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ARTICLE INFO ABSTRACT
Keywords: Direct-acting antiviral agents (DAAs) have shown higher cure rates for treating hepatitis C
Hepatitis C virus virus (HCV) by directly interfering with different steps of the HCV life cycle. To optimize drug

Multiscale model
Infection age
Drug-resistant
Intracellular viral RNA

combinations and accurately quantify the antiviral effect of DAAs treatments, mathematical
models should include the intracellular virus replication processes. In this study, we develop
a two-strain multiscale age-structured model that includes intracellular viral RNA replication and
extracellular viral infection. We prove the existence, positivity, and boundedness of the solution,
and derive the conditions for the existence and stability of the three steady states (non-infection
steady state, boundary steady state, and coexistence steady state). Under certain biologically
reasonable assumptions, we obtain the approximate solutions of the viral load decline of the
two virus strains (sensitive and drug-resistant virus strains) during treatment, and the long-term
approximation is shown to be in good agreement with the solution of the original model. We also
carry out numerical simulations using the long-term approximate solution, providing insights into
the influence of antiviral effects on the viral load change of the two virus strains during treatment
with DAAs.

1. Introduction

Hepatitis C virus (HCV) infection is a global epidemic infectious disease that poses a significant threat to human health. HCV is a
flavivirus single-stranded positive strand RNA virus and primarily transmitted through blood. According to global health organization
statistics, the prevalence of HCV infection is around 2.8%, with approximately 185 million individuals infected and 35,000 new cases
occurring annually [1]. Globally, an estimated 58 million people have chronic HCV infection, with about 1.5 million new infections
occurring per year [2]. Chronic HCV infection is a leading cause of liver cirrhosis, hepatocellular carcinoma, end-stage liver failure,
liver transplantation, and final liver failure. Achieving long-term sustained virological response (SVR) is critical in preventing disease
progression, which refers to the absence of HCV RNA in the serum 24 weeks after treatment.

Currently, there is no vaccine available to prevent HCV infection. The standard treatment used to be a combination of pegylated
interferon (PEG-IFN) and ribavirin (RBV). However, only about 50% of patients with HCV genotype 1 infection (the predominant
genotype in North America and Europe) achieve SVR [3]. New treatment options focus on the use of direct-acting antiviral drugs
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(DAAs), which target various stages of the HCV life cycle [4]. DAAs have several advantages, including high SVR rates, low recurrence
rates, and few adverse reactions, making them a promising treatment option for HCV-related cirrhosis patients. However, HCV
infection is prone to developing drug-resistant mutations within days or weeks of DAA monotherapy, leading to ineffective treatment.
To combat this, multiple drugs with different modes of action are used to enhance antiviral activity and reduce the likelihood of drug
resistance. Using multiple drugs is currently the standard strategy for antiviral treatment [5].

Mathematical models have been developed to study the dynamics of HCV infection under treatment [6-9]. Multiple drug treat-
ments have been shown to significantly improve the clinical efficacy of HCV, and mathematical models can accurately quantify the
antiviral effect of such treatments, facilitating optimization efforts [10-12]. To more accurately describe and quantify the different
antiviral effects of anti-HCV drugs, some researchers have proposed multiscale models, which study the replication process of intra-
cellular viruses and corresponding antiviral effects in different stages [10-12]. Age-structured models have been used to study the
infection kinetics of various viruses in the host [10,13,14]. Such models are typically expressed using partial differential equations
(PDEs). Accurately quantifying the antiviral effect from clinical data of multi-drug therapy is necessary, and multiscale models can
study the dynamics of virus infection between cells, including the process of virus replication in cells, according to the drug’s poten-
tial mechanisms of action [15,16]. For example, Guedj et al. considered intracellular HCV replication/degradation and established an
age-structured multiscale model of HCV infection [17]. Reinharz et al. proposed the HCV multiscale model based on this feature and
estimated parameter values from clinical data under multi-drug treatment [15]. Zitzmann et al. developed an intracellular replication
model involving HCV RNA secretion/release and viral assembly, and their study suggested that low levels of HCV RNA secretion may
persist as long as intracellular RNA is available, possibly explaining the availability of plasma HCV RNA at the end of treatment, even
in patients who eventually achieved sustained virologic response [18]. Many existing models in the literature regard infected cells
as “black boxes” that produce new virus particles after infection, without considering other factors such as replication/degradation
of virus RNA in infected cells. However, these intracellular processes may play a key role in studying HCV dynamics under DAAs
treatment since they are direct targets of DAAs [10].

In this paper, we develop a two-strain multiscale model that includes intracellular viral RNA replication and extracellular viral
infection to study the dynamics of HCV infection under DAAs treatment. We prove the existence, positivity, and boundedness of the
solution of the model and calculate three steady states (the infection-free steady state, boundary steady state, and coexistence steady
state) of the model, respectively. Under certain assumptions, we obtain analytical approximations of the viral load decline of the
two virus strains (drug-sensitive virus and drug-resistant virus) after the start of treatment. We find that one of the approximations
agrees well with the solution of the original model. Using the analytical long-term approximate solution, we carry out numerical
simulations to investigate the influence of different antiviral effects of DAAs on the changes of the two strains of viruses during
treatment.

2. Model formulation

The basic model for studying HCV infection dynamics under therapy is described by the following ordinary differential equations
(ODEs) [19,20]:

%:t) =s—pVT @) —dT ),
% =pV (T (t)—o61(1), (2.1)
dv(t)

- (I =e)pl(®) —cV @),

where the variables T'(¢), I1(1), and V (¢) represent the density of uninfected cells, infected cells, and free virus particles at time ¢,
respectively. The parameters s and d represent the production rate and natural mortality rate of target cells, respectively. The rate
of virus infection is given by gV (1)T(¢), and § represents the rate of death of infected cells. The release rate of virus from infected
cells is p, and c is the rate at which progeny virus particles are removed. During antiviral therapy, the amount of virus produced by
infected cells decreases to (1 — €)pI(t), with efficacy e where 0 <e < 1.

The model (2.1) does not include the process of intracellular viral replication, which means it ignores the multiscale character-
istics between intracellular and intercellular viral infections. To separately quantify the antiviral effects of drugs on different viral
replication processes, an extra equation is required to study the dynamics of the intracellular virus. Otherwise, all the antiviral effects
of drugs on the processes of viral translation, processing, replication, assembly, transportation, and release are reflected in a single
parameter €.

The multiscale model has been proposed to more accurately describe the impact of different antiviral effects on the virus life
cycle. In literature [11], an extra variable, R, is added to the model to represent the number of viral RNA in an infected cell. The
dynamics of viral RNA in cells are determined by RNA production and degradation, as well as the loss of virus particles assembled
or secreted into plasma. The multiscale model including intracellular viral RNA replication and extracellular viral infection is given
by
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? =s—pV®T @) —dT®),
ol(a,t)  dl(a,t) _ _
0 + Tk S(a)l(a,t),

10,0))=pV T (t), 1(a,0)=1Iy(a),

ARLD 4 R — o) - (u(@) + pla)RG@ ),
a ot

R(,1)=1, R(a,0)= Ry(a),

(2.2)

)

/ p(@)R(a,t)I(a,t)da—cV (1),

0

av(y _
dr

where a represents the infection age of the infected cell, i.e., the time elapsed since HCV’s entry into the cell. I(a,7) and
R(a,1) represent the density of infected cells and intracellular viral RNA with the infection age of a at the time of ¢, re-
spectively; The functions a(a), u(a), p(a) and &(a) associated with infection age a represent intracellular viral RNA pro-
duction, degradation, assembly/secretion rates, and mortality of infected cells, respectively. Assuming that cells are ini-
tially infected with a single virus, there is only one viral RNA in infected cells at the infection age of 0, denoted as
R(0,t) = 1. The other parameters have the same biological meaning as the model (2.1). The model (2.2) was used to
study the dynamics of HCV under DAAs treatment and obtain an approximate solution for the decline in viral load after
treatment [11]. Other possible methods for incorporating intracellular viral dynamics into multiscale models were also dis-
cussed.

The error-prone nature of HCV RNA polymerase results in a high mismatch rate of the HCV RNA genome and a rapid replication
rate of the HCV virus. These factors contribute to the high mutation rate of HCV RNA, which leads to the emergence of drug-resistant
viruses [21]. In this paper, we investigate the prevalence of HCV variants and the evolution of resistance during DAAs treatment. We
assume that sensitive infected cells produce sensitive viral strains and mutant variants at a certain rate (assuming a single mutation
generates a certain degree of resistance), and we establish a multiscale age-structured HCV model that includes two strains (sensitive
and resistant viral strains) of intracellular viral RNA replication and extracellular viral infection, given by the following system of
differential equations:

dT
O — s~ a1~ V0T - BV,
dl(a,) dl(an)
oa Frami s(a)1(a,1),
ol (a,1) ol(an)
T, =@l
R (a,t) OdR(a,t)
5 + =1 —m)ag(a) — (u(a) + p(a)) Ry(a, 1),
a ot
) OR,(a,1) + OR,(a,1) = ma (@) — (u(@) + p(@)R.(@,1), 2.3)
da ot
0R.(a,1) OR(a.1) —
P = a,(a) — (u(@) + p(a)) R,(a,1),
a ot
avy() T
d‘t =/p(a)Rs(a, Nl (a,t)da—cV (1),
0oo -
av,(t) —
T :/p(a)R,(a, t)IS(a,t)da+/p(a)R,(a, t1.(a,t)da —cV,(t).

0 0

We assume the following initial conditions
TO)=Ty€R,, V,(0)=V,g ER,, V,(0)=V,g €R,, I,(-,0)=1I, (a) € L, (0,0),
1,(0) =1, (a) € L}(0,00), R,(-,0)= Ry (a) € L}(0,00), R,(-,0)= R, (a) € L}(0,00),
R,(,0)= R, (a) € L} (0,00),

and boundary conditions

L,0.6) =, V,(O0T®), L0.5)=pV.(0)T(1), R,(0,5)=1, R.(0,n=0, R, (0,)=1,

where R, = [0, ) and L}r(O, o) is the positive cone of the Banach space L!(0,0). V,(r) and V,(¢) represent the density of sensitive
and resistant strains of virus at time ¢ that invade uninfected cells at rates of g,V (1)T(¢) and ,V,(t)T(¢), respectively, to produce the
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corresponding infected cells. I (a,7) and I,(a,t) represent the density of sensitive and resistant infected cells with the infection age
a at time ¢, respectively. R (a,t) and R, (a,1) represent the density of intracellular drug-sensitive virus RNA and drug-resistant virus
RNA at age « at time 7, respectively, and R,(a,?) is the density of drug-resistant RNA produced by mutation of drug-sensitive infected
cells at age a at time ¢. The functions «,(a) and «,(a) associated with the age of infection a represent the production of sensitive
and resistant viral RNA, respectively. Considering a single mutation, we assume that virus RNA in drug-sensitive infected liver cells
produces drug-resistant virus RNA with a probability m due to replication errors, which is about 10~ — 10~ per copied nucleotide.
The other parameters have the same biological meaning as in model (2.2).

The multiscale model differs from the basic viral dynamic model (2.1) by distinguishing three antiviral effects of DAAs treat-
ment: inhibiting the production of intracellular viral RNA, reducing the assembly/secretion of viruses in plasma, and enhancing the
degradation rate of viral RNA. We assume that ¢, and ¢, represent the drug efficacies of DAAs in inhibiting viral RNA production for
drug-sensitive and drug-resistant virus RNA, respectively. Similarly, 5, and #, represent the drug efficacies of blocking the secretion
of drug-sensitive virus and drug-resistant virus, respectively, and u represents the degradation rate of virus RNA of the two strains.
We increase u by a factor x to improve the degradation rate, where 0 <¢; <1,0<#, <1(i=s, r) and x > 1 refer to the effectiveness
of therapy on different processes in the virus life cycle. The complete model combines intracellular and extracellular virus dynamics
of two strains during treatment, and is given by

CO s — a1 - V.07 - V,07 (0,

ol dl(an)
80 sl (a,),
o @I(a.n

L,0,n=4V,0OT®), 1,(a,0)=Ia),

oI(a,) dI.(a,1)
=8I
9 or s(a)1,(a,1),

LO.0=V,OT®, 1,(a.0)= 1),

dR(a,t) OdR,(a,t)
da ot

R,0.)=1, R(a,0)=R,(a),

=1 =m(1 —g)ay(a) - (kpu(a) + (1 —ny)p(a)R(a, D),

OR.(a,) OR.(a,1) _ ' ' R
) o2 + o =m(l —ep)ay(a) — (kpu(a) + (1 —n,)p(a) R, (a,1), 2.4)

R.(0,H)=0, R,(a,0)=R,(a),

OR,(a,1) . OR,(a,1)

3 =(1 - e)a,(a) = (ku(@) + (1 = n,)p(@) R.(a,1),
a ot

RO.n=1, R(a,0=Ra),

av, o) r
Sl —t-ny / p(@R,(a.0)1(a.1yda V1),
0

d
v,

= =(-n) / p(a)R,(a,N](a,1)da
0

td-n) / p(@)R; (@ 0], (a, 0da — V1),
0

where ¢ =0 is the time at which treatment is initiated, 7,(a) and 7,(a) are the steady-state distributions of infected cells with drug-

sensitive and drug-resistant, respectively, before therapy. R (a), FRV,(a) and R,(a) are the steady-state distributions of intracellular
drug-sensitive virus RNA, drug-resistant virus RNA and drug-resistant RNA produced by mutation of drug-sensitive infected cells,
respectively, before therapy. The schematic diagram of the model (2.4) is shown in Fig. 1.

In order to study the dynamic properties of the model (2.3), it is assumed that the following holds:

(Ay) 6(), ay(), @.(), u(), p(-) € LY(0,00) are uniformly continuous and bounded, where L$(0,0) is the positive cone of the
Banach space L*®(0, o). p(a) cannot be a zero parameter. Otherwise, virus particles will not be produced. .

(A3) Assuming 1,(0,0) = I,4(0) = B, Vo Tp, 1,0,0) = I,9(0) = ,V,oTy, Ry(0,0)= Ryp(0) =1, R,(0,0)=R,(0)=0, R,(0,0)=R(0)=1.

The state space of model (2.3) is

X, =R, xL1(0,00)x L} (0,00)x L1 (0,00) x L} (0,00) X L} (0,00) x R, X R,.

Obviously, X is a nonnegative cone on the Banach space R x L'(0, 00) x L!(0, 00) x L!(0, 00) x L!(0, 00) X L'(0, 00) x R X R.

244



X. Wang, Q. Ge, H. Zhao et al. Applied Mathematical Modelling 125 (2024) 241-260

BV.T

Clearance

c e TRs (1-0)(1-m)a
Source (Imop e
Infection <
s P \l, “— N
v, l-ne)p KpR' (
T
V:
d
Death Infection
lc
Clearance
B:V:T

Fig. 1. Schematic diagram of model (2.4).

Denote

T, 15, 4y, Ry, Ry RV VO =T+ Ul + LA+ IR+ IR + TR + IV + IV,

where (T, I,,I.,R,,R,.R,.V,.V.) €R x L1(0,00) x L'(0, 00) X L (0, 00) X L' (0, c0) x L!(0, 00) x R x R. It follows from [22,23] that model
(2.3) has a unique continuous solution in X if the initial value (T}, I, I,, Ry, R.o, Rrg. Vi, Vyo) € X, satisfies (A4,). It implies that a
solution semiflow @ : R, x X, — X given by

(1, (Ty, L, Lgs Rygs Rygs Regs Vs Vyo)) = (T (1), 1, 1), 1, 1), Ry (1), R, (-, 1), Ry (-, 1), Vi (1), V, (1),

where t € R, and (T(1), I,(a,1),1.(a,1), Ry(a,1),R,.(a, t),E(a,t),Vs(t),V,(t)), is the unique solution of (2.3) through the initial value
(To: I50- Iro» Rso» Ry0> Ryg> Voo Vio) € Xy

Let
Gl(t)=T(t)+/Is(a,t)da+/I,(a,t)da,
0 0
G, = / R (a,t)da+ / R, (a.t)da+ / R,(a,da,
0 0 0

G;() =V, + V().
It follows from (2.3) that

0 [

@ <s=dT(t) —/5(:1)15(11, t)da—/&(a)lr(a, tda
0 0

<s—mG(1),

where m; = min{d,ny}, ny = aei(r(l)fw){é(a)}. It implies that ’1_1’12, sup G, (1) < mi]

Similarly,
dG(1) . o T r
C20 <2t a1+l 1 / (u(@) + (@) R, (a. )da — / (1(@) + p(@)R (.0 da
0 0

- / (u(@) + p(@)R,(a,1)da
0

<24 lagll® + lle 1% = myGy (o),

where m, = inf {u(a)+ p(a)}. We have lim sup G,(r) < 2ol Hlx I
a€(0,00) t—o00 m
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Next, it follows from

dG(0) 24 [l ™ + lla I® s
; <3llpl 0]
t my ml

. X5 2 I i
that lim sup G5(f) < 3loll*s 2+lla I+l 1%
t—00 cmy

my
To sum up, the set

{a,“”&ﬂ””3,>exw+wn+wn<i

2l 305 2+ llas I + flay 1
IR+ IR+ 1Ry < 2Nl e ™ 2y Sl dlaha L
my

cmy my

is positively invariant with respect to (2.3).
3. Model analysis

In this section, we study the steady states of model (2.3) and analyze their stability. Model (2.4) with treatment can be analyzed
similarly.
Let

w(@)=e i 6@ gy = o Jo lo@tudr

where w(a) and #(a) represent the survival probability of an infected cell and an intracellular viral RNA for the infected age a,
respectively. The densities of infected cells of two strains of age « in the stable state are

I (@)= I,0)w(a) = p;VTw(a), 1.(a)=1,0)w(a)=pV,Twola), 3.1
where V, and V, are the steady state viral loads with drug-sensitive and drug-resistant density, respectively. T represents the density
of target cells at the steady state. We assume that a cell is initially infected with a virus particle. Therefore, when an infected cell is
at age a =0, there is only one corresponding viral RNA, i.e., R;(0) =1, R.(0)=0, R.(0) = 1. The steady states of virus RNA level of
the two strains of age a are

Rs(a)=7z'(a)+(1 —m)/as(r)@dr, Rr(a)=m/a (r)—= (@) T,
7(7) 7(7)
. 0 (3.2)
R:,(a)=7r(a)+/a(‘r) E ;

0

We substitute the steady states I (a), I,(a) and R,(a), R,(a), R:,(a) in (3.1) and (3.2) into V,(r) and V,(¢) in (2.3), and obtain

0

/ p(a)RS(a)ﬂSVS'I_"w(a)da = CVS,

0
© ©

/p(a)R,(a)ﬂSVSTw(a)da+/p(a)R:,(a)ﬂ,V,Ta)(a)da =cV..
0 0

Let N, = /,° p(@)R(@w(a)da, N, = [;° p(@)R,(@w(a)da, N, = [;° p(a)R,(@)w(a)da. N, represents the total number of virus particles
(V,) produced by a drug-sensitive infected cell (/,) without mutation in its lifetime. N, represents the total number of virus particles
(V,) produced by a drug-sensitive infected cell (I,) with mutation in its lifetime and N, represents the total number of virus particles
(V,) produced by a drug-resistant infected cell (,) in its lifetime. Based on the above discussion, it is easy to see that T = ﬁ—N and

ﬂsKTNr-'_ﬁr‘;r’f]’\\/;:CVr' (33)
From the first equation of model (2.3) and (3.3), we obtain the viral loads of the two strains in the steady state

. (BN, = B.N,)(s,N, — dc) v = (sB;N, —dc)N,

Byc(ByN, - BN, +,N,) (BN, - BN, +ﬂ,N,)'

Obviously, V, = %V Plugging the steady states T, V,, and V, into (3.1), we get

_ (B,N,=B.N)(sP,N, —dc) . B,N,(sP;N,
I(a)= S w(a), I(a)= -
ﬂst(ﬂst_ﬂrNr+ﬂrNr) ﬂst(ﬁst_ﬂrNr+ﬁrNr)

Denote
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ﬂrs N ﬂss
R, =—N, R,=—N._.
1= 27 de

R, is the basic reproduction number of the drug-resistant strain of model (2.3) and represents the number of next-generation viruses
with drug resistance produced by infected cells in their life cycle. R, is the basic reproduction number of the drug-sensitive strain of
model (2.3) and represents the number of next-generation viruses produced by drug-resistant infected cells in their life cycle.

The conditions for the existence of three steady states of model (2.2) are given below:

(i) The infection-free steady state is E, = (s/d, 0,0, R,(a), R,(a), R,(a),0, 0).

(i) If R, > 1, then there is the boundary steady state: E, = (T},0,1,, R,(a), R,(a), R, (a),0, V.), where T| = ¢/B.N,. I, =
(sB.N, —dc)w(a)/B,N,, V, "= =(sp,N, - dc)/B,c.

(iii) If R, > 1 and R, > R, then there is a coexistence steady state:

E, =(T.I,(a).I,(a), Ry(a), R,(a). R,(a). V.V, ~

We use the method of characteristic lines to ﬁnd the complete solutions of Ry(a,?), R.(a,1), R.(a,t), I,(a,t), and I,(a,t). Assuming
that the characteristic curve is r — a = constant and they intersect the age axis by (a,,0) and the time axis by (0,), where ay > 0, 7, > 0.

When a > ¢, the following describes the characteristic curve with parametric equation t =z, a = 7 +a,,, where 7 is a free parameter.
When 7 € (0,7), a(z) € (ay,a), t(r) € (0,1), the variable follows the characteristic curves and we obtain

dRy(a(r),1(7)) _ IR, dr + IR, da
dr Jt dt da drt

This is an ordinary differential equation. Using the constant variation method, we have

= (I - mag(a()) — [p(a(D)) + p(a(z)]R(a(7), 1(7)). (3.4

Ry(a.1) = R,(ay, 0)e~ Jo lola@)+uta(m)lde
t

+ o~ Jilpa@) +uao)lde / (1 = mya, (a(uyye= e eutatlds g,
Noting that
; .
/[P(H(T)) + u(a(r)ldr = /[ﬂ(g) + u()ldg
0
and

o~ Jolta@)+uta@)ldr _ ;= Jaglo(@+u(Nds _ n(a) i
7(ag)

we obtain
t 1
u (10+14
/as(a(u))efo [p(a('r))+y(a(r))]d‘rdu=/as(a(u))e/ﬂo [ +uCDldn
0

0
a

<
_ / a (¢)e P HHIdn

ap
a

76((10)
= a d
/ 5(6) © S

a0

Therefore, when a > ¢, we have

R,(a,1) = Ry(ay,0) ”((:)) ﬂ((a) (1—m) / " (g)”((ago))
0

t

=R, (a1 ”(“)t) + / ™D _ (| _ mya,(a—wdu.

w(a—u)

When a <1, the following describes the characteristic curve with parametric equation t =z, a = 7 —t, where 7 is a free parameter.
When 7 € (t),1), a(z) € (0,a), 1(z) € (ty,1), the variable follows the characteristic curves and we obtain the same ordinary differential
equation as (3.4), and use the ordinary differential variation method to obtain the following

t
R.(a,1) = R,(0,1p)e Sy lpta@)+utae)dz
t
t u
+ o hpla@ua@ldz / (1= mya( a(u))e’/ro[ﬂ(a(f))JrM(ﬂ(T))]dT du.

fo
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From

o Jplpta@)+uta@enlds _ o JoTPEIHHONE — 1),
we have

t t

u u—tg
/ o (auy)e i PO Ty / o (atuyyels loruling,

1o fo
t

_ ag(u—t )
_/ (u—ty)
To

Thus, when a < ¢, we get

a (1)

7(u)

du

R,(a,t)= R (0,1 — a)n:(a)+7r(a)/(1—

=zn(a)+ /(1 - m)@as(u)du.
m(u)
0
The complete solution of R((a,?) is as follows

w(@) + [y (1 —m) ”E”)) a,(wdu,

Ry (a,)=

———

R, (a—1)22

z(a— 7) 0 7(a—u)

-1y

w5

ay(§)
(&)

" @ (] _ mya,(a —u)du,

“ [

a<t,

a>t.

a (§)
;;(5)
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(3.5)

We use a similar method to obtain the complete solution of the other variables before treatment, given by

IS m%as(u)du,
Rr(a’ t) = 1t z(a)
0 z(a—u)

R, (a—1=2 4

n(a—t)

n(a)+ fa Zza;a (u)du,

_n(a) t x(a)
m(a— t) 0 z(a—u) "

R.(a.1)=
Rro (a - t)

BVt — )T (t — a)oo(a),
I(a,)=

r—'—\,_/%,_/%

_ w(a)
(a I) w(a—t)’

and

BVt = )Tt - a)o(a),
I(an)=

_ 2@
(a t) w(a—t)’

mag(a—u)du,

a,.(a—u)du,

a<t,

a>t.

Substituting the expressions of (3.5)-(3.9) into model (2.3), we obtain

@ =s—dT{) - K,(t) — K,.(?),
dt
'
J dzst(t) =/Ks(t—a)QS(a)da—cVS(t)+Fs(t),
0
t '
dVv,(1)
dt
0 0

where
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/ K (t - 2)Q,(a)da + / K,(t — 0)Q;(@)da — cV, (1) + F,.(t) + F, (),

(3.6)

3.7

(3.8)

3.9

(3.10)
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K () =BV,0T®), K, (0)=BV,0O0T(1), 0Oa)=p(a)R(a)w(a),
0,(@) = p@R,(@w(a). Qxa) = p(a)R (@(a),

o [ t

Fs(t)=/p(a) Ry (a=1) ﬂ(a)t)+/ ”(i)u)(l_m)a:(a u)du][ (a—t) a)(a) da,

n(a— n(a -1

t

r0= [ @) Ramn 70 [ O max<a—u>d"}’s0(a—r) oDy,
! 0

7( w(a—u) w(a—1)

t

0= / o@| Roy(@=0 ”(a—)t) * / ﬂ(i)u) wla= u)du} I, (a—1) G
1

n(a n(a w(a—1)

It is clear that F,(r) - 0, F,.(r) > 0, and F,(t) - 0 as t - co. We integrate the above equations in model (3.10) to obtain

T(r) =Tye % + / [s — K (u) — K,()]e™ " du,

t

V=V, e + / l/ K (u—a)Q(a)yda+ Fx(u)] e~<t= gy,
0

0

t u (31 1)
V(1) =Vroe_” + / [/ K,(u—a)0,(a)da
0 0
+ / K,(u—a)0:(a)da + Fy,(u) + F,(u)] e =gy,
By changing the integration order of V,(r) and V,(¢) in (3.11), we get
/ el / K, (u—a)Q,(a)dadu = / et / K(&)0,(u— &)dédu
/ K (&) / ~0Q (u - &)dudé
0
t =&
= / K (&)e (=9 / 10 (n)dndé
0 0
t
= / K (&) H (1 - $)d¢,
0
where H(1) = e~ [ ¢Q (n)dn.
Similarly, we have
1 u t
/ et / K,(u - a)Q, (a)dadu = / K (&)H, (1 - £)dé,
0 0 0
t u
/ e~ / K,(u— a)Qx(a)dadu = / K, () H(t - §)de,
0 0 0
where H,(1)=e™¢ /0’ eQ,(nydn, Hxt)=e f(; e“1Q;(n)dn. Thus, model (3.11) can be changed to
T = / [s = BV, T @) = BV, T @]e " du+ F, (1),
0
V()= / BsVsT w)H (1 — u)du + F,(1), (3.12)
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t

Vo= [ VT -t [ 5Y,0T@H,G-wdu+ £
0 0

where F, (1) =Tye™", Fy(1) =V, e~ + [} F,(we (" du, F;(t)=V, ¢~ + Jo [Fy(u) + F,(w)]e~~* du. The above-converted model (3.12)
can be expressed in a general form. Let x(f) = (T(¢), V,(t), V,(t))T, where T represents the transposition of the vector. Model (3.12) can
be rewritten as

t

x(t) = / h(t —uw)g(xw)du + f(1), (3.13)
0
where
se~dt  _gmdt  _p—dt 1 F@®)
h@®)=| 0 H (1) 0 |, sO=|BV,OT® |, fF(H=| F,®)
0  H.( H;@) BV, (DT (1) F5(n)

This forms a Volterra integral equation model equivalent to model (2.3), where A(?) is a locally integrable function and g(¢) and f(¢)
are continuous functions, i.e., h € LI‘OC([O, o0); R¥3), ¢ € C(R?,R?), f € C([0,0);R?). It follows from Theorem 1.1 in Gripenberg et
al. [24] that model (3.13) has a unique solution and the solution is continuously dependent on the initial conditions. All solutions of
model (2.3) are non-negative under positive initial values. Model (3.10) is also equivalent to model (2.3). Assume that there exists a
to > 0 such that V,(1,) =0, T () >0, V,(t) > 0 for 0 <7 <1,. Noting that K (1) = f,V,(t))T (1) > 0 for 0 <7 <1, and according to the V,(t)
formula of model (3.10), we get

Ty

/ K,(ty — )Q,(a)da + F,(t5) > 0.
0

dVi(to) _
dt

Thus, V,(t) >0 for all ¢ > 0. Similarly, we conclude that 7(r) > 0, V,(t) >0 for all r > 0 and for all positive initial data.
It follows from [24] that if any equilibrium of model (3.10) exists, it must be the constant solution of the limiting model related
to (3.10), expressed by the following

dz;ft) =5 —dT(t) = BV, (T (1) = B,V.(OT (1),
M0 / BVt — )Tt — aypla)ala) R, (@)da — V(o).
0

av,(t) T _ (3.14)
i = /ﬂSVS(t —a)T(t —a)p(a)w(a)R, (a)da
0

+ / BV, - Tt — p(@o(@R (@)da— eV 1),
0

where R,(a), R,(a), ﬁ;(a) are given in (3.2). We have the following results on the infection-free steady state ES‘ =(T,,0,0)=(s/d,0,0)
and infection steady state of the limiting model (3.14).
@) If R, > 1, then the following boundary steady state exists:

. oD d
E;=(T,. 0, Vrl)=< ‘o, —(R1—1)>.

r r ﬁr
(i) If R, > 1 and R, > R, then the following coexistence steady state exists:
* IR 7R 7, (ﬁst_ﬁrﬁr)d N,d
E}=(T,V, V,>=( = = (R, - 1). ad (R2—1>>.
BN Bs(BsNs— BN, + B.N,) (ByNs—B.N,+p.N,)

Next, we use the same method of finite ODE to study the infinite-dimensional model. This method has been used to study other
age-structured models [25,26]. Fig. 2 shows the conditions under which the steady state of model (3.14) exists. We will use the
equivalent model (3.14) of model (2.3) to study its stability. Linearizing the model (3.14) about the steady state E = (T,V,, V), we
get the corresponding characteristic equation

—d - ﬂvK - ﬂrVr -4 _ﬂsT _ﬂrT
A(E)= BV, B, Tny—c—2 0 =0, (3.15)
ﬁsﬁn2 + ﬁr17rn3 ﬂsTnZ ﬁrTn3 —c—4
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A ~ R=R,
* * * 0
R, Eu: El ’ E2 e
* * r”'
EO y E2 l‘;’
1 p----emeeeee- +
* Eﬂ" El‘
0
0 >
1 R,

Fig. 2. Schematic diagram of the existence of the steady state of model (3.14) on the R,-R, plane.

where n; = [[* p(a)w(a)R (a)e~*da, n, = [}~ p(@)w(@)R,(a)e~*da, ny = [~ p(@w(a)R,(a)e*da, and i denotes the eigenvalue of the
linearized model.

Theorem 3.1. The infection-free steady state E; of model (3.14) is locally asymptotically stable if R, <1 and R, <1, and it is unstable
when R, > 1 or Ry > 1.

Proof. We substitute E = Ej into the above characteristic equation (3.15) to obtain the following characteristic polynomial

<] )

BTy 0/ p(a)a)(a)]is(a)e_ﬂ"da —c—A|x]| 8Ty 0/ p(a)a)(a)ﬁz(a)e—’lada —c—2 (3.16)
X (d+4)=0.

The characteristic polynomial (3.16) has one negative solution —d. Other eigenvalues are determined by the following equations

/ R . R: 7lad
il +1= Bss /p(a)ou(a)Rr(a)e—Aada=R1 Jo p(a)w(alr(a)e a’
¢ dc -
0 | 3.17)
A41=R, s (“)‘"(”)Rs(a)e‘“da_
¢ N

s
For all complex roots A with non-negative real parts, we have

| / p@(@)R, (@)~ da] < / @R, (@da= N,
0 0
and

e}

| [ rarot@R,@eaal < [ partaR,@da= N,
0 0

Thus, the modulus on the right side of equations (3.17) is less than 1 when R, < 1 and R, < 1. However, the left modulus of equations
(3.17) is always greater than or equal to 1. By comparing the moduli of both sides of the equation, it is concluded that all solutions
have negative real parts. This shows that the infection-free steady state E; of model (3.14) is locally asymptotically stable when
Ry<land R, < 1.

If Ry > 1 or R, > 1, we define the functions as follows

0 p(a)w(a)R;,(a)e_Mda

fl(/l)=£+l—R1/E) — s
c N,

% p(a)w(a)Ry(a)e % da

f2u>=f+1—R2f° ~ :

s

It is clear that f,(0)=1- R, <0 and f|(4) - o as 4 — oo. Similarly, f,(0)=1- R, <0 and f,(4) > © as 4 » oo when R, > 1.
Therefore, there is at least one positive root such that f,(41) =0 or f,(4) =0. Thus, the infection-free steady state Eg of model (3.14)
is unstable when R, > 1 or R, > 1.
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Theorem 3.2. The boundary steady state E} of model (3.14) exists if and only if R, > 1. It is locally asymptotically stable when R, > R,
and unstable when R, > R;.

Proof. The boundary steady state E is brought into the characteristic equation (3.15) to obtain the following characteristic
equation
[o]
BT / p@w(a)R (@) **da—c - 4 [x

0
©

(—=d = M| BT, /p(a)w(a)R;,(a)e"”da —c=A|+B8V, (c+1)|=0.
0

The eigenvalues are determined by the following equation

© 3 —Aa
Ay B I rae@R @ da 3.18)
¢ ﬂrNr

or

o R: —Aad
(d+2) c+,1—c/° p(a)w(al’(a)e ‘ +d(R, = 1)(c+ ) =0. (3.19)
N,

r

We claim that when R, < R, (i.e. ,N, <, N,), all roots of (3.18) have negative real parts. Otherwise, there exists A, with Re(4y) > 0.
This shows that | /;° p(a)w(a)R (a)e~Y4dal < [ p(@)w(a)R,(a)da = N;. Taking modulus of both sides of (3.18) gives

| fy" p(@w(a)R(a)e *0"dal AN
ﬂr r ﬁr

This is impossible because the left-hand side is greater than 1 and

@+1'_ﬁ
c

BNy

< 1, which leads to a contradiction.

Similarly, all the solutions of the equation (3.19) have negative real parts whenever E} exists, i.e., R; > 1. Supposing that 1 has

a non-negative real part, there exists 4, with Re(4,) > 0. The modulus of characteristic equation (3.19) can be rewritten as

|1 + dR; - 1)| cfys p(a)w(a)Rwr(a)e“l“da <
d+ A4 (c+ /11)]'\7; -
which leads to a contradiction. This proves the claim that all roots of characteristic equations have negative real parts when R, < R,

and R; > 1.
When R, > R, (i.e., B, N, > §,N,), we let

B, [y p@w(a)Ry(a)e*da
p.N, '

It is clear that f3(0)=1- /; ‘Nf <0 and 11m f;(/l) oo. In this case, there exists a positive root for the equation f3(4) =0. Thus, the

f=2 -
c

infection-free steady state is unstable when R, > R;. On the basis of the above discussion, the boundary steady state E; is locally
asymptotically stable when R, > 1 and R, < R,.

Remark. Prior to treatment, the basic reproduction number of the sensitive strain (R,) must exceed 1; otherwise, the infection would
not be established. Furthermore, the basic reproduction number of the resistant strain (R,) is smaller than that of the sensitive strain
due to what is referred to as “mutation-associated fitness loss” — in essence, the mutant virus demonstrates either reduced infection
or reproduction capability in the absence of treatment. As a result, the coexistence steady state EJ exists before treatment. Although
it is challenging to prove the stability of E] under the conditions R, > 1 and R, > R, before treatment, the existence of both strains
is highly probable due to the mutation from the sensitive to the mutant strain. This is also in line with model outcomes that do not
take intracellular dynamics into account and aligns with clinical observations (see [27,28] and the references cited therein).

4. Model approximation under therapy

During therapy, the rate of drug-sensitive viral RNA production «,(a) becomes (1 — £,)a,(a), a,(a) becomes (1 — ¢,)a,(a), the
degradation rate of virus RNA p(a) becomes ku(a), the secretion rate of drug-sensitive virus and drug-resistant virus p(a) becomes
(1 - n)p(a) and (1 — n,)p(a), respectively. The survival probability of an infected cell remains unchanged, i.e. w(a) = e~ /o %47 byt
the survival probability of an infected cell with the infection age « under treatment becomes the following for the two strains

7 (@) = e~ JNI=nDp@+su@WT 1t () — o= [ 10=n)p(@+xp(DNd T
N ’ r
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Let R| and R/, be the on-treatment reproduction number of the drug-resistant and drug-sensitive strain of model (2.4), respectively.
From the calculation in last section, we know

R=2 bs

s~ s
| =N Ry=——N,
dc dec °

where

7l (a)
i

Ni= / (= n)p@| 7 (@) + (1 - ¢,) / a,(r)——dr |o(a)da,
r r ”r T)
0 0

[o8) a ”? (a)
N; = /(1 —n,)p(a) 7[;(0) +(1-m(1- ES)/as(r)”‘:(T) dt |w(a)da
0 0 §
represent the viral burst size of the drug-resistant and drug-sensitive strain, respectively. Using the on-treatment reproduction num-
bers R’l and R'z, we have similar results for the model with treatment as in Theorems 3.1 and 3.2.

The above analysis provides asymptotic properties of the model under therapy. In order to study the viral load dynamics during
therapy, we assume that the model (2.4) is at the coexistence steady state E;‘ at t =0 at the start of treatment (see the remark in last
section). We also assume that 6(a), a,(a), a,.(a), p(a), and u(a) are all constants to obtain explicit approximations of the drug-sensitive
and resistant viral loads during treatment. In this case, w(a) = e~%9, n(a) = =+, It follows from (3.5)-(3.9) that we obtain the
solutions of R (a,7), R.(a,1), E(a, 1), I (a,1), and I,(a,t) under therapy, given by

(I_:)A‘ + (1 - (1_;")'41 )e‘Bl“, a<t,
Ry(a,t)= 1 _ 1 4.1
¢ (1-m)A (1-m)A _
%4—(1{_&&—[)—%)6317, aZt,
mB—Al(l — e Baay, a<t,
R(a)=1 2 _ 4 (4.2)
1 ma; —Byt
B +(R,(a—t)——82)e 2!, axt,
B = e, a<t,
g 2 2
R.(a=1 , = 4 (4.3)
2 _n_ A2\ By
B—2+<Rr(a 1) Bz>e 2t a>t,
BV.(t —a)T(t —a)e %, a<t,
I(a,)=4 2°° .
s@0 { I(a—1)e™®, a>t, (4.4)
and
BV, (t —a)T(t — a)e™%4, a<t,
I(a,t)y=<¢ 1" 4.5
Ha.1) {Ir(a—t)e“s’, a>t, (4.5)

where A; = (1 —e)a,, B; = (1 —n)p+ku, Ay =(1 —¢.)a,, and B, = (1 — n,)p + ku. Ry(a), R.(a), R.(a), I,(a), and I (a) are the
pre-treatment steady state distributions of intracellular viral RNA and infected cells with drug-sensitive and drug-resistant virus,
respectively. From (3.1) and (3.2), we obtain these steady states

L=V, Te, T @)= B,V,Te, Ry@)=(1—m)—2 +<1—(1—m)i>e*<”+ﬂ>“,

p+u p+u 4.6)
Ro(a) = m—2(1 - 09 R (a) = —~ +<1— & )e*(f'*”)“. .
r p+u " p+u p+u

It should be noted that for a > ¢, I,(a,t) = I,(a —)e™® = p,V,Te%, I.(a,t)=I.(a—1t)e~% = p,V,Te=%. Therefore, cells infected before
the therapy was administered, i.e., for a > ¢, maintain their steady state age distribution even after therapy starts.

We first approximate the viral load during therapy by assuming that the infected cells of the two strains keep their stable state
distribution before treatment, which implies that I,(a,t) = I,(a) = f,V,Te™%, I .(a,t) = I(a) = §,V,Te~%¢. This is equivalent to assuming
that the new infection (i.e. a < 1) occurs at rate §,V,T and g,V,T instead of g,V,(t — a)T(t — a) and B,V,(t — a)T (¢ — a) after treatment
starts. This assumption is reasonable only in a short period of time after the start of treatment, because the new infection rate will
decrease in the presence of effective treatment. According to this assumption, V,(r) and V,(r) of (2.4) can be written as

dv,(t) 7 _
= =(-n) / pR,(a, ) (@)da— cV,(1),
0

(4.7)

av.(o r _ I
i =(1-7) / pR.(a,t)I(a)da+ (1 —n,) / pR.(a,t)].(a)da — cV, ().
0 0
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It follows from (4.1) that we divide the integral of the first equation into two parts as follows

0 t o
/ Ry(a,HI(a)da= / Ry(a,nI (a)da + / Ry(a,nI(a)da.
0 0 '
Next, we calculate two integrals separately, given by

t

/Rs(a, Ol (a)da=p,V,T [(1 —mA+s (- mA, ey d-m4, - B, e (B +5)’]

5(B, +96) B, B, (B, +96)
0
o
_ _ _[(-mA, _ N, (1-mA;\ _
/Rs(a,t)ls(a)dazﬁsys [ 55 1=dt <7v _ Tﬁl>e <Bl+5>z] .
t
where N, = /;° pR (@)w(a)da = p‘Z(L—?:J We add the above two integrals and obtain
[s+]
i, c o [A=mA+6 (N, (=mA+6\ _p .,
R (a,t)] (a)da= —V | ——— _——_— 1 . 4.8
/ s@nly@da= - S[ (B, + ) <p 5B, +5 )¢ (4.8)
0
Taking (4.8) into the first equation of (4.7), we have
dvi(@) - - )ﬁ v (1-mA, +6 ﬂ _ (1-mA, +6 o—(BI+6) — eV,
dr 5(B, +90) P) 5(B, +90)
The solution of V(1) is obtained by the constant variation method
Vi) (1-mA, +6 _
yo =) [ c5(B +15) (=€
s0 s 1 (49)

L1 Ny, (-mA +6 (=t — o~(Br+oN)
Bito-c\p  &B +0o) :

where V, =V, is the baseline with drug sensitive viral load before treatment begins. The rate of the new infection is assumed to be
BV, T within a short period of time after the start of treatment. We call (4.9) the short-term approximation of drug sensitive viral
dechne during treatment.

Alternatively, we can approximate the viral load change by ignoring all new infections after treatment starts. As a result of (4.4),
I(a,t)=0for a<t, and I,(a,t) = I,(a—t)e™® = gV, Te % for a > t. Therefore, the equation of V,(¢) in (4.7) can be rewritten as

dV(t)

=(1 —nA)/pR (a,0)(a,t)da —cV(1).

Calculating the integral, we have

dv(t) —- S)_ [(1 —m)A,; e (ﬂ (A -mA4,
dr 3B, P Bs

Solving for V,(r), we obtain

) e—<31+5>'] — V(D).

Vi@ _ o _oep [A=-mA,
ZER Wy ABse-o© T (4.10)
1 ﬂ U =mAL (B4 .
+B1+5—c< ’ B5 >(e <l

Under this approximation, we ignore all new infections during treatment (i.e. when a <1, I (a,t) = 0). This assumption is reasonable,
particularly after a long-term effective therapy, which can greatly suppress the production of drug-sensitive viruses. We call (4.10) a
long-term approximation of the decrease of drug-sensitive viruses after treatment.

In the following, we perform similar approximations for the resistant strain. We start with the short-term approximation. We get
the following integrals from (4.2) and (4.3)

o t o
/R,(a,t)I_S(a)da:/R,(a,t)I_S(a)da+/R,(a,t)l_s(a)da,
0 0 t

o t o

/ R.(a,0I (a)da= / R.(a,0I (a)da+ / R.(a,0)I (a)da.
0 0 t
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We calculate the integrals

t

_ mA; | - B, 1 _s 1 (B
R.@anl(ayda= —BV,T | ——— — - + ———e (B2t} |
/ Aa-Dl (@da= 5=V, (6(B2+6) 5° "B+
0
o
_ _ _[mA; _ N, mA;\ _
/Rr(a,t)ls(a)dazﬂSVST [Ee o 4 <7r _ B_25> e (Bz+5)r] ,
t
t
_ o A+s A i A=By s
R.(a,t)] (a)da=pV,T | —— — — R — 2 ,
/ Aa Dl @da=p.V. <5(Bz+5) Bys’ BB, +0)
0
and
Ly —_—
_ (A, _ N.OA )\ L
/Rr(a’ i (a)da=p.V,T Ee sty <7r _ @)e (Bz+6)r:| .
t
= s = _ — _ 5 . .
where N, = [, pR.(a)w(a)da = pﬁ, N, = [;7 pR (@) (a)da=p 5 (pa+u+(5). We add the above integrals and obtain
o —
_ V. A N, A s
/Rr(a,t)Is(a)da=c s | 2R (el L) Baver ,
N, |6(B,+0)  \ p (B, +6)
0
o _ — (4.11)
—~ _ v, Ay +06 N, Ay +6 N
/Rr(a,t)lr(a)da= hVe| Arto | (Ne A0 ) mpron|
J BNy [6(By+0) p 6(By+6)
Plugging (4.11) into V,(¢) of (4.7), we have
av.(n =(1—m>pc—l7s [ mA, <& __ m4, >e’(32+§)’]
dr N, |6(B,+6) \ p 6(By+0)
BV, | Ay+6 N, Ay +6 \ _
+(1= r’r 2 L e S (By+d)t —cV.(1),
d=n)rg N, [5(32 +5) < p o(B,+0) )¢ v
and the solution of V,(r) is obtained by the constant variation method
V. Vy A
@ =+ (1 - ﬂr)ﬂ -0 L(l —e™¢h)
Vo N, Vo | c6(B, +6)
+ 1 N, mA, (et — o~(Ba+o))
By+6—c \ p 6(By +9)
L )cﬁ,p Ay +6 (1 — 1) (4.12)
"N, |caB,+o)  ©

+ 1 N,  Ay+6 (e=¢1 — o= (Ba+by
Boto—c\ p  3(B,+0) ’

where V,, =V,, V,; =V, are the baseline with drug-sensitive and drug-resistant viral load before treatment begins, respectively. The
rate of new infection is assumed to be §,V,T and f,V,T within a short period of time after the start of treatment. We call (4.12) the
short-term approximation of drug resistance viral decline during treatment.

Similarly, we will obtain the long-term approximation of the resistant viral load. We ignore all new infections after treatment
starts. From (4.5), we have I,(a,t) =0, I,(a,t)=0 for a <t, and I,(a,t) = I,(a—)e™% = B,V,Te %, I (a,1) = I,(a — 1)e~® = p,V,Te~% for
axt.

The V,(r) equation for model (2.4) is rewritten as

dl/r(t) -] 0 .
o =(1-7) / pR.(a,t)I(a,t)da+ (1 —n,) / pR.(a,1)].(a,t)da —cV,(t)
t 1

=(1-1,) Yo |mAs oy (ﬁ _mA, ) e‘(B2+5>’]

N, | By o B,
ﬁrl7rcp A2 -6 Ffr AZ —
+(1- Lo g [ L - 22 ) e Bt | ey (0.
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Fig. 3. Comparison of the multiscale model with their approximate solutions. Panels (a) and (b) show the graphs of drug-sensitive and drug-resistant viruses under
drug treatment, respectively. The black dotted line and the blue-green solid line represent the numerical solutions of ¥, and V, from the PDE model. The red dotted
line and red purple solid line represent short-term approximations for the two strains. The green dotted line and blue dotted line represent long-term approximations
for the two strains. The values of the model parameters are shown in Table 1.

Solving for V,(t), we obtain

O ey gy [_PA o
Vo NV | B3G—o)
b L (N mAV oy
By+6—c\ p 0B,
ﬁrCP A2 —ct —6t (413)
+(1 =)l | - )
" BN, | Byo(6 —¢)

b L (N M e ooy |
By+é6—c\ p Byo

The formula (4.13) is referred to as the long-term approximation for the decrease of drug-resistant viruses during treatment.

We compare the solution of the multiscale PDE model (2.4) with approximations for drug-sensitive and drug-resistant virus strains
using numerical simulation. Fig. 3 shows that the short-term approximations for drug-sensitive (4.9) (red dotted line in Fig. 3(a)) and
drug-resistant (4.12) (purple solid line in Fig. 3(b)) virus strains are consistent with the PDE model solution (2.4) (black dotted line
in Fig. 3(a) and blue-green solid line in Fig. 3(b)) in the early stage of treatment. However, the short-term approximations quickly
approach the steady state, which is higher than the PDE model solution (2.4). The long-term approximations for drug-sensitive (4.10)
(green dotted line in Fig. 3(a)) and drug-resistant (4.13) (blue dotted line in Fig. 3(b)) virus strains provide good approximations to
the PDE model solution (2.4) (Fig. 3).

5. Effect of drug therapy on multiscale model dynamics

The last section shows that the long-term approximate equations (4.10) and (4.13) for the two strains are in agreement with the
solution of the multiscale PDE model (2.4). In this section, we use the long-term approximation to study the influence of DAAs on
the viral load change of drug-sensitive and drug-resistant viruses during treatment.

To investigate the change of drug-sensitive viral load during treatment, we reorganize the long-term approximation (4.10) as
follows:

V(@) _ Cle—cr + Cze—(B,+5)t + C3e_5t,
Vo
where
1-m)A N, 1-mA
C1=1—(1—;1S)]CV—” ;5"’) ! 1 Ny d=mA |
s | Bioc=6) c¢c—6—-B; \ p B,6
c 1 N, 1-mA
G =(-n)+F — - L).
sc—6—B; \ p B,6
cp (1-mA,;
CG=(1-n)———.
3= B —0)
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Table 1

Parameter values in numerical simulation.

Applied Mathematical Modelling 125 (2024) 241-260

Parameter Description Values References

s Recruitment rate of uninfected cells 1.30x 10° cells mL~! day~! [16]

d Death rate of uninfected cells 0.01 day~! [16]

By Infection rate of target cells 5% 107® mL day~'virions™' [29]
by drug-sensitive virus

B, Infection rate of target cells 4.99 x 10~ mL day~'virions™! [29]
by drug-resistant virus

é Death rate of infected cells 0.14 day™! [29]

p Assembly/secretion rate of viral RNA 8.18 day~! [29]

K Drug effect of enhancing RNA degradation =~ 4.94 [29]

u Degradation rate of viral RNA 1 day™! [29]

c Clearance rate of free virus 22.3 day~! [16]

m Mutation rate from sensitive 107> per copied nucleotide [30]
strain to resistant strain

£ Drug effect of inhibiting 0.992 [29]
drug-sensitive viral RNA production

£, Drug effect of inhibiting 0.99 [30]
drug-resistant viral RNA production

7y Drug effect of blocking assembly/ 0.56 [29]
secretion of drug-sensitive viral RNA

n, Drug effect of blocking assembly/ 0.55 [30]
secretion of drug-resistant viral RNA

a Production rate of intracellular 40 virions cell™! [29]
drug-sensitive viral RNA

a, Production rate of intracellular 38 virions cell™! [30]

drug-resistant viral RNA

The approximation contains three exponential terms, namely e~', e~(B1+9" and ¢=%, where B, = (1 — n,)p + ku. The first term
represents the elimination of drug-sensitive viruses, the second term represents the export and degradation of intracellular drug-
sensitive virus RNA, and the elimination of infected cells, while the third term represents the death of infected cells. After the start of
treatment, the decrease in the three viral loads depends not only on the exponents but also on the coefficients before the exponential
terms.

When plotting the viral load change on the logarithmic scale with base 10, the duration of the virus decline in the first stage is
denoted as D;. It is the time when the two curves log,o(C;e™°") and log,o(C,e~B1797) intersect, and is given as follows:

G
ln(c—z)
D=—2 .
c—(B; +90)
Similarly, we obtain the duration of virus decline in the second stage, which is defined as D,:

o
D,= e

B,

If 5, tends to 1, then C, > C,, and the drug-sensitive virus decreases significantly at the rate of slope proportional to ¢ (i.e.
—logjge x ¢) in the first stage. If ¢, tends to 1, then A = (1 — €,)a, approaches 0. Hence, we obtain C, > C;, and drug-sensitive virus
showed an obvious decreasing trend with slope proportional to B; + 6 (i.e. —log;qe X (B; + 6)). We can confirm these theoretical
analyses in Fig. 4. From the figure, we can conclude that hindering the assembly and secretion of drug-sensitive virus in plasma
(7, =0.99) and inhibiting the production of intracellular drug-sensitive virus RNA (¢, = 0.99) lead to a significant decrease in drug-
sensitive virus load in three stages, with slopes proportional to ¢, (1 —#,)p+ ku + 6, and &, respectively (blue solid line).

When ¢, decreases, the drug-sensitive virus decreases continuously with slope proportional to ¢ in the first stage and disappears
in the second stage with slope proportional to (1 — #,)p + ku + 6 (green dotted line and blue-green dotted line). When 5, = 0.01,
the decline with slope proportional to ¢ of drug-sensitive virus in the first stage is invisible (red dashed). These results can explain
why the estimated value of viral clearance rate ¢ is significantly higher in DAA-based treatment for HCV compared to traditional
interferon-based treatment, as reported in [17].

Next, we study the effect of drug treatment on the decrease of drug-resistant viral load. Similarly, equation (4.13) can be rewritten
as

V()
Vo

=Cue™" + Cse™ Bt O™,
where
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Fig. 4. Effect of treatment on the change of drug-sensitive viral load. The long-term approximation of drug-sensitive viral load simulates different combinations of
drug efficacies 5, and . Other parameter values are the same in Table 1.
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where B, =(1—n,)p+ ku, Ay =(1 —¢,)a,, and A; = (1 — £,)a,. There are also three exponential terms in this approximation, and the
explanation is similar to the above so it is not repeated here. Different from the expression of drug-sensitive viral load, the coefficients
of drug-resistant viral load are not only related to ¢,, but also to &,.
The duration of the first and second stages of decline for drug-resistant viruses are denoted by D; and D,, respectively, and are
calculated as follows:

Cy Cs
B () _“’(c:)

= , D,=
3T c—(By+8) ¢ B,

When 7, tends to 1, the drug-resistant virus load decreases significantly in the first stage with a slope proportional to ¢, as C, > Cs.
If e, and ¢, tend to 1, A; =(1 —¢)a; and A, = (1 — ¢,)a, are very small. In this case, C5 > Cy; and the drug-resistant virus shows a
decrease with a slope proportional to B, + . Numerical simulations (Fig. 5) confirm these theoretical analyses. When the treatment
blocks the assembly/secretion of drug-resistant virus in plasma (s, = 0.99) and inhibits the RNA production of both viruses in cells
(e, =0.99, ¢, =0.99), the viral load of drug-resistant virus decreases in three stages (blue dotted line), with slopes proportional to
¢, (1 =n)p+ku+6,and 6. If n, =0.01, the first-stage decline of drug-resistant virus with slope proportional to ¢ becomes invisible
(blue-green dotted line).

Fig. 5 shows that the green dot-dotted line coincides with the blue dotted line, and ¢, is different, but inhibiting the production
of intracellular drug-resistant virus RNA still has a curative effect. This suggests that the curative effect of #, is more effective than
that of ¢, in this case. The comparison between the blue-green dotted line and the red-purple solid line illustrates this phenomenon.
Moreover, when these two drug efficacies are the same, the influence of #, is stronger on viral load reduction. The comparison
between the blue-green dotted line and the red dotted line shows that the drug efficacy ¢, has little effect on the reduction of
drug-resistant virus load, while the comparison between the blue-green dotted line and the red-purple solid line shows that ¢, has a
greater effect than ¢,. In general, these three drug efficacies can have different effects on the reduction of drug-resistant virus load.

6. Conclusion and discussion

In studying the effect of DAAs in treating patients, treatment analysis is facilitated by considering multiscale models of intracel-
lular viral dynamics, as these drugs directly interfere with specific steps of the HCV life cycle. Specific targeted antiviral therapy for
HCV is considered an attractive strategy, with the goal of achieving lower viral load, shorter treatment duration, and better drug
resistance. Due to the high replication rate of HCV and the fallibility of viral RNA polymerase, a large number of viral mutations are
produced, making the emergence of drug-resistant variants a major obstacle to such treatment. During treatment, variants that are
resistant to the specific drugs used are selected, and these drug-resistant viruses have an adaptive advantage over sensitive viruses
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Fig. 5. Effect of treatment on the change of drug-resistant viral load. The long-term approximation of drug-resistant virus load simulates different combinations of
drug efficacies ¢, ¢,, and #,. Other parameter values are the same in Table 1.

under drug pressure, allowing them to rapidly evolve and dominate the virus population, particularly during monotherapy. To study
the dynamic behavior of HCV before and after treatment, this paper proposes a multiscale model that includes the age structure of
infection and two strains of viruses.

We have calculated three steady states of the model prior to treatment and analyzed the conditions for the existence of steady
states and their stability. Specifically, we have found that when the basic reproductive numbers R, and R, are both less than 1, the
infection-free steady-state is locally asymptotically stable. Here, R, and R, represent the basic reproductive numbers of the resistant
and sensitive strains, respectively. Moreover, we have found that the boundary steady state exists if and only if R, is greater than 1,
which means that only the steady state of drug-resistant virus exists. Additionally, we have shown that if R, is greater than R, and
R, is greater than 1, the boundary steady state is locally asymptotically stable.

Furthermore, we have obtained approximations of the solutions of the multiscale model under certain assumptions. Specifically,
we have used the approximate assumption that there is no new infection during treatment, which is referred to as the long-term
approximation, and found that it is consistent with the solution of the multiscale model. Using these two long-term approximations,
we have studied the effect of drug treatment on the dynamics of the two strains.

Multiscale models provide a clear explanation of the potential effects of DAAs on the production and degradation of intracellular
sensitive and resistant viral RNA, as well as on the assembly and secretion of viruses to the circulation. The results indicate that if
treatment can effectively block viral secretion, then the initial reduction in viral load reflects the clearance of viruses in plasma. If
intracellular RNA production is also significantly inhibited during treatment, a visible second-phase viral decline will occur, reflecting
the loss rate of the HCV replication complex and the mortality rate of infected cells. The third phase reflects the mortality rate of
infected cells. To treat drug-resistant viruses, more optimal drug combinations can be identified, such as enhancing the drug effect
that blocks the secretion of drug-resistant viruses, as its antiviral effect is superior to that of the other two efficacies, which helps
reduce the viral load of drug-resistant viruses and achieve the desired treatment outcome.
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