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The objective of this paper is to develop efficient numerical algorithms for the linear advection-diffusion
equation in fractured porous media. A reduced fracture model is considered where the fractures are
treated as interfaces between subdomains and the interactions between the fractures and the surrounding
porous medium are taken into account. The model is discretized by a backward Euler upwind-mixed
hybrid finite element method in which the flux variable represents both the advective and diffusive
fluxes. The existence, uniqueness, as well as optimal error estimates in both space and time for the
fully discrete coupled problem are established. Moreover, to facilitate different time steps in the fracture-
interface and the subdomains, global-in-time, non-overlapping domain decomposition is utilized to derive
two implicit iterative solvers for the discrete problem. The first method is based on the time-dependent
Steklov-Poincaré operator, while the second one employs the optimized Schwarz waveform relaxation
(OSWR) approach with Ventcel-Robin transmission conditions. A discrete space-time interface system
is formulated for each method and is solved iteratively with possibly variable time step sizes. The
convergence of the OSWR-based method with conforming time grids is also proved. Finally, numerical
results in two dimensions are presented to verify the optimal order of convergence of the monolithic
solver and to illustrate the performance of the two decoupled schemes with local time-stepping on
problems of high Péclet numbers.

Keywords: Advection-diffusion; reduced fracture model; mixed-hybrid finite elements; local time-
stepping; time-dependent Steklov-Poincaré operator; optimized Schwarz waveform relaxation.

1. Introduction

The presence of fractures in porous media often has a strong influence on the fluid flow in the rock
matrix, which greatly complicates the modeling of flow and transport problems. The permeability
in the fractures may be significantly higher or lower than the one in the surrounding regions.
Therefore, the time scales in the fractures can be much faster or much slower than those in the
subdomains. Additionally, the widths of the fractures are usually much smaller than the size of the
domain of calculation and any reasonable parameter of spatial discretization. Thus, to accurately
represent the fractures, one must refine the grids locally around the fractures, which is computationally
costly. To address this difficulty, we consider a reduced fracture model in which the fractures are
treated as lower dimensional interfaces embedded in the rock matrix. The model consists of d-
dimensional problems in the subdomains coupled with (d− 1)-dimensional problems on the fractures
via suitable interface conditions. For a thorough review of such reduced fracture models, we refer to
[2, 3, 6, 29, 37, 51, 54, 57] and the references therein.

In this paper, we are concerned with numerical algorithms for the reduced fracture models of the
linear advection-diffusion equation written in mixed form. The fracture is assumed to have larger
permeability than the surrounding porous medium; as a consequence, the physical processes in the
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fracture occur faster than those in the rock matrix. Thus, it is computationally inefficient to use a single
time step size throughout the entire domain of calculation. Additionally, when the advection is strongly
dominant, standard numerical methods tend to produce numerical instabilities, typically due to the
improper resolution of sharp layers in the approximate solution [19, 59]. To overcome these challenges,
we propose to use non-overlapping, global-in-time domain decomposition (DD) methods and upwind-
mixed hybrid finite elements to facilitate different time step sizes on the fracture and the subdomains
and obtain a stable numerical solution.

Global-in-time DD methods provide a powerful tool to perform parallel simulations of time-
dependent physical phenomena with different time steps across the domain. This approach has been
extensively studied for the flow and transport problems without fractures (see, e.g., [43, 45, 46, 47, 52]
and the references therein), in which an artificial interface and additional equations on that interface
are introduced to write the transmission conditions. When a fracture is present and the reduced
fracture model is considered, the fracture serves as a physical interface which decomposes the rock
matrix into non-overlapping subdomains. Moreover, the tangential PDEs on the fracture obtained
from the averaging process and the interactions between the fracture and the rock matrix provide
a natural representation of the physical transmission conditions. Recently, different global-in-time
DD methods have been constructed to find a numerical solution of reduced fracture models for the
compressible fluid flow [44, 49] and linear transport problems with operator splitting [50]. Among
those methods, the global-in-time fracture-based Schur (GTF-Schur) and the global-in-time optimized
Schwarz (GTO-Schwarz) methods are shown to be most efficient; in particular, numerical results
suggested that both methods give fast convergence without using any preconditioners and GTF-Schur
preserves the accuracy in time on the fracture when smaller time steps are used in the fracture than in
the subdomains [49, 50]. However, with operator splitting, the advection is treated explicitly, which
increases the computational time for problems with high Péclet numbers as the time step is constrained
by the CFL condition. We also remark that due to the complexity in the structure of reduced fracture
models, the convergence analysis of global-in-time DD methods for such models in general remains an
open problem.

The upwind-mixed hybrid finite element scheme for the transport problem (with no fractures) was
first introduced in [59] and analyzed in [19]. Unlike the standard upwind-mixed schemes [23, 24] where
the flux variable only represents the diffusive flux, the upwind-mixed hybrid scheme employs a mixed
hybrid finite element method for spatial discretization in which the flux variable approximates the total
flux consisting of both advective and diffusive fluxes. To define the upwind weights for the scheme,
the Lagrange multipliers arising in the hybrid formulation are utilized to give an approximation for the
advective flux. A similar idea was also employed in [62] for the discretization with Raviart–Thomas
elements of lowest order and in [18] with Brezzi–Douglas–Marini elements of lowest order. Optimal
first-order convergence in both spatial and temporal errors for the upwind-mixed scheme was proved
in [19]. It was shown in [19, 59] that the upwind-mixed hybrid scheme is fully mass conservative and
provides the same accuracy as the upwind-mixed method [23], while being more robust and less costly
for problems with high Péclet numbers.

The goal of this work is to design and analyze efficient numerical methods for the reduced fracture
model of strongly advection-dominated transport problems. While there is a rich literature on the
numerical methods for the reduced fracture model of the flow problems and their convergence analysis
with or without providing the order of convergence [1, 5, 6, 13, 22, 28, 37, 51, 54, 56, 57], there has
been little work that explores these aspects for the transport problems [4, 38]. In this work, we first
introduce a fully discrete upwind-mixed hybrid finite element scheme and demonstrate the existence,
uniqueness, and optimal first-order convergence for the scheme with conforming spatial discretization.
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Due to the presence of the fracture, the main difficulty of proving the optimal error estimate lies in the
terms representing the traces on the fracture of the normal fluxes from the subdomains. In particular,
if one uses the inverse inequality directly to handle these terms, only sub-optimal order convergence
in space is obtained. However, these normal fluxes can be eliminated if we utilize the properties of the
L2−projections associated with the Raviart-Thomas mixed finite element spaces on conforming spatial
meshes (see the proof of Theorem 3). Moreover, since solving the reduced model monolithically only
allows a single time grid to be imposed on the fracture and the subdomains, we propose two global-
in-time DD methods, namely GTF-Schur and GTO-Schwarz, for the fully discrete problem to enhance
computational efficiency with nonconforming temporal discretization. These methods were previously
used in [50] for the same reduced fracture model. However, unlike [50] where the advection and the
diffusion are separated and treated differently due to operator splitting, the fully discrete interface
problem formulated for each method in this work requires no separate unknowns or equations for the
advection and the diffusion. In addition, the methods proposed here are fully implicit with no CFL
constraints for the time step size.

The main contributions of this work include four aspects. Firstly, we derive a fully discrete upwind-
mixed scheme for the reduced fracture model and establish optimal first-order convergence in both
space and time discretizations. Secondly, to allow local time-stepping in the subdomains and in the
fracture, we formulate two global-in-time DD methods, GTF-Schur and GTO-Schwarz, in the context
of upwind-mixed hybrid finite element method. In particular, we impose smaller time steps in the
fracture and larger ones in the rock matrix via an L2−projection in time [33, 34]. Thirdly, we prove the
convergence of the GTO-Schwarz method with conforming discretization in time. To the best of our
knowledge, this is the first time optimal order convergence as well as the convergence of GTO-Schwarz
for the reduced fracture model of linear transport problems with mixed hybrid finite elements have
been established. Lastly, we carry out numerical experiments with various Péclet numbers to verify
and compare the performance of the two proposed DD methods with conforming and nonconforming
time grids in the fracture and in the rock matrix. It should be noted that while the numerical methods
and analysis are presented for problems in two spatial dimensions, the results can be straightforwardly
extended to the three dimensional case, except for Theorem 2 as discussed in Remark 1.

The rest of this paper is organized as follows: in the next section, we present the reduced fracture
model of the linear advection-diffusion equation, its fully discrete formulation, and the corresponding
upwind-mixed hybrid scheme. Existence, uniqueness, and convergence analysis for the upwind-mixed
hybrid scheme is carried out in Section 3. In Section 4, the fully discrete interface equations for the GTF-
Schur and GTO-Schwarz methods are derived; convergence of the OSWR algorithm is also proved
where conforming time steps are imposed in the subdomains and in the fracture. In Section 5, we
describe how to formulate the two global-in-time DD methods when nonconforming time grids are
used via L2−projection operators. We present numerical results in Section 6 to illustrate and compare
the performance of the proposed methods. Finally, some concluding remarks are given in Section 7.

2. Upwind-mixed hybrid finite element method for the reduced fracture model

2.1. Reduced fracture model of the linear transport problem

Let Ω be any bounded domain in R2 with Lipschitz boundary ∂Ω and T > 0 be some fixed time.
We assume that Ω is separated into two non-overlapping subdomains Ωi, i = 1,2, by a fracture Ω f of
thickness δ as depicted in Figure 1. For simplicity, we assume further that Ω f can be expressed as

Ω f =

{
x ∈Ω : x = xγ + snnn, where xγ ∈ γ and s ∈

(
−δ

2
,

δ

2

)}
,
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where γ is the intersection between a line and Ω.

FIG. 1. The domain Ω with the fracture Ω f (left) and the fracture-interface γ (right).

We consider the linear advection-diffusion problem written in mixed formulation as follows:
φ∂tc+div ϕϕϕ = q in Ω× (0,T ),

ϕϕϕ = uc−D∇c in Ω× (0,T ),
c = 0 on ∂Ω× (0,T ),

c(·,0) = c0 in Ω,

(2.1)

where c is the concentration of a contaminant dissolved in a fluid, q is the source term, φ is the
porosity, u is the Darcy velocity (assume to be given and time-independent), and D is a symmetric
time-independent diffusion tensor.

For i = 1,2, we denote by γi the part of the boundary of Ωi shared with the boundary of the fracture
Ω f : γi = (∂Ωi∩∂Ω f )∩Ω. Moreover, let nnni be the unit, outward-pointing, normal vector field on ∂Ωi,
where nnn =nnn1 =−nnn2. For i = 1,2, f , and for any scalar, vector, or tensor valued function g defined on Ω,
we denote by gi the restriction of g to Ωi. The original problem (2.1) can be rewritten as the following
transmission problems:

φi∂tci +div ϕϕϕ i = qi in Ωi× (0,T ), i = 1,2, f ,
ϕϕϕ i = uuuici−DDDi∇ci in Ωi× (0,T ), i = 1,2, f ,
ci = 0 on (∂Ωi∩∂Ω)× (0,T ), i = 1,2, f ,
ci = c f on γi× (0,T ), i = 1,2,

ϕϕϕ i ·nnni = ϕϕϕ f ·nnni on γi× (0,T ), i = 1,2,
ci(·,0) = c0,i in Ωi, i = 1,2, f .

(2.2)

In this work, we consider a reduce fracture model for (2.2) under the assumptions that the fracture
Ω f has a small width compared to the size of Ω and higher permeability than that in the subdomains.
The model was first derived in [2, 3] by averaging across the transversal cross sections of the two-
dimensional fracture Ω f . Denote by ∇τ and divτ the tangential gradient and tangential divergence,
respectively, and let φγ := δφ f and DDDγ := δDDD f ,τ , where DDD f ,τ is the tangential component of DDD f . The
reduced model for (2.2) consists of equations in the subdomains,

φi∂tci +div ϕϕϕ i = qi in Ωi× (0,T ),
ϕϕϕ i = uici−Di∇ci in Ωi× (0,T ),
ci = 0 on (∂Ωi∩∂Ω)× (0,T ),
ci = cγ on γ× (0,T ),

ci(·,0) = c0,i in Ωi,

(2.3)

for i = 1,2, coupled with the following equation in the one-dimensional fracture,
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φγ ∂tcγ +divτϕϕϕγ = qγ +
2
∑

i=1
ϕϕϕ i ·nnni|γ in γ× (0,T ),

ϕϕϕγ = uuuγ cγ −Dγ ∇τ cγ in γ× (0,T ),
cγ = 0 on ∂γ× (0,T ),

cγ(·,0) = c0,γ in γ.

(2.4)

Throughout the paper, we assume that:

(A1) The coefficient matrices DDD−1
i , i = 1,2 and DDD−1

γ are symmetric and uniformly positive definite.
Furthermore, there exist two pairs of positive numbers (D−, D+) and

(
D−γ , D+

γ

)
such that

D−|η |2 ≤ ηTDDD−1
i (x)η ≤ D+|η |2, for a.e. x ∈Ωi, ∀η ∈ R2, i = 1,2,

D−γ |ς |2 ≤ ςTDDD−1
γ (s)ς ≤ D+

γ |ς |2, for a.e. s ∈ γ, ∀ς ∈ R.

(A2) There exist two positive numbers φ− and φ+ such that

φ− ≤ φi (x)≤ φ+, for a.e. x ∈Ωi, i = 1,2, and φ− ≤ φγ(s)≤ φ+, for a.e. s ∈ γ.

(A3) Let J = (0,T ) and H1
∗ (Ωi) =

{
g ∈ H1(Ωi) : g = 0 on ∂Ωi∩∂Ω

}
, the following regularity

conditions hold: uuui ∈ C
(

J̄;
(
W 1,∞ (Ωi)

)2
)

, qi ∈ C
(
J,L2(Ωi)

)
and c0,i ∈ H1

∗ (Ωi), for i = 1, 2,

and uuuγ ∈C
(

J̄;
(
W 1,∞ (γ)

)2
)

, qγ ∈C
(
J,L2(γ)

)
and c0,γ ∈ H1

0 (γ).

We utilize the following notation to derive the weak formulations of (2.3)-(2.4). For any measurable
subset O of R2, let (·, ·)O and ‖·‖0,O denote the inner product and norm on L2 (O) or

(
L2 (O)

)2,
respectively, and let ‖·‖k,O stand for the norm on Hk (O) := W k,2 (O) (Hk(O) concides with L2(O)

when k = 0). Let H(div,O) denote the space of functions in
(
L2 (O)

)2 having the divergence in L2 (O).
We next define the following Hilbert spaces:

M =
{

µ = (µ1,µ2,µγ) ∈ L2 (Ω1)×L2 (Ω2)×L2(γ)
}
,

ΣΣΣ =

{
vvv = (vvv1,vvv2,vvvγ) ∈ (L2 (Ω1))

2× (L2 (Ω2))
2×L2(γ) : div vvvi ∈ L2(Ωi), i = 1,2, and divτvvvγ −

2
∑

n=1
(vvvi ·nnni)|γ ∈ L2(γ)

}
.

Finally, we introduce the following bilinear forms a(·, ·), b(·, ·) , rφ (·, ·), duuu(·, ·) and e(·, ·) on ΣΣΣ×ΣΣΣ,
ΣΣΣ×M, M×M, M×ΣΣΣ and M×ΣΣΣ, respectively,

a(www,vvv) =
2
∑

i=1

(
DDD−1

i wwwi,vvvi
)

Ωi
+
(
DDD−1

γ wwwγ ,vvvγ

)
γ
, b(www,µ) =

2
∑

i=1
(div wwwi,µi)Ωi

+
(
divτ wwwγ ,µγ

)
γ
,

rφ (η ,µ) =
2
∑

i=1
(φiηi,µi)Ωi

+
(
φγ ηγ ,µγ

)
γ
, duuu(µ,www) =

2
∑

i=1

(
DDD−1

i uuuiµi,wwwi
)

Ωi
+
(
DDD−1

γ uuuγ µγ ,wwwγ

)
γ
,

e(www,µ) =
2
∑

i=1

〈
wwwi ·nnni|γ ,µγ

〉
γ
,

(2.5)

and the linear form Lq on M: Lq(µ) =
2
∑

i=1
(qi,µi)Ωi +(qγ ,µγ)γ . With these spaces and forms, the weak

form of (2.3)-(2.4) can be written as follows:
Find c = (c1,c2,cγ) ∈ H1(0,T ;M) and ϕϕϕ = (ϕϕϕ1,ϕϕϕ2,ϕϕϕγ) ∈ L2(0,T ;ΣΣΣ) such that

a(ϕϕϕ,vvv)−b(vvv,c)+ e(vvv,c)−duuu(c,vvv) = 0 ∀vvv ∈ ΣΣΣ,
rφ (∂tc,µ)+b(ϕϕϕ,µ)− e(ϕϕϕ,µ) = Lq(µ) ∀µ ∈M,

(2.6)

together with the initial conditions:

ci(·,0) = c0,i, in Ωi, i = 1,2, and cγ(·,0) = c0,γ , in γ. (2.7)
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For error analysis purpose, we shall assume that the solution (ϕϕϕ,c) of (2.6)-(2.7) satisfies the
following regularity condition:

(A4) (ϕϕϕ,c) ∈C
(
J̄,HHH 1

)
×
(
H1
(
J;H 1

)
∩H2 (J;M)∩C

(
J,H 1

))
, where H k := Hk(Ω1)×Hk(Ω2)×

Hk(γ) and HHH k := (Hk(Ω1))
2× (Hk(Ω2))

2×Hk(γ), k = 0,1.

2.2. Upwind-mixed hybrid finite element method for the monolithic problem

We now derive the fully discrete upwind-mixed hybrid finite element algorithm to find a numerical
solution to (2.6)-(2.7). We begin with discretizing the equations in (2.6) in space based on the lowest-
order Raviart-Thomas mixed finite element method. For simplicity, assume Ω is a rectangular domain.
Let Kh,i, i = 1,2 be a finite element partition of each Ωi into rectangles such that they match on γ and
their union Kh = ∪2

i=1Kh,i forms a finite element partition of Ω. Note that the analysis presented below
also holds for triangular meshes that satisfy assumptions (M1) - (M6) in [19] and match on the interface.

For i= 1,2, let E I
h,i be the set of all interior edges and E D

h,i be the set of edges of the external boundary
∂Ωi ∩ ∂Ω. Moreover, we denote by E γ

h the set of edges of elements in Kh,1 or Kh,2 that lie on γ . We
then denote by Eh,i the set of all edges of elements in Kh,i:

Eh,i = E I
h,i∪E D

h,i∪E γ

h , i = 1,2.

We also denote by Pγ

h the set of endpoints P of all interface edges E ∈ E γ

h . For any K ∈Kh,i, i = 1,2,
let nnnK denote the unit, normal, outward-pointing vector field on the boundary ∂K; for each edge E on
∂K, let nnnE denote the unit normal vector of E, outward to K and let nnn∂E be the unit tangential vector
field of E at the two endpoints of E, outward to E. Let hK = diam(K),hE = |E|, hi = max

K∈Kh,i
hK , i = 1,2,

hγ = max
E∈E γ

h

hE , and h=max{h1,h2,hγ}. With the given notation, the lowest-order Raviart-Thomas mixed

finite element spaces on Ωi are defined as follows:
Mh,i :=

{
µi ∈ L2(Ωi) : µi|K = constant,∀K ∈Kh,i

}
,

ΣΣΣh,i :=
{

vvvh,i ∈ H(div, Ωi) : vvvh,i|K ∈ ΣΣΣK ,∀K ∈Kh,i
}
, i = 1,2,

where ΣΣΣK :=
{

www : K→ R2, www(x,y) = (aK +bKx,a
′
K +b

′
Ky),(aK ,bK ,a

′
K ,b

′
K) ∈ R4

}
is the local Raviart

–Thomas space of lowest order on K ∈Kh,i. Similarly, for the discretization on γ , we have the following
mixed finite element spaces:

Mh,γ :=
{

µγ ∈ L2(γ) : µγ|E = constant on E, ∀E ∈ E γ

h

}
,

ΣΣΣh,γ :=
{

vvvγ ∈ H(divτ , γ) : vvvγ|E ∈ ΣΣΣγ,E ,∀E ∈ E γ

h

}
,

where ΣΣΣγ,E :=
{

vvvγ : E→ R, vvvγ(s) = aE +bEs, (aE ,bE) ∈ R2
}
, for E ∈ E γ

h .
Instead of using these classical mixed finite element spaces, in this work we apply a hybridization

technique to obtain an equivalent hybrid formulation, namely the mixed hybrid finite element method
[17, 61]. For this approach, the continuity constraint of the normal fluxes across inter-element
boundaries is relaxed and is imposed by virtue of an additional equation involving Lagrange multipliers.
The finite element spaces related to the mixed hybrid finite element scheme are defined as

Σ̃ΣΣh,i :=
{

vvvi ∈ (L2(Ωi))
2 : vvvi|K ∈ ΣΣΣK ,∀K ∈Kh,i

}
, i = 1,2,

Σ̃ΣΣh,γ :=
{

vvvγ ∈ L2(γ) : vvvγ|E ∈ ΣΣΣγ,E ,∀E ∈ E γ

h

}
,

Θh,i :=
{

η ∈ L2(Eh,i) : η|E = constant on E, ∀E ∈ E I
h,i∪E γ

h and η|E = 0, ∀E ∈ E D
h,i

}
, i = 1, 2,

Θh,γ :=
{

ς : Pγ

h → R, ς(P) = 0 if P ∈ ∂γ
}
,
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where the last two spaces are for the Lagrange multipliers of the two-dimensional problems on the
subdomains and the one-dimensional equations on the fracture, respectively. Next, we introduce several
products of these finite element spaces:

Mh = Mh,1×Mh,2×Mh,γ , ΣΣΣh = ΣΣΣh,1×ΣΣΣh,2×ΣΣΣh,γ ,

Σ̃ΣΣh = Σ̃ΣΣh,1× Σ̃ΣΣh,2× Σ̃ΣΣh,γ , Θh = Θh,1×Θh,2×Θh,γ .
(2.8)

For i = 1,2, and any ch,i(t) ∈Mh,i, we have the unique representation:

ch,i(t,x,y) = ∑
K∈Kh,i

ci,K(t)χK(x,y),

where χK is the characteristic function of element K ∈Kh,i and ci,K represents the average of ch,i on K.
Similarly, for the Lagrange multipliers θh,i ∈Θh,i of ch,i, it can be represented uniquely as

θh,i(t,x,y) = ∑
E∈Eh,i

θi,E(t)χE(x,y),

where χE is the characteristic function of edge E ∈ Eh,i and θi,E is the average value of θh,i on E. The
velocity ϕϕϕh,i(t) ∈ Σ̃ΣΣh,i is defined locally as

ϕϕϕh,i(t,x,y)|K = ∑
E⊂∂K

ϕi,KE(t)wwwi,KE(x,y), ∀K ∈Kh,i,

where ϕi,KE is the normal flux leaving K ∈ Kh,i through the edge E and {wwwi,KE}E⊂∂K are the basis
functions of the local Raviart-Thomas space ΣΣΣK satisfying∫

E ′
wwwi,KE ·nnnK = δE,E ′ , ∀E ′ ⊂ ∂K.

Similarly, for any ch,γ(t) ∈Mh,γ and ϕϕϕh,γ(t) ∈ Σ̃ΣΣh,γ , we have the following unique expressions

ch,γ(t,y) = ∑
E∈E γ

h

cγ,E(t)χE(y), and ϕϕϕh,γ(t,y)|E = ∑
P∈∂E

ϕγ,EP(t)wwwγ,EP(y), ∀E ∈ E γ

h ,

where {wwwγ,EP}P∈∂E are the local basis functions of ΣΣΣγ,E . We also denote by uuuh = (uuuh,1,uuuh,2,uuuh,γ) the
projections of uuu = (uuu1,uuu2,uuuγ) on ΣΣΣh,1×ΣΣΣh,2×ΣΣΣh,γ :

uuuh,i(x,y) := ∑
K∈Kh,i

∑
E⊂∂K

ui,KEwwwi,KE(x,y), uuuh,γ(y) := ∑
E∈E γ

h

∑
P∈∂E

uγ,EPwwwγ,EP(y), (2.9)

where ui,KE = 1
|E|
∫

E uuui ·nnnK and uγ,EP = (uuuγ ·nnn∂E)|P.

The classical mixed finite element scheme for the problem (2.6)-(2.7) is given by:
Find (ch(t),ϕϕϕh(t)) ∈Mh×ΣΣΣh for a.e. t ∈ (0,T ) such that

a(ϕϕϕh,vvvh)−b(vvvh,ch)+ e(vvvh,ch)−duuuh(ch,vvvh) = 0 ∀vvvh ∈ ΣΣΣh,
rφ (∂tch,µh)+b(ϕϕϕh,µh)− e(ϕϕϕh,µh) = Lq(µh) ∀µh ∈Mh,

(2.10)

with the initial condition
(ch(0),µh) = (c0,µh), ∀µh ∈Mh, (2.11)

where ch = (ch,1,ch,2,ch,γ), c0 = (c0,1,c0,2,c0,γ) and ϕϕϕh = (ϕϕϕh,1,ϕϕϕh,2,ϕϕϕh,γ).

It is well-known that if we employ the basis functions of Mh and ΣΣΣh in the system (2.10), the resulting
linear algebra system is in general indefinite [19, 59, 62]. Moreover, it is not guaranteed that the scheme
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works for strongly advection-dominated problems [59]. To overcome these difficulties, we apply a
hybridization process to replace ΣΣΣh by Σ̃ΣΣh, thus, the continuity conditions of the normal components of
the flux variables across element interfaces are no longer required. These conditions are later imposed
by introducing the Lagrange multipliers from the space Θh to ensure the equivalence of both algorithms.
Towards this end, we define, in addition to the forms in (2.5), the following mapping on Θh× Σ̃ΣΣh:

l(ηh,vvvh) =
2
∑

i=1
∑

K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
ηh,i,vvvh,i ·nnnK

〉
E + ∑

E∈E γ

h

〈
ηh,γ , vvvh,γ ·nnn∂E

〉
∂E , (2.12)

where ηh = (ηh,1,ηh,2,ηh,γ) ∈ Θh and vvvh = (vvvh,1,vvvh,2,vvvh,γ) ∈ Σ̃ΣΣh. To take into account the interface as
part of the subdomain boundary, we define the space

Θ
0
h,i :=

{
η ∈Θh,i : η|E = 0, ∀E ∈ E γ

h

}
, i = 1,2,

and denote by Θ0
h the product space Θ0

h,1×Θ0
h,2×Θh,γ . Altogether, the semi-discrete mixed hybrid

formulation associated with (2.10) is written as follows:
Find (ch(t),ϕϕϕh(t),θh(t)) ∈Mh× Σ̃ΣΣh×Θh for a.e. t ∈ (0,T ) such that

a(ϕϕϕh,vvvh)−b(vvvh,ch)+ e(vvvh,ch)−duuuh(ch,vvvh)+ l(θh,vvvh) = 0,
rφ (∂tch,µh)+b(ϕϕϕh,µh)− e(ϕϕϕh,µh) = L(q,µh) ,

l(ηh,ϕϕϕh) = 0,
∀(µh,vvvh,ηh) ∈Mh× Σ̃ΣΣh×Θ

0
h, (2.13)

with the initial conditions (2.11), where θh = (θh,1,θh,2,θh,γ).
For advection-diffusion equations, the Lagrange multipliers can also be used to discretize the

advective terms via upwind operators, which leads to an upwind-mixed hybrid scheme [19, 59] that
can handle strongly advection-dominated problems. Specifically, we define an approximation of the
advective flux duuuh(·, ·) as follows: for µh = (µh,1,µh,2,µh,γ) ∈ Mh, ηh = (ηh,1,ηh,2,ηh,γ) ∈ Θh and
vvvh = (vvvh,1,vvvh,2,vvvh,γ) ∈ Σ̃ΣΣh,

d̃uuuh((µh,ηh),vvvh) =
2
∑

i=1
∑

K∈Kh,i

(
∑

E⊂∂K
E∈Eh,i\E

γ

h

ui,KEUi,KE(µi,K ,ηi,E)(DDD−1
i wwwi,KE ,vvvh,i)K

+ ∑
E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(µi,K ,µγ,E)(DDD−1
i wwwi,KE ,vvvh,i)K

)
+ ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(µγ,E ,ηγ,P)(DDD−1
γ wwwγ,EP,vvvh,γ)γ ,

(2.14)

where, for any K ∈Kh,i and E ⊂ ∂K:

i) if E ∈ Eh,i\E γ

h , the upwind value Ui,KE is computed by

Ui,KE(µi,K ,ηi,E) =


µi,K , if ui,KE ≥ 0,
2ηi,E −µi,K , if E ∈ E I

h,i and ui,KE < 0,

0, if E ∈ E D
h,i and ui,KE < 0,

i = 1,2, (2.15)

ii) if E ∈ E γ

h , the upwind value U γ

i,KE is computed by

U γ

i,KE(µi,K ,µγ,E) =

{
µi,K , if ui,KE ≥ 0,
µγ,E , if ui,KE < 0,

i = 1,2, (2.16)
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while for any E ∈ E γ

h and P ∈ ∂E, the upwind value Uγ,EP is given by

Uγ,EP(µγ,E ,ηγ,P) =


µγ,E , if uγ,EP ≥ 0,
2ηγ,P−µγ,E , if P /∈ ∂γ and uγ,EP < 0,
0, if P ∈ ∂γ and uγ,EP < 0.

(2.17)

By replacing duuuh(·, ·) in (2.13) with the new operator defined by (2.14), we obtain the following semi-
discrete upwind-mixed hybrid scheme:

Find (ch(t),ϕϕϕh(t),θh(t)) ∈Mh× Σ̃ΣΣh×Θh for a.e. t ∈ (0,T ) such that

a(ϕϕϕh,vvvh)−b(vvvh,ch)+ e(vvvh,ch)− d̃uuuh((ch,θh),vvvh)+ l(θh,vvvh) = 0,
rφ (∂tch,µh)+b(ϕϕϕh,µh)− e(ϕϕϕh,µh) = Lq (µh) ,

l(ηh,ϕϕϕh) = 0,

∀(µh,vvvh,ηh) ∈Mh× Σ̃ΣΣh×Θ
0
h.

(2.18)
Finally, we discretize (2.18) in time by the backward Euler scheme and obtain the fully discrete

upwind-mixed hybrid finite element method. We define the time step size ∆t = T/N and the discrete
times tn = n∆t, n = 1, . . . ,N, where N is a positive integer. The time derivatives are approximated by
the backward difference quotient

∂̄cn =
cn− cn−1

∆t
,n = 1, . . . ,N,

where the superscript n indicates the evaluation of a function at the discrete time t = tn. The fully-
discrete version of (2.18) reads as follows:

For n = 1, . . . ,N, find (cn
h,ϕϕϕ

n
h,θ

n
h ) ∈Mh× Σ̃ΣΣh×Θh satisfying

a(ϕϕϕn
h,vvvh)−b(vvvh,cn

h)+ e(vvvh,cn
h)− d̃uuuh((c

n
h,θ

n
h ),vvvh)+ l(θ n

h ,vvvh) = 0,

rφ (∂̄cn
h,µh)+b(ϕϕϕn

h,µh)− e(ϕϕϕn
h,µh) = Lqn (µh) ,

l(ηh,ϕϕϕ
n
h) = 0,

∀(µh,vvvh,ηh) ∈Mh× Σ̃ΣΣh×Θ
0
h,

(2.19)
where the initial conditions (c0

h,1,c
0
h,2,c

0
h,γ) are given by

c0
h,i|Ki

:=
1
|Ki|

∫
Ki

c0,i, ∀Ki ∈Kh,i, i = 1,2, and c0
h,γ|E :=

1
|E|

∫
E

c0,γ , ∀E ∈ Gh. (2.20)

That means c0
h,i is the L2−projection of c0,i onto Mh,i, for i = 1,2, and c0

h,γ is the L2−projection of c0,γ
onto Mh,γ .

In the next section, we establish the existence, uniqueness and derive a priori error estimates for the
solution of the upwind-mixed hybrid scheme (2.19).

3. Analysis of the upwind-mixed hybrid finite element method

For analysis purpose, we make use of the Raviart-Thomas projection operators Πh,i×Ph,i : (H1(Ωi))
2×

L2(Ωi)→ ΣΣΣh,i×Mh,i, i = 1,2, and Πh,γ ×Ph,γ : H1(γ)×L2(γ)→ ΣΣΣh,γ ×Mh,γ . The following properties
hold for these operators [28, 60]:

(P1) Ph,1,Ph,2 and Ph,γ are the L2-orthogonal projections onto Mh,1, Mh,2 and Mh,γ , respectively.
(P2) For any

(
vvv1,vvv2,vvvγ

)
∈ (H1(Ω1))

2 × (H1(Ω2))
2 ×H1(γ) and (µ1,µ2,µγ) ∈ L2(Ω1)× L2(Ω2)×

L2(γ),(
div(vvvi−Πh,ivvvi),wh,i

)
Ωi

= 0, ∀ wh,i ∈Mh,i,
(
divτ(vvvγ −Πh,γvvvγ),wh,γ

)
γ
= 0, ∀ wh,γ ∈Mh,γ ,(

div vvvh,i,Ph,iµi−µi
)

Ωi
= 0, ∀ vvvh,i ∈ ΣΣΣh,i,

(
divτvvvh,γ ,Ph,γ µγ −µγ

)
γ
= 0, ∀ vvvh,γ ∈ ΣΣΣh,γ .

(3.1)



10 Y. CAO, T.T.P. HOANG, AND P.T. HUYNH

(P3) The following approximation properties hold:∥∥vvvi−Πh,ivvvi
∥∥

0,Ωi
≤Ch‖vvvi‖1,Ωi

, ∀vvvi ∈ (H1(Ωi))
2,
∥∥vvvγ −Πh,γvvvγ

∥∥
0,γ ≤Ch

∥∥vvvγ

∥∥
1,γ , ∀vvvi ∈ H1(γ),∥∥µi−Ph,iµi

∥∥
0,Ωi
≤Ch‖µi‖1,Ωi

, ∀µi ∈ H1(Ωi),
∥∥µγ −Ph,γ µγ

∥∥
0,γ ≤Ch

∥∥µγ

∥∥
1,γ , ∀µγ ∈ H1(γ).

(3.2)
(P4) For sufficiently smooth vvvi ∈ (H1(Ωi))

2, we also have [28]∥∥(vvvi−Πh,ivvvi) ·nnni
∥∥

0,γ ≤Ch‖vvvi ·nnni‖1,γ , i = 1,2. (3.3)

Finally, we define the following norms for any function g in H k or HHH k: ‖g‖2
k := ‖g1‖2

k,Ω1
+‖g2‖2

k,Ω2
+∥∥gγ

∥∥2
k,γ , k = 0,1.

3.1. Well-posedness analysis

Theorem 1 For every n ∈ {1, . . . ,N} and sufficiently small ∆t and h, problem (2.19) has a unique
solution.

Proof Since problem (2.19) is linear, it suffices to show its uniqueness. For this purpose, we consider
the corresponding homogeneous system:

a(ϕϕϕn
h,vvvh)−b(vvvh,cn

h)− d̃uuuh((c
n
h,θ

n
h ),vvvh)+ e(vvvh,cn

h)+ l(θ n
h ,vvvh) = 0,

rφ (∂̄cn
h,µh)+b(ϕϕϕn

h,µh)− e(ϕϕϕn
h,µh) = 0,

l(ηh,ϕϕϕ
n
h) = 0,

∀(µh,vvvh,ηh) ∈Mh× Σ̃ΣΣh×Θ
0
h,

(3.4)
for n = 1,2, . . . ,N, given that the initial condition

(
cn−1

h ,ϕϕϕn−1
h ,θ n−1

h

)
is zero. We show that the only

solution
(
cn

h, ϕϕϕn
h,θ

n
h

)
to (3.4) is zero. Let µh = cn

h, vvvh = ∆tϕϕϕn
h and ηh = (ηh,1,ηh,2,ηh,γ) in (3.4) where,

for i = 1,2,

(
ηh,i
)
|E =

{
−∆tθ n

i,E , on E ∈ E I
h,i

0, otherwise,
,
(
ηh,γ

)
|P =

{
−∆tθ n

γ,P, at interior point P,

0, otherwise ,

and adding the resulting equations, we obtain

rφ (cn
h,c

n
h)+∆ta(ϕϕϕn

h,ϕϕϕ
n
h) = ∆td̃uuuh((c

n
h,θ

n
h ),ϕϕϕ

n
h). (3.5)

We next provide an estimate for the error
∥∥θ n

h

∥∥
0,E on each edge E ∈ Eh,i, i = 1,2 by utilizing the

technique in [8]. Fix i ∈ {1,2}, for K ∈Kh,i, E ⊂ ∂K, let τE denote the unique element of Σ̃ΣΣh,i with
supp(τE) ⊆ K and

τE ·nnnE ′ =

{
θ n

i,E , on E = E ′,
0, otherwise.

Then, it follows from a scaling argument [8] that

hK ‖τE‖1,K +‖τE‖0,K ≤Ch1/2
K

∥∥θ
n
h,i

∥∥
0,E . (3.6)

By using vvvh = (vh,1,vh,2,0) where vh,i = τE , vh, j = 0, j = 3− i as a test function in the first equation of
(3.4), utilizing (3.6) and the weighted Cauchy-Schwarz inequality, we obtain∥∥θh,i

∥∥
0,E ≤C

(
h1/2

K

∥∥∥ϕϕϕn
h,i

∥∥∥
0,K

+h−1/2
K

∥∥∥cn
h,i

∥∥∥
0,K

+hK ∑
E ′∈E (K)

∥∥θh,i
∥∥

0,E ′

)
. (3.7)

Summing this estimate over all edges of K and pushing back the last term for h sufficiently small yields
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∥∥θh,i
∥∥

0,E ≤C
(

h1/2
K

∥∥∥ϕϕϕn
h,i

∥∥∥
0,K

+h−1/2
K

∥∥∥cn
h,i

∥∥∥
0,K

)
. (3.8)

Similarly, for the Lagrange multipliers on the fracture, we have∣∣∣(θh,γ
)
|P

∣∣∣≤C
(

h1/2
E

∥∥∥ϕϕϕn
h,γ

∥∥∥
0,E

+h−1/2
E

∥∥∥cn
h,γ

∥∥∥
0,E

)
. (3.9)

By using (3.8) and Young’s inequality, we have, for i = 1,2,

∆t ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(cn
i,K ,θ

n
i,K)(DDD

−1
i wwwi,KE ,ϕϕϕ

n
h,i)K + ∑

E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
n
i,K ,c

n
γ,E)(DDD

−1
i wwwi,KE ,ϕϕϕ

n
h,i)K


≤Ci∆t ∑

K∈Kh,i

∥∥∥cn
h,i

∥∥∥
0,K

∥∥∥ϕϕϕn
h,i

∥∥∥
0,K

+Ci∆t ∑
K∈Kh,i

∑
E⊂∂K
E∈E γ

h

∥∥∥cn
h,γ

∥∥∥
0,E

∥∥∥ϕϕϕn
h,i

∥∥∥
0,K

+Ci∆t ∑
K∈Kh,i

hK

∥∥∥ϕϕϕn
h,i

∥∥∥2

0,K

≤Ciε

∥∥∥cn
h,i

∥∥∥2

0,Ωi
+Ciε

∥∥∥cn
h,γ

∥∥∥2

0,γ
+Ci

∆t2

4ε

∥∥∥ϕϕϕn
h,i

∥∥∥2

0,Ωi
+Ci∆thi

∥∥∥ϕϕϕn
h,i

∥∥∥2

0,Ωi
.

(3.10)
Similarly, from (3.9) and Young’s inequality, we have

∆t ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
γ,P)(DDD

−1
γ wwwγ,EP,ϕϕϕ

n
h,γ)γ ≤Cγ ε

∥∥∥cn
h,γ

∥∥∥2

0,γ
+Cγ

∆t2

4ε

∥∥∥ϕϕϕn
h,γ

∥∥∥2

0,γ
+Cγ ∆thγ

∥∥∥ϕϕϕn
h,γ

∥∥∥2

0,γ
.

(3.11)
Altogether, we combine (3.5), (3.10), and (3.11) to find

rφ (cn
h,c

n
h)+∆ta(ϕϕϕn

h,ϕϕϕ
n
h)≤Cε

∥∥cn
h

∥∥2
0 +

(
C (∆t)2

4ε
+C∆th

)∥∥ϕϕϕn
h

∥∥2
0 , (3.12)

where C = max{C1,C2,Cγ}. To give a lower bound for the left-hand side of (3.12), we use the
assumptions (A1) - (A2) to find

rφ (cn
h,c

n
h)≥ φ−

∥∥cn
h

∥∥2
0 , a(ϕϕϕn

h,ϕϕϕ
n
h)≥ D−min

∥∥ϕϕϕn
h

∥∥2
0 , (3.13)

where D−min = min{D−, D−γ }. By substituting (3.13) into (3.12),we have

φ
− ‖cn

h‖
2
0 +D−min∆t ‖ϕϕϕn

h‖
2
0 ≤Cε ‖cn

h‖
2
0 +

(
C (∆t)2

4ε
+C∆th

)
‖ϕϕϕn

h‖
2
0 . (3.14)

By taking ∆t, h and ε in (3.14) sufficiently small such that φ−−Cε > 0, D−min−Ch−C
∆t
4ε

> 0, we have
cn

h, ϕϕϕn
h vanish. Then θ n

h vanishes according to (3.8)-(3.9). �

3.2. A priori error estimates

We first state some preliminary lemmas: Lemma 1 is a direct consequence of the Bochner’s
inequality [27], Lemma 2 is a discrete version of integration by parts, Lemma 3 demonstrates the
discrete Gronwall’s inequality, and Lemma 4 is a generalization of [19, Lemma 4.2] to the reduced
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fracture model of transport problems. We remark that the key result needed for our proof of error
estimates is Lemma 4 to control the advective terms. The proof of Lemma 4 relies on [8, Lemma 2.1]
and can be found in Appendix A.

Lemma 1 Let X be any Banach space with norm ‖·‖X and let f : [0,T ]→ X be a measurable mapping
such that the mapping t 7→ ‖ f (t)‖X is also measurable. Then, we have∥∥∥∥∫ T

0
f (s)ds

∥∥∥∥
X
≤
∫ T

0
‖ f (s)‖X ds. (3.15)

Lemma 2 [19, Lemma 4.3] Let (an)n∈N0
and (bn)n∈N0

be real sequences. Then, for any m ∈ N0,

m

∑
n=1

(an−an−1)bn = ambm−a0b0−
m

∑
n=1

an−1(bn−bn−1).

Lemma 3 [58] Let τ > 0,B ≥ 0, and let am,bm,cm,dm,m ≥ 0, be non-negative sequences such that
a0 ≤ B and

am + τ

m

∑
l=1

bl ≤ τ

m−1

∑
l=1

dlal + τ

m

∑
l=1

cl +B, m≥ 1.

Then

am + τ

m

∑
l=1

bl ≤ exp

(
τ

m−1

∑
l=1

dl

)(
τ

m

∑
l=1

cl +B

)
, m≥ 1.

Lemma 4 Assume that the solution (c,ϕϕϕ) of (2.6)-(2.7) satisfies (A4). Let (cn
h,ϕϕϕ

n
h,θ

n
h )∈Mh×Σ̃ΣΣh×Θh

be the solution of (2.19). Then, for h sufficiently small, there exists a constant C > 0, independent of n
and h, such that

2
∑

i=1
∑

K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

|E|2(θ n
i,E − cn

i,K)
2 + ∑

E⊂∂K
E∈E γ

h

|E|2(cn
γ,E − cn

i,K)
2

+ ∑

E∈E γ

h

∑
P∈∂E

(θ n
γ,P− cn

γ,E)
2

≤C
(∥∥cn− cn

h

∥∥2
0 +
∥∥ϕϕϕn−ϕϕϕn

h

∥∥2
0 +h2

∥∥uuucn−uuuhcn
h

∥∥2
0 +h2 ‖cn‖2

1

)
.

(3.16)

We now state the first-order convergence in both space and time of the upwind-mixed hybrid
algorithm (2.19). Unlike [19], here the reduced fracture model consists of an extra term representing
the total normal flux across the fracture which may cause the loss in spatial accuracy if it is not
treated carefully. In the following analysis, we eliminate that total normal flux term in the formulation
by employing the orthogonality property of the L2-projection Ph,γ since with conforming spatial
discretization, the traces on the fracture of the discrete normal fluxes belong to Mh,γ , the same space as
the scalar variable in the fracture.

Theorem 2 Assume that ∆t and h are sufficiently small and the solution of problem (2.6)-(2.7)
satisfies (A4). Let (cn

h,ϕϕϕ
n
h,θ

n
h ) be the solution of problem (2.19), then there exists a constant C > 0

independent of ∆t and h, such that



NUMERICAL METHODS FOR ADVECTION-DIFFUSION PROBLEMS IN FRACTURED POROUS MEDIA 13

max
n=1,...,N

∥∥c(tn)− cn
h

∥∥2
0 +∆t

N
∑

n=1

∥∥ϕϕϕ(tn)−ϕϕϕn
h

∥∥2
0

≤C
(
‖∂ttc‖2

L2(0,T ;H 0) ∆t2 +‖c‖2
L∞(0,T ;H 0) h2 +‖c‖2

L∞(0,T ;H 1) h2 +‖∂tc‖2
L2(0,T ;H 1) h2

+‖ϕϕϕ‖2
L∞(0,T ;HHH 1) h2 +

2
∑

i=1
‖ϕϕϕ i ·nnni‖2

L∞(0,T ;H1(γ)) h2
)
.

(3.17)

Proof We first take vh ∈ ΣΣΣh in (2.19) and use the continuity of concentration across the interface to
obtain

a(ϕϕϕn
h,vvvh)−b(vvvh,cn

h)+ e(vvvh,cn
h)− d̃uuuh((c

n
h,θ

n
h ),vvvh) = 0,

rφ (∂̄cn
h,µh)+b(ϕϕϕn

h,µh)− e(ϕϕϕn
h,µh) = Lqn (µh) ,

∀(µh,vvvh) ∈Mh×ΣΣΣh. (3.18)

In (2.6), we take t = tn and vvv = vvvh ∈ ΣΣΣh and substract (3.18) from the resulting equations to have the
following error equations

a(ϕϕϕn−ϕϕϕn
h,vvvh)−b(vvvh,cn− cn

h)+ e(vvvh,cn− cn
h)−duuu(cn,vvvh)+ d̃uuuh((c

n
h,θ

n
h ),vvvh) = 0,

rφ (∂tcn− ∂̄cn
h,µh)+b(ϕϕϕn−ϕϕϕn

h,µh)− e(ϕϕϕn−ϕϕϕn
h,µh) = 0,

∀(µh,vvvh)∈Mh×ΣΣΣh.

(3.19)
Let vvvh = Πhϕϕϕn −ϕϕϕn

h,µh = Phcn − cn
h in (3.19), where Πhϕϕϕϕϕϕϕϕϕ = (Πh,1ϕϕϕ1,Πh,2ϕϕϕ2,Πh,γϕϕϕγ) and Phc =

(Ph,1c1,Ph,2c2,Ph,γ cγ), we have

a(ϕϕϕn−ϕϕϕn
h,Πhϕϕϕn−ϕϕϕn

h)−b(Πhϕϕϕn−ϕϕϕn
h,c

n− cn
h)+ e(Πhϕϕϕn−ϕϕϕn

h,c
n− cn

h)

−duuu(cn,Πhϕϕϕn−ϕϕϕn
h)+ d̃uuuh((c

n
h,θ

n
h ),Πhϕϕϕn−ϕϕϕn

h) = 0,

rφ (∂tcn− ∂̄cn
h,Phcn− cn

h)+b(ϕϕϕn−ϕϕϕn
h,Phcn− cn

h)− e(ϕϕϕn−ϕϕϕn
h,Phcn− cn

h) = 0.

(3.20)

By adding both equations in (3.20) and using property (3.1) of the Raviart-Thomas projection operators,
we find that

a(ϕϕϕn−ϕϕϕn
h,Πhϕϕϕn−ϕϕϕn

h)+ rφ (∂tcn− ∂̄cn
h,Phcn− cn

h)

= duuu(cn,Πhϕϕϕn−ϕϕϕn
h)− d̃uuuh((c

n
h,θ

n
h ),Πhϕϕϕn−ϕϕϕn

h)− e(Πhϕϕϕn−ϕϕϕn
h,Phcn− cn)+ e(ϕϕϕn−Πhϕϕϕn,Phcn− cn

h).
(3.21)

Equivalently, (3.21) can be rewritten as

a(ϕϕϕn−ϕϕϕn
h,ϕϕϕ

n−ϕϕϕn
h)+ rφ (∂̄ (cn− cn

h),c
n− cn

h)

=−a(ϕϕϕn−ϕϕϕn
h,Πhϕϕϕn−ϕϕϕn)− rφ (∂tcn− ∂̄cn,Phcn− cn)− rφ (∂tcn− ∂̄cn,cn− cn

h)

−rφ (∂̄ (cn− cn
h),Phcn− cn)+duuu(cn,Πhϕϕϕn−ϕϕϕn

h)−duuuh(c
n
h,Πhϕϕϕn−ϕϕϕn

h)+duuuh(c
n
h,Πhϕϕϕn−ϕϕϕn

h)

−d̃uuuh((c
n
h,θ

n
h ),Πhϕϕϕn−ϕϕϕn

h)+ e(Πhϕϕϕn−ϕϕϕn
h,Phcn− cn)+ e(ϕϕϕn−Πhϕϕϕn,Phcn− cn

h).
(3.22)

Fix any 1 ≤ m ≤ N, by summing both sides of (3.22) from n = 1, . . . ,m, and multiplying by 2∆t, we
have

2∆t
m
∑

n=1
a(ϕϕϕn−ϕϕϕn

h,ϕϕϕ
n−ϕϕϕn

h)+2∆t
m
∑

n=1
cφ (∂̄ (cn− cn

h),c
n− cn

h) = T1 +T2 + ...T7, (3.23)

where
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T1 =−2∆t
m
∑

n=1
a(ϕϕϕn−ϕϕϕn

h,Πhϕϕϕn−ϕϕϕn), T2 =−2∆t
m
∑

n=1
rφ (∂tcn− ∂̄cn,Phcn− cn),

T3 =−2∆t
m
∑

n=1
rφ (∂tcn− ∂̄cn,cn− cn

h), T4 =−2∆t
m
∑

n=1
rφ (∂̄ (cn− cn

h),Phcn− cn),

T5 = 2∆t
m
∑

n=1
duuu(cn,Πhϕϕϕn−ϕϕϕn

h)−2∆t
m
∑

n=1
duuuh(c

n
h,Πhϕϕϕn−ϕϕϕn

h),

T6 = 2∆t
m
∑

n=1
duuuh(c

n
h,Πhϕϕϕn−ϕϕϕn

h)−2∆t
m
∑

n=1
d̃uuuh((c

n
h,θ

n
h ),Πhϕϕϕn−ϕϕϕn

h),

T7 = 2∆t
m
∑

n=1
e(Πhϕϕϕn−ϕϕϕn

h,Phcn− cn)+2∆t
m
∑

n=1
e(ϕϕϕn−Πhϕϕϕn,Phcn− cn

h).

Our next step is to give an upper bound for each term Ti,1 ≤ i ≤ 7. By using the Cauchy-Schwarz
inequality and Young’s inequality, we first obtain

|T1| ≤ 2∆t
2
∑

i=1

m
∑

n=1

∣∣∣∣(DDD−1
i (ϕϕϕn

i −ϕϕϕn
h,i),Πh,iϕϕϕ

n
i −ϕϕϕn

i

)
Ωi

∣∣∣∣+2∆t
m
∑

n=1

∣∣∣∣(DDD−1
γ (ϕϕϕn

γ −ϕϕϕn
h,γ),Πh,γϕϕϕn

γ −ϕϕϕn
γ

)
γ

∣∣∣∣
≤ 2∆t

2
∑

i=1

m
∑

n=1

∥∥∥DDD−1
i

(
ϕϕϕn

i −ϕϕϕn
h,i

)∥∥∥
0,Ωi

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥
0,Ωi

+2∆t
m
∑

n=1

∥∥∥DDD−1
γ

(
ϕϕϕn

γ −ϕϕϕn
h,γ

)∥∥∥
0,γ

∥∥Πh,γϕϕϕn
γ −ϕϕϕn

γ

∥∥
0,γ

≤ D+∆tε
m
∑

n=1

∥∥∥ϕϕϕn
i −ϕϕϕn

h,i

∥∥∥2

0,Ωi
+

D+∆t
ε

m
∑

n=1

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥2
0,Ωi

+D+
γ ∆tε

m
∑

n=1

∥∥∥ϕϕϕn
γ −ϕϕϕn

h,γ

∥∥∥2

0,γ
+

D+
γ ∆t
ε

m
∑

n=1

∥∥Πh,γϕϕϕn
γ −ϕϕϕn

γ

∥∥2
0,γ

≤C1∆tε
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥
0 +

C1∆t
ε

m
∑

n=1
‖Πhϕϕϕn−ϕϕϕn‖2

0.

(3.24)
where C1 = max{D+, D+

γ }. Similarly, it follows from the Cauchy-Schwarz inequality, Bochner’s
inequality (3.15) and the regularity of c that

|T2| ≤ ∆t
m
∑

n=1

∥∥∥∥∂tcn− cn− cn−1

∆t

∥∥∥∥2

0
+∆t

m
∑

n=1
‖Phcn− cn‖2

0 ≤ ‖∂ttc‖2
L2(0,T ;H 0) (∆t)2 +∆t

m
∑

n=1
‖Phcn− cn‖2

0,

|T3| ≤ ∆t
m
∑

n=1

∥∥∥∥∂tcn− cn− cn−1

∆t

∥∥∥∥2

0
+∆t

m
∑

n=1
‖cn− cn‖2

0 ≤ ‖∂ttc‖2
L2(0,T ;H 0) (∆t)2 +∆t

m
∑

n=1

∥∥cn− cn
h

∥∥2
0.

(3.25)
To obtain an upper bound for the term T4, we first use Lemma 2 and get

T4 = 2
m
∑

n=1
cφ

(
(cn− cn

h)− (cn−1− cn−1
h ),Phcn− cn

)
= 2cφ

(
cm− cm

h ,Phcm− cm
)
−2cφ

(
c0− c0

h,Phc0− c0
)
−2

m
∑

n=1
cφ

(
cn−1− cn−1

h ,(Ph− I)(cn− cn−1)
)
.

(3.26)
We then apply the Cauchy-Schwarz inequality, Bochner’s inequality (3.15) and the regularity of c on
the right-hand side of (3.26):

|T4| ≤ ε
∥∥cm− cm

h

∥∥2
0 +

1
ε
‖Phcm− cm‖2

0 +C4
∥∥Phc0− c0

∥∥2
0 +∆t

m−1
∑

n=1

∥∥cn− cn
h

∥∥2
0 +

1
∆t

m
∑

n=1

∥∥(Ph− I)(cn− cn−1)
∥∥2

0

≤ ε
∥∥cm− cm

h

∥∥2
0 +

h2

ε
‖cm‖2

1 +∆t
m−1
∑

n=1

∥∥cn− cn
h

∥∥2
0 +C4

∥∥c0
∥∥2

1 h2 +‖∂tc‖2
L2(0,T ;H 1) h2.

(3.27)
For T5, we decompose it into three subterms T5,1,T5,2 and T5,γ , where
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T5,i = 2∆t
m
∑

n=1

(
DDD−1

i (uuuh,icn
h,i−uuuicn

i ),Πh,iϕϕϕ
n
i −ϕϕϕn

i

)
Ωi
+2∆t

m
∑

n=1

(
DDD−1

i (uuuh,icn
h,i−uuuicn

i ),ϕϕϕ
n
i −ϕϕϕn

h,i

)
Ωi
, i = 1,2,

T5,γ = 2∆t
m
∑

n=1

(
DDD−1

γ (uuuh,γ cn
h,γ −uuuγ cn

γ), Πh,γϕϕϕn
γ −ϕϕϕn

γ

)
γ

+2∆t
m
∑

n=1

(
DDD−1

γ (uuuh,γ cn
h,γ −uuuγ cn

γ), ϕϕϕn
γ −ϕϕϕn

h,γ

)
γ

.

By using the Cauchy-Schwarz inequality, Young’s inequality and the L∞−approximation properties of
Πh,i, i = 1,2 [25], we have

2∆t
m
∑

n=1

∣∣∣∣(DDD−1
i (uuuh,icn

h,i−uuuicn
i ),Πh,iϕϕϕ

n
i −ϕϕϕn

i

)
Ωi

∣∣∣∣≤ 2∆t
m
∑

n=1

∥∥∥DDD−1
i (uuuh,icn

h,i−uuuicn
i )
∥∥∥

0,Ωi

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥
0,Ωi

≤ 2∆t
m
∑

n=1

(∥∥∥DDD−1
i uuuh,i(cn

h,i− cn
i )
∥∥∥

0,Ωi

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥
0,Ωi

+
∥∥DDD−1

i (uuuh,i−uuui)cn
i

∥∥
0,Ωi

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥
0,Ωi

)
≤C5∆t

m
∑

n=1

∥∥∥cn
h,i− cn

i

∥∥∥2

0,Ωi
+C5∆th2

m
∑

n=1
‖cn

i ‖
2
0,Ωi

+C5∆t
m
∑

n=1

∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

i

∥∥2
0,Ωi

.

(3.28)
Similarly,

2∆t
m
∑

n=1

∣∣∣∣(DDD−1
γ (uuuh,γ cn

h,γ −uuuγ cn
γ), Πh,γϕϕϕn

γ −ϕϕϕn
γ

)
γ

∣∣∣∣
≤C5∆t

m
∑

n=1

∥∥∥cn
h,γ − cn

γ

∥∥∥2

0,γ
+C5∆th2

m
∑

n=1

∥∥cn
γ

∥∥2
0,γ

+C5∆t
m
∑

n=1

∥∥Πh,γϕϕϕn
γ −ϕϕϕn

γ

∥∥2
0,γ

.
(3.29)

By repeating the steps in (3.28) and (3.29) for the second terms of T5,i, i = 1,2,γ , we obtain the
following upper bound for the term T5:

|T5| ≤C5∆t
m
∑

n=1

∥∥cn− cn
h

∥∥2
0 +C5∆th2

m
∑

n=1
‖cn‖2

0 +C5∆t
m
∑

n=1
‖Πhϕϕϕn−ϕϕϕn‖2

0

+
C5∆t

ε

m
∑

n=1

∥∥cn− cn
h

∥∥2
0 +

C5∆th2

ε

m
∑

n=1
‖cn‖2

0 +C5ε∆t
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 .

(3.30)

To handle T6, we first perform the decomposition T6 = T6,1 +T6,2 +T6,γ , where

T6,i = 2∆t
m
∑

n=1
∑

K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KE

(
Ui,KE(cn

i,K ,θ
n
i,E)− cn

i,K

)(
DDD−1

i wwwi,KE , Πh,iϕϕϕ
n
i −ϕϕϕn

h,i

)
K

+ ∑
E⊂∂K
E∈E γ

h

ui,KE

(
U γ

i,KE(c
n
i,K ,c

n
γ,E)− cn

i,K

)(
DDD−1

i wwwi,KE , Πh,iϕϕϕ
n
i −ϕϕϕn

h,i

)
K

 , i = 1,2,

T6,γ = 2∆t
m
∑

n=1
∑

E∈E γ

h

∑
P∈∂E

uγ,EP

(
Uγ,EP(cn

γ,E ,θ
n
γ,P)− cn

γ,E

)(
DDD−1

γ wwwγ,EP, Πh,γϕϕϕn
γ −ϕϕϕn

h,γ

)
γ

.

Applying the Cauchy-Schwarz inequality, Young’s inequality, and Lemma 4 yields
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|T6| ≤
C6∆t

ε

m
∑

n=1

2
∑

i=1
∑

K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

|E|2(θ n
i,E − cn

i,K)
2 + ∑

E⊂∂K
E∈E γ

h

|E|2(cn
γ,E − cn

i,K)
2


+C6∆tε

m
∑

n=1

2
∑

i=1

∥∥∥Πh,iϕϕϕ
n
i −ϕϕϕn

h,i

∥∥∥2

0,Ωi
+

C6∆t
ε

m
∑

n=1
∑

E∈E γ

h

∑
P∈∂E

(θ n
γ,P− cn

γ,E)
2 +C6∆tε

m
∑

n=1

∥∥∥Πh,γϕϕϕn
γ −ϕϕϕn

h,γ

∥∥∥2

0,γ

≤ C6h2∆t
ε

m
∑

n=1
‖cn‖2

1 +
C6h4∆t

ε

m
∑

n=1
‖cn‖2

0 +C6ε∆t
m
∑

n=1
‖Πhϕϕϕn−ϕϕϕn‖2

0

+
C6∆t

ε

(
1+h2

) m
∑

n=1

∥∥cn− cn
h

∥∥2
0 +C6

(
h2

ε
+ ε

)
∆t

m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 .

(3.31)
By collecting the estimates (3.24)-(3.31) and plugging them in the right-hand side of (3.23), then using
the L2-approximation properties (3.2), we deduce that

2∆t
m
∑

n=1
a(ϕϕϕn−ϕϕϕn

h,ϕϕϕ
n−ϕϕϕn

h)+2∆t
m
∑

n=1
cφ (∂̄ (cn− cn

h),c
n− cn

h)

≤
(

C1ε +C5ε +C6

(
h2

ε
+ ε

))
∆t

m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 + ε

∥∥cm− cm
h

∥∥2
0

+

(
2+C5 +

C5

ε
+

C6

ε

(
1+h2

))
∆t

m
∑

n=1

∥∥cn− cn
h

∥∥+ h2

ε
‖cm‖2

1 +C4h2
∥∥c0
∥∥2

1

+

(
C5 +

C5

ε
+

C6h2

ε

)
h2∆t

m
∑

n=1
‖cn‖2

0 +

(
C1

ε
+C5 +C6ε

)
h2∆t

m
∑

n=1
‖ϕϕϕn‖2

1

+

(
C6

ε
+1
)

h2∆t
m
∑

n=1
‖cn‖2

1 +‖∂tc‖2
L2(0,T ;H 1) h2 +‖∂ttc‖2

L2(0,T ;H 0) (∆t)2 + |T7|.

(3.32)

For the left-hand side of (3.32), by using assumptions (A1)− (A2) and Lemma 2, we have

2∆t
m
∑

n=1
a(ϕϕϕn−ϕϕϕn

h,ϕϕϕ
n−ϕϕϕn

h)+2∆t
m
∑

n=1
cφ (∂̄ (cn− cn

h),c
n− cn

h)

≥ 2D−min∆t
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 +φ−

∥∥cm− cm
h

∥∥2
0−φ+

∥∥c0− c0
h

∥∥2
0 .

(3.33)

From (3.32)-(3.33) and (3.2), it is implied that

2D−min∆t
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 +φ−

∥∥cm− cm
h

∥∥2
0

≤
(

C1ε +C5ε +C6

(
h2

ε
+ ε

))
∆t

m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 + ε

∥∥cm− cm
h

∥∥2
0

+

(
2+C5 +

C5

ε
+

C6

ε

(
1+h2

))
∆t

m
∑

n=1

∥∥cn− cn
h

∥∥2
0 +

h2

ε
‖cm‖2

1 +(C4 +φ+)h2
∥∥c0
∥∥2

1

+

(
C5 +

C5

ε
+

C6h2

ε

)
h2∆t

m
∑

n=1
‖cn‖2

0 +

(
C1

ε
+C5 +C6ε

)
h2∆t

m
∑

n=1
‖ϕϕϕn‖2

1

+

(
C6

ε6
+1
)

h2∆t
m
∑

n=1
‖cn‖2

1 +‖∂tc‖2
L2(0,T ;H 1) h2 +‖∂ttc‖2

L2(0,T ;H 0) (∆t)2 + |T7|.

(3.34)

For the last term T7, we recall that
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T7 = 2∆t
m
∑

n=1

2
∑

i=1

((
Πh,iϕϕϕ

n
i −ϕϕϕn

h,i

)
·nnni|γ ,Ph,γ cn

γ − cn
γ

)
γ

−2∆t
m
∑

n=1

2
∑

i=1

((
Πh,iϕϕϕ

n
i −ϕϕϕn

i
)
·nnni|γ ,Ph,γ cn

γ − cn
h,γ

)
γ

.

(3.35)
It follows from [17, Proposition 3.2] that for any local lowest-order Raviart-Thomas mixed finite
element space ΣΣΣK in which K is a triangle, the traces on ∂K of the normal component of any function in
ΣΣΣK are constant. This result also holds when K is a rectangle [17]. Therefore, for any K ∈Kh,i, i = 1,2,
we have ϕϕϕn

h,i ·nnni|E is constant for any E ⊂ ∂K. Moreover, since the spatial mesh grids on the two
subdomains are conforming and match on the fracture γ , we have ϕϕϕn

h,i ·nnni|E is also constant for any
E ∈ E γ

h . In other words, we have ϕϕϕn
h,i ·nnni|γ ∈ Mh,γ for i = 1,2. Similarly, we have Πh,iϕϕϕ

n
i ·nnni|γ ∈ Mh,γ

for i = 1,2. Therefore, the first term in (3.35) vanishes due to the orthogonality property of the
L2−projection operator Ph,γ . By using the approximation property (3.3) and Young’s inequality, we
have

|T7| ≤
2
∑

i=1
∆t

m
∑

n=1

(
1
ε

∥∥(Πh,iϕϕϕ
n
i −ϕϕϕn

i
)
·nnni|γ

∥∥2
0,γ + ε

∥∥∥Ph,γ cn
γ − cn

h,γ

∥∥∥2

0,γ

)
≤ C7h2

ε

2
∑

i=1

m
∑

n=1

∥∥ϕϕϕn
i ·nnni|γ

∥∥2
1,γ +∆tε

m
∑

n=1

∥∥Ph,γ cn
γ − cn

γ

∥∥2
0,γ

+∆tε
m
∑

n=1

∥∥∥cn
γ − cn

h,γ

∥∥∥2

0,γ

≤ C7h2

ε

2
∑

i=1

m
∑

n=1

∥∥ϕϕϕn
i ·nnni|γ

∥∥2
1,γ +C7εh2

m
∑

n=1

∥∥cn
h

∥∥2
1,γ +∆tε

m
∑

n=1

∥∥∥cn
γ − cn

h,γ

∥∥∥2

0,γ
.

(3.36)

From (3.34) and (3.36), we deduce that

2D−min∆t
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 +φ−

∥∥cm− cm
h

∥∥2
0

≤
(

C1ε +C5ε +C6

(
h2

ε
+ ε

))
∆t

m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 + ε

∥∥cm− cm
h

∥∥2
0 +

h2

ε
‖cm‖2

1 +(C4 +φ+)h2
∥∥c0
∥∥2

1

+
(

2+C5 +
C5

ε
+

C6

ε

(
1+h2

))
∆t

m
∑

n=1

∥∥cn− cn
h

∥∥2
0 +

(
C5 +

C5

ε
+

C6h2

ε

)
h2∆t

m
∑

n=1
‖cn‖2

0

+

(
C1

ε
+C5 +C6ε

)
h2∆t

m
∑

n=1
‖ϕϕϕn‖2

1 +

(
C6

ε
+1+C7ε

)
h2∆t

m
∑

n=1
‖cn‖2

1

+‖∂tc‖2
L2(0,T ;H 1) h2 +‖∂ttc‖2

L2(0,T ;H 0) (∆t)2 +
C7h2∆t

ε

2
∑

i=1

m
∑

n=1

∥∥ϕϕϕn
i ·nnni|γ

∥∥2
1,γ .

(3.37)
In (3.37), we fix ε small enough such that φ−− ε > 0, 2− (C1 +C5 +C6)ε > 0, then choose ∆t and h
sufficiently small to find

∆t
m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 +
∥∥cm− cm

h

∥∥2
0

≤C∆t
m−1
∑

n=1

∥∥cn− cn
h

∥∥2
0 +Ch2∆t

m
∑

n=1
‖cn‖2

0 +Ch2∆t
m
∑

n=1
‖ϕϕϕn‖2

1 +Ch2∆t
m
∑

n=1
‖cn‖2

1 +Ch2 ‖cm‖2
1

+Ch2
∥∥c0
∥∥2

1 +Ch2∆t
2
∑

i=1

m
∑

n=1

∥∥ϕϕϕn
i ·nnni|γ

∥∥2
1,γ +‖∂tc‖2

L2(0,T ;H 1) h2 +‖∂ttc‖2
L2(0,T ;H 0) (∆t)2

≤C
(

∆t
m−1
∑

n=1

∥∥cn− cn
h

∥∥2
0 +‖c‖

2
L∞(0,T ;H 0) h2 +‖ϕϕϕ‖2

L∞(0,T ;HHH 1) h2 +‖c‖2
L∞(0,T ;H 1) h2

+
2
∑

i=1

∥∥ϕϕϕ i ·nnni|γ
∥∥2

L∞(0,T ;H1(γ))h2 +‖∂tc‖2
L2(0,T ;H 1) h2 +‖∂ttc‖2

L2(0,T ;H 0) (∆t)2
)
.

(3.38)
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Let B = ‖c‖2
L∞(0,T ;H 0) h2 + ‖ϕϕϕ‖2

L∞(0,T ;HHH 1) h2 + ‖c‖2
L∞(0,T ;H 1) h2 +

2
∑

i=1

∥∥ϕϕϕ i ·nnni|γ
∥∥2

L∞(0,T ;H1(γ))
h2 +

‖∂tc‖2
L2(0,T ;H 1) h2 + ‖∂ttc‖2

L2(0,T ;H 0) (∆t)2. By applying Lemma 3 in (3.38) with am =
∥∥cm− cm

h

∥∥2
0,

bm =
∥∥ϕϕϕm−ϕϕϕm

h

∥∥2
0, cm = 0, dm = 1, we obtain∥∥cm− cm

h

∥∥2
0 +∆t

m
∑

n=1

∥∥ϕϕϕn−ϕϕϕn
h

∥∥2
0 ≤ exp(∆t(m−1))B≤ exp(∆tN)B≤ exp(T )B≤CB. (3.39)

Since (3.39) holds for any 1≤ m≤ N, we obtain (3.17). �

Remark 1 The proof of Theorem 2 relies on Lemma 4 to bound the advection terms T6,i, i = 1,2,γ,
which involve the upwind operators and Lagrange multipliers arising from the hybridization. For
simplicity of presentation, we have considered only the lowest order Raviart-Thomas RT0 space on
rectangular grids. The results are also valid for any two-dimensional RTk spaces of arbitrary order k
by invoking [8, Lemma 2.1] if k is even (cf. (A.4)− (A.7) in Appendix A) or using the arguments
(3.25)− (3.32) in [17, pp. 189-190] if k is odd. Extension to other mixed finite element spaces such as
BDMk and BDFMk [17] can be obtained by using the results in [14, 15, 16] which are analogous to [8,
Lemma 2.1] and valid for both two- and three-dimensional cases.

The upwind-mixed scheme (2.19) can be solved directly to find an approximate solution to (2.6)-
(2.7). However, as DDD f � DDDi, i = 1,2, it would be more efficient to have a smaller time step on the
fracture than on the subdomains. In the next section, we use global-in-time non-overlapping DD [42,
43, 44, 45, 46, 49, 50] to decouple (2.19) and enforce local time-stepping.

4. Fully-discrete, global-in-time nonoverlapping domain decomposition methods

We first decompose (2.19) into local problems on the subdomains:
For i = 1,2, and for n = 1, . . . ,N, find (cn

h,i,ϕϕϕ
n
h,i,θ

n
h,i) ∈Mh,i× Σ̃ΣΣh,i×Θh,i such that(

DDD−1
i ϕϕϕn

h,i,vvvh,i

)
Ωi
−
(

div vvvh,i,cn
h,i

)
Ωi
− ∑

K∈Kh,i

(
∑

E⊂∂K
E∈Eh,i\E

γ

h

ui,KEUi,KE(cn
i,K ,θ

n
i,E)(DDD

−1
i wwwi,KE ,vvvh,i)K

+ ∑
E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
n
i,K ,(c

n
h,i)|E)(DDD

−1
i wwwi,KE ,vvvh,i)K

)
+
〈

vvvh,i ·nnni|γ ,(cn
h,i)|γ

〉
γ

+ ∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
θ n

h,i,vvvh,i ·nnnK

〉
E

= 0, ∀vvvh,i ∈ Σ̃ΣΣh,i,

(
φi∂̄cn

h,i,µh,i

)
Ωi
+
(

div ϕϕϕn
h,i,µh,i

)
Ωi

=
(
qn

i ,µh,i
)

Ωi
, ∀µh,i ∈Mh,i,

∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
ηh,i,ϕϕϕ

n
h,i ·nnnK

〉
E

= 0, ∀ηh,i ∈Θ0
h,i,

(4.1)

where the initial data c0
h,i is given by (2.20). Moreover, to recover the solution of (2.19), the solutions

of (4.1) are required to satisfy the following transmission conditions across the space-time interface
γ× (0,T ): for n = 1, . . . ,N,
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E

cn
h,i =

∫
E

cn
h,γ , ∀E ∈ E γ

h , (4.2)(
DDD−1

γ ϕϕϕn
h,γ ,vvvh,γ

)
γ

−
(

divτvvvh,γ ,cn
h,γ

)
γ

− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ

+ ∑

E∈E γ

h

〈
θ n

h,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀vvvh,γ ∈ Σ̃ΣΣh,γ ,

(
φγ ∂̄cn

h,γ ,µh,γ

)
γ

+
(

divτϕϕϕn
h,γ ,µh,γ

)
γ

=
(
qn

γ ,µh,γ
)

γ
+

2
∑

i=1

〈
ϕϕϕn

h,i ·nnni|γ ,µh,γ

〉
γ

, ∀µh,γ ∈Mh,γ ,

∑

E∈E γ

h

〈
ηh,γ , ϕϕϕn

h,γ ·nnn∂E

〉
∂E

= 0, ∀ηh,γ ∈Θh,γ .

(4.3)

Based on these transmission conditions, we develop two global-in-time DD methods: GTF-Schur
and GTO-Schwarz. The former is derived using directly the equations (4.2)-(4.3), while the latter is
constructed based on more general transmission conditions, namely Ventcel-to-Robin transmission
conditions which will be derived in Subsection 4.2. For each method, a fully discrete interface system
is formulated on the space-time fracture γ× (0,T ) and is solved iteratively. Throughout this section for
any mixed finite element space Oh defined in the previous section, we write ςh :=

(
ςn

h

)N
n=1 ∈ (Oh)

N .

4.1. Global-in-time fracture-based (GTF) Schur method

The idea of GTF-Schur is to construct an interface operator which is close to the identity operator by
making use of the presence of the fracture. In particular, the contribution of the traces on γ of the
discrete normal fluxes from both subdomains is considered as the interface unknown, and is denoted by

ψh,γ =
(

ψn
h,γ

)N

n=1
∈
(
Mh,γ

)N , where∫
E

ψ
n
h,γ :=

∫
E

2

∑
i=1

ϕϕϕ
n
h,i ·nnni|γ , for n = 1, . . .N, E ∈ E γ . (4.4)

We also use (4.4) to write the discrete space-time interface system for GTF-Schur. For the pure diffusion
problems, this approach has been shown to work effectively without the need of any preconditioner
[49, 50]. To formulate the interface problem for GTF-Schur, we first introduce the solution operator Rγ :

Rγ :
(
Mh,γ

)N ×L2(0,T ;L2(γ))×H1
0 (γ) −→

(
Mh,γ

)N

(ψh,γ , qγ , c0,γ) 7→ ch,γ ,

where
(
ch,γ ,ϕϕϕh,γ ,θh,γ

)
∈
(
Mh,γ

)N ×
(

Σ̃ΣΣh,γ

)N
×
(
Θh,γ

)N is the solution to the following time-dependent
problem on the fracture:

For n = 1, . . . ,N, find (cn
h,γ ,ϕϕϕ

n
h,γ ,θ

n
h,γ) ∈Mh,γ × Σ̃ΣΣh,γ ×Θh,γ such that

(
DDD−1

γ ϕϕϕn
h,γ ,vvvh,γ

)
γ

−
(

divτvvvh,γ ,cn
h,γ

)
γ

− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ

+ ∑

E∈E γ

h

〈
θ n

h,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀vvvh,γ ∈ Σ̃ΣΣh,γ ,
(4.5)
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(
φγ ∂̄cn

h,γ ,µh,γ

)
γ

+
(

divτϕϕϕn
h,γ ,µh,γ

)
γ

=
(
qn

γ ,µh,γ
)

γ
+
(

ψn
h,γ ,µh,γ

)
γ

, ∀µh,γ ∈Mh,γ ,

∑

E∈E γ

h

〈
ηh,γ , ϕϕϕn

h,γ ·nnn∂E

〉
∂E

= 0, ∀ηh,γ ∈Θh,γ .
(4.6)

where the initial data c0
h,γ is given by (2.20). To compute the right-hand side of (4.4), we define the

space-time Dirichlet-to-Neumann operators S DtN
i , i = 1,2:

S DtN
i :

(
Mh,γ

)N ×L2(0,T ;L2(Ωi))×H1
∗ (Ωi) −→

(
Mh,γ

)N

(λh,γ , qi, c0,i) 7→
(
ϕϕϕh,i ·nnni

)
|γ ,

(4.7)

where
(
ch,i,ϕϕϕh,i,θh,i

)
∈
(
Mh,i

)N ×
(

Σ̃ΣΣh,i

)N
×
(
Θh,i
)N is the solution of the local problem (4.1) with

Dirichlet boundary conditions

(cn
h,i)|γ = λ

n
h,γ , for n = 1,2, . . . ,N. (4.8)

Altogether, the fully-discrete interface problem for GTF-Schur is obtained by enforcing (4.4):

Find ψh,γ ∈
(
Mh,γ

)N such that∫ tn

tn−1

∫
E

ψh,γ dγdt =
∫ tn

tn−1

∫
E

2

∑
i=1

S DtN
i (Rγ(ψh,γ ,qγ ,c0,γ),qi,c0,i) dγdt, ∀n = 1, . . . ,N, ∀E ∈ E γ

h ,

or, equivalently, find ψh,γ ∈
(
Mh,γ

)N such that

SFψh,γ = χF, (4.9)

where

SFψh,γ =

(∫ tn

tn−1

∫
E

ψh,γ dγdt−
∫ tn

tn−1

∫
E

2
∑

i=1
S DtN

i (Rγ(ψh,γ ,0,0),0,0) dγdt
)

n=1,...,N, E∈E γ

h

,

and

χF =

(∫ tn

tn−1

∫
E

2
∑

i=1
S DtN

i (Rγ(0,qγ ,c0,γ),qi,c0,i) dγdt
)

n=1,...,N, E∈E γ

h

.

The interface problem (4.9) is then solved iteratively by using GMRES without applying any
preconditioner.

4.2. Global-in-time Optimized Schwarz (GTO-Schwarz) method

To derive the interface problem for GTO-Schwarz, we first transform the transmission conditions (4.2)-
(4.3) into more general ones, namely Ventcel-to-Robin transmission conditions. For each i = 1,2, let
ci,γ =

(
ci,γ,E

)
E∈E γ

h
∈Mh,γ be the trace of ch,i on γ and θi,γ =

(
θi,γ,P

)
P∈Pγ

h
∈Θh,γ the Lagrange multipliers

of ci,γ at the endpoints of each edge E ∈ E γ

h . We denote by ϕϕϕγ,i the tangential velocity associated with
ci,γ through the second equation of (2.19). Due to the continuity of the concentration across the discrete
counterpart of γ× (0,T ), we have:

ϕϕϕ
n
γ,1 =ϕϕϕ

n
γ,2 =ϕϕϕ

n
h,γ , for n = 1, . . . ,N.

Under sufficient regularity, the transmission conditions (4.2)-(4.3) can be replaced by the following
Ventcel-to-Robin transmission conditions: for i = 1,2, j = 3− i, and for n = 1, . . . ,N,
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DDD−1

γ ϕϕϕn
γ,i,vvvh,γ

)
γ

−
(

divτvvvh,γ ,cn
i,γ

)
γ

− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
i,γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ

+ ∑

E∈E γ

h

〈
θ n

i,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀vvvh,γ ∈ Σ̃ΣΣh,γ ,(
−ϕϕϕn

h,i ·nnni|γ +αcn
i,γ ,µh,γ

)
γ

+(φγ ∂̄cn
i,γ ,µh,γ)γ +(divτϕϕϕn

γ,i,µh,γ)γ

=
(
qγ ,µh,γ

)
γ
+
(

ϕϕϕn
h, j ·nnn j|γ +αcn

j,γ ,µh,γ

)
γ

, ∀µh,γ ∈Mh,γ ,

∑

E∈E γ

h

〈
ηh,γ , ϕϕϕn

γ,i ·nnn∂E

〉
∂E

= 0, ∀ηh,γ ∈Θh,γ ,

(4.10)

where α > 0. We denote by ζh,i =
(

ζ n
h,i

)N

n=1
∈
(
Mh,γ

)N
, i = 1,2, the space-time discrete Robin data

transmitted from one sub-domain to the neighboring sub-domain at each time step:∫
E

ζ
n
h,i =

∫
E

(
ϕϕϕ

n
h, j ·nnn j|γ +αcn

j,γ

)
, ∀n = 1, . . . ,N, j = 3− i. (4.11)

We then define the Ventcel-Robin operators SVtR
i , for i = 1,2:

S VtR
i :

(
Mh,γ

)N×L2(0,T ;L2(Ωi))×H1
∗ (Ωi)×H1

0 (γ)−→
(
Mh,γ

)N

(ςh, qi, c0,i, c0,γ) 7→ϕϕϕh,i ·nnni|γ +αci,γ ,

where (ch,i,ϕϕϕh,i,θh,i,ci,γ ,ϕγ,i,θi,γ) ∈
(
Mh,i

)N ×
(

Σ̃ΣΣh,i

)N
×
(
Θh,i
)N ×

(
Mh,γ

)N ×
(

Σ̃ΣΣh,γ

)N
×
(
Θh,γ

)N is
the solution to the time-dependent subdomain problem with Ventcel boundary conditions (4.10)-(4.11)
on Ωi:

For n = 1, . . . ,N, find (cn
h,i,ϕϕϕ

n
h,i,θ

n
h,i,c

n
i,γ ,ϕ

n
γ,i,θ

n
i,γ) such that(

DDD−1
i ϕϕϕn

h,i,vvvh,i

)
Ωi
+
(

DDD−1
γ ϕϕϕn

γ,i,vvvh,γ

)
γ

−
(

div vvvh,i,cn
h,i

)
Ωi
−
(

divτvvvh,γ ,cn
i,γ

)
γ

− ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(cn
i,K ,θ

n
i,E)(DDD

−1
i wwwi,KE ,vvvh,i)K + ∑

E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
n
i,K ,c

n
i,γ,E)(DDD

−1
i wwwi,KE ,vvvh,i)K


− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
i,γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ +

〈
vvvh,i ·nnni|γ ,cn

i,γ

〉
γ

+ ∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
θ n

h,i,vvvh,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
θ n

i,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀(vvvh,i,vvvh,γ) ∈ Σ̃ΣΣh,i× Σ̃ΣΣh,γ ,

(
−ϕϕϕn

h,i ·nnni|γ +αcn
i,γ ,µh,γ

)
γ

+(φi∂̄cn
h,i,µh,i)Ωi +(φγ ∂̄cn

i,γ ,µh,γ)γ +(div ϕϕϕn
h,i,µh,i)Ωi +(divτϕϕϕn

γ,i,µh,γ)γ

= (qn
i ,µi)Ωi +(qn

γ ,µh,γ)γ +
(
ςn

h ,µh,γ
)

γ
, ∀(µh,i,µh,γ) ∈Mh,i×Mh,γ ,

∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
ηh,i,ϕϕϕ

n
h,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
ηh,γ , ϕϕϕn

γ,i ·nnn∂E

〉
∂E

= 0, ∀(ηh,i,ηh,γ) ∈Θ0
h,i×Θh,γ ,

(4.12)
where the initial data c0

h,i and c0
i,γ are given by (2.20). The fully-discrete interface problem for the

GTO-Schwarz method may be written as:
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Find (ζh,1,ζh,2) ∈
(
Mh,γ

)2N such that∫ tn

tn−1

∫
E

ζh,1 dγdt =
∫ tn

tn−1

∫
E
S VtR

2 (ζh,2,q2,c0,2,c0,γ) dγdt,∫ tn

tn−1

∫
E

ζh,2dγdt =
∫ tn

tn−1

∫
E
S VtR

1 (ζh,1,q1,c0,1,c0,γ) dγdt,
∀n = 1, . . . ,N, ∀E ∈ E γ

h ,

or, in a more compact form,

SO

(
ζh,1

ζh,2

)
= χO, (4.13)

where

SO

(
ζh,1

ζh,2

)
=


∫ tn

tn−1

∫
E

ζh,1 dγdt−
∫ tn

tn−1

∫
E
S VtR

2 (ζh,2,0,0,0) dγdt∫ tn

tn−1

∫
E

ζh,2dγdt−
∫ tn

tn−1

∫
E
S VtR

1 (ζh,1,0,0,0) dγdt


n=1,...,N, E∈E γ

h

,

and

χO =


∫ tn

tn−1

∫
E
S VtR

2 (0,q2,c0,2,c0,γ) dγdt∫ tn

tn−1

∫
E
S VtR

1 (0,q1,c0,1,c0,γ) dγdt


n=1,...,N, E∈E γ

h

.

The interface problem (4.13) can be solved iteratively using either Jacobi iterations or GMRES.
Performing Jacobi iterations leads to the following Optimized Schwarz waveform relaxation (OSWR)
algorithm: at the kth iteration, solve in parallel the following time-dependent subdomain problems on
Ωi× (0,T ), i = 1,2: for n = 1, . . . ,N,(

DDD−1
i ϕϕϕ

k,n
h,i ,vvvh,i

)
Ωi
+
(

DDD−1
γ ϕϕϕ

k,n
γ,i ,vvvh,γ

)
γ

−
(

div vvvh,i,c
k,n
h,i

)
Ωi
−
(

divτvvvh,γ ,c
k,n
i,γ

)
γ

− ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(c
k,n
i,K ,θ

k,n
i,E )(DDD−1

i wwwi,KE ,vvvh,i)K + ∑
E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
k,n
i,K ,c

k,n
i,γ,E)(DDD

−1
i wwwi,KE ,vvvh,i)K


− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(c
k,n
γ,E ,θ

k,n
i,γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ +

〈
vvvh,i ·nnni|γ ,c

k,n
i,γ

〉
γ

+ ∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
θ

k,n
h,i ,vvvh,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
θ

k,n
i,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀(vvvh,i,vvvh,γ) ∈ Σ̃ΣΣh,i× Σ̃ΣΣh,γ ,

(
−ϕϕϕ

k,n
h,i ·nnni|γ +αck,n

i,γ ,µh,γ

)
γ

+(φi∂̄ck,n
h,i ,µh,i)Ωi +(φγ ∂̄ck,n

i,γ ,µh,γ)γ +(div ϕϕϕ
k,n
h,i ,µh,i)Ωi +(divτϕϕϕ

k,n
γ,i ,µh,γ)γ

= (qn
i ,µi)Ωi +(qn

γ ,µh,γ)γ +
(

ϕϕϕ
k−1,n
h, j ·nnn j|γ +αck−1,n

j,γ ,µh,γ

)
γ

, ∀(µh,i,µh,γ) ∈Mh,i×Mh,γ ,

∑
K∈Kh,i

∑
E⊂∂K

E∈h,i\E
γ

h

〈
ηh,i,ϕϕϕ

k,n
h,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
ηh,γ , ϕϕϕ

k,n
γ,i ·nnn∂E

〉
∂E

= 0, ∀(ηh,i,ηh,γ) ∈Θ0
h,i×Θh,γ ,

(4.14)
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with given initial guesses gi, j(t) := ϕϕϕ0
h,i ·nnni +αθ 0

i,γ ∈ Mh,γ , for i = 1,2, j = (3− i), to start the first
iterate. We next show that for the OSWR iterative algorithm (4.14) converges. The following lemma is
needed in our proof.

Lemma 5 [7, Lemma 4.1] For i = 1,2, there exists a constant C̄ independent of hi such that:

‖vvv ·nnn‖0,∂Ωi
≤ C̄h−1/2

i ‖vvv‖0,Ωi
, for any vvv ∈ ΣΣΣh,i.

Theorem 3 For any sufficiently small but fixed ∆t and h such that ∆t/h̄ < (φ−D−min)/(16C̄) where h̄ =
min{h1,h2} and C̄ is provided in Lemma 5, Algorithm (4.14), initialized by (gi, j) , i = 1,2, j = (3− i),
defines a unique sequence of iterates

(ck
h,i,ϕϕϕ

k
h,i,θ

k
h,i,c

k
i,γ ,ϕϕϕ

k
γ,i,θ

k
i,γ) ∈ (Mh,i)

N × (Σ̃ΣΣh,i)
N × (Θh,i)

N× (Mh,γ)
N × (Σ̃ΣΣh,γ)

N × (Θh,γ)
N ,

that converges, as k→ ∞, to the solution of the problem(
DDD−1

i ϕϕϕn
h,i,vvvh,i

)
Ωi
+
(

DDD−1
γ ϕϕϕn

γ,i,vvvh,γ

)
γ

−
(

div vvvh,i,cn
h,i

)
Ωi
−
(

divτvvvh,γ ,cn
i,γ

)
γ

− ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(cn
i,K ,θ

n
i,E)(DDD

−1
i wwwi,KE ,vvvh,i)K + ∑

E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
n
i,K ,c

n
i,γ,E)(DDD

−1
i wwwi,KE ,vvvh,i)K


− ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(cn
γ,E ,θ

n
i,γ,P)(DDD

−1
γ wwwγ,EP,vvvh,γ)γ +

〈
vvvh,i ·nnni|γ ,cn

i,γ

〉
γ

+ ∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
θ n

h,i,vvvh,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
θ n

i,γ , vvvh,γ ·nnn∂E

〉
∂E

= 0, ∀(vvvh,i,vvvh,γ) ∈ Σ̃ΣΣh,i× Σ̃ΣΣh,γ ,

(
−ϕϕϕn

h,i ·nnni|γ +αcn
i,γ ,µh,γ

)
γ

+(φi∂̄cn
h,i,µh,i)Ωi +(φγ ∂̄cn

i,γ ,µh,γ)γ +(div ϕϕϕn
h,i,µh,i)Ωi +(divτϕϕϕn

γ,i,µh,γ)γ

= (qn
i ,µi)Ωi +(qn

γ ,µh,γ)γ +
(

ϕϕϕn
h, j ·nnn j|γ +αcn

j,γ ,µh,γ

)
γ

, ∀(µh,i,µh,γ) ∈Mh,i×Mh,γ ,

∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
ηh,i,ϕϕϕ

n
h,i ·nnnK

〉
E
+ ∑

E∈E γ

h

〈
ηh,γ , ϕϕϕn

γ,i ·nnn∂E

〉
∂E

= 0, ∀(ηh,i,ηh,γ) ∈Θ0
h,i×Θh,γ .

(4.15)

Proof As the equations are linear, we take qi = 0, qγ = 0 and c0,i = 0, c0,γ = 0, and prove the sequence
of iterates converges to zero. Fix i, for any n = 1, . . . ,N, let

(
ηh,i,ηh,γ

)
in Θh,i×Θh,γ be such that

(
ηh,i
)
|E =

{
θ

k,n
i,E , on E ∈ E I

h,i,

0 otherwise,
,
(
ηh,γ

)
|P =

{
θ

k,n
i,γ,P, on P /∈ ∂γ,

0 otherwise
. (4.16)

We then substitute
(
vvvh,i,vvvh,γ

)
=
(

ϕϕϕ
k,n
h,i ,ϕϕϕ

k,n
γ,i

)
,
(
µh,i,µh,γ

)
=
(

ck,n
h,i ,c

k,n
i,γ

)
and (ηh,i,ηh,γ) defined by (4.16)

into the first two equations of (4.14) and add the resulting equations to obtain
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(
DDD−1

i ϕϕϕ
k,n
h,i ,ϕϕϕ

k,n
h,i

)
Ωi
+
(

DDD−1
γ ϕϕϕ

k,n
γ,i ,ϕϕϕ

k,n
γ,i

)
γ

+α

∥∥∥ck,n
i,γ

∥∥∥2

0,γ
+
(

φi∂̄ck,n
h,i ,c

k,n
h,i

)
Ωi
+
(

φγ ∂̄ck,n
i,γ ,c

k,n
i,γ

)
γ

= ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(c
k,n
i,K ,θ

k,n
i,E )(DDD

−1
i wwwi,KE ,ϕϕϕ

k,n
h,i )K + ∑

E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
k,n
i,K ,c

k,n
i,γ,E)(DDD

−1
i wwwi,KE ,ϕϕϕ

k,n
h,i )K


+ ∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(c
k,n
γ,E ,θ

k,n
i,γ,P)(DDD

−1
γ wwwγ,EP,ϕϕϕ

k,n
γ,i )γ +

(
ϕϕϕ

k−1,n
h, j ·nnn j|γ +αck−1,n

j,γ ,ck,n
i,γ

)
γ

.

(4.17)
By summing (4.17) from n = 1, . . . ,N and then multiplying both sides of the resulting equation by 2∆t,
we have

2∆t
N
∑

n=1

(
DDD−1

i ϕϕϕ
k,n
h,i ,ϕϕϕ

k,n
h,i

)
Ωi
+2∆t

N
∑

n=1

(
DDD−1

γ ϕϕϕ
k,n
γ,i ,ϕϕϕ

k,n
γ,i

)
γ

+2α∆t
N
∑

n=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ
+2∆t

N
∑

n=1

(
φi∂̄ck,n

h,i ,c
k,n
h,i

)
Ωi

+2∆t
N
∑

n=1

(
φγ ∂̄ck,n

i,γ ,c
k,n
i,γ

)
γ

= 2∆t
N
∑

n=1
∑

K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(c
k,n
i,K ,θ

k,n
i,E )(DDD

−1
i wwwi,KE ,ϕϕϕ

k,n
h,i )K

+ ∑
E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
k,n
i,K ,c

k,n
i,γ,E)(DDD

−1
i wwwi,KE ,ϕϕϕ

k,n
h,i )K


+2∆t

N
∑

n=1
∑

E∈E γ

h

∑
P∈∂E

uγ,EPUγ,EP(c
k,n
γ,E ,θ

k,n
i,γ,P)(DDD

−1
γ wwwγ,EP,ϕϕϕ

k,n
γ,i )γ

+2∆t
N
∑

n=1

(
ϕϕϕ

k−1,n
h, j ·nnn j|γ +αck−1,n

j,γ ,ck,n
i,γ

)
γ

(4.18)
By proceeding in the same manner as in (3.10), (3.11) and (3.13), we obtain from (4.18) that

φ−
∥∥∥ck,N

h,i

∥∥∥2

0,Ωi
+2∆tD−min

N
∑

n=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi
+φ−

∥∥∥ck,N
i,γ

∥∥∥2

0,γ
+2∆tD−min

N
∑

n=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ
+2α∆t

N
∑

n=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

≤ C∆t
ε

N
∑

n=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi
+

C∆tε
4

N
∑

n=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi
+C∆th

N
∑

n=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi
+

C∆t
ε

N
∑

n=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

+
C∆tε

4

N
∑

n=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ
+C∆th

N
∑

n=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ
+2∆t

N
∑

n=1

(
ϕϕϕ

k−1,n
h, j ·nnn j|γ +αck−1,n

j,γ ,ck,n
i,γ

)
γ

.

(4.19)

We choose ε small enough such that 2D−min−
Cε

4
> D−min, and then ∆t, and h small enough such that

φ
−− C∆t

ε
>

φ−

2
, D−min−Ch >

D−min
2

. (4.20)

From (4.19) and (4.20), we find

φ−

2

∥∥∥ck,N
h,i

∥∥∥2

0,Ωi
+

D−min
2

∆t
N
∑

n=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi
+

φ−

2

∥∥∥ck,N
i,γ

∥∥∥2

0,γ
+

D−min
2

∆t
N
∑

n=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ
+2α∆t

N
∑

n=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

≤ C∆t
ε

N−1
∑

n=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi
+

C∆t
ε

N−1
∑

n=1

∥∥∥θ
k,n
i,γ

∥∥∥2

0,γ
+2∆t

N
∑

n=1

(
ϕϕϕ

k−1,n
h, j ·nnn j|γ +αck−1,n

j,γ ,ck,n
i,γ

)
γ

.

(4.21)
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By summing over the iterates k from 1 to K in (4.21), we obtain,

φ−

2

K
∑

k=1

∥∥∥ck,N
h,i

∥∥∥2

0,Ωi
+

D−min
2

∆t
N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi

)
+

φ−

2

K
∑

k=1

∥∥∥ck,N
i,γ

∥∥∥2

0,γ
+

D−min
2

∆t
N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ

)
+2α∆t

N
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
≤ C∆t

ε

N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi

)
+

C∆t
ε

N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
+

2∆t
N
∑

n=1

K−1
∑

k=1

(
ϕϕϕ

k,n
h, j ·nnn j|γ +αck,n

j,γ ,c
k+1,n
i,γ

)
γ

+2∆t
N
∑

n=1

(
ϕϕϕ

0,n
h, j ·nnn j|γ +αc0,n

j,γ ,c
1,n
i,γ

)
γ

.

(4.22)
By applying the weighted Cauchy-Schwarz inequality and Lemma 5, we obtain, for i = 1,2, j = 3− i:

2∆t
N
∑

n=1

(
ϕϕϕ

k−1,n
h, j ·nnn j|γ ,c

k,n
i,γ

)
γ

≤ 2∆t
N
∑

n=1

∥∥∥ϕϕϕ
k−1,n
h, j ·nnn j|γ

∥∥∥
0,γ

∥∥∥ck,n
i,γ

∥∥∥
0,γ

≤ ∆t
N
∑

n=1

(
ρhi

∥∥∥ϕϕϕ
k−1,n
h, j ·nnn j|γ

∥∥∥2

0,γ
+

1
ρhi

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
≤ ∆t

N
∑

n=1

(
C̄ρ

∥∥∥ϕϕϕ
k−1,n
h, j

∥∥∥2

0,Ω j
+

1
ρ h̄

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
.

Using this and the weighted Cauchy-Schwarz inequality on the last two terms on the right-hand side of
(4.22) yields

φ−

2

K
∑

k=1

∥∥∥ck,N
h,i

∥∥∥2

0,Ωi
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi

)
+

φ−

2

K
∑

k=1

∥∥∥ck,N
i,γ

∥∥∥2

0,γ
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ

)
+2α∆t

N
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
≤ C∆t

ε

N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi

)
+

C∆t
ε

N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
+α∆t

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ck,n
j,γ

∥∥∥2

0,γ

)
+α∆t

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ck+1,n
i,γ

∥∥∥2

0,γ

)
+C̄ρ∆t

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ϕϕϕ
k,n
h, j

∥∥∥2

0,Ω j

)
+

∆t
ρ h̄

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ck+1,n
i,γ

∥∥∥2

0,γ

)
+

∆t
α

N
∑

n=1

∥∥∥ϕϕϕ
0,n
h, j ·nnn j|γ +αc0,n

j,γ

∥∥∥2

0,γ
+α∆t

N
∑

n=1

∥∥∥c1,n
i,γ

∥∥∥2

0,γ
.

We then fix ρ =
D−min
4C̄

and use the assumption
∆t
h̄

<
φ−D−min

16C̄
to deduce that

φ−

4

K
∑

k=1

∥∥∥ck,N
h,i

∥∥∥2

0,Ωi
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi

)
+

φ−

4

K
∑

k=1

∥∥∥ck,N
i,γ

∥∥∥2

0,γ
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ

)
+α∆t

N
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
≤ C∆t

ε

N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi

)
+

(
C∆t

ε
+

4∆tC̄
D−minh̄

)
N−1
∑

n=1

(
K
∑

k=1

∥∥∥ck,n
i,γ

∥∥∥2

0,γ

)
+α∆t

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ck,n
j,γ

∥∥∥2

0,γ

)
+

D−min∆t
4

N
∑

n=1

(
K−1
∑

k=1

∥∥∥ϕϕϕ
k,n
h, j

∥∥∥2

0,Ω j

)
+

∆t
α

N
∑

n=1

∥∥∥ϕϕϕ
0,n
h, j ·nnn j|γ +αc0,n

j,γ

∥∥∥2

0,γ
.

(4.23)
By summing over the index i for i from 1 to 2, we obtain from (4.23),
φ−

4

(
K
∑

k=1

2
∑

i=1

∥∥∥ck,N
h,i

∥∥∥2

0,Ωi
+

K
∑

k=1

2
∑

i=1

∥∥∥ck,N
i,γ

∥∥∥2

0,γ

)
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

2
∑

i=1

∥∥∥ϕϕϕ
k,n
h,i

∥∥∥2

0,Ωi

)
+

D−min∆t
2

N
∑

n=1

(
K
∑

k=1

2
∑

i=1

∥∥∥ϕϕϕ
k,n
γ,i

∥∥∥2

0,γ

)
+α∆t

N
∑

n=1

(
2
∑

i=1

∥∥∥cK,n
i,γ

∥∥∥2

0,γ

)
≤ C∆t

ε

N−1
∑

n=1

(
K
∑

k=1

2
∑

i=1

∥∥∥ck,n
h,i

∥∥∥2

0,Ωi

)
+

(
C∆t

ε
+

4∆tC̄
D−minh̄

)
N−1
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Consequently, we have
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(4.24)
Denote the positive numbers

Rφ ,DDD,α = min
{
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4
,
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4
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}
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,

and the sequences
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We obtain from (4.24) the following inequality

aN +∆t
N

∑
n=1

bn ≤ ∆t
N−1

∑
n=1

Lhan +∆t
N

∑
n=1

cn. (4.25)

By using Lemma 3 in (4.25) with τ = ∆t, B = 0, and dl = Lh, we obtain, (using n∆t ≤ N∆t = T for any
n)

aN +∆t
N
∑

n=1
bn ≤ exp(∆t(N−1)Lh)

(
∆t

N
∑

n=1
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)
≤ exp(LhT )

(
1
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∫ tN
0

2
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∥∥gi, j
∥∥2

0,Ωi

)
. (4.26)

From (4.26), we deduce that aN and bn are bounded since the right-hand side of (4.26) does not depend
on k. Hence,

∥∥∥ck,N
h,i

∥∥∥
0,Ωi

,
∥∥∥ϕϕϕ

k,n
h,i

∥∥∥
0,Ωi

∥∥∥ck,N
i,γ

∥∥∥
0,γ

, and
∥∥∥ϕϕϕ

k,n
γ,i

∥∥∥
0,γ

converge to 0 as k→∞, for i = 1,2 and for

n = 1, . . . ,N. Note that (4.26) can be established for any 1≤ n≤N, hence, we have
∥∥∥ck,n

h,i

∥∥∥
0,Ωi

,
∥∥∥ck,n

i,γ

∥∥∥
0,γ

converge to 0 as k→ ∞ for any 1≤ n≤ N.
To show the well-posedness of (4.14) for i = 1,2, it suffices to show uniqueness which can be

obtained by repeating similar steps as above. �

Remark 2 In our convergence analysis, we assumed some relation between ∆t and h to handle the
traces on the fracture of the normal fluxes ϕϕϕn

h,i ·nnni|γ , i = 1,2 from both subdomains. However, such an
assumption is not needed when one has Robin-Robin or Ventcel-Ventcel transmission conditions since
for these cases, the boundary terms from both sides of the fracture can be manipulated in such a way
that they cancel each other (e.g., [40, 47]). Thus, it is possible to show the convergence of the OSWR
algorithm with nonconforming temporal discretization in the absence of the fracture. For the reduced
fracture model, this remains an open question.

The space-time interface system derived for each method is global-in-time, thus one can impose
different time steps on the fracture and on the subdomains. In the next section, we show how to
formulate the interface problem for each method with nonconforming discretization in time.
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5. Nonconforming discretization in time

Let T1,T2, and Tγ be different partitions of the time interval (0,T ] into subintervals Ji
m =

(
t i
m−1, t

i
m
]

for
m = 1, . . . ,Ni, and i = 1,2,γ, respectively (see Figure 2). For simplicity, we consider uniform partitions
and denote by ∆ti, i = 1,2,γ , the corresponding time steps such that ∆tγ � ∆ti, i = 1,2 (note that the
fracture is assumed to have much larger permeability than the surrounding rock matrix).

FIG. 2. Nonconforming time grids in the rock matrix and in the fracture.

We denote by P0 (Ti, W ) the space of functions which are piecewise constant in time on grid Ti
with values in W : P0 (Ti, W ) = {ψ : (0,T )→W ,ψ is constant on J, ∀J ∈Ti}. In order to exchange
data on the space-time interface between different time grids Ti and T j (for i, j in {1,2,γ}), we use the
L2 projection Π ji from P0 (Ti, W ) to P0 (T j, W ): for ψ ∈ P0 (Ti, W ) , Π jiψ|J j

m
is the average value of

ψ on J j
m, for m = 1, . . . ,N j.

To write the interface equations for GTF-Schur and GTO-Schwarz with nonconconforming time
grids, we enforce the transmission conditions weakly over the fracture time subintervals. More details
can also be found in [44, 49, 50].

5.1. GTF-Schur method

We choose ψh,γ =
(

ψn
h,γ

)Nγ

n=1
∈ P0(Tγ ,Mh,γ) to be piecewise constant in time on the time grid imposed

on the fracture. The interface system (4.9) is then rewritten as:∫ tn
γ

tn−1
γ

∫
E

ψh,γ dγdt =
∫ tn

γ

tn−1
γ

∫
E

2
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i (ΠiγRγ(ψh,γ ,qγ ,c0,γ),qi,c0,i) dγdt,∀n = 1, . . . ,Nγ ,∀E ∈ E γ

h .

(5.1)
5.2. GTO-Schwarz method

The two interface unknowns represent the Ventcel term on each subdomain, thus, we let ζh,i =(
ζ n

h,i

)Nγ

n=1
∈ P0

(
Tγ ,Mh,γ

)
, i = 1,2. The interface problem (4.13) of GTO-Schwarz is rewritten as:∫ tn

γ
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γ

∫
E

ζh,1 dγdt =
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γ
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γ

∫
E

Πγ2SVtR
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γ
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γ

∫
E

Πγ1SVtR
1 (Π1γ ζh,1,q1,c0,1,c0,γ) dγdt,

∀n = 1, . . . ,Nγ , ∀E ∈ E γ

h . (5.2)
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6. Numerical results

We consider an adapted version of the test case used in [3] which is a leaking contaminant repository,
located in a rock with low permeability (Figure 3). The repository is crossed by a fracture and
transported mostly upward. The rock is covered by an aquifer and the contaminant is assumed to be
moved away instantly at the top boundary of the domain calculation so the boundary condition there
is a vanishing concentration. The actual physical parameters are given in Table 1, where the diffusion
DDDi = diI (i = 1,2,γ) is isotropic and constant in each subdomain and on the fracture, where I is the
2D identity matrix. The velocity uuu = (uuu1,uuu2,uuuγ) presented in (2.3)-(2.4) is obtained by solving the
steady-state flow problem on the subdomains

div uuui = 0 in Ωi× (0, T ),
uuui = −ki∇pi in Ωi× (0, T ),
pi = gi on (∂Ωi∩∂Ω)× (0, T ),
pi = pγ on γ× (0, T ),

pi(·,0) = p0,i in Ωi,

i = 1,2, (6.1)

and in the fracture
divτuuuγ =

2
∑

i=1
uuui ·nnni|γ in γ× (0,T ),

uuuγ = −kγ δ∇τ pγ in γ× (0,T ),
pγ = gγ on ∂γ× (0,T ),

pγ(·,0) = p0,γ in γ,

(6.2)

where, for i = 1,2,γ , qi is the source term, pi the pressure, uuui the Darcy velocity, and ki the time-
independent hydraulic conductivity in the subdomains and in the fracture, respectively. The global
Péclect (Pe) numbers on each subdomain and on the fracture are defined as

Pei = max
K∈Kh,i

Hi max
(x,y)∈K

|uuui,K(x,y)|

di
, i = 1,2, Peγ = max

E∈E γ

h

Hγ max
y∈E
|uuuγ,E(y)|

dγ

, (6.3)

where Hi, i = 1,2,γ are the size of the subdomains Ωi, respectively, and uuui,K , i = 1,2 and uuuγ,E are the
restrictions of uuui and uuuγ on the element K and the edge E, respectively. We also include in Table 1 the
values of the Péclet numbers corresponding to the given parameters.

Boundary conditions are as follows: for the velocity, we assume that there is no horizontal flow
on the lateral sides of the domain while a pressure drop constant in time is given between the top and
bottom boundaries. At the top, the pressure is constant in space while at the bottom it is increasing
slightly from the fracture toward the lateral sides. For the concentration, it is given, constant, at the top
and bottom boundaries, vanishing at the top. On the lateral sides we assume that there is no exchange
with the outside. We show in Figure 4 the snapshots of the concentration c and the flux field ϕϕϕ at the
final time T = 4.

We fix T = 1 and verify numerically the optimal first-order error estimates (cf. Theorem 2) of the
monolithic scheme (2.19). Table 2 reports the errors in the L2(0,T ;O)-norm (where O is either Ω1,Ω2,
or γ) of the concentration and velocity with decreasing uniform spatial and time step sizes. These errors
are computed by comparing with a reference solution on a fine mesh href = 1/256 and fine time step
∆tref = T/512. First-order convergence is observed in the subdomains as well as on the fracture for both
the concentration and velocity.

Next we consider global-in-time DD methods to enforce nonconforming temporal discretizations.
We examine the accuracy in time of both GTF-Schur and GTO-Schwarz where smaller time step
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FIG. 3. A contaminant storage crossed by a fracture.

TABLE 1 Physical parameters for the experiment shown in Figure 3.
Parameters Subdomains Fracture
Hydraulic conductivity ki 3.15×10−8 10−7

Molecular diffusion di 10−5 3.15×10−4

Porosity φi 0.05 0.1
Subdomains dimensions 10×10 -
Fracture width - 1
Péclet numbers Pei 6.77e-02 3.00e-04
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FIG. 4. Snapshots of the concentration c (right) and the flux field ϕϕϕ (left) at T = 3.

sizes are used on the fracture and larger ones in the subdomains. The space-time L2 errors of the
concentration and velocity are computed using the reference solution obtained from (2.19) on a fine
time grid dtref = T/512 with T = 1. We report the errors for both methods in Tables 3 and 4; the
corresponding convergence rates are shown in the square brackets. We first notice that the two DD
methods preserve the first-order convergence in time in nonconforming time grids. By checking the
columns corresponding to γ in Tables 3 and 4, we find that the errors on the fracture by GTF-Schur
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TABLE 2 Converge in both space and time for the monolithic upwind-mixed hybrid scheme with
conforming time steps. The corresponding convergence rates are shown in square brackets.

Errors for concentration Errors for velocity
h ∆t Ω1 Ω2 γ Ω1 Ω2 γ

1/8 T/4 8.15e-01 8.15e-01 4.74e-01 2.39e-01 2.39e-01 1.59e-03

1/16 T/8 4.07e-01 4.07e-01 2.38e-01 1.12e-01 1.12e-01 7.90e-04
[1.00] [1.00] [0.99] [1.09] [1.09] [1.01]

1/32 T/16 2.04e-01 2.04e-01 1.18e-01 5.16e-02 5.16e-02 3.90e-04
[0.99] [0.99] [1.01] [1.12] [1.12] [1.02]

1/64 T/32 1.01e-01 1.01e-01 5.72e-02 2.20e-02 2.20e-02 1.91e-04
[1.01] [1.01] [1.04] [1.23] [1.23] [1.03]

are approximately half the values of those by GTO-Schwarz (note that ∆t f = ∆ti/2). This behavior has
also been observed in previous works [49, 50], only GTF-Schur preserves the accuracy in time with
nonconforming temporal discretization.

TABLE 3 Converge in time of the concentration with nonconforming time grids. The corresponding
convergence rates are shown in square brackets.

GTO-Schwarz GTF-Schur
∆ti ∆tγ Ω1 Ω2 γ Ω1 Ω2 γ

T/4 T/8 1.14e-01 1.14e-01 1.47e-01 1.14e-01 1.14e-01 6.42e-02

T/8 T/16 5.80e-02 5.80e-02 7.31e-02 5.78e-02 5.78e-02 3.16e-02
[0.97] [0.97] [1.01] [0.98] [0.98] [1.02]

T/16 T/32 2.90e-02 2.90e-02 3.60e-02 2.88e-02 2.88e-02 1.52e-02
[1.00] [1.00] [1.02] [1.01] [1.01] [1.06]

T/32 T/64 1.41e-02 1.41e-02 1.74e-02 1.40e-02 1.40e-02 7.02e-03
[1.04] [1.04] [1.05] [1.04] [1.04] [1.11]

TABLE 4 Convergence in time of the velocity with nonconforming time grids. The corresponding
convergence rates are shown in square brackets.

GTO-Schwarz GTF-Schur
∆ti ∆tγ Ω1 Ω2 γ Ω1 Ω2 γ

T/4 T/8 6.14e-04 6.14e-04 7.27e-04 6.14e-04 6.14e-04 3.58e-04

T/8 T/16 3.06e-04 3.06e-04 3.49e-04 3.04e-04 3.04e-04 1.71e-04
[1.00] [1.00] [1.06] [1.01] [1.01] [1.07]

T/16 T/32 1.51e-04 1.51e-04 1.69e-04 1.50e-04 1.50e-04 8.15e-05
[1.02] [1.02] [1.05] [1.02] [1.02] [1.07]

T/32 T/64 7.29e-05 7.29e-05 8.08e-05 7.24e-05 7.24e-05 3.77e-05
[1.05] [1.05] [1.06] [1.05] [1.05] [1.11]

We now increase Péclet numbers and investigate the convergence of both DD methods with either
conforming or nonconforming time grids. We vary the values of the hydraulic conductivity ki, i= 1,2,γ,
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while keeping other physical parameters as in Table 1. Four sets of Péclet numbers corresponding to
different choices of ki are shown in Table 5. Again, the final time is T = 1. We first consider the uniform
time step ∆t = T/N in the fracture and in the subdomains, where N = 32. The convergence speed of
GTF-Schur and GTO-Schwarz are illustrated via the relative residuals versus the number of subdomain
solves as shown in Figure 5. We observe that both GTF-Schur and GTO-Schwarz exhibit nearly the
same fast convergence speed. In addition, similarly to the results in [49, 50], they converge quickly
without the need for preconditioners, which highlights the efficiency of both methods. Moreover, GTF-
Schur and GTO-Schwarz are insensitive to the effect of the advection, which can be observed from the
consistency of their convergence curves as the Péclet number increases. Such robustness with respect
to the Péclet number is obtained due to the construction of the interface problem for GTF-Schur and
the optimized parameters for GTO-Schwarz; the use of upwind operators does not affect this behavior
of the proposed DD methods. We remark that when operator splitting is used [50], i.e., the advection is
treated explicitly and the diffusion implicitly, the convergence of GTF-Schur and GTO-Schwarz is also
independent of the Péclet number. However, unlike [50], here no CFL conditions are imposed on the
time step size.

TABLE 5 Parameters for different cases.
Parameters

ki

Ω1 6.5e−06 6.5e−05 1.4e−04 2.4e−03
Ω2 6.5e−06 6.5e−05 1.4e−04 2.4e−03
Ω f 4.4e−02 4.4e−01 9e−01 9e−00

Pei
Ω1 ≈ 0.45 ≈ 4.45 ≈ 9.6 ≈ 165
Ω2 ≈ 0.45 ≈ 4.45 ≈ 9.6 ≈ 165
Ω f ≈ 4.4 ≈ 44 ≈ 91 ≈ 907

Finally, we consider nonconforming time grids on the subdomains and on the fracture with different
Péclet numbers in Table 5. Since we have the same diffusion coefficients in the subdomains, which are
smaller than that in the fracture, we impose the same large time step in the subdomains and a smaller
one in the fracture: ∆t1 = ∆t2 = 2∆tγ . For this experiment, we fix ∆t1 = ∆t2 = ∆t = T/N, ∆t f = T/N f
where N = 32 and N f = 64. Figure 6 shows the residual curves versus the number of subdomain solves
with increasing Peclét numbers. From these curves, we deduce that the GTF-Schur and the GTO-
Schwarz methods preserve their fast convergence speed and remain unaffected by the magnitudes of the
advection when nonconforming temporal discretization is employed.

7. Conclusion

In this work, we have investigated both monolithic and decoupled numerical methods for the reduced
fracture model of the linear advection-diffusion equation in a fractured porous medium. The Euler-
implicit upwind-mixed hybrid finite element algorithm was first introduced to discretize the coupled
system in space and time, in which a mixed finite element method with a hybridization technique is
considered and Lagrange multipliers are used for the discretization of the advection terms. We proved
the existence and uniqueness of the discrete solution, as well as optimal first-order convergence in both
temporal and spatial errors of the monolithic solver. To accommodate different time steps on the fracture
and on the subdomains, we then proposed two non-overlapping global-in-time DD methods, namely
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FIG. 5. Relative residuals of GTF-Schur and GTO-Schwarz with different Peclét numbers and conforming time grid.

GTF-Schur and GTO-Schwarz in the context of mixed hybrid finite elements. The convergence of GTO-
Schwarz with conforming temporal discretization was also proved. Several numerical experiments were
conducted to verify the accuracy of the monolithic solver and to compare the performance of the two
DD methods with different Péclet numbers and with both conforming and nonconforming temporal
discretizations. The results demonstrate that both GTF-Schur and GTO-Schwarz are capable of handling
strongly advection-dominated problems as they maintain the same fast convergence speed regardless of
the values of the Péclet numbers. Importantly, they achieved such fast convergence without applying
any preconditioners. Moreover, the methods are fully implicit and have no CFL constraints on the time
step size. Finally, GTF-Schur provided better accuracy in time on the fracture than GTO-Schwarz with
nonconforming temporal discretization as the errors on the fracture obtained from GTF-Schur in such
case were smaller than those of GTO-Schwarz. Thus, we conclude that among the two DD methods,
GTF-Schur is the most efficient method in terms of accuracy and convergence speed. Future work
includes extending the error estimates (3.17) to the case with both nonconforming temporal and spatial
discretizations, proving the convergence of GTO-Schwarz with nonconforming discretization in time,
and developing local time-stepping algorithms for multiphysics problems in fractured porous media.
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FIG. 6. Relative residuals of GTF-Schur and GTO-Schwarz with different Peclét numbers and nonconforming time grid.
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A. Proof of Lemma 4

We now present the proof of Lemma 4. The proof follows a similar idea as in [19, Lemma 4.2]. Fori =
1,2, let vvvh =

(
vvvh,1,vvvh,2,0

)
∈ Σ̃ΣΣh be such that vvvh, j = 0 if j 6= i. By taking vvvh as a test function in the first

equation of (2.19), we obtain(
DDD−1

i ϕϕϕn
h,i,vvvh,i

)
Ωi
−
(

div vvvh,i,cn
h,i

)
Ωi
+
〈

vvvh,i ·nnni|γ ,cn
h,γ

〉
γ

+ ∑
K∈Kh,i

∑
E⊂∂K

E∈Eh,i\E
γ

h

〈
θ n

h,i,vvvh,i ·nnnK

〉
E

− ∑
K∈Kh,i

 ∑
E⊂∂K

E∈Eh,i\E
γ

h

ui,KEUi,KE(cn
i,K ,θ

n
i,E)(DDD

−1
i wwwi,KE ,vvvh,i)K− ∑

E⊂∂K
E∈E γ

h

ui,KEU γ

i,KE(c
n
i,K ,c

n
γ,E)(DDD

−1
i wwwi,KE ,vvvh,i)K


= 0, ∀vvvh,i ∈ Σ̃ΣΣh,i.

(A.1)
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For any K ∈Kh,i, we divide K into two triangles T K
1 and T K

2 by drawing a diagonal EK :

K = T K
1 ∪T K

2 ∪EK , T K
1 ∩T K

2 = /0, ∂T K
1 ∩∂T K

2 = EK .

Let Th,i =
{

T K
1 ,T K

2
}

K∈Kh,i
be a partition of Ωi into triangles, and let Ẽh,i = Eh,i ∪

{
EK
}

K∈Kh,i
.

Moreover, let Q0
h,i be the L2−projection from L2

(
Ẽh,i
)

onto P0
(
Ẽh,i
)

where P0
(
Ẽh,i
)

is the space
of piecewise constant functions on Ẽh,i. We then denote a new element ξ n

h,i ∈P0
(
Ẽh,i
)

as follows

ξ
n
h,i|E = ξ

n
i,E :=


θ n

i,E , if E ∈ Eh,i,

cn
γ,E , if E ∈ E γ

h ,

Q0
h,ic

n
i|E , if E ∈

{
EK
}

K∈Kh,i
.

(A.2)

We begin with providing the following estimate:

∑
K∈Kh,i

∑
E⊂∂K
E∈Eh,i

|E|2(ξ n
i,E − cn

i,K)
2

≤C
(∥∥∥cn

i − cn
h,i

∥∥∥2

0,Ωi
+
∥∥∥ϕϕϕn

i −ϕϕϕn
h,i

∥∥∥2

0,Ωi
+h2

∥∥∥uuuicn
i−uuuh,icn

h,i

∥∥∥2

0,Ωi
+h2 ‖cn

i ‖
2
1,Ωi

)
.

(A.3)

By [8, Lemma 2.1], there exists unique elements c̃n
h,i, ĉ

n
h,i in the space PCR

1
(
Th,i
)

of linear
Crouzeix–Raviart elements [21] by means of

Q0
h,ic̃

n
h,i = ξ

n
h,i, Q0

h,iĉ
n
i = Q0

h,ic
n
h,i. (A.4)

Then, by standard arguments, it follows that∥∥ĉn
h,i− cn

i
∥∥

0,Ωi
≤Ch‖cn

i ‖1,Ωi
. (A.5)

From (A.4), we have Q0
h,i(c̃

n
h,i− ĉn

h,i) = ξ n
h,i−Q0

h,ic
n
i . Thus, it follows from [8, Lemma 2.1] and the

definition of ξ n
h,i on E ∈

{
EK
}

K∈Kh,i
that for any K ∈Kh,i,∥∥∥c̃n

h,i− ĉn
h,i

∥∥∥
0,K
≤
∥∥∥c̃n

h,i− ĉn
h,i

∥∥∥
0,HK

1

+
∥∥∥c̃n

h,i− ĉn
h,i

∥∥∥
0,HK

2

≤Ch1/2
K ∑

E⊂∂HK
1

E∈Ẽh,i

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥
0,E

+Ch1/2
K ∑

E⊂∂HK
2

E∈Ẽh,i

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥
0,E

≤Ch1/2
K ∑

E⊂∂K
E∈Eh,i

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥
0,E

.

(A.6)

By combining (A.5)- (A.6) with the triangle inequality and Cauchy-Schwarz inequality, we find∥∥∥c̃n
h,i− cn

h,i

∥∥∥2

0,Ωi
≤ 3

∥∥∥c̃n
h,i− ĉn

h

∥∥∥2

0,Ωi
+3
∥∥∥ĉn

h,i− cn
i

∥∥∥2

0,Ωi
+3
∥∥∥cn

i − cn
h,i

∥∥∥2

0,Ωi

≤C

h ∑
K∈Kh,i

∑
E⊂∂K
E∈Eh,i

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥2

0,E
+
∥∥∥cn

i − cn
h,i

∥∥∥2

0,Ωi
+h2 ‖cn

i ‖
2
0,Ωi

 .
(A.7)
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We now use that for any piecewise linear polynomial ph ∈P1(Th,i), the following estimate holds [17,
p. 112]:

‖ph‖L1(∂HK
j )
≤C‖ph‖0,HK

j
, j = 1,2. (A.8)

By applying (A.8) and the definition of c̃n
h,i, we obtain

|E|(ξ n
i,E − cn

i,K) =
〈

c̃n
h,i− cn

i,K ,1
〉

E
≤C

∥∥∥c̃n
h,i− cn

i,K

∥∥∥
L1(∂HK

1 )
≤C

∥∥∥c̃n
h,i− cn

i,K

∥∥∥
0,HK

1

≤
∥∥∥c̃n

h,i− cn
h,i

∥∥∥
0,K

.

(A.9)
It follows from (A.7) and (A.9) that

∑
K∈Kh,i

∑
E⊂∂K
E∈Eh,i

|E|2(ξ n
i,E − cn

i,K)
2 ≤ 3

∥∥∥c̃n
h,i− cn

h,i

∥∥∥2

0,Ωi

≤C

h ∑
K∈Kh,i

∑
E⊂∂K
E∈Eh,i

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥2

0,E
+
∥∥∥cn

i − cn
h,i

∥∥∥2

0,Ωi
+h2 ‖cn

i ‖
2
0,Ωi

 .

(A.10)

Finally, we show that∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥
0,E
≤C

(
h1/2

K

∥∥∥ϕϕϕn
i −ϕϕϕn

h,i

∥∥∥
0,K

+h1/2
K ∑

E ′⊂∂K
|E ′||ξ n

i,E ′ − cn
i,K |

+h1/2
K

∥∥∥uuuicn
i −uuuh,icn

h,i

∥∥∥
0,K

+h−1/2
K

∥∥∥cn
i − cn

h,i

∥∥∥
0,K

)
,∀ K ∈Kh,i,∀ E ∈ Eh,i,E ⊂ ∂K.

(A.11)
For any K ∈Kh,i and E ⊂ ∂K,E ∈ Eh,i, it follows from [8] that there exist a unique element τττ i,E ∈ Σ̃ΣΣh,i
such that supp(τττ)i,E ⊆ K and

τττ i,E ·nnnE =

{
ξ n

h,i−Q0
h,ic

n
i , on E,

0, on ∂K\E.

It follows from a scaling argument [8] that

hK ‖τττ i,E‖1,K +‖τττ i,E‖0,K ≤Ch1/2
K

∥∥∥ξ n
h,i−Q0

h,ic
n
i

∥∥∥
0,E

. (A.12)

By using vvvh,i = τττ i,E in the first equation of (A.1), we obtain(
DDD−1

i ϕϕϕn
h,i,τττ i,E

)
Ωi
−
(

div τττ i,E ,cn
h,i

)
Ωi
− ∑

E ′⊂∂K
E ′∈Eh,i\E

γ

h

ui,KE ′Ui,KE ′(cn
i,K ,θ

n
i,E ′)

(
DDD−1

i wwwi,KE ′ ,τττ i,E
)

K

∑
E ′⊂∂K
E ′∈E γ

h

ui,KE ′U
γ

i,KE ′(c
n
i,K ,c

n
γ,E ′)(DDD

−1
i wwwi,KE ′ ,τττ i,E)K =−

〈
ξ n

h,i,ξ
n
h,i−Q0

h,ic
n
i

〉
E
.

(A.13)

From the relation qn
i = uuuicn

i −DDDi∇cn
i , by apply Green’s formula, we obtain(

DDD−1
i ϕϕϕn

i ,τττ i,E
)

Ωi
− (div τττ i,E ,cn

i )Ωi
−
(
DDD−1

i uuuicn
i ,τττ i,E

)
Ωi

=−
〈

cn
i ,ξ

n
h,i−Q0

h,ic
n
i

〉
E
. (A.14)
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By subtracting (A.13) from (A.14) and using the definition of Q0
h,i, we find∥∥∥ξ n

h,i−Q0
h,ic

n
i

∥∥∥2

0,E
=
〈

ξ n
h,i− cn

i ,ξ
n
h,i−Q0

h,ic
n
i

〉
E

=
(

DDD−1
i (ϕϕϕn

i −ϕϕϕn
h,i),τττ i,E

)
Ωi
−
(

div τττ i,E ,cn
i − cn

h,i

)
Ωi
−
(

DDD−1
i uuui(cn

i − cn
h,i),τττ i,E

)
Ωi

− ∑
E ′⊂∂K

E ′∈Eh,i\E
γ

h

ui,KE ′
(
Ui,KE ′(cn

i,K ,θ
n
i,E ′)− cn

i,K

)(
DDD−1

i wwwi,KE ′ ,τττ i,E
)

K

− ∑
E ′⊂∂K
E ′∈E γ

h

ui,KE ′
(
U γ

i,KE ′(c
n
i,K ,c

n
γ,E ′)− cn

i,K

)(
DDD−1

i wwwi,KE ′ ,τττ i,E
)

K .

(A.15)
By applying the Cauchy-Schwarz inequality, we obtain from (A.15) that∥∥∥ξ n

h,i−Q0
h,ic

n
∥∥∥2

0,E
≤C

(∥∥∥ϕϕϕn
i −ϕϕϕn

h,i

∥∥∥
0,K
‖τττ i,E‖0,K +

∥∥∥cn
i − cn

h,i

∥∥∥
0,K
‖τττ i,E‖1,K

+ ∑
E ′⊂∂K

|E ′||ξ n
i,E ′ − cn

i,K |‖τττ i,E‖0,K +
∥∥∥DDD−1

i uuui(cn
i − cn

h,i)
∥∥∥

0,K
‖τττ i,E‖0,K

)
,

∀ K ∈Kh,i,∀ E ∈ Eh,i,E ⊂ ∂K.

(A.16)

We then obtain (A.11) by combining (A.16) with (A.12) and applying the Cauchy-Schwarz inequality.
By combining (A.10) with (A.11), we obtain

∑
K∈Kh,i

∑
E⊂∂K

|E|2(ξ n
i,E − cn

i,K)
2 ≤C

(
h2
∥∥∥ϕϕϕn

i −ϕϕϕn
h,i

∥∥∥2

0,Ωi
+h2

∑
K∈Kh,i

∑
E ′⊂∂K

|E ′|2
(

ξ n
i,E ′ − cn

i,K

)2

+h2
∥∥∥uuuicn

i −uuuh,icn
h,i

∥∥∥2

0,Ωi
+
∥∥∥cn

i − cn
h,i

∥∥∥2

0,Ωi
+h2 ‖cn

i ‖
2
0,Ωi

)
.

(A.17)
By choosing h small enough and pushing back the second term on the right-hand side of (A.17), we
obtain (A.3). For the advection term on the fracture, since we can derive analogous result to Lemma 2
for the 1-dimensional case, we can follow the steps in [19] and arrive at

∑

E∈E γ

h

∑
P∈∂E

(θ n
γ,P− cn

γ,E)
2 ≤C

(
h2
∥∥∥ϕϕϕn

γ −ϕϕϕn
h,γ

∥∥∥2

0,Ωi
+h2

∥∥∥uuuγ cn
γ −uuuh,γ cn

h,γ

∥∥∥2

0,γ

+
∥∥∥cn

γ − cn
h,γ

∥∥∥2

0,γ
+h2

∥∥cn
γ

∥∥2
0,γ

)
.

(A.18)

Then (3.16) follows from the combination of (A.3) and (A.18). �
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43. Hoang, T. T. P., Jaffré, J., Japhet, C., Kern, M. & Roberts, J. E (2013b) Space-time domain decomposition
methods for diffusion problems in mixed formulations, SIAM J. Numer. Anal. 51(6),3532−3559.

44. Hoang, T. T. P., Japhet, C., Kern, M. & Roberts, J. E. (2016) Space-time domain decomposition for reduced
fracture models in mixed formulation, SIAM J. Numer. Anal. 54(1), 288−316.

45. Hoang, T. T. P., Japhet, C., Kern, M. & Roberts, J. E (2017) Space-time domain decomposition for advection-
diffusion problems in mixed formulations, Math. Comput. Simulat. 137, 366−389.

46. Hoang, T. T. P., Lee, H. (2021) A Global-in-time Domain Decomposition Method for the Coupled Nonlinear
Stokes and Darcy Flows, J Sci Comput 87 (1), 1−22 .

47. Hoang, T. T. P. (2022) Fully implicit local time-stepping methods for advection-diffusion problems in mixed
formulations, Comput. Math. with Appl. 118, 248−264.

48. Hundsdorfer, W. & Verwer, J. (2010) Numerical Solution of Time-Dependent Advection-Diffusion-Reaction
Equations, Springer, Berlin, Heidelberg New York etc.

49. Huynh, P. T., Hoang,T. T. P. & Cao, Y. (2023) Fast and Accuracy-Preserving Domain Decomposition
Methods for Reduced Fracture Models with Nonconforming Time Grids, J. Sci. Comput., 96 (23).

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight

tzh0059
Highlight



NUMERICAL METHODS FOR ADVECTION-DIFFUSION PROBLEMS IN FRACTURED POROUS MEDIA 39

50. Huynh, P. T., Hoang,T. T. P. & Cao, Y. (2023) Operator splitting and local time-stepping methods for
transport problems in fractured porous media, Commun. Comput. Phys., 34 (5), pp. 1215−1246.
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