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Hyperparameter Estimation for Sparse Bayesian Learning Models *

Feng Yuf, Lixin Shen*, and Guohui Song§

Abstract. Sparse Bayesian Learning (SBL) models are extensively used in signal processing and machine learning
for promoting sparsity through hierarchical priors. The hyperparameters in SBL models are crucial for
the model’s performance, but they are often difficult to estimate due to the non-convexity and the high-
dimensionality of the associated objective function. This paper presents a comprehensive framework for
hyperparameter estimation in SBL models, encompassing well-known algorithms such as the expectation-
maximization (EM), MacKay, and convex bounding (CB) algorithms. These algorithms are cohesively
interpreted within an alternating minimization and linearization (AML) paradigm, distinguished by their
unique linearized surrogate functions. Additionally, a novel algorithm within the AML framework is intro-
duced, showing enhanced efficiency, especially under low signal noise ratios. This is further improved by
a new alternating minimization and quadratic approximation (AMQ) paradigm, which includes a proxi-
mal regularization term. The paper substantiates these advancements with thorough convergence analysis
and numerical experiments, demonstrating the algorithm’s effectiveness in various noise conditions and
signal-to-noise ratios.
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1. Introduction. Bayesian models are pervasive in a wide variety of fields and have numerous
applications, including machine learning [14, 6, 4], signal /image processing [9, 2, 15], and inverse
problems [7, 8]. Comparing with the classical regularization methods, Bayesian models have the
advantage of providing a probabilistic framework for uncertainty quantification. The Bayesian
approach provides a natural way to incorporate prior knowledge into the model, which is often
useful in practice. In particular, hierarchical Bayesian models provide a flexible framework for
incorporating prior knowledge into the model. On the other hand, sparsity is a common property
of many real-world problems. For example, in signal processing, the signal of interest is often sparse
in some domain, such as the wavelet domain [12, 11]. In machine learning, the sparsity of the model
is often desirable for interpretability and computational efficiency [19]. The sparse Bayesian learning
(SBL) models [37, 35, 13, 33, 36] are hierarchical Bayesian models that have been widely used in
signal processing and machine learning to promote sparsity through hierarchical priors.

The SBL models operate on hierarchical Bayesian frameworks, encompassing two tiers of pa-
rameters: the unidentified signals/weights and the hierarchical prior’s hyperparameters. These
hyperparameters are crucial in SBL models, dictating the weights’ sparsity and influencing its
performance. In particular, an individual hyperparameter is associated independently with each
weight, allowing variance in the magnitudes. This individualized prior formulation is a key aspect
of SBL models [33], as it enables the model to autonomously determine the sparsity pattern of the
weights. However, it introduces extra hyperparameters whose dimension is equal to the number of
weights, which can be prohibitively large. This creates a significant challenge in the application of
SBL models, as the hyperparameters must be estimated from the data.

A common approach of hyperparameter estimation is to use the empirical Bayes approach (or
Type II maximum likelihood) [6, 29], which computes the marginal likelihood through integrating
out the unknown weights and then maximizes this marginal likelihood with respect to the hyper-
parameters. This approach is also known as the evidence maximization approach [26, 27, 28, 33].
However, this marginal likelihood function is often non-convex. That is, we need to solve a high-
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dimensional non-convex optimization problem to estimate the hyperparameters. It is necessary to
develop efficient optimization algorithms to solve this challenging minimization problem.

Various algorithms have been proposed to address this issue, including the expectation-maximization|j
(EM) algorithm [10, 38], the MacKay (MK) algorithm [26, 27, 28, 33|, and the convex bounding
(CB) algorithm [34]. The EM algorithm has guaranteed convergence [40, 31], but its convergence
rate is often slow [31], and it exhibits sensitivity to initial values [25]. The MK algorithm has been
observed to have a faster convergence in many applications [33], but it currently lacks a theoretical
guarantee for convergence. The CB algorithm [34] has a convergence rate comparable to that of
the MK algorithm and convergence guarantees. It is not clear how to compare the theoretical
convergence rates of these algorithms and how to improve their convergence rates.

In this paper, we present a unified framework that encapsulating these algorithms used for
hyperparameter estimation in SBL models. Specifically, we will show that these methods could
be cohesively understood within an alternating minimization and linearization (AML) paradigm,
distinguished only by their choices of linearized surrogate functions. This integrative framework
offers a new perspective through which to interpret, analyze, and compare these algorithms, both
theoretically and numerically. In addition, we introduce a novel algorithm through a different
choice of the linearized surrogate function, which exhibits superior efficiency compared to its pre-
decessors when the signal noise ratio is low. We further propose a new alternating minimization
and quadratic approximation (AMQ) paradigm to improve its performance through adding a prox-
imal regularization term into the proposed linearized surrogate function. We underpin our claims
with rigorous convergence analysis and numerical experiments, demonstrating the potency of the
proposed algorithm under various scenarios with different noise levels and signal-to-noise ratios.

While a framework akin to ours has been introduced in [18] for the three mentioned algorithms,
our approach stands distinct in several key aspects. The work in [18] interprets these algorithms
through the lens of majorization-minimization (MM), employing varied techniques to derive the
majorants. However, it remains ambiguous which techniques truly enhance efficiency and con-
vergence. In constrast, our perspective is more nuanced. We see surrogate functions as linear
approximations of the objective function concerning different change of variables. This viewpoint
not only simplifies theoretical comparisons, as showcased in our convergence rate analysis in Sec-
tion 4, but also facilitates the creation of more efficient algorithms. In addition, our method allows
for a broader selection of surrogate functions. Unlike [18] where the surrogate must majorize the
objective function, our surrogates aren’t bound by this constraint, granting us greater flexibility
and potential for algorithmic improvements.

This paper is structured as follows. In Section 2, we will present an introduction to the SBL
models and discuss the problem of hyperparameter estimation. In Section 3, we will introduce
the AML framework and illustrate how existing algorithms for hyperparameter estimation in SBL
models can be redefined within the AML framework. Section 4 will be dedicated to the proposal of a
novel algorithm grounded in the AML framework, with a comparative evaluation of its performance
against established algorithms in the denoising scenario. In Section 5, we will further propose a new
AMQ approach to improve the proposed AML algorithm, accompanied by a comprehensive analysis
of its convergence. Section 6 will be devoted to presenting the results of numerical experiments
designed to showcase the efficacy of the proposed algorithm. Finally, we will summarize our findings
and draw conclusions in Section 7.

2. Sparse Bayesian Learning Models. In this section, we will introduce the Sparse Bayesian
Learning (SBL) model [13, 33, 34]. Specifically, we consider the following linear inverse problem:

where F € R™*" is the given dictionary of features, & € R" is the vector of unknown weights,

e € R™ is the vector of noises, and y € R™ is the observation vector. We assume that the

noise vector € follows an independent and identically distributed (i.i.d.) normal distribution with

zero mean and inverse variance 3, i.e., € ~ A(0, 37!1), where AN denotes the multivariate normal
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distribution. That is, the likelihood function is given by

(2:2) p(yle) = N (y|Fz, 57'1).

We also assume the unknown vector & has the following prior distribution:
(2.3) p(xly) = N(=[0,T),

where v € R :={c € R" : ¢; > 0,1 < i < n} collects all the hyperparameters ~;, and I = diag(~y)
is the diagonal matrix with diagonal entries given by ~.

A key aspect of SBL lies in its assumption of distinct hyperparameters -; for each weight x;,
as opposed to employing a common hyperparameter v for all z;’s. This individualized approach is
crucial for the model’s effectiveness. Each hyperparameter 7; specifically governs the sparsity of
its corresponding weight x; in the sense that as -; approaches zero, it increasingly suggests that
the weight x; is likely to be zero. In the extreme scenario where 7; = 0, the weight z; essentially
reduces to a degenerate distribution, represented as a point mass at zero. The capacity of the SBL
model to allow for distinct ;’s, which are learned from data, enables it to autonomously determine
the sparsity pattern of the weights @. This approach effectively eliminates the need for manual
hyperparameter tuning, a significant advantage in practical applications.

We next introduce how to estimate the hyperparameters « in the SBL model. The evidence
maximization (Type II maximum likelihood) approach [26, 27, 28, 33] will be employed to estimate
the hyperparameters v through maximizing the marginal likelihood (evidence) function:

(2.4) 4 = arg max p(y|v).
VGRﬁ

Since both the likelihood p(y|x) (2.2) and the prior p(x|y) (2.3) are Gaussian, it follows from the
conjugate property of Gaussian distribution [29] that the evidence function is given by

(2.5) p(yly) = /p(ylw)p(wv)dw =N (y0,S(v)), with S(v) =8I+ FIFT.
Substituting (2.5) into (2.4) yields that

(2:6) 4 = argmin L(y) := 4" (S(7)) 'y + log det S(7).
76R1

Once obtaining the estimate 4 of the hyperparameters, we can derive the conditional posterior
distribution p(x|y,4) of the unknown vector x through

o PWl@p@y) e
(2.7) p(wlyﬁ)——p(ym = N(z|u(¥), 2(9)),

whose mean and covariance are

(2.8) p(¥) =FFT(S(¥) 'y and E(§)=F-TFT(S())~'FT.

It is important to highlight that the primary computational expense in the SBL model lies in
the calculation of 4 (2.6). The associated objective function L(7y) presents a non-convex nature
due to the concavity of the log determinant function, posing significant challenges in solving the
minimization problem (2.6). In the following, we review several existing algorithms developed
to address this minimization problem. Our focus begins with the widely employed EM algorithm
[10, 38]. Specifically, the EM algorithm starts with an initial estimate ~(©), proceeding to iteratively
refine the estimates of v through a sequence of two key steps:

e E-step: Given the current estimate ¥, find the posterior distribution p(x|y,*)) and then
compute the expectation of log p(y, x|v) with respect to p(x|y, v*)).
3



e M-step: Update the estimate of v by maximizing the expectation obtained in the E-step:

7<k+1) =argmaxE,, L) log p(y, x|7y).
~YER™
A direct calculation with the conditional posterior distribution (2.7) shows that the EM algorithm
updates the estimate of v as follows:

(2.9) 7 = "R+ EO® ) 1<i<n,

where p and X are defined in (2.8).

The EM algorithm is known to produce a monotonic sequence for the objective function, thus
ensuring guaranteed convergence, as demonstrated in [40, 31]. However, its convergence rate is
often slow [31], and it exhibits sensitivity to initial values [25]. In contrast, the MK algorithm
[26, 27, 28, 33] is observed to have significantly faster convergence in many practical applications
[33]. The MK algorithm utilizes the following iterative scheme [33]:

(k))]2
(2.10) D _ ) (k)[u('y )i Cl<i<n
Vi = [E®)]

However, the MK algorithm currently lacks a theoretical guarantee for convergence.

The CB algorithm, as proposed in [34], demonstrates a convergence rate comparable to that
of the MK algorithm, with the added advantage of guaranteed convergence to a stationary point
of the objective function [34]. The CB algorithm employs the following iteration scheme [34] for
updating the estimate of ~:

(k)12
2.11) L) ) \/ GO,
1 = [ ®)a

We will present a unified framework for understanding all three algorithms in the next section.

3. A Unified AML Framework for Hyperparameter Estimation. We propose a unified frame-
work for the algorithms discussed in Section 2: the EM, MK, and CB algorithms. This framework
facilitates their analysis and comparison, and offers a fresh viewpoint for developing more efficient
hyperparameter estimation methods in SBL models. Specifically, we introduce an auxiliary variable
into the objective function L(-y) (2.6), and alternately minimize it over v and the auxiliary variable.
During the minimization over -y, the non-convex nature of the objective function necessitates the
use of a surrogate function to locate the minimizer in each iteration. Through this methodology, it
becomes apparent that the EM, MK, and CB algorithms represent distinct approaches of selecting
surrogate functions. Notably, all three algorithms utilize linearization techniques to construct these
surrogate functions. We designate this approach as the alternating minimization and linearization
(AML) framework.

3.1. A unified AML framework. We will present a unified AML framework for estimating the
hyperparameter 4 in (2.6). We first rewrite the objective function (2.6) by introducing an auxiliary
variable. To this end, we define the following function with an auxiliary variable a:

(3.1) Flz,v)=BIFe—ylP+= Tz + > (), zeR",yeRY,
icly

where I is the Moore—Penrose inverse of I and I, = {1 <i<mn:v =0} records the indices of
the zero entries of . Here ¢4 the indicator function of a set A is defined as t4(z) =0 if z € A and
va(z) = 0o if 2 ¢ A. We point out that ' is a diagonal matrix with diagonal entries given by

= 0
“ o, if v; = 0.

We next show that the first term in the objective function L(y) (2.6) can be written as the minimum
of F(x,7) over the auxiliary variable .



Theorem 3.1. For any v € R} and y € R™, the optimization problem

(3.2) min F(x,~y)
TeR™

has a unique minimizer. Denote this minimizer by x*(v). We have that

o (y) = p(y) and F(z*(v),7) =y (S() ',

where p(7) is given by (2.8) and S(7) is defined by (2.5).

Proof. We first prove that the optimization problem has a unique minimizer. To this end, we
set Jy={1<i<n:v #0}and I, = {1 <i<n:v =0}, and rewrite F(x,7) as

Fz,v)=BIFz—yl*+ > aiv ' + > rop(wi).

1€y i€ly

The domain of F(-,v)is A= {x:x; = 0,7 € I} which is a closed convex set of R”. On the set A,
F(-,~) is strictly convex and coercive due to the second term Zie‘,ﬂ/ x?’yi_l in F(-,7), hence, the
optimizer of the optimization problem (3.2) exists and unique. We denote the minimizer by a&*(7).

Next, we show the minimizer x*(v) is given by wp(v). By the definition of p(vy) in (2.8), we
need to show for 1 <+¢ < n,

(3-3) [z (7)]i = [TFT(S(v) "yl
We first show it holds for i € I. Since x*(v) € A, the components of the mlmmlzer [x*(7)]; must
be zero for i € I,. On the other hand, for i € I, we have ; = 0 and [TFT(S(v)) 'y]; = 0, which

implies (3.3) holds for i € .

The above equality (3.3) also holds for i € J,. To this end, we use F;, to denote the submatrix
of columns of F corresponding to Jy, Iy, = diag(v; : i € Jy), and ;. = [7]ics, to denote the
corresponding block of . We have

[* ()]s, = argmin B|[F,u — y|* + w7 u.
ueRlJ~l

By setting the gradient to the above quadratic objective function to zero, we have
(3.4) [@* (V) = (BFL,Fu, + T BF Ly
It follows from the Woodbury matrix identity [20] that
(BF)Fu, + r;j)fl =T, —T5Fy (B T+F T FL ) 'Ful s,
which implies
[ (V)]sy = To, (L= F) (B~ 1+ Fu, T, F) ) 'l )BF )y
=T, F (= (B T+ F T FL) ' F T F) )Ry

=T FL (B T+ Fr, T Fl )y

Moreover, since v; = 0 for i € Iy, we have F; 'y, F}‘Y = FIFT. Recalling the definition of S(v) in
(2.5), we have [z*(v)]s, =T, FLS(’y)*ly, which implies (3.3) also holds for i € J,. Consequently,

z*(v) = TFT(S(v)) "ty = p(v) is the minimizer of F(z,~) over x for any v € R7.
It remains to show the minimum of F(-,~) is y'(S(v)) 'y. Since [z*(v)]; = 0 for i € I,

F(x*(v),v) = BlIF x5, —y|* + (wjﬂ/)Tl’;ﬂ’l:nf‘,v.
5



Substituting :13}7 in (3.4) into the above equation yields that

F(@,y) = By (y — Fas,) = 7 [B1— BF, (BFT Fu + T 7FT | w
It follows from the Woodbury matrix identity [20] that
(B~ +Fu, T F) )" = BL— 8%F . (BF),Fu, + T2 '),
which implies F(z%,v) = y (B + Fo, T, F}ﬂ/)_ly. Moreover, since Fz Iz, FL = FIFT, we have

F(al,y) =y (B'1T+FIF) 'y =y"(S(v) 'y,
which completes the proof. |

We emphasize that the above formulation (3.1) exhibits a slight deviation from the formulation
presented in [34] which reads Fi(x,~) = B||Fz — y||* + T ~'z. We shall notice that the domain
of Fi over v is R}, = {u € R" : u; > 0,1 < 4 < n} which does not consider the situation
when some ~; = 0. It is also ignored in existing literature (e.g. [34, 35, 18]). This might bring
inconveniences in both the analysis and the computation of the corresponding algorithms. The set
R, is open, which could not ensure the existence of a minimizer of the objective function over
~. It is necessary to analyze this specific situation and develop algorithms that could handle it.
In contrast, the proposed formulation F(ax,«) in this paper could handle this situation easily by
extending the domain to R’} as shown in Theorem 3.1.

We could then rewrite the objective function L in (2.6) as

(3.5) L(y) = F(p(v),7) +g(v) = min Fx,7) +9(3),
where
(3.6) g() = logdet S(v) = logdet (3~ + FTFT),

and reformulate the minimization problem (2.6) through introducing the auxiliary variable a:

(7, 2) = argmin F(z,v)+g(7).
~€ER™ ,x€R"

A popular approach for solving the above minimization problem involving multiple parameters is
the alternating minimization (AM) method, also known as Gauss-Seidel iteration scheme, or block
coordinate minimization [5, 39]. Specifically, for a given initial point ~(©) each step of the AM

method consists of two updates,
x—update

—N—
| —
~—update

where

(3.7) z-update: x*) — arg min F(x, ’y(k)) + g(’y(k))
xcR"”

(k+1) — argmin F(2®, ~v) + g(v).

veRi

(3.8) ~-update:

We will investigate the x-update (3.7) and the ~-update (3.8) separately. For the xz-update
(3.7), it follows from Theorem 3.1 that the minimizer (¥ is given by

(3.9) 2™ = p(y®)) = TOFT(S(vM))y.
6



(®)

= 0 for some i, we have ;" = 0 for the corresponding i.

(%)

7

It is direct to observe that when vfk)

For the ~-update (3.8), we note that when x;"’ = 0 for some i, changing a positive v; to zero

will make both (x®))Trtz®*) and logdet S(v) smaller, while > icr, 4o} (:UZ(-k)) remains unchanged.

It implies ’y-(kH) = 0 for such ¢. On the other hand, when 2 ¥ # 0 for some i, we must have

% i
'yi(kﬂ) > 0. Otherwise, the second term Ziel-, L{0} (ajgk)) will be infinite.

Consequently, when fyi(k) =0or ngk) = 0 happens for some 4, both x; and ~; will be zero in all the

following iterations. We would then remove the corresponding components from the optimization
(k)

problem and work on the updates of the other components. Otherwise, we will assume ;" > 0

and xz(k) # 0 for all ¢ in the following analysis.

We point out that the main challenge of the above optimization problem is the non-convexity
of the log determinant function g(v). A widely used approach to address this challenge is to derive
a surrogate function for the log determinant function. Specifically, at each iteration, we will derive
a surrogate §(v,v*) of the log determinant function g(v) at the current iterate v*) and then

minimize the surrogate function instead to find the next iterate ~*+1):
(3.10) ) = arg min F(z®), v) + g(v,v).
YERY L

The choice of the surrogate function g is crucial for the performance of the algorithm. In particular,
it is often chosen as a linear function, which is separable, and the resulting problem (3.10) is easy
to minimize. In the following, we will demonstrate that different choices of this linearized function
within the unified AML framework can give rise to the EM algorithm (2.9), the MK algorithm
(2.10), and the CB algorithm (2.11).

In the subsequent subsections, the phrase “an iterative scheme is equivalent to an algorithm”
conveys the idea that, for a given initial estimate, the sequence produced by the iterative scheme
is identical to that generated by the algorithm. For nonational simplicity, we use some matlab-like
notation. For instance, for a vector s € R™, s~! denotes elelemnt-by-element reciprocal of s, and
e® denotes elelemnt-by-element expential of s.

3.2. EM in the unified AML framework. We will show that the EM algorithm (2.9) can be
viewed as the minimizer in the unified AML framework (3.10) with a proper chosen surrogate

function ggn(y, v™).
With the help of the matrix determinant lemma [17] that

(3.11) det(87H 4+ FIFT) = det(F~* 4 BFTF) - det T - det(87'1),
the log determinant function g can be rewritten as
g(7) =logdet(8' 1+ FTFT) = logdet(T " 4+ BFTF) + > log~; — mlog 8.
i=1

We will derive a surrogate function ggy of g through approximating the first term log det(I—! +
BFTF) of the above identity. This approximation is completed through two steps, namely a change
of variable and the first-order Taylor expansion. That is, for v € R, setting

s=~"1 and ¢(s) =logdet(S+ BFTF),

where S = diag(s) = !, we derive the surrogate function g\ (y,v*) as

gin (7, Y) = 6(s™) + (Vo(s™), s — s*)) +) "logy; —mlog B,
i=1

7



where s¥) = (4(*))=1_ Note that the log determinant is a concave function [16], which implies

gem (7, 7)) is a majorant of g. The gradient of ¢ at s is
Vo (sM) = diag([S"™ + BFTF] ),
where, by the Woodbury matrix identity [20],
(312)  [SW 4 BFTRIT = (ST — (ST TIFT(BTT 4 F(SW) TR TR T

From the above identity (3.12), together with (S*))~1 = '®) S(~) in (2.5) and (=) in (2.8), we
have

[SW + BFTFI™! = £(v V),

which implies

(313)  gem(y, ") =o(s™) + D _[E(v )i (7, - (k)> + > logi —mlog .
) LG i=1

Proposition 3.2. The iteration scheme
(3.14) A = argmin F(z®, y) + gan (v, v"),
YERY L
where Gen (v, 7)) is the surrogate function in (3.13), is equivalent to the EM algorithm (2.9).

Proof. Tt is direct to observe that both terms in the above objective function (3.14) are separable
in ~;’s. That is, we could minimize over ~; separately for 1 <14 < n. Specifically, we have

'yi(kﬂ) = arg min & L4 log 7,

vi>0 Vi

2 2
where ¢; = {x(k)} +[Z(v*™)]s > 0. A direct computation gives 'y(kﬂ) =¢ = [az(k)] + (")),

(2

which is the same as the EM algorithm (2.9) given the definition of «(®) in (3.9). [ |

3.3. MK in the unified AML framework. We will derive the corresponding surrogate function
vk (v, ¥®) for the MK algorithm (2.10) in the unified AML framework. To this end, we consider
a change of variable and write the log determinant function in the new variable:

y=¢e* and ¢P(A):=g(e).
By (3.11), we have

$(A) = log det(diag(e ) + BFTF) + Y~ \; — mlog .
=1

We then use the first-order Taylor expansion of 1(X) at the current iterate A¥) = log(y(*)) as
the surrogate function of g:

gk (17" = pA®) 4 (T AE), A — AE)y,

By computing the partial derivative g—i()\) =1—eN [Ffl + BFTF] s=1= ’yi_l[Z('y)]ii, we have

(3.15) k(7. 7®) =6 (A®) + 37 (1= () 1 E(®):i ) (tlog i — log (™).
=1

We remark that this surrogate function is not guaranteed to be a majorant of g() since the function
1) is not concave.
We next show that the MK algorithm (2.10) can be viewed as the minimizer in the unified
AML framework (3.10) with the surrogate function gy (v, v™).
8



Proposition 3.3. The iteration scheme

(3.16) F*Y = argmin F(2™),v) + guic(v,4™),
YERL L
where gak (v, Y ®) is the surrogate function in (3.15), is equivalent to the MK algorithm (2.10).

Proof. Since both terms in the above objective function (3.16) are separable in v;’s, we could
minimize over ~y; separately for 1 < i < n. Specifically, for 1 < i < n, we have

k
(h+1) _ (a2 (F)y—1 5 (o (K) _ . G
v, =argmin + (1= () [E(v"))i ) log v = arg min — + log v,
;>0 Vi >0 Vi
({72 o ) . (k+1) .
where ¢; = L > 0. Similar to the proof of Proposition 3.2, we have ~; = ¢;. This

=) ()
combined with the definition of (*) in (3.9) implies that the above iteration scheme is equivalent
to the MK algorithm (2.10). [ |

3.4. CB in the unified AML framework. The CB algorithm (2.11) can also be considered in
unified AML framework (3.10). Unlike the EM and MK algorithms, gcp the surrogate function of
g is simply the first-order Taylor expansion of g without any change of variable. That is,

ges(r,7™) = g(v ) + (Vg(v®), y — "),
A direct calculation from the definition of g() in (3.6) yields that
Vg(v®) = diag(FT (871 + FT®FT)F).
From the definition of X(7) in (2.8), we have
FT (3 1+ FIOFT)F = (F09) 1 — (K15 (50 (r )2,

which implies %(’y(k)) = (’y(k))_l - (’yfk))_Q[Z('y(k))}ii. Consequently, we have

GA7) geslr ™) =96+ 32 (3 = ) AW (i =),
i=1

We next show that the AML framework (3.10) with the surrogate function jcg(vy,~v™®) is
equivalent to the CB algorithm (2.11).

Proposition 3.4. The iteration scheme

~#) = arg min F(z®), v) + jop(v,7™),
YERY 4

where Gop(y, ¥ *)) is the surrogate function in (3.17), is equivalent to the CB algorithm (2.11).

Proof. Similarly, the above objective function is separable in +;’s and we could minimize over
~; separately for 1 <i < n:

(k)\2
(@ ) B e
%(chrl) = arg min ( : ) + (( Z(k)) 1 (%'(k)) 2[2(7(/%))]%) (v — ’Yi(k)) = argmin — + ;,
vi>0 Vi %i>0 i
[(y )2 (k+1) _

where ¢; = Consequently, we have -;

) (P2 V/Ci, which is exactly the
update rule of the CB algorithm (2.11). [ |



We observe that all the three existing algorithms, the EM algorithm (2.9), the MK algorithm
(2.10), and the CB algorithm (2.11), can be viewed as the minimizer in the unified AML framework
(3.10) with different choices of the surrogate function. Specifically, they employ different techniques
in approximating the log determinant function g(«) in the unified AML framework: the EM al-
gorithm uses a change of variable v; = 32-_1 and use the first-order Taylor expansion over s as the
approximation, the MK algorithm uses a change of variable 7; = e* and use the first-order Taylor
expansion over A as the approximation, and the CB algorithm uses the first-order Taylor expansion
over «y directly.

It remains unclear which choice of the surrogate function is better than the others. In particular,
the theoretical convergence of the MK algorithm (2.10) is still missing. Both the EM algorithm
(2.9) and the CB algorithm (2.11) lie in the class of the majorization-minimization (MM) framework
[23], which is known to converge [35, 18]. However, their convergence rates remain undetermined.
To address this gap, in Section 4, we will investigate the convergence behaviors of these three
algorithms and compare their rates in a specialized denoising scenario involving the measurement
matrix F = I. Additionally, we propose a novel algorithm using a different way of linearization and
demonstrate its superior convergence rates compared to existing algorithms.

4. Hyperparameter Estimation for Denoising Problem. In this section, we will focus on the
specialized setting of the denoising problem. That is, we assume the measurement matrix F in (2.1)
is the identity matrix I. This simple setting provides convenience in a theoretical comparison of
the existing algorithms including the EM, the MK algorithm, and the CB algorithm. Moreover,
we will also propose a novel algorithm under the unified AML framework and show its advantage
over the existing algorithms in terms of convergence rates. Its extension to the setting with more
general F will be presented in Section 5.

In the denoising context where F = I, the objective function L(«) (2.6) becomes separable in
terms of each ~;. This separability is expressed as follows:

L) =Y yio+w) "+ log(b+ ),
=1 =1

where b is defined as b = B~!. Furthermore, the three existing algorithms under consider-
ation—mnamely, the EM algorithm ((2.9)), the MK algorithm ((2.10)), and the CB algorithm
((2.11))—exhibit similar separability with respect to each 7;. Consequently, our analysis focuses
on the convergence of individual +; components. Specifically, we concentrate on the 1D problem:

2

. oy
(4.1) 1512161L(’y) =1 + log(b+ ).

We see that the minimizer of the above 1D problem (4.1) has a closed-form solution:
v = max{y2 —b,0}.

We will analyze the convergence of the EM algorithm (2.9), the MK algorithm (2.10), and the CB
algorithm (2.11) to the above minimizer *. To this end, we recall the definition of the order of
convergence and the rate of convergence [30]: we say a sequence {’y(k)} converges to v* with order
of convergence p and rate of convergence ( if
(k+1) _ A%
lim 1 v ¢
k—o0 h/(k) — fy*|P

We start with the analysis of the EM algorithm. The EM algorithm (2.9) reduces to the

following update rule for the 1D problem (4.1): for an initial value v(9) > 0,

2
(k) by(k)
(k+1) __ 2 i Y
(4.2) 07 =y (b—f—'y(k)) +b+'y(k’)’ k> 0.

We have the following result on the convergence of the EM algorithm.
10



Proposition 4.1. The following statement for the EM algorithm hold:
(i) The case of y> > b. The EM algorithm (4.2) converges to v* = y> — b with order of
2_
b(23;4 b) ]
(ii) The case of y*> < b. The EM algorithm (4.2) converges to v* = 0 with order of convergence
p =1 and rate of convergence { = 1. Moreover,

convergence p = 1 and rate of convergence ( =

7 < (k)<070 LE>0
k—i—b/’y(o)_7 = k+co/y0)’ -

where co = y> + b+ bfzg. That is, v\¥) converges to v* = 0 in the rate of O(1/k).

Proof. (i) When 32 > b, we have v* = 32 — b and by (4.2),

k+1) o« _ b0+ 2’Y(k))( (k)

Y W—W’Y -7).

Note that bbA2y®) € (0,1) when ~¥) > 0. Therefore, limy_,00 v} = 4*. Moreover, we have

(b (T2
Dyt b(b+29W)  b(b+297)  b(2y% - b)
lim ————— = lim — S = —
k—oo  |y(K) — ~¥| k—oo (b4 (k)2 b+ %) "

(i) We next consider the case when 32 < b. In this case, we have v* = 0 and

(k+1) _ WP+ +0* 4

! G

Similar arguments as above yield that limy_,oc Y% = ~* = 0 and

k+1) _'7*| o (yQ +b)’}/(k) —|—b2 B

(
im —1.

—— = lim

k—00 "y(k) — fy*‘ k—so0 (b + 7(1@))2

We emphasize that when the rate of convergence is 1, we have a sublinear convergence rate,
which is slower than any linear convergence rate. We next present a more detailed analysis of how
fast it will converge through deriving its lower bound and upper bound. We first show the lower

. . by (k) 1 b~ (k) 1 1
bound of 4*). Tt is direct to observe from (4.2) that v*+1 > bjwc), o < ;XM =3+,

for k£ > 0. Thus, we have ﬁ < %4— ﬁ, which implies the desired lower bound of v*) immediately.

and

It remains to show the upper bound of ¥*). It is enough to show ﬁ > % + ﬁ for k > 0.

2 (k) 2 (k) 4 p2 . . . o
We have ¢y = & :(bk))w + bEQyQ > (yvzzl))):b_;;b . Combined this with the definition of v**1) (4.2)
: 1 1 (k) pp—y? 1 1 . .
ylelds that 5 + W S MWM + m = m, Wthh ﬁnlshes the pI'OOf. [ |

We continue with the analysis of the MK algorithm. We observe that the MK algorithm (2.10)
reduces to the following update rule for the 1D problem (4.1): for an initial value ) > 0,

2, (k)
k+1) _ ¥
(4.3) ~ REGE k> 0.

We present the following result on the convergence of the MK algorithm.

Proposition 4.2. The following stamements for the MK algorithm (4.3) hold:
(i) The case of y> > b. The MK algorithm (4.3) converges to v* = y?> — b with order of
convergence p = 1 and rate of convergence ( = y%.

(ii) The case of y> < b. The MK algorithm (4.3) converges to v* = 0 with order of convergence
2

_ — Y
p =1 and rate of convergence ¢ = 5.

11



(iii) The case of y*> = b. The MK algorithm converges to v* = 0 in the rate of O(1/k):

b
wo b sy
YN OEE
Proof. (i) When 32 > b, v* = y* — b. Tt follows from (4.3) that
b

(k1) _ ¢ — 7 (k) _ A%
gl g bJﬂ(k)('v )

Since M% € (0,1) when v*) > 0, we have limj_,o ¥*) = 4*. Moreover,

YD — 1 b b

im 2 Ty 0 b
oo 7B — A kb bt A® g2

(ii) When 3? < b, we have v* = 0 and
2

(k1) _ o« _ Y (k) _
v Ly (v =9%).
(k41) %
Similar arguments could be used to show limg_, 7(k) =" and limy_, Wi—ﬁl = %.
iii) In the special case when y> = b, we have v* = 0 and —1+ = —i + %, which implies
v JEFD T S T
ﬁ = % + ﬁ The desired result follows immediately. |

We now analyze the convergence of the CB algorithm (2.11), which reduces to the following
update rule for the 1D problem (4.1): for an initial value v(O) > 0,
2

(k+1) _ (k) [ Y

The convergence of the CB algorithm is presented in the following result.

Proposition 4.3. The following statements for the CB algorithm (4.4) hold:

(i) The case of y*> > b. The CB algorithm (4.4) converges to v* = y? — b with order of

2
convergence p =1 and rate of convergence ( = b;;é .

(ii) The case of y*> < b. The CB algorithm (4.4) converges to v* = 0 with order of convergence

p =1 and rate of convergence ( = \/%,
(iii) The case of y*> =b. The CB algorithm converges to v* = 0 in the rate of O(1/k):

2b
2b
k‘i‘w

co
_Co_

< »y(k) <

k>0,

)

where co = max{4b, /2byO} and v > 0 is the initial point.

Proof. (i) When 32 > b, we have v* = 2 — b. We observe that h(y) = v % is an increasing
function on vy € (0,00). If 4 > 4* then v = h(4) > h(y*) = 4*. By repeating the same
argument, we have 4¥) > 4* for & > 0. On the other hand, it also implies \/% € (0,1) and

k41 < 4(k) Thus, we have the existence of limy_,oo 7*) since the sequence {'y(k)} is a decreasing
sequence with a lower bound ~*. Moreover, by taking the limit k¥ — oo on both sides of (4.4), we
have limy_,oo v®) = 7* and

k 2 *
i |y (D) — ] i 08 )\/W - b+ 2
k—>1 S (k) — (k%% * (k) — ~* 292
Iy 7] A (B) Sy v ~ y
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(ii) When y? < b, we have v* = 0. Since € (0,1) for y*) > 0, we have the sequence

y2
by ®
{'y(k)} is decreasing and the existence of limy_, s fy(k) follows. By taking the limit £ — oo on both
sides of (4.4), we have limg_, k) = ~* = 0 and

(k+1) _ ﬁ
lim h/
k—o0 "y 7(k>_>0 b—i—'y

(iii) When y? = b, the sequence {7(¥)} is decreasing with limit v* = 0. A direct computation

from (4.4) yields that 7(’“1“) =,/ (7&))2 + b’yl(k>' It implies ﬁ < ﬁ—k%b and thus ﬁ < ﬁ%—%
for £ > 0. The desired lower bound follows immediately. To show the upper bound, it is enough

1
(k) + 2 = b'7<k)7

2
1 1 1 : : 1 1
to show == > ] + & It is equivalent to (W + 5) < (v(k))Q + (k) or 3

which is implied by the definition of ¢y immediately. |

We observe that the MK algorithm (4.3) and the CB algorithm (4.4) share a similar form
in using the factor ﬁim and ,/% respectively to update v#*Y from +*). Moreover, from
Proposition 4.2 and Proposition 4.3, we observe that the MK algorithm has better convergence

rates than the CB algorithm in both cases when 32 > b and y? < b. This motivates us to consider
the following iteration scheme:

2

2
(k+1) _ (k) (Y

We will show that this new algorithm can also be reformulated in the unified AML framework
(3.10) with a specific choice of the surrogate function. Specifically, we consider the change of variable
v = 672 and use the first-order Taylor expansion over @ as the approximation of g(7y) = log(b+ 7).
That is, we let

and define the surrogate function as

dsa(1: ") = p(0®) + ' (00 (0 — 0¥, 6 >0,

where %) = (4(®))=1/2 Tt is direct to observe that ¢/(6) = —b%fT_fg, which implies
~ 2(7(]“))% 1 1
(4.6) gsa(r,7™) =log(b +119) = T2 —Gr (772 = 00) ™).

The next result shows that the iteration scheme (4.5) is equivalent to the minimizer in the
unified AML framework (3.10) with the surrogate function gsq (7, 7).

Proposition 4.4. The iteration scheme

(k)y2
(k+1) — arg min (@

YERL 4

v + gsq (v, 7*),

where %) = é’r’((?) , is equivalent to the proposed iteration scheme (4.5).

Proof. Substituting gsq in (4.6) into the above minimization problem yields that

(k)2 (k)
A+ Z are min (@™)? 2y )k

7ER+4+ T b+
13



By setting the derivative of the above objective function to zero, we have

(k+1) _ (ﬂf(k))4(b+7(k))2 _ (k) y? ?
®) b+

which is equivalent to the iteration scheme (4.5). [ |

v

We now present the convergence results of the proposed algorithm (4.5).

Proposition 4.5. The following statements for the proposed algorithm (4.5) hold:

(i) The case of y*> > b. The proposed algorithm (4.5) converges to v* = y? — b with order of
2b

convergence p = 1 and rate of convergence ( = =

(ii) The case of y> < b. The proposed algorithm (4.5) converges to v* = 0 with order of

2
2
convergence p = 2 and rate of convergence ( = (%) .

(iii) The case of y*> = b. The proposed algorithm converges to v* = 0 in the rate of O(1/k):

1
= <MW= k>0
cok + 1/ =70 = %k—&—l/y(o)’ -

where ¢y = % + %.

Proof. (i) When 32 > b, we have v* = 32 — b. We will show convergence of the sequence ~*)
generated by the proposed algorithm (4.5). It is direct to observe that +* is a fixed point of the
iteration (4.5). That is, when v(*) = ~* for some k, we will have 4" = ~* for all n > k and

klim ) = 4* follows immediately. We will assume (¥) £ +* for all k. In this case, the sequence
—00

{v(k)} is consisting of two subsequences: one contains all the v(*)’s greater than * and the other
contains the all the v(*)’s less than v*. We will show the convergence of the whole sequence by
proving both subsequences are monotone.

We begin by showing the subsequence of (¥)’s greater than 7* is monotonically decreasing.
For any 'y(s),'y(t) adjacent in this subsequence with s < t, we need to show 'y(t) < 'y(s). Since
7() > 4* = 42 — b, we observe from the iteration scheme (4.5) that

D) < (o),

If t = s+ 1, then we have v® < 4(9) immediately. Otherwise, we have v(6TD ~(+2) 4 (t=1) ap¢
all less than +*. Note that y(*t1) < 4* implies 4(**Y) < ~v(5*2) from the iteration scheme (4.5). By
repeating the same argument, we have

AT < (512) L (D) (D)

On the other hand, a direct calculation from the iteration scheme (4.5) gives

W _ v

,Y(fiil) + 2b 4+ ’}/(t_l) '

Since vt < 40D < 4* = 42 — b we have

,y(t) - y' _ y! -
W+2b+fy(s+1) yf_b+2b+’y(5) <$>
which implies
2AR y!

) () <y2bz_b + 2b> + (7(8))2 (%>2

14



We observe that the right hand side of the above inequality is a decreasing function of 4(*). Since
A
’y(s)

A8) > ~* =42 — b, we have < 1 by replacing 7®) with 42 — b in the right hand side of the above

inequality. Thus, we have 4(!) < () and the subsequence of 4(¥)’s greater than 4* is monotonically
decreasing and bounded below by ~*.

Similarly, we can show the subsequence of 7(*)’s less than 4* is monotonically increasing and
bounded above ~v*. If either one is finite, then the whole sequence {'y(k)} must converge and by
taking k to infinity in both sides of the iteration scheme (4.5), the limit must be the fixed point
~*. Otherwise, both subsequences converge and assume their limits are a; > ~4* and as < ~*
respectively. Since both of them are infinite, we could find infinitely many ) such that ~{»)
belongs to the first subsequence and v*»t1 belongs to the second subsequence for all k,. By

taking m to infinity in both sides of the iteration scheme (4.5) on Akn) and ~Fnt1) | we obtain

s = oy (%) > a1, which implies a; = ag = 7*. Therefore, the limit of the whole sequence

{7(’“)} exists and equals to y*.
Moreover, we have

2 2
e I Nl =) el I O
e O B O e

(ii) We next consider the case when %2 < b. Similar to the proof of Proposition 4.3, we have
the sequence {fy(k)} is decreasing and limy_,o0 7¥) = 4* = 0. Moreover,

2 2
i [y — i ’V(k)<b+yv“€>> %
e T E — [ ®) “\1 )
koo |y R) — %[ 4G50 v

(iii) When 2 = b, the sequence {y(*)} is decreasing with limit v* = 0. Moreover,

k
Note that 0 < V(k) < 'y(o) for all £ > 0. Thus, we have
12 1 1 2 A0
W TS swm Som Ty T
which implies the desired result immediately. [ |

We display in Figure 4.1 the comparison of the convergence rates of the EM algorithm, the MK
algorithm, the CB algorithm, and the proposed algorithm. Note that smaller convergence rate ¢
implies faster convergence. We observe from Figure 4.1 that the proposed algorithm has the best
convergence rate when the signal noise ratio r = % is small (less than 3). However, when r is
large, it is getting worse than the others. This is due to the large deviation of 41 from ~®*). As
displayed in Figure 4.2, ¥t might jump too far away from v*) and cause the oscillations around

the optimal point. We will discuss how to mitigate this issue in the next section.

5. An AMQ Hyperparameter Estimation Method. As previously discussed in Section 4, the
algorithm presented in (4.5) exhibits relatively slow convergence in scenarios where the signal-to-
noise ratio r = % is high. This is primarily attributed to the significant deviation of 'y(kH) from
~*)_ In this section, we aim to introduce an AM quadratic (AMQ) method to enhance its conver-
gence for general linear inverse problems (2.1). Specifically, after the change of variable v = 2
in g(v) (refer to (3.6)), we will apply the Successive Convex Approximation (SCA) framework to
derive the surrogate, following the approach outlined in [32]. This involves augmenting the first-
order Taylor expansion of 8 with a second-order regularization term. This regularization effectively

15
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Figure 4.1: Comparison of convergence rates. Figure 4.2: Sequence 7*) when r = £ = 20.

b

penalizes the deviation between 8% and %), which, as demonstrated in [32], significantly im-
proves the convergence rate. Additionally, we incorporate a diminishing step size rule within the
SCA framework to further optimize the convergence behavior.

We begin by introducing the AMQ method. For a positive constant 7, we consider the following
quadratic surrogate function:

(5.1) gsea(r. v ™) = w(0W) + (e (0%),0 —6%) + T 0 — 0P,
where
(5.2) 7(0) = g(6%) = logdet(SI + Fdiag(0~?)F"), @ cR"_.
We then compute the minimizer of (3.10) with the above surrogate function
(5.3) 61+2) = argmin F (™), ) + gsca (v, 7).

6€R™

and update 6 along the direction gk+3) _ g(k),
(5.4) g+ — g(k) 4 (k) (9<k+%> _ 9<k>) ,

where (%) > 0 is the step size. Consequently, the corresponding update rule for 4 is given by

-2
1
Gs) W= (wi(k)) E (") - (7»('“))5>> . 1<i<n,

)

We point out that the 0(k+3) in (5.3) could be computed component-wisely since both F(x,~y)
and gsca (v,v*)) are separable in 6. Specifically, we have

0" — argmin(z®)26? + (Vo (0®))10; + 7(6; — 072, 1<i<n.
0;>0

Moreover, it follows from a direct computation from (5.2) that
(5.6) [V#(0)]: = ~207°[Z(v))ii, 1<i<n,

where Z(y) = FT(87'1 + FFFT)~'F. It implies

. (k)) 374 (k) i (k)72 2
k) _ (6 )% +70; and A% 20 Eﬁ hgT Cl<i<n
o2 4 7 Pz + 7
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Here, and in what following, we write Z(*) = Z(v(*)) and Z = Z() in the simplicity of presentation.
We will next analyze the convergence of the proposed AMQ algorithm (5.5). To this end, we
first derive an upper bound of the Hessian of ¥(0). The Hessian of ¥(0) can be directly computed
using its gradient in (5.6):
Ha (0) 02w(0) 62,0, — 422075, if i = j;
YT 00,00, | —4z2,607°677, if i % .

We could then use the element-wise (Hadamard) product ® to write the Hessian as
(5.8) Ho(0) =6Z0T2 -4l 0ZoZoT:,

where [ = diag(6; 2.1<i< n). We present its upper bound in the following result.
Lemma 5.1. The Hessian Hy(0) of ¥(0) is bounded as

18
Hy (0) < EI‘, 0 Ry},
where A < B means that B — A is positive semidefinite.
Proof. Tt follows from a direct computation from (5.8) that
(5.9)  Hg@) =620l 'eozeol:-—4r:eozZezZol =20260BM1-22)0Z6rl:,

We will derive the upper bound of Hy(8) through estimating the bounds of Z and 37 ~! — 2Z. It is
direct to observe that 0 < Z from the definition of Z. On the other hand, by the Woodbury matrix
identity [20], we have

(T + BFTF) ™! =T — TFT(87 11+ FIFT)'FT =T — 2,
which implies
Z=r"'—r Y+ pFTR)-Ir-L

Thus, we have 0 < Z < T~ and 0 < 3[~! —2Z < 3r~!. By the Schur Product Theorem [3],
the element-wise product of positive semidefinite matrices is also positive semidefinite. That is, if
A<Band0=C, then A®C <B®C. It follows from substituting Z < F! into (5.9) that

Hy(0) <22 0 (3 ' —2Z) ol 1oz =2r2 e (3r-! - 22)
On the other hand, substituting 3r =} — 2Z < 3! into (5.9) gives
Ho(0) <2r: 03r'ozer: =6r2e z.
Consequently, we have

23

Hy (0) =< 3

2r2 e (3r—! —22)) + %[6F2 ©Z) = ?r. |

Proposition 5.2. Let {’y(k)}keN be the sequence generated from the proposed AMQ algorithm
(5.5) with an initial point v(©) € R? . If we choose n®) such that L(v*+t1) < L(y®)) for every

k > 0, then there exists a positive constant R such that ’yi(k) <R foralll<i<nandk >0, and
U(0) is %—smooth when 0; > R2 for all 1 < i <n. Moreover, we have

L(y®+D) <L(v¥) - <ﬁafnm<F> + ) [0 — 2" Ax®) + By,
n 1
where omin(F) is the smallest singular value of F, Ap(n®) = n®*) 37 [(xgk))2 + T} (9£k+2) - O(k))Q

i=1 v
L 1
and By(n®) = (n®)’ Py ()2 + 28] (6" — 62

17



Proof. We first show all %(k) are bounded. By the definition of L(y) in (2.6), we have
logdet(B T+ FTFT) < L") < L(x©), &k >o0.

Moreover, we observe that det(37'I+ FIFT) = det(3~ 1+ Y | v FF;") is a monotonically in-
creasing function on each component ~; and it goes to infinity if any ~; goes to infinity. Since it
is also continuous, there exists a R > 0 such that %'(k) < Rforalll <i<mnandk>0. On the

other hand, when 6; > R~ for all 1 < i < mn, we have 7; < R and by Lemma 5.1, Hgy(0) =< %I.
It implies ¥(0) is @ -smooth.

We continue to estlmate the difference between L(y**1) and L(y*)). From the reformulation
of L(7) in (3.5), the definition of (¥ in (3.9), and the definition of ¥() in (5.2), we have

L) = L) = F@+D, 5 0+0) — F(a, 4) 1+ 0(0+D) - (),

We will estimate the two differences of F' and ¥ separately.
We first estimate the difference of F'. By the strong convexity of F(x, ’y(k+1)) with respect to
x and the definition of 2*+) being the minimizer of F(-,y**1), we have

1 2
F(z® D) kD) _ pg®) 40Dy < <50.I2mn(|:) + R) Hx(kﬂ) _ w(k)H .

On the other hand, a direct computation yields

Fat,40) - P 49) = 30 (o) (102 - 00)?).
Thus, we have

P, 40840) - Fa®),4¥) < = (Bo2(F) + ) 2440 - 2]+

> (o) (07 - ).

=1

We next estimate the difference of ¥. Since ¥ is %R—smooth, we have

9R
(DY — w9 < (v (R gk+l) _ gk)y 1 Tt 1gk+1) _ g(k))2
( ) =¥ (0') < (Ve (), )+ I

9R 1
£ )26t — g0,

= n*) (v ek, g+3) _ o)y
We note from the definition of ggca in (5.1) that

gsea(YEF ) y®)) — gaea (v 50y = (Ve (8®), 0¢+2) — 9®)) 4 7 HG(“%) — 6!

which implies

2
Z(0*)) — w08y <n® (Gsa (v *H5), 4 ®)) = disca(v®), 4*))) <k)TH9<k+%> _g<k>H n
IR 1
?(n(’“’)zllt‘)(’“*?) -6,

1
Moreover, by the definition of HZUHQ) in (5.3), we have

i 1 kL
gsca (v 3, 4®) — gsca(y ) < Z [ ) } ( 0F)” — (o] +2))2> :
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It follows that

w (kD) — g (gk)) <p® Z [(ngk))z} <(9§k))2 B (05’”;))2) — )y Ha(m%) _o®
=1

()21 9k+3) _ gtk)||2.
(n*™)7le 6|l

_|_

i

9R
5

Combining the above estimates on the differences of F' and ¥, we obtain

1 2
L ®+D) — [(4 )y < (503111“(5 N R) Hw(m) _ w(k)”

i zn: <$Ek))2 <(9§k+1))2 _ (92@))2 + ,’7(/@) <(92(k))2 _ (9§k+§))2>>

=1
L 2 9R 1
O H9<k+;> _ 9<k>H 4 ?(n(k))QHQ(kJré) —g®))2,

By plugging the definition of 8*1 (5.4), we have

2
1 1
(9§k+1))2 B (91@))2 n n(k) <(9§k))2 B (9§k+2))2> _ (_n(k) + (?7(]“))2) <9§k+2) B 0§k)> ,

which implies the desired result immediately. |

We are now ready to present the convergence of the sequence of {’y(k)}keN generated by the
proposed algorithm (5.5).

Theorem 5.3. If we choose n*) such that the constants Ay(v*)) and By (v*®) in Proposition 5.2
satisfies B(v®) < Ap(v®) for all k > 0, where the sequence {v¥}en is generated by the
proposed algorithm (5.5) with an initial point ~©) e R% ., then we have the following convergence
results:

(i) The sequence {L(y*®))} is monotonically decreasing and converges.

(ii) There exists a subsequence {ny} of N such that both {™)} and {v™)} converge.

(iii) For the subsequence {ny} in (ii), if additionally 33>, n'™) = 0o and there exists a constant
k€ [0,1) such that By(v®) < kAp(y"®) for all k € N, then for each 1 < i < n, either

vi =0 or 8%(;:*) =0 where v* = limy_,00 7).

Proof. (i) It is direct to observe from Proposition 5.2 that when Ag(n®*)) < 0, the sequence
{L(~¥™)} is monotonically decreasing. Moreover, from the definition of L(v) in (2.6), we know it
is always bounded below by log |ﬁ_11}, which implies the sequence {L(v*))} converges.

(ii) By Proposition 5.2, we have {7} is bounded. Thus, there exists a subsequence {n;} of N
such that {~v(™)} converges. By the definition of £(*) in (3.9), we have {z(™)} converges as well.

(iii) We will prove the desired result on 4* through first showing limy_, . 'y("”%) = ~* as well
and then taking the limit on both sides of (5.7). Since Bi(y®) < kAi(y®) for all k € N, by
Proposition 5.2 we have L(y*+D) — L(v®)) < —(1— k) Ax(n™®). It follows from the convergence of

2
L(y™®)) that 372, Ax(v®) < 0o, which implies 372 , n*)r HO(’”%) — ) H < 00. Moreover, since
{~()} converges, we have the convergence of {#(")}. The convergence of {0(””%)} follows im-
mediately from (5.3). This implies limg_, HOUH%) — 0% H exists. Since ) 2, n™) = 0o, we have

nety) =

limy, 00 HO("H%) — 0 || = 0 and limg_yeo 8™ +2) = limy_,o 87). That is, limg_e0 '

Taking the limit on both sides of the definition of 4("*2) in (5.7), we have

T O G0 A e
%= ((vi‘)Q[Z(v*)]mT) o hsrs
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It implies either 47 = 0 or [x*(v*)]? = (7})*[Z(7v*)]ii- When ~F # 0, we have from the formula

of *) (3.9) that [w(vy*)]? = [Z(7*)]ii, where u(y) = FT(S(v))"'y. On the other hand, a direct
calculation from L(«) (2.6) yields 3(7) [Z(7)]ii — [u(~)]?. Consequently, for each 1 < i < n, we
have either v = 0 or %%) =0. [ |

It should be noted that the condition By(y*)) < xAy(y™®) for all k € N is sufficient, but not
necessary, for the convergence of the sequence {’y(k)}. While this condition offers a conservative
approach for selecting the step size n(k), it is often impractical to use it directly due to the challenge
in estimating the upper bound R. Therefore, in our numerical experiments, we will adopt a more
pragmatic approach for choosing the step size ), as suggested in [32]:

(5.10) n®) = p*E=1(1 — en®™ =) for some € € (0, 1).

It provides a diminishing step size with n*) — 0 as k — oo. It is easy to observe that Bj(v*)) <
kA (y™®) is satisfied when n®) < 59%, which is guaranteed for large enough k.

6. Numerical Experiments. We will present several numerical experiments to demonstrate the
performance of our proposed algorithm AMQ (5.5) for the general linear inverse problem (2.1).
We will compare it with the EM algorithm (2.9), the MK algorithm (2.10), and the CB algorithm
(2.11). We will consider both synthetic data and real data in the experiments.

6.1. Synthetic data for linear inverse problems. We first consider the general linear inverse
problem (2.1) with synthetic data. We will test the performance of the proposed algorithm with
different matrices F. Specifically, we will consider two cases: the identity matrix for the denoising
problem and the partial DCT matrix for the Fourier reconstruction problem.

For both cases, we generate the true signal x as a sparse vector with s% non-zero entries. We
will then generate the measurement y according to (2.1) with a given noise level 371, We will
test the performance of the proposed algorithm with different noise levels {107!,1,10} and with
different sparsity levels (s = 10,80). In all the experiments, the regularization parameter 7 is set
to be 10719 and the step size n¥) is generated by the formula in (5.10) with € = 0.02 and n©® =1.
We will compare the performance of the proposed algorithm with the EM algorithm (2.9), the MK
algorithm (2.10), and the CB algorithm (2.11). For all the algorithms, we will use the same initial
point ’y(o) and the stopping criterion when the relative change of ’y(k) is less than 1073,

For the denoising case, the matrix F is set to be the 512 x 512 identity matrix. The optimal
solution v* has a closed form ~; = max{0,y? — 871} for 1 <4 < n. We display the logorithm of
the approximation errors log H’y(k) —* H in Figure 6.1 for different noise levels and sparsity levels.

For the Fourier reconstruction problem, the matrix F is set to be the 256 x 512 partial DCT
matrix, where the first 256 rows of the 512 x 512 DCT matrix are selected. In this case, we do not
have the true optimal solution v*. We will display the objective function values L('y(k)) instead in
Figure 6.2 for different noise levels and sparsity levels.

We observe from Figure 6.1 and Figure 6.2 that the proposed algorithm converges faster than
other algorithms in all the cases.

The analysis of 7’s influence on the convergence of the proposed algorithm presents a non-
trivial challenge. Specifically, the relationship between the norm Has(k“) — a:(k)H and the param-
eter 7 is not immediately apparent. To shed light on this, we will conduct a series of numeri-
cal experiments. Utilizing the same partial DCT matrix and the step size choices n¥) as previ-
ously mentioned, we examine the algorithm’s performance with varying values of 7 (specifically,
7 =10719107°,1072,1071). The results, depicted in Figure 6.3, reveal a consistent trend: the
convergence rate of the algorithm is accelerated with smaller values of 7. This preliminary obser-
vation lays the groundwork for a more thorough future analysis, aiming to rigorously analyze the
role of 7 in the algorithm’s convergence process.

6.2. Real data: EEG and GOTCHA SAR image. We further test the performance of the
proposed algorithm on two real datasets: the EEG dataset and the GOTCHA SAR image.
20
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Figure 6.1: Approximation errors for the denoising problem. Top row: s = 10, bottom row: s = 80. Left
column: 8 = 107!, middle column: 3 = 1, right column: 8 = 10.
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Figure 6.2: Objective function values for the Fourier reconstruction problem. Top row: s = 10, bottom row:
s = 80. Left column: 8 = 107!, middle column: 8 = 1, right column: 3 = 10.

Electroencephalography (EEG) is a non-invasive technique that captures brain electrical activity
with high temporal resolution, serving as an indispensable tool in both basic neuroscience and
clinical neurology. An EEG dataset, relevant to the study of alcoholism, is provided in [41]. This
dataset encompasses 77 individuals diagnosed with alcoholism and 45 control individuals (non-
alcoholic). During the experiment, subjects were exposed to a stimulus, and voltage values were
recorded from 64 channels of electrodes placed on their scalps. The measurements were conducted
across 256 time points and 120 trials. By averaging the measurements over the 120 trials, the data
transforms into 122 matrices, each sized 256 x 64 for every individual participant.

It is of scientific interest to investigate the relationship between alcoholism and the temporal and
spatial patterns of voltage across various channels over time [24, 42, 21]. A commonly employed and
successful model for analyzing EEG datasets is the Generalized Linear Model of Matrix Regression.
Huang et al. [21] introduce the Robust Matrix Regression Estimator (RMRE), a novel approach
that incorporates a rank constraint and ¢; regularization. This method offers valuable insights

21



¥ T T T T 3 T T T T 321 . . . .
ol | ~e- T=IBOI  -#- T=IE05 ] ' -e- t=IE0l -# t=IE05 H -e- T=IE-01 -# T=IE05
R T=IE02  -A- T=IE-10 17300 & T=1E02  -A- 7t=IE-10 ] N T1E-02 -4 T=IE-10
\ N RIS AN ]
_TsE 9 S 1725 F W 1 W
g 1 5 W B RN
£ ! £ n\ g el
g 7720F § 1 Sam20F 3\ N E g B S 7
5 3 P (AN % 4 R
2msE W, ] 2 \ .. 2 ! -
3 0 BTLSE N N T E £ -34f B
2 YRS 8 \ ———___ 3 [l
ol W B g \ e g A
o /7 Y SarofE N B =} v
NS \ —3sf N 1
\ o \,
. --e-- q S
7705 Sl 170.5 F e 1 . S
7700 £ i sl . Aol sbuiviivtviares . —36 [ P ithiinoivuter 1
10 20 30 40 0 5 10 15 20 25 0 10 20 30 40 50
Tteration Tteration Iteration
2805 B : : : : — : : : : : : : : :
SR -e- T—IE0l -#- t=IE05 2650 % -e- T—IE0l -@- t=1E05 ] ookt -e- 7=IE0l -=- T=IE05 ]
' T=1E02 -4- 7=IE-10 H T=1E-02 -4- T=IE-10 H T=1E02 -4- t=IE-10
7800F q w4 B ] Ci2sh b
5 i 5 i 5 i
£ 7795F 1 ] £ W, 2 -1s0F 3\
£ H £ 2630 LN 1 g W
= [ = nwoN S -n7sFon N
s 7790F W 9 B [N B AN
£ N I T 1 3 —1200F e
27185 F W ] 4 NNyl Tl . 2 \ TTemmme--e
© [N © , LT © _imsp N
\ S 261 e - ] e
L —— - 1 Skl Sl
778.0 . . e ~1250 F .
Rt ——— e
s T S 260 + . B A g
7775 b , , Pl I , . , e , —1275 b . . A
0 10 20 30 40 50 0 10 20 30 40 0 20 40 60
Iteration Iteration Iteration

Figure 6.3: Objective function values for the Fourier reconstruction problem with different 7 values. Top
row: s = 10, bottom row: s = 80. Left column: 8 = 10!, middle column: 8 = 1, right column: 3 = 10.
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Figure 6.4: Convergence comparison in EEG. Figure 6.5: Convergence comparison in SAR.

into the underlying structure of EEG datasets, revealing information that other matrix regression
techniques, such asSRRE [42] and LEME [22], fail to capture. The coefficient matrix estimated
by RMRE unveils the spatial-temporal dependence structure within the EEG data. The sparsity
observed in the estimation highlights specific times and electrodes associated with alcoholism.

We set the vectorization of the matrix coefficient as the sparse signal  and the EEG dataset as
the feature matrix F. The dimension of @ is 64 x 256 = 16384 and there are 590 nonzero coefficients.
The entries of @ is scaled to [—1, 1]. The feature matrix F is of size 122 x 16384. The observation
y = Fx + € is generated with SNR = 20 noises. We test the performance of the proposed AMQ
algorithm with the same setting 7 = 1071 and ) in (5.10). The comparison of the convergence
of the objective function is shown in Figure 6.4. We observe the same superior performance of the
proposed algorithm in the EEG dataset.

We further test the performance of the proposed AMQ algorithm (5.5) on a synthetic aperture
radar (SAR) problem. Spotlight mode airborne SAR is extensively used for surveillance and map-
ping purposes in remote sensing due to its ability to provide all-weather day-or-night imaging. To
evaluate the performance of our algorithm on a large-scale image, we consider a GOTCHA SAR im-
age from [1]. We resize the image to 128 x 128, resulting in 16, 384 parameters. The overall sparsity
of the image is approximately 10%, and we employ the partial DCT matrix of size 4,096 x 16, 384
as the dictionary matrix. We add noise with an SNR of 20db to the observations. We test the
performance of the proposed AMQ algorithm, the EM algorithm, the MK algorithm, and the CB
algorithm in hyperparameters estimation. The comparison of the convergence of the objective func-
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tion is shown in Figure 6.5. We observe the same superior performance of the proposed algorithm
in the SAR image.

7. Conclusion. In this paper, we have developed a unified AML framework for estimating hy-
perparameters in SBL models. Through the unified AML paradigm, we have successfully integrated
existing algorithms like the EM, MK, and CB algorithms. This integrative approach not only pro-
vides a deeper understanding of these algorithms but also aids in their comparative analysis. We
show that all of these algorithms could be viewed as linearized approximations of the log determi-
nant function through various ways of linearizations. This also motivates a new algorithm with the
AML framework through a different linearization of the log determinant function. We show that
the proposed AML algorithm is superior to the existing algorithms when the signal-to-noise ratio
is low.

We further propose an AMQ algorithm through adding a quadratic term to enhance the conver-
gence of the proposed AML algorithm. We show the convergence of the proposed AMQ algorithm
and demonstrate its superior performance in numerical experiments with both synthetic data and
real data. In particular, we show that the proposed AMQ algorithm is more efficient than the
existing algorithms across diverse settings of different noise levels and sparsity levels.

Future work could focus on more refined convergence analysis of the proposed AMQ algorithm
including its convergence rate and the influence of the regularization parameter 7 on the conver-
gence. It would also be interesting to extend the proposed AMQ algorithm to other hierarchical
Bayesian models with non-Gaussian noise and/or non-Gaussian priors.
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