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1 Introduction

An infinite class of 2d (0, 2) supersymmetric gauge theories can be realized on the world-
volume of D1-brane probing toric Calabi-Yau 4-folds. The field content and interactions
of these gauge theories is beautifully described by a tessellation of a 3-torus, known as
the brane brick model [1, 2]. 3-dimensional brane bricks, 2-dimensional brick faces and
1-dimensional brick edges in the brane brick model represent U(N) gauge groups, bifun-
damental or adjoint chiral fields and Fermi fields, and J- and E-terms, respectively. Brane
brick models simplify the correspondence between the 2d supersymmetric gauge theory and
the corresponding toric Calabi-Yau geometry. Since the introduction of brane brick models
in [1, 2], they have been studied for example in the context of Calabi-Yau mirror symme-
try [3, 4], their relationship to 4d N = 1 supersymmetric gauge theories [5–7] represented by
brane tilings [8, 9], and in relationship to various classes of toric Calabi-Yau 4-folds [10, 11].

In this work, we investigate how relevant deformations such as mass deformations
on the 2d (0, 2) supersymmetric gauge theory affect the corresponding brane brick model
and toric Calabi-Yau 4-fold. The study of such mass deformations was initiated many
years ago in the context of 4d supersymmetric gauge theories by the seminal work by
Klebanov and Witten in [12], where a certain mass deformation of a 4d supersymmetric
gauge theory corresponding to an orbifold of the form C2/Z2 × C led to the construction
of the conifold theory [13, 14]. With the systematic construction and classification of 4d

N = 1 supersymmetric gauge theories corresponding to toric Calabi-Yau 3-folds through
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the introduction of brane tilings [8, 9, 15], the 4d analogues to brane brick models, it
became a natural problem to investigate mass deformations of brane tilings representing
large classes of 4d N = 1 supersymmetric gauge theories [16].

We initiate a systematic investigation of mass deformations on 2d (0, 2) gauge theories
with a D-brane realization, focusing on the class of deformations for which both the initial
and final theories are associated to toric Calabi-Yau 4-folds. The first example of such
a deformation was presented in [5]. We do this by specifying how adding certain mass
terms to the J- and E-terms ensures that after mass deformation the resulting 2d (0, 2)
supersymmetric gauge theory can be again represented by a brane brick model with an
associated toric Calabi-Yau 4-fold. We further investigate how mass deformations affect
the combinatorial structure of brane brick models given by brick matchings [2]. Such brick
matchings correspond to GLSM fields [17] that are used to describe the toric Calabi-Yau
4-fold associated to the brane brick model. Moreover, exploiting how mass deformations
affect brick matchings, we are able to determine how certain global symmetries of brane
brick models are broken and how the toric Calabi-Yau 4-fold is affected. This geometric
deformation is measured by the change of minimum volume of the corresponding Sasaki-
Einstein 7-manifold [18–20], which forms the base manifold of the toric Calabi-Yau 4-fold.
Our work presents several examples for mass deformations of brane brick models and paves
the way towards a full classification of possible deformations of brane brick models.

Our work is organized as follows. In section 2, we give a brief review on brane brick
models and how brick matchings corresponding to GLSM fields are used to describe the
corresponding toric Calabi-Yau 4-folds. We further describe the different moduli spaces
that are associated to brane brick models and how the connect to the different global
symmetries of the corresponding 2d (0, 2) supersymmetric gauge theories. In section 3, we
introduce mass deformations for brane brick models and their effect on brick matchings,
the geometry of the toric Calabi-Yau 4-folds and the global symmetries of the brane brick
model. By calculating the minimum volumes the Sasaki-Einstein base manifolds of the toric
Calabi-Yau 4-folds using the Hilbert series, we also determine how the minimum volume
changes under mass deformation of brane brick models. We give several explicit examples
of mass deformation for brane brick models in section 4. We present our conclusions and
future directions in section 5.

2 Background

Since the introduction of brane brick models, multiple methods of connecting a given toric
Calabi-Yau 4-fold with a corresponding 2d (0, 2) gauge theory have been introduced [1–
6, 21, 22]. In all these methods, it can be seen that brane brick models tremendously
simplify the correspondence between the Calabi-Yau geometry and the 2d (0, 2) gauge
theory. One of the key ingredients in this correspondence is a combinatorial object known
as a brick matching [2].
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2.1 Brick matchings and geometry

In the following section, we will give a brief summary of how brick matchings appear in
brane brick models, and what role they play in the Calabi-Yau 4-fold geometry as well as
in the corresponding 2d (0, 2) gauge theory.

Brick matchings. Brick matchings are combinatorial objects defined through the J-
and E-terms of the brane brick model, which take the following binomial form

Λij : Jji = J+
ji − J−

ji

Λ̄ij : Eij = E+
ij − E−

ij , (2.1)

which is often referred to as the toric condition. In order to define the brick matchings,
we complete the J- and E-terms by multiplying them by the corresponding Fermi fields
Λij or Λ̄ij . This results in two pairs of monomial terms known as plaquettes for every
(Λij , Λ̄ij)-pair,

Λij · J+
ji , Λij · J−

ji , Λ̄ij · E+
ij , Λ̄ij · E−

ij , (2.2)
where J±

ji and E±
ij indicate monomial products of chiral fields. Given plaquettes, brick

matchings can be defined as a special collection of chiral, Fermi and conjugate Fermi fields
that cover every plaquette exactly once by satisfying the following conditions:

• The chiral fields in the brick matching cover the plaquettes (Λij ·J+
ji , Λij ·J−

ji ) or the
plaquettes (Λ̄ij · E+

ij , Λ̄ij · E−
ij ) exactly once each.

• If the chiral fields in the brick matching cover the plaquettes (Λij ·J+
ji , Λij ·J−

ji ), then
Λ̄ij is included in the brick matching.

• If the chiral fields in the brick matching cover the plaquettes (Λ̄ij · E+
ij , Λ̄ij · E−

ij ),
then Λij is included in the brick matching.

The chiral fields Xm contained in brick matching pµ can be summarized in a brick matching
matrix P , whose entries take the following form,

Pmµ =

 1 Xm ∈ pµ

0 Xm /∈ pµ

. (2.3)

Given the P -matrix, the chiral fields of a brane brick model can be expressed in terms of
brick matchings as follows

Xm =
∏
µ

pPmµ
µ . (2.4)

We can extend the definition of the P -matrix in (2.3), such that it includes the Fermi
field content of each brick matching as follows,

PΛ,Xmpµ =

 1 Xm ∈ pµ

0 Xm /∈ pµ

, PΛ,Λmpµ =


1 Λm ∈ pµ

1 Λ̄m ∈ pµ

0 otherwise
. (2.5)

Brick matchings can be interpreted as GLSM fields in the toric description of the
mesonic moduli space.
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Figure 1. The points in the 3-dimensional toric diagram of a toric Calabi-Yau 4-fold can be
classified into extremal points (black), points internal on faces (green), points internal on edges
(yellow) and points in the interior of the toric diagram (red).

Forward algorithm and GLSM fields. The mesonic moduli space is the toric Calabi-
Yau 4-fold associated to the brane brick model and can be obtained through the forward
algorithm [2]. In terms of brick matchings p1, . . . , pc representing GLSM fields, the mesonic
moduli space can be expressed as the following symplectic quotient [1, 23, 24],

Mmes = (Cc[p1, . . . , pc]//QJE) //QD , (2.6)

where the QJE are the U(1) charges originating from the J- and E-terms, and QD are the
U(1) charges originating from the D-terms of the brane brick model.

The QJE charge matrix can be obtained directly from the brick matching matrix
in (2.3) following

QJE = ker P , (2.7)

whereas the QD-matrix is obtained following

∆ = QD · P T , (2.8)

where ∆ is the reduced incidence matrix of the quiver corresponding to the brane brick
model and P T is the transpose of the P -matrix in (2.3).

The toric diagram in terms of GLSM fields is given by the following coordinate matrix

Gt = ker

QJE

QD

 , (2.9)

where columns of the Gt-matrix correspond to the coordinates of points in the 3-dimensional
toric diagram of the Calabi-Yau 4-fold. These points in the toric diagram correspond to
brick matchings in the associated brane brick model.

Toric diagrams of toric Calabi-Yau 4-folds are convex lattice polytopes in 3 dimensions
and points in the toric diagram can be classified into extremal points, which correspond to
corner points of the toric diagram. All other points are not extremal and may be internal
on edges or faces of the toric diagram, or points in the 3-dimensional interior of the toric
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diagram as illustrated in figure 1. Extremal points in the toric diagram are associated
always to a single GLSM fields corresponding to a single brick matching, whereas internal
points have a multiplicity and are associated with multiple GLSM fields corresponding to
multiple brick matchings. We call the brick matchings corresponding to extremal points in
the toric diagram as extremal brick matchings.

It was observed in [1] that the forward algorithm for brane brick models sometimes
leads to extra GLSM fields. These extra GLSM fields appear as additional points in the
toric diagram that are positioned outside the 3-dimensional Calabi-Yau hyperplane. It
was shown in [1] that such extra GLSM fields over-parameterize the mesonic moduli space
Mmes, meaning that the generators and relations of Mmes remain unaffected by the pres-
ence of these extra GLSM fields. Extra GLSM fields do not satisfy the brick matching
condition. Therefore, whenever we are not considering extra GLSM fields, we will use the
terms GLSM field and brick matching interchangeably.

2.2 Global symmetries and brick matchings

In this section, we give a brief review on global symmetries carried by brick matchings in
brane brick models. These symmetries relate to the isometries of the mesonic moduli space
Mmes [1, 2, 25, 26] and the master space IrrF ♭ [1, 2, 24, 27, 28] of the brane brick model.

For a gauge theory with G gauge groups, the brick matchings carry G + 3 charges that
relate to the 4 mesonic, including the U(1)R symmetry, and the G−1 baryonic symmetries.1
The G−1 baryonic symmetries originate from the G U(N) gauge groups of the brane brick
model, which each give a baryonic U(1) symmetry. Since all chiral and Fermi fields of the
brane brick model are bifundamental or adjoint, one of the U(1)’s decouples giving a total
of G − 1 baryonic symmetries.

Accordingly, each brick matching pµ is assigned a (G+3)-dimensional global symmetry
charge vector αµ whose components satisfy the following conditions:

• The sum of all charge vectors is of the form,
c∑

µ=1
αµ = (0, . . . , 0) , (2.10)

where c is the number of brick matchings. For simplicity of the presentation, we will
focus on the non-R global symmetries. Extending the argument to include U(1)R is
straightforward.

• When we construct a c × (G + 3) matrix in which each row is given by a (G + 3)-
dimensional charge vector, all the c-dimensional column vectors of the matrix are
linearly independent to each other.

Brick matchings are defined such that when chiral and Fermi fields are expressed in
terms of them, every plaquette in the J- and E-terms contains all the brick matchings.
This, combined with the constraint (2.10) on the charges of brick matchings, implies that

1We simply use the term baryonic as a generalization of the term in the context of CY 3-folds.
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the J- and E-terms are invariant under the non-R global symmetries and have R-charge
equal to 1. Conversely, we can interpret (2.10) as following from the global symmetry and
R-charge of the J- and E-terms. The sum in (2.10) can be restricted to extremal brick
matchings, since they are the only ones charged under the global symmetries.

Using (2.5), the non-R global symmetry charge carried by any chiral or Fermi field can
be expressed as follows

α(Xm) =
∑

µ

PΛ,Xmpµαµ ,

α(Λm) =
∑

µ

PΛ,Λmpµαµ ,

α(Λ̄m) =
∑

µ

(1 − PΛ,Λmpµ)αµ = −
∑

µ

PΛ,Λmpµαµ , (2.11)

where in the last equation we used the fact that the non-R global symmetry charges sum
up to (0, . . . , 0) over extremal brick matchings. Of course it agrees with the expectation
from conjugation of the Fermis.

3 Mass deformations

In this section, we introduce mass deformations of brane brick models and investigate their
effect on the corresponding toric geometries. A natural way to understand these deforma-
tions is in terms of global symmetries and their breaking. The global symmetries of a 2d

(0, 2) field theory and the charges of fields under them, uniquely determine the correspond-
ing J- and E-terms. In a standard effective field theory approach, the J- and E-terms
correspond to all the gauge invariant plaquettes consistent with the global symmetry. Any
term that is not originally present, including mass terms, would correspond to a breaking
of the global symmetry. The specific pattern of symmetry breaking depends on the charges
of the deformation term(s). In the class of theories under study, which are engineered
using branes at singularities, the underlying toric CY4 determines the global symmetries.
Moreover, the charges of perfect matchings are encoded in the linear relationships between
the corresponding points in the toric diagram. Therefore, we expect that the addition of
deformation terms will modify the global symmetry of the theory, which in term translates
into a change in the toric diagram.

3.1 Mass deformations of brane brick models

In this paper, we are interested in mass deformations of brane brick models. In 2d (0, 2)
gauge theories, mass terms are gauge invariant quadratic terms in the Lagrangian involving
a chiral-Fermi pair. Therefore, for a theory to admit mass deformations, it must contain
pairs of chiral and Fermi fields extending between the same pair of nodes. The mass defor-
mations would then map to linear terms in either J- or E-terms for the Fermi in the pair.

Mass deformation. Let us introduce the general form of mass deformation for a brane
brick model with a quiver diagram Q. The possible mass terms that one can add to the
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J-terms or the E-terms take the following general form,

(Λij , Xij) ∈ Q : J ′
ji = Jji , E′

ij = ±mXij + Eij ,

(Λ̄ij , Xji) ∈ Q : J ′
ji = ±mXji + Jji , E′

ij = Eij , (3.1)

where Jji and Eij are the initial J- and E-terms of the brane brick model, and J ′
ji and E′

ij

are the J- and E-terms after mass deformation.
By integrating out the Fermi fields Λij , the above modifications of the J- and E-terms

in (3.1) respectively lead to the following chiral field replacements,

Xij = ∓ 1
m

(E+
ij − E−

ij ) , Xji = ∓ 1
m

(J+
ji − J−

ji ) , (3.2)

in the remaining J- and E-terms of the brane brick model.

Toric condition. We note that before and after mass deformation, the J- and E-terms
have to satisfy the toric condition [1, 2, 29] of brane brick models. This means that both
before and after mass deformation, the J- and E-terms have to take the form of binomial
relations,

Λij : Jji = J+
ji − J−

ji , Λ̄ij : Eij = E+
ij − E−

ij , (3.3)

where J±
ji and E±

ij are holomorphic monomials in chiral fields. In order to satisfy the
toric condition even after mass deformation, there are various ways to adjust the mass
deformation in (3.1) as follows:

• Sign of the Mass Term. The signs in the mass terms

∆Jji = ±mXji , ∆Eij = ±mXij , (3.4)

in (3.1) can be chosen in such a way that additional terms generated by the chiral
field replacements in (3.2) cancel each other such that the resulting J- and E-terms
remain binomial and satisfy the toric condition.

• Pairs of Mass Terms. We add mass terms in pairs for either a pair of J-terms or a
pair of E-terms. For example, if the quiver of the brane brick model contains a pair
of chiral-Fermi pairs of the form (Λij , Xij) and (Λkl, Xkl), we can add a pair of mass
terms to the E-terms as follows,

(Λij , Xij) ∈ Q : J ′
ji = Jji , E′

ij = +mXij + Eij ,

(Λkl, Xkl) ∈ Q : J ′
lk = Jlk , E′

kl = −mXkl + Ekl , (3.5)

where the mass terms are chosen to have opposite signs. Similarly, if there is a pair
of chiral-Fermi pairs of the form (Λ̄ij , Xji) and (Λ̄kl, Xlk), we can add the following
pair of mass terms to the J-terms as follows,

(Λ̄ij , Xji) ∈ Q : J ′
ji = +mXji + Jji , E′

ij = Eij ,

(Λ̄kl, Xlk) ∈ Q : J ′
lk = −mXlk + Jlk , E′

kl = Ekl , (3.6)
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where the mass terms are again chosen to have opposite signs. Adding pairs of mass
terms with opposite sign to pairs of J-terms and E-terms ensures the cancellation
of additional terms that are generated by the chiral field replacements in (3.2). The
need for mass deformation terms with opposite signs is indeed common in the 4d

N = 1 gauge theories associated to toric CY 3-folds [12, 16].

• Redefinition of Interaction Terms. We note that the Lagrangian of the 2d (0, 2)
supersymmetric gauge theory has the following (0, 2) interaction term,

LJ = −
∫

d2y d2θ+∑
a

(ΛaJa(Φi)|θ̄+=0) − h.c. , (3.7)

where Ja(Φi) is a J-term in terms of chiral fields Φi.2 In certain cases, the mass-
deformed J-terms and E-terms can be made to satisfy the toric condition under redef-
initions of the above interaction terms. Such redefinitions can take the following form,

Λ′
ij · X ′

jk = Λij ·
(

Xjk +
∑

h

c
(jk)
h XjhXhk

)
, (3.8)

with an appropriate choice of coefficients c
(jk)
h . We note that redefining a single

Fermi-chiral interaction term Λ′
ij · X ′

jk is different to redefining a single chiral field
with X ′

jk = Xjk +∑
h c

(jk)
h XjhXhk, as it is done for mass deformations for 4d N = 1

supersymmetric gauge theories given by brane tilings [16]. This is because a redefi-
nition of chiral fields generates multiple non-toric J- and E-terms rather than elim-
inating terms that violate the toric condition. The redefinition of single interaction
terms as shown in (3.8) allows us to target specific non-toric interaction terms.

In section 4, we present explicit examples illustrating the methods discussed above.

Effect on the toric diagram. As discussed in section 2.2, brick matchings carry charges
corresponding to the global symmetries of the associated 2d (0, 2) supersymmetric gauge
theory. Keeping the connection between brick matchings and global symmetries of the
brane brick model in mind, we now comment on the effect of mass deformations on brick
matchings in the toric diagram.The explicit examples presented in section 4 will illustrate
all these points. We will see that, as for the 4d N = 1 theories associated to toric CY 3-
folds, pairs of fields that can become massive arise when edges in the toric diagram contain
more than two collinear points.3 Under mass deformations, a brane brick model exhibits
three types of brick matchings, which we summarize below:

• Massive Brick Matchings. Brick matchings that contain all massive chiral fields in
a mass deformation are called massive brick matchings. We recall that for a chiral-
Fermi pair of the form (Λij , Xij) with mass term ∆Eij = ±mXij , the massive field

2To simplify this general discussion, we use a different notation than in previous sections, with a single
subindices a and i to label Fermis and chirals, respectively.

3It would be interesting to have a mathematical proof of this fact and to determine whether this is the
only case in which such pairs of fields can arise.
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pmµ

Figure 2. The two end points of the edge (pm
µ , pν) correspond to the brick matching pm

µ that
becomes massive and to the brick matching pν whose toric point changes position under mass de-
formation becoming brick matching p′ν . We note that the toric points corresponding to (pm

µ , pν , p′ν)
are on a 2-dimensional plane, which we call the mass deformation plane.

Xij is part of a corresponding massive brick matching pm
µ , i.e. Xij ∈ pm

µ . For the case
when the mass term takes the form ∆Jji = ±mXji with (Λ̄ij , Xji), the corresponding
massive field Xji is part of a massive brick matching pm

µ , i.e. Xji ∈ pm
µ . We note that

although massive, these brick matchings pm
µ correspond to extremal points in the

toric diagram whose coordinates do not change relative to the other points in the toric
diagram under mass deformation (modulo SL(3,Z) transformations). Because these
brick matchings contain chiral fields that become massive under mass deformation,
the field content of massive brick matchings changes under the deformation.

• Moving Brick Matchings. These extremal brick matchings pµ do not contain chiral
fields that become massive under the mass deformation. However, under mass defor-
mation, the associated extremal points in the toric diagram change their coordinates
relative to the other points in the toric diagram. Moreover, because these moving
brick matchings are extremal brick matchings, they can be considered end points of
side edges of the toric diagram. In fact, a pair consisting of a massive brick matching
pm

µ and a moving brick matching pν forms prior to the mass deformation the two end
points of an external side edge (pm

µ , pν) of the original toric diagram ∆, as illustrated
in figure 2. By denoting the moving brick matching after mass deformation as p′ν , we
note that the points corresponding to pm

µ , pν and p′ν all lie on a 2-dimensional plane
which intersects both the toric diagram ∆ before the mass deformation and the toric
diagram ∆′ after the mass deformation. We call this plane the mass deformation
plane. We illustrate this plane in figure 3 for the mass deformation of the brane brick
model for C++.4

We note that the intersections between the plane given by (pm
µ , pν , p′ν) and ∆ as

well as ∆′ give two 2-dimensional convex polygons, which can be considered as toric
4Here C indicates the conifold. In addition, in this example and the ones that follow, we use the notation

introduced in [5] for orbifold reduction, in which the two + subindices mean that a point in the toric diagram
of the conifold is lifted twice to produce the toric diagram of a CY4 as shown in figure 3.
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Figure 3. The toric diagram for C++, which becomes the toric diagram for P 1
++(C) under the

mass deformation of the corresponding brane brick model. The brick matching p3 becomes massive
and the toric point corresponding to p5 moves to a new position along the mass deformation plane
under mass deformation.

diagrams of toric Calabi-Yau 3-folds. In simple examples discussed in section 4, these
2-dimensional toric diagrams can be associated with brane tilings representing 4d

N = 1 supersymmetric gauge theories that are related by a 4d mass deformation [16].
For example, in figure 3 we see that the toric diagram on the mass deformation plane
corresponds to the abelian orbifold of the form C2/Z2 × C which becomes the toric
diagram for the conifold C after mass deformation. The corresponding 4d N = 1
theories are precisely the two theories originally shown to be related by a Klebanov-
Witten flow [12].

• Unaffected Brick Matchings. Besides massive brick matchings containing massive
chiral fields and moving brick matchings that correspond to moving extremal points
in the toric diagram, there are the remaining brick matchings that are neither massive
nor moving. These unaffected brick matchings can correspond to extremal or non-
extremal points in the toric diagram whose coordinates do not change under mass
deformation. Certain unaffected brick matchings that were originally non-extremal
can become extremal brick matchings due to coordinate changes of moving brick
matchings.

For a given mass deformation, in the examples in section 4, we usually observe a single
moving brick matching and a single massive brick matching. All other brick matchings
stay as unaffected brick matchings during the mass deformation.

In figure 3, we observe that the volume of the toric diagram remains the same, which
corresponds to the fact that the number of gauge groups is not affected by mass deforma-
tions.

Effect on global symmetries. Having summarized the effect mass deformation has on
brick matchings of a brane brick model, we can now investigate the effect on the global
symmetry charges carried by the brick matchings and by extension by the J- and E-terms
of a brane brick model.
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We first note that the plaquettes of the form Λij · J±
ji and Λ̄ij · E±

ij in a brane brick
model are invariant under the global symmetries and therefore carry no global symmetry
charge,

α(Λij · J±
ji ) = (0, . . . , 0) , α(Λ̄ij · E±

ij ) = (0, . . . , 0) , (3.9)

where for the following discussion, we left out the U(1) R-charge which is equal to 1 for all
J- and E-term plaquettes.

Mass deformations correspond to introducing new J- or E-term plaquettes of the
general form

mΛij · Xji , mΛ̄ij · Xij , (3.10)

which have non-vanishing global symmetry charges,

α(Λij · Xji) = α(Λij) + α(Xji) =
∑

µ

PΛ,Λijpµαµ +
∑

µ

PΛ,Xjipµαµ > 0 ,

α(Λ̄ij · Xij) = α(Λ̄ij) + α(Xij) =
∑

µ

(1 − PΛ,Λijpµ)αµ +
∑

µ

PΛ,Xijpµαµ

= −
∑

µ

PΛ,Λijpµαµ +
∑

µ

PΛ,Xijpµαµ > 0 , (3.11)

where in the second equation we used the fact that the sum over extremal brick matchings
of the non-U(1)R charges add up to (0, . . . , 0), as discussed in section 2.2. The non-zero
global symmetry charges on the mass terms break part of the original global symmetry of
the brane brick model.

In fact, the charges αµ that contribute in (3.11) correspond to a special set of extremal
brick matchings in the brane brick model. The associated points of these extremal brick
matchings in the 3-dimensional toric diagram of the Calabi-Yau 4-fold are exactly those
identified to be on the mass deformation plane. One of these extremal brick matchings
corresponds to a point in the toric diagram that moves along the plane to a new loca-
tion under mass deformation as illustrated in figure 2 and figure 3. The other extremal
brick matchings correspond to points that do not change their position along the mass
deformation plane. We can therefore interpret the mass deformation plane intersecting the
2-dimensional toric diagram as the directions in the moduli space along which part of the
original global symmetry is broken by the mass deformation.

Given the symmetry breaking pattern triggered by a mass deformation, we can define
a new basis of charge vectors of the general form

α′
ν =

∑
µ

cνµαµ , (3.12)

for the new global symmetry after the deformation. This new basis is such that the charges
of the mass deformation terms vanish

α(Λij · Xji)
∣∣∣
α′

ν

= 0 , α(Λ̄ij · Xij)
∣∣∣
α′

ν

= 0 . (3.13)
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3.2 Hilbert series and the minimum volume of Sasaki-Einstein 7-manifolds

In this section, we review Hilbert series of brane brick models and how they can be used to
calculate the minimum volume of the Sasaki-Einstein base manifold for the corresponding
toric Calabi-Yau 4-fold. We will later investigate how this volume behaves under mass
deformations and conjecture its relation to the number of degrees of freedom in the gauge
theory.

Hilbert series. The Hilbert Series [26, 30, 31] is a generating function for the gauge
invariant operators of a supersymmetric gauge theory and has been studied extensively for
example in the context of 4d N = 1 supersymmetric gauge theories given by brane tilings.
In this work, we make use of the Hilbert series to characterize the mesonic moduli space
Mmes of a brane brick model. Following the symplectic quotient description of Mmes in
section 2.1, the corresponding Hilbert series is given by

g(tµ;Mmes) =
c−4∏
i=1

∮
|zi|=1

dzi

2πzi

c∏
µ=1

1
1 − tµ

∏c−4
j=1 z

(Qt)jµ

j

, (3.14)

where tµ are the fugacities for the GLSM fields. The number of GLSM fields is given by c,
and zi are the fugacities corresponding to the U(1) charges summarized in Qt = (QJE , QD).

The Hilbert Series not just characterizes the mesonic moduli space Mmes, but can also
be used to calculate geometric properties of the Sasaki-Einstein base manifold of the toric
Calabi-Yau 4-fold given by Mmes. One such geometric feature of the Sasaki-Einstein base
manifold is its minimum volume. Given that under mass deformation, the mesonic moduli
space Mmes changes, we expect the minimum volume of the corresponding Sasaki-Einstein
7-manifold to change as well.

The minimum volume of the Sasaki-Einstein base manifold can be directly computed
from the Hilbert series of the toric Calabi-Yau 4-fold associated to the brane brick model.
We summarize the computation in the following paragraph with comments on how the
minimum volume changes under mass deformations.

Minimum volume of Sasaki-Einstein 7-manifolds. The volume function of the
Sasaki-Einstein base Y7 can be directly obtained from the Hilbert series of Mmes = C(Y7)
as follows,

V (bµ; Y7) = lim
β→0

g(tµ = exp[−βbµ]; C(Y7)) , (3.15)

where bµ are the Reeb vector components corresponding to the GLSM fields pµ. The limit
picks the leading order in β in the β-expansion of the Hilbert series, which was shown in [18,
19] to be directly related to the volume of the Sasaki-Einstein base Y7. After obtaining the
volume function using (3.15), the function can be minimized to a global minimum,

Vmin = min
bµ

V (bµ; Y7) . (3.16)

In the case of 4d N = 1 supersymmetric gauge theories given by brane tilings,
the mesonic moduli space Mmes of these theories is a toric Calabi-Yau 3-fold with a
Sasaki-Einstein 5-manifold as its base. In this context, the minimum volume Vmin of
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the Sasaki-Einstein 5-manifold is inversely proportional to the maximized central charge
amax ∼ 1/Vmin of the corresponding 4d superconformal field theory by the AdS/CFT corre-
spondence [32–34]. In the context of brane brick models, the field theoretic interpretation
of the minimum volume Vmin of the Sasaki-Einstein 7-manifolds is less understood.

Let us summarize what we will observe regarding the effect mass deformation on the
minimum volume of the Sasaki-Einstein 7-manifold. As a geometric invariant associated
to the theory, it is natural to investigate its behavior under mass deformations, which we
expect lead to a decrease in the number of degrees of freedom. The geometric counterpart of
the decrease in the number of degrees of freedom is well understood for mass deformations
of 4d N = 1 gauge theories corresponding to brane tilings and toric Calabi-Yau 3-folds [16],
where the minimum volume of the associated Sasaki-Einstein 5-manifold increases. We will
note that a similar in the examples of brane brick models that we will study, in which the
minimum volume of the Sasaki-Einstein 7-manifold increases under mass deformation such
that

Vmin
V ′

min
< 1 , (3.17)

where Vmin and V ′
min are the minimum volumes before and after the mass deformation,

respectively. Explicit examples of this behavior will be presented in the next section.

4 Examples

In this section we present various explicit examples of mass deformations connecting toric
theories. The general strategy can be summarized as follows. We start from a geometry
that admits mass deformations. By this we mean one whose toric diagram contains edges
with more than two collinear points and, furthermore, for which deforming that edge as
discussed in section 3 results in another convex toric diagram. Next, we find a toric phase
for the parent geometry that contains chiral-Fermi pairs extended between the same pairs
of nodes. Those fields are the ones that can potentially become massive. We then search
for a toric phase of the target geometry whose quiver differs from the parent one by removal
of (some of) the chiral-Fermi pairs. Finally, we determine whether there indeed exists a
mass deformation that also connects the J- and E-terms of both theories.

4.1 Mass deformation of the C++ theory

Let us consider the C++ geometry, whose toric diagram is shown in figure 4. We denote the
geometry C++ following the notation introduced in [5] in the context of orbifold reduction.
According to this notation, this CY4 toric diagram is obtained by starting from the one for
the conifold. The two + subindices indicate that we add two images of one of its points in
the same direction transverse to the original 2d toric diagram.

This toric diagram is a promising starting point, since it exhibits an edge with three
collinear points. Furthermore, deforming this edge leads to another convex toric diagram,
which is shown in figure 7.

A possible way of obtaining the gauge theory associated to this geometry (or, equiva-
lently, its brane brick model) is via orbifold reduction starting from the 4d N = 1 conifold
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Figure 4. The toric diagram for C++.

1 2

34

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="55iO3X+7tq8R7yqMTvEK3nBqXGs="></latexit>

3

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="55iO3X+7tq8R7yqMTvEK3nBqXGs="></latexit>

3

Figure 5. The quiver of the C++ theory.

theory [5].5 Figure 5 shows the quiver diagram for this theory. We observe that this theory
contains chiral and Fermi fields stretching between the same nodes, which can become
massive in different combinations.

The J- and E-terms of the C++ theory take the following form,

J E

Λ12 : X21 · Y12 · Y21 − Y21 · Y12 · X21 Z13 · X32 − X14 · Z42

Λ34 : X43 · Y34 · Y43 − Y43 · Y34 · X43 Z31 · X14 − X32 · Z24

Λ14 : Y43 · X32 · X21 − X43 · X32 · Y21 Z13 · Y34 − Y12 · Z24

Λ32 : Y21 · X14 · X43 − X21 · X14 · Y43 Z31 · Y12 − Y34 · Z42

Λ1
23 : Y34 · Y43 · X32 − X32 · Y21 · Y12 Z24 · X43 − X21 · Z13

Λ2
23 : X32 · X21 · Y12 − Y34 · X43 · X32 Z24 · Y43 − Y21 · Z13

Λ1
41 : Y12 · Y21 · X14 − X14 · Y43 · Y34 Z42 · X21 − X43 · Z31

Λ2
41 : X14 · X43 · Y34 − Y12 · X21 · X14 Z42 · Y21 − Y43 · Z31

. (4.1)

5In general, this would be one of many toric phases.
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Using the forward algorithm [1], we obtain the P -matrix relating fields in the quiver
to GLSM fields

PΛ =



p1 p2 p3 p4 p5 q1 q2

Z13 0 0 0 0 1 0 1
Z24 0 0 0 0 1 0 1
Z31 0 0 0 0 1 1 0
Z42 0 0 0 0 1 1 0
X14 0 0 0 1 0 0 1
X32 0 0 0 1 0 1 0
X21 0 1 0 0 0 0 0
X43 0 1 0 0 0 0 0
Y12 0 0 1 0 0 0 0
Y21 1 0 0 0 0 0 0
Y34 0 0 1 0 0 0 0
Y43 1 0 0 0 0 0 0
Λ12 0 0 0 1 1 1 1
Λ34 0 0 0 1 1 1 1
Λ14 0 0 1 0 1 0 1
Λ32 0 0 1 0 1 1 0
Λ1

23 0 1 0 0 1 0 1
Λ2

23 1 0 0 0 1 0 1
Λ1

41 0 1 0 0 1 1 0
Λ2

41 1 0 0 0 1 1 0



, (4.2)

where we have left out the two GLSM fields for simplicity. Using the P -matrix, we obtain
the QJE and QD matrices that encode the U(1) charges of the GLSM fields due to the J-
and E-terms as well as the D-terms of the brane brick model,

QJE =


p1 p2 p3 p4 p5 q1 q2

1 1 1 0 1 0 0
1 1 1 −1 0 1 1

 , QD =


p1 p2 p3 p4 p5 q1 q2

−1 −1 0 1 0 −1 0
0 0 −1 0 0 −1 0
0 0 1 0 0 1 0

 . (4.3)

The toric diagram is encoded in the Gt-matrix, which is the kernel of the concatenation
of the QJE and QD matrices. Each of its columns provides the coordinates of the GLSM
fields in the toric diagram. In this case, we get

Gt =



p1 p2 p3 p4 p5 q1 q2

1 1 1 1 1 1 1
1 0 1 0 0 0 0
0 1 1 0 0 0 0
0 0 0 0 2 1 1


, (4.4)

which indeed agrees with the desired toric diagram of C++, shown in figure 4.
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Z13 α5

Z24 α5

Z31 α5

Z42 α5

X14 α4

X32 α4

X21 α2

X43 α2

Y12 α3

Y21 α1

Y34 α3

Y43 α1

Λ12 α4 + α5

Λ34 α4 + α5

Λ14 α3 + α5

Λ32 α3 + α5

Λ1
23 α2 + α5

Λ2
23 α1 + α5

Λ1
41 α2 + α5

Λ2
41 α1 + α5

Table 1. Global symmetry charge assignments for chiral and Fermi fields of the C++ theory.

Following the P -matrix in (4.2), we can assign global symmetry charges αµ correspond-
ing to the extremal brick matchings to chiral and Fermi fields as shown in table 1. We
recall from section 2.2 that the sum of the charge vectors αµ vanishes,

α1 + α2 + α3 + α4 + α5 = 0 , (4.5)

for the J- and E-terms to be invariant under the global symmetry.
Let us consider the following mass deformation of the C++ theory, corresponding to

adding the terms shown in blue to the E-terms,

J E + ∆E

Λ12 : X21 · Y12 · Y21 − Y21 · Y12 · X21 −Y12 + Z13 · X32 − X14 · Z42

Λ34 : X43 · Y34 · Y43 − Y43 · Y34 · X43 +Y34 + Z31 · X14 − X32 · Z24

. (4.6)

When the massive Fermi fields are integrated out, the two massive chiral fields Y12 and Y34
undergo a field replacement as follows,

Y12 = +Z13 · X32 − X14 · Z42 ,

Y34 = −Z31 · X14 + X32 · Z24 . (4.7)

We note that the massive chiral fields Y12, Y34 and the massive Fermi fields Λ̄12, Λ̄34 are all
part of brick matching p3, which is highlighted in blue in the P -matrix in (4.2).

Applying the chiral field replacement in (4.7), we obtain

Λ14 : J : X43 · X32 · Y21 − Y43 · X32 · X21

E : Z13 · Z31 · X14 − Z13 · X32 · Z24 + Z13 · X32 · Z24 − X14 · Z42 · Z24

Λ32 : J : X21 · X14 · Y43 − Y21 · X14 · X43

E : Z31 · Z13 · X32 − Z31 · X14 · Z42 + Z31 · X14 · Z42 − X32 · Z24 · Z42

Λ1
23 : J : X32 · Y21 · Z13 · X32 − X32 · Y21 · X14 · Z42 + Z31 · X14 · Y43 · X32 − X32 · Z24 · Y43 · X32

E : Z24 · X43 − X21 · Z13

Λ2
23 : J : X32 · X21 · Z13 · X32 − X32 · X21 · X14 · Z42 + Z31 · X14 · X43 · X32 − X32 · Z24 · X43 · X32

E : Z24 · Y43 − Y21 · Z13

Λ1
41 : J : −X14 · Y43 · Z31 · X14 + X14 · Y43 · X32 · Z24 − Z13 · X32 · Y21 · X14+X14 · Z42 · Y21 · X14

E : Z42 · X21 − X43 · Z31

Λ2
41 : J : −X14 · X43 · Z31 · X14 + X14 · X43 · X32 · Z24 − Z13 · X32 · X21 · X14+X14 · Z42 · X21 · X14

E : Z42 · Y21 − Y43 · Z31

.

(4.8)
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Figure 6. The quiver obtained from the C++ theory after the mass deformation in (4.6).

Above, we note that the red terms cancel each other trivially, while the green terms cancel
due to the E-terms.

Figure 6 shows the resulting quiver.
The corresponding J- and E-terms are

J E

Λ32 : X21 ·X14 ·Y43 − Y21 ·X14 ·X43 Z31 ·Z13 ·X32 − X32 ·Z24 ·Z42

Λ14 : X43 ·X32 ·Y21 − Y43 ·X32 ·X21 Z13 ·Z31 ·X14 − X14 ·Z42 ·Z24

Λ1
23 : Z31 ·X14 ·Y43 ·X32 − X32 ·Y21 ·X14 ·Z42 Z24 ·X43 − X21 ·Z13

Λ2
23 : Z31 ·X14 ·X43 ·X32 − X32 ·X21 ·X14 ·Z42 Z24 ·Y43 − Y21 ·Z13

Λ1
41 : X14 ·Y43 ·X32 ·Z24 − Z13 ·X32 ·Y21 ·X14 Z42 ·X21 − X43 ·Z31

Λ2
41 : X14 ·X43 ·X32 ·Z24 − Z13 ·X32 ·X21 ·X14 Z42 ·Y21 − Y43 ·Z31

, (4.9)

This gauge theory is indeed one of the toric phases of H4 which was first studied in [6, 22].
Below we confirm this by direct application of the forward algorithm.

From the J- and E-terms of the new H4 theory, we obtain the corresponding P -matrix,

PΛ =



p′1 p′2 p′3 p′4 p′5 p′6

Z13 0 0 0 0 1 0
Z24 0 0 0 0 1 0
Z31 0 0 0 0 0 1
Z42 0 0 0 0 0 1
X14 0 0 0 1 0 0
X21 1 0 0 0 0 0
X32 0 0 1 0 0 0
X43 1 0 0 0 0 0
Y21 0 1 0 0 0 0
Y43 0 1 0 0 0 0
Λ32 0 0 1 0 1 1
Λ14 0 0 0 1 1 1
Λ1

23 1 0 0 0 1 0
Λ2

23 0 1 0 0 1 0
Λ1

41 1 0 0 0 0 1
Λ2

41 0 1 0 0 0 1



, (4.10)
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p06

Figure 7. The toric diagram of H4 obtained from a mass deformation of the C++ theory.

where we have omitted the two extra GLSM fields. Note that the brick matchings have
now been relabeled as p′µ in order to distinguish them with the brick matchings pµ from
the original C++ theory. Using the P -matrix, we identify the charge matrices under the J-
and E-terms as well as the D-terms,

QJE =

 p′1 p′2 p′3 p′4 p′5 p′6

1 1 0 0 1 1

 , QD =


p′1 p′2 p′3 p′4 p′5 p′6

0 0 0 1 1 0
0 0 −1 0 0 −1
0 0 1 0 0 1

 . (4.11)

The resulting toric diagram for the H4 theory is given by

Gt =



p′1 p′2 p′3 p′4 p′5 p′6

1 1 1 1 1 1
1 0 1 0 1 0
0 1 1 0 1 0
0 0 0 0 1 1


, (4.12)

and illustrated in figure 7.
When we compare the toric Calabi-Yau 4-fold before and after the mass deformation,

we note that most of the points keep the same coordinates (up to at most SL(3,Z) trans-
formations). Only the toric point corresponding to extremal brick matching p5 highlighted
in orange in (4.2) changes its coordinates. By doing so, it turns the non-extremal brick
matchings q1, q2 into a single new extremal brick matching p′6.

As illustrated in figure 8, the massive brick matching p3, the unaffected brick matching
p4 and the moving brick matching p5 form a plane on which the transformation of the toric
diagram takes place. After the mass deformation, brick matchings p3 7→ p′3, p4 7→ p′4,
p5 7→ p′5 and the new extremal brick matching q1, q2 7→ p′6 are all on the same plane
highlighted in blue in figure 8. The toric point corresponding to p5 moves along this plane
to its new position under mass deformation.
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p06

Figure 8. The toric diagram of C++ changing into the toric diagram of H4 under mass deformation.
Brick matchings p3, p4 and p5 define a 2-dimensional plane (blue) and correspond to the massive
terms added to the J- and E-terms. On this plane, the point associated to p5 moves to a new
position due to the mass deformation.

When we consider the global symmetry charges on chiral and Fermi fields summarized
in table 1, the mass terms added in (4.6), which correspond to the plaquettes

Λ̄12 · Y12 , Λ̄34 · Y34 , (4.13)

carry the following charges,

α(Λ̄12 · Y12) = α3 − α4 − α5 , α(Λ̄34 · Y34) = α3 − α4 − α5 . (4.14)

We note that massive plaquettes carry the same non-zero global symmetry charges. These
non-zero global symmetry charges exactly correspond to brick matchings p3, p4 and p5
whose corresponding points in the toric diagram are on the blue plane in figure 8. Given
that the non-zero global symmetry charges in (4.14), we can identify the blue plane in
the toric diagrams in figure 8 as the plane along which part of the global symmetry of
the C++ theory breaks under mass deformation. The global symmetry of the resulting H4
contain linear combinations of the original symmetries under which the massive plaquettes
are neutral.

When we compute the minimum volumes of the Sasaki-Einstein 7-manifolds corre-
sponding to the toric Calabi-Yau 4-folds before and after the mass deformation, we obtain
respectively the following,

V
C++

min = 8
27 ≃ 0.296296 , V H4

min = 11 + 5
√

5
64 ≃ 0.346563 . (4.15)

The ratio between the two volumes is

V
C++

min
V H4

min
≃ 0.854945 < 1 , (4.16)

indicating that the minimum volume of the Sasaki-Einstein 7-manifolds increases with mass
deformation, as in the CY3 case.
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Figure 9. The toric diagram for F0,+−.

The mass deformation of the C++ theory discussed in this section relates to the
Klebanov-Witten flow between the 4d N = 1 theories associated to the C2/Z2 ×C orbifold
and the conifold by orbifold reduction [5]. The 2-dimensional toric diagrams for C2/Z2 ×C
and C are the 2-dimensional intersections between the plane along which part of the global
symmetry of the mass deformed brane brick model breaks and the 3-dimensional toric
diagrams for C++ and H4 as highlighted in blue in figure 8.

4.2 Mass deformation of the F0,+− theory

Let us now consider F0,+−, whose toric diagram is shown in figure 4. Once again, we
use the notation introduced in [5], which indicates that this toric diagram is obtained by
starting from F0 and adding two images of one of its points, in this case a corner, one above
and the other one below the original plane. Like the previous example, this toric diagram
contains an edge with three collinear points.

We construct one of the 2d (0, 2) phases for this geometry via orbifold reduction starting
from a 4d N = 1 theory for F0 [9, 35].6 More specifically, we use the first phase of F0 as
starting point. Figure 10 shows the resulting quiver, which contains four chiral-Fermi pairs
that can become massive.

6The 2d (0, 2) gauge theory for this geometry can alternatively be constructed by orbifold reduction
starting from the 4d N = 1 theory for a C3/Z4 orbifold [5].
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2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2
<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="uacj1dvRxnJOtS2D0rJ92k2FS2c="></latexit>

4

<latexit sha1_base64="uacj1dvRxnJOtS2D0rJ92k2FS2c="></latexit>

4

<latexit sha1_base64="DCZC1pFsP4Cmen2QwPA1LSQAn+0="></latexit>

2

<latexit sha1_base64="DCZC1pFsP4Cmen2QwPA1LSQAn+0="></latexit>

2 4 3
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8 7

65

Figure 10. The quiver of the F0,+− theory.

The J- and E-terms for this theory are

J E

Λ21 : Y14 · Y43 · X32 − X14 · Y43 · Y32 U25 · P51 − W25 · Q51

Λ43 : X32 · Y21 · Y14 − Y32 · Y21 · X14 W47 · Q73 − U47 · P73

Λ65 : Y58 · Y87 · X76 − X58 · Y87 · Y76 Q62 · W25 − P62 · U25

Λ87 : X76 · Y65 · Y58 − Y76 · Y65 · X58 P84 · U47 − Q84 · W47

Λ1
54 : W47 · X76 · Y65 − Y43 · X32 · W25 Y58 · Q84 − Q51 · Y14

Λ2
54 : W47 · Y76 · Y65 − Y43 · Y32 · W25 Q51 · X14 − X58 · Q84

Λ3
54 : U47 · Y76 · Y65 − Y43 · Y32 · U25 X58 · P84 − P51 · X14

Λ4
54 : U47 · X76 · Y65 − Y43 · X32 · U25 P51 · Y14 − Y58 · P84

Λ1
72 : Y21 · Y14 · W47 − W25 · Y58 · Y87 X76 · Q62 − Q73 · X32

Λ2
72 : Y21 · Y14 · U47 − U25 · Y58 · Y87 P73 · X32 − X76 · P62

Λ3
72 : Y21 · X14 · U47 − U25 · X58 · Y87 Y76 · P62 − P73 · Y32

Λ4
72 : Y21 · X14 · W47 − W25 · X58 · Y87 Q73 · Y32 − Y76 · Q62

Λ1
61 : Y14 · W47 · X76 − X14 · W47 · Y76 Y65 · Q51 − Q62 · Y21

Λ2
61 : Y14 · U47 · X76 − X14 · U47 · Y76 P62 · Y21 − Y65 · P51

Λ1
83 : Y32 · W25 · X58 − X32 · W25 · Y58 Y87 · Q73 − Q84 · Y43

Λ2
83 : Y32 · U25 · X58 − X32 · U25 · Y58 P84 · Y43 − Y87 · P73

. (4.17)
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Following the forward algorithm, we obtain the P -matrix given by

PΛ =



p1 p2 p3 p4 p5 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10

P51 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0 1 1
P62 0 0 1 0 0 0 1 0 0 0 0 0 0 1 1 0 0
P73 0 0 1 0 0 0 1 0 0 0 0 0 1 0 1 0 0
P84 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0 1
Q51 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 1 1
Q62 0 0 0 1 0 0 1 0 0 0 0 0 0 1 1 0 0
Q73 0 0 0 1 0 0 1 0 0 0 0 0 1 0 1 0 0
Q84 0 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 1
U25 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0
U47 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0
W25 0 0 1 0 0 1 0 0 0 0 1 0 0 0 0 0 0
W47 0 0 1 0 0 1 0 0 0 1 0 0 0 0 0 0 0
X14 0 1 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
X32 0 1 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0
X58 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0
X76 0 1 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0
Y14 1 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0
Y21 0 0 0 0 1 0 0 0 0 0 1 0 0 0 0 1 1
Y32 1 0 0 0 0 0 0 1 0 0 0 0 0 1 0 0 0
Y43 0 0 0 0 1 0 0 0 0 1 0 0 1 0 1 0 0
Y58 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0
Y65 0 0 0 0 1 0 0 0 0 0 1 0 0 1 1 0 0
Y76 1 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0
Y87 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 1
Λ21 0 0 1 1 0 1 1 0 0 0 1 0 0 0 0 1 1
Λ43 0 0 1 1 0 1 1 0 0 1 0 0 1 0 1 0 0
Λ65 0 0 1 1 0 1 1 0 0 0 1 0 0 1 1 0 0
Λ87 0 0 1 1 0 1 1 0 0 1 0 1 0 0 0 0 1
Λ1

54 1 0 0 1 0 0 1 0 1 0 0 1 0 0 0 1 1
Λ2

54 0 1 0 1 0 0 1 0 1 0 0 1 0 0 0 1 1
Λ3

54 0 1 1 0 0 0 1 0 1 0 0 1 0 0 0 1 1
Λ4

54 1 0 1 0 0 0 1 0 1 0 0 1 0 0 0 1 1
Λ1

72 0 1 0 1 0 0 1 1 0 0 0 0 1 1 1 0 0
Λ2

72 0 1 1 0 0 0 1 1 0 0 0 0 1 1 1 0 0
Λ3

72 1 0 1 0 0 0 1 1 0 0 0 0 1 1 1 0 0
Λ4

72 1 0 0 1 0 0 1 1 0 0 0 0 1 1 1 0 0
Λ1

61 0 0 0 1 1 0 1 0 0 0 1 0 0 1 1 1 1
Λ2

61 0 0 1 0 1 0 1 0 0 0 1 0 0 1 1 1 1
Λ1

83 0 0 0 1 1 0 1 0 0 1 0 1 1 0 1 0 1
Λ2

83 0 0 1 0 1 0 1 0 0 1 0 1 1 0 1 0 1



, (4.18)

where we have left out the 6 extra GLSM fields.

– 22 –



J
H
E
P
0
9
(
2
0
2
3
)
1
7
6

The U(1) charges of brick matchings corresponding to the J- and E-terms as well as
the D-terms are

QJE =



p1 p2 p3 p4 p5 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10

0 0 0 0 1 0 1 1 1 0 0 −1 −1 −1 0 −1 0
0 0 1 1 2 0 0 1 1 −1 −1 −1 −1 −1 0 −1 0
0 0 0 0 1 0 0 1 0 −1 0 0 −1 −1 0 −1 0
0 0 0 0 1 0 0 0 1 −1 0 −1 0 −1 0 −1 0
0 0 0 0 1 0 0 0 0 −1 0 0 0 −1 0 −1 0
0 0 0 0 1 0 0 0 1 0 −1 −1 −1 0 0 −1 0
0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0 −1 1
0 0 0 0 1 0 0 1 0 0 −1 −1 −1 −1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 −1 −1 1 0 0
0 0 0 0 1 0 0 0 0 0 −1 −1 −1 0 0 0 0
0 0 0 0 1 1 0 0 0 −1 −1 0 0 0 0 0 0
1 1 0 0 0 0 0 −1 −1 0 0 0 0 0 0 0 0



, (4.19)

and

QD =



p1 p2 p3 p4 p5 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0 0 0 0 1 0
0 0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 1 0 0 0 0



. (4.20)

The resulting toric diagram is summarized by the following Gt matrix,

Gt =



p1 p2 p3 p4 p5 q1 q2 s1 s2 s3 s4 s5 s6 s7 s8 s9 s10

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2 −1 1 1 0 0 0 0 0 0 0 0 0 0


, (4.21)

and is shown in figure 9. Based on the P -matrix in (4.18), global symmetry charge vectors
αµ corresponding to the extremal brick matchings are assigned to the chiral and Fermi
fields of the theory as shown in table 2. The sum of the charge vectors αµ vanishes,

α1 + α2 + α3 + α4 + α5 = 0 , (4.22)

in order for the J- and E-terms to be invariant under the global symmetry.
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P51 α3

P62 α3

P73 α3

P84 α3

Q51 α4

Q62 α4

Q73 α4

Q84 α4

U25 α4

U47 α4

W25 α3

W47 α3

X14 α2

X32 α2

X58 α2

X76 α2

Y14 α1

Y21 α5

Y32 α1

Y43 α5

Y58 α1

Y65 α5

Y76 α1

Y87 α5

Λ21 α3 +α4

Λ43 α3 +α4

Λ65 α3 +α4

Λ87 α3 +α4

Λ1
54 α1 +α4

Λ2
54 α2 +α4

Λ3
54 α2 +α3

Λ4
54 α1 +α3

Λ1
72 α2 +α4

Λ2
72 α2 +α3

Λ3
72 α1 +α3

Λ4
72 α1 +α4

Λ1
61 α4 +α5

Λ2
61 α3 +α5

Λ1
83 α4 +α5

Λ2
83 α3 +α5

Table 2. Global symmetry charge assignments for chiral and Fermi fields of the F0,+− theory.

Now, let us introduce the following mass deformation,

J E + ∆E

Λ21 : Y14 · Y43 · X32 − X14 · Y43 · Y32 −Y21 + U25 · P51 − W25 · Q51

Λ43 : X32 · Y21 · Y14 − Y32 · Y21 · X14 +Y43 + W47 · Q73 − U47 · P73

Λ65 : Y58 · Y87 · X76 − X58 · Y87 · Y76 +Y65 + Q62 · W25 − P62 · U25

Λ87 : X76 · Y65 · Y58 − Y76 · Y65 · X58 −Y87 + P84 · U47 − Q84 · W47

. (4.23)

Integrating out the massive fields, the massive chiral fields are replaced as follows

Y21 = U25 · P51 − W25 · Q51 , Y43 = U47 · P73 − W47 · Q73 ,

Y65 = P62 · U25 − Q62 · W25 , Y87 = P84 · U47 − Q84 · W47 . (4.24)

We note that the massive chiral fields Y21, Y43, Y65, Y87 and the massive Fermi fields Λ̄21,
Λ̄43, Λ̄65, Λ̄87 are all part of the brick matching p5 highlighted in blue in the P -matrix
in (4.18).

The quiver diagram obtained after integrating the massive fields is shown in figure 11.
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<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2
<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="nLPjIX9NpkR2akoafmbKOlK7NNM=">AAACEHicbVDLTgJBEJzFF+IL9ehlIpJ4IruEqEcSLx4hkUcChMwODUyYnd3M9JKQDV/gzei/eDNe/QN/xZMD7EHBSjqpVHWnu8uPpDDoul9OZmt7Z3cvu587ODw6PsmfnjVNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+4XfmsK2ohQPeIsgl7ARkoMBWdopXq5ny+4JXcJukm8lBRIilo//90dhDwOQCGXzJiO50bYS3y7E/Q8V+zGBiLGJ2wEHUuVlU0vWR46p0WrDOgw1LYU0qWa+zWRsMCYWeDbzoDh2Kx7C/E/rxPj8K6XCBXFCIqvFg1jSTGki6/pQGjgKGeWMK4FCk75mGnG0WaT6xrA1QMIQSQZQqLYVIyWGdHFQaE082Ruw/LWo9kkzXLJuylV6pVC9SqNLUsuyCW5Jh65JVXyQGqkQTgB8kReyKvz7Lw5787HqjXjpDPn5A+czx88aJ33</latexit>

2

<latexit sha1_base64="uacj1dvRxnJOtS2D0rJ92k2FS2c="></latexit>

4

<latexit sha1_base64="uacj1dvRxnJOtS2D0rJ92k2FS2c="></latexit>

4

<latexit sha1_base64="DCZC1pFsP4Cmen2QwPA1LSQAn+0="></latexit>

2

<latexit sha1_base64="DCZC1pFsP4Cmen2QwPA1LSQAn+0="></latexit>

2 4 3

21

8 7

65

Figure 11. The quiver obtained from the F0,+− theory after the mass deformation in (4.23).

The J- and E-terms become

J E

Λ1
54 : W47 · X76 · P62 · U25 − U47 · X76 · P62 · W25 Q51 · Y14 − Y58 · Q84

Λ2
54 : W47 · Y76 · P62 · U25 − U47 · Y76 · P62 · W25 Q51 · X14 − X58 · Q84

Λ3
54 : W47 · Y76 · Q62 · U25 − U47 · Y76 · Q62 · W25 P51 · X14 − X58 · P84

Λ4
54 : W47 · X76 · Q62 · U25 − U47 · X76 · Q62 · W25 P51 · Y14 − Y58 · P84

Λ1
72 : W25 · Y58 · P84 · U47 − U25 · Y58 · P84 · W47 Q73 · X32 − X76 · Q62

Λ2
72 : W25 · Y58 · Q84 · U47 − U25 · Y58 · Q84 · W47 P73 · X32 − X76 · P62

Λ3
72 : W25 · X58 · Q84 · U47 − U25 · X58 · Q84 · W47 P73 · Y32 − Y76 · P62

Λ4
72 : W25 · X58 · P84 · U47 − U25 · X58 · P84 · W47 Q73 · Y32 − Y76 · Q62

Λ1
61 : Y14 · W47 · X76 − X14 · W47 · Y76 Q62 · U25 · P51 − P62 · U25 · Q51

Λ2
61 : Y14 · U47 · X76 − X14 · U47 · Y76 Q62 · W25 · P51 − P62 · W25 · Q51

Λ1
83 : Y32 · W25 · X58 − X32 · W25 · Y58 Q84 · U47 · P73 − P84 · U47 · Q73

Λ2
83 : Y32 · U25 · X58 − X32 · U25 · Y58 Q84 · W47 · P73 − P84 · W47 · Q73

.

(4.25)
This theory is one of the toric phases of Q1,1,1/Z2 [6]. Anyhow, let us study it in detail.
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The corresponding P -matrix can be obtained via the forward algorithm as follows,

PΛ =



p′1 p′2 p′3 p′4 p′5 p′6 s′1 s′2 s′3 s′4 s′5 s′6 s′7 s′8 s′9 s′10

P51 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 1
P62 0 0 0 1 0 0 0 0 0 0 0 0 1 1 0 0
P73 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0
P84 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 1
Q51 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 1
Q62 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0
Q73 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0
Q84 0 0 1 0 0 0 0 0 0 0 1 0 0 0 0 1
U25 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0
U47 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
W25 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
W47 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
X14 0 0 0 0 1 0 0 1 0 0 1 0 0 0 0 0
X32 0 0 0 0 1 0 1 0 0 0 0 0 1 0 0 0
X58 0 0 0 0 1 0 0 1 0 0 0 0 0 0 1 0
X76 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0
Y14 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0
Y32 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 0
Y58 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0
Y76 0 0 0 0 0 1 1 0 0 0 0 1 0 0 0 0
Λ54 0 0 1 0 0 1 0 1 0 0 1 0 0 0 1 1
Λ2

54 0 0 1 0 1 0 0 1 0 0 1 0 0 0 1 1
Λ3

54 0 0 0 1 1 0 0 1 0 0 1 0 0 0 1 1
Λ4

54 0 0 0 1 0 1 0 1 0 0 1 0 0 0 1 1
Λ72 0 0 1 0 1 0 1 0 0 0 0 1 1 1 0 0
Λ2

72 0 0 0 1 1 0 1 0 0 0 0 1 1 1 0 0
Λ3

72 0 0 0 1 0 1 1 0 0 0 0 1 1 1 0 0
Λ4

72 0 0 1 0 0 1 1 0 0 0 0 1 1 1 0 0
Λ61 0 1 1 1 0 0 0 0 0 1 0 0 1 1 1 1
Λ2

61 1 0 1 1 0 0 0 0 0 1 0 0 1 1 1 1
Λ83 0 1 1 1 0 0 0 0 1 0 1 1 0 1 0 1
Λ2

83 1 0 1 1 0 0 0 0 1 0 1 1 0 1 0 1



, (4.26)

where we have called the new brick matchings p′µ to distinguish them from the original
ones. The QJE and QD matrices are, respectively,

QJE =



p′1 p′2 p′3 p′4 p′5 p′6 s′1 s′2 s′3 s′4 s′5 s′6 s′7 s′8 s′9 s′10

0 0 1 1 0 0 1 1 0 0 −1 −1 −1 0 −1 0
0 0 0 0 0 0 0 1 0 0 −1 0 0 0 −1 1
0 0 0 0 0 0 1 0 0 0 0 −1 −1 1 0 0
1 1 0 0 0 0 0 0 −1 −1 0 0 0 0 0 0
0 0 0 0 1 1 −1 −1 0 0 0 0 0 0 0 0


, (4.27)
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<latexit sha1_base64="W7Pb1ahJAPyeNqrukRnYvvCu/w4=">AAACE3icbVDLSgNBEJyNrxhfUY9eBkPQU9iVRT0GvHiMYB6QhDA76SRDZmeXmd5AWPIL3kT/xZt49QP8FU/OJjloYkFDUdVNd1cQS2HQdb+c3Mbm1vZOfrewt39weFQ8PmmYKNEc6jySkW4FzIAUCuooUEIr1sDCQEIzGN9lfnMC2ohIPeI0hm7IhkoMBGeYSfFFz+8VS27FnYOuE29JSmSJWq/43elHPAlBIZfMmLbnxthNA7sW9KxQ7iQGYsbHbAhtS5WVTTed3zqjZav06SDSthTSuVr4NZGy0JhpGNjOkOHIrHqZ+J/XTnBw202FihMExReLBomkGNHscdoXGjjKqSWMa4GCUz5imnG08RQ6BnDxAEIYS4aQKjYRw3lMNDsokmaWzmxY3mo066RxVfGuK/6DX6r6y9jy5Iyck0vikRtSJfekRuqEkxF5Ii/k1Xl23px352PRmnOWM6fkD5zPH1Ednx0=</latexit>

p04
<latexit sha1_base64="44Tfsdd/AEQEhL/Kx8g5HQkOiYI=">AAACE3icbVDLSgNBEJyNrxhfUY9eBkPQU9iVoB4DXjxGMA9IQpiddJIhs7PLTG8gLPkFb6L/4k28+gH+iidnNzloYkFDUdVNd5cfSWHQdb+c3Mbm1vZOfrewt39weFQ8PmmaMNYcGjyUoW77zIAUChooUEI70sACX0LLn9ylfmsK2ohQPeIsgl7ARkoMBWeYStFF3+sXS27FzUDXibckJbJEvV/87g5CHgegkEtmTMdzI+wlvl0Lel4od2MDEeMTNoKOpcrKppdkt85p2SoDOgy1LYU0Uwu/JhIWGDMLfNsZMBybVS8V//M6MQ5ve4lQUYyg+GLRMJYUQ5o+TgdCA0c5s4RxLVBwysdMM442nkLXAC4eQAgiyRASxaZilMVE04NCaebJ3IblrUazTppXFe+6Un2olmrVZWx5ckbOySXxyA2pkXtSJw3CyZg8kRfy6jw7b86787FozTnLmVPyB87nD0wZnxo=</latexit>

p01
<latexit sha1_base64="6YL8/vBeWDN60Le7828yQulvg9k=">AAACE3icbVDLTgJBEJzFF+IL9ehlIiF6IruEqEcSLx4xETABQmaHBibMzm5meknIhl/wZvRfvBmvfoC/4slZ2IOClXRSqepOd5cfSWHQdb+c3Mbm1vZOfrewt39weFQ8PmmZMNYcmjyUoX70mQEpFDRRoITHSAMLfAltf3Kb+u0paCNC9YCzCHoBGykxFJxhKkUX/Wq/WHIr7gJ0nXgZKZEMjX7xuzsIeRyAQi6ZMR3PjbCX+HYt6Hmh3I0NRIxP2Ag6liorm16yuHVOy1YZ0GGobSmkC7XwayJhgTGzwLedAcOxWfVS8T+vE+PwppcIFcUIii8XDWNJMaTp43QgNHCUM0sY1wIFp3zMNONo4yl0DeDyAYQgkgwhUWwqRouYaHpQKM08mduwvNVo1kmrWvGuKrX7Wqley2LLkzNyTi6JR65JndyRBmkSTsbkibyQV+fZeXPenY9la87JZk7JHzifP03Fnxs=</latexit>

p02
<latexit sha1_base64="kiOHUBMlWs8iDtCSm6Gn23P+0Z4=">AAACE3icbVDLSgNBEJz1GeMr6tHLYAh6Crsa1GPAi8cI5gFJCLOTTjJkdnaZ6Q2EJb/gTfRfvIlXP8Bf8eTsJgdNLGgoqrrp7vIjKQy67peztr6xubWd28nv7u0fHBaOjhsmjDWHOg9lqFs+MyCFgjoKlNCKNLDAl9D0x3ep35yANiJUjziNoBuwoRIDwRmmUnTeu+oVim7ZzUBXibcgRbJArVf47vRDHgegkEtmTNtzI+wmvl0LepYvdWIDEeNjNoS2pcrKpptkt85oySp9Ogi1LYU0U/O/JhIWGDMNfNsZMByZZS8V//PaMQ5uu4lQUYyg+HzRIJYUQ5o+TvtCA0c5tYRxLVBwykdMM442nnzHAM4fQAgiyRASxSZimMVE04NCaWbJzIblLUezShqXZe+6XHmoFKuVRWw5ckrOyAXxyA2pkntSI3XCyYg8kRfy6jw7b8678zFvXXMWMyfkD5zPH09xnxw=</latexit>

p03
<latexit sha1_base64="sZdwj54aAoXcTnchKjo0JmZ1ePk=">AAACE3icbVDLSgNBEJz1GeMr6tHLYAh6CrsSH8eAF48RzAOSEGYnnWTI7Owy0xsIS37Bm+i/eBOvfoC/4snZTQ6aWNBQVHXT3eVHUhh03S9nbX1jc2s7t5Pf3ds/OCwcHTdMGGsOdR7KULd8ZkAKBXUUKKEVaWCBL6Hpj+9SvzkBbUSoHnEaQTdgQyUGgjNMpei8d9UrFN2ym4GuEm9BimSBWq/w3emHPA5AIZfMmLbnRthNfLsW9Cxf6sQGIsbHbAhtS5WVTTfJbp3RklX6dBBqWwpppuZ/TSQsMGYa+LYzYDgyy14q/ue1YxzcdhOhohhB8fmiQSwphjR9nPaFBo5yagnjWqDglI+YZhxtPPmOAZw/gBBEkiEkik3EMIuJpgeF0sySmQ3LW45mlTQuy951ufJQKVYri9hy5JSckQvikRtSJfekRuqEkxF5Ii/k1Xl23px352PeuuYsZk7IHzifP1LJnx4=</latexit>

p05

<latexit sha1_base64="KAqE/JgMqmt5hKlrla84TLg4Flg=">AAACE3icbVDLSgNBEJz1GeMr6tHLYAh6CrsSoseAF48RzAOSEGYnnWTI7Owy0xsIS37Bm+i/eBOvfoC/4snZTQ6aWNBQVHXT3eVHUhh03S9nY3Nre2c3t5ffPzg8Oi6cnDZNGGsODR7KULd9ZkAKBQ0UKKEdaWCBL6HlT+5SvzUFbUSoHnEWQS9gIyWGgjNMpeiyX+0Xim7ZzUDXibckRbJEvV/47g5CHgegkEtmTMdzI+wlvl0Lep4vdWMDEeMTNoKOpcrKppdkt85pySoDOgy1LYU0U/O/JhIWGDMLfNsZMBybVS8V//M6MQ5ve4lQUYyg+GLRMJYUQ5o+TgdCA0c5s4RxLVBwysdMM442nnzXAC4eQAgiyRASxaZilMVE04NCaebJ3IblrUazTprXZa9arjxUirXKMrYcOScX5Ip45IbUyD2pkwbhZEyeyAt5dZ6dN+fd+Vi0bjjLmTPyB87nD1R1nx8=</latexit>

p06

<latexit sha1_base64="PVwoI9SxsQREvSv6g9S74cI1UWk=">AAACE3icbVDLSgNBEJyNrxhfUY9eBkPQU9iVoB4DXjxGMA9IQpiddJIhs7PLTG8gLPkFb6L/4k28+gH+iidnNzloYkFDUdVNd5cfSWHQdb+c3Mbm1vZOfrewt39weFQ8PmmaMNYcGjyUoW77zIAUChooUEI70sACX0LLn9ylfmsK2ohQPeIsgl7ARkoMBWeYSuai7/eLJbfiZqDrxFuSElmi3i9+dwchjwNQyCUzpuO5EfYS364FPS+Uu7GBiPEJG0HHUmVl00uyW+e0bJUBHYbalkKaqYVfEwkLjJkFvu0MGI7NqpeK/3mdGIe3vUSoKEZQfLFoGEuKIU0fpwOhgaOcWcK4Fig45WOmGUcbT6FrABcPIASRZAiJYlMxymKi6UGhNPNkbsPyVqNZJ82rinddqT5US7XqMrY8OSPn5JJ45IbUyD2pkwbhZEyeyAt5dZ6dN+fd+Vi05pzlzCn5A+fzB6MSn04=</latexit>
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Figure 12. The toric diagram of Q1,1,1/Z2 obtained from a mass deformation of the F0,+− theory.

and

QD =



p′1 p′2 p′3 p′4 p′5 p′6 s′1 s′2 s′3 s′4 s′5 s′6 s′7 s′8 s′9 s′10

0 0 0 0 0 0 0 1 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 1 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 0 0 1 0 −1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −1 0 0 0 0 1 0
0 0 0 0 0 0 −1 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 −1 0 0 1 0 0 0 0



. (4.28)

The resulting toric is encoded in the following matrix and

Gt =



p′1 p′2 p′3 p′4 p′5 p′6 s′1 s′2 s′3 s′4 s′5 s′6 s′7 s′8 s′9 s′10

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −1 1 0 0 0 0 0 0 0 0 0 0


, (4.29)

and shown in figure 12. This is indeed the toric diagram for Q1,1,1/Z2, as expected.
A comparison between the toric diagrams before and after the mass deformation reveals

that most of the points in them preserve their positions. Only the point corresponding to
the extremal brick matching p4 in F0,+−, which is highlighted in orange in (4.18), moves.
In this process, q1 and q2 become a single extremal brick matching denoted as p′6. This is
illustrated in figure 13.

As shown in figure 13, the massive brick matching p5, the unaffected brick matching p3
and the moving brick matching p4 are on the mass deformation plane that dissects the toric
diagram. Brick matchings p5 7→ p′5, p3 7→ p′3, p4 7→ p′4 and the new extremal brick matching
q1, q2 7→ p′6 are all on the same plane that stays invariant during the mass deformation.
The mass deformation plane is highlighted in blue in figure 13. Under the deformation, the
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point in the toric diagram corresponding to the brick matching p4 moves along this plane
to its new position p′4.

According to the global symmetry charges for individual fields in table 2, the mass
terms in (4.23),

Λ̄21 · Y21 , Λ̄43 · Y43 , Λ̄65 · Y65 , Λ̄87 · Y87 , (4.30)

carry the following charges,

α(Λ̄21 · Y21) = α5 − α3 − α4 , α(Λ̄43 · Y43) = α5 − α3 − α4 ,

α(Λ̄65 · Y65) = α5 − α3 − α4 , α(Λ̄87 · Y87) = α5 − α3 − α4 . (4.31)

We see that the four mass terms carry the same non-zero global symmetry charge. These
charges correspond to the extremal brick matchings p3, p4, and p5 whose associated points
in the toric diagram are exactly those on the mass deformation plane shown in figure 13.
The mass terms break part of the global symmetry of the original F0,+− theory. Geo-
metrically, this symmetry breaking occurs along the mass deformation plane. The global
symmetry of Q1,1,1/Z2 contains linear combinations of the original symmetries which are
orthogonal to α5 − α3 − α4.

As for the previous example, let us compare the minimum volumes of the underlying
Sasaki-Einstein 7-manifolds. They are

V
F0,+−

min = 45 + 26
√

3
576 , V

Q1,1,1/Z2
min ≃ 0.150916 (4.32)

The ratio between the two volumes is

V
F0,+−

min

V
Q1,1,1/Z2

min
≃ 0.870919 < 1 , (4.33)

which shows that the minimum volume increases with mass deformation, as expected.
The mass deformation connecting F0,+− to Q1,1,1/Z2 that we discussed in this section

is related, via orbifold reduction, to the one connecting the 4d theories for C3/Z4 and F0.
The toric diagrams for these two CY3’s arise on the mass deformation plane, as shown in
figure 13.

4.3 Mass deformation of the C2/Z3 × C2 theory

Finally, let us consider C2/Z3 × C2 whose toric diagram is shown in figure 14.
The corresponding 2d gauge theory can be constructed via standard orbifold techniques

and has (4, 4) SUSY. Its quiver is shown in figure 15.
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Figure 13. The toric diagram of F0,+− changing into the toric diagram of Q1,1,1/Z2 under mass
deformation. We note that brick matchings p3, p4 and p5 define a 2-dimensional plane (blue) and
correspond to the massive terms added to the J- and E-terms. On this plane, the point associated
to p4 moves to a new position due to the mass deformation.
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Figure 14. The toric diagram for C2/Z3 × C2.
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Figure 15. The quiver of the C2/Z3 × C2 theory.
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The J- and E-terms are

J E

Λ12 : X22 · X21 − X21 · X11 Z11 · X12 − X12 · Z22

Λ21 : X12 · X22 − X11 · X12 Z22 · X21 − X21 · Z11

Λ13 : X31 · X11 − X33 · X31 Z11 · X13 − X13 · Z33

Λ31 : X11 · X13 − X13 · X33 Z33 · X31 − X31 · Z11

Λ23 : X33 · X32 − X32 · X22 Z22 · X23 − X23 · Z33

Λ32 : X23 · X33 − X22 · X23 Z33 · X32 − X32 · Z22

Λ11 : X13 · X31 − X12 · X21 Z11 · X11 − X11 · Z11

Λ22 : X21 · X12 − X23 · X32 Z22 · X22 − X22 · Z22

Λ33 : X32 · X23 − X31 · X13 Z33 · X33 − X33 · Z33

, (4.34)

The P -matrix becomes

PΛ =



p1 p2 p3 p4 q1 q2 q3 q4 q5 q6

X11 1 0 0 0 0 0 0 0 0 0
X22 1 0 0 0 0 0 0 0 0 0
X33 1 0 0 0 0 0 0 0 0 0
X12 0 0 1 0 0 1 1 0 0 1
X13 0 0 0 1 0 0 1 0 1 1
X21 0 0 0 1 1 0 0 1 1 0
X23 0 0 1 0 1 0 1 0 1 0
X31 0 0 1 0 1 1 0 1 0 0
X32 0 0 0 1 0 1 0 1 0 1
Z11 0 1 0 0 0 0 0 0 0 0
Z22 0 1 0 0 0 0 0 0 0 0
Z33 0 1 0 0 0 0 0 0 0 0
Λ12 0 1 1 0 0 1 1 0 0 1
Λ13 0 1 0 1 0 0 1 0 1 1
Λ21 0 1 0 1 1 0 0 1 1 0
Λ23 0 1 1 0 1 0 1 0 1 0
Λ31 0 1 1 0 1 1 0 1 0 0
Λ32 0 1 0 1 0 1 0 1 0 1
Λ11 1 1 0 0 0 0 0 0 0 0
Λ22 1 1 0 0 0 0 0 0 0 0
Λ33 1 1 0 0 0 0 0 0 0 0



. (4.35)
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X11 α1

X22 α1

X33 α1

X12 α3

X13 α4

X21 α4

X23 α3

X31 α3

X32 α4

Z11 α2

Z22 α2

Z33 α2

Λ12 α2 + α3

Λ13 α2 + α4

Λ21 α2 + α4

Λ23 α2 + α3

Λ31 α2 + α3

Λ32 α2 + α4

Λ11 α1 + α2

Λ22 α1 + α2

Λ33 α1 + α2

Table 3. Global symmetry charge assignments on chiral and Fermi fields of the C2/Z3×C2 theory.

The charge matrices of GLSM fields that encode the J-, E- and D-terms are

QJE =



p1 p2 p3 p4 q1 q2 q3 q4 q5 q6

0 0 0 −1 −1 −1 1 2 0 0
0 0 0 −1 0 −1 0 1 0 1
0 0 1 0 −1 −1 0 1 0 0
0 0 0 −1 −1 0 0 1 1 0


, QD =


p1 p2 p3 p4 q1 q2 q3 q4 q5 q6

0 0 0 1 0 1 0 −2 0 0
0 0 0 0 1 −1 0 0 0 0

 . (4.36)

The resulting toric diagram is given by the following matrix

Gt =



p1 p2 p3 p4 q1 q2 q3 q4 q5 q6

1 1 1 1 1 1 1 1 1 1
1 0 0 0 0 0 0 0 0 0
0 0 0 3 1 1 1 2 2 2
0 1 0 0 0 0 0 0 0 0


. (4.37)

It is shown figure 14 and it corresponds to C2/Z3 × C2, as expected.
Using the P -matrix in (4.35), we can assign global symmetry charges αµ corresponding

to extremal brick matchings pµ to the chiral and Fermi fields of the brane brick model, as
summarized in table 3. Since every J- and E-term contains every extremal brick matching,
invariance under the global symmetry requires that

α1 + α2 + α3 + α4 = 0 . (4.38)

Let us consider the following mass deformation

J + ∆J E

Λ11 : +X11 + X13 · X31 − X12 · X21 Z11 · X11 − X11 · Z11

Λ22 : −X22 + X21 · X12 − X23 · X32 Z22 · X22 − X22 · Z22

. (4.39)

Interestingly, in contrast with the previous examples, we only give mass to a subset of the
chiral-Fermi pairs that can in principle become massive.
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Integrating out the massive fields, X11 and X22 undergo a field replacement of the
following form,

X11 = −X13 · X31 + X12 · X21 ,

X22 = +X21 · X12 − X23 · X32 . (4.40)

Furthermore, we note that the massive chiral fields X11 and X22 and the massive Fermi
fields Λ11 and Λ22 are all part of the massive brick matching p1, which is highlighted in
blue in the P -matrix in (4.35).

With the replacements in (4.40), the J- and E-terms become,

Λ12 : J : X21 · X12 · X21 − X23 · X32 · X21 − X21 · X12 · X21 + X21 · X13 · X31

E : Z11 · X12 − X12 · Z22

Λ13 : J : X31 · X12 · X21 − X31 · X13 · X31 − X33 · X31

E : Z42 · X21 − X43 · Z31

Λ21 : J : X12 · X21 · X12 − X12 · X23 · X32 − X12 · X21 · X12 + X13 · X31 · X12

E : Z22 · X21 − X21 · Z11

Λ23 : J : X33 · X32 − X32 · X21 · X12 + X32 · X23 · X32

E : Z22 · X23 − X23 · Z33

Λ31 : J : X12 · X21 · X13 − X13 · X31 · X13 − X13 · X33

E : Z33 · X31 − X31 · Z11

Λ32 : J : X23 · X33 − X21 · X12 · X23 + X23 · X32 · X23

E : Z33 · X32 − X32 · Z22

Λ33 : J : X32 · X23 − X31 · X13

E : Z33 · X33 − X33 · Z33

. (4.41)

Above, the terms in red cancel each other out trivially. However, the terms in blue do not
cancel out and break the toric condition of the J- and E-terms. In order to restore the
toric condition, we redefine the interaction terms as discussed in section 3.1. The following
redefinition of the J-terms fixes the terms in (4.41),

Λ13 · X33 → Λ13 · (X ′
33 − X31X13) ,

Λ23 · X33 → Λ23 · (X ′
33 − X23X32) ,

X33 · Λ31 → (X ′
33 − X31X13) · Λ31 ,

X33 · Λ32 → (X ′
33 − X32X23) · Λ32 . (4.42)

Figure 16 shows the resulting quiver.
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Figure 16. The quiver obtained from the C2/Z3 ×C2 theory after the mass deformation in (4.39).

The J- and E-terms are,

J E

Λ12 : X21 · X13 · X31 − X23 · X32 · X21 Z11 · X12 − X12 · Z22

Λ21 : X13 · X31 · X12 − X12 · X23 · X32 Z22 · X21 − X21 · Z11

Λ13 : X31 · X12 · X21 − X33 · X31 Z11 · X13 − X13 · Z33

Λ31 : X12 · X21 · X13 − X13 · X33 Z33 · X31 − X31 · Z11

Λ23 : X33 · X32 − X32 · X21 · X12 Z22 · X23 − X23 · Z33

Λ32 : X23 · X33 − X21 · X12 · X23 Z33 · X32 − X32 · Z22

Λ33 : X32 · X23 − X31 · X13 Z33 · X33 − X33 · Z33

. (4.43)

This theory has (2, 2) SUSY and corresponds to SPP×C [1]. It is straightforward to verify
that the quiver diagram in figure 16 and the J- and E-terms in (4.43) follow by dimensional
reduction from the 4d N = 1 theory for SPP [33].

Using the forward algorithm, we can calculate the corresponding P -matrix, which takes
the form

PΛ =



p′1 p′2 p′3 p′4 p′5 q′1 q′2
X33 1 0 0 1 0 0 0
X12 0 0 0 1 0 0 0
X13 0 0 1 0 0 0 1
X21 1 0 0 0 0 0 0
X23 0 0 0 0 1 0 1
X31 0 0 0 0 1 1 0
X32 0 0 1 0 0 1 0
Z11 0 1 0 0 0 0 0
Z22 0 1 0 0 0 0 0
Z33 0 1 0 0 0 0 0
Λ12 0 1 0 1 0 0 0
Λ13 0 1 1 0 0 0 1
Λ21 1 1 0 0 0 0 0
Λ23 0 1 0 0 1 0 1
Λ31 0 1 0 0 1 1 0
Λ32 0 1 1 0 0 1 0
Λ33 1 1 0 1 0 0 0



. (4.44)
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Figure 17. The toric diagram for SPP × C obtained from a mass deformation of the C2/Z3 × C2

theory.

We have labelled the new brick matchings p′µ to distinguish them from the original ones.
The new QJE and QD matrices are

QJE =
 p′1 p′2 p′3 p′4 p′5 q′1 q′2

0 0 −1 0 −1 1 1

 , QD =


p′1 p′2 p′3 p′4 p′5 q′1 q′2

−1 0 1 1 0 −1 0
1 0 0 −1 1 −1 0

 . (4.45)

The corresponding toric diagram is summarized in

Gt =



p′1 p′2 p′3 p′4 p′5 q′1 q′2

1 1 1 1 1 1 1
1 0 0 1 0 0 0
0 0 0 1 2 1 1
0 1 0 0 0 0 0


, (4.46)

and shown in figure 17. It indeed corresponds to SPP × C.
Comparing the toric diagrams before and after the mass deformation reveals that

most of the points in them preserve their positions. Only the point corresponding to p4
in C2/Z3 × C2 moves. In this process, some of the qa’s become the single extremal brick
matching p′5, as shown in figure 18. The massive brick matching p1, the unaffected brick
matching p3 and the moving brick matching p4 define a plane as shown in figure 18. When
p4 moves, it remains on this plane until it reaches its final location p′4, as shown in figure 18.

Following the charge assignments in table 3, the mass terms in (4.39),

Λ11 · X11 , Λ22 · X22 , (4.47)

carry the following global symmetry charges,

α(Λ11 · X11) = α1 + (α1 + α2) , α(Λ22 · X22) = α1 + (α1 + α2) , (4.48)

which by using the constraint α1 + α2 + α3 + α4 = 0 from (4.38) can be re-written as

α(Λ11 · X11) = α1 − α3 − α4 , α(Λ22 · X22) = α1 − α3 − α4 . (4.49)
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Figure 18. The toric diagram of C2/Z3×C2 changing into the toric diagram of SPP×C under mass
deformation. Brick matchings p1, p3 and p4 define a 2-dimensional plane (blue) and correspond to
the massive terms added to the J- and E-terms. On this plane, the point associated to p4 moves
to a new position due to the mass deformation.

Once again all the mass deformation terms carry exactly the same non-zero global sym-
metry charge α1 − α3 − α4. Furthermore, these charges correspond exactly to the three
extremal brick matchings p1, p3 and p4 whose corresponding points in the toric diagram are
on the mass deformation plane. The mass deformation break part of the global symmetry
of the original theory C2/Z3 × C2. Accordingly, we identify the mass deformation plane
in figure 18 as the geometric directions along which the global symmetry of the theory
C2/Z3 × C2 breaks. The global symmetry of SPP × C contains linear combinations of the
original symmetries which are orthogonal to α1 − α3 − α4.

The minimum volumes of the underlying Sasaki-Einstein 7-manifolds are

V
C2/Z3×C2

min = 1
3 , V SPP×C

min = 2
3
√

3
. (4.50)

Their ratio is
V

C2/Z3×C2

min
V SPP×C

min
=

√
3

2 ≃ 0.866025 < 1 , (4.51)

which confirms that the minimum volume increases under mass deformation.
The mass deformation from C2/Z3 × C2 to SPP × C discussed above is related, via

dimensional reduction, to the one connecting the 4d gauge theories for C2/Z3×C and SPP.
The connection between these two geometries can be observed on the mass deformation
plane in figure 18.

5 Conclusions and future directions

In this paper we have focused on mass deformations connecting the 2d (0, 2) gauge theories
associated to different toric CY 4-folds. These deformations generalize to 2d the Klebanov-
Witten deformation that connects 4d gauge theories for the C2/Z2 × C orbifold and the
conifold.
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2
<latexit sha1_base64="InOhKKE6gm7y1lzyLg/bl5dfiFo=">AAACEHicbVDLagJBEJw1L2NeJjnmMkSEnGRXJOYo5JKjQnyAisyOrQ7Ozi4zvYIsfkFuIfmX3EKu+YP8Sk4ZdQ+JpqChqOqmu8uPpDDoul9OZmd3b/8ge5g7Oj45PcufX7RMGGsOTR7KUHd8ZkAKBU0UKKETaWCBL6HtT++XfnsG2ohQPeI8gn7AxkqMBGdopUZ1kC+4JXcFuk28lBRIivog/90bhjwOQCGXzJiu50bYT3y7E/QiV+zFBiLGp2wMXUuVlU0/WR26oEWrDOko1LYU0pWa+zWRsMCYeeDbzoDhxGx6S/E/rxvj6K6fCBXFCIqvF41iSTGky6/pUGjgKOeWMK4FCk75hGnG0WaT6xnA9QMIQSQZQqLYTIxXGdHlQaE0i2Rhw/I2o9kmrXLJuy1VGpVCrZzGliVX5JrcEI9USY08kDppEk6APJEX8uo8O2/Ou/Oxbs046cwl+QPn8wdI+p4K</latexit>

7

<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5
<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5

<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5
<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5

<latexit sha1_base64="bntZ/dBO98DPJlULI9fOhPsVVu4=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAh4WnZDUI8BLx4TMA9IQpid9CZDZmeXmd5AWPIF3kT/xZt49Q/8FU9OHgdNLGgoqrrp7goSKQx63peztb2zu7efO8gfHh2fnBbOzpsmTjWHBo9lrNsBMyCFggYKlNBONLAokNAKxvdzvzUBbUSsHnGaQC9iQyVCwRlaqV7uF4qe6y1AN4m/IkWyQq1f+O4OYp5GoJBLZkzH9xLsZYHdCXqWL3VTAwnjYzaEjqXKyqaXLQ6d0ZJVBjSMtS2FdKHmf01kLDJmGgW2M2I4MuveXPzP66QY3vUyoZIUQfHlojCVFGM6/5oOhAaOcmoJ41qg4JSPmGYcbTb5rgFcPoAQJZIhZIpNxHCREZ0fFEszy2Y2LH89mk3SLLv+jVupV4pVdxVbjlySK3JNfHJLquSB1EiDcALkibyQV+fZeXPenY9l65azmrkgf+B8/gA/ap4B</latexit>

2
<latexit sha1_base64="bntZ/dBO98DPJlULI9fOhPsVVu4=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAh4WnZDUI8BLx4TMA9IQpid9CZDZmeXmd5AWPIF3kT/xZt49Q/8FU9OHgdNLGgoqrrp7goSKQx63peztb2zu7efO8gfHh2fnBbOzpsmTjWHBo9lrNsBMyCFggYKlNBONLAokNAKxvdzvzUBbUSsHnGaQC9iQyVCwRlaqV7uF4qe6y1AN4m/IkWyQq1f+O4OYp5GoJBLZkzH9xLsZYHdCXqWL3VTAwnjYzaEjqXKyqaXLQ6d0ZJVBjSMtS2FdKHmf01kLDJmGgW2M2I4MuveXPzP66QY3vUyoZIUQfHlojCVFGM6/5oOhAaOcmoJ41qg4JSPmGYcbTb5rgFcPoAQJZIhZIpNxHCREZ0fFEszy2Y2LH89mk3SLLv+jVupV4pVdxVbjlySK3JNfHJLquSB1EiDcALkibyQV+fZeXPenY9l65azmrkgf+B8/gA/ap4B</latexit>

2

<latexit sha1_base64="ZT4Qis1WslF1zK+uE4j84vByAEU=">AAACDHicbVBNS8NAEN34WeNX9eplsRQ8lUSKeix48VjBfkAbymY7aZduNmF3Uiihv8Cb6H/x5tW/4F/x5KbtQVsfDDzem2FmXphKYdDzvpyt7Z3dvf3SgXt4dHxyWnbP2ibJNIcWT2SiuyEzIIWCFgqU0E01sDiU0Akn94XfmYI2IlFPOEshiNlIiUhwhlZ6rA/KFa/mLUA3ib8iFbJCc1D+7g8TnsWgkEtmTM/3Ugzy0O4EPXer/cxAyviEjaBnqbKyCfLFoXNatcqQRom2pZAuVPfXRM5iY2ZxaDtjhmOz7hXif14vw+guyIVKMwTFl4uiTFJMaPE1HQoNHOXMEsa1QMEpHzPNONps3L4BXD6AEKeSIeSKTcVokREtDkqkmedzG5a/Hs0maV/X/JtavdKorUIrkQtySa6IT25JgzyQJmkRToA8k1fy5rw4787HsnHLWU2ckz9wPn8AjtGcsQ==</latexit>

4

<latexit sha1_base64="ZT4Qis1WslF1zK+uE4j84vByAEU=">AAACDHicbVBNS8NAEN34WeNX9eplsRQ8lUSKeix48VjBfkAbymY7aZduNmF3Uiihv8Cb6H/x5tW/4F/x5KbtQVsfDDzem2FmXphKYdDzvpyt7Z3dvf3SgXt4dHxyWnbP2ibJNIcWT2SiuyEzIIWCFgqU0E01sDiU0Akn94XfmYI2IlFPOEshiNlIiUhwhlZ6rA/KFa/mLUA3ib8iFbJCc1D+7g8TnsWgkEtmTM/3Ugzy0O4EPXer/cxAyviEjaBnqbKyCfLFoXNatcqQRom2pZAuVPfXRM5iY2ZxaDtjhmOz7hXif14vw+guyIVKMwTFl4uiTFJMaPE1HQoNHOXMEsa1QMEpHzPNONps3L4BXD6AEKeSIeSKTcVokREtDkqkmedzG5a/Hs0maV/X/JtavdKorUIrkQtySa6IT25JgzyQJmkRToA8k1fy5rw4787HsnHLWU2ckz9wPn8AjtGcsQ==</latexit>

4

<latexit sha1_base64="kDIarvyrn8y0DJTX2WQlmZYsia4=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAh4Crsa1GPAi8cEzAOSJcxOOsmQ2dllpjcQlnyBN9F/8SZe/QN/xZOTZA+aWNBQVHXT3RXEUhh03S9nY3Nre2c3t5ffPzg8Oi6cnDZNlGgODR7JSLcDZkAKBQ0UKKEda2BhIKEVjO/nfmsC2ohIPeI0Bj9kQyUGgjO0Uv26Vyi6ZXcBuk68jBRJhlqv8N3tRzwJQSGXzJiO58bop4HdCXqWL3UTAzHjYzaEjqXKysZPF4fOaMkqfTqItC2FdKHmf02kLDRmGga2M2Q4MqveXPzP6yQ4uPNToeIEQfHlokEiKUZ0/jXtCw0c5dQSxrVAwSkfMc042mzyXQO4fAAhjCVDSBWbiOEiIzo/KJJmls5sWN5qNOukeVX2bsqVeqVYLWex5cg5uSCXxCO3pEoeSI00CCdAnsgLeXWenTfn3flYtm442cwZ+QPn8wdBFp4C</latexit>

3

<latexit sha1_base64="kDIarvyrn8y0DJTX2WQlmZYsia4=">AAACEHicbVDLSgNBEJz1GeMr6tHLYAh4Crsa1GPAi8cEzAOSJcxOOsmQ2dllpjcQlnyBN9F/8SZe/QN/xZOTZA+aWNBQVHXT3RXEUhh03S9nY3Nre2c3t5ffPzg8Oi6cnDZNlGgODR7JSLcDZkAKBQ0UKKEda2BhIKEVjO/nfmsC2ohIPeI0Bj9kQyUGgjO0Uv26Vyi6ZXcBuk68jBRJhlqv8N3tRzwJQSGXzJiO58bop4HdCXqWL3UTAzHjYzaEjqXKysZPF4fOaMkqfTqItC2FdKHmf02kLDRmGga2M2Q4MqveXPzP6yQ4uPNToeIEQfHlokEiKUZ0/jXtCw0c5dQSxrVAwSkfMc042mzyXQO4fAAhjCVDSBWbiOEiIzo/KJJmls5sWN5qNOukeVX2bsqVeqVYLWex5cg5uSCXxCO3pEoeSI00CCdAnsgLeXWenTfn3flYtm442cwZ+QPn8wdBFp4C</latexit>

3

<latexit sha1_base64="a7xZs7Pt+EMaJz1GsXNya4+Seco=">AAACEHicbVDLSgNBEJyNr7i+oh69DIaAp7ArQT0GvHhMwDwgCWF20kmGzM4uM72BsOQLvIn+izfx6h/4K56cJHvQxIKGoqqb7q4glsKg5305ua3tnd29/L57cHh0fFI4PWuaKNEcGjySkW4HzIAUChooUEI71sDCQEIrmNwv/NYUtBGResRZDL2QjZQYCs7QSnW/Xyh6ZW8Jukn8jBRJhlq/8N0dRDwJQSGXzJiO78XYSwO7E/TcLXUTAzHjEzaCjqXKyqaXLg+d05JVBnQYaVsK6VJ1f02kLDRmFga2M2Q4NuveQvzP6yQ4vOulQsUJguKrRcNEUozo4ms6EBo4ypkljGuBglM+ZppxtNm4XQO4egAhjCVDSBWbitEyI7o4KJJmns5tWP56NJukeV32b8qVeqVYLWex5ckFuSRXxCe3pEoeSI00CCdAnsgLeXWenTfn3flYteacbOac/IHz+QM9vp4A</latexit>

1
<latexit sha1_base64="dFTtonTXxwTlPgnln3Zh3cGRyLg=">AAACEHicbVDLSgNBEJyNr7i+oh69DIaAp7ArIXoMePGYgEmEZAmzk04yZHZ2mekNhCVf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4wkcKg5305ua3tnd29/L57cHh0fFI4PWuZONUcmjyWsX4MmQEpFDRRoITHRAOLQgntcHw399sT0EbE6gGnCQQRGyoxEJyhlRrVXqHolb0F6CbxV6RIVqj3Ct/dfszTCBRyyYzp+F6CQRbanaBnbqmbGkgYH7MhdCxVVjZBtjh0RktW6dNBrG0ppAvV/TWRsciYaRTazojhyKx7c/E/r5Pi4DbIhEpSBMWXiwappBjT+de0LzRwlFNLGNcCBad8xDTjaLNxuwZw+QBClEiGkCk2EcNFRnR+UCzNLJvZsPz1aDZJ67rsV8uVRqVYK69iy5MLckmuiE9uSI3ckzppEk6APJEX8uo8O2/Ou/OxbM05q5lz8gfO5w9GGp4F</latexit>

6
<latexit sha1_base64="dFTtonTXxwTlPgnln3Zh3cGRyLg=">AAACEHicbVDLSgNBEJyNr7i+oh69DIaAp7ArIXoMePGYgEmEZAmzk04yZHZ2mekNhCVf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4wkcKg5305ua3tnd29/L57cHh0fFI4PWuZONUcmjyWsX4MmQEpFDRRoITHRAOLQgntcHw399sT0EbE6gGnCQQRGyoxEJyhlRrVXqHolb0F6CbxV6RIVqj3Ct/dfszTCBRyyYzp+F6CQRbanaBnbqmbGkgYH7MhdCxVVjZBtjh0RktW6dNBrG0ppAvV/TWRsciYaRTazojhyKx7c/E/r5Pi4DbIhEpSBMWXiwappBjT+de0LzRwlFNLGNcCBad8xDTjaLNxuwZw+QBClEiGkCk2EcNFRnR+UCzNLJvZsPz1aDZJ67rsV8uVRqVYK69iy5MLckmuiE9uSI3ckzppEk6APJEX8uo8O2/Ou/OxbM05q5lz8gfO5w9GGp4F</latexit>

6

<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5
<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5

<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5
<latexit sha1_base64="thdt9q0reJmOR9L8yEx/mf0UjsY=">AAACEHicbVDLSgNBEJyNrxhfUY9eBkPAU9iV+DgGvHhMwCRCsoTZSScZMju7zPQGwrJf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4glsKg6345uY3Nre2d/G5hb//g8Kh4fNIyUaI5NHkkI/0YMANSKGiiQAmPsQYWBhLawfhu5rcnoI2I1ANOY/BDNlRiIDhDKzWuesWSW3HnoOvEW5ISWaLeK353+xFPQlDIJTOm47kx+mlgd4LOCuVuYiBmfMyG0LFUWdn46fzQjJat0qeDSNtSSOdq4ddEykJjpmFgO0OGI7PqzcT/vE6Cg1s/FSpOEBRfLBokkmJEZ1/TvtDAUU4tYVwLFJzyEdOMo82m0DWAiwcQwlgyhFSxiRjOM6KzgyJpsjSzYXmr0ayT1mXFu65UG9VSrbKMLU/OyDm5IB65ITVyT+qkSTgB8kReyKvz7Lw5787HojXnLGdOyR84nz9Ebp4E</latexit>

5

<latexit sha1_base64="dFTtonTXxwTlPgnln3Zh3cGRyLg=">AAACEHicbVDLSgNBEJyNr7i+oh69DIaAp7ArIXoMePGYgEmEZAmzk04yZHZ2mekNhCVf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4wkcKg5305ua3tnd29/L57cHh0fFI4PWuZONUcmjyWsX4MmQEpFDRRoITHRAOLQgntcHw399sT0EbE6gGnCQQRGyoxEJyhlRrVXqHolb0F6CbxV6RIVqj3Ct/dfszTCBRyyYzp+F6CQRbanaBnbqmbGkgYH7MhdCxVVjZBtjh0RktW6dNBrG0ppAvV/TWRsciYaRTazojhyKx7c/E/r5Pi4DbIhEpSBMWXiwappBjT+de0LzRwlFNLGNcCBad8xDTjaLNxuwZw+QBClEiGkCk2EcNFRnR+UCzNLJvZsPz1aDZJ67rsV8uVRqVYK69iy5MLckmuiE9uSI3ckzppEk6APJEX8uo8O2/Ou/OxbM05q5lz8gfO5w9GGp4F</latexit>

6

<latexit sha1_base64="dFTtonTXxwTlPgnln3Zh3cGRyLg=">AAACEHicbVDLSgNBEJyNr7i+oh69DIaAp7ArIXoMePGYgEmEZAmzk04yZHZ2mekNhCVf4E30X7yJV//AX/Hk5HHQxIKGoqqb7q4wkcKg5305ua3tnd29/L57cHh0fFI4PWuZONUcmjyWsX4MmQEpFDRRoITHRAOLQgntcHw399sT0EbE6gGnCQQRGyoxEJyhlRrVXqHolb0F6CbxV6RIVqj3Ct/dfszTCBRyyYzp+F6CQRbanaBnbqmbGkgYH7MhdCxVVjZBtjh0RktW6dNBrG0ppAvV/TWRsciYaRTazojhyKx7c/E/r5Pi4DbIhEpSBMWXiwappBjT+de0LzRwlFNLGNcCBad8xDTjaLNxuwZw+QBClEiGkCk2EcNFRnR+UCzNLJvZsPz1aDZJ67rsV8uVRqVYK69iy5MLckmuiE9uSI3ckzppEk6APJEX8uo8O2/Ou/OxbM05q5lz8gfO5w9GGp4F</latexit>
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PdP3b(b)

Figure 19. Brane tilings for dP3 phase (b) (Model 10b in [15]) and PdP3b phase (b) (Model 9b

in [15]) [9, 15, 29, 36]. Both theories have the same quiver and can be regarded as related by a
non-mass relevant deformation.

This class of deformations has interesting properties that follow from its connection
to geometry. For instance, they translate into combinatorial transformations in terms of
perfect matchings. Also, the pattern of symmetry breaking triggered by the deformation
is captured by the modification of the underlying toric diagram.

We explored how the volume of the Sasaki-Einstein 7-manifold at the base of the CY
4-fold varies under deformation. Our results are consistent with it growing monotonically
as energy is decreased, providing a natural distinction between UV and IR theories. The
number of degrees of freedom of the gauge theory appears to be inversely proportional to
the volume of the SE 7-manifold.

It is natural to ask whether there are more general relevant deformations, i.e. higher
than quadratic order, that also have the special property of connecting toric CY 4-folds.
Such deformations would preserve the quiver but modify the J- and E-terms. The analo-
gous problem for 4d theories associated to toric CY 3-folds and brane tilings was studied
in [37]. An early example of this phenomenon, which was originally presented in [9], corre-
sponds to dP3 and PdP3. The toric diagrams, quivers and brane tilings for the two theories
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are shown in figure 19. The superpotentials are,

W10b = +X61X13X36 + X24X46X62 + X35X52X2
23 + X34X45X51X12X1

23

−X24X45X52 − X36X62X1
23 − X35X51X13 − X12X2

23X34X46X61 , (5.1)
W9b = +X2

23X36X62 + X35X52X1
23 + X46X61X13X34 + X24X45X51X12

−X46X62X24 − X35X51X13 − X45X52X2
23X34 − X1

23X36X61X12 . (5.2)

We leave a detailed investigation of relevant deformations of toric CY4’s for future work.
The dimensional reductions of the dP3 and PdP3 pair, namely dP3 × C and PdP3 × C,
provide an explicit example of this type of deformations. At present, there is no analogue
of a-maximization for the 2d theories associated to CY4’s, so a meticulous analysis similar
to the one discussed above in 4d is not possible. While distinguishing between UV and
IR theories is straightforward in theories related by turning on masses, it can become
more challenging for non-mass deformations in the absence of such field theoretic tools.
However, the connection to geometry can be used to identify the UV and IR theories since,
as previously mentioned, it is expected that the volume of the underlying SE 7-manifold
increases towards the IR.
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