Intensity effects of light coupling to one- or two-atom arrays of infinite extent
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We theoretically and computationally investigate the behavior of infinite atom arrays when il-
luminated by nearly resonant light. We use higher order mean field equations to investigate the
coherent reflection and transmission and incoherent scattering of photons from a single array and
from a pair of arrays as a function of detuning for different values of the Rabi frequency. For the
single array case, we show how increasing the light intensity changes the probabilities for these
different processes. For example, the incoherent scattering probability initially increases with light
intensity before decreasing at higher values. For a pair of parallel arrays at near resonant separa-
tion, the effects from increasing light intensity can become apparent with incredibly low intensity
light. In addition, we derive the higher order mean field equations for these infinite arrays giving a
representation that can be evaluated with a finite number of equations.

I. INTRODUCTION

Interesting many body effects occur when light inter-
acts with many atoms with separations less than the
light’s wavelength. In this case, a photon coherently in-
teracts with many atoms leading to collective effects that
can be difficult to anticipate from single atom-photon in-
teractions. There are several interesting scenarios when
the atoms are in a regular array [1-36] because the de-
phasing that occurs due to the dipole-dipole interaction is
reduced and photon interference from different emitters
can lead to qualitatively new phenomena. One fascinat-
ing scenario involves the manipulation of light using atom
arrays[3-8, 17-29] by modifying transmission, reflection,
scattering, and diffraction.

Most previous studies have investigated atomic arrays
with much less than 1 excitation on average; the excep-
tions we have noted are in Refs. [14-16, 18-20, 27, 29, 31—
36]. This limit holds when very weak light interacts
with atoms initially in the ground state. We denote this
limit of very weak light as the weak field approximation
(WFA). In this limit, the atoms can be treated as har-
monic oscillators instead of 2-level systems which means
most results are indistinguishable from the interaction of
light with classical oscillators. Although classical electro-
magnetism explains most of these results, several groups
have proposed or measured quite interesting phenomena.
At the other limit of computational complexity are calcu-
lations that utilize the full density matrix as in Refs. [14—
16, 18, 19, 29, 31, 33, 34]. For many systems, a mean-field
approximation would lead to sufficiently accurate results
for most combinations of parameters.[20]

In this paper, we present the results of our investiga-
tion of the interaction of light, beyond the WFA, with
one or two infinite arrays of atoms. We focus on two
aspects of this system. The first is to develop a method
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that accurately represents the physics with only a finite
number of equations. This is not a trivial undertaking
because there are an infinite number of density matrix
elements for more than 1 excitation. Even weak light
leads to an infinite number of excitations although only
a finite fraction of the atoms are excited. To model this
system, we extended the higher order mean-field theory
in Ref. [37] to use a mixed order method for the infinite
array. The main idea is to have pair-wise expectation
values (A, B,,) for atoms n and m smoothly transition
to products (A, )(B,,) as the atom separation increases.
The second is to explore the trends for the coherent re-
flection or transmission from the array(s) as well as the
incoherent scattering. In this, we somewhat overlap with
previous results in Ref. [20] for a single array.

All of the cases treated here have the atoms perfectly
placed on an infinite lattice and the recoil of the atoms
is neglected. For simplicity, all examples are for a square
lattice with the plane wave light incident perpendicular
to the arrays. The details of some phenomena depend on
these specific conditions (for example, the reflection or
transmission of light not normally incident on the array)
but there does not appear to be qualitative changes. Al-
though perfect, uniformly illuminated, infinite arrays are
not experimentally accessible, the simplifications that re-
sult from this ideal case could aid in interpreting results
from finite, imperfect arrays. For 1 array, we explored the
coherent reflection and transmission and the incoherent
scattering of the photons as a function of detuning and
intensity. As an example, we showed how the 100% co-
herent reflection on resonance in the WFA changes to
incoherent scattering and some transmission as the in-
tensity increases. As another example, we found that the
lowest-order mean field approximation overestimates the
incoherent scattering probability by 15% in the limit of
very low intensity. For 2 arrays, we found that the effects
beyond the WFA can be present at very small incident
intensity.



II. BASIC THEORY

In all that follows, we will assume the atoms couple
to the light through a closed two level transition. Also,
the atoms will be driven by a classical plane wave nor-
mally incident on the atom arrays to simplify some of the
derivations. For the n-th atom, the ground and excited
states are |g,) and |e,). The operators used below follow
the definition

€n = |en)(en] G, = |gn){enl o = len)(gnl- (1)

The position of the nth atom is R,,.

The basic theory is identical to that in Ref. [37] where
the density matrix equations are converted into equa-
tions of motion of the expectation values of operators. It
also uses cumulants, Ref. [38], to reduce expectation val-
ues of products of operators into products of lower order
expectation values as done in Refs. [1, 14, 35, 36, 39—
46]. We will call the replacement of pairwise expecta-
tion values by the product of the expectation value (e.g.
(AB) — (A)(B)) the mean field or mean field-1 (MF1)
approximation. We will call the replacement of triple ex-
pectation values by products of pairwise and single expec-
tation values the mean field-2 (MF2) approximation (e.g.
(ABC) — (AB)(C)+(A)(BC)+(B)(AC)—2(A)(B)(C)).
The weak field approximation (WFA) obtains when all
operator products and all (é) are set to zero.

The coupling between atom pairs through the quan-
tized electromagnetic field is through the dyadic Green’s
function. For m # n, we will define

Imn — Q(Rm - Rn) (2)

g(R) = = [n{V(s) +

with d the dipole unit vector, s = kR, R = R/R, and
the hgl)(s) the outgoing spherical Hankel function of an-
gular momentum ¢: h(_()l)(s) = ¢'/[is] and hgl)(s) =
(—3i/s® — 3/s? +i/s)e’*. The g(R) is proportional to
the propagator that gives the electric field at R given
a dipole at the origin[47]. For a AM = 0 transition,

d = % and the coefficient of the hél) Bessel function is
Py(cos(0)) = (3cos?(f) — 1)/2 where cos(f) = Z/R. For
a AM = =£1 transition, the coefficient of the hgl) Bessel
function is —(1/2)Py(cos(f)) = (1 — 3cos?(6))/4.

For simplicity, the atoms will be on a square array
with separation a. We will have the atoms at the po-
sition R,, = (x0,nya,n,a) where xy = 0 for the single
array calculations and 9 = 0 or L for the two array
calculations.

Some simplifications to one- and two-atom expectation
values occur due to Bloch’s theorem when the light is
normally incident on the array. The first is that the one-
atom expectation values are independent of position in
that array. For example, for the single array calculations,

we will use:
(en) = (e0)=(&) and  (67) =(65)=(6%). (4)

The other is that two-atom expectation values can be
shifted so that one operator is at the origin for that array.
For example, for the single array calculations, we will use

<Any,nz Bmy7mz> = <AOBmy—ny,mz—nz> (5)

or the index 0 for the B and the index Ny — My, Ny — M,
for the A.

The equations of motion for single atom operators ig-
noring the interaction between atoms are

di’: _ [iA—g]<6’>+i%(2<é>—1)
A0 _ vy — il
i —I‘(e)—i—z?@ >—Z§<0+> (6)

where the equation for (67) is the complex conjugate
of the first. When finding the equations for products of
operators, use these equations with the product rule for
derivatives.

III. MF1 EQUATIONS OF MOTION

In the time dependent equations for the (&) and (6%)
expectation values, only the 0 index terms contribute as
discussed above. The MF1 approximation leads to the
replacement of pairwise expectation values: (A, B,,) —

(4)(Bm) = (Ao)(Bo) = (A)(B), see Eq. (4).

A. One array

The differential equations for the one atom expectation
values have one atom terms from the interaction with the
laser and the single photon decays in the Lindbladian as
well as two atom terms, Eq. (A1), from the dipole-dipole
interactions. The two atom terms in Eq. (A1) become
independent of m for MF1 and the sum over all atoms
m # 0 leads to the definition:

G= Zg(Rm)Ei(S—i—%. (7)
m#0

where Ref. [7] showed v/I' = (3/[4n])(M/a)? — 1. We
discuss the numerical evaluation of G in Appendix C.
The equations of motion are

dio”) [m - g] (67)+ z‘%(2<é> -1

dt
ey . 0 Q.
= —F<e>+z?<0 >—15<U+> (8)

where 0 = Q0 — 2iG(6~) and the equation for (67) is the
complex conjugate of the first. The €2 can be thought of



as the total field from the laser plus that from all other
dipoles. The steady state values can be found by setting
the left hand side equal to zero with the solution being
found using a Newton’s iterative method.

The coherent reflection (R), coherent transmission (T),
and incoherent scattering (S) probability of light can be
determined from derivations in Appendix B. For the co-
herent reflection and transmission probabilities, Eq. (B8)
gives the far-field form of the electric field from which

R=|R? and T=1+R)? (9)
il .
R = _W<J ) (10)

with R derived in Eq. (B9). The incoherent scattering is
given by Eq. (B13) because Q®) =0 at the MF1 level:

s—2x3n (o) HO- 16D (D

where the factor of 2 accounts for scattering in both the
+2z directions.

B. Two arrays

For this case, we will designate the array at z = 0 to be
« and that at x = L to be 5. The expectation values of
the operators in each array can be different so we need to
distinguish the array with a subscript, for example, (é,).
There is a new constant due to the interaction between
the two arrays:

G=e L Zg(Rm;a) (12)

where the mg means to sum over all of the atoms in the
array at © = L and the R,,, are the positions measured
relative to the 0 atom in array o. We have defined G
with a factor of exp(—ikL) so that the main dependence
on array separation is visible in the equations of motion.
We discuss the numerical evaluation of G in Appendix C.
If L is larger than a few A, the sum is, to an excellent ap-
proximation, G = (37/2)I'/(ka)?, see Appendix C. The
equations of motion are

Wl _ _m_g 67) +i22 (20e0) - 1)

Wa) — ren)+i%atom) - o)

@ - _m—g_ <&g>+z’%(2<éﬁ> )

Wal — vip i)~ 26
where the effective fields at array o is Q, = Q —
2i(G(65) + Ge™(55)) and at array 8 is Q5 = Qe —

2i(G(o5) + Ge'*(6,)). The coupling between the two
arrays is through the Q parameters.

As with the previous section, the coherent reflection,
coherent transmission, and incoherent scattering proba-
bility can be determined from derivations in Appendix B.
For the coherent reflection and transmission probabili-
ties, Eq. (B11) gives the far-field form of the electric field
from which

R = |[Ra + Rpe™L|? (14)
T = |14+ Ra+Rge *H? (15)

with R given in Eq. (10) with the expectation value of the
approriate array. As with the previous section, the inco-
herent scattering is given by Eq. (B13) because Q?) = 0
at the MF1 level:

S =2x3m (Qrka> [(€a) =G +(es) —(G3)I7] (16)

where the factor of 2 accounts for scattering in both the
+2 directions.

An interesting parameter is the buildup of coherent
light between the arrays. When the position is not too
close to the arrays, the coherent electric field between the
arrays is

E=¢ [(1+Ra)e™ + Rgei“e*ik‘r] (17)

where € is the polarization. The scaled, average intensity
between the arrays can be found by taking the magnitude
squared and averaging between 0 and L giving

(I)/Iine = 1+ Ral? + [Rs/? (18)

when the distance between the arrays is nearly an integer
number of wavelengths.

IV. MF2 EQUATIONS OF MOTION

In the MF2 approximation, the differential equations
for the single atom expectation values do not directly
contain an approximation. The differential equations
for two atom expectation values have terms that arise
from the one atom terms in the Hamiltonian (from the
laser) and the Lindbladian (from the single atom decays)
which, because they only contain pair expectation val-
ues, do not have approximations. The terms that arise
from the dipole-dipole interactions have two and three
atom expectation values. The three atom terms are ap-
proximated as two and one atom expectation values as
discussed in Appendix A.

The only important two atom terms arising from the



dipole-dipole interactions are:

% = —Gnolnby ) — V1 — Vo +2V5 — V4 (19)

%:2%—%%%—% (20)
d<é;fn> — Ve —Vig— Vi — Vis (21)
W%ﬁrﬂ = (gno + 970)(2(e0en) — (é0))

+2Vizs = Via +2Vi5 — Vig (22)

with the definitions and derivations in Appendix A. All
other expectation values can be derived from these. In-
cluding the equations of motion from the single atom
operators, use Egs. (6) with the product rule for deriva-
tives. For example, the contribution to the equation for
<é0én> is

) — 3 (euta) + iy (67 en) + (ot )

— i3 ({60 én) + (é057,)) (23)

For the MF2 equations, we have not derived the equa-
tions for two arrays. The results for one array changed
by at most 10-20% going from MF1 to MF2 for some
values of detuning and Rabi frequency. Going from 1 to
2 arrays will lead to twice as many single atom expec-
tation values and 4x as many pair expectation values.
In addition, there will be at least 8x the required CPU
time. We estimated that the computer requirements were
somewhat beyond our local resources and, therefore, did
not attempt an MF2 calculation for 2 arrays.

V. RESULTS

In this section, we present the results of calculations
for light incident on one or two atom arrays. We are
specifically interested in how the light intensity changes
the results from that in the weak field limit.

A. One Infinite Array: R, T, S

In this section, we consider the coherent reflection (R),
coherent transmission (T), and incoherent scattering (S)
of plane wave light normally incident on a single layer
atom array. The atoms will be on a square array with sep-
aration ¢ < A and approximated as a two-level system.
Reference [4] predicted the total reflection of light for
the correct detuning from a perfect, single layer atomic
array and this system was further explored in Ref. [7].
Substantial reflection was experimentally measured from
a single layer atom array.[24] The calculations[4, 7] were
in the weak laser limit where multiple atom excitations
is ignored. A key question is how well does the weak
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Figure 1. The coherently reflected (R), coherently transmit-
ted (T), and incoherently scattered (S) probabilities versus
detuning, A, for different intensities and approximation level.
The intensity is stepped by powers of 10 and given in terms
of the saturation intensity: I/lsa = 2Q?/T%. The MF2 cal-
culations are red solid (2 x 107%), blue long dash (2 x 1072),
green dash (0.02), orange dash-dot (0.2), and maroon dash-
dot-dot (2). In all plots, the purple long dash is for MF1 with
intensity 0.2. In the T and S plots, the black dots is for MF1
with intensity 2. In the S plot, the pink dash is for MF'1 with
intensity 2 x 1075,

laser approximation work as a function of intensity and
how does the weak laser approximation fail with increas-
ing intensity. Reference [20] presented some results for
a Gaussian beam incident on a 10 x 10 array for inci-
dent intensity up to 100 I, (see their Fig. 6). They
addressed similar physics questions to those in this sec-
tion using (what we call) the MF1 approximation and
found similar results.

It seems clear that the amount of reflection will de-
grade as the intensity increases. At low intensity, the



atoms can be approximated as harmonic oscillators which
is assumed in Refs. [4, 7]. The two-state character of the
atoms become increasingly important as the Rabi fre-
quency approaches I'. To investigate the role of inten-
sity, we performed MF1 and MF2 calculations of light on
a perfect, square array with separation a = 0.8 A. Calcu-
lations with separation 0.4 and 0.6 A gave similar results.
In both MF1 and MF2 calculations, we solved the time
dependent equations until the solutions reached a steady
state. The calculations were done with laser intensities
2x1078,2x 1077, 2 x 107, ..., 20, 200 I,,;. The Rabi
frequency is Q = I'y/0.51 /I,q; giving 1074, /10 x 1074,
1073, ..., /10, 10 T.

Figure 1 shows the transmitted, reflected, and scat-
tered probabilities versus detuning for different intensi-
ties. We only show the MF1 calculations where there is
a clear difference from that for MF2. Even when there
is a clear difference, the difference is not large. On res-
onance, there is a larger proportion of photons trans-
mitted or scattered and smaller proportion reflected as
the laser intensity increases. This trend is not surpris-
ing. Even for these somewhat larger intensities, up to
I = 0.21,4, the effect of intensity is larger for reflec-
tion than transmission; for example, the green dash curve
(MF2, I = 0.02[4;, Q = 0.1T") has approximately 34%
of the photons scattered, 5% transmitted, and 61% re-
flected. That is, there is still only a few coherently trans-
mitted photons, so most of the photons not reflected are
scattered. This figure indicates that the laser intensity
needs to be less than ~ 0.002 I, 2 ~ 0.03 ', to keep
the fraction of scattered photons less than ~ 10%. These
values depend on the spacing of the lattice. For a = 0.6 A,
there is ~ 5x less scattering for low intensity but becomes
similar at higher intensity. For example, at 0.002744¢,
there is ~ 6% (~ 1.2%) scattering for 0.8\ (0.6A) while
at 0.21,,¢ both have a peak scattering of ~ 40%.

As the laser intensity increases from small values, the
fraction of incoherently scattered photons is proportional
to the laser intensity times the square of the reflection
probability. Thus, the fraction of photons that are in-
coherently scattered goes to zero as the laser intensity
is decreased. For weak laser intensity, there is little
change to the transmitted probability; the largest change
as the intensity increases is a decrease in the coherent re-
flected probability. For example, at A = 0 for MF2,
there is 6.2% incoherently scattered photons, 93.7% re-
flected, and 0.1% transmitted for I = 0.002 I, (i-e.
)~ 0.032 T") while there was 0.67% scattered and 99.3%
reflected for 10x smaller intensity (i.e. 2 = 0.01 T).
It is interesting that the MF1 and MF2 incoherently
scattered probability has a ratio at the peak that is
independent of the laser intensity for small intensity:
S(MF1)/S(MF2) = 1.15 as I — 0. This is a surpris-
ing result because one might expect that MF1 becomes a
better approximation as the fraction of atoms excited is
decreased. While this is correct for reflection and trans-
mission probabilities, it is not correct for incoherent scat-
tering because the scattered probability depends on two

atom correlations.

As expected, the resonance width increases as the in-
tensity increases. For smaller intensity, this is more due
to increased decoherence due to incoherent scattering
than to power broadening. For larger intensity, power
broadening becomes increasingly relevant.

Interestingly, as the intensity continues to increase, the
fraction of photons on resonance that are scattered starts
to decrease. This is mainly due to the rate of incoming
photons becoming larger than the rate they can be in-
coherently scattered. Also, as expected, the fraction of
photons reflected becomes quite small while the fraction
transmitted increases toward 1 as the intensity increases.

B. Two Parallel Arrays

Two parallel arrays can act as a cavity. This can lead
to large intensity between the arrays which can affect the
reflection, transmission, and incoherent scattering prop-
erties at much smaller incident intensities. As an exam-
ple, Ref. [17] investigated several aspects of weak light
interacting with two-dimensional atomic lattices starting
with a pair of lattices and going to stacks of lattices. All
of the calculations in this section use MF1 with the ar-
rays separated by 5.01 A and the atom separation within
an array a = 0.8 X\. The cavity enhancement of intensity
between the array and the narrowness of the resonance
depends on how close the separation is to an integer (or
half-integer) number of wavelengths; the value 5.01 A was
chosen to give a cavity enhancement of a few 100 on
resonance. From the previous section, there is approxi-
mately 15% more incoherently scattered light when using
the MF1 approximation compared to MF2 for one array.
Therefore, the intensity effects will be somewhat exag-
gerated in these calculations but the approximate sizes
and the trends should be correct.

We first derive the expected result in the weak field
approximation when the array separation is much larger
than the atom spacing within one array, L > a. In this
limit, the scattering from each array can be done self
consistently using the notation of Appendix B:

R _ BT Q)2

Qk?2a? A+14(T'/2) +iG
(i) (@ < L) = (™ + Re™Mol + Ay [e™*" 4 Retlel))
(ng)(@ > 0) = EAg(e™ =) 4 RetHlemE) (24)

where we used the weak field approximation to calculate
R and used the fact that the reflection amplitude is the
same for both left and right going waves. The two coef-
ficients, A, g, are determined by making the two expres-
sion equal in the region 0 < z < L. This leads to the two
equations 1 + R + RA, = Age *L and A, = AgRekl
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Figure 2. The relative average intensity between the arrays
versus detuning for several incident intensities (in terms of
Isqt): red solid (weak field approximation), blue dashed (2 x
107%), green short dash (2 x 107%), black dotted (2 x 1077),
orange dash-dot (2 x 107%), maroon dash-dot-dot (2 x 107?),
and purple dash-dot-dot (2 x 10™*). The arrays are separated
by 5.01 A and the atom separation a = 0.8 A.

giving
RA+R) ik
Ao = 7= R2e2ikL © (25)
Ap = 1= R2e2ikL © (26)

The total reflection and transmission amplitudes are:

Rtot = R+ (]- + R)Aa
Tiot = (L+R)Age L (27)

The relative average of the intensity between the arrays
(average intensity between the arrays divided by incident
intensity) can be found using (nj;)(z > 0) by taking the
magnitude squared and averaging between 0 to L giving

(I)/Tine = |Ap*(L+|R|?) (28)

in the weak field limit.

As with all cavities, the largest response is when the
reflection probability is close to 1 which implies array
separations close to an integer number of wave lengths.
This will lead to a transmission probability with a nar-
row resonance and a sharp peak in the average intensity
between the arrays. The increased intensity between the
arrays leads to a conflict for the response of the array
pair. The peak intensity between the arrays increases
with the narrowness of the line. But as the incident
intensity, I;pc, increases, there will be more incoherent
scattering from the effects discussed in Sec. V A which
will lead to a broadening of the line and a decrease in
relative intensity between the arrays.

This can be seen in Fig. 2 where the average inten-
sity between the arrays divided by the incident intensity
is plotted versus detuning for the weak field approxima-
tion and several incident intensities, from 2 x 1079 to

500 ;‘E T+ T+ u T T =

"2 400 | N
= - ]
A 300 ’ E
\4 - .
% 200 pF E
< k =
g 100 ? * i
0 S T TR RS P

-10 -8 -6 -4
logIO(Iinc/ Isat)

Figure 3. The peak relative average intensity between the
arrays versus the incident intensity.

2 x 10™* I,,;. The results approach that for the weak
field approximation as the incident intensity decreases.
As expected, the relative intensity between the arrays de-
creases with increasing incident intensity. The surprising
aspect might be at how small an intensity the decrease
becomes noticeable. At 2 x 1078 I,,, incident intensity,
the peak value is decreased by approximately 8.3% from
the weak field limit. This is approximately the same fac-
tor of incoherently scattered photons. In fact, for low
intensities, the relative difference in the intensity from
the weak field approximation approximately equals the
fraction of photons scattered for detunings in the neigh-
borhood of the resonance. From Sec. V A, approximately
10% scattering occurred for 2x1073 I,,;. Making a crude
estimate that the intensity is 500x larger and there are
2 arrays, one might expect an effective intensity 1000 x
larger than 2 x 1078 I, giving an effective intensity for
incoherent scattering of 2 x 107° I,,. For the two ar-
rays, we expected an incoherently scattered probability
closer to 0.083%. Thus, the incoherent scattering for two
arrays could be much larger than from simple estimates.

Figure 3 shows the peak of the relative average inten-
sity between the arrays plotted versus the incident inten-
sity for intensities from 2x 107! to 2x 1074 I,q;. At low
intensities, it goes to the value for the weak field approx-
imation, ~ 500. At 2 x 107 I,4, it has decreased by a
factor of ~ 60 to ~ 8 which is still a large enhancement.

Changing the array separation to 5.01414 X\ (i.e. in-
crease the displacement from integer wavelength by a
factor of v/2) shifts the position of the peak and lowers
the maximum value by a factor of 2. For 2 x 1078 I,
the peak fraction of scattered photons was decreased to
2.4%, i.e by a factor of approximately 3.5. Changing the
array separation to 5.02 A shifts the position of the peak
and lowers the maximum value by a factor of 4. For
2 x 1078 I, the peak fraction of scattered photons de-
creased to 0.61%, i.e. by another factor of approximately
3.8.

Figure 4 shows the reflection, transmission, and inco-
herent scattering probabilities versus detuning for two
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Figure 4. For a pair of arrays, the reflected (red solid), trans-
mitted (blue dashed), and incoherently scattered (green short
dash) probabilities versus detuning for an intensity of 2 x 108
and of 2 x 107% I,,;. The array properties are the same as
for Fig. 2.

very low intensities. In the weak field limit on resonance,
the reflection probability goes to 0 and the transmission
probability goes to 1. As with the one array case, the
biggest change at low intensities is the transfer of trans-
mission probability to incoherently scattered probability.
For example, for the 2 x 1078 I . case, the reflection
probability on resonance is less than 1% while the trans-
mitted probability has decreased to approximately 92%.
For the 2 x 1076 I,,, case, the reflection probability on
resonance is approximately 28% which is more than the
approximately 23% transmitted. Another clear feature is
the increase in resonance width with increasing intensity.
Obviously, there is no relevant power broadening for in-
tensity of 2 x 1076 I, but the linewidth is clearly much
larger than that for the weak field limit.

Figure 5 shows the maximum incoherent scattering
probability versus the incident intensity for 1 and 2 ar-
rays. This shows the linear rise of S with intensity for
small intensities and then the subsequent decrease as the
atom excitation is saturated. It also shows the relatively
large amount of scattering for the 2 array cavity which
only has an intensity enhancement of a factor of ~ 500.
The 2 array scattering overlaps the 1 array for small I,
if the 2 array intensity is increased by a factor of ~ 10°.
Both the average intensity between the arrays and the
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Figure 5. The maximum incoherent scattering (S) versus in-
cident intensity for 2 arrays calculated using MF1 (purple +)
and for 1 array calculated using MF2 (green x) and MF1
(blue *). The orange squares are the same as the purple +
but with I;,. multiplied by 10°.

scattering probabilities show that even quite weak laser
intensity can lead to qualitative changes.

C. Extent of the near field

In our calculations, the main parameters derive from
the asymptotic behavior of the light. For example, the
reflection, transmission, and incoherent scattering prob-
abilities are all asymptotic properties. Clearly, the light
is not a plane wave in the neighborhood of the atoms.
So an important question is how does the light field be-
come a plane wave as a function of distance from an atom
array. This is a natural question because the near field
could affect results. For example, we chose the atoms in
both arrays to be at the same y, z-positions in Sec. V B.
This choice is irrelevant if the field has become a plane
wave over the distance between the two arrays.

The main dependence of the decay arises from the pe-
riodicity in the light fields due to the atom array. Be-
cause the atom array repeats after a displacement of
a < X in the y- or z-directions, the light fields must have
(ky,kz) = (2m/a)(ny,n,) with n; being integers. Only
for ny, = n, = 0 is the resulting wave number in the -
direction real. For other values, the z-direction will ex-

ponentially decrease with k, = k\/(ni +n2)(A\a)? —1.

The slowest decrease will be when n? +n2 = 1 giving an
exponential decrease

near field ~ e~ "= (29)

with k; = ky/(A\/a)2 — 1. For the examples in the fig-
ures, we used a = 0.8\ giving k, = 4.71/\. Thus, the size

of the near field has decreased by a factor of ~ 6 x 10~
between the two arrays in Sec. VB. We tested this by
subtracting the asymptotic form in Eq. (B8) from a nu-
merical summation of the first line and exactly found this



exponential decay. This can lead to surprisingly fast de-
cay of the near field when the atom separation is small.
For example, for a = 0.6, k, = 8.38/\ giving a near field
decay by a factor of ~ 4000 after only one wavelength.

D. Photon correlations

These studies were partly motivated by the possibility
for investigating correlations between photons reflected,
scattered, or transmitted through the arrays. There
have been several studies for finite arrays, for example
Refs. [18, 27, 29]. Unfortunately, the infinite array cases
do not display interesting behavior with regards to, for
example, the ¢(® functions for photons. One can show
that all combinations of g(®) are equal to 1 for all times
because the range of atom correlations is finite but the
arrays extend to infinity. Thus, only finite size arrays or
focused light beams lead to nontrivial g(® for the geom-
etry investigated here.

VI. SUMMARY

We have developed a computationally tractable the-
ory for light interacting with infinite atom array(s) be-
yond the weak field approximation used in previous in-
vestigations. The infinite extent of the arrays provides
both a challenge and a simplification to quantitatively
understanding the dynamics. We mainly focus on the
behavior of the coherently reflected or transmitted pho-
tons and the incoherently scattered photons versus the
intensity and detuning of the light with a focus on how
larger intensities modify the transmission, reflection, and
incoherent scattering properties. Results were presented
for both a single atom array as well as a pair of atom ar-
rays with a separation that leads to cavity enhancement
of light between the arrays.

The basic computational tool was the mean field ap-
proximation. Calculations were performed using simple
mean field (MF1) as well as a more elaborate mean field
(MF2): in MF1, expectation values of products of opera-
tors are replaced by products of expectation values while
MF?2 replaces expectation values of a triple product by
pairwise and single expectation values. One of the main
results is the reduction of the infinite number of equa-
tions into a finite number that well represents this sys-
tem. We also give practical methods for evaluating the
infinite sums for important parameters.

The basic physical question addressed was how larger
intensity modifies the interaction of the array(s) with
light. For a single array, we showed that the MF1 and
MF?2 results were nearly the same except for a small range
of intensity. As might be expected, the fraction of inco-
herently scattered photons increases with increasing Rabi
frequency, €2, until the intensity is large enough to begin
saturating the transition. At larger intensity, the coher-
ently reflected and transmitted probabilities are changed

in characteristic ways. For example, on resonance, the
coherently reflected probability decreases from 1 with in-
creasing intensity while the coherently transmitted prob-
ability increases from 0. For the case of two arrays with
separation to give cavity enhancement of photons be-
tween them, the changes to the transmitted and reflected
probabilities are substantial for tiny incident laser inten-
sities.

Data plotted in the figures is available at [48].
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Appendix A: Two atom terms

This section gives the terms that arise from the dipole-
dipole interaction. In the one atom equations of motion,
there are terms that arise from the interaction between
pairs of atoms. Because the single atom expectation val-
ues are independent of atom position, the only important
terms are

d{cy . a
<dz?> - %gmo@eo —1)6,,)
d<5f> = =) [9m0(64 6m) + gm0 (60 )] (A1)
m#0

In the two atom equations of motion, the dipole-dipole
terms in the differential equations are complicated so we
have broken them up into 16 different terms. Only in the
first of these, Vi, will we explicitly show the conversion
of the expectation value of triple operators into pairs and
singles. Remember all single atom expectation values can



be replaced as (é,) = (ég). These terms are
Vi = Y gmol606,0.,)
m#n,0

= Y gmo((63)(656m) + (656, )(6,)
m#n,0

(65 )07 ) — 2(65

= (G~ 9n0) ({50 67, ) — 2(69 )(69 ))(G0

+(Cq = gno(0 65,))(60 ) +Cr (60)

V2 =

= (" = 910 (65 67,) — 2(65 )(65))(67)
H(CS = gnolG9 60 {60) +Ci (60 )
> gmnléoénoy,)
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= (G~ 9-n)({B0b—n) — 2(E0)(E0))(57)
+(C§ — g—no{€06_,)){é0) + C2,, (o)
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Vip = (A11)
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where the G is defined in Eq. (7) and subscripts —n means

the atom identified by the point —n,, —n.. The other
parameters used in these equations are
Co = D gmol6,6,) (A18)
m#0,n
Co = > gmoléndy,) (A19)
m#0,n

We discuss the numerical evaluations of these three pa-
rameters in Appendix C.

Appendix B: Quantum Light Intensity

This section gives the equations for how to calculate
the light intensity in the presence of the atom array(s).
The flux of photons will be given in terms of the expec-
tation values of the atom operators. Some care is needed
to insure the infinite sums are handled correctly. The
derivation is for a plane wave normally incident on the
atom array and will compute the relative photon flux at
large distance from the arrays.

Following Ref. [19], we start from the field operators

2 ikr 21 ~—
nh(r) = cekT— 23 gu(r)a,  (BY)

27 o
nblr) = kx et~ DS gp(r)en  (B2)

3T eikR A
gp(R) = - R)R (53)
gs(R) = RXQE(R) (B4)

with 7, = r — R,,, € being the unit vector for the laser
polarization and the dipole of the atom, and r, > A.
Because of the last condition, the asymptotic, |R| —
oo, form of the electric- and magnetic-field amplitudes,
ge,B(R), are used. The field operators have been scaled
by a factor proportional to the Rabi frequency so that the
coherent reflection, coherent transmission, and incoher-
ent scattered probabilities are easily obtained. For all of



the calculations in this paper, the 7= zk with z — +o00,
i.e. the evaluation of the fields will be at large distance
from the array above or below the origin. The relative
flux of photons in the direction k is

F(r) = gk (g xnf —ng xng).  (BD)

To evaluate the expression, it is simplest to use the classi-

cal expression and the difference from the classical value:
F(r) = Fa(r) + S(r) (B6)

with Fg(r) the classical value which is coherent with the

driving laser and S(7) which is incoherent and describes

the scattered photons.

The classical expression is

Falr) = 3h-(tng) x (nf) — () x () (B)

where the large distance expressions can be found ana-
lytically. For a single array, the classical field is

~ ikx 2 —
(mf) = g™ —S(67) Y gr(ra)
¢ (ei’“ n Reikim‘) (BS)
with the reflection amplitude, R, given by
3il'm
=———(6" B
R= =i (67) (B9)

because |z| > a. This result was found using the relation,
d? = 2% +y2 + 22, to get
) dydz

eikdn 22 zkd
Zikdn(l_dﬁjﬁza?// (
= ——e (B10)

2T kja
k2a?

for |z| > a. This expression is for linear polarization
and for circular polarization because replacing 22 with
(1/2)(y2 + 22) leads to the same result. For a pair of
arrays, the classical field is
<ng> 8 (eik:c 4 Raeik\wl + Rﬁeik\x—Ll) (Bll)
as |z| > a with the subscript on R indicating which
expectation value is used in Eq. (B9).
The scattering terms arise from the cumulant of the
pair-wise expectation values ((AB)—(A)(B)) in Eq. (B6):
S(r) = QW(r) + Q¥(r) (B12)
where the Q1) Q(?) are derived separately. As |z| — oo,
the @, Q) each go to a constant because there can’t
be phase information from the incoherent scattering from
all of the atoms in the array.
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The one atom terms arise because 6,7 6,, = é,, converts
a two-operator expectation value to a single operator ex-
pectation value. This term is

wuwigm—WMZWMPEM

r \2
A /a2 1
= 37 () @ =16 (B13)
where 7, = r — R,, with + — +o00. This result was found
using the relation, d? = 2% + y2 + 22, to get

SH0-3) - /5 (-5

= 3a2 (B14)
in the limit |x| — oo. This expression is the same for
linear or circular polarization. Note that Q) is the same
in the +x or —x directions so that the calculation of the
total incoherent scattering probability needs to double
these values.
The two atom terms must have the form

0 —+ 3™ gul(ei ) — (67)(67 )

m#0

(B15)

with ¢,, independent of position. For linear polarization,

3T ? ‘.’K| 2 ik(nymy+n.m.)a?/d
%”<xm)zlﬁ@ﬁ)e

(B16)
in the limit |z| — co. We have not found a simple closed
form solution for this expression. For example, the ¢,
can be written in terms of integrals over Jy, Jo cylindrical
Bessel functions or as a series in powers of k*a®(m: +

m?2). Unfortunately, the series has difficulty with round-
off errors as k%a 2(m + m?) becomes large so we only
used the integral over Bessel functions:

o o a3 2/00 plz| 22 + p?
" 2Qka) Jo (22 + p?)3/2 | 2%+ p?

Jo(s(p))

2 2 2
14 my —m;
— J: d B17
22 + p2 m§+m§ 2(5(/)))] P ( )
_ P 2 2
s(p) = ka\/m,/my + m?2 (B18)
where the integration was done numerically. For large

||, the ¢, is independent of x. For circular polarization,
the only change is to drop the term with J5(s) because
then the g, can only depend on m? +m2.

Appendix C: Numerical methods

While the various summations of parameters converge,
their numerical evaluation can be difficult if used in their



simple form. In this section, we give the numerical meth-
ods we used to evaluate various expressions.

The summation for G only slowly converges with sys-
tem size. For example, writing

2,2 2
my,+miZ<N

GIN) = > 9(Ru) (C1)
m#0
G = lim G(N) (C2)

only slowly converges because it is similar to integrat-
ing exp[ikp]/p in cylindrical coordinates. Thus, the hard
limit to the summation gives an effect similar to Gibbs
phenomenon where the G(N) oscillates around the limit.
Instead, we used a function to smoothly cut-off the sum

2 2 _ a2
my,+m; <N

GN)= >

m#0

G(Ry)e300m+mDPNT (03

with G being the limit as N — oco. As we increased IV,
this expression smoothly approaches G so that the nu-
merical calculation is unambiguous. As a test, we com-
pare the real part of G(N) to (I'/2){(3/[47])(A/a)? —1}.
For example, for a = 0.8\, the fractional error from
Eq. (C3) of the real part of G was 1.1x 107 for N = 125,
6.9 x 1071 for 250, 4.3 x 10712 for 500, 2.7 x 10~!3 for
1000, and 1.8 x 10~ for 1500. Whereas, Eq. (C1) gives
fractional errors of 0.080 for N = 125, 0.056 for 250,
0.040 for 500, 0.028 for 1000, and 0.023 for 1500.

For similar reasons, the summation for G used in the
two array calculations does not converge well with system
size. We use the same kind of smooth cut-off

m§+mi<N2

g_(N) _ e—ikL Z

mp

g(RmB)6_36(7’Lz+”n§)2/1\r4

B} (C4)
where R, (L,mya,m,a) and G is the limit as
N — oco. Because of the L in the position, the N has
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to be much larger than L/a which sometimes meant us-
ing more terms than needed to converge G. But as before,
this expression smoothly converges with N giving an un-
ambiguous value for smaller computational cost. When
L >> ), the summation can be done analytically using
the same expression in Eq. (B10) multiplied by 3I'/4 and
exp(—ikL) which gives

- 3l

g — W for L > A (05)

In principle, the calculation of Q) Eq. (B15), does
not need any convergence help because both the g, and
the cumulant decreases with increasing mi—i—mi. In prac-
tice, the results converge faster with a similar, smooth
cut-off function. For MF2, the calculation extends over
terms with

did calculations with N,, = 15, 20, 25, and 30. The
calculation of Q) converged faster when we used

mg +m2 < N,. In our calculations, we

2 2 2
my+mz<Nw

QB = N gul(6dGm) — (68)(60 ) Wm  (C6)
m##0

with
Wm _ e—36(m§+m§)2/N3j_ (C?)

As with G, the weight function causes a smooth cutoff of
the cumulants times an oscillating term leading to faster
convergence.

The calculation of the CF° parameters in the two atom
equations in Appendix A converge in a similar way to
the G parameters. However, we don’t have the luxury of
using the same type of smooth cutoff because the C-°
contains expectation values of pair operators, neither at
the origin. For these parameters, we used the sum as
written.
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