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A B S T R A C T 

We present an analysis of the degree of energy equipartition in a sample of 101 Monte Carlo numerical simulations of globular 
clusters (GCs) hosting either a system of stellar-mass black holes (BHS), an intermediate-mass black hole (IMBH) or neither of 
them. For the first time, we systematically explore the signatures that the presence of BHS or IMBHs produces on the degree of 
energy equipartition and if these signatures could be found in current observations. We show that a BHS can halt the evolution 

towards energy equipartition in the cluster centre. We also show that this effect grows stronger with the number of stellar-mass 
black holes in the GC. The signatures introduced by IMBHs depend on how dominant their masses are to the GCs and for how 

long the IMBH has co-evolved with its host GCs. IMBHs with a mass fraction below 2 per cent of the cluster mass produce a 
similar dynamical effect to BHS, halting the energy equipartition evolution. IMBHs with a mass fraction larger than 2 per cent 
can produce an inversion of the observed mass-dependence of the velocity dispersion, where the velocity dispersion grows with 

mass. We compare our results with observations of Galactic GCs and show that the observed range of the degree of energy 

equipartition in real clusters is consistent with that found in our analysis. In particular, we show that some Galactic GCs fall 
within the anomalous behaviour expected for systems hosting a BHS or an IMBH and are promising candidates for further 
dynamical analysis. 

Key words: stars: black hole – stars: kinematics and dynamics – globular clusters: general. 
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 INTRODUCTION  

ense and compact stellar systems such as globular clusters (GCs)
volve dynamically through stellar encounters in a process known as
w o-body relaxation. Tw o of the main manifestations of the effects
f two-body relaxation in GCs are mass se gre gation (Spitzer & Shull
975 ; Spitzer 1987 ; Heggie & Hut 2003 ) and the e volution to wards
nergy equipartition (Spitzer 1969 , 1987 ; Heggie & Hut 2003 ). As a
esult of mass se gre gation, GCs dev elop a radial dependence of the
tellar mass, with the mean mass of stars in the cluster increasing
owards its centre. This is due to high-mass stars sinking towards the
luster centre as they transfer kinetic energy to low-mass stars that
o v e outwards in the cluster. 
The interchange of kinetic energy between stars of different masses
akes the GC evolve towards energy equipartition; however, whether
 star cluster may achieve full energy equipartition or not depends
n the stellar mass function and, as shown by Trenti & van der Marel
 2013 , see also Vishniac 1978 ), GCs starting with a realistic initial
ass function (IMF) do not achieve full energy equipartition in their

ifetime. The degree of energy equipartition in a cluster is a local
ffect and is traced by the velocity dispersion of stars with different
asses within the same region. If no equipartition is present, then

he velocity dispersion of the stars is independent of their masses.
nce low- and high-mass stars interchange kinetic energy, the
elocity dispersion of low-mass stars will increase while the velocity
 E-mail: faros@iu.edu 
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ispersion of high-mass stars will decrease. This mass-dependent
elocity dispersion traces the degree of energy equipartition. In the
ase of full equipartition, the velocity dispersion decreases with the
ass following a log-slope of −0.5 (see e.g. Spitzer 1969 ; Trenti &

an der Marel 2013 ; Bianchini et al. 2016 ). At a global level, the
egree of energy equipartition increase towards the cluster centre,
ollowing the higher stellar densities and shorter relaxation times. 

Different kinematic properties of a GC, such as internal rotation
r velocity anisotropy (see e.g. Einsel & Spurzem 1999 ; Hong
t al. 2013 ; Breen, Varri & Heggie 2017 ; Pavl ́ık & Vesperini 2021 ,
022 ; Kamlah et al. 2022 ; Livernois et al. 2022 ) or the presence
f primordial binaries (see e.g. Vesperini & Chernoff 1994 ; Trenti,
eggie & Hut 2007 ; Chatterjee et al. 2010 ; Bhat et al. 2023 ) can

ffect its dynamical evolution. 
The presence of multiple stellar-mass black holes in a GC

black hole systems, BHS) or a single intermediate-mass black hole
IMBH) can also impact the GC evolution. They provide additional
inetic energy to the cluster, delaying its dynamical evolution and
lo wing the ef fects of mass se gre gation and energy equipartition (see
aumgardt, Makino & Ebisuzaki 2004 ; Gill et al. 2008 ; Mackey et al.
008 ). Pre vious studies sho w that by measuring the mass se gre gation
n GCs is possible to infer the presence of a BHS (Alessandrini
t al. 2016 ; Weatherford et al. 2018 , 2020 ) or IMBH (Pasquato
t al. 2009 , 2016 ; de Vita, Trenti & MacLeod 2019 ), both from
he simulation and observational side. This requires faint enough
hotometric samples to characterize the radial distribution of stars
ith different masses along the main-sequence. Measuring the degree
f energy equipartition in a GC, on the other hand, requires kinematic
© 2023 The Author(s) 
lished by Oxford University Press on behalf of Royal Astronomical Society 
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ata for a large enough sample of different stellar masses and is
articularly challenging at fainter magnitudes. With the continuous 
mpro v ement of kinematic data from space telescopes, particularly 
ubble Space Telescope ( HST ), studies in the last decade have begun

o be able to measure the degree of energy equipartition (see Heyl
t al. 2017 ; Libralato et al. 2018 , 2019 ). More recently, Watkins
t al. ( 2022 ) measured the degree of energy equipartition in a sample
f eight Galactic GCs, not only for the case considering all stars
ithin the field of view (generally about the half-light radius) but 

lso producing for the first time radial profiles for the degree of
nergy equipartition in the clusters. While most clusters show an 
ncreasing degree of energy equipartition towards the cluster centre, 
 couple of GCs show a flat profile or even cases when the degree
f energy equipartition is lower at the innermost region (see their 
g. 14, particularly for NGC 5139, NGC 6266, and NGC 6752). 
oti v ated by these results, we turned to numerical simulations of
Cs to explore which dynamical effects can produce this variety of

adial profiles and what we can learn about the dynamical evolution 
f the GC from these kinds of observations. 
In this work, we analyse the dynamical effects of a BHS or

n IMBH in the degree of energy equipartition for a sample of
imulated GCs, taking into account observational constraints and the 
resence of kinematic errors. We follow the approach presented by 
atkins et al. ( 2022 ) to obtain the degree of energy equipartition from

iscrete kinematic data, also aiming to put the measurements from 

imulations and observations in the same comparable framework. 
In Section 2 , we introduce the sample of simulated globular 

lusters and the selection of stars used in our analysis. We introduce
he models that describe the degree of energy equipartition and the 
t to the discrete stellar kinematics from Watkins et al. ( 2022 ) in
ection 3 . In Section 4 , we present our main results. We discuss the
ases with a BHS and an IMBH further in Section 5 . Finally, we
ummarize our work in Section 7 . 

 SIMULATIONS  

or our analysis, we use a sample of 101 simulated GCs evolved
o 12 Gyr using the MOCCA code (see Giersz et al. 2013 ; Hypki &
iersz 2013 ). These simulations are part of the MOCCA-SURVEY 

atabase I (Belloni et al. 2016 ; Askar et al. 2017 ), an e xtensiv e
ibrary of about 2000 simulated GCs with different initial conditions 
see Askar et al. 2017 ). The MOCCA code follows the evolution of
lusters including the effects of two-body relaxation, binary star 
nteraction and a tidal truncation calculated assuming the cluster is 

oving on a circular orbit in a point mass potential. The SSE and
SE codes (Hurley, Pols & Tout 2000 ; Hurley, Tout & Pols 2002 )
re used to model the effects of binary and stellar evolution; binary–
ingle and binary–binary interactions are modeled with the FEWBODY 

ode (Fregeau et al. 2004 ). The models evolved with MOCCA are
pherically symmetric and do not include any internal rotation. 

In this paper, we focus our attention on a subset of models that
nclude GCs that hav e surviv ed 12 Gyr of evolution, with initial
inary fractions of 5 and 10 per cent, and with masses that allow for
 velocity dispersion larger than 4 km s −1 at their two-dimensional 
2D) half-light radius ( R h ) in the t = 12 Gyr snapshot. Our sample,
n particular, includes models that started with N = { 4 × 10 5 ,
 × 10 5 , 1.2 × 10 6 } stars, a King ( 1966 ) model with central
imensional potential W 0 = { 3, 6, 9 } , tidal to half-mass radius ratio
f r t /r 50% = { 25 , 50 } including filling models with r t /r 50% � 10,
nd metallicities of Z = { 0.001, 0.005, 0.02 } . All models follow a
roupa IMF (Kroupa 2001 ) with masses between 0.08 and 100 M �

see Askar et al. 2017 , for a detailed description of the initial
onditions considered in the MOCCA-SURVEY Database I). The 
odels selected include clusters that at 12 Gyr host a central IMBH

r multiple stellar-mass black holes. 
As described in Giersz et al. ( 2015 ), some of the models in the
OCCA-SURVEY Database I are characterized by the presence 

f a central IMBH that may either form rapidly during the early
luster evolution ( t < 100 Myr ) or later when the system reaches
igh central densities during the cluster core-collapse phase (see 
iersz et al. 2015 , for further details and discussion). Regardless of

he mechanism leading to the growth of an IMBH, the important
oint for our analysis is that, we have models hosting an IMBH from
he very early evolutionary phases of evolution and others in which
he IMBH forms only later after a significant fraction of a cluster
ynamical evolution. 41 of 101 models selected for this paper have
n IMBH at 12 Gyr . 

Models in the MOCCA-SURVEY Database I follow two pre- 
criptions for the natal kicks velocities of stellar-mass black holes: 
1) a Maxwellian distribution with σ = 265 km s −1 (Hobbs et al. 
005 ) or (2) a ‘fallback’ prescription (Belczynski, Kalogera & 

ulik 2002 ) which allows for significant retention stellar-mass black 
oles within the first 20–30 Myr of the cluster’s evolution. In our
ample, all clusters that host multiple stellar-mass black holes at 
2 Gyr follow the ‘fallback’ prescription, while most clusters without 
ultiple stellar-mass black holes follow the Maxwellian prescription. 
or further details on the stellar-mass black hole retention in the
OCCA-SURVEY Database I, see Askar et al. ( 2017 ) and Askar,
rca Sedda & Giersz ( 2018 ). 

.1 Obser v ed sample from simulations 

n our analysis, we study the degree of energy equipartition and
ts variation with the distance from the cluster’s centre both using
hree-dimensional quantities (3D radial clustercentric distance and 
he three spherical components of the velocity) and 2D projected 
uantities (projected radial distance R , the radial proper motion 
 pmR , and tangential proper motion v pmT ). The analysis based on
rojected quantities is aimed at establishing a closer connection with 
bservational studies. 
In each GC we select a subsample of only main-sequence stars.

o do so, we set a mass range between 0 . 2 M � and the stellar mass
t the main-sequence turn-off (MSTO), which corresponds to stellar 
asses between 0.8 and 1 . 0 M �. The differences between the masses

t the MSTO in our GC sample are primarily a consequence of the
ifferent metallicities of the clusters and, in a second order, the
roduct of binary interactions such as mergers and mass transfer, 
hich are stochastic effects. For the three metallicity values, we find

hat the mean MSTO masses at 12 Gyr are 0 . 82 M � ( z = 0 . 001),
 . 87 M � ( z = 0 . 005), and 0 . 94 M � ( z = 0 . 02). We only consider
tars within a range of 0.02 mag in colour from the main-sequence’s
ean colour; this selection excludes most binaries in the subsample. 
e do not include any restriction on the position of the observed

tars, as we also aim to analyse the radial variation of the energy
quipartition. 

In order to account, at least in part, for the effects of observational
rrors, we added observational errors to the proper motion following 
n error distribution from available kinematic data of Galactic GCs. 
e used photometric and kinematic data of NGC 6752 from the
ACKS catalogue 1 (Libralato et al. 2022 ) to get the median proper
MNRAS 525, 3136–3148 (2023) 

https://archive.stsci.edu/hlsp/hacks


3138 F. I. Aros and E. Vesperini 

M

Figure 1. Velocity dispersion as function of stellar mass in three clusters for stars within the inner 10 per cent of their respective projected half-light radius. The 
three GCs have different central dark components: (a) no black holes, (b) 461 stellar-mass black holes, and (c) an IMBH having 4 per cent of the cluster mass. 
In each case, we show the best-fitting models for the degree of energy equipartition given the two representations used in this work: η and μ (given equations 1 
and 3 , respectiv ely). F or (a) and (b), the v elocity dispersion follows the expected behaviour with increasing values for lo wer masses. Ho we ver, for (c), η and μ
hav e ne gativ e values resulting from the presence of an IMBH. The clusters in panels (a) and (b) have the same initial conditions, but different stellar-mass black 
hole retention prescription. 
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otion error at different magnitudes and construct a magnitude-
ependent error function (see Fig. A1 ). The kinematic errors vary
etween 0 . 054 mas yr −1 at the MSTO and 0 . 163 mas yr −1 at 7 mag
elow the MSTO, which, at the distance of NGC 6752, corresponds to
.1 and 3 . 2 km s −1 , respectively. The added errors translate to a range
etween 15 per cent and 35 per cent of the GCs velocity dispersions
ithin the half-light radius. With this choice of observational errors,
e assume that all simulated clusters in our sample are observed as if

hey were at the distance of NGC 6752 ( d = 4 . 125 kpc ; Baumgardt &
asiliev 2021 ). 

 MEASURING  THE  ENERGY  EQUIPARTITION  

e study the degree of equipartition on each simulated GC using the
wo main descriptions used in the literature 

( m ) = σ0 

(
m 

m 0 

)−η

, (1) 

here η = 0 indicates no equipartition and η = 0.5 indicates full
quipartition (see e.g. Trenti & van der Marel 2013 ). We use m 0 =
M � so that σ 0 is the velocity dispersion of stars with masses of
M �. 
The second commonly used description for the degree of equipar-

ition (Bianchini et al. 2016 ) is given by 

( m ) = 

{
σ0 exp ( −0 . 5 m/m eq ) , m ≤ m eq 

σeq ( m/m eq ) −0 . 5 , m > m eq , 
(2) 

here stars with masses lower than m eq (equipartition mass) follow
 exponential form, and stars with masses larger than m eq are in full
quipartition (following the same parametrization of equation 1 ). The
ormalization parameter σ eq corresponds to the velocity dispersion
or stars with masses equal to the equipartition mass m eq and relates
o the normalization parameter σ 0 through σ eq = σ 0 exp ( − 0.5). 

As we will discuss later, the presence of an IMBH can alter the
lope of the mass-dependent velocity dispersion and lead to a velocity
ispersion increasing with mass. The positive slope translates to a
e gativ e value of η [see panel (c) in Fig. 1 ]. To characterize the
ositive slope, we first allow for ne gativ e η values and use the same
xpression of equation ( 1 ). On the other hand, we need to redefine
NRAS 525, 3136–3148 (2023) 
he description of equipartition given by equation ( 2 ) and allow for
 ‘ negative ’ equipartition mass. In equation ( 2 ), the slope is steeper
hen m eq is positive and closer to zero, then while m eq increases,

he slope becomes flatter until becoming zero at m eq → ∞ . In the
ame way, when m eq goes from −∞ to 0, the slope becomes positive
nd steeper as m eq approaches 0 from the left. To have a continuous
epresentation of the change in the slope of equation ( 2 ), we define
= 1/ m eq and redefine equation ( 2 ) as: 

( m ) = 

⎧ ⎨ 

⎩ 

σ0 exp ( −0 . 5 mμ) , μ < 0 
σ0 exp ( −0 . 5 mμ) , μ ≥ 0 and mμ < 1 
σeq ( mμ) −0 . 5 , μ ≥ 0 and mμ > 1 . 

(3) 

We have that the slope of the degree of energy equipartition follow
he parametrizations as: 

Positive slope Flat slope Ne gativ e slope 
η < 0 η = 0 η > 0 

0 > m eq > −∞ m eq = −∞ , +∞ 0 < m eq < +∞ 

μ < 0 μ = 0 μ > 0 . 

(4) 

For each GC, we estimate the degree of energy equipartition
ollowing equations ( 1 ) and ( 3 ) and the discrete likelihood approach
mplemented by Watkins et al. ( 2022 ). In the case of the projected
ubsample, the likelihood function can be written as follows: 

L ( v pmR , v pmT , m | � ) = 

N ∏ 

i 

(2 π ( σ ( m i | � ) 2 + δ2 
pmR , i )) 

−1 / 2 

×(2 π ( σ ( m i | � ) 2 + δ2 
pmT , i )) 

−1 / 2 

× exp 

( 

−1 

2 

v 2 pmR , i 

σ ( m i | � ) 2 + δ2 
pmR , i 

− 1 

2 

v 2 pmT , i 

σ ( m i | � ) 2 + δ2 
pmT , i 

) 

, (5) 

here m i is the mass of the ith star, v pmR, i and v pmT, i are the radial
nd tangential proper motions of the ith star with observational
rrors given by δpmR, i and δpmT, i , respectively. � encapsulates the
arameters of the energy equipartition model σ equations ( 1 and 3 ).
The likelihood function considers both proper motions together

ithout including the effects of the velocity anisotropy. This is not an
ssue within the inner regions of the cluster, as they are consistent with
eing isotropic. Ho we v er, for re gions outside of the half-light radius,
he velocity anisotropy becomes radial for a significant fraction of
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Table 1. GCs groups based on their central dark component. For each group, 
we include their representative symbol for figures, the number of simulations 
included, and their selection criteria. We use the number of stellar-mass black 
holes N bh and the mass fraction of the IMBH f IMBH = M IMBH / M GC to separate 
the samples. 

Group Symbol Number of GCs Criteria 

no IMBH/BHS • 34 –
BHS 26 N bh > 10 
low-mass IMBH 14 f IMBH ≤

2 per cent 
high-mass IMBH 27 f IMBH > 

2 per cent 
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ur GCs sample. We further discuss the implications of the velocity 
nisotropy in Section 7 . We utilize a similar likelihood function for
he spherical velocity components as in equation ( 5 ), but with the
hree velocities and excluding velocity errors. 

Fig. 1 shows three GCs in our sample and their velocity dispersion
ependence on mass, which traces the degree of energy equipartition 
n clusters. The ‘no IMBH/BHS’ and ‘BHS’ have the same initial 
onditions with the exception of the natal-kick prescription for 
tellar-mass black holes. The ‘IMBH’ cluster has an IMBH with a 
ass fraction of 4 per cent of the cluster mass and is shown here since

t provides a clear example of the trend between velocity dispersion
nd mass opposite to that expected from energy equipartition. We 
nclude stars in subsamples within 10 per cent of the half-light radius
or each cluster, and use the likelihood function in equation ( 5 )
o estimate the degree of equipartition. For both cases, we include 
he best-fitting as a dashed ( η model) and dot–dashed ( μ model) 
ines. The points correspond to the velocity dispersion at different 

ass bins. Both descriptions of the degree of energy equipartition 
escribe the measured dispersion well. Ho we ver, models using the 
parameter capture the variation of sigma at the edges of the mass

ange better than those using η. 
The ‘no IMBH/BHS’ cluster shows a higher degree of energy 

quipartition, characterized by a steeper slope than the ‘BHS’ cluster. 
oth the η and μ parameters have a higher value in the case of the
rst cluster. The cluster with an IMBH is characterized by a trend
pposite to that found in the other systems e volving to wards energy
quipartition. This system is characterized by the velocity dispersion 
ncreasing with stellar mass, corresponding to ne gativ e values for η
nd μ, and it is our moti v ation to introduce the ne gativ e range for η
nd μ summarized in equation ( 4 ). 

 DEGREE  OF  ENERGY  EQUIPARTITION  IN  

HE  SIMULATED  GCS  

or each simulated GC in our sample, we estimate the degree of
nergy equipartition through the best-fitting values of η and μ using 
he discrete likelihood function in equation ( 5 ); for the full radial
xtension of our data and for specific regions of the clusters. We
eparate the GCs sample into four groups depending on the central 
bjects that each cluster contains. The ‘no IMBH/BHS’ corresponds 
o GCs that do not host an IMBH nor a significant fraction of stellar-

ass black holes ( < 10 black holes at 12 Gyr ). The ‘BHS’ group
orresponds to GCs with > 10 stellar-mass black holes at 12 Gyr ( N bh 

 10); all of the clusters in this group follow the fallback prescription
or supernovae natal kicks (see Askar et al. 2017 ). The ‘low-mass
MBH’ corresponds to GCs that host an IMBH with a mass fraction of
 IMBH /M GC ≤ 2 per cent (hereafter f IMBH ). Finally, the ‘high-mass 

MBH’ group includes GCs hosting an IMBH with a mass fraction 
f f IMBH > 2 per cent . Table 1 summarizes how many clusters are
n each category. 

.1 Radial profiles of the degree of energy equipartition 

ig. 2 shows the η and μ radial profiles for all four groups of GCs,
onsidering spherical 3D coordinates. In each group, the solid and 
ashed lines represent the median value of all GCs in the group, while
he shaded area shows the central 80 per cent percentile range of
he combined distribution. In these profiles, we used the masses and 
elocities of each star in the cluster directly from the 12 Gyr snapshot
o characterize the intrinsic degree of energy equipartition (i.e 
ithout adding any kinematic error). For all clusters, radial distances 
ere normalized to their half-mass radius ( r 50% ). We analysed two
amples for each GC, one considering all main-sequence stars with 
asses between 0 . 2 M � and the turn-off mass (solid lines and shaded

rea), and the second considering stars in the range between 0 . 5 M �
nd the turn-off mass (dashed lines). 

GCs without an IMBH nor a BHS show a steady increase in the
egree of energy equipartition towards the centre, with an innermost 
edian value of η = 0.35 and μ = 1 . 42 M 

−1 
� ( m eq = 0 . 7 M �), for

he whole mass range. We take the behaviour of the ‘no IMBH/BHS’
ample as the result of the expected evolution of a GC and use it as
he fiducial case. As the cluster evolves, its centre achieves a higher
egree of energy equipartition, since the inner re gions hav e shorter
ocal values of the relaxation time-scale. We obtain a higher value of

at each given radius for the profiles using only the bright end of
he main-sequence (masses between 0 . 5 M � and the turn-off mass).
he difference between the mass samples results from the model 

epresentation of the degree of equipartition. A broken power law 

etter captures the mass dependency of the velocity dispersion than 
 single power law. The introduction by Bianchini et al. ( 2016 ) of the
quipartition mass ( m eq ) and a different functional form capturing
roken power-law shape provides a more consistent result for both 
ass samples. In the bottom left panel of Fig. 2 , the estimations

f μ, which follows the equipartition mass parametrization, show 

ow both median profiles are consistent for the ‘no IMBH/BHS’
ample. The systematic differences found when using the η model 
or different mass ranges are present in all four groups. 

.2 Differences between the models 

he radial profiles shown in Fig. 2 show some significant differences
etween models in the different groups, we have identified and clearly 
llustrate the dynamical effects of stellar BHs and IMBH in the
 volution to wards energy equipartition. Specifically, the degree of 
nergy equipartition reached by our models in the central regions is
hown to depend on the presence of BHs and IMBH in the cluster’s
ore. 

GCs in the ‘BHS’ sample have a lower central degree of equipar-
ition than for the ‘no IMBH/BHS’ case. The profiles distribution 
edian has a central value of η = 0.2 and μ = 0 . 9 M 

−1 
� ( m eq =

 . 1 M �). In contrast with the ‘no IMBH/BHS’ case, the ‘BHS’ cluster
hows a spread on the central 80 per cent of the profiles distribution,
hich indicates a clear variation in the degree of energy equipartition
etween the clusters in the sample. This spread in the values of η
nd μ is related to the stellar-mass black hole content on each GC,
hich we discuss further in Section 5.2 . 
We find a distinct behaviour for the samples with a central IMBH.
hile a couple of them are consistent with the ‘BHS’ cases, the
ajority show a turn-o v er profile on which the degree of equipartition 

ecreases towards the cluster centre and in particular within the 1
MNRAS 525, 3136–3148 (2023) 
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Figure 2. Spherical radial profiles of the degree of equipartition ( η and μ). Each column represents one of the GC groups introduced in Table 1 , defined by the 
presence and types of black holes. The solid lines and coloured shaded regions represent the median and central 80 per cent percentile of the profile distribution 
for all clusters when using main-sequence stars with masses between 0 . 2 M � and the turn-off mass. The dashed lines represent the case for a mass range between 
0 . 5 M � and the turn-off mass. For the ‘no IMBH/BHS’ case, both η and μ increase towards the centre as the central regions have a higher degree of energy 
equipartition. In the case of the ‘BHS’ sample, the median of the distribution shows a lower degree of energy equipartition. Furthermore, the figure shows a 
higher spread on the 80 per cent percentile than the ‘no IMBH/BHS’ case, representing a significant variation between the clusters. The ‘low-mass IMBH’ case 
shows similar behaviour to the ‘BHS’ case, but as for the ‘high-mass IMBH’ case, it starts to show a shift to lower values of η and μ in the innermost bin, 
rather than increasing or flattening profiles. For all groups, we also show that models following the η parametrization are more susceptible to the mass range 
than models using the μ parametrization. We include the corresponding equipartition mass ( m eq ) values for the range of μ on the right-side of the bottom row. 
Radial distances are normalized to the 3D half-mass radius, r 50% . 
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er cent Lagrangian radius (calculated without including the mass of
he IMBH). The ‘low-mass IMBH’ group includes a combination
f models, some consistent with a turn-o v er profile and others
ith a flat/increasing profile. The spread in the innermost bin for

he 80 per cent profile distribution shows this diversity of energy
quipartition profiles. For clusters in the ‘high-mass IMBH’ group,
he turn-o v er profiles dominate the sample, and most GCs show a
ower central value of η and μ. 

We continue our analysis by focusing our attention on the radial
ariation of η and μ calculated using 2D projected radial distances
nd proper motion velocities. This allows us to explore the extent
o which the effect revealed by our 3D analysis in Fig. 2 may be
etected in observational studies. To reduce stochastic effects, the
rofile of each cluster is calculated as the median of the profiles
btained by sampling multiple line of sights. Fig. 3 shows that the
rojected radial profiles of η and μ follow the same trends found in
he 3D profiles and reveal similar differences among the four groups
n which we have divided our models. As expected, the maximum
alues of the η and μ parameters are smaller than those found in the
D analysis; this is the effect of projection as the line-of-sight column
ncludes stars from different spherical radii for a single projected
adius. This effect is more significant near the cluster centre than its
uter regions since in the outer regions the projected radius samples
ore closely the spherical radius. Even with the projection effects on

he measurements of the degree of energy equipartition, the stronger
entral equipartition of the ‘no IMBH/BHS’ clusters compared to
hat of the other models with a BHS and an IMBH is still visible. 

It is interesting to point out that GCs with an IMBH may be
haracterized by a ne gativ e value of η and μ in the innermost radial
NRAS 525, 3136–3148 (2023) 
in; this is the case in particular for models with an IMBH with a
ass fraction larger than 2 per cent. From the spherical profiles, we

now that the intrinsic degree of energy equipartition can be lower at
he innermost radial bin but stay positive. In this case, the measured
e gativ e values of η and μ result from projection effects. GCs with
 high-mass IMBH have a characteristic velocity dispersion cusp in
heir centre due to the Keplerian potential from the IMBH. Stars in
he cluster centre will have a much larger velocity dispersion than
tars in the outer parts of the cluster, and while partly suppressed
see Gill et al. 2008 ), some mass se gre gation is still present in our
ample of simulated GCs hosting an IMBH. The combination of
hese two effects keeps a high-velocity dispersion for the high-mass
tars while decreasing the velocity dispersion of the low-mass stars as
hey preferentially populate the outer regions of the cluster. The lower
elocity dispersion of outer low-mass stars with projected distance
lose to the cluster centre leads to an apparent trend of velocity
ispersion increasing with mass resulting in the ne gativ e values of η
nd μ shown in panel (c) of Fig. 1 . 

.3 Effects of dark remnants and dynamical age on energy 
quipartition 

n order to further explore the effects of dark remnants on the
 volution to wards energy equipartition and compare the e volution
f the different models considered in our study, in this section we
ocus on three specific regions: the innermost region contained within
he 10 per cent of the half-light radius, a shell around the half-light
adius, and all stars within the half-light radius. The first two regions
race the shape of the radial profiles, while the latter will allow us to
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Figure 3. Projected radial profiles of the degree of energy equipartition ( η and μ). As in Fig. 2 , we show the distribution of projected radial profiles for η and μ. 
The projected profiles sho w lo wer η and μ values than the spherical case (Fig. 2 ), given that we include stars in the observed line-of-sight column with different 
spherical radii. For both groups with an IMBH, the turno v er in the central regions is more significant and arrives at ne gativ e values of η and μ, as in the case 
of panel (c) in Fig. 1 . In the projected case, we also see that models based in η are susceptible to the mass range. Radial distances are normalized to the 2D 

half-light radius, R h . 

s  

o  

l
a
w
s

a  

r  

t
B  

r
t  

n  

p
u  

o  

p
a  

m
r  

v
 

o  

n  

r

2

a
s
l
w
w
h

t  

o
t
a  

u  

e
 

‘
o
1  

o  

l
l  

a
a  

e  

b  

I
a  

a  

t  

3  

a  

d
h  

a  

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/525/2/3136/7243400 by Indiana U
niversity-Bloom

ington Law
 Library user on 16 August 2
ee if we can observe the effect in the radial profiles when the degree
f energy equipartition is measured by including all stars o v er a
arge region. We estimate the degree of energy equipartition for each 
rea using the same discrete approach for the projected profiles but 
ith a single line-of-sight projection, allowing us to compare the 

imulations with Galactic GCs. 2 

We compare the degree of energy equipartition of different clusters 
s a function of their dynamical age, where we use their current
elaxation time as a tracer. To do so, we measure the relaxation
ime in the core and half-light radius following the expressions in 
ianchini et al. ( 2016 ), which are based on Djorgovski ( 1993 , core

elaxation time) and Binney & Tremaine ( 2008 , half-light relaxation 
ime). We measure the core radius as the point where the projected
umber density is half its central value, for which we first fit a
ower-law function to the surface number density of each cluster 
sing all the stars in the snapshot (see Aros et al. 2020 ). For some
f the clusters in our sample, particularly those with an IMBH, the
rojected number density has a cusp that limits us from defining 
 precise core radius as it depends on how close to the centre we
easure the central number density. We have defined the innermost 

adius so that the central projected number density is given by its
alue at R = 0.01 R h for all clusters. 

Fig. 4 shows the degree of equipartition as a function of the number
f relaxation times ( n rel ) in the core and half-light radius. We define
 rel as the current snapshot time of 12 Gyr divided by the respective
elaxation time measured at 12 Gyr . While all simulated clusters have 
 The single line of sight allows to include the effect of kinematic errors 
nd possible stochastic ef fects. Ho we v er, we observ e that the latter is not 
ignificant. The lowest number of stars in the inner 10 per cent of the half- 
ight radius is 427 stars, but the measured degree of equipartition is consistent 
ith the multiple line-of-sight radial profile. The range of numbers of stars 
ithin 0.1 R h ranges from 427 to 10917. The majority of clusters in our sample 
ave between 1000 and 4000 stars within 0.1 R h . 
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he same stellar age, the y hav e different dynamical ages depending
n their initial conditions and subsequent evolution. We expect that 
he degree of energy equipartition increases with dynamical age until 
 maximum value and then stays constant or decreases as the cluster
ndergoes core collapse (see Trenti & van der Marel 2013 ; Bianchini
t al. 2018 ; Pavl ́ık & Vesperini 2022 ). 

In column (a) of Fig. 4 , we see that such is the behaviour of the
no IMBH/BHS’ sample, which increases in η and μ as a function 
f n rel (core) with a maximum value of η and μ around n rel (core) ∼
00. A couple of clusters with n rel (core) > 100 show a lower value
f η and μ. GCs hosting a BHS populate the region consistent with
ower dynamical ages and degree of equipartition, extending to the 
eft-hand side of the ‘no IMBH/BHS’ sample. GCs hosting a BHS
re dynamically younger, given that stellar-mass black holes act as 
n energy source for the cluster (see e.g. Wang et al. 2016 ; Kremer
t al. 2018 , 2019 ; Bhat et al. 2023 ). Ho we v er, the re gion populated
y the ‘BHS’ sample is not e xclusiv e, and we see a couple of ‘no
MBH/BHS’ GCs that are also dynamically young. These clusters are 
t the massive end of the initial conditions range with 1.2 × 10 6 stars
nd about M t= 0 ∼ 7 × 10 5 M �. Their initial density profiles follow
hose of King ( 1966 ) models with central dimensional potential W 0 =
 and W 0 = 6, and initial half-mass relaxation times of ∼ 3 Gyr . We
lso find that the increasing value of η and μ for the ‘BHS’ with
ynamical age depends on the number of hosted stellar-mass black 
oles (see discussion in Section 5.2 ). GCs hosting an IMBH mo v e
way from the expected dynamical evolution to a lower degree of
quipartition at large n rel (core), with the ‘high-mass IMBH’ having 
he most extreme behaviour and the ‘low-mass IMBH’ sample sitting 
n between the expected dynamical evolution trend and the high-mass 
MBHs. 

Column (b) of Fig. 4 shows the degree of equipartition at the half-
ight radius as a function of the number of half-light relaxation times
 n rel (half)]. All clusters follow an increasing degree of equipartition
ith dynamical age. There is no significant distinction for the 
MNRAS 525, 3136–3148 (2023) 
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Figure 4. Degree of energy equipartition versus the dynamical age. For each cluster, we show the degree of energy equipartition ( η and μ) for three regions: the 
central 10 per cent of the half-light radius, around the half-light radius, and all stars within the half-light radius. Once again, we use main-sequence stars within 
0 . 2 M � and the turn-off mass. In the first case, we use the current number of relaxation times at 12 Gyr based on the core relaxation time, while for the other 
two, we use the half-light relaxation time. In the inner regions, we see two distinctive groups: one including the ‘no IMBH/BHS’ and the ‘BHS’ clusters, and 
the other with systems in the ‘high-mass IMBH’. The ‘low-mass IMBH’ sits in between these groups. In the case of the ‘no IMBH/BHS’ and ‘BHS’ clusters, 
the degree of energy equipartition increases with dynamical age. In contrast, the ‘high-mass IMBH’ group has systematically lower values of η and μ for the 
same dynamical age, driven by the turnover profile shown in Fig. 3 . Sampled stars around the half-light radius do not show any clustering and, though there is 
some scattering, most clusters follow an increasing degree of energy equipartition with dynamical age. Combining all sampled stars within the half-light radius 
shows the general increasing trend with dynamical age. The ‘high-mass IMBH’ group shows the same beha viour b ut with an offset at lower values of degree of 
equipartition. The dashed line in the bottom row represents the equipartition mass and dynamical age relation from Bianchini et al. ( 2016 ). 
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ifferent cases except for clusters hosting and IMBH with n rel (half)
 25, where the ‘low-mass IMBH’ and ‘high-mass IMBH’ samples

plit. Column (c) shows that several clusters in the ‘high-mass IMBH’
ample keep part of their central degree of equipartition signature,
nd are located parallel to the ‘no IMBH/BHS’ and ‘BHS’ clusters
t a lower value of degree of equipartition. 

For all cases in Fig. 4 , we include in the panels showing the values
f μ a comparison with the equipartition mass as a function of the
ynamical age relation found by Bianchini et al. ( 2016 ; see that paper
or further detail about this relation). 

 DYNAMICAL  EFFECTS  OF  MASSIVE  

BJECTS  

n Section 4, we showed that the presence of stellar or intermediate-
ass black holes in GCs impacts their evolution towards energy

quipartition. Here, we further explore these effects and show how
he number of stellar-mass black holes and the properties of the
MBH impact the measured values of η and μ. 

.1 Predicting the velocity dispersion of stellar-mass black holes

e discussed in Section 4.1 , particularly for Fig. 2 , that models
ased on the η parameter are sensitive to the mass range used in
he estimation. A single power law fails to describe the shape of the

ass-dependent velocity dispersion, which moti v ated Bianchini et al.
 2016 ) to introduce the m eq parametrization [equation ( 2 )], which
dds a mass dependence in the log-slope of the mass-dependent
elocity dispersion. 

In Fig. 5, we compare the predicted velocity dispersion of the
lack hole population given by both parametrizations of the degree
NRAS 525, 3136–3148 (2023) 
f energy equipartition, when only using single main-sequence stars
o estimate the values of η and μ (with masses between 0 . 2 M � and
 MSTO ). We focused on stars and black holes within the 5 per cent
agrangian radius using the 3D coordinates without kinematic errors

as in Fig. 2 ). The top panel shows an example of a GC with ∼460
tellar-mass black holes (from which ∼420 are within the analysed
adius). While both parametrizations are a good fit for the tracer
tars, we observe a significant difference in velocity dispersion
utside that mass range. For masses in the range of the stellar-
ass black holes, the difference is about ∼ 3 km s −1 in velocity 

ispersion. 
To quantify this difference, we compare the predicted velocity

ispersion for both model parametrizations with the measured
elocity dispersion of the black hole population for all clusters in
he ‘BHS’ sample. For each cluster, we take only the mass range
f 8 − 12 M � of stellar-mass black holes as this is the mass range
or the first BHs in the GC; more massive black holes are the
roduct of collisions, mergers and binary interactions (see Askar
t al. 2017 ). We use the velocity dispersions at m = 10 M � from
he best-fitting model of η and μ using the tracer stars. The bottom
anel of Fig. 5 shows the predicted velocity dispersion from the
odels versus the measured velocity dispersion from the stellar-
ass black holes. While neither model can accurately predict the

elocity dispersion of the stellar-mass black holes, the offset on
he η model is larger than for the μ parametrization, with a mean
ffset of ∼ 100 per cent for the η models and ∼ 14 per cent for
he μ models. We also observe a correlation with the number of
lack holes in the samples. For clusters with N bh ∼ 20 the μ
odel o v erestimates the v elocity dispersion, while for clusters with
 bh > 200, the μ model underestimates the measured velocity 
ispersion. 
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Figure 5. Top panel : Example case for the mass-dependant velocity dis- 
persion for a GC with 460 stellar-mass black holes within the central 5 
per cent Lagrangian radius (3D). The panel shows the best-fitting models 
for the degree of energy equipartition ( η and μ, dashed and solid lines, 
respecti vely) gi ven by main-sequence stars within 0 . 2 M � and the MSTO 

mass (white circles). For comparison, we include the velocity dispersion 
of the population of stellar-mass black holes in the clusters. The model 
parametrization using μ provides a better prediction for the black holes 
velocity dispersion than the η parametrization. Bottom panel : Comparison 
of the measured velocity dispersion of the black hole population (between 
8 and 12 M �) and the predicted velocity dispersion from the η (hexagons) 
and μ (circles) parametrizations, for the 3D case. The dashed line shows 
the 1–1 relation, while the black square represents the example in the top 
panel. For all clusters hosting stellar-mass black holes, the μ parametrization 
provides a better prediction for the black hole’s velocity dispersion than the 
η parametrization, which systematically o v erestimates it. 
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Figure 6. 3D (top) and projected (bottom) radial profiles for the degree of 
energy equipartition traced by the μ parametrization for three subsamples 
with a different number of stellar-mass black holes. The profiles in both 
panels were normalized to the value of μ at the half-mass and half-light 
radius, respecti vely. The 3D profiles sho w a dif ferent behaviour of the μ
profile for each subsample, particularly for those clusters with a high number 
of stellar-mass black holes, with a flatter profile within the half-light radius. 
These differences are less apparent in the projected case, and the dependence 
on the number of stellar-mass black holes is milder than the 3D case. 

Figure 7. Comparison of the degree of energy equipartition within 10 
per cent of the half-light radius with the mass fraction in black holes (stellar- 
or intermediate-mass). The degree of energy equipartition decreases with 
increasing mass fraction for both parametrizations, with the ‘high-mass 
IMBH’ having the largest impact. The ‘BHS’ and ‘low-mass IMBH’ samples 
o v erlap in both mass fraction and degree of energy equipartition. 
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.2 Dependence of the degree of energy equipartition on the 
umber of stellar-mass black holes 

n the discussion of Fig. 2 , we indicate that the width of the profile
istribution is a consequence of the number of stellar mass-black 
oles in the clusters. We took three subsamples of the radial profiles
or the degree of equipartition given the number of black holes in
hem: N bh ≤ 50, 50 < N bh ≤ 200, and N bh > 200. Fig. 6 shows
he three subsamples for the 3D and projected case, normalized by 
heir value at the 3D half-mass radius, r 50% , and half-light radius,
 h , respectiv ely. F or both projections, the relative value of μ in the
entre decreases with the number of stellar-mass black holes, which 
s also observed in Fig. 7 when comparing the values of μ and η at
he cluster projected centre with the cluster mass fraction in black 
oles. Within the half-mass radius, the profiles for the subsample 
ith more than 200 stellar-mass black holes are mostly flat. All GCs
MNRAS 525, 3136–3148 (2023) 
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Figure 8. Projected degree of energy equipartition μ within 0 . 1 R h as a 
function of the number of core relaxation times since IMBH formation. The 
two samples of IMBHs are represented by downwards-pointing triangles 
(‘low-mass IMBH’) and upper-pointing triangles (‘high-mass IMBH’). The 
markers are colour coded by the IMBH mass fraction. The impact of the 
IMBH on the degree of energy equipartition depends on how long the IMBH 

co-evolve with its surrounding stars, which is also tightly connected with the 
mass growth of the IMBH. The formation time is defined as when the IMBH 

seed black hole passes 100 M �, and the older IMBHs had a long time to 
accrete mass and have larger mass fractions. 

Figure 9. Time evolution of the projected degree of energy equipartition 
( η and μ) in the central 10 per cent of the half-light radius for six GCs in 
our sample, characterizing the different subsamples. For each cluster, we 
labelled the type of central objects in the top panel. We have included an 
additional simulation without primordial binaries that achieve core collapse 
within the measured time (‘no IMBH/BHS + CC’). We added a vertical grey 
region to highlight the 12 Gyr snapshot used for all figures. All clusters start 
without any degree of energy equipartition at time zero. The early-formed 
high-mass IMBH dominates the central cluster dynamics, and we measure 
a ne gativ e value of η and μ at all times. The ‘BHS’ cluster stays at the 
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n this subsample have retained between 400 and 500 black holes,
ccounting for about 1 per cent of the cluster mass. 

.3 Effects of IMBH’s properties in the degree of energy 
quipartition 

or clusters hosting an IMBH we focus on two properties of the black
oles: the mass fraction and the time of formation of the IMBH ( f IMBH 

nd t IMBH , respectively). The first traces how dominant the IMBH is
n the central potential, while the second shows the co-evolution
mpact of the IMBH in the GC. Note that the formation and growth
f an IMBH follow after the simulated clusters achieve a central
ass density larger than 10 6 M � pc −3 and is triggered either at an

arly phase of the GC evolution for initially dense culsters, or later
uring the core-collapse phase as long the GC have managed to keep
 single stellar-mass black hole seed (see Giersz et al. 2015 ). In our
ample, the simulation with the latest IMBH formation is one in
hich the IMBH forms at t IMBH = 11 . 15 Gyr , about 850 Myr before

he observed snapshot. At 12 Gyr the cluster’s core relaxation time is
 r,core = 2 . 3 Myr [and n rel (core) = 289.4] and the IMBH has a mass of
 IMBH = 1607 . 7 M � and mass fraction of f IMBH = 0 . 88 per cent .

his cluster has recently undergone core-collapse, which triggered
he IMBH formation. 

Fig. 7 shows the projected η and μ values, for stars within 10
er cent of the half-light radius and masses between 0 . 2 M � and
 MSTO , as a function of the mass fraction of the total mass in black
oles (either stellar or intermediate-mass black holes). For values
f the mass fraction larger than 0.1 per cent, the degree of energy
quipartition decreases for increasing mass fractions. We notice
hat the ‘low-mass IMBH’ sample o v erlaps with the ‘BHS’ sample;
o we ver, the ‘lo w-mass IMBH’ sample have a significantly smaller
ore and are dynamically older than clusters in the ‘BHS’ sample, as
hown in Fig. 4 . The smaller core and lower core relaxation time can
elp to distinguish between clusters with stellar-mass black holes
nd low-mass IMBHs. 

To explore how the co-evolution time of the IMBH and its host GC
ffects the degree of energy equipartition in the cluster, we calculate
he number of core relaxation times passed from the time of formation
f the IMBH (i.e. the time when the seed black hole has a mass of
00 M �) until the observed snapshot at 12 Gyr . Fig. 8 shows the
D degree of energy equipartition μ within 0 . 1 R h , as a function
f the number of core relaxation times since the IMBH formation.
fter the formation of the IMBH, it takes time for the new IMBH

o grow, dominate its surroundings, and change the degree of energy
quipartition. We see in Fig. 8 that the observed degree of energy
quipartition decreases for older IMBHs. This is the case for the low-
ass IMBHs, while the high-mass IMBHs have a similar behaviour

ut with a larger scatter. As in Fig. 7 , the IMBHs with larger mass
ractions have the most substantial impact on μ and also are the ones
hat have co-evolved the longest with their host GC. 

We selected six simulations to e x emplify the time evolution of
he degree of equipartition given the central objects in the GC,
articularly to show how long it takes, after the late formation of
n IMBH, to change the degree of energy equipartition. Fig. 9 shows
he values of η and μ in the cluster centre for the projected case at
ifferent times. 3 We highlighted the current snapshot at 12 Gyr as a
re y v ertical band. 
NRAS 525, 3136–3148 (2023) 

 For all clusters and at each epoch we follow the same approach as for the 
2 Gyr case: we take single stars within 0 . 2 M � and 0 . 9 M � within 10 per cent 
f the current projected half-light radius. The fixed mass range helps to 

same degree of equipartition after the appearance of the stellar-mass black 
holes. Both clusters without BHS nor an IMBH show a growing degree of 
energy equipartition with time. The two late IMBHs initially follow the ‘no 
IMBH/BHS’ clusters until the formation of the central IMBH, where the 
degree of energy equipartition starts to decrease. 
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Figure 10. Comparison of the degree of energy equipartition as a function of 
the dynamical age in simulations with Galactic GCs. We show the measured 
η values for eight Galactic GCs from Watkins et al. ( 2022 ), taken from their 
degree of energy equipartition radial profiles. We compare them with the η
values from the simulated GC sample considering the (0 . 2 M �, m MSTO ) mass 
range (as in the top-left panel of Fig. 4 ) and the (0 . 5 M �, m MSTO ) mass range. 
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We included an additional simulation without primordial binaries, 
hich reaches core-collapse earlier than any of our ‘no IMBH/BHS’ 

lusters (labelled as ‘no IMBH/BHS + CC’). The two cases with 
either an IMBH nor a BHS have a growing degree of energy
quipartition with time. The ‘no IMBH/BHS + CC’ case has a 
lightly more rapid e volution to wards energy equipartition probably 
ue to the more rapid evolution towards a denser central structure. 
he ‘BHS’ cluster is characterized by an early mild increase in the
egree of energy equipartition which then remains constant o v er time
s all stellar-mass black holes retained in the cluster form within the
rst 100 Myr and halt the cluster’s subsequent evolution towards 
nergy equipartition. The early ‘high-mass IMBH’ has a mass 
raction of 4 per cent at 12 Gyr and was formed at t IMBH = 11 . 4 Myr .
his IMBH dominated the central dynamics of the cluster at all times,
nd we measured a ne gativ e value of η and μ at each epoch. Finally,
e have two cases of late formation: one within the ‘low-mass IMBH’

 t IMBH = 11 . 1 Gyr ) sample and the other in the ‘high-mass IMBH’
 t IMBH = 7 . 5 Gyr ) sample. Both clusters follow the same growth in
he central degree of energy equipartition as the ‘no IMBH/BHS’ 
C until the formation of the IMBH. Once the IMBH starts growing

n mass and begins to dominate the central dynamics, the values of
and μ decrease in the centre. As these IMBHs form during the 

luster’s core collapse, they might appear as a core-collapsed cluster 
 ut ha v e a lower de gree of energy equipartition than a cluster that
oes not host an IMBH and has undergone core-collapse. 

 COMPARISON  WITH  GALACTIC  GLOBULAR  

LUSTERS  

lthough the models analysed in this work are not aimed at 
pecifically fitting any particular Galactic globular cluster (see e.g. 
iersz & Heggie 2003 , 2011 , for specific models for NGC 104

nd NGC 5139), it is interesting to compare the central values of
for a sample of eight Galactic globular clusters from the radial 

rofiles in fig. 14 of Watkins et al. ( 2022 ) with our results. For these
lusters, we use the number of core relaxation times presented in 
able 1 in Watkins et al. ( 2022 ). Fig. 10 shows the comparison of the
alactic GCs with the η values for our full mass range (top panel)

nd with stars with masses between 0 . 5 M � and the MSTO mass
bottom panel). We include the second sample as the mass range 
or the Galactic GCs varies between clusters. The GCs NGC 104, 
GC 5904, and NGC 6341 are consistent with the ‘no IMBH/BHS’

amples, particularly for the bottom panel (NGC 5904 and NGC 6341
ave mass ranges between ∼ 0 . 4 M � and ∼ 0 . 9 M �). NGC 6397, on
he other hand, is dynamically older than any of the simulated GCs
n our samples, and it is a post core-collapse GC. A more extended
ample of simulated GCs might be necessary to find comparable 
ases. 

NGC 6656 is consistent with dynamically older models in the 
BHS’ sample with N bh ∼ 20 −30 stellar-mass black holes at 12 Gyr .
hese simulated clusters are also the ones with the highest degree of
nergy equipartition in the BHS sample (see Fig. 6 and discussion
herein). Strader et al. ( 2012 ) found two stellar-mass black holes
n NGC 6656, and different studies have suggested that the total 
umber of stellar-mass black holes in the clusters is between 16 and
7 (see e.g. Sippel & Hurley 2013 ; Heggie & Giersz 2014 ; Askar
t al. 2018 ; Weatherford et al. 2020 ). On the other hand, NGC 5139
s consistent with the dynamically younger side of the ‘BHS’ sample 
ompare the different epochs as the m MSTO changes o v ertime due to the 
tellar ages. 

2  

e  

I  

w  
small n rel (core)]. While the origin of the central dark mass of NGC
139 is still an open problem, recent works suggest the presence of
ultiple stellar-mass black holes in its core (Baumgardt et al. 2019 ;
occhi, Gieles & H ́enault-Brunet 2019 ). The region populated by

he ‘BHS’ sample is not e xclusiv e and a couple of models in the ‘no
MBH/BHS’ sample also populate the same region. These models 
re clusters dynamically younger due to their initial high-mass and 
hallow density profiles. From this comparison, we cannot exclude 
he possibility of NGC 5139 simply being a massive and dynamically
oung cluster (see also Giersz & Heggie 2003 ). We included in Fig.
0, the value of η for the innermost bin of NGC 5139 from fig.
4 of Watkins et al. ( 2022 ). Outside the innermost bin, the degree
f energy equipartition is consistent with a constant value of η ∼
.1. If we take this value instead for the central bin, our previous
tatements do not change, and NGC 5139 is still consistent with
oth the ‘BHS’ sample and the dynamically young ‘no IMBH/BHS’ 
lusters. 

NGC 6266 and NGC 6752 are in the region between the ‘no
MBH/BHS’ and ‘high-mass IMBH’, and are consistent with some 
f the ‘low-mass IMBH’. Previous studies have estimated the mass 
f a possible IMBH in NGC 6266, finding upper limits of M IMBH <

 × 10 3 M � (McNamara et al. 2012 ), a value of M IMBH = 2 ± 1 ×
0 3 M � (L ̈utzgendorf et al. 2013 ) or no IMBH at all (Baumgardt
017 ). From our comparison with the simulations, we cannot exclude
ither possibility; while it appears to be consistent with the ‘low-mass
MBH’ sample, the large error bars in η also makes it compatible
ith the ‘no IMBH/BHS’ sample. NGC 6752 is in a similar situation,
MNRAS 525, 3136–3148 (2023) 
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hile previous studies have suggested the presence of a binary system
osting a M IMBH ∼ 200 M � IMBH (Colpi, Mapelli & Possenti 2003 ;
erraro et al. 2003 ), recent dynamical analysis shows that no IMBH

s necessary (Baumgardt 2017 ). NGC 6752 is a post core-collapse
Djorgovski 1993 ) and none of our ‘no IMBH/BHS’ clusters has
ndergone the deep core-collapse typical of systems with no (or very
mall fraction) of primordial binaries. Further dynamical analysis of
his cluster is necessary (Scalco et al. in preparation). 

 SUMMARY  

e analysed 101 simulated GCs from the MOCCA-SURVEY
atabase I (Belloni et al. 2016 ; Askar et al. 2017 ) to explore the

ffect of stellar-mass and IMBH in the degree of energy equipartition.
he simulated GCs have different initial conditions and can have a
entral IMBH, a stellar-mass BHS or neither at 12 Gyr . We applied
wo commonly used parametrization models to measure the degree
f energy equipartition (Trenti & van der Marel 2013 ; Bianchini
t al. 2016 ) of each cluster’s stellar sample to analyse its radial
ehaviour and the dynamical signatures of the presence of an IMBH 

r BHS. 
We show (see Figs 2 and 3 ) that the shape of the radial variation

f the degree of energy equipartition depends on the kind of central
bjects in the cluster. Clusters that do not have multiple stellar-mass
lack holes nor a central IMBH (‘no IMBH/BHS’) have an increasing
egree of energy equipartition towards the cluster centre. A higher
egree of energy equipartition at the centre is expected since the
ocal relaxation time decreases at smaller clustercentric distances.
he measured profiles are also consistent with previous studies (see
renti & van der Marel 2013 ). 
Clusters with stellar-mass black holes (labelled as ‘BHS’ and with
 bh > 10) have a systematically lower degree of energy equipartition

n the cluster centre than those in the ‘no IMBH/BHS’ sample. We
nd that the number of stellar-mass black holes (and their total mass
raction relative to the cluster mass) also affects the degree of energy
quipartition, where the degree of energy equipartition is lower for
ncreasing number of black holes in the cluster (see Fig. 6 ). While
Cs in the ‘BHS’ sample are, in general, dynamically younger than

hose in the ‘no IMBH/BHS’, we find examples of clusters in the ‘no
MBH/BHS’ sample that have a lo wer v alue in the degree of energy
quipartition and are dynamically younger than the rest of the sample.
he dynamically young ‘no IMBH/BHS’ clusters o v erlap with those

n the ‘BHS’ group and show that these dynamical signatures are
ot e xclusiv e of the presence of many stellar-mass black holes (see 
ig. 4 ). 
We find that the presence of the IMBH can reduce the degree of

nergy equipartition in the cluster centre and produce a turn-o v er
rofile in which the central values are lower than at the half-mass
r half-light radius (see Figs 2 and 3 ). This ‘turn-o v er’ feature is
ore significant with increasing mass-fraction of the central IMBH,

articularly for the projected profiles where the degree of energy
quipartition can have negati ve v alues at the cluster centre (see Fig.
 ). The lower values for the degree of energy equipartition and the
maller cores separate clusters with an IMBH from the expected
volutionary path of the cluster’s central regions (see Fig. 4 ). We
lso find that the signature in the degree of energy equipartition is
ore apparent the longer the IMBH co-evolves with its host GC (see
ig. 8 ). 
This work shows that IMBHs and stellar-mass black holes reduce

he central degree of energy equipartition in GCs. Previous works
ave shown that IMBH and stellar black holes act as an energy source
n the cluster but disentangling the combined effects of black holes
NRAS 525, 3136–3148 (2023) 
n the cluster structure, mass se gre gation, and energy e xchanges
etween black holes and main-sequence stars resulting in the reduced
egree of energy equipartition is a more complex task; this requires
urther investigation following in detail the dynamics of encounters
nd energy exchanges in the presence of black holes in the clusters
entral regions. 

As a side product of our analysis, we show that the parametrization
ased on the equipartition mass (Bianchini et al. 2016 ) is more robust
han using a single power law when using different mass ranges (see
igs 2 and 3 ). Furthermore, the models based on the equipartition
ass can better predict the expected velocity dispersion of the stellar-
ass black hole population (see Fig. 5 ). 
We compared our results with a sample of Galactic GCs from
atkins et al. ( 2022 ) and found that our results from the simulations

re consistent with the Galactic GCs. Two clusters, NGC 6266 and
GC 6752 appear to be consistent with the anomalous behaviour of

imulated GCs with an IMBH. On the other hand, NGC 5139 and
GC 6656 are consistent with the sample of clusters hosting multiple

tellar-mass black holes. Ho we ver, we find that the properties of NGC
139 are also consistent with models of massive and dynamically
oung clusters that do not hav e man y stellar-mass black holes
 N bh ∼ 2–3 at 12 Gyr ). We cannot exclude the possibility of NGC
139 being dynamically young without many stellar-mass black 
oles. 
During our analysis, we considered only single-main-sequence

tars and assumed that the mass of each star is known. In the case
f an observational sample, an isochrone fitting is necessary for
stimating the mass of each star (Watkins et al. 2022 ). The isochrone
tting method works well for single stars, but binary stars might have

heir masses underestimated. By assigning the wrong mass, the low-
elocity tail of the velocity distribution at a given mass is populated
nd a bias to the corresponding velocity dispersion is introduced. We
xplored this issue by measuring the degree of energy equipartition
t the cluster centre with binaries and using their real and estimated
asses. While our colour selection eliminates most binaries, the ones

hat remain in the sample can still add a bias to the measurement of
he degree of energy equipartition. We find that the samples with
he wrong mass assignment are biased towards a higher degree
f energy equipartition with increasing binary fraction. Ho we ver,
he differences in the degree of energy equipartition between the
wo samples are around 10–20 per cent in the worst cases, while
heir estimation errors are still consistent with no difference at all.
electing stars close to isochrone reduces the binary contamination
ignificantly; the primary source of the remaining contamination can
ome from a binary system with a main-sequence star and a white
warf. 
For our calculation of the degree of energy equipartition we have

sed the total velocity dispersion and have not studied the possible
ifference between the degree of energy equipartition in the different
elocity components (see Pavl ́ık & Vesperini 2021 , for a study
xploring the development of these differences particularly at large
lustercentric distances). While the analysis of equipartition in the
ifferent velocity components is beyond the scope of this paper, we
ill further explore this issue in a future investigation. 
The analysis presented in this paper provides the theoretical

ramework necessary to link the degree of energy equipartition to the
volutionary history and current dynamical state of GCs. Our results
an guide the interpretation of current and upcoming observational
tudies and provide the foundation for future investigations in which
e will further explore the evolution towards energy equipartition in

ystems with broader initial conditions, including anisotropy and the
resence of multiple stellar populations. 
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PPENDIX  A:  KINEMATIC  ERRORS  

e add kinematic errors to the simulation data following the error
istribution from HST data for the cluster NGC 6752; we chose
his cluster as its magnitude range co v ers a similar region to the
ne given for the stellar mass limits we analyse in this work (0.2
o ∼ 0 . 9 M � which is equi v alent to the range within the MTSO
nd 7 mag below the MSTO). The kinematic and photometric data
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Figure A1. Colour–magnitude diagram and proper motion errors for NGC 6752. The left-hand panel shows the colour–magnitude diagram for all the stars in 
NGC 6752 from the HACKS catalogue. The dark-red lines show the colour range given by 0.02 mag from the median colour, and the light-red points show our 
selection of stars to characterize the median velocity errors. The right-hand panel shows the radial (light-blue squares) and tangential (light-red circles) proper 
motion errors in both mas yr −1 and km s −1 (right y -axis at the distance of NGC 6752). We use the median errors (blue-solid and red-dashed lines) to assign 
kinematic errors to the simulations. 
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ic.oup.com
/m

nras/article/525/2/3136/7243400 by Indiana U
niversity-Bloom

ington Law
 Librar
or NGC 6752 comes from the HACKS data base (Libralato et al.
022 , av ailable at https://archi ve.stsci.edu/hlsp/hacks ). We made a
election in proper motions and colours to sample possible member
tars within the main-sequence of the cluster. To do so, we select all
tars with velocities within ∼4 σ and those within a colour range of
 . 02 mag from the median colour (F606W–F814W). The left-hand
ide panel of Fig. A1 shows all the stars in the HACKS catalogue of
GC 6752 in grey and the selected stars in light-red. 
We transformed the RA and Dec. proper motions and their

bservational errors to radial and tangential proper motions ( v pmR 

nd v pmT ) to find their median error value at a given magnitude bin.
he side right-hand panel of Fig. A1 shows the proper motion errors
s a function of the F606W magnitudes and the median values (blue-
olid and red-dashed lines). With the median error profiles, we assign
 mock kinematic error and an observational random noise to each
tar in the simulation sample. 
NRAS 525, 3136–3148 (2023) 
The final ‘observed’ proper motions for the stars in the simulated
Cs are: 

 pmR , obs = v pmR , sim + N (0 , δpmR ( mag − mag MSTO )) , (A1) 

 pmT , obs = v pmT , sim + N (0 , δpmT ( mag − mag MSTO )) , (A2) 

here N (0, δpmR ) and N (0, δpmT ) are the added observational random
oise, sampled from a normal distribution with zero mean and
ispersion equal to the kinematic error of the star. This noise is
mportant as the likelihood function [equation ( 5 )] assumes that the
ntrinsic velocity dispersion and the observational errors contribute
o the total dispersion in the observed velocities. 
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