defined through (6.66)
and Lemma 6.26.

We then take T = τ1 with time centred around σ1 and U�[σ1−T ,σ1] playing the role

of Ũ above, and

X̃0
def= R(Y −Z1 −Z2)(σ1) and h0

def= (RH)(σ1) .

Solving now (6.106)+(6.56) with this data (and the same model Z0,ε
BPHZ

), we extend the

solution to the interval [0, σ2] def= [0,2τ1 + 2τ2].
Then we set T = τ2, centre time around σ2, and solve again (6.106)+(6.56) with

Ũ = U�[σ2−T ,σ2], X̃0 = (RỸ)(σ2) and h0 = (RH)(σ2). We thus extend the solution
(Y,U ,H) to the interval [0, τ ∗) where τ " =∑∞

k=1 σk .
The proof of the proposition is then similar to that of [22, Prop. 7.23]. In par-

ticular, similar to [22, Remarks 7.21, 7.22], the reconstruction (X̄, Ū , h̄) solves the
renormalised PDEs (6.92)+(6.4) on the interval [0, σn] provided that ε2 < τi for all
i = 1, . . . , n. Moreover, by the convergence of models from Lemma 6.24 and Corol-
lary 3.15, for every n≥ 1, there exists εn such that we can choose the same τ1, . . . , τn
for all ε ∈ [0, εn].

The final important remark is that for ε = 0, the reconstructions of the above max-
imal solutions on each interval (σk, σk+1] coincide with the reconstructions of the
solutions to the original fixed point problem (6.63) with W = 0 and ω̄� defined again
through (6.66) and Lemma 6.26 – note that, since we take δ ↓ 0 first and then ε ↓ 0,
the initial condition at each time step σk is independent of ξ�[σk,∞) (modulo centring
time around σk), therefore the estimates and convergence results from Lemma 6.26
still hold since σk can be taken as a stopping time. In particular, the maximal solution
for ε = 0 is in (S × G̃0,�)sol, which, combined with Proposition 6.38, implies that
(X̄, Ū , h̄) converges as ε ↓ 0 in (S × G̃0,�)sol (in probability). �

6.7 Gauge covariance

In this subsection we prove Theorem 6.1. We keep using the notation of Sect. 6.5.
Following Proposition 6.38, we will use the main result of Appendix D to show that
Cεj,YM

− Cεj,Gauge
and C0,ε

j,Gauge
both converge to finite limits as ε ↓ 0. This in turn will

allow us to conclude the proof of Theorem 6.1.
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Proposition 6.41 Suppose χ is non-anticipative. With notation as in Lemma 6.36,
there exists (D1,D2) ∈ LG(g,g)2 such that

lim
ε↓0
(Dε1,D

ε
2)= (D1,D2) .

Moreover, (D1,D2) does not depend on the choice of mollifier.

Proof We start by proving the first statement regarding ε ↓ 0 convergence. Recalling
that supε∈(0,1]

(|Dε1| + |Dε2|
)
<∞ by Lemma 6.36, we argue by contradiction and

suppose that there exist sequences εn, ε̃n ↓ 0 along which we have distinct limits

(D
εn
1 ,D

εn
2 )→ (D1,D2) and (D

ε̃n
1 ,D

ε̃n
2 )→ (D̃1, D̃2) , (6.107)

as n→∞. We will show that this gives rise to a contradiction with the results of
Appendix D. We first note that we can find σ such that, setting D = σ 2D1 + σ 4D2
and D̃ = σ 2D̃1 + σ 4D̃2, we have D �= D̃. We fix g0 ∈G0,� such that D⊕3dg0g

−1
0 �=

D̃⊕3dg0g
−1
0 and some arbitrary Y0 ∈ S .

Now for ε > 0 let (Xε, gε) be the maximal solution to (5.4) (with σ ε = σ and
C̊εA = C̊A = 0) and (1.17), started from the initial data (X0, g0) where Y0 = g0 • X0.
Observe that, by Lemma C.1, (Xε, gε) converges in probability in (S ×G0,�)sol as

ε ↓ 0 to a limit we denote (X,g). On the other hand, Y ε
def= gε • Xε solves

∂tY
ε =	Yε + Y ε∂Y ε + (Y ε)3 +CzY

ε +Cεhdgg−1 + σ ε(gξε) , Ỹ ε(0)= Y0 ,

where in the definitions of Cz
def= Cεz and Cε

h
one takes C̊εA = C̊A = 0 and C̊εh =

σ 2Dε1 + σ 4Dε2. Then, by (6.107), we have C̊εnh →D and C̊ε̃nh → D̃.
For the rest of the argument we recall the space of local solutions (S × G̃0,�)lsol

and local solution map ABPHZ,lsol
σ introduced in Remark D.8.

Then there exists some strictly positive F-stopping time τ such that, in probability,
we have

lim
n→∞(τ, Y

εn,Uεn, hεn)→ABPHZ,lsol
σ [0,D,X0, g0]

and lim
n→∞(τ, Y

ε̃n ,U ε̃n, hε̃n)→ABPHZ,lsol
σ [0, D̃,X0, g0] .

Here U,h (resp. Uεn,hεn /Uε̃n, hε̃n ) are obtained from g (resp. gεn / gε̃n ) via (6.2).
On the other hand, since (Xε, gε) does not depend on C̊εh and by the continuity of

the group action given in Proposition 2.28, it follows that

lim
n→∞(τ, Y

εn,Uεn, hεn)= lim
n→∞(τ, Y

ε̃n ,U ε̃n, hε̃n)= (τ,X,U,h) , (6.108)

in probability, as random elements of (S × G̃0,�)lsol – here (τ,X,U,h) is defined by
stopping the maximal solution (X,U,h) ∈ (S × G̃0,�)sol at τ .

By (D.13) and cancelling stochastic integrals and terms
(
0⊕3⊕(−m2)

)
X on either

side, we have the almost sure equality

D⊕3h1(0,τ ) = D̃⊕3h1(0,τ ) .
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However, this is a contradiction since limt↓0 h(t) = dg0g
−1
0 – this finishes the proof

of the first statement of the proposition.
The statement about independence with respect to our choice of mollifier χ can be

proven with the same argument – the key point above was that the limit (τ,X,U,h) in
(6.108) is independent of which ε ↓ 0 subsequence we choose, thanks to BPHZ con-
vergence.37 However, the BPHZ model that defines (τ,X,U,h) is also insensitive to
the choice of mollifier one uses when taking ε ↓ 0. Therefore the argument above to
prove uniqueness of the limiting constants obtained with two different ε ↓ 0 subse-
quences and a single mollifier can be repeated when taking ε ↓ 0 with two different
mollifiers. �

As a corollary of Proposition 6.41 and the proof of Proposition 6.38, we obtain
convergence of (Y,U,h) as maximal solutions.

Corollary 6.42 In the setting of Proposition 6.34, (Y,U,h) converges in probability
in (S × G̃0,�)sol as ε ↓ 0.

Proof ConsiderX,g as in the proof of Proposition 6.38. Since cε in (6.104) converges
as ε ↓ 0 to a finite limit due to Proposition 6.41, (X,g) converges in probability in
(S ×G0,�)sol as ε ↓ 0 due to Lemma C.1. Since Y = g • X and (U,h) are defined
from g by (6.2) for all positive times (until the blow-up of (X,g)), the conclusion
follows from the local uniform continuity of the group action (Proposition 2.28). �

The next proposition concerns the ε ↓ 0 limit of the renormalisation constants
C0,ε

Gauge which appear in the renormalised equations for X̄.
Assume that the mollifier χ is non-anticipative. For any fixed ε > 0, after taking

δ ↓ 0, since ḡ is adapted one expects that the law of X̄ should remain the same if
one replaces ḡξ by ξ , in which case the equation for X̄ would simply become the
equation for X. Therefore one expects that C0,ε

Gauge should vanish when the mollifier χ
is non-anticipative. However the following result is sufficient for our needs.

Proposition 6.43 Suppose χ is non-anticipative. Then, for j ∈ {1,2}, there exists
C

0,0
j,Gauge

∈ LG(g,g) such that

lim
ε↓0
(C

0,ε
1,Gauge

,C
0,ε
2,Gauge

)= (C0,0
1,Gauge

,C
0,0
2,Gauge

) .

Moreover, (C0,0
1,Gauge

,C
0,0
2,Gauge

) is independent of our choice of non-anticipative χ .

Proof We first prove the limit as ε ↓ 0 for a fixed choice of mollifier. Recall that by
Lemma 6.37 we have supε∈(0,1](|C0,ε

1,Gauge
| + |C0,ε

2,Gauge
|) <∞. To prove convergence we

37This is clearly true for the maximal solution (X,U,h). The stopping time τ can also be chosen small
enough in a way that only depends on the limiting BPHZ model and initial data (X0, g0) and an a-priori
bound on the constants C̊εA, C̊εh .
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again argue by contradiction and suppose that we have sequences εn and ε̃n going to
0 along which we have the distinct limits

(C
0,εn
1,Gauge

,C
0,εn
2,Gauge

)→ (C
0,0
1,Gauge

,C
0,0
2,Gauge

)

and (C
0,ε̃n
1,Gauge

,C
0,ε̃n
2,Gauge

)→ (C̃
0,0
1,Gauge

, C̃
0,0
2,Gauge

) .

(6.109)

We fix σ ∈ R such that, if we set D = σ 2C
0,0
1,Gauge

+ σ 4C
0,0
2,Gauge

and D̃ = σ 2C̃
0,0
1,Gauge

+
σ 4C̃

0,0
2,Gauge

, one has D �= D̃. Fix ḡ0 ∈G0,� such that

D⊕3dḡ0ḡ
−1
0 �= D̃⊕3dḡ0ḡ

−1
0 (6.110)

along with some arbitrary X̄0 ∈ S .
Again, for ε > 0, and this time making ε-dependence explicit, let X̄ε, ḡε be the

maximal solution to (6.92) with σ ε = σ , C̊εh =−σ 2C
0,ε
1,Gauge

− σ 4C
0,ε
2,Gauge

, and C̊εA = 0

started from initial data (X̄0, ḡ0). By Proposition 6.39 we have the convergence in
probability

(X̄εn, Ū εn , h̄εn)→ABPHZ

σ [0,−D,X0, g0]
and (X̄ε̃n , Ū ε̃n , h̄ε̃n )→ABPHZ

σ [0,−D̃,X0, g0] .
Here Ū ε, h̄ε are obtained from ḡε as in (6.2) and ABPHZ

σ is the BPHZ solution map
given in (D.1).

Now, let (Xε, gε) be the maximal solution to (C.6)–(C.7) with C̊εA = 0 and cε = 0
started from initial data (X̄0, ḡ0). Due to our choice of renormalisation constants,
(Xε, gε) is equal to (X̄ε, ḡε) in law. Moreover, by Lemma C.2, (Xε, gε) converges in
probability as ε ↓ 0 to a limit (X,g).

It follows that ABPHZ

σ [0,−D,X0, g0] law= ABPHZ

σ [0,−D̃,X0, g0] but this combined
with (6.110) gives a contradiction with Lemma D.1 since

lim
n→∞E

[
On(ABPHZ

σ [0,−D,X0, g0])
]=−D⊕3dg0g

−1
0

and lim
n→∞E

[
On(ABPHZ

σ [0,−D̃,X0, g0])
]=−D̃⊕3dg0g

−1
0 .

The above argument finishes the proof of the first statement. The second statement,
regarding independence of the limit with respect to our choice of non-anticipative
mollifier χ , can be also be proven using the above argument – the relation between
the first and second statement of this proposition mirrors what is explained in the
final paragraph of the proof of Proposition 6.43 – again the limit (X,g) of (Xε, gε)
above does not depend on the choice of mollifier. Thus we can repeat the argument
above for two sequences obtained by taking ε ↓ 0 for two different non-anticipative
mollifiers. �

Proof of Theorem 6.1 Part (i) was already proven in Proposition 6.34.
We now prove part (ii). We will apply Proposition 6.38 (together with Proposi-

tion 6.39 and Corollary 6.42) with σ ε = σ = 1. Note that Proposition 6.38 holds for



666 A. Chandra et al.

any choice of converging sequence (C̊εA, C̊
ε
h). We now find the claimed ε-independent

Č, so that for any C̊A as in Theorem 6.1, we can choose suitable (C̊εA, C̊
ε
h) for the

systems in Proposition 6.38 so that the two systems (1.16)+(6.3) being compared in
Theorem 6.1 and the two systems (6.93)+(6.92) being compared in Proposition 6.38
match, at least up to order o(1). To match (1.16) and (6.93) we require

Cε
YM
+ C̊A = CεYM

+ C̊εA , Cε
YM
+ C̊A = C̊εh +CεGauge , (6.111)

while to match (6.3) and (6.92) to order o(1) we require

Cε
YM
+ C̊A = CεYM

+ C̊εA , C̊A − Č = C̊εh +C0,ε
Gauge + o(1) . (6.112)

To satisfy the first identities in (6.111)–(6.112), we take C̊εA = C̊A.
For the second identities, by Proposition 6.41, one has convergence of Cε

YM
−CεGauge.

We therefore set

C̊εh
def= Cε

YM
−CεGauge + C̊A ,

so that the second identity in (6.111) is satisfied and limε↓0 C̊
ε
h exists. Furthermore,

by Proposition 6.43 and the non-anticipative assumption on χ , one has convergence
of C0,ε

Gauge. We therefore set

Č
def= lim

ε↓0
(CεGauge −C0,ε

Gauge −CεYM
) , (6.113)

so that the second identity in (6.112) is satisfied. Since the difference between the
constants in the two systems (6.3) and (6.92) vanishes, stability of the fixed point
problem (6.63) with respect to C̊h implies that the two systems converge in probabil-
ity to the same limit.

The claimed convergence in probability in part (ii) therefore follows from Propo-
sition 6.38 with the above choice of (C̊εA, C̊

ε
h) together with Proposition 6.39 and

Corollary 6.42. Indeed, Proposition 6.39 and Corollary 6.42 imply that the two sys-
tems converge separately as maximal solutions in probability in (S × G̃0,�)sol as
ε ↓ 0, while Proposition 6.38 implies the two limits are equal on an interval [0, τ ]
where τ > 0 is an F-stopping time bounded stochastically from below by a distribu-
tion depending only on the size of the initial condition. Since both limits are (time-
homogenous) (S × G̃0,�)-valued strong Markov process with respect to F, it follows
that they are equal almost surely as (S × G̃0,�)sol-valued random variables.

Furthermore, Č is unique by the injectivity in law given by Lemma D.1 – any
alternative choice of Č would mean that each of the each of the two systems again
converge to solutions of the form ABPHZ

1 [C̊A, C̊h, x, g0], but now with distinct choices
of (C̊A, C̊h) for each of the systems. This completes the proof of part (ii).

For part (iii) of the theorem, observe that the right hand side of (6.113) is in-
dependent of C̊A thanks to Remark 6.8 and independent of our specific choice of
non-anticipative χ thanks to the second statements in Propositions 6.41+6.43.

The final part (iv) of the theorem is mostly a reformulation of the other parts of
the theorem. Note that (g • X,U,h) is almost surely equal to the maximal solution
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(Y,U,h)= (B,�,U,h) (as given in part (ii) of the theorem) started from the initial
data (g0 • x,�(g0),dg0g

−1
0 ). On the other hand, if (X̄, Ū , h̄) (again, the limiting solu-

tion given in part (ii)) is started from initial data (g0 • x,�(g0),dg0g
−1
0 ) then we have

(Y,U,h)= (X̄, Ū , h̄) almost surely, in particular (Y,U,h)
law= (X̄, Ū , h̄).

Finally, we have that (X̄, Ū , h̄)
law= (X̃, Ũ , h̃) for all choices of (x, g0) ∈ S ×G0,�

if and only if C̊A = Č. To see that C̊A = Č is a sufficient condition for this equality
in law, note that, for ε > 0 and non-anticipative mollifiers, we have equality in law
for the solutions of (6.3) and those of (C.6)+(C.7) (with cε = 0).

To see that C̊A = Č is a necessary condition for (X̄, Ū , h̄)
law= (X̃, Ũ , h̃), note that,

by the injectivity in law given by Lemma D.1, there exists a choice of (g0 • x,g0) ∈
S × G0,� for which limits of the law of (X̄, Ū , h̄) started from (g0 • x,g0) has a
different law then that of the limit of the maximal solutions to a modification of
(6.3) where one again starts from (g0 • x,g0) but drops the term (C̊A − Č)(∂i ḡ)ḡ−1.
However, this latter law is equal to the law of (X̃, Ũ , h̃) (again, since the dynamics
only differ by a rotation of the noise by an adapted gauge transformation). This shows

that if C̊A �= Č then there exists initial data for which (X̄, Ū , h̄) �law= (X̃, Ũ , h̃). �

7 Markov process on gauge orbits

We finally turn to the existence and uniqueness of a Markov process on the orbit
space O associated to the SPDE (1.14), which is the second part of Theorem 1.9.

We first adapt to our setting the notion of a generative probability measure
from [22] in order to specify the way in which a Markov process is canonical. Our
definition differs slightly from that of [22] due to the different structure of the quotient
space.

Definition 7.1 Unless otherwise stated, a white noise ξ = (ξ1, ξ2, ξ3, ζ ) is understood
to be an E = g3 ⊕ V-valued white noise on R× T3 defined on a probability space
(�noise,F ,P). A filtration F= (Ft )t≥0 is said to be admissible for ξ if ξ is adapted
to F and ξ |[t,∞) is independent of Ft for all t ≥ 0. By the SYMH solution map (driven
by ξ ) we mean the random map

 : {(s, t) : 0≤ s ≤ t <∞}× Ŝ→ L0(�noise; Ŝ)

for which t �→ s,t (x) is the ε ↓ 0 limit in probability in Ssol of the solutions to (1.14)
with initial condition x at initial time s, and with a mollifier χ and operators (CεA,C

ε
�)

defined by (5.5) with C̊A = Č and σ ε = 1, where Č is the unique χ -independent
operator in Theorem 6.1(iii).

We will frequently say that X solves SYMH driven by ξ with initial condition
x ∈ Ŝ and time s ≥ 0 to mean that X(t) =  s,t (x). Remark that  s,s(x) = x by
construction. We will drop the reference to s whenever s = 0.

For fixed s, t, x, note that  s,t (x) : �noise → Ŝ is a random variable and we
make no claims about the P-a.s. continuity in x (the difficulty here being the extra
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stochastic objects in Lemma 5.19 that need to be constructed from the initial data).
Nonetheless, t �→  s,t (x) is P-a.s. continuous since it is P-a.s. in Ssol. Moreover,
S � x �→ s,s+·(x) ∈ L0(�noise; Ŝ) is continuous in probability for any s ≥ 0.

Furthermore, for an admissible filtration F and an F-stopping time τ , if X0 is
an Fτ -measurable random variable, then t �→  τ,τ+t (X0) is well-defined as a Ssol-
valued random variable and is adapted to the filtration {Fτ+t }t≥0. Indeed, this follows
from independence of �̃ε and X0 in the notation of Lemma 5.19. Furthermore, we
can readily verify the flow property

 t,u( s,t (X0))= s,u(X0) a.s. (7.1)

for any F-stopping times s ≤ t ≤ u and Fs -measurableX0. Indeed, (7.1) follows from
the analogous identity at the level of the mollification ξε combined with continuity
of x �→ s,t (x) in probability.

For a metric space F , denote by D(R+,F ) the usual Skorokhod space of càdlàg
functions. We extend the gauge equivalent relation ∼ to Ŝ = S � { } by imposing
that X ∼ ⇔X = .

Recall that we have fixed the parameters η,β, δ,α, θ in the way described
in the beginning of Sect. 5 which is required to define the space (S,�) ≡
(Sη,β,δ,α,θ ,�η,β,δ,α,θ ) as in Definition 2.22.

Consider η̄ ∈ (η,− 1
2 ), δ̄ ∈ ( 3

4 , δ) such that β <−2(1− δ̄)−, and ᾱ ∈ (α, 1
2 ). Note

that (η̄, β, δ̄) also satisfies (I). Denote �̄ ≡�η̄,β,δ̄,ᾱ,θ .

Definition 7.2 A probability measure μ on D(R+, Ŝ) is called generative if there
exists a filtered probability space (�noise,F , (Ft )t≥0,P) supporting a white noise ξ
for which the filtration F = (Ft )t≥0 is admissible and a D(R+, Ŝ)-valued random
variable X on �noise with the following properties.

1. The law of X is μ and X(0) is F0-measurable.
2. Let denote the SYMH solution map. There exists an non-decreasing sequence

of F-stopping times (ςj )∞j=0, such that a.s. ς0 = 0 and, for all j ≥ 0,

(a) one has X(t)= ςj ,t (X(ςj )) for all t ∈ [ςj , ςj+1), and
(b) the random variable X(ςj+1) is Fςj+1 -measurable and

X(ςj+1)∼ ςj ,ςj+1(X(ςj )) .

3. Let T ∗ def= inf{t ≥ 0 : X(t) = }. Then a.s. limj→∞ ςj = T ∗. Furthermore, on
the event {T ∗ <∞}, almost surely

• X ≡ on [T ∗,∞), and
• one has

lim
t↗T ∗ inf

Y∈S
Y∼X(t)

�̄(Y,0)=∞ . (7.2)

If there exists x ∈ Ŝ such that X(0) = x almost surely, then we call x the initial
condition of μ.
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Remark 7.3 The meaning of item 2 is that, before blow-up, the dynamic X runs on
the interval [ςj , ςj+1) according to SYMH, after which it jumps to a new point in
its gauge orbit and restarts SYMH at time ςj+1. The main point of item 3 is that
the whole gauge orbit [X(t)] “blows up” at time T ∗ provided we measure “size”
in a slightly stronger sense than �. We use �̄ in (7.2) due to technical issues with
measurable selections; using � in (7.2) would be more natural, but we do not know
if Theorem 7.5(i) below remains true in this case. The reason why this is nevertheless
sensible is that even if we start with an initial condition in S for which �̄ is infinite,
it is immediately finite so that the infimum in (7.2) is almost surely finite for all
t ∈ (0, T ∗).

Remark 7.4 In the setting of Definition 7.2, if Z : �noise → Ŝ is Fs -measurable, then
t �→  s,t (Z) is adapted to (Ft )t≥s . Hence X is adapted to F, T ∗ is an F-stopping
time, the event (7.2) is FT ∗ -measurable, and T ∗ is predictable.

Define the quotient space Ô
def= Ŝ/∼, which we can readily identify, as a set, with

O�{ }. Note that Ô is not Hausdorff, but there is a simple description of its topology
in terms of the (completely Hausdorff) topology of O. Indeed, O ⊂ Ô is open if and
only if either (O = Ô) or ( /∈O and O ⊂O is open), see Proposition 2.53.

Let π : Ŝ→ Ô denote the canonical projection map. Ifμ is generative, then thanks
to Definition 7.2, the pushforward π∗μ is a probability measure on C(R+, Ô), instead
of just onD(R+, Ô). Our main result regarding the construction of a suitable Markov
process on O is as follows.

Theorem 7.5 (i) For every x ∈ Ŝ , there exists a generative probability measure μ
with initial condition x.

(ii) For every z ∈ Ô, there exists a (necessarily unique) probability measure Pz on
C(R+, Ô) such that, for every x ∈ z and generative probability measure μ with
initial condition x, π∗μ= Pz. Furthermore, {Pz}

z∈Ô define the transition func-

tions of a time homogeneous Markov process on Ô.

The proof of Theorem 7.5 is postponed to Sect. 7.3. Before that, we provide a num-
ber of results showing how to exploit the gauge covariance obtained in Theorem 6.1
in this setting.

7.1 Coupling SYMH with gauge-equivalent initial conditions

Throughout this subsection, we fix a white noise ξ defined on a probability space
(�noise,F ,P) and let F = (Ft )t≥0 denote its canonical filtration. Let furthermore
x, x̄ ∈ S and X = (A,�) ∈ Ssol solve SYMH driven by ξ with initial condition
X(0)= x.

If x̄ = xg(0) for some g(0) ∈G1, it follows readily from Theorem 6.1 that X̄
def= Xg

solves SYMH driven by gξ = (Adgξ1,Adgξ2,Adgξ3, gζ ) with initial condition x̄,
where g is the ε ↓ 0 limit of the solutions to (1.17) with initial condition g(0) (and
where (A,�)=X). The point of this subsection is to prove that if only x̄ ∼ x, then a
similar statement still holds true. Namely, we have the following result.
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Proposition 7.6 Suppose x ∼ x̄. Then, on the same probability space (�noise,F ,P),
there exists a process (X̄, g) and a white noise ξ̄ , both adapted to F, such that X̄

solves SYMH driven by ξ̄ with initial condition x̄ and such that g(t) ∈ G
3
2− and

X̄(t) = X(t)g(t) for all t > 0 inside the interval of existence of (X̄, g) ∈ S ×G
3
2−.

Furthermore, g cannot blow up in G
3
2− before �(X)+�(X̄) does.

Remark 7.7 The proof of Proposition 7.6 will reveal that g solves (1.17) with some

initial condition g(0) ∈G
1
2−.

Lemma 7.8 For every x ∈ S ,

(i) limt↓0�(Ft (x), x)= 0,
(ii) lims↓0 supt∈[0,T ]�(PsFt (x),Ft (x))= 0, where T ≤ Poly(�(x)−1) is a time of

existence of Ft (x) appearing in Proposition 2.9.

Proof (i) Writing pt
def= Pt x and Ft x = pt + rt , it follows from Proposition 2.58(ii)

that limt→0�(pt , x) = 0. Observe further that |rt |Cβ̂ → 0 by Proposition 2.9.

Since β̂ ≥ 2θ(α − 1) by assumption (5.1), it follows from Lemma 2.25 that
limt→0 |||rt |||α,θ = 0. Furthermore |rt |Cη → 0 since, by (5.2) and the conditions on
η and δ (which in particular imply that η + δ < 1

2 and therefore η̂ > η), one has

η < β̂ . Finally, by Lemma 2.35(i),

�pt + rt ;x�β,δ � �pt ;x�β,δ + �rt�β,δ + (|pt |Cη + |x|Cη )|rt |Cη̂ ,
with η̂ as in (5.2). As t→ 0, the first term on the right-hand side converges to 0 since
�(pt , x)→ 0, the second term converges to 0 since

�rt�β,δ ≤ �rt�0,δ � |rt |2Cη̂
by Lemma 2.35(ii) and since β̂ ≥ η̂ > 1

2 − δ by assumption (5.2), and the third term
converges to 0 also because of (5.2).

(ii) As above, write Ft x = pt + rt . Since Pt is a contraction for the norm ||| · |||α,θ
by Lemma 2.55(ii), it follows that

sup
t∈[0,T ]

|||Pspt − pt |||α,θ = sup
t∈[0,T ]

|||Pt (Psx − x)|||α,θ ≤ |||Psx − x|||α,θ ,

which converges to 0 as s ↓ 0 by Proposition 2.58(ii). By an identical argument,

lim
s↓0

sup
t∈[0,T ]

|Pspt − pt |Cη = 0 . (7.3)

Furthermore, by Proposition 2.9, limt↓0 |rt |Cβ̂ = 0 and supt∈[ε,T ] |rt |L∞ <∞ for ev-

ery ε > 0. Using that |Psf − f |Cβ̂ � s−β̂/2|f |L∞ and β̂ < 0, it follows from (7.5)
that

lim
s↓0

sup
t∈[0,T ]

|Psrt − rt |Cβ̂ = 0 . (7.4)
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Therefore, using β̂ ≥ 2θ(α − 1) and Lemma 2.25 to estimate |||Psrt − rt |||α,θ �
|Psrt − rt |Cβ̂ we obtain

lim
s↓0

sup
t∈[0,T ]

|||Psrt − rt |||α,θ = 0 . (7.5)

Since η <− 1
2 < β̂ , (7.4) also implies lims↓0 supt∈[0,T ] |Psrt − rt |Cη = 0.

It remains only to consider the terms with �·; ·�β,δ . By Lemma 2.35(i), uniformly
in t ≥ 0,

�Ps(pt + rt );pt + rt�β,δ � �Pspt ;pt�β,δ + �Psrt ; rt�β,δ
+ |Pspt − pt |Cη |rt |Cη̂ + |Psrt − rt |Cη̂ |x|Cη ,

for η̂ as in (5.2). Since β̂ ≥ η̂, it follows from (7.3)-(7.4) that the final two terms con-
verge to 0 as s ↓ 0 uniformly in t ∈ [0, T ]. For the first term, observe that, by (2.22),

sup
t∈[0,T ]

�Pspt ;pt�β,δ = sup
t∈[0,T ]

�Ptps;Pt x�β,δ � |ps − x|Cη |x|Cη + �ps;x�β,δ .

Since lims↓0�(ps, x)= 0 by Proposition 2.58(i),

lim
s↓0

sup
t∈[0,T ]

�Pspt ;pt�β,δ = 0 .

Furthermore, by Lemma 2.35(ii), uniformly in t ≥ 0,

�Psrt ; rt�β,δ � |Psrt − rt |Cη̂ |rt |Cη̂ .
The final term again converges to 0 as s ↓ 0 uniformly in t ∈ [0, T ]. �

Proof of Proposition 7.6 Let us define xn, x̄n ∈ C∞(T3,E) by

xn
def= F1/n(x) , x̄n

def= F1/n(x̄) ,

which exist for n sufficiently large. Let gn(0) ∈G∞ such that xgn(0)n = x̄n. It follows
from Lemma 7.8(i) and Theorem 2.39 that, for some ν < 1

2 ,

lim sup
n→∞

|gn(0)|Cν <∞ .

In particular, passing to a subsequence, we can assume gn(0)→ g(0) in G0,ν−.
Let Xn = (An,�n) solve SYMH driven by ξ with initial condition xn and let gn
solve (1.17) driven by An with initial condition gn(0).

Consider further the process ξn given by gnξ on [0, TXn,gn) and by ξ outside this
interval, where we set, as in [22, Sect. 1.5.1],

TX,g
def= inf{t ≥ 0 : (X,g)(t)= } .
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Remark that ξn is a white noise by Itô isometry. Let X̄n solve SYMH driven by ξn
with initial condition x̄n. Observe that X̄n and Xgnn are strong Markov processes,
for which, by Theorem 6.1, X̄n = Xgnn on an interval [0, τ ] where τ is a stopping
time bounded stochastically from below by the size of (Xn(0), gn(0)) in S ×G0,� . It
follows that

X̄n =Xgnn on the interval of existence of (X̄n, gn) . (7.6)

Next, we claim that

lim
n→∞(Xn,X

gn
n )= (X,Xg) in probability in (S × S)sol , (7.7)

where g solves (1.17) with initial condition g(0) and where we define Xg(0) = x̄
(for t > 0, note that g(t) ∈ G

3
2− and thus Xg(t) makes sense by Proposition 2.28).

To prove (7.7), remark that �(xn, x)→ 0 by Lemma 7.8(i). It thus follows from
Lemma C.1 with cε = 0 therein that (Xn,gn)→ (X,g) in probability in (S ×
G0,ν−)sol. Therefore, for any λ, δ > 0,

lim
n→∞P

[
sup

t∈[λ,TX,g−λ]
|gn(t)− g(t)|C 3

2−
> δ
]
= 0 .

It follows by joint continuity of the group action from Proposition 2.28 and the esti-
mates on gauge transformations from Theorem 2.39 (which ensures that |g|C1/2− and
thus |g|C3/2− cannot blow up before �(X)+�(Xg) does, hence TX,g = TX,Xg ) that

lim
n→∞P

[
sup

t∈[λ,TX,Xg−λ]
{�(Xn(t),X(t))+�(Xgnn (t),Xg(t))}> δ

]
= 0 . (7.8)

It remains to handle the time interval [0, λ] for which we can proceed similar to the
proof of Proposition 6.38. Specifically, it holds that

lim
λ↓0

lim sup
n→∞

P
[

sup
t∈[0,λ]

�(X
gn
n (t),X

gn
n (0)) > δ

]
= 0 ∀δ > 0 . (7.9)

Indeed, this follows fromXgnn = X̄n, which solves the SYMH driven by ξn with initial
condition x̄n, and lims↓0 supn �(Ps x̄n, x̄n)→ 0 by Lemma 7.8(ii), combined with the
arguments from the proof of Theorem 5.1 to handle the remainder terms. The proof
of (7.7) now follows from combining (7.8)-(7.9) and the facts that �(x̄, x̄n)→ 0 by
Lemma 7.8(i) and that Xn→X in probability in Ssol.

Finally, since ξn
law= ξ and �(x̄n, x̄)→ 0 by Lemma 7.8, X̄n

law→ X̄ in Ssol, where
X̄ is equal in law to the solution to SYMH with initial condition x̄. By Remark D.7,
there exists a white noise ξ̄ on the probability space (�noise,F ,P) which is adapted
to (Ft )t≥0 such that X̄ solves SYMH driven by ξ̄ with initial condition x̄. Combining
with (7.7) and (7.6), we obtain the first claim in the proposition statement.

For the second claim we first note that Theorem 2.39 gives control of |g|C1/2− in
terms of�(X)+�(X̄). Next we point out that, by Lemma C.1, for any ν > 0, we can
start the limiting ε ↓ 0 dynamic (C.1)-(C.2) with initial data g ∈ Gν . Moreover, the
limiting dynamic has maximal solutions in a space where the g component belongs to

G
3
2−. Therefore, g can blow up in G

3
2− only if it blows up in Gν for every ν > 0. �
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7.2 Measurable selections

Define m : S→[0,∞] by

m(X)
def= inf
Y∼X �̄(Y ) , (7.10)

where ∼ is the equivalence relation on S ⊂ I defined in Definition 2.11. The follow-
ing is the main result of this subsection.

Theorem 7.9 There exists a Borel function S : S→ S such that for all X ∈ S
• S(X)∼X,
• �̄(S(X))≤ 2m(X) if m(X) <∞, and
• S(X)=X if m(X)=∞.

Proof of Theorem 7.9 We start with the following preliminary statement.

Lemma 7.10 The function m given in (7.10) is lower semi-continuous on S .

Proof Let Xn → X in S and consider Yn ∈ S such that Yn ∼ Xn and �̄(Yn) −
m(Xn) <

1
n

. Passing to a subsequence, we may suppose that limn→∞m(Xn) =
lim infn→∞m(Xn). If m(Xn) → ∞, then there is nothing to prove. Otherwise,
supn �̄(Yn) <∞, so by the compact embedding due to Proposition 2.57(iii), there ex-
ists Y ∈ S such that �(Yn,Y )→ 0 and �̄(Y )≤ lim infn �̄(Yn)= limn m(Xn). Since
(Xn,Yn)→ (X,Y ) in S2 and Xn ∼ Yn, it follows that X ∼ Y by Lemma 2.50. �

Consider the sets B
def= {X ∈ S : �̄(X) ≤ 2m(X) <∞} and � ⊂ S2 defined by

the disjoint union

�
def= {(X,X) : m(X)=∞} ∪ {(X,Y ) : X ∼ Y , Y ∈ B} .

Lemma 7.11 For every X ∈ S , {Y ∈ S : (X,Y ) ∈ �} is non-empty and compact.

Proof If m(X) = ∞, the result is obvious. Otherwise the result follows from the
invariance of m on [X], the fact that [X] is closed in S by Lemma 2.50, and the fact
that {Y ∈ S : �̄(Y )≤ 2m(X)} is compact in S by Proposition 2.57(iii). �

We now have all the ingredients in place to complete the proof of Theorem 7.9.
Since �̄,m : S → [0,∞] are lower semi-continuous (Lemmas 2.54 and 7.10), B is
Borel in S . Moreover, {(X,Y ) ∈ S2 : X ∼ Y } is closed in S2 (Lemma 2.50) and thus
� is Borel in S2. The conclusion follows from Lemma 7.11 and [8, Thm 6.9.6] since
S is a Polish space. �
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7.3 Proof of Theorem 7.5

Proof of Theorem 7.5 (i) We extend the function S in Theorem 7.9 to a Borel func-
tion S : Ŝ → Ŝ by S( )= . Let ξ be a white noise defined on a probability space
(�noise,F ,P) and let F= (Ft )t≥0 be the canonical filtration generated by ξ .

Consider any x ∈ Ŝ . We define a càdlàg process X : �noise → D(R+, Ŝ) with
X(0)= x, and a sequence of F-stopping times (ςj )∞j=0 as follows. The idea is to run

the SYMH equation until the first time t ≥ ςj such that �̄(X(t)) ≥ 1+ 4m(X(t)),
at which point we use S to jump to a new representative of [X(t)] and then restart
SYMH, setting ςj+1 = t . At time t = 0, however, it is possible that �̄(x)=m(x)=
∞, in which case this procedure does not work. We therefore treat t = 0 as a special
case.

If x = , we defineX(t)= for all t ∈R+ and ςj = 0 for all j ≥ 0. Suppose now
that x �= . Set ς0 = 0 andX(0)= x. Define Y ∈ C([0,∞), Ŝ) by Y(t)= 0,t (x) and
R ∈ C([0,∞), R̂+) by

R(t)
def= �(Y(t))−�(x) .

Define further

ς1
def= inf{t > 0 : R(t)= 1) .

We then define X(t)= Y(t) for t ∈ (0, ς1) and X(ς1)= S(Y (ς1)). Observe that a.s.

0< ς1 < inf{t > 0 : R(t)=∞}
and thus �̄(X(ς1)) <∞ because �(Y(t)) <∞⇒ �̄(Y (t)) <∞ for all t > 0.

Having defined ς1, consider now j ≥ 1. If ςj =∞, we set ςj+1 =∞. Otherwise,
if ςj <∞, suppose thatX is defined on [0, ςj ]. IfX(ςj )= , then define ςj = ςj+1.
Suppose now that X(ςj ) �= . Define Y ∈ C([ςj ,∞), Ŝ) by

Y(t)
def=  ςj ,t (X(ςj ))

and

ςj+1
def= inf{t > ςj : �̄(Y (t))≥ 1+ 4m(Y(t))} .

We then define X(t) = Y(t) for t ∈ (ςj , ςj+1) and X(ςj+1) = S(Y (ςj+1)). Ob-
serve that the map [ςj ,∞) → R̂+, t �→ �̄(Y (t)), is a.s. continuous. Further-
more, �̄(Y (ςj )) ≤ 2m(Y(ςj )) and the map [ςj ,∞) � t �→ m(Y(t)) is lower semi-
continuous (Lemma 7.10). Therefore, a.s. ςj+1 > ςj .

Let T ∗ def= limj→∞ ςj . If T ∗ <∞, we define X(t) = for all t ∈ [T ∗,∞). We
have now defined X(t) ∈ Ŝ for all t ∈ R+ and, by construction, T ∗ = inf{t ≥ 0 :
X(t)= }. Moreover, X takes values in D(R+, Ŝ).

To prove (i), it remains to show that

P
[
T ∗ <∞ , lim inf

t↗T ∗ m(X(t))≤M
]
= 0 ∀M > 0 . (7.11)
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Since, by construction, �̄(X(t)) ∈ [m(X(t)),1+ 4m(X(t))] for all t ≥ ς1, it suffices
to prove that

P
[
T ∗ <∞ , lim inf

t↗T ∗ �̄(X(t))≤M
]
= 0 ∀M > 0 . (7.12)

To this end, considerM > 1. For any stopping time τ < T ∗, on the event �̄(X(τ))≤
M , we have

sup
t∈[τ,τ+δ]

�̄( τ,t (X(τ)))≤ �̄(X(τ))+ 1/2 (7.13)

where δ ∈ (0,1) is random and depends onX(τ) and the realisation of ξ on [τ, τ+1],
but is stochastically bounded from below by a function of M in the sense that there
exists ε = ε(M) ∈ (0,1) such that

P[δ > ε | �̄(X(τ))≤M]> ε . (7.14)

Indeed, (7.13)-(7.14) follows from the fact that �̄(PrZ) ≤ (1 + Cr)�̄(Z) for any
Z ∈ S by Lemma 2.55, from the stochastic bounds on supr∈[0,h] r−κ�̄(�r,Pr�0)

for the SHE � from (3.2) and Proposition 3.7 and the stochastic bounds in Lem-
mas 5.18-5.19 (we use that τ is a stopping time in all of these stochastic bounds), and
from the perturbation argument similar to that in the proof of Theorem 5.1 that uses
Lemma 2.35 (see (5.31)).

Consider the sequence of stopping times τj = inf{t ≥ ςj : �̄(X(t)) ≤M}. For
j ≥ 2, we have

�̄(X(ςj ))≤ 1

2
lim
t↗ςj

{�̄(X(t))− 1} ,

and thus, if τj < ςj+1 and

sup
t∈[τj ,τj+ε]

�̄( τj ,t (X(τj )))≤ �̄(X(τj ))+ 1 ,

then by the flow property (7.1) (which allows us to restart the dynamic at τj ), we have

�̄(X(ςj+1))≤ �̄(X(τj ))/2 or ςj+1 − ςj ≥ ε .
Therefore, by (7.13)-(7.14), a.s.

1τj≥ςj+1 + P
[
�̄(X(ςj+1))≤ �̄(X(τj ))/2 or ςj+1 − τj ≥ ε

∣∣Fτj
]
> ε .

Remark also that �̄(X(ςj+1))≤ �̄(X(τj ))/2 implies �̄(X(ςj+1))≤M/2 and thus
τj+1 = ςj+1. It now follows from the strong Markov property of {Xτ1+t }t≥0 that, for
any integer q ≥ 1,

1τj≥ςj+1 + P
[
�̄(X(ςj+q))≤ 2−qM or ςj+1 − τj ≥ ε

∣∣Fτj
]
> εq . (7.15)
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Finally, since �̄(X(ςk))≥ 1 for all k ≥ 1, by taking any q in (7.15) such that 2−qM <
1/2 and by (7.13)-(7.14), we obtain

1τj≥ςj+1 + P
[
ςj+q+1 − ςj ≥ ε

∣∣Fτj
]
> εq+1 .

It readily follows that, on the event T ∗ <∞, there are only finitely many j such that
τj < ςj+1, which concludes the proof of (7.12) and thus of (7.11).

(ii) The idea, like in the proof of [22, Thm. 2.13(ii)], is to couple any generative
probability measure μ̄ to the law of the process X constructed in part (i). Consider
x, x̄ ∈ Ŝ with x ∼ x̄ and a generative probability measure μ̄ on D(R+, Ŝ) with ini-
tial condition x̄. Let (�noise,F ,F= (Ft )t≥0,P), ξ̄ , X̄ : �noise →D(R+, Ŝ), and T̄ ∗
denote respectively the corresponding filtered probability space, white noise, random
variable, and blow-up time as in Definition 7.2.

It follows from Proposition 7.6 that there exists, on the same filtered probability
space (�noise,F ,F,P), a càdlàg process X : R+ → Ŝ constructed as in part (i) using
a white noise ξ for which F is admissible and such that X ∼ X̄ and X(0) = x. In
particular, the pushforwards π∗μ̄ and π∗μ coincide, where μ is the law of X.

To complete the proof, it remains to show that for the process X from part (i)
with any initial condition x ∈ Ŝ , the projected process πX ∈ C(R+, Ô) is Markov.
However, this follows from taking μ̄ in the above argument as the law of X with
initial condition x̄ ∼ x. �

Appendix A: Singular modelled distributions

In this appendix we collect some useful results on singular modelled distributions. We
write P = {(t, x) : t = 0} for the time 0 hyperplane. Recall that the reconstruction op-
erator R̃ : D

γ,η
α →D′(Rd+1 \P) defined in [56, Sect. 6.1] is local, and there is in full

generality no way of canonically extending R̃ to an operator R : D
γ,η
α →D′(Rd+1).

Here α denotes the lowest degree of the modelled distribution as usual. [56, Prop. 6.9]
provides such a unique extension under the assumption α ∧ η > −2 (which is then
also required by the integration results [56, Prop. 6.16]) which is insufficient for our
purposes in Sect. 5 and 6. Below we collect some results which require weaker con-
ditions.

As in [22, Sect. 7], it will furthermore be important for us to have short-time
convolution estimates on intervals [0, τ ] which depend only on the model up to time
τ . This is used to ensure that a time τ > 0 on which fixed point maps are contractions
is a stopping time.

We write D̄γ,η = Dγ,η ∩ Dη as well as D̂γ,η ⊂ D̄γ,η for the subspace of those
functions f ∈ D̄γ,η such that f (t, x) = 0 for t ≤ 0. Similarly to [56, Lem. 6.5] one
can show that these are closed subspaces of Dγ,η, so that we endow them with the
usual norms |||f |||γ,η . We also note that 1+f = f for all f ∈ D̂γ,η.

Remark A.1 If η ≤ α, then D̂
γ,η
α simply coincides with the space of all f ∈ D

γ,η
α

which vanish for t ≤ 0.
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Recall from [22, Appendix A] that ω ∈ Cα∧η is called compatible with f ∈D
γ,η
α ,

where γ > 0, if ω(ψ) = R̃f (ψ) for all ψ ∈ C∞c (Rd+1 \ P). For the proofs of the
following results, we refer to [22, Appendix A].

Theorem A.2 Let γ > 0 and η ∈ (−2, γ ]. There exists a unique continuous linear
operator R : D̂γ,η

α → Cη∧α such that Rf is compatible with f .

Lemma A.3 For Fi ∈ D̄
γi ,ηi
αi with αi ≤ 0< γi and ηi ≤ γi , one has F1 · F2 ∈ D̄

γ,η
α1+α2

with γ = (α1 + γ2)∧ (α2 + γ1) and η= (α1 + η2)∧ (α2 + η1)∧ (η1 + η2). Further-
more, if Fi ∈ D̂

γi ,ηi
αi , then F1 · F2 ∈ D̂

γ,η1+η2
α1+α2

.

Remark that the multiplication bound [56, Prop. 6.12] and Lemma A.3 also hold
for the ε-dependent norms in Sect. 6.4.

Below we assume that we have an abstract integration map I of order β38 and
admissible models Z, Z̄ realising a non-anticipative kernel K for I . Following [47,
Sect. 4.5] and [22, Appendix A.3], given a space-time distribution ω and a modelled
distribution f , we write Kωf for the modelled distribution defined as in [56, Sect. 5]
but with Rf in the definition replaced by ω.

Working henceforth in the periodic setting R× Td , we use the shorthand OT =
[−1, T ] × Td for T > 0. Recall from [22, Appendix A.1] the semi-norm |||Z|||T de-
fined as the smallest constant C such that, for all homogeneous elements τ in our
regularity structure,

∣∣(&xτ
)
(φλx )

∣∣≤ C‖τ‖λdeg τ ,

for all φ ∈ Br , x ∈OT , and λ ∈ (0,1] such that Bs(x,2λ)⊂OT , and

‖�x,yτ‖α ≤ C‖τ‖‖x − y‖deg τ−α
s ,

for all x, y ∈OT . The pseudo-metric |||Z; Z̄|||T is defined analogously. We will write
| • |Dγ,η;T for the modelled distribution semi-norm associated to the set OT , and like-
wise for D̂γ,η . We similarly define |ω|CαT for ω ∈ D′(R × Td) and α ∈ R as the
smallest constant C such that

|ω(φλx )| ≤ Cλα

for all φ ∈ Br , x ∈OT , and λ ∈ (0,1] such that Bs(x,2λ)⊂OT .

Lemma A.4 Fix γ > 0. Let f ∈ D
γ,η
α and let ω ∈ Cη∧α be compatible with f . Set

γ̄ = γ + β , η̄= (η∧ α)+ β , which are assumed to be non-integers, ᾱ = (α+ β)∧ 0
and η̄ ∧ ᾱ >−2. Then Kωf ∈D

γ̄ ,η̄
ᾱ , and one has RKωf =K ∗ω.

Furthermore, if f̄ ∈ D
γ,η
α is a modelled distribution with respect to Z̄ and ω̄ ∈

Cη∧α is compatible with f̄ , then

|Kω1+f ;Kω̄1+f̄ |D γ̄ ,η̄;T � |f ; f̄ |Dγ,η;T + |||Z; Z̄|||T + |ω− ω̄|Cη∧αT
(A.1)

38Note that we write β in this section following the convention as in Schauder estimates in [56], and it
shouldn’t be confused with the parameter β in Sect. 2.
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locally uniformly in models, modelled distributions and space-time distributions ω,
ω̄. Finally, the above bound also holds uniformly in ε for the ε-dependent norms on
models and modelled distributions defined in [22, Sect. 7.2].

For the spaces D̂γ,η , we have the following version of Schauder estimate.

Theorem A.5 Let γ > 0, and η >−2 such that γ +β /∈N and η+β /∈N. Then, there
exists an operator K: D̄γ,η→ D̄γ+β,η+β which also maps D̂γ,η to D̂γ+β,η+β and
such that RKf = K ∗Rf with the reconstruction R from Theorem A.2. Further-
more, for T ∈ (0,1) and κ ≥ 0

|Kf |Dγ+β−κ,η+β−κ ;T � T κ/2|f |Dγ,η;T ,

|Kf ;Kf̄ |Dγ+β−κ,η+β−κ ;T � T κ/2(|f ; f̄ |Dγ,η;T + |||Z; Z̄|||T ) ,
(A.2)

where the first proportionality constant depends only on |||Z|||T and the second de-
pends on |||Z|||T + |||Z̄|||T + |f |Dγ,η;T + |f̄ |Dγ,η;T .

Write Kand K̄ for integration operators on modelled distributions corresponding
to z and m. Recall from (6.11) that they represent the kernels K and Kε =K ∗ χε .
We assume that χ is non-anticipative and therefore so is K ∗ χε . Recall the fixed
parameter ς ∈ (0, κ] and the norms | · |

D̂γ,η,ε;T in Sect. 6.4.1. The following results
are from [22, Sect. 7].

Lemma A.6 Fix γ > 0 and η < γ such that γ +2−κ /∈N, η+2−κ /∈N, and η >−2.
Suppose that χε is non-anticipative. Then, for fixedM > 0, one has for all T ∈ (0,1)

|Kf − K̄f |
D̂γ+2−κ,η+2−κ,ε;T � ες |f |

D̂γ,η,ε;T

uniformly in ε ∈ (0,1], Z ∈Mε with |||Z|||ε;T ≤M , and f ∈ D̂γ,η �Z.

Lemma A.7 Under the same assumptions as Lemma A.4 with β = 2− κ and for fixed
M > 0 one has for all T ∈ (0,1)

|Kω1+f − K̄ω1+f |D γ̄−κ,η̄,ε;T � ες |f |Dγ,η,ε;T

uniformly in ε ∈ (0,1], Z ∈Mε with |||Z|||ε;T ≤M , and f ∈Dγ,η �Z.

Appendix B: YMH flow without DeTurck term

In this appendix we collect some useful results on the YMH flow (without DeTurck
and �3 term) which reads

∂tA=− d∗AFA −B(dA�⊗�) ,
∂t�=− d∗AdA� ,

(B.1)
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or, in coordinates,

∂tAi =	Ai − ∂2
jiAj + [Aj ,2∂jAi − ∂iAj + [Aj ,Ai]]

+ [∂jAj ,Ai] −B((∂i�+Ai�)⊗�) ,
∂t�=	�+ (∂jAj )�+ 2Aj∂j�+A2

j� .

In this section we set E = gd ⊕V where d ∈ {2,3}.
Lemma B.1 (Theorems 2.6 and 3.7 of [61]) For d = 2,3 and any (A0,�0) ∈
C∞(Td ,E), there exists a unique solution to (B.1) in C∞(R+ × Td ,E) with initial
condition (A0,�0).

Remark B.2 It is assumed in [61] that the Higgs bundle V is the adjoint bundle, i.e. the
setting of Remark 1.6, and that d = 3. The same proof, however, works in the case
of a general Higgs bundle; the case d = 2 follows by considering fields X = (A,�)
with A3 = 0 and ∂3X = 0.

Definition B.3 Let E : C∞(Td ,E) → C∞(R+ × Td,E) be the map taking X =
(A0,�0) to the smooth solution of (B.1) with initial condition X.

A classical way to obtain solutions to (B.1) is given by the following lemma, the
proof of which is standard.

Lemma B.4 Let X ∈ C∞(Td ,E) and F(X) = (a,φ) ∈ C∞([0, TX)× Td ,E) as de-
fined in Definition 2.11 (the solution of the YMH flow with DeTurck term and initial
condition X). Let g : [0, TX)→ C∞(Td ,G) solve

g−1∂tg =−d∗a , g = id . (B.2)

Then (A,�)
def= F(X)g : [0, TX)→ C(Td ,E) solves (B.1) with initial condition X.

Corollary B.5 For every t ≥ 0, C∞ �X �→ Et (X) ∈ C∞ is continuous.

Proof For X ∈ C∞, by Proposition 2.9 there exists t > 0 sufficiently small (depend-
ing, say, only on |X|L∞ ) such that C∞ � Y �→ (Ft (Y ), gt ) ∈ C∞ is continuous at X,
where g solves (B.2) with F(Y ) = (a,φ). Hence Y �→ Et (Y ) is continuous at X.
Continuity for arbitrary t ≥ 0 follows from non-explosion of |X|L∞ (Lemma B.1)
and patching together intervals. �

For � ∈ ( 1
2 ,1], recall the action of G0,� on �� ⊃ C∞(Td ,E) from Sect. 2.2.

Lemma B.6 SupposeX,Y ∈ C∞(Td ,E) andXg = Y for some g ∈G� and � ∈ ( 1
2 ,1].

Then g ∈ C∞(Td ,G) and Et (X)g = Et (Y ) for all t ≥ 0.

Proof Cα control on g gives Cα control on dg by writing dg = (AdgA−Ag)g where
X = (A,�). Hence g is smooth. The fact that E(X)g = E(Y ) is clear. �
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Appendix C: Evolving rough gauge transformations

In this appendix, we extend the analysis performed in Sect. 5 for the system (5.4) to
the coupled system

∂tX =	X+X∂X+X3 + ((CεA)⊕3 ⊕Cε�)X+ (cεg−1dg⊕ 0)+ ξε ,
X0 = (a,φ) ∈ S ,

(C.1)

and

g−1(∂tg)= ∂j (g−1∂jg)+ [Aj ,g−1∂jg] , g0 ∈G
0,ν , (C.2)

where X = (A,�), ν > 0 and cε ∈ L(g,g). Note that (C.2) is identical to (1.17).
The following result provides well-posedness and stability of (X,g), which is used
in Sects. 6 and 7.

Lemma C.1 Let (Xε, gε) solve (C.1)-(C.2) with ν ∈ (0, 3
2 ), c

ε ∈ L(g,g) such that
limε↓0 c

ε exists, and CεA,C
ε
� as in Theorem 1.7. Then (Xε, gε) converges to a process

(X,g) in probability in (S ×G0,ν)sol. Furthermore, the solution map

S ×G
0,ν � (X0, g0) �→ (X,g) ∈ L0(�noise; (S ×G

0,ν)sol) (C.3)

is continuous, where L0(�noise; (S ×G0,ν)sol) is the space of (S ×G0,ν)sol-valued
random variables defined on the underlying probability space �noise equipped with
the topology of convergence in probability.

Proof To circumvent the issue that the target space G is nonlinear, we can assume
without loss of generality that for some n ∈ N, we embed G⊂O(n), g⊂ o(n) (the
Lie algebra of O(n)), and V⊂Rn. Then Aj and g just take values in Rn×n which is
the linear space of n by nmatrices. Therefore we can exchange the term cεg−1dg⊕0
in (C.1) for cεg∗dg⊕ 0 and equation (C.2) for the equation

(∂t −	)g =−(∂j g)g∗∂jg + g[Aj ,g∗∂jg] , (C.4)

where g takes values in Rn×n and we are using the fact that, for M ∈ O(n), M∗ =
M−1. Here the bracket is just the matrix commutator.

Since the solution theory for (X,g) is similar to that of (5.4), we only sketch
the main differences. We enlarge the regularity structure introduced in Sect. 5 to
treat (C.1) and (C.4) together, and verify that the corresponding BPHZ character
does not introduce any renormalisation into (C.4) nor any additional renormalisa-
tion into (C.1). This means that the dynamic for g remains compatible with (C.2),
in particular it preserves G as the target space if the initial data is G-valued, and the
dynamic for Aj also preserves the Lie subalgebra g as the target space if the initial
data is g-valued. We then verify that the enlarged abstract fixed point problem is also
well-posed. Arguing the convergence of the BPHZ models can be done in the same
way as before.

To enlarge the regularity structure we introduce a new type k, namely we set L+ =
{z, k}. The target and kernel space assignments are enlarged by setting Wk = Rn×n



Stochastic quantisation of Yang–Mills–Higgs in 3D 681

and Kk = R. We also set deg(k) = 2 and reg(k) = 3/2 − 5κ . We also have an en-
larged nonlinearity by reading off of the right-hand side of (C.4) and adding a term
corresponding to (cεg∗dg,0) to the nonlinearity (5.8) for X.

We use the shorthand g for the component A(k,0) of A= (Ao)o∈E ∈A. Writing H
for the coherent expansion for the solution to (C.4), we then have

q
< 3

2
H= g1+ ∂jgXj + g[Ik(Iz�̄), g

∗∂g] .

Here and below q<L denotes the projection onto degrees <L, and we used the sum-
mation convention in the bracket as in Remark 6.9. We also have q<1H∗ = g∗1. A
simple power counting argument shows that the only trees τ where one has both
deg(τ ) < 0 and ϒ̄k[τ ] �= 0 are , and ∂jIk( ). The first two trees are planted and
thus do not contribute to renormalisation. By parity (similarly to Lemma 5.5) the last
one vanishes when hit by the BPHZ character.

To see that no additional renormalisation appears in (C.1) beyond that already
shown for (5.4), it suffices to observe that tree of lowest degree added to the expansion
of X by the presence of (cεg∗dg,0) is , which has positive degree.

The fixed point problem

H= Gk1+
(
− ∂jHH∗∂jH+H[Aj ,H∗∂jH]

)
+Pg0 (C.5)

can be solved in Dγ,ν with γ = 1+ since, for the term ∂jHH∗∂jH one has

D
γ,ν−1
0 ×D

γ,ν

0 ×D
γ,ν−1
0 →D

γ,2ν−2
0

and for the term H[Aj ,H∗∂jH] one has

D
γ,ν

0 ×D
γ,− 1

2−
− 1

2−
×D

γ,ν

0 ×D
γ,ν−1
0 →D

γ− 1
2−,ν− 3

2−
− 1

2−
.

Here 2ν − 2>−2, and ν − 3
2 >− 3

2 , so [56, Prop. 6.16] applies. The abstract fixed
point problem for the X-component is solved in essentially the same way as in the
proof of Theorem 5.1.

We note that continuity at time t = 0 of RH follows from the fact that the initial
condition g0 is in G0,ν , on which the heat semigroup is strongly continuous, and the

fact that the first term on the right-hand side of (C.5) goes to zero in D
γ+ 3

2−,ν+ 1
2−

0
for short times by [56, Thm. 7.1].

The final claim on continuity of the map (C.3) follows from Lemma 5.19, which
shows continuity (in Lp and thus in probability) with respect to X0 of the singular
products of PX0 and the SHE �̃ appearing in the fixed point problem, combined
with standard arguments showing (pathwise) continuity of the solution in the initial
data. �

We state the following straightforward variant of Lemma C.1 which is used in the
proof of Propositions 6.38 and 6.43.
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Lemma C.2 The statement of Lemma C.1 stills holds with (C.1)-(C.2) replaced by

∂tX =	X+X∂X+X3 + ((CεA)⊕3 ⊕Cε�)X+ (cεdgg−1 ⊕ 0)+ ξε ,
X0 = (a,φ) ∈ S ,

(C.6)

and

(∂tg)g
−1 = ∂j ((∂j g)g−1)+ [Aj , (∂jg)g−1] , g0 ∈G

0,ν . (C.7)

Remark C.3 It is natural to ask why we use two different approaches for formu-
lating the evolution of our gauge transformation in linear spaces: for the proof of
Lemma C.1 we view G as a group of matrices while in Sect. 6 we adopt the view-
point of tracking the pair (U,h) as in (6.2).

In Sect. 6, (U,h) are the natural variables for tracking how our gauge transforma-
tions act on our gauge field (which makes h appear) and on our E-valued white noise
(which makes U appear). This also makes them good variables for keeping track of
the renormalisation in (6.6) and (6.7).

On the other hand, h as introduced in (6.2) is not well-defined for the initial data
treated in Lemma C.1 when ν ≤ 1

2 , which is the class of initial data that is used in
Proposition 7.6.

Appendix D: Injectivity of the solution map

Our objective in this appendix is to prove that one can recover, from the outputs
of the limiting solution maps for (6.92) and (6.93), the values of the constants
(C̊A, C̊h) ∈ L(g,g)2. This tells us that these solution maps have injectivity proper-
ties as functions of these constants, and this is a key ingredient for the proof of the
convergence statements in Propositions 6.41 and 6.43. Our arguments here are in the
same in spirit as [12, Thm 3.5], but adapted to the present setting where our solution
contains more singular components.

We introduce the same notations for the set of types L= L+ �L−, rule R, kernel
and target space assignments, corresponding regularity structure T, and kernel as-
signments K(ε) and noise assignments ζ δ,ε that we defined in Sect. 6.1. Recall (see
[10]) that models can be described by non-recentred evaluation maps �, and for the
rest of this appendix we use this notation when referring to models. We then write
�δ,ε for the canonical lift of the kernel assignmentK(ε) from (6.11) and noise assign-
ment ζ δ,ε from (6.12), �BPHZ

δ,ε for the corresponding BPHZ lift, and �δ,ε
BPHZ

for the BPHZ
character that shifts �δ,ε to �BPHZ

δ,ε . By BPHZ convergence (see Lemma 6.24) for the
family of models �BPHZ

δ,ε , we obtain a limiting random model �BPHZ

0,ε = limδ↓0 �BPHZ

δ,ε , as
well as a limit �BPHZ = limε↓0 �BPHZ

0,ε .

Fix initial conditions x̄ = (ā, φ̄) ∈ S and g0 ∈ G0,� as well as C̊A, C̊h ∈ L(g,g)
and σ ∈ R. We write �noise for the canonical probability space for the underlying
white noise on which all the random models introduced above are defined. By Propo-
sition 6.39, we have a mapping

L(g,g)2 × S ×G
0,� � (C̊A, C̊h, x̄, g0) �→ABPHZ

σ [C̊A, C̊h, x̄, g0] ∈ L0
sol , (D.1)
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where L0
sol is the space of equivalence classes (modulo null sets) of measurable maps

from �noise to (S × G̃0,�)sol and ABPHZ

σ [C̊A, C̊h, x̄, g0] is the corresponding maximal
solution map for both39 (6.92) and (6.93) and the (U,h) / (Ū , h̄) obtained from their
corresponding gauge transformations g / ḡ using (6.2).

Our main result for this section is the following lemma.

Lemma D.1 There exists a sequence of measurable maps (On)n∈N from (S× G̃0,�)sol

to D′(T3,E) such that, for any σ ∈R, C̊A, C̊h ∈ L(g,g), and (x̄, g0) ∈ S×G0,� , one
has

lim
n→∞E[On

(
ABPHZ

σ [C̊A, C̊h, x̄, g0]
)] = C̊zx̄ + C̊h(dg0)g

−1
0 .

Above C̊z, C̊h are defined from C̊A, C̊h as in (6.14).

The abstract fixed point problem used in the proof of Proposition 6.39 will not
be suitable for our analysis in this section and it will be preferable to use the ab-
stract fixed point problem used to prove the ε ↓ 0 convergence of local solutions in
Propositions 6.34+6.38.

For that reason, we give another construction of maximal solutions obtained
by patching together the limits of local solutions. Fix again initial conditions x̄ =
(ā, φ̄) ∈ S and g0 ∈ G0,� as well as C̊A, C̊h ∈ L(g,g) and σ ∈ R. Let F denote the
canonical filtration generated by the noise ξ .

Let τ1 ∈ (0,1) be the F-stopping time from Proposition 6.38 corresponding to
initial condition (x̄, g0), constants C̊εA ≡ C̊A, C̊εh ≡ C̊h, and σ ε = σ . We first define
(X̄, Ū , h̄) on [0, τ1] as the ε ↓ 0 limit of the solution to (6.92) as in Propositions 6.34 /
6.38.

We now let τ2−τ1 ∈ (0,1) be the stopping time from Proposition 6.38 correspond-
ing to the new ‘initial time’ τ1 and initial condition (X̄, Ū , h̄)(τ1).40 We then extend
(X̄, Ū , h̄) to [τ1, τ2] by defining it as the ε ↓ 0 limit of the corresponding solution
to (6.92).

We proceed in this way defining (X̄, Ū , h̄) as an element of C([0, τ ∗),S × G̃0,�)

where τ ∗ = limn→∞ τn. We then extend (X̄, Ū , h̄) to a function [0,∞)→ (S ×
G̃0,�) � { } by setting (X̄, Ū , h̄)(t) = for all t ≥ τ ∗. We then have the following
lemma.

Lemma D.2 With the above construction, one has (X̄, Ū , h̄) ∈ (S × G̃0,�)sol and
(X̄, Ū , h̄)=ABPHZ

σ [C̊A, C̊h, x̄, g0].

Proof For the first statement, observe that τn+1 − τn is independent of τ1, τ2, . . . , τn
when conditioned on (X̄, Ū , h̄)(τn) and is stochastically bounded from below by a
distribution depending only on �(X̄(τn)) + |(Ū , h̄)(τn)|G̃0,� . Furthermore, for any
F-stopping time σ < τ ∗, there exists another F-stopping time σ̄ > σ such that σ̄ − σ
39See Corollary 6.42.
40Propositions 6.34 and 6.38 were stated in terms of initial conditions in S ×G0,� , but of course can be
equivalently stated in terms of initial conditions in S × G̃0,� .
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is stochastically bounded from below by a distribution depending only on�(X̄(σ ))+
|(Ū , h̄)(σ )|

G̃0,� and such that

sup
t∈[σ,σ̄ ]

{�(X̄(t))+ |(Ū , h̄)(t)|
G̃0,� } ≤ 1+ 2(�(X̄(σ ))+ |(Ū , h̄)(σ )|

G̃0,� ) .

It follows that, on the event τ ∗ <∞, almost surely limt↗τ∗(X̄, Ū , h̄)(t) = and
therefore (X̄, Ū , h̄) ∈ (S × G̃0,�)sol.

The second statement follows from the last paragraph of the proof of Proposi-
tion 6.39. �

We now state a version of [12, Lemma 3.6].

Lemma D.3 Fix (C̊A, C̊h) ∈ L(g,g)2 and (x̄, g0) ∈ S ×G0,� .
Let (Y,U ,H) be the local solution, associated to the model �BPHZ along with the

rest of the limiting ε-inputs, of the abstract fixed point problem (6.56)+(6.63) with
constants C̊A, C̊h and initial condition (x̄,U0, h0) (the latter two are determined from
g0 via (6.2)) promised by Lemma 6.31, and let τ be the associated F-stopping time
given in the statement of that lemma. Let (X̄, Ū , h̄)=R(Y,U ,H).

Then, the (random) distribution η
def= R̃

(
U�
) ∈ D′((0, τ ) × T3,E), where R̃ is

the local (defined away from time t = 0) reconstruction operator for the model �BPHZ,
admits an extension to a random element of D′((0,1)× T3,E) such that for every
(deterministic) E-valued space-time test function ψ ,

η(ψ)= σ

∫ τ

0
〈Ūψ,dW(s)〉 , (D.2)

where the integral is in the Itô sense and σW is the L2(T3,E)-cylindrical Wiener
process associated to the noise σ ξ =R�.

Proof First note that the quantity (D.2) is well-defined since s �→ U(s, ·) is continu-
ous and adapted. To obtain (D.2), we approximate �BPHZ with the models �BPHZ

0,ε (using
a non-anticipative mollifier χ ) and let ηε be the analog of η but with the role of �BPHZ

replaced with �BPHZ

0,ε along with the corresponding regularised ε-inputs.
Now, on the one hand, we have limε↓0 η

ε(ψ)= η(ψ). On the other hand, thanks
to [11], it follows that if we write (X̄ε, Ū ε, h̄ε) for the relevant objects defined from
�BPHZ

0,ε along with the associated ε-inputs, one has the identity

ηε(ψ)= σ

∫ τ

0
〈Ū εψ,dW(s)〉

+
∑

σ∈T−

∫ τ

0
〈ψ, (�0,ε

BPHZ
⊗ id)ϒ̄

F̄

m[σ ](X̄ε, Ū ε, h̄ε)〉ds ,

where �0,ε
BPHZ

is defined as in (6.49) – note that ϒ̄
F̄

m[σ ] can be written as a function of
the pointwise values of the smooth (until blow-up) functions (X̄ε, Ū ε, h̄ε).



Stochastic quantisation of Yang–Mills–Higgs in 3D 685

Observe that σ ∈ T− and ϒ̄
F̄

m[σ ] �= 0 forces σ to have an occurrence of l at the
root, so by Lemma D.4 below the second term above vanishes. The result then follows
by the stability of the Itô integral. �

The above proof used the following lemma regarding properties of the renormali-
sation character �0,ε

BPHZ
in (6.49).

Lemma D.4 Suppose that χ is non-anticipative and that �0,ε
BPHZ

is given by (6.49). Then,

for any σ ∈ TF̄ that has an occurrence of l at the root, one has �0,ε
BPHZ
[σ ] = 0.

Proof The action of the negative twisted antipode on σ generates a linear combi-
nation of forests, and each such forest must contain at least one tree of the form
Il(1)σ̃ where every noise in σ̃ is incident to an ε-regularised kernel. For δ > 0 suf-
ficiently small, �̄δ,ε[Il(1)σ̃ ] = �̄δ,ε[Il(1)] · �̄δ,ε[σ̃ ] by independence, and since
�̄δ,ε[Il(1)] = 0 the proof is completed. �

The key step in constructing the On’s promised in Lemma D.1 is constructing, as
function of the limiting ε ↓ 0 solution (X,U,h) to (6.92), the nonlinear expression
N (X,U,h) = “X3 + X∂X ” – which are the limits of the corresponding terms on
the right-hand side of (6.92)). We will have to define N (X,U,h) in a renormalised
sense, that is by regularising (X,U,h) at a scale ε̂ > 0 and defining a regularised and
renormalised Nε̂(•,•,•).

To do this we introduce modelled distributions that describe the regularisation of
(X,U,h),41 and show that the reconstruction of N applied to the regularised mod-
elled distribution for X converges to the reconstruction of N applied to the modelled
distribution for the original, unregularised X. At the algebraic level, this regular-
isation of (X,U,h) is encoded by introducing new labels corresponding to regu-
larised kernels. Intermediate quantities appearing when comparing the two recon-
structions described above will involve both regularised kernels and unregularised
kernels which makes adding labels necessary (as opposed to just modifying our as-
signment of kernels to labels).

Finally, to complete the argument one needs to know that reconstruction of our
nonlinearity evaluated at these regularised modelled distributions makes sense as an
observable on (S × G̃0,�)sol – but this last point can be justified with arguments from
[11].

Let M be the set of models on T that are admissible with the kernel assignment
K(0) – note that �BPHZ ∈M . We then define a larger set of labels by adding a duplicate
type t̂ for each t ∈ L+. Our new set of kernel types is then L̂+ = L+�{t̂ : t ∈ L+}, and
our new set of types is L̂= L̂+ � L−. We also set, for each t ∈ L+, deg(t̂)= deg(t),
W

t̂
�Wt, and K

t̂
�Kt.

We extend the rule R to obtain a rule R̂ on L̂ as follows: for any t ∈ L we set
R̂(t)=R(t) and, for any t ∈ L+, we set R̂(t̂) to be the collection of all the node types
N̂ that can be obtained by taking N ∈R(t) and replacing any number of instances of
edge types (t,p) ∈ L+ ×Nd+1 with (t̂,p).

41Which we note are different from the solutions to the regularised equation.
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We define the set of trees T̂⊃ T to be those that strongly conform to R̂ but where
we also enforce that any edge of type (t̂,p) has to be incident to the root. Since
the latter constraint is preserved by coproducts, T̂ determines a regularity structure
T̂⊃T.

Finally we introduce a parameter ε̂ ∈ [0,1] and define the kernel assignment
K [ε̂] = (K [ε̂]

b
: b ∈ L̂+) by setting, for each t ∈ L+,K [ε̂]t =K(0)t andK [ε̂]

t̂
=K(0)t ∗χε̂ .

We write M̂ε̂ for the collection of K [ε̂]-admissible models on T̂ and then set
M̂ =⋃ε̂ M̂ε̂ . We denote by π0 the natural restriction map π0 : M̂ →M .

We define a mapping T̂ � σ̂ �→ π̂0(σ̂ ) ∈ T by replacing, for every t ∈ L+ and p ∈
Nd+1, all edges of type (t̂,p) in σ̂ with edges of type (t,p). Overloading notation,
this mapping on trees also induces a linear map42 π̂0[σ̂ ] : T[σ̂ ] → T[π̂0(σ̂ )]. We
again denote by π̂0 the corresponding linear map π̂0 : T̂→T. Right composition by
π̂0 gives us another map ι :M → M̂0 and we note that π0 ◦ ι= id.

For every ε̂ > 0 we define a map Eε̂ : M → M̂ε̂ as follows. Given � ∈M we fix
Eε̂(�) to be the unique model in M̂ε̂ that satisfies

• Eε̂(�)[σ ] =�[σ ] for σ ∈ T

• For σ = σ̄∏nj=1 I(t̂j ,pj )(σj ) ∈ T with σ̄ , σj ∈ T, one has

Eε̂(�)[σ ] =�[σ̄ ]
( n⊗

j=1

∂pjKtj ∗ χε̂ ∗�[σj ]
)
. (D.3)

Note that π0 ◦ Eε̂ = id. Below, we write R̂ for the renormalisation group for T̂. We
can now state and prove our analog of [12, Lem 3.7].

Lemma D.5 There exists a sequence (M̂ε̂ : ε̂ ∈ (0,1]) of elements of R̂ that all leave
T invariant and such that the models

�̂ε̂
def= Eε̂(�BPHZ) ◦ M̂ε̂ (D.4)

converge in probability to ι(�BPHZ) as ε̂ ↓ 0. Moreover, one has π0(�̂ε̂)=�BPHZ.

Proof First note that the statement π0(�̂ε̂)=�BPHZ will follow from showing thatMε̂
leaves T invariant thanks to the identity (D.4).

The general idea is to define �̂ε̂ to be the BPHZ renormalisation of the ran-
dom model Eε̂(�BPHZ). However, we can not directly BPHZ renormalise the random
model Eε̂(�BPHZ) since Eε̂(�BPHZ) is not a smooth model (simply because �BPHZ is not a
smooth model). We can suppose, by regularising the noise, that we have a collection
of smooth random BPHZ models �BPHZ

ε that converge to �BPHZ as ε ↓ 0 in every Lp .
We then define �̂ε̂,ε to be the BPHZ renormalisation of Eε̂(�BPHZ

ε ), and letMε̂,ε be
the corresponding element in renormalisation group that satisfies

�̂ε̂,ε = Eε̂(�BPHZ

ε ) ◦ M̂ε̂,ε .
42Note that π̂0 may not be an isomorphism because one may have dim(T[σ̂ ]) > dim(T[π̂0(σ̂ )]), there
will be some symmetrisation in the action of π̂0[σ̂ ] when π̂0(σ̂ ) has more symmetries than σ̂ .
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By stability of the BPHZ lift, �̂ε̂,ε converges to ι(�BPHZ) whichever way one takes
ε, ε̂ ↓ 0.

Next, we argue that M̂ε̂,ε leaves T invariant. Writing �ε̂,ε for the character that
defines M̂ε̂,ε , it suffices to verify that σ ∈ T− ⊂ T⇒ �ε̂,ε[σ ] = 0. Recall that �ε̂,ε
is given by the composition of the negative twisted antipode with E[Eε̂(�BPHZ

ε )[·](0)].
The negative twisted antipode takes trees in σ ∈ T− into forests of trees in T which
contain at least one tree σ̃ ∈ T−. Note that for σ̃ ∈ T− we have E[Eε̂(�BPHZ

ε )[σ̃ ](0)] =
E[�BPHZ

ε [σ̃ ](0)] = 0 since �BPHZ

ε is a BPHZ model in M . Therefore, �ε̂,ε[σ ] = 0.

What remains to be shown is that, for fixed ε̂ > 0, the limit Mε̂
def= limε↓0Mε̂,ε

exists. Here, it suffices to show that for every σ ∈ T, E[Eε̂(�BPHZ

ε )[σ ](0)] converges
as ε ↓ 0.

Since the models Eε̂(�BPHZ

ε ) themselves converge, we have the convergence of
E
[
Eε̂(�BPHZ

ε )[σ ](0)] for deg(σ ) > 0 as ε ↓ 0. If σ ∈ T− then we may assume that

σ ∈ T̂even− , where T̂even− consists of all σ ∈ T̂− which have even parity in both space and
noise, since otherwise the expectation vanishes.

Now, if σ ∈ T̂even− has a vanishing polynomial label then Eε̂(�BPHZ

ε )[σ ](·) is space-
time stationary, and so for any fixed smooth space-time test function φ integrating to
1, we have

E
[
Eε̂(�BPHZ

ε )[σ ](0)]= E
[
Eε̂(�BPHZ

ε )[σ ](φ)] (D.5)

Again, convergence of the random models Eε̂(�BPHZ

ε )[σ ] implies the convergence of
the right-hand side above.

Now suppose that σ ∈ T̂even− has a non-vanishing polynomial label, then it must
be the case that σ contains precisely one factor of Xj for some j ∈ {1,2,3}. Since
Eε̂(�BPHZ

ε ) is a “stationary model” in the sense of [10, Def 6.17] it follows that, for any
h ∈Rd+1, one has

Eε̂(�BPHZ

ε )[σ ](· + h) and Eε̂(�BPHZ

ε )[σ ](·)+ hjEε̂(�BPHZ

ε )[σ̄ ](·)

are equal in law, where σ̄ is obtained from σ by removing the factor Xj . It follows
that, for any fixed smooth space-time test function φ integrating to 1 that satisfies∫

Rd+1 zjφ(z)= 0, one again has (D.5). �

We can now state the key construction in our argument for proving Lemma D.1.

Lemma D.6 Let τ̃ be a stopping time with respect to the canonical filtration on (S ×
G̃0,�)sol dominated by the blow-up time τ ∗.

There exists a measurable map Oτ̃ : (S × G̃0,�)sol → D′((0,1)×T3,E) with the
following property.

Fix any (C̊A, C̊h) ∈ L(g,g)2 and (x̄, g0) ∈ S × G0,� and write (X̄, Ū , h̄) =
ABPHZ

σ [C̊A, C̊h, x̄, g0]. Then

Oτ̃ (X̄, Ū , h̄)= [C̊zX̄+ C̊hh̄
]
1(0,τ̃ ) + σητ̃ (D.6)
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for almost every ξ ∈ �noise where the random distribution ητ̃ is defined by setting,
for any deterministic ψ ∈ D((0,1)×T3,E),

ητ̃ (ψ)=
∫ τ̃

0
〈Ūψ,dW(s)〉 ds .

Above, W is the L2(T3,E)-cylindrical Wiener process associated to the noise ξ .

Proof Without loss of generality, we set σ = 1 and drop it from the notation. Heuris-
tically we want to define O(X̄, Ū , h̄) as

“
[
∂t X̄−	X̄+ (0⊕3 ⊕m2)X̄− X̄3 − X̄∂X̄

]
” on (0, τ̃ )×T3 ,

where we are using the notation of (1.12) for the fourth and fifth terms on the right-
hand side.

The first three terms on the right-hand side are canonically well-defined but the
fourth and fifth are not. However, we know how to construct, for (X̄, Ū , h̄) in the
statement of the lemma, the renormalised nonlinearities X̄3 and X̄∂X̄, and the crucial
point is that the construction of these nonlinearities has no dependence on the choice
of C̊A and C̊h because our renormalisation counter-terms do not depend on these
constants.43

Let X = (Xt : t ∈ L+) be the limiting modelled distributions that solve the fixed
point problems (6.56) and (6.63) – in particular,

Y =Xa +Xm , U =Xu , and H=Xh +Xh′ . (D.7)

We perform a trivial enlargement of our fixed point problems by including a sec-
ond set of components which represent the ε̂-mollification of the first.

Note that, for ε̂ ≥ 0, one can pose and solve a fixed point problem for modelled
distributions X = (Xt : t ∈ L+) and X [ε̂] = (X [ε̂]

t̂
: t ∈ L+) of the form

Xt = G .ωt
[
F̄t
(
(Xt : t ∈ L+)

)]
,

X [ε̂]
t̂
= G[ε̂], .ω

t̂

[
F̄t
(
(Xt : t ∈ L+)

)]
,

(D.8)

where what we wrote for the system for X is a shorthand for the system appearing in
Lemma 6.31, and .ω represents the data regarding ill-defined products at t = 0 that is
needed to pose the fixed point problem.

Then G[ε̂], .ω
t̂

is an analogous shorthand for the abstract lift of the kernel G ∗ χε̂ or

∇G ∗ χε̂ with rough part K [ε̂]
t̂

and augmented by the same data as the X̃ – note that
the same collection of products ill-defined at t = 0 appear in both equations above.

Furthermore, for any ε̂ ≥ 0, the fixed point problem above, augmented by the ε-
inputs ω built from ξ along with the model �BPHZ, admits solutions in appropriate

43For independence with respect to C̊A our particular choice of the renormalisation character plays a role
here, see Remark 6.8.
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spaces of modelled distributions on [0, τ̂ )× T3 for some τ̂ > 0. Henceforth we use
the notation X and X [ε̂] to refer to the solutions to these fixed point problems.

We define (Y [ε̂],U [ε̂],H[ε̂]) analogously to (D.7) but with the role of X replaced
by X [ε̂]. We also set, for Y̊ ∈ {Y,Y [ε̂]},

N(Y̊) def= Y̊∂Y̊ + Y̊3 − (0⊕3 ⊕m2)Y̊ .

For any model �̂ ∈ M̂ which satisfies π0(�̂) = �BPHZ, we have R(Y,U ,H) =
(X̄, Ū , h̄) on [0, τ̂ )×T3 since the equation for X does not involve the trees of T̂ \T,
and we also have the distributional identity

[
C̊zX̄+ C̊hh

]+ ητ̂ = ∂tR̃Y −	R̃Y − R̃N(Y) on (0, τ̂ )×T3 ,

where again R̃ is the local reconstruction operator (which avoids t = 0). To finish our
proof we would need to construct R̃N(Y) as a functional of (X̄, Ū , h̄).

If �̂ ∈ M̂ is of the form ι(�) for � ∈M then one has R̃ ◦ π̂0 = R̃ and π̂0Y [0] =
Y . In particular, we have π̂N(Y [0])=N(Y) and R̃N(Y [0])= R̃N(Y).

For each ε̂ > 0, let �̂ε̂ be as given by (D.4) in Lemma D.5. We fix a subsequence
ε̂n ↓ 0 such that the models �̂ε̂n converge almost surely as n→∞.

By the observations above and Lemma D.5 we have that, as distributions on
(0, τ̂ )×T3, R̃N(Y [ε̂n]) converges to R̃N(Y) almost surely as n→∞.

Moreover, we claim that there exist cε̂,1, cε̂,2 ∈ L(g3,g3) and cε̂,3 ∈ L(g3,E) such
that

R̃N(Y [ε̂])= X̄ε̂∂X̄ε̂ + (X̄ε̂)3 − (0⊕3 ⊕m2)X̄ε̂ + [cε̂,1X+ cε̂,2X̂ε + cε̂,3h
]

def= Nε̂(X̄, Ū , h̄) , (D.9)

In order to justify this claim one can argue as in [11, Sect. 2.8.3] and include
N(Y [ε̂]) as yet another component of our system associated to some new label ž, we
write F̌ = (F̌t : t ∈ L̂ � {ž}) the non-linearity for this bigger system. Since the model
Eε̂(�BPHZ) is a multiplicative model on the sector that N(Y [ε̂]) lives in and Eε̂(�BPHZ)

agrees with �̂ε̂ on this same sector, the renormalised nonlinearity that allows us to
calculate the left hand side of (D.9) is

F̌ž(A)+
∑

σ∈T̂−(R)
(�ε̂ ⊗ idE)ϒ̄ ž[σ ](A) ,

where �ε̂ is the character corresponding to the operator M̂ε̂ in Lemma D.5. To argue
that the second term above agrees with the functional form seen in the bracketed term
appearing in (D.9), one observes that the trees contributing to the above formula are
obtained as graftings onto trees σ̃ where σ̃ is obtained from taking one of the trees
in
{
θ(σ̂ ) : σ̂ ∈ TYMH \ {Ī

l
(1)}} and replacing all of its kernel edges (t,p) incident

to the root in θ(σ̂ ) with their ε̂-regularised versions (t̂,p) – here θ is the map that
“takes (Y,U,h) trees to (X̄, Ū , h̄) trees” described before Lemma 6.23. Note that
changing edges in this way does not change noise, spatial parity, or degree. One can
then by hand, work through the recursive formula that defines ϒ̄ ž and afterwards
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take advantage of the fact that ϒF̌

t̂
=ϒF̌

t =ϒF̄
t for t ∈ {m,h,h′, z} to apply the same

arguments as in the proof of Lemma 6.22 to obtain the desired claim.
The key takeaway from (D.9) is that Nε̂(X̄, Ū , h̄) is well-defined on all of (S ×

G̃0,�)sol. Finally, we set Oτ̃ (X̄, Ū , h̄) to be the limit of

lim
n→∞

[
∂t X̄

ε̂n −	X̄ε̂n −Nε̂n(X̄, Ū , h̄)]1(0,τ̃ ) , (D.10)

if this limit exists in D′((0,1)×T3,E), otherwise we set Oτ̃ (X̄, Ū , h̄)= 0.
Now, by Lemma D.2, ABPHZ

σ [C̊A, C̊h, x̄, g0] can be obtained as the patching of the
limits of local solutions obtained from Proposition 6.38. In particular, the argument
above gives us (D.6) almost everywhere on �noise if one replaces τ̃ both in (D.6) and
(D.10) with τ1∧ τ̃ where τ1 > 0 is the F-stopping time coming from Proposition 6.38
as described in the patching construction of (X̄, Ū , h̄). However, the same argument
can again be applied on every epoch [τj ∧ τ̃ , τj+1 ∧ τ̃ ] and patching the observables
obtained on each epoch together gives us the desired result. �

Proof of Lemma D.1 Define

τ̃
def= inf

{
s > 0 : ‖(X̄(s), Ū (s), h̄(s))‖> 1+ 4‖(X̄(0), Ū (0), h̄(0))‖

}
, (D.11)

where ‖(x,u,h)‖ in (D.11) is shorthand for �(x)+ |(u,h)|
G̃0,� .

Given ψ ∈ C∞(T3,E) and Z ∈ (S × G̃0,�)sol, we define

On(Z)(ψ)=Oτ̃ (Z)(ψψ̃n) ,
where we choose some ψ̃n ∈ C∞

(
(1/n,2/n),R

)
integrating to 1.

The desired result then follows by using that ητ̃ (ψψ̃n) has expectation 0 and that
the C̊zX + C̊hh appearing on the right-hand side of (D.6) are actually functions of
time with values in Cη(T3,E), are uniformly bounded over time and �noise by the
definition of τ̃ , and converge almost surely to the desired deterministic values as one
takes t ↓ 0. �

Remark D.7 For fixed (C̊A, C̊h) ∈ L(g,g)2 and (X0, g0) ∈ S × G0,� , Lemma D.6
allows us to recover ητ̃ directly from ABPHZ[C̊A, C̊h, x̄, g0]. In particular, x �→
ABPHZ[C̊A, C̊h, x̄, idG] = (X,U,h), restricted to the X component, is a local solution
map to (1.14) (where C̊h plays no role). By applying Lemma D.6 with τ̃ = τ ∗, we
have η̃τ̃ = ξ�(0,τ ") – this means that we can recover the noise ξ directly from the
solution of (1.14) from positive times up to the blow-up time of X.

Remark D.8 Our proof of Lemma D.6 can also be carried out for local solutions to
(6.92) and (6.93). Indeed, one can define a space of stopped local solutions

(S × G̃
0,�)lsol = {(τ,Z) ∈ (0,1] × C([0,1],S × G̃

0,�) :Zs = Zτ for all s ≥ τ} .
Then Propositions 6.34+6.38 give us, for each fixed σ ∈R, a mapping

L(g,g)2 × S ×G
0,� � (C̊A, C̊h, x̄, g0) �→ABPHZ,lsol

σ [C̊A, C̊h, x̄, g0] ∈ L0
lsol . (D.12)
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Here L0
lsol is the space of equivalence classes (modulo null sets) of measurable maps

from �noise to (S × G̃0,�)lsol. Furthermore, writing (τ,Z)=ABPHZ,lsol
σ [C̊A, C̊h, x̄, g0],

we can enforce that τ is an F-stopping time.
One can then replace the role of τ̃ with τ coming from (τ,Z) ∈ (S × G̃0,�)lsol in

the argument of Lemma D.6. This gives a measurable map O lsol : (S × G̃0,�)lsol →
D′((0,1)×T3,E) such that, for any (C̊A, C̊h) ∈ L(g,g)2 and (x̄, g0) ∈ S ×G0,� , if
we write (τ, X̄, Ū , h̄)=ABPHZ,lsol

σ [C̊A, C̊h, x̄, g0], then

O lsol(τ, X̄, Ū , h̄)= [C̊zX̄+ C̊hh̄
]
1(0,τ ) + σ

∫ τ

0
〈Ūψ,dW(s)〉 ds , (D.13)

where W is the E-valued Wiener process associated to ξ .

Appendix E: Symbolic index

We collect in this appendix commonly used symbols of the article.

Symbol Meaning

||| • |||α,θ Extended norm on �D′
||| • |||ε ε-dependent seminorm on models

ABPHZ
• (•) BPHZ maximal solution map to SYM equation

ABPHZ
σ [•] BPHZ local solution map to gauge transformed system

A Target space of jets of noise and solution A
def= ∏o∈E Wo

Bβ,δ Banach space for the lifted quadratic objects

C̊A, m2, C̊h Parameters in unrenormalised equations

CεYM, CεHiggs BPHZ mass renormalisation maps for (A,�)

CεA, Cε� Masses in BPHZ renormalised equations for (A,�)

Cδ,εYM , Cδ,εHiggs BPHZ mass renormalisation maps for (Ā, �̄)

CεGauge, C
δ,ε
Gauge BPHZ “h-renormalisation” in B or Ā equation

Č The crucial map for obtaining gauge covariance

D̂γ,η A subspace of Dγ,η

dε(•, •) ε-dependent metric on models (d1 is dε with ε = 1)

E Shorthand for E = g3 ⊕V

E The set of edge types E = L×Nd+1

Et (X) Deterministic YMH flow without DeTurck term

Ft (X) Deterministic YMH flow with DeTurck term

F Filtration F= (Ft )t≥0 generated by the noise

F sol Functions into F̂
def= F ∪ { } with finite-time blow up

G� The gauge group C�(T3,G)

G0,� Closure of smooth functions in G�

G̃� Space C� × C�−1 “of (U,h)’s”

G̃0,� Closure of smooth functions in G̃�
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Symbol Meaning

Gz Integration operator Gz
def= Kz +RR

I “First half” of the space for initial conditions

It Integration operator for type t on regularity structures

K Truncation of the heat kernel G

K(ε) Kernel assignment for the gauge transformed system

Kz Integration operator for type z on modelled distributions

K̄ Short-hand for Km, the abstract integration for Kε

Kω Integration operator with an input distribution ω

LG(V,V ) G-invariant linear maps from a space V to itself

Mε The family of K(ε)-admissible models

N Quadratic mapping X �→PtX⊗∇PtX
O∞ Smooth quotient space

O Quotient space O
def= S/∼

�� The Banach space �1
�-gr × C�−1(V)

P PtX
def= et	X, or its lift as a modelled distribution

R The operator realising convolution with G−K
R̃ “Local” reconstruction operator away from {t = 0}
S State space for stochastic YMH flow

� Metric (resp. extended metric) on S (resp. I)

� Metric on I = Iη,β,δ
Wt Target space assignment for type t
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