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ABSTRACT
Polarimetry is generally used to determine the polarization state of light beams in various research fields, such as biomedicine, astronomy,
and materials science. In particular, the rotating quarter-wave plate polarimeter is an inexpensive and versatile option used in several single-
wavelength applications to determine the four Stokes parameters. Extending this technique to broadband spectroscopic measurements is
of great scientific interest since the information on light polarization is highly sensitive to anisotropic phenomena. However, the need for
achromatic polarizing elements, especially quarter-wave plates, requires special attention in their modeling. In this study, we implemented a
rotating retarder spectropolarimeter for broadband measurements using a commercially available quasi-achromatic biplate retarder over
the visible range. Here, we present a comprehensive approach for troubleshooting this type of spectropolarimeter through the observa-
tion of artifacts stemming from the standard single-plate retarder model. Then, we derive a more suitable model for a quasi-achromatic
retarder consisting of a biplate junction. This new biplate model requires knowledge of the intrinsic dispersive properties of the biplate,
namely the equivalent retardance, fast axis tilt, and rotatory angle. Hence, in this study, we also show a self-consistent methodology to deter-
mine these biplate properties using the same polarimeter apparatus so that accurate Stokes parameters can be determined independently.
Finally, the comparison of data generated with the standard single-plate and new biplate models shows a significant improvement in the
measurement precision of the investigated polarization states, which confirms that remodeling the retarder for reliable spectropolarimetry
is necessary.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0160132

I. INTRODUCTION

Over the last decade, polarimetry has been employed to inves-
tigate a variety of systems, ranging from biology and medicine1–6

to astronomy,7–10 oceanography,11 and atmospheric sciences.12,13

Characterizing light is essential in materials science, and spectropo-
larimetry is a new approach for obtaining additional information on
anisotropic phenomena.14,15 The conventional method for describ-
ing partially and completely polarized light relies on both the Stokes
parameters of light and the Mueller matrices of polarizing elements.
This formalism is written in terms of intensities of light, and lin-
ear transformations thereof. Several setups exist to evaluate the
polarization state of a light beam, each with advantages and disad-
vantages. They all consist of some arrangement of an analyzer and a
retarder.16,17

The setup employed in this work defines the rotating retarder
polarimeter, which has been chosen for its convenience. Our
polarimeter relies on the modulation of transmitted light by a rotat-
ing quarter-wave plate and a fixed linear polarizer. Owing to the
fixed linear polarizer, the polarization state of light immediately
before detection remains unchanged.18 This fixed final polariza-
tion state is essential to avoid artifacts caused by the polarization-
dependent responses of diffraction gratings.19,20 Additionally, all
elements remain on the optical path, ensuring that no variation in
intensity due to reflection or absorption of the elements occurs. The
harmonically modulated signal is then properly adjusted according
to a truncated Fourier series, whose amplitudes of specific frequen-
cies depend linearly on the Stokes parameters. This fact makes this
approach quite convenient, as the polarization information can be
separated from spurious regular oscillations in intensity, such as
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source instability.21 This method has been used in various single-
wavelength applications. For instance, Alliprandini-Filho et al.22–26

and Therézio et al.27,28 have published several works applying it to
investigate the polarized emission of organic molecular systems in
solution and as thin films.

More recently, attempts have been made to automate this
procedure using compact and portable polarimeters, but only at
specific wavelengths.29,30 Automated systems have already been sug-
gested and successfully applied to a more robust technique called
Mueller Matrix Ellipsometry (MME),31–37 where all elements of
a sample’s related matrix can be determined. Currently, MME is
widely used for determining the thickness and optical properties
of thin films and crystals based on spectropolarimetric analysis of
the reflected beam17,38–40 over a broad wavelength range. This tech-
nique assumes a specific reflection geometry, where the light source
and detector are equally inclined from the surface. In addition,
the MME requires two pairs of synchronously rotating achromatic
wave plates and linear polarizers: one for polarization generation
before reflection and the other for polarization analysis after reflec-
tion. A recent variation of the rotating retarder polarimeter was
published by Hawley et al.41 They used a Fresnel cone to stati-
cally produce the same effect as a rotating retarder. In their system,
rotation over time is equivalent to different positions of a struc-
tured light beam, which enables a one-shot broadband polarimeter.
The optical path geometry and the elements involved, such as the
Fresnel cone, could make this variation inconvenient for many
applications.

Several studies in the literature examined defects in polarizing
elements for polarimetric applications. For instance, in the con-
text of MME, Hauge34 presented various methods for determining
Mueller matrices with imperfect elements using calibration meth-
ods. However, he did not show experimental results and did not
consider spectral artifacts caused by such imperfections. Further-
more, the effect of the misalignment of the fast axis angular position
on the measurement of Stokes parameters has been investigated
for single-wavelength rotating retarder polarimetry, and methods to
circumvent this issue have been presented.42 Similarly, other stud-
ies have investigated the influence of misalignment of the polarizer
and deviations in the retardance of a waveplate on the measured
Stokes parameters, but they do not provide general methods for the
characterization of the retarder.43,44 An automated rotating retarder
Stokes polarimetry was also developed, and the results showed that
neglecting the actual value of the retarder’s retardance yields inaccu-
rate Stokes measurements. In addition, the influence of mechanical
disturbances on the results was evaluated.45

Since the present work requires achromatic elements for spec-
tral measurements, a single-wavelength approach is insufficient.
Achromatic elements have been widely developed in recent decades,
particularly achromatic retarders, which are crucial for spectropo-
larimetry. In this framework, it is crucial to investigate how achro-
matic retarders lead to polarizing artifacts owing to manufacturing
errors. Several studies have explained that achromatic quarter-wave
retarders are usually manufactured as a multiplate assembly of bire-
fringent crystals with orthogonally aligned optical axes.46,47 How-
ever, perfect alignment is impractical, and the angular offset between
crystals results in an imperfect achromatic retarder. Owing to the
dispersive properties of the materials used, the retardance of a quar-
ter of a wave cannot be guaranteed over a broad spectral range, and

the biplate’s fast axis azimuth becomes wavelength-dependent, pro-
ducing a spurious effect in the transmitted light. Based on Jones’
optical equivalence theorem,48 any multiplate retarder is optically
equivalent to a rotated retarder followed by a pure rotator, which
considerably simplifies the mathematical description. In our case,
the achromatic quarter-wave retarder was a biplate composed of
crystalline quartz and magnesium fluoride (MgF2) with individual
fast axes at nearly orthogonal relative positions. Thus, the conditions
for modeling it as an equivalent system are sufficient. As discussed
below, we observed strong dispersive artifacts, indicating that the
intrinsic properties of the biplate equivalent system, such as retar-
dance and fast axis position, cannot be taken ideally like in the
standard model, as usually done.49–56

A similar rotating retarder approach has been used to probe
the state of emission, Raman scattering, and transmission of organic
materials, such as liquid crystals and chiral copolymers.49–51,54–56 In
these works, the system was reported to contain specific achromatic
elements to enable measurements of spectral distributions of Stokes
parameters and relate them to anisotropic properties such as the
degree of polarization, linear anisotropy, and asymmetry factor.57
One important step for the proper application of this technique
is its calibration, which they often omit owing to their focus on
applications. Therefore, to circumvent these problems, we devel-
oped a more reliable biplate-retarder model for measurements of
Stokes parameter dispersions, where the biplate assembly and optical
equivalence are considered. Here, we provide the necessary steps to
properly set up the apparatus, evaluate the manifestation of artifacts
related to the dispersive properties of the retarder, and derive a more
suitablemodel for the rotating biplate-retarder polarimeter.We then
present experimental methods for measuring the intrinsic disper-
sive equivalent properties of the biplate, which arise from the new
model, using the same polarimeter apparatus, thereby establishing
a self-contained setup for broadband applications. Finally, a direct
comparison of the single- and biplate model results is discussed.

II. FUNDAMENTALS: STOKES PARAMETERS, ELLIPSE
OF POLARIZATION, DEGREE OF POLARIZATION

A description of an arbitrary partially polarized light beam
and its transformation by optical elements can be achieved through
the Stokes–Mueller formalism. In this formalism, the modifica-
tion of the intensity and polarization properties of a light beam
owing to its propagation in an optical element is represented by
a linear transformation of a vector by a matrix. This formalism
relies on the time-averaged behavior of the ellipse of polarization
[see Fig. 1(a)]. The four Stokes parameters contain all the aver-
aged electric field parameters, that is, the amplitudes of the x- and
y-components (E0x and E0y) and the phase difference between them
(δ = δx − δy). In other words, the time-averaged dynamical pattern
of the electric field in a transverse plane to propagation (ellipse of
polarization) is fully contained within the Stokes parameters of light.
Such parameters are defined as18,58–60

S⃗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

S0
S1
S2
S3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E2
0x + E2

0y

E2
0x − E2

0y

2E0xE0y cos δ
2E0xE0y sin δ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(1)
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FIG. 1. (a) Scheme of ellipse of polarization and its geometric properties: elliptical
inclination (Ψ) and ellipticity ( χ). The Cartesian amplitudes of the electric field
are represented in the laboratory coordinate system (E0x and E0y in the X–Y black
axes), for which the ellipse is rotated by Ψ, and in the ellipse reference system (a
and b in the A-B blue coordinates), for which the ellipse is unrotated, but exhibits
an ellipticity of χ, associated with the relative size of semi-minor axis b to semi-
major axis a. (b) Scheme of differential definition of the Stokes parameters of light
(S0,S1,S2,S3), where each parameter represents the difference between two
intensities of orthogonal pure-polarization states. Such states define a polarization-
basis set, upon which any other arbitrary polarization state can be described.

such that the “completeness” condition is satisfied as follows:

S20 ≥ S21 + S22 + S23. (2)

In Eq. (2), the equal sign only holds for completely polarized
light, which satisfies the condition that the time average of the phase
difference of the components is a constant. Figure 1(b) shows a
schematic of a qualitative alternative definition for the Stokes para-
meters as the difference of intensities, which better conveys their
observable characteristics.18,60,61 As shown, the S0 parameter repre-
sents the total intensity of light measured, while S1 represents the
unbalance between the intensities of horizontal and vertical linear
components, S2 represents the unbalance between the intensities of
diagonal and anti-diagonal linear components, and S3 represents
the unbalance between the intensities of clockwise (right-handed)
and counterclockwise (left-handed) circular components. It is worth
noting that (S1,S2,S3) are zero for unpolarized light, as light in
this polarization state statistically oscillates in all directions. We will
refer to the term Sp0 =

√
S21 + S22 + S23 the polarized intensity since

this parameter is limited to the total intensity of light, S0, according
to Eq. (2), and is zero for unpolarized light. In other words, the sum
of the polarized portions of light is always at most equal to the total
intensity of light.

Upon that, we can define the Stokes-fractions (s1, s2, s3), or nor-
malized Stokes parameters relative to the total intensity, which are
given by

sk = Sk/S0, k = 1, 2, 3. (3)

Furthermore, we can define a parameter to describe the fraction
of polarized light within an arbitrary partially polarized light beam,
the degree of polarization, as

P =
√

S21 + S22 + S23/S0 =
√

s21 + s22 + s23. (4)

These definitions are particularly relevant for handling partially
polarized light, where 0 < P < 1. In this situation, the unpolarized
and completely polarized portions of light may be distinguished,

since the unpolarized portion has s(1,2,3) = 0, and only the polar-
ized portion contributes to the polarization characteristic of that
beam, with s(1,2,3) ≠ 0. In particular, s1 = +1(−1) represents horizon-
tally (vertically) polarized light, s2 = +1(−1) represents +45○ (−45○)
linearly polarized light, and s3 = +1(−1) represents clockwise (coun-
terclockwise) circularly polarized light. Hence, these states with
unitary Stokes fractions, s(1,2,3) = ±1, form a polarization-basis set,
uponwhich every other intermediate state have partial contributions
of each of those fundamental states.

Every polarization state of a light beam can be described by a
unique ellipse with an ellipticity angle (χ) and an inclination angle
(Ψ), as represented in Fig. 1(a). These angles can be related to the
wave’s amplitudes and their relative phase difference, and conse-
quently to the Stokes parameters of light via Eq. (1), as given by the
following equations:18

tan (2Ψ) = S2/S1, (5a)

tan (2χ) = S3/
√

S21 + S22. (5b)

These angles are defined relative to the semi-major and semi-
minor axes, a and b, respectively, as shown in Fig. 1(a), and they
range from −45○ to 45○ for χ and 0○ to 180○ for Ψ. Hence, we can
see that the Stokes parameters fully describe the polarization state
of any beam. Therefore, what we call Stokes polarimetry is a method
to determine the Stokes parameters of light, from which the fraction
of polarized light may be distinguished from the unpolarized portion
and be fully described in terms of elliptical angular parameters, given
by Eqs. (5a) and (5b).

III. THE STANDARD MODEL: IDEAL ROTATING
RETARDER POLARIMETER

Among the methods to determine the Stokes parameters of
light,16,62 the rotating retarder polarimetry (RRP)method consists of
the modulation of transmitted light over different angular positions
of a quarter-wave retarder followed by a fixed horizontal polarizer.
To describe this method mathematically, the Mueller matrix for-
malism is used (see Sec. S1 of supplementary material]. It consists
in taking any polarizing optical element as a 4 × 4 matrix capa-
ble of linearly transforming a Stokes vector, that is, a pseudo-vector
containing all four Stokes parameters. To derive the equation that
describes how the modulation of the transmitted intensity of light
depends on the Stokes parameters of the incoming beam, we utilize
the accumulative property of transformations that results from the
elements used in the setup, which include a rotating quarter-wave
retarder and an analyzer.18 This calculation yields the modulation
of the transmitted intensity described in terms of either the Stokes
fractions (sk = Sk/S0, k = 1, 2, 3),

I(θ) = S0
2
[(1 + s1

2
) + s1

2
cos (4θ) + s2

2
sin (4θ) + s3 sin (2θ)] (6)

or, more generally, in terms of amplitude parameters
(Ai, i = 0, 1, 2, 3), as

I(θ) = 1
2
[A0 + A1 cos (4θ) + A2 sin (4θ) + A3 sin (2θ)] (7)

such that,
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A0 = S0 + S1/2, (8a)

A1 = S1/2, (8b)

A2 = S2/2, (8c)

A3 = S3, (8d)

which are only valid under the assumptions that the retarder utilized
has a retardance of 2π/4, and that its fast axis position is well known
as at θ degrees counterclockwise from the vertical position.

According to Eq. (7), the intensity modulation follows a har-
monic pattern represented by a truncated Fourier series. The ampli-
tudes of specific frequencies (0, 2, and 4) in this series are linearly
dependent on the Stokes parameters of the analyzed beam. Conse-
quently, the Stokes parameters can be determined from the manip-
ulation of particular amplitudes obtained from Fourier analysis of
the modulated transmitted signal. To determine the amplitude para-
meters, we can use a discrete Fourier transform of the experimental
data at each wavelength. The data is discrete because the waveplate
is rotated in finite steps (Δθ); usually 36 steps of 10○, but 18 steps
of 20○, 12 steps of 30○, or 9 steps of 40○ are also possible. Thus,
the amplitudes can be calculated using the following equation, as
described in Ref. 18:

A0 =
2
N∑

N
n=1 I(nΔθ), (9a)

A1 =
4
N∑

N
n=1 I(nΔθ) cos (4nΔθ), (9b)

A2 =
4
N∑

N
n=1 I(nΔθ) sin (4nΔθ), (9c)

A3 =
4
N∑

N
n=1 I(nΔθ) sin (2nΔθ), (9d)

where I(nΔθ ) is the transmitted intensity for the retarder’s fast axis
at the n-th step of Δθ, and the summation runs over all angular
positions until a complete round.

IV. THE EXPERIMENTAL SETUP
The Stokes parameters are obtained through the Fourier anal-

ysis of the transmitted signal. In this method, the light beam under
analysis, regardless of its origin, is properly collimated and directed
through a rotating quarter-wave retarder, followed by a fixed hori-
zontal polarizer (analyzer). As mentioned above, the RRP involves
acquiring a transmission spectrum at each angular position of a
rotating quarter-wave retarder (QWR). As we intend to take spec-
tral measurements, all elements have to be achromatic. The light is
detected by a spectrometer, which allows signal acquisition at several
wavelengths.

In this study, we implemented a spectral version of the RRP by
aligning the appropriate elements, as shown in Fig. 2, so that any
incoming light beam may be polarimetrically resolved over a broad-
band spectrum. The quarter-wave retarder used is a double-crystal
junction of crystalline quartz and magnesium fluoride (MgF2), pur-
chased from Thorlabs as achromatic in the 400–800 nm range. The
retarder is mounted in a rotating stage with angular precision of 2○.
For our experiments, the retarder is rotated around the light trans-
mission direction from 0○ to 360○ in steps of 10○, which accumulates
37 transmission spectra. The analyzer used is a 10 mm mounted
Glan–Laser calcite polarizer, also purchased from Thorlabs, which
was placed in a platform with three angular adjustments, and then
aligned to horizontal with a bubble level. As this element is uncoated,
its transmission is suitably achromatic from the ultraviolet-visible
(UV-Vis) to near-infrared range. Moreover, we used a portable USB
CCD spectrometer from Ocean Optics as the detector, with opti-
cal sensibility covering the 200–890 nm range. This allowed us to
acquire a whole spectrum at once and evaluate transmission signal
in real time.

FIG. 2. General scheme of experimental apparatus utilized in this work. The polarization generator stage is represented inside the blue box and contains, respectively, a
halogen incandescent light bulb (105 W, with emission across 400–800 nm), an iris and a lens for collimation, and a polarizer (linear or circular) to set the incident polarization,
represented by the Stokes parameters in the white box inset, toward the polarimeter. The elements for the Rotating Retarder Polarimetry (RRP) are displayed within the
orange box. The representation of labeled elements of RRP from the left to the right: the rotating quarter-wave retarder (rotated by ϑ counterclockwise relative to the detector,
with fast axis starting at mark ϑ = 0○ in the vertical direction), the analyzer (a Glan-laser calcite polarizer aligned with transmission axis in the horizontal direction) and the
spectrometer (Ocean Optics 2000). In the retarder, (V) stands for the retarder‘s fast axis initial direction at vertical and (H), in the analyzer, stands for transmission axis at
horizontal.
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A broadband light source with a controllable polarization state
has been implemented, as represented in Fig. 2. The light source used
was a 105 W halogen incandescent lamp, whose emission spectrum
covered the visible range of 400–800 nm. The beamwas properly col-
limated for calibration measurements and the polarization state of
this broadband beam was controlled with two different polarizers. A
calcite polarizer was used as a linear polarizer filter to create 0○ (hor-
izontally), 30○, 45○, 60○, and 90○ (vertically) linearly polarized light
to be analyzed with the assembled system. The angular positioning
of this linear polarizer was made by assembling the crystal in a rota-
tion mount with precision of 2○ and adjusting the angles manually.
The transmission axis was approximately set at the mount’s 0○ mark
in the vertical direction by fixing the mount, and rotating the crystal
until transmitted light spectrum through polarizers reached a mini-
mumwhen they became crossed (polarizer at vertical and analyzer at
horizontal). See Sec. S2.1 of the supplementary material for further
information about the polarization capacity of such polarizer.

Additionally, a circular polarizer filter was also used as a non-
linear state reference, which produced a polarization state labeled
as elliptically polarized light (EPL), since such filters are not usu-
ally manufactured to be achromatic. This element is often used in
photography to filter glare and functions as a combination of a lin-
ear polarizer inclined 45○ to a birefringent film’s fast axis to produce
circular polarization at some wavelength. Since this birefringent film
is not achromatic, a perfectly broadband circularly polarized light
cannot be assured. Nonetheless, it served as a suitable calibration for
proving that we can measure arbitrary elliptical polarization state as
well.

It is noteworthy that detection done by the USB2000 Ocean
Optics spectrometer allows us to acquire spectra with three basic
adjustments: integration time, scans to average, and boxcar width.
Those detection settings, respectively, control the amount of time
for a photon accumulation, the spectral smoothing over time
(time-averaging), and the spectral smoothing over wavelength
(wavelength-averaging). Hence, all experimental data presented in
this work were acquired with optimized detection settings, where
integration timewas set to avoid saturation in detection during mea-
surements (often within 3–100 ms), the number of scans to average
was set so that the overall spectral intensity with retarder at a partic-
ular position would not oscillate much (within 15–20 scans), and the
boxcar width was set to smooth spectrum below the point it became
distorted (within 15–20 pixels). Therefore, the sources of oscilla-
tions in detected intensities unrelated to the angular position of the
retarder, which would lead to significant error bars in our measure-
ments, were all hindered by controlling detection settings (see Sec.
S2.2 of the supplementary material).

With the system assembled (see Fig. 2), we measured the trans-
mission spectra in different angular positions of the retarder to
obtain the Stokes parameters. Starting with its fast axis in the vertical
position (V), at 0○, and it was rotated counterclockwise (relative to
the detector’s viewpoint). The intensity at each wavelength is mod-
ulated harmonically with the retarder’s rotation, as described by a
truncated Fourier series in Eq. (7). The Stokes parameters for each
wavelength are then obtained by linearly manipulating the ampli-
tude of specific frequencies, which is given by Eq. (8) in the simplest
case where all elements are ideal. To perform the data processing, we
developed a program in MATLAB that runs a loop over wavelength,
so the spectra of Stokes parameters could be obtained.

V. EXPERIMENTAL INDICATORS OF INADEQUATE
MODEL FOR SPECTRAL MEASUREMENTS
A. Transmission modulation of horizontally
polarized light (HPL) over θ at some λ

Based on the standard model, which assumes a waveplate caus-
ing a maximum phase shift of 90○ and a known fast axis position at
a counterclockwise angle of θ from the vertical direction, the trans-
mitted intensity is modulated as the retarder rotates, as described by
Eqs. (7) and (8). When applied to the situation where the incoming
light is horizontally polarized, such that the total-Stokes-fractions
are [ s1, s2, s3) = (+1, 0, 0), Eq. (7)] yields Eq. (10),

IH(θ) =
S0
4
[3 + cos (4θ)]. (10)

Observe that since the intensity modulation over θ for HPL is har-
monic, it has a maximum and a minimum. The theoretical ratio
between minimum and maximum values is thereby expected to be

Imin
H /Imax

H = 1/2. (11)

However, as depicted in Fig. 3(a), the experimental transmis-
sion signal for HPL at 532 nm, represented by the green diamond
symbols, reveals that the minimum intensity of the modulation nor-
malized by the maximum intensity falls below 0.5. This requires
that to fit the experimental data, the theoretical model given by
Eq. (6) when all parameters are free to vary (as the red solid curve)
had to yield (s1, s2, s3) = (1.40,−0.07,−0.01), that is, P > 1. This
result would represent an unrealistic scenario of more polarized
light than what is actually detected, which is physically implausible.
Conversely, by fixing the fit parameters to be (s1, s2, s3) = (+1, 0, 0)
in Eq. (6), the theoretical curve cannot appropriately adjust the
experimental data, as shown as the blue solid curve.

Thus, this observation indicates that the existing single-plate
model lacks the necessary information to accurately fit the experi-
mental data. The issue of P exceeding unity appears to stem from
miscalculation of the Stokes parameters, indicating that the rela-
tions between the amplitudes of the Fourier series and the values
of the Stokes parameters, described in Eq. (8), require proper revi-
sion. It is important to highlight that the error bars associated with
the experimental data are omitted since the detection settings (inte-
gration time, scans to average, and boxcar width) are optimized to
hinder sources of error in intensity, which yield below 1% stan-
dard deviation. See Sec. S2.2 of the supplementary material for more
details.

B. Transmission modulation of vertical polarized
light (VPL) over λ at some θ

In Fig. 3(b), we analyze the transmitted spectra through crossed
polarizers (polarizer at V and analyzer at H) and the biplate in
between with fast axis at specific angular positions ±2○ from the
vertical mark. It is worth noting that this setup resembles a regu-
lar experimental setting for the measurement of Stokes parameters,
as described in Sec. III. The hachured black curve in Fig. 3(b)
represents the transmitted spectrum of crossed polarizers alone,
with the retarder removed from the optical path, revealing only
a small residual transmitted light at each wavelength attributed
to the efficiencies of the polarizers, which can be enhanced when
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FIG. 3. Experimental indicators of inadequate model for spectral measurements. (a) and (b) show direct measurements of light intensity, whereas (c) and (d) display
calculated results that consider the single plate model. (a) Transmission intensity modulation of horizontally polarized light at 532 nm as function of retarder’s fast axis
position, normalized by maximum intensity, in green diamond symbols. The solid red line indicates a theoretical fit curve with single-plate model, given in Eq. (6), which yield
(s1, s2, s3) = (1.40,−0.07,−0.01) for fit convergence. The solid dark blue curve represents the theoretical fit curve for which the condition (s1, s2, s3) = (+1, 0, 0) are
fixed, while S0 is free to vary, as in Eq. (10). (b) Spectra of transmitted light through crossed polarizers, as the hachured black curve, and the retarder in between with fast
axis at −2○ (violet solid line), 0○ (green solid line), and +2○ (red solid line) from vertical position. Vertical dashed dark green line marks 633 nm position, whereas dashed
purple line marks 580 nm. The inset shows a scheme of the configuration of elements for such measurements. (c) Degree of polarization spectra [P(λ)] calculated with the
single-plate model for various incoming polarization states: from Ψ = 0○ (HPL) to Ψ = 90○ (VPL), and elliptically polarized light (EPL). A gray shadowed area highlights the
range of values within ±5○ accuracy from unity. (d) Elliptical inclination angle spectra [Ψ(λ)] calculated with the single plate model for the same various incoming polarization
states.

the integration time of the spectrometer is increased to enable the
following analysis. The blue, green, and red curves represent the
transmitted spectra with the retarder inserted between the crossed
polarizers, with fast axis at −2○, 0○, and +2○ from the vertical direc-
tion in the laboratory, respectively. In this setup, it is expected
that when the fast axis of the retarder is aligned parallel to the
plane of polarization of the incoming light (that is, vertical), and
the fast axis direction is the same for all wavelengths analyzed, the
transmitted spectrum with the retarder should remain unchanged.
This is because the beam would be affected only by the low-
est refractive index for all wavelengths, with no change in the
polarization.

However, the results depicted in Fig. 3(b) reveal that the trans-
mission spectra with and without the retarder at 0○ (vertical) are
slightly different, and small angular deviations of retarder from zero
position intensify the undulated pattern. Additionally, the vertical
red dashed line in the figure represents the position of 633 nm,
which is the wavelength conventionally used by the manufacturer
for calibrating the fast axis position of the retarder and marking

it on the crystal’s mount. It is noteworthy that the intensity at
633 nm remains the same with and without the retarder in the
optical path at an angular position, indicating its fast axis position.
Although, we notice that the angular position at which occurs an
intensity-matching appears to depend on the wavelength being eval-
uated, suggesting that the fast axis position for each wavelength is
slightly tilted from the mark made on the mount based on the signal
at 633 nm.

In Fig. 3(b), the transmitted spectrum with retarder at +2○
exhibits a local minimum at 633 nm near the crossed intensity,
whereas a local maximum is observed at −2○, and a match with the
crossed (polarizer at V and analyzer at H) intensity is seen at 0○,
indicating that the manufacturer’s mark agrees with expected posi-
tion for 633 nm but fails for other wavelengths. However, for other
wavelengths, for example, at around 580 nm (purple vertical dashed
line), we observe a match with crossed intensity from the transmis-
sion spectrum with retarder at −2○, while the spectrum for 0○ does
not match. This suggests that the fast axis position for this biplate,
over this range of wavelengths, exhibits dispersion and deviates from
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the assumption that the θ is the same for all wavelengths, as assumed
in Eq. (7).

C. Flawed degree of polarization dispersion
In Fig. 3(c), we present the degree of polarization (P) for var-

ious incoming polarization states, which are calculated from the
Stokes parameters of light estimated from the amplitudes of the
truncated Fourier series, assuming the model given by Eqs. (7) and
(8). The initial polarization states were selected to compare the
change in (S1,S2,S3) in the experimental results, that is, to compare
the change in Ψ and χ in the behavior of P(λ ). The angles pre-
sented in the label represent the elliptical inclination, relative to the
laboratory’s horizontal and counterclockwise directions to the detec-
tor, of linearly polarized light, as depicted in Fig. 1(a); all generated
with a rotating calcite polarizer. The elliptically polarized light (EPL)
beam is generated with a non-achromatic circular polarizing filter
and is used here to represent an overall non-linear elliptical state.
The created polarization state is counterclockwise elliptically polar-
ized and circularly polarized at around 510 nm. Two observations
from Fig. 3(c) indicate flawed calculations. First, for all states except
VPL (Ψ = 90○) and EPL (Ψ is dispersive), the calculated degree of
polarization is above unity, which is already known to be a physical
absurdity. Second, for all off-axis states (30○, 45○, and 60○), apart
from being mostly above one, the dispersion of degree of polar-
ization is strongly modulated over wavelengths, which cannot be
attributed to the calcite polarizer. Both of these observed flaws indi-
cate that the model used is inadequate in determining the spectral
distribution of Stokes parameters accurately with this apparatus.

D. Flawed elliptical inclination dispersion
Finally, in this section, we present the dispersion of elliptical

inclination (Ψ) in Fig. 3(d), which has been calculated using the same
data employed to estimate the degree of polarization. The results dis-
played in Fig. 3(d) reveal a consistent modulation over the spectrum
for all generated states, suggesting that the currently utilized sin-
gle plate model does not explain the experiments. Notably, all the
maxima and minima of the modulation align perfectly for all states,
which suggests that these curves are influenced by an additional term
not accounted for in the currently employed model. Additionally,
it is noteworthy that for wavelengths ranging from 450 to 500 nm,
where in Fig. 3(c) we see the degree of polarization of the EPL curve
slightly above one, the elliptical inclination, depicted in Fig. 3(d) (red
line), tends to be more horizontal, hovering near 0○. This behavior
aligns well with the HPL trend, as evident from Fig. 3(c), indicating
a correlation between the above-unit trend in degree of polarization
shown in Fig. 3(c) and the elliptical inclination in Fig. 3(d).

While the dispersions of Stokes parameters, which were used
to calculate the degree of polarization and the elliptical inclination,
have been omitted for the sake of simplicity (see Sec. S3 in the
supplementary material for more data), it is important to note that
the observed spectral artifacts, such as modulations and above-unity
issues, are also evident in those parameters. In fact, a more compre-
hensive analysis would reveal similar trends across all parameters.
In light of this, we will now proceed to discuss a more complete
model for a quasi-achromatic biplate retarder, taking into consid-
eration additional information about the retarder to address these
observed spectral artifacts.

VI. BIPLATE MODEL: STOKES POLARIMETER
WITH QUASI-ACHROMATIC BIPLATE RETARDERS

A biplate model accurately describes a rotating-biplate-retarder
polarimeter, in which the retarder is designed to be quasi-
achromatic within a specific range. This is achieved by assembling
two birefringent crystals; in our case, quartz and MgF2. Previous
studies63–68 have shown that a misaligned biplate assembly, designed
to function as a quasi-achromatic waveplate, is equivalent to a single
rotated retarder followed by a rotator, according to Jones’s equiv-
alence theorem.48 Therefore, we must adapt, while still using the
Mueller matrix formalism, the standard model for a better descrip-
tion of real optical elements. Here, the biplate assembly is equivalent
to a single retarder with retardance ϕ = ϕ(λ), where the fast axis
rotated counterclockwise from the vertical position by θ = θ(λ),
followed by a pure rotator that rotates the plane of polarization
counterclockwise by ρ = ρ(λ), as depicted in Fig. 4(a). As a result,
the RRP system can be represented by a Mueller matrix, which is
given by

MS =MH
P {MR(2ρ)[MR(−2θ)MV

W(ϕ)MR(2θ)]}, (12)

where MV
W(ϕ, 2θ) =MR(−2θ)MV

W(ϕ)MR(2θ) represents the
Mueller matrix of an arbitrary retarder with retardance ϕ, rotated
by θ from vertical. MR(2ρ) is the matrix for the equivalent pure
rotator, and MH

P represents the matrix of an ideal linear horizontal
polarizer, that is, the analyzer with the transmission axis in the
horizontal direction. The explicit form of each matrix utilized here
can be found in Sec. S1 of the supplementary material. Since we
can only detect the total intensity of the beam emerging from the
polarizing elements, the Stokes vector of the detected beam, S⃗out ,
carries the total transformation experienced by the incoming beam,
which contains the polarization state that shall be measured, S⃗in.
This can be expressed as

S⃗out =MH
P MR(2ρ)[MR(−2θ)MV

W(ϕ)MR(2θ)]S⃗in. (13)

The first element of the Stokes vector S⃗out represents the total
intensity of the outcoming light at each wavelength. By isolating this
measurable term, we can obtain a form of the transmission mod-
ulation in terms of the biplate’s properties and the initial Stokes
parameters after proper algebraic manipulation, as given by

S′0 = I(θ,ϕ, ρ) =
1
2
{S0 +

1
2
(1 + cos ϕ)[cos (2ρ)S1 + sin (2ρ)S2]

+ 1
2
(1 − cos ϕ)[S1 cos (4θ − 2ρ)]

+ S2 sin (4θ − 2ρ) + sin ϕS3 sin (2θ − 2ρ)}. (14)

Equation (14) presents the theoretical model for the transmit-
ted intensity of arbitrarily polarized light through an equivalent
retarder with retardance ϕ and fast axis position θ, followed by a
rotator with ρ, schemed in Fig. 4(a), and then a fixed ideal hori-
zontal polarizer, as displayed in Fig. 2. However, it is necessary to
adapt this model to account for a subtlety in the definition of the
fast axis position. It has been explained that Fourier analysis-based
polarimetry requires several intensities measurements of light at dif-
ferent retarder’s fast axis positions, that is, the fast axis position is
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FIG. 4. Schematic description of the angular properties of an achromatic biplate retarder and their spectral results. (a) Representation of an achromatic retarder through the
equivalence between a biplate junction and a rotated retarder with retardance ϕ = ϕ(λ) and fast axis position at θ = θ(λ) = ϑ + Δ(λ), depicted in (b), followed by pure
rotator that rotates the ellipse by ρ = ρ(λ). The orange arrows indicate the direction of propagation of the incident beam, toward the detector. (c) Wavelength-dependence
of angular properties: rotatory angle (ρ) in solid blue line, and fast axis tilt (Δ) in solid red line, as well as (d) retardance in waves [ϕwaves(λ) = ϕrad(λ)/2π], measured by
both methods presented: quotient of flawed degree of polarizations (black circles) and quotient of transmission spectra (magenta solid line).

the independent variable. However, for spectral measurements, it is
often assumed that the fast axis direction is the same for all wave-
lengths, which can be misleading. In reality, during measurements,
we only have access to one fast axis mark, which is made on the
mount by the manufacturer using a HeNe laser line at 633 nm as
a reference. Since Eq. (14) requires θ = θ(λ) to represent the actual
position of the waveplate at each wavelength λ, we must distinguish
between what we can control (the angular position of the rotation
mount in which the biplate is assembled) and what is an intrinsic
dispersion of the fast axis direction, as depicted in Fig. 4(b). This
distinction is described mathematically by

θ[ actual axis position for λ] = ϑ[mark position]
+ Δ[ deviation frommark for λ].

(15)

Therefore, we can now express the theoretical model for mod-
ulated transmission as a function of an experimental observable,
the fast axis mark’s counterclockwise inclination from the vertical
direction denoted as ϑ (as in Fig. 2), and the new dispersive prop-
erty of the biplate, which we shall from now on refer to as the fast
axis tilt, Δ = Δ(λ). Using Eq. (15), we can transform Eq. (14) into a
Fourier truncated series solely in terms of the fast axis mark position.
All other parameters (Stokes’s and retarder’s) are then encapsulated

in the amplitude terms, which are the actual measurable quanti-
ties obtained from the Fourier transform of experimental data. After
the appropriate manipulations, the revised transmissionmodulation
model is expressed as

I(ϑ,ϕ, ρ,Δ) = 1
2
[A0 + A1 cos (4ϑ) + A2 sin (4ϑ) + A3 sin (2ϑ)

+ A4 cos (2ϑ)]. (16)

Our objective is to deduce the Stokes parameters from the
amplitude terms based on our corrected biplate model. The
amplitude parameters (Ai) are given by

A0 = S0 +
1
2
(1 + cos ϕ)[cos (2ρ)S1 + sin (2ρ)S2], (17a)

A1 =
1
2
(1 − cos ϕ)[cos (4α)S1 + sin (4α)S2], (17b)

A2 =
1
2
(1 − cos ϕ)[cos (4α)S2 − sin (4α)S1], (17c)

A3 = sin ϕ cos (2β)S3, (17d)

A4 = sin ϕ sin (2β)S3, (17e)
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where α = Δ − ρ/2 and β = Δ − ρ are auxiliary angles. Thus, the
Stokes parameters for the incoming light may be calculated from a
linear combination of such amplitudes, by inverting Eq. (17), given
that ϕ(λ), ρ(λ), and Δ(λ) are known.

It is interesting to note that in contrast to the single-plate
model, where ϕ = 90○ and ρ = 0○ = Δ, and only four amplitude terms
were present, the new model introduces a new amplitude term, A4,
which appears only when there are non-zero angular artifacts, as
given in Eq. (17e). Despite that, upon inverting these equations to
isolate S j( j = 1, 2, 3), we observe that the first four amplitude terms
Ak (k = 0, 1, 2, 3) are still sufficient to fully determine the Stokes
parameters. Nevertheless, A4 can be useful for measuring the dis-
persive properties of the biplate. Before discussing the methods to
characterize the properties of the biplate—the roots of the spec-
tropolarimetric artifacts in our system—it is crucial to examine the
relation between the Stokes parameters according to each model.
This is important to clarify how what we have measured carried
hidden quantities.

VII. CONNECTION BETWEEN FLAWED
AND TRUE PARAMETERS

Having developed a new and more complete model for esti-
mating the Stokes parameters with a quasi-achromatic quarter-wave
biplate, given by Eqs. (16) and (17), we can now establish a clear
connection between the polarimetric parameters calculated with the
previous and new models. Since the amplitude terms are exper-
imentally determined from the Fourier analysis, they are model-
independent. However, the way these amplitude terms depend on
the Stokes parameters is model-dependent, leading us to distinguish
between flawed Stokes parameters (Z1,Z2,Z3 ) calculated from the
single-platemodel, and true Stokes parameters (S1,S2,S3) calculated
from the biplate model.

Therefore, by equating the experimentally determined ampli-
tudes in Eq. (8) (flawed) and in Eq. (17) (true), and isolating the
flawed Stokes parameters as functions of the true Stokes parameters
and the waveplate’s dispersive properties, we can define what we
shall call the parameter’s flaw, denoted as Zk/Sk(k = 1, 2, 3), as

Z0/S0 = 1 + [s1 sin (2Δ) − s2 cos (2Δ)] sin (2β)
+ [s1 cos (2Δ) + s2 sin (2Δ)] cos ϕ cos (2β), (18a)

Z1/S1 = (1 − cos ϕ)[cos (4α) +
s2
s1

sin (4α)], (18b)

Z2/S2 = (1 − cos ϕ)[cos (4α) −
s1
s2

sin (4α)], (18c)

Z3/S3 = sin ϕ cos (2β), (18d)

where we used that α = Δ − ρ/2 and β = Δ − ρ. Thus, it becomes clear
from Eq. (18) how the flawed Stokes parameters actually carry much
more information than just real polarimetric data from the incoming
light.With this insight, we can now calculate the connection between
flawed and corrected derivate parameters (e.g., degree of polariza-
tion and elliptical inclination) to corroborate the data analysis in
Fig. 3(c) and 3(d).

A. Degree of polarization (P)
We can define the flawed (P f) and the true (P)degree of polar-

izations, according to Eq. (3), for linear polarization states, which
were most frequently encountered in our experiments. The ratio
between the flawed and the real degree of polarizations, referred to
as the degree of polarization’s flaw, provides the artifact term, which
can be expressed as

P f/P = (
√

Z2
1 + Z2

2/Z0)(S0/
√

S21 + S22) = (1 − cos ϕ)S0/Z0,

(19a)
which upon small Δ and β approximations, yield

P f/P ≈ (1 − cos ϕ){1 + cos ϕs1 − 2[(1 − cos ϕ)Δ − ρ]s2}−1. (19b)

Therefore, we observe that linear degree of polarization’s flaw
depends on intrinsic parameters of the retarder (ϕ and Δ), as well
as the initial linear polarization state (s1and s2), as illustrated in
Fig. 3(c). Furthermore, we find that for off-axis states, where s2 ≠ 0, a
modulated dispersion in the degree of polarization can arise due to a
spectrally modulated tilt of fast axis, Δ(λ) ≠ 0, and optical rotation,
ρ(λ) ≠ 0, which aligns with theoretical expectations from Eq. (19b).
The analysis of on-axis states, which offer a promising approach for
determining the biplate’s effective retardance (ϕ), will be presented
in Sec. VIII. It is worth highlighting that Eq. (19b) establishes how
strongly the flawed degree of polarization deviates from its true val-
ues when the retarder does not present the expected λ/4 retardance.
It turns out that the flawed parameters have nothing physical, except
information distorted by systemic imperfections.

B. Elliptical inclination angle (Ψ)
We can also investigate the relationship between the flawed

elliptical inclination (ψ f ) and the true elliptical inclination (Ψ) by
examining their connections with associated Stokes parameters.
Using Eq. (18), we find that the relationship between flawed and real
elliptical inclination is given by

tan (2ψ f ) = Z2/Z1 = tan (2Ψ − 4α),

∴ ψ f = Ψ − 2α = Ψ − 2Δ + ρ. (20)

Thus, the flawed elliptical parameter measured during the sim-
ulation of states was found to be affected by two angular properties
of the biplate, namely, the fast axis tilt (Δ) and rotatory angle
(ρ), resulting in persistent spectral undulation for all analyzed ini-
tial polarization states (Ψ = 0○, 30○, 45○, 60○, and 90○), including the
dispersive elliptical EPL state, as exhibited in Fig. 3(d).

VIII. MEASUREMENT OF INTRINSIC PROPERTIES
OF BIPLATE RETARDERS
A. Fast axis tilt (Δ) and rotatory angle (ρ)

As discussed, the truncated Fourier series in Eq. (16) fully deter-
mines the value of the amplitude parameters from experimental
data, and Eq. (17) express the amplitude terms written as function
of waveplate’s retardance ϕ, the auxiliary angles α and β, and the
Stokes parameters of incoming light. Our goal now is to establish a
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clear procedure to determine the retarder’s angular dispersive prop-
erties (ϕ, ρ,Δ) by controlling the polarization state of the incoming
light beam, (S1,S2,S3). In Eq. (17), we observe four experimentally-
determined quantities that depend on equal terms in pairs, which
immediately leads to the following relationship:

A2/A1 =
[S2 cos (4α) − S1 sin (4α)]
[S1 cos (4α) + S2 sin (4α)]

= tan (2Ψ − 4α), (21a)

A4/A3 = tan (2β). (21b)

Equation (21a) has been previously discussed in Sec. VII B as a
connection between flawed and real elliptical inclination, but now
it is explicitly written in terms of the amplitude parameters and
the incoming polarization state. It is worth noting that for an on-
axis VPL state, for which S1 ≠ 0 and S2 = 0, the equation can be
conveniently simplified to

A2/A1 = − tan (4α), (22)

which directly determines the auxiliary angle α = Δ − ρ/2. Mean-
while, Eq. (21b) already establishes a direct connection between two
amplitude terms and the other auxiliary angle, β = Δ − ρ. Neverthe-
less, it should be noted that Eq. (21b) is only well-defined for incom-
ing light states where S3 ≠ 0, that is, any non-linear polarization
state.

Therefore, given the appropriate initial polarization state, we
can determine both auxiliary angles directly from the amplitude
terms after two different experiments, as given by

tan (4α) = −A2/A1, (23a)

tan (2β) = A4/A3 (23b)

such that α can be determined from Eq. (23a) in a measurement
of VPL, and β, from Eq. (23b), in an experiment involving a non-
linearly polarized light, that is, a state with S3 ≠ 0. Thus, from two
simple rounds of experiments, the auxiliary angles can be deter-
mined using Eqs. (23a) and (23b), and the intrinsic properties can
then be obtained as

ρ = 2(α − β), (24a)

Δ = 2α − β. (24b)

Notice that if ρ = 0, then α = β, for all wavelengths detected. If
they are different, that should be an experimental corroboration of
our new approach. For our measurements, we utilized a calcite crys-
tal as vertical polarizer, set up by adjusting its transmission axis with
analyzer’s until they are crossed and then minimum transmission
spectrum is reached, to ensure S2 = 0 and S1 = −1 for determining
α. Subsequently, to determine β, we employed the circular polarizer
filter presented in Sec. IV, as it maintains the requirement of S3 ≠ 0
across the entire visible spectrum.

Our spectral experimental results obtained from Eq. (24) are
presented in Fig. 4(c). As depicted, the dispersion of the biplate’s
intrinsic angular properties, namely, the rotatory angle (blue solid
line) and fast axis tilt (red solid line), exhibit shifted undulated
spectral distributions, asymmetric around zero, with varying ampli-
tudes, indicating that they are indeed two distinct and non-negligible

properties. Nevertheless, the amplitudes of the waveforms presented
in this section are sufficiently small to support the assumptions for
approximations of utilized in Sec. VII A, although none were used
in the data processing of the software.

It is important to make clear that, although the undulated
wavelength-dependence of the fast axis tilt is well determined with
this method, the overall level of the red curve shown in Fig. 4(c)
is highly dependent on the accurate positioning of the mounted
retarder crystal’s fast axis engraving, given by manufacturers, to
the vertical 0○ mark of the rotation mount. Since Δ(λ) quanti-
fies how much the real fast axis position of the biplate retarder at
a particular wavelength is shifted (or tilted) from the overall fast
axis, given experimentally by ϑ, the tilt value of zero is expected
to be of the wavelength for which the waveplate’s engraving was
initially designated. Hence, despite being a modulated dispersion,
the fast axis tilt curve has no physical reason to be symmetric
around zero, but cross this level at the calibration wavelength,
at 633 nm.

In Fig. 4(c), we observe an angular shift of about −0.93○ on
the fast axis tilt level at 633 nm, which is within our manual accu-
racy to assemble and align the engraved fast axis of the mounted
retarder with the 0○ mark of the rotation mount. Notice that with-
out an external reference from which we can establish a relative
fast axis for each wavelength, the absolute values of the fast axis tilt
wavelength-dependence could not be determined, and a symmetri-
cal distribution could be constructed as reference. The slight overall
shift of −0.93○ in the fast axis tilt was maintain in posterior data
analysis to account for the initial crystal misalignment, without com-
promising the reliability of the troubleshooting protocol developed
in this work.

B. Retardance (ϕ)
1. Quotient of flawed degree of polarizations

In Sec. VII A, we evaluated the degree of polarization’s flaw,
which is the ratio between the flawed and real degree of polarizations
(P f and P) for an arbitrary Linearly Polarized Light (LPL), as given
by Eq. (18). As shown, for a HPL, where ( s1, s2, s3) = (+1, 0, 0), and
a VPL, where (s1, s2, s3) = (−1, 0, 0), Eq. (18) yields Eqs. (25a) and
(25b), respectively,

PH
f /PH = (1 − cos ϕ)(1 + cos ϕ) , (25a)

PV
f /PV = (1 − cos ϕ)(1 − cos ϕ) = 1. (25b)

Since rotating the polarizer has no physical reason to polar-
ize a different fraction of light, the correct degree of polarization
values (PH and PV) should be the same for linear states generated
with the same polarizer. Thus, we can assume that the correct val-
ues are equivalent, that is, PH = PV . Therefore, the ratio of degree of
polarization’s flaws measured for HPL and VPL yields

PH
f /PV

f =
1 − cos ϕ
1 + cos ϕ . (26)
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Isolating the retardance term, we obtain a direct manner to
obtain the retardance spectrum from flawed dispersions of degree
of polarization of two orthogonal polarization states

cos ϕ =
PV
f − PH

f

PV
f + PH

f
. (27)

Hence, as predicted in Eq. (25b), the data in Fig. 3(c) for
the flawed degree of polarization of VPL indicated how the degree
of polarization should be for all linear states generated with the
same polarizer: flawless, that is, without spectral modulation and
above-unity issues. Conversely, as demonstrated in Eq. (27), the
deviation of the flawed degree of polarization for HPL (PH

f ) from
the correct value (PV

f = PV) indicates a direct manifestation of the
non-achromaticity from our retarder, initially assumed achromatic
in the range from 400 to 800 nm. For instance, in the range in
which PH

f ≠ 1, we expect ϕ/2π ≠ 0.25. It is noteworthy that the fact
we can obtain all three dispersive parameters from the calibration
data of simulated states demonstrate self-consistency, as well as a
powerful advantage for this kind of setup to be applied in spectropo-
larimetry. The experimental result from this method is displayed in
Fig. 4(d), compared with the method of quotient of transmission
spectra, which is described as a quicker experimental alternative as
follows.

2. Quotient of transmission spectra
For the second method, we can once again utilize Eqs. (16) and

(17). Besides representing the modulation of transmission inten-
sity over retarder’s rotation given an arbitrarily polarized beam, this
truncated Fourier series is also valid for a setup where the incoming
light is changed at will, and the retarder is fixed at an angle ϑ from
the vertical position. In other words, the same model can be used to
describe a setup in which the retarder is placed at a particular angle
from the vertical between two polarizers (the first, a polarization
controller, and the second, our fixed horizontal analyzer).

In this sense, the amplitude parameters provided in Eq. (17)
can be conveniently applied to an incoming light either HPL,
for which (s1, s2, s3) = (+1, 0, 0) or VPL, for which ( s1, s2, s3)
= (−1, 0, 0). Notice that for each of these conditions, Eqs. (16) and
(17) yield Eq. (28)

IHH(ϑ) = S0
2
[1 + (1 + cos ϕ)

2
cos (2ρ) + (1 − cos ϕ)

2
cos (4ϑ + 4α)],

(28a)

IVH(ϑ) = S0
2
[1 − (1 + cos ϕ)

2
cos (2ρ) − (1 − cos ϕ)

2
cos (4ϑ + 4α)].

(28b)
Here, they represent the spectrum of transmitted light through the
retarder rotated counterclockwise by ϑ placed between polarizers
being either parallel (IHH : polarizer at H and analyzer at H) or
perpendicular (IVH : polarizer at V and analyzer at H) to each other.

Now, it is defined the quantity so-called quotient of transmis-
sion spectra (Q) as

Q(ϑ) = IHH(ϑ) − IVH(ϑ)
IHH(ϑ) + IVH(ϑ)

, (29)

which may be obtained from Eqs. (28a) and (28b) as a function of
retarder’s parameters only, as

Q(ϑ) = (1 + cos ϕ)
2

cos (2ρ) + (1 − cos ϕ)
2

cos (4ϑ + 4α). (30)

For small ρ [see Fig. 4(c)], we can use cos(2ρ) ≈ 1 such that
Eq. (30) simplifies to

Q(ϑ) = 1 − (1 − cos ϕ)sin2(4ϑ + 4α), (31)

which can then be applied for specific angular positions ϑ. Note that
for ϑ = 0○ and ϑ = 45○, we obtain

Q(0○) = 1 − (1 − cos ϕ)sin2(4α), (32a)

Q(45○) = 1 − (1 − cos ϕ)cos2(4α). (32b)

Hence,

cos ϕ = Q(45○) +Q(0○) − 1. (33)

Therefore, Eq. (33) provides a convenient method to measure
the retardance spectrum ϕ = ϕ(λ) by acquiring only four spectra.
This is because calculating each Q(ϑ) requires the use of two trans-
mission spectra: one with retarder between parallel polarizers ( IHH),
and another with the retarder placed between perpendicular polar-
izers (IVH). Notice that 1 −Q(0○) should approach zero, once a
retarder at ϑ = 0○ (vertical) would make either HPL or VPL cross
through only one of birefringent retarder’s index of refraction. How-
ever, as demonstrated previously, the biplate does not interact with
all wavelengths of light the same way, causing deviations from the
expected 1 −Q(0○) = 0 throughout the spectrum. This term should
then account for these deviations as fine tuning for theQ(45○) term.
For the situation that 1-Q(0○ ) is negligibly small, we obtain a final
approximation as

cos ϕ = Q(45○) = IHH(45○) − IVH(45○)
IHH(45○) + IVH(45○)

, (34)

which looks quite similar in structure to the model from the method
of quotient of flawed degree of polarizations, in Eq. (27), and is a
well-known version of method to acquire the retardance value of a
retarder at a particular wavelength.18,69

The experimental data of retardance evaluated by both meth-
ods presented in this section are shown in Fig. 4(d), in waves unit.
The violet curve shows the result for the quotient of flawed degree of
polarizations, acquired according to Eq. (27), by making use of the
flawed data generated with the single-plate model for vertical and
horizontally polarized light. Such polarization states were created by
a careful alignment of the calcite polarizer to the vertical by crossing
it with the analyzer at horizontal, and it was then rotated by 90○ in a
rotation mount to set it horizontally. The orange curve displays the
average of four measurements of quotient of transmission spectra’s
results, obtained according to Eq. (33). The error bars were omitted
for such since they were about the size of line thickness.

It is noticeable how similar both curves are which vali-
dates the equivalence between both methods with slightly different
approaches. Besides, the horizontal black line at the 0.25 waves level
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marks the quarter-wave plate ideal behavior, thereby making explicit
the quasi-achromatic behavior of our retarder, with ±0.03 waves
( ± 12%) of variation from the ideal case.

Moreover, the results obtained through Eq. (34) are not dis-
played here due to the 1 −Q(0○) term not being negligible in our
case. Notice that 1 −Q(0○) ≈ 0 only happens when IVH(0○) ≈ 0
throughout the spectrum, which could not be seen in Fig. 3(b),
where the green curve, which essentially means IVH(0○, λ), does
not match with crossed-polarizers intensity level along the detected
range. In fact, if not considered, this approximation causes a slightly
modulation throughout the retardance spectrum, which is fully
attenuated when considered. After all the biplate’s intrinsic para-
meters being fully measured, the correct calculations of the Stokes
parameters, by inverting Eq. (17), were implemented in a MATLAB
program, and the data presented in Figs. 4(c) and 4(d) were saved
as calibration curves for all future experiments and data correction
of old ones.

IX. EFFECTS OF BIPLATE MODEL
ON POLARIMETRIC DATA

Next, the corrected biplate model developed above was applied
to calculate the Stokes parameters of the same generated polariza-
tion states displayed in Figs. 3(c) and 3(d). The experimental method
employed was the precisely the same as described in Sec. IV. The
polarimetric data are shown in Fig. 5. In Figs. 5(a) and 5(b), we
present the comparisons for two off-axis linear states (45○ and 30○

linearly polarized states, respectively) of true (sk = Sk/S0, k = 1, 2, 3,
in solid lines) and flawed (zk = Zk/Z0, k = 1, 2, 3, in faded lines)
Stokes total-fractions, which, respectively, means the data generated
with the corrected biplate model and with the single-plate model.
More of such comparison for other polarization states can be found
in Sec. S3 of the supplementary material. In Figs. 5(c) and 5(d), we
exhibit the corrected version of the dispersions of degree of polar-
ization ( P) and elliptical inclination (Ψ), previously displayed in
Figs. 3(c) and 3(d), where we can clearly evaluate that previous spec-
tral artifacts as signs of inadequate model are largely eliminated
when utilizing the biplate model.

In Fig. 5(a), the comparison of true and flawed Stokes total-
fractions for 45○ linearly polarized light is presented. The dashed
red line representing the z1 = Z1/Z0 curve was above unity and
strongly modulated, causing the associated degree of polarization
to have the same problem, as previously exhibited as a solid blue
line in Fig. 3(c). After correction of the single-plate model, the solid
red line representing the s1 = S1/S0 curve was accurately estimated
to be nearly at 1 throughout the whole spectrum. Additionally, the
faded blue line representing the z2 = Z2/Z0 curve presented a strong
wave-like pattern that resulted in the modulation seen in the ellip-
tical inclination dispersion, previously shown as a solid blue line
in Fig. 3(d), which was attenuated in s2 = S2/S0. solid blue line
curve of Fig. 5(a). The z3 = Z3/Z0 and s3 = S3/S0 curves (faded and
solid green lines, respectively) are quite similar since both are too
close to zero in this range, which is expected for linear polarization
states.

FIG. 5. Polarimetric results calculated with the proposed biplate model from experimental data acquired with broadband controllable polarized light. (a) Plot of true Stokes
total-fractions (sk = Sk/S0, k = 1, 2, 3), in solid lines, superposed with flawed total-fractions (zk = Zk/Z0, k = 1, 2, 3), in faded lines, for 45○ Linearly Polarized Light
(LPL). (b) Plot of true Stokes total-fractions, in bright solid lines, superposed with flawed total-fractions, in faded lines, for 30○ LPL. The plots for the remaining polarization
states are available in Sec. S3 of the supplementary material. (c) Plot of degree of polarization spectra [P(λ)], estimated from the true Stokes parameters, calculated with the
biplate model for different incoming polarization states: from Ψ = 0○ (HPL) to Ψ = 90○ (VPL), and EPL, the overall elliptical state. The gray shadowed area shows that the
new results fit within ±5○ accuracy from unity. (d) Plot of elliptical inclination spectra [Ψ(λ)], in degrees, for six incoming polarization states. The curves estimated from the
true Stokes parameters, calculated with the biplate model, are displayed as bright solid lines, and the flawed curves, estimated from the flawed Stokes parameters, calculated
with the single-plate model, are shown as faded lines with the same color as their true counterparts.
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In Fig. 5(b), the comparison is nowmade for 30○ linearly polar-
ized light, and we can see similar patterns disappearing with the
use of the biplate model. It is important to note that although z1
and z2 are not above unity, together they contribute to the associ-
ated degree of polarization being above unity, as previously shown
in Fig. 3(c) as a solid purple line. In addition, they both show intense
spectral undulation, which leads to a modulated elliptical inclina-
tion dispersion, as depicted in Fig. 3(d) as a solid purple line. All
these artifacts were effectively eliminated with the implementation
of the new model. Figure 5(c) shows the corrected degree of polar-
ization dispersions for six different polarization states, which should
be directly compared to Fig. 3(c) for a better appreciation of how
the new model solved previous artifact issues, as now the curves no
longer exceed 1, and both on- and off-axis polarization states are
similar, without any spectral modulations for the off-axis ones. The
gray area highlights the range of values within 5% deviation from a
unitary degree of polarization, which is an acceptable theoretical ref-
erence due to the high polarizing capacity of our linear polarizer (see
Sec. S2.1 of the supplementarymaterial). As expected, the rotation of
the polarizer has no physical reason to change the degree of polariza-
tion of light, even though it changes its state. Additionally, the inset
provides a closer look at the curves within the same range, and we see
that they do not match exactly, with slight modulations for Ψ = 0○
and 30○, and a deviation slightly above one for other states. How-
ever, in contrast to the curves in Fig. 3(c), these deviations are greatly
smaller for the corrected data, with values mostly in the ±2% range
of deviation from expected unity, which can be considered negli-
gible. Hence, we can conclude that the biplate model appropriately
accounts for the spectral artifacts shown in Fig. 3(c).

Finally, for a better appreciation of the improvements achieved,
Fig. 5(d) displays the direct comparison of corrected (bright solid
lines) and flawed (faded solid lines) dispersions of the elliptical incli-
nation angle for the same polarization states as in Fig. 3(d). The
corrected curves show a remarkable enhancement in smoothness,
with almost complete attenuation of the spectral modulation for all
analyzed states. Even the curve for the circular filter (solid red line),
which exhibits a larger overall change in the elliptical inclination
angle along the wavelength range, exhibits a conspicuous smoothing
effect. However, it is important to highlight that the small deviation
from the targeted elliptical inclination of ∼2○, observable for the lin-
ear states in Fig. 3(d), may be attributed to a slight misalignment
between the calcite polarizer and the rotationmount, which is within
our manual rotation precision and does not affect the intended anal-
ysis approach of this work. What in Fig. 3(d) appeared to be only
slight oscillations in the spectrum, is now clarified to be mostly
caused by the intrinsic properties of the biplate, whereas the overall
level of each curve was determined by the initial alignment precision
of the calcite polarizer.

Overall, the results demonstrate that the single-plate model
does not recover the experimental findings. In fact, the flawed data
contained more information than the true Stokes parameters, and
this excess of information was avoided with the proposed biplate
model.

X. CONCLUSION AND OUTLOOK
In this study, we demonstrate that themodel typically presented

in books for measuring Stokes parameters via rotating retarder

polarimetry and Fourier analysis of transmitted signals cannot be
directly used for spectral applications.We show that the use of quasi-
achromatic biplate retarders requires further calibration, as they
strongly depend on the birefringent properties of materials, majorly
dispersive over the light spectrum. We also demonstrate that prob-
ing the spectral distributions of Stokes parameters with a simulation
system of broadband polarization states is sufficient to observe how
the simplest model propagates the artifacts from the quarter-wave
retarder. The model typically employed in single-wavelength appli-
cations has flaws when considered carelessly as valid for polychro-
matic light sources. We show that the Stokes parameters calculated
using the single-plate model incorporate the intrinsic properties of
the biplate retarder into the polarimetric data. Supported by Jones’
optical equivalence theorem, we develop a new model that considers
the biplate nature of imperfect quasi-achromatic retarders and their
properties [retardance (ϕ), fast-axis tilt (Δ), and rotatory angle (ρ)]
that can be measured and saved as calibration files used to improve
the accuracy of the experiment during data processing.

We anticipate that this spectropolarimetric model can be
applied to different situations. Either from transmission or emis-
sion, the tracking of changes in polarization states due to inter-
action with materials can be a powerful tool for investigating
anisotropic properties,5,10,70 such as linear and circular birefrin-
gence (also known as optical activity), linear and circular dichroism,
and partially polarized photoemission and scattering from conju-
gated organic molecules.55,71–77 The latter is of particular interest
in organic electronics owing to its potential for supramolecular
arrangements and film deposition, as well as its charge transport
properties. Although many studies have utilized spectral versions
of Stokes polarimetry, they tend to render the single-wavelength
model applicable to non-ideal optical elements without proper poly-
chromatic calibration protocols or model correction. Therefore, this
study contributes to this field by providing a detailed account of
the mathematical and experimental procedures to improve both
data analysis and precision in Stokes spectropolarimetry experi-
ments. Alternatively, the possibility of applications in the inves-
tigation of simple systems, such as the optical activity of aque-
ous solutions of different sugars and the linear birefringence of
stretched sticky tapes, may be potentially utilized to introduce
interested undergraduate students to this field. From this perspec-
tive, such applications present themselves as a great pedagogical
option for young scientists to learn how to use light polarization
to probe anisotropic phenomena. Finally, since the light inter-
acts with matter in many different scales of time and space, the
methodology presented here could be extended to the analysis of
the polarization state of light in time-resolved experiments (time-
resolved polarimetry) and confocal microscopy (space-resolved
polarimetry).

SUPPLEMENTARY MATERIAL

The supplementary material presents supporting content on
the Mueller matrices of polarizing elements (linear polarizer, linear
retarder, rotator, and rotated elements), independent efficiencymea-
surements of linear polarizer, influence of acquisition controls on
data precision, and direct comparison of polarimetric data generated
with single- and biplate models.
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