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Abstract— The fidelity-based smooth min-relative entropy is
a distinguishability measure that has appeared in a variety
of contexts in prior work on quantum information, including
resource theories like thermodynamics and coherence. Here we
provide a comprehensive study of this quantity. First we prove
that it satisfies several basic properties, including the data-
processing inequality. We also establish connections between the
fidelity-based smooth min-relative entropy and other widely used
information-theoretic quantities, including smooth min-relative
entropy and smooth sandwiched Rényi relative entropy, of which
the sandwiched Rényi relative entropy and smooth max-relative
entropy are special cases. After that, we use these connections
to establish the second-order asymptotics of the fidelity-based
smooth min-relative entropy and all smooth sandwiched Rényi
relative entropies, finding that the first-order term is the quantum
relative entropy and the second-order term involves the quantum
relative entropy variance. Utilizing the properties derived, we also
show how the fidelity-based smooth min-relative entropy provides
one-shot bounds for operational tasks in general resource theories
in which the target state is mixed, with a particular example
being randomness distillation. The above observations then lead
to second-order expansions of the upper bounds on distillable
randomness, as well as the precise second-order asymptotics of
the distillable randomness of particular classical-quantum states.
Finally, we establish semi-definite programs for smooth max-
relative entropy and smooth conditional min-entropy, as well as
a bilinear program for the fidelity-based smooth min-relative
entropy, which we subsequently use to explore the tightness of a
bound relating the last to the first.

Index Terms— Fidelity based smoothing, quantum resource
theories, randomness distillation, second-order asymptotics,
smoothed Rényi divergences, smooth min-relative entropy.

I. INTRODUCTION
A. Background

ISTINGUISHABILITY plays a fundamental role across
all fields of sciences. The core toolbox in this
regard involves distinguishability measures. In quantum
information theory, these distinguishability measures then
lead to information measures including mutual information
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and conditional entropy, as well as entanglement measures
(see [1, Chapters 4 and 5] for a review). Furthermore, they
also appear in resource theories as conversion rates [2].

The min-relative entropy is one such distinguishability
measure [3], defined for a pure state ¢/ := |¢))}{1)| and a positive
semi-definite operator ¢ as

Diin(¥]l0) = —log, Tr[¢o] (1
= —log, F(¢,0). 2

In (2) above, we made use of the fidelity [4], defined generally
for two positive semi-definite operators w and 7 as

F(w,7) = |[Vav7|. 3)

In the case that o is a state, we can interpret the expression
Tr[tpo] in (1) as the probability that the first measurement
outcome occurs when performing the measurement {1, I —1}
on the state o. Alternatively, we can interpret the expression
F(i,0) in (2) as the fidelity between the states 1 and o.
Thus, in the first case, we are interpreting 1) as a measurement
operator, and in the second case, we are interpreting i as a
state.

Given the above, there are at least two ways of generalizing
the min-relative entropy when p is a general state. The first
approach, originally introduced in [3] as the min-relative
entropy, defines it as

Dmin(pHU) = logQ TI'[HPO'], (4)

where II, denotes the projection onto the support of p.
Clearly, this definition generalizes the expression in (1),
interpreting I, as a measurement operator. As discussed
in [3], this interpretation is directly linked with the operational
meaning of the min-relative entropy in asymmetric hypothesis
testing, as the minimum Type II error exponent if the Type I
error probability is constrained to be equal to zero. This
quantity has been further interpreted in a resource-theoretic
manner as the maximum number of exact bits of asymmetric
distinguishability that can be distilled from the pair (p,o)
[5]. Given the strong link between hypothesis testing and
information theory [6], the min-relative entropy finds further
use as the basic quantity underlying optimal rates at which
zero-error distillation is possible [5], [7].

The second generalization of min-relative entropy to a
general state p employs the formula in (2), and is defined
as follows [8]:

Doin,r(pllo) == —logy F(p, 7). ®)
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In the above definition and throughout, we use the extra
subscript F' to indicate that this generalization is based on
fidelity, and we refer to it as the F-min-relative entropy. This
quantity is also equal to the sandwiched Rényi relative entropy
of order 1/2 [9], [10]. It is not known to have an operational
meaning in hypothesis testing; however, it has appeared in a
variety of previous works in quantum information theory [8],
[11], [12], [13], [14].

In realistic experimental scenarios, it is pertinent to allow for
approximations in terms of a smoothing parameter [15], [16],
which characterizes the error that can occur in an experiment.
We can then consider smoothed versions of the quantities
in (4) and (5).

Let us first consider smoothing the quantity in (4). The
approach employed finds its roots naturally in asymmetric
hypothesis testing, given the operational scenario discussed
above. With this in mind, if we relax the aforementioned
Type 1 error probability constraint, such that it is allowed to
be larger than zero, then we arrive at the smooth min-relative
entropy with smoothing parameter ¢ € [0,1] [17], [18], [19]:

Dmin(p||0) = 1Og2 Ofirlifff {T‘T[AU] : T‘I‘[Ap] >1- 5}7 (6)

with {A,I — A} being the measurement that distinguishes
between p and o. This quantity is referred to as the smooth
min-relative entropy in [5], [7], [20], and [21] and as the
hypothesis testing relative entropy in [19] and many other
papers, including [1], [8], [22], [23], [24], [25], and [26].
Considering that [5], [8]

lim D5, (p7) = Dunin(plr), (7)

it is clear that smoothed version
of Dmin(pHU)'

Let us now consider smoothing the quantity in (5). Since p
is a state, the idea when smoothing is to search for a nearby
subnormalized state p, such that it satisfies F'(p,p) > 1 —¢
for a fixed smoothing parameter ¢ € [0, 1], and then replace p
with p when comparing with o. This reasoning naturally leads

to the fidelity-based smooth min-relative entropy:
DrsnimF(pHU) = _10g2 ~i1’lf {F(ﬁ70) : F(ﬁ7 p) 2 1- 5}7
pED<
®)

where D< denotes the set of sub-normalized states (see
Definition 1, as well as Remark 2 for the choice of sub-
normalized states). In what follows, we refer to it more simply
as the smooth F-min-relative entropy. This quantity has been
considered in several prior works [8], [11], [12], [13], [14]. Itis
interesting to compare the expressions involved in (6) and (8),
where we observe that the main difference is that D,
compares p and o to a measurement operator A via a trace
overlap, whereas Dy ; . compares p and o to a subnormalized
state p via the fidelity.

By building on the recent observations of [27], one
contribution of the present paper is that the smooth F-
min-relative entropy finds use in operational tasks such as
randomness distillation. In this task, the goal is to distill

a state that is close in fidelity to a maximally classically

Diin(pllo) is a
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correlated state, which is a mixed state. As such, the approach
to smoothing taken in (8) is more relevant in this scenario
than that in (6) and can be used to obtain upper bounds
on the one-shot distillable randomness of a bipartite state.
More generally, and as discussed in [27], we suspect that
the ideas put forward here will find use in quantum resource
transformations in which the target state is a mixed state,
and we provide some evidence in Section VI-F that this is
the case.

More broadly, the main goal of the present paper is to
provide a comprehensive study of the fidelity-based smooth
min-relative entropy in (8), which, as indicated above, could
be useful for understanding the fundamental limits of resource
transformations in general resource theories.

B. Contributions

In this paper, we first derive several properties of the
fidelity-based smooth min-relative entropy. In particular,
we prove that it satisfies data processing (Theorem 1), as well
as scaling, super-additivity, monotonicity, etc. (Theorem 2).
We note here that the data-processing inequality was already
established in [14, Theorem 3], but here we provide an
independent proof. Then we proceed to establish its con-
nections with other quantum information-theoretic quantities
including sandwiched Rényi relative entropy and its smooth
variants, smooth max-relative entropy, and smooth min-relative
entropy.

Next, with the assistance of the derived connections,
we provide a second-order asymptotic analysis for the smooth
F-min-relative entropy (Theorem 4). There we find that the
first-order term is the quantum relative entropy and the second-
order term involves the quantum relative entropy variance.
In addition, we derive the second-order behaviour of the
smooth sandwiched Rényi relative entropy (Corollary 4). This
corollary indicates that, in the asymptotic i.i.d. setting and up
to the second order, there is no difference between all of the
smooth sandwiched Rényi relative entropies for all a > 1:
they are all equivalent to the smooth max-relative entropy in
this setting. Similarly, in the asymptotic i.i.d. setting and up to
the second order, there is no difference between all of them for
a € [1/2,1): they are all equivalent to the smooth min-relative
entropy in this setting.

Furthermore, we show how the smooth F'-min-relative
entropy provides one-shot bounds for operational tasks in
general resource-theoretic settings, with a particular analysis
focusing on randomness distillation from bipartite states.
We derive second-order expansions of the upper bounds
on the LOCC-assisted distillable randomness (Theorem 6),
as well as the precise second-order asymptotics of the
distillable randomness of particular classical-quantum states
(Theorem 7).

Moreover, we provide a method to compute the smooth
F'-min-relative entropy by means of a bilinear program (Propo-
sition 8). We also provide semi-definite programs (SDPs) for
smooth max-relative entropy and smooth conditional min-
entropy (Propositions 9 and 10), which may be of independent
interest.
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C. Organization

The rest of our paper is organized as follows. In Section II,
we introduce notation and preliminaries. The focus of
Section III is on deriving some basic properties of the
smooth F'-min-relative entropy, including data processing.
Connections to other quantum information-theoretic quantities
are established in Section IV. In Section V, we study
the second-order asymptotics of the smooth F'-min-relative
entropy. We explore how smooth F'-min-relative entropy
provides bounds in operational tasks related to general
resource theories in Section VI. In Section VII we provide
methods to compute the smooth F'-min-relative entropy and
related quantities, including the smooth max-relative entropy.
Finally, Section VIII provides concluding remarks and future
directions.

II. PRELIMINARIES

A. Basic Concepts and Notation

We begin by reviewing basic concepts from quantum
information theory and refer the reader to [1] for more details.
A quantum system R is identified with a finite-dimensional
Hilbert space Hpr. We denote the set of linear operators
acting on Hpr by L(Hg). The support of a linear operator
X € L(Hpg) is defined to be the orthogonal complement of
its kernel, and we denote it by supp(X). Let T(X) denote the
transpose of X . The partial transpose of Cap € L(HA®HE)
on the system A is represented as T4(Cap). Let Tr[Cap]
denote the trace of C'4p, and let Tr4[C 4 g] denote the partial
trace of C over the system A. We use the standard notation
Ca = Trp[Cap] and Cp = Tru[Cap] to denote the
marginals of C'4 . The trace norm of an operator B is defined
as || B, := Tr[vV' B'B]. For Hermitian operators A and B, the
notation A > B indicates that A— B is a positive semi-definite
(PSD) operator, while A > B indicates that A— B is a positive
definite operator.

A quantum state pp € L(Hpg) of system R is a PSD, unit-
trace operator acting on H . We denote the set of all density
operators acting on Hy as D(Hg) (we also refer to the set of
density operators by D when there is no ambiguity regarding
the underlying Hilbert space). A rank-one state pg is called
pure, and in this case there exists a state vector |¢)) € Hg
such that pr = |[¢)1)|. Otherwise, pr is called a mixed state.
By the spectral decomposition theorem, every state can be
written as a convex combination of pure, orthogonal states.
A quantum channel ' : L(Ha) — L(Hp) is a linear,
completely positive and trace-preserving (CPTP) map from
L(Ha) to L(Hp). We denote the Hilbert—-Schmidt adjoint of
N by N'f. A measurement of a quantum system R is described
by a positive operator-valued measure (POVM) {M,},cy,
which is defined to be a collection of PSD operators satisfying
Zye)} M, = Ig, where Iy is the identity operator and ) is
a finite alphabet. The Born rule dictates that, when applying
the above POVM to a state p, the probability of observing the
outcome y is given by Tr[M,p).

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 70, NO. 6, JUNE 2024

B. Divergences

First, let us recall the definition of the fidelity-based smooth
min-relative entropy, which is the main distinguishability
measure of interest in our paper.

Definition 1 (Fidelity-Based Smooth Min-Relative
Entropy): Fix ¢ € [0,1]. The fidelity-based smooth min-
relative entropy of a state p and a PSD operator o is defined
as

Drenin,F(pHU) = —10g2 yinf {F(ﬁ7 U) : F(ﬁ’ p) >1- &‘}’
peED<
©))

where the fidelity of PSD operators w and 7 is defined in (3)
and D< denotes the set of subnormalized states; i.e.,

D ={w:w>0,Trw] <1}. (10)

Hereafter, we simply abbreviate this quantity as the smooth
F'-min-relative entropy. Recalling the definition in [8, Eq. (8)],
observe that when p is a state and o is a PSD operator, there
is no difference between Definition 1 and the definition given
in [8, Eq. (8)].

We call a distinguishability measure D(:||-) a generalized
divergence [28] if it satisfies the data-processing inequality;
i.e., for every channel N, state p, and PSD operator o,

D(pllo) = DN (p)IN(0)) - (11)

Fix a € (0,1) U (1, 00). The sandwiched Rényi relative
entropy of a state p and a PSD operator o is defined as [9], [10]

Da(pllo) =
—L-logy Qa(pllo) if a € (0,1),0r

a € (1,00), supp(p) C supp(o),

+o0 otherwise,

(12)
where

Qu(pllo) = Tr[(a%pa%> } . (13)
It is a generalized divergence for o € [1/2,1) U (1,00)
[29] (see also [30], [31]), and satisfies the following a-
monotonicity property [9]:

O<a<fB = Dalpllo) < Ds(p|o). (14)
For oo = 1/2, observe that
Dyys(pllor) = —1logy F(p, o) = Dunin,r(pl|0). (15)

The special case of & — 1 reduces to the quantum relative
entropy [9], [10]:

lim D (pllo) = D(pllo), (16)
the latter defined as [32]
D(pllo) = Tr[p(log, p — log, 0)] (17)
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if supp(p) C supp(o) and as +oo otherwise. The relative
entropy variance V (p||o) is defined as [22], [23]

~ (D(pllo))”.

The Petz—Rényi relative entropy is defined for a € (0,1) U
(1,00), a state p, and a PSD operator o as [33], [34]

Da(pllo) =
i1 logy Qa(pllo) if € (0,1),0r

a € (1,00), supp(p) C supp(c),
otherwise,

V(pllo) == Tr|p (log, p — log, 0)? (18)

+00
(19)

where
Qalpllo) = Tx[p%c' ).

It is a generalized divergence for o € (0,1)U (1, 2] [33], [34].
The max-relative entropy of a state p and a PSD operator o
is defined as [3]

(20)

DmaX(pHU) = log, /{I;% {/\ ip < )\0'}- (21)
It is known from [9] that
Dax(pllo) = lim D (p|lo). (22)
a—00

The smooth max-relative entropy of a state p and a PSD
operator o is defined for € € [0, 1] as [3] (see also [35])

Drax(pllo) = _inf {Duwax(pllo) : F(p,p) 21 —¢}. (23)
peD<
We also define the following variant
Diax(pllo) = Inf {Dmax(pllo) : F(p,p) 21 =€}, (24)
and note that

Diax(pllo) < Diax(pllo),

which follows since D C D<.

(25)

ITII. PROPERTIES OF SMOOTH F-MIN-RELATIVE ENTROPY

In this section, we derive some basic properties satisfied by
the smooth F'-min-relative entropy, including data processing,
scaling, super-additivity, monotonicity, etc. Then in subsequent
sections, we utilize these properties to obtain bounds on
operational quantities arising in general resource-theoretic
settings, in particular on the net rate of the distillable
randomness of a bipartite state.

Before deriving these properties, let us first observe that we
can always restrict the constraint in the definition of Dy,
to be an equality constraint, by following the same line of
reasoning from [36, Appendix B].

Remark 1 (Inequality Constraint in the Definition of
Smooth F-Min-Relative Entropy): For € € [0,1), the smooth
F-min-relative entropy in (9) can be rewritten as

Diin, p(pllo) = —logy _inf {F(p,0): F(p,p)=1~¢}.
p€D<

(26)
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Indeed, if p is such that F'(p, p) > 1 — ¢, then we can choose
a positive constant ¢ = (1 —¢) /F(p,p) € (0,1) such that
F(p',p) =1—¢, where p/ = cp and p’ € D<. Furthermore,
we also have that F(p,0) > F(p’,0), so that the objective
function only decreases under this change.

A. Data Processing

In this section, we prove the data-processing inequality for
the smooth F'-min relative entropy. As noted previously, this
finding was already established in [14, Theorem 3], but here
we provide an independent proof. Before establishing the data-
processing inequality, we prove the unitary invariance of the
smooth F'-min-relative entropy, which assists in proving the
data-processing inequality.

Lemma 1 (Unitary Invariance): The smooth F-min-
relative entropy Dy ;.  is invariant under the action of a

min,

unitary channel U, i.e.,

Dfnin,F(pHO’) = Ianln,F(u(p)”u(U)) (27)

for all € € [0, 1), every state p, and PSD operator o.
Proof: Let p € D< satisfy F(p, p) > 1 — €. Then, by the
unitary invariance of fidelity, we conclude that

FU(p),U(p)) = F(p,p)- (28)

Thus, F(U(p),U(p)) > 1 —¢€, and
—log, F(p,0) = —log, F(U(p),U(0)) (29)
< Diin,r(U(p) [U(2))- (30)

Since the inequality holds for every p € D« satistying
F(p,p) > 1 — ¢, we conclude that

Drin,r(pllo) < Dy, r (U(p) [U(0))-

To prove the opposite inequality, let p € D< satisfy
F(p,U(p)) > 1 — e. Then, by unitary invariance of fidelity,

€1y

F(p,U(p)) = FU'(p), U oU)(p)) (32)
= F(U'(p), p). (33)
Thus, F(UT(p),p) > 1 — ¢, and
—logy F(p,U(0)) = —log, FU'(p), U oU)(0))  (34)
= —log, F(U'(p), o) (39)
< Diin,r(pllo). (36)

Since the inequality holds for every p € D< satisfying
F(p,U(p)) > 1 — e, we conclude that

min, 7 (UP)[U(0)) < Dipiy r(pl|0)- (37)
Then (27) follows from (31) and (37). |

Now, we are ready to present and prove the data-processing
inequality for the smooth F'-min-relative entropy.

Theorem 1: The smooth F'-min-relative entropy obeys the
data-processing inequality:

Drsnin,F(pHU) 2 Dfnin,F(N(P)”N(U))a

for all ¢ € [0,1), every state p, PSD operator o, and
channel V.

(38)
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Proof: First, let us show that data processing holds under
the partial trace channel. That is, for every bipartite state p4p
and bipartite positive semi-definite operator o 4p:

Dryin r(paBlloas) > Dry, p(palloa). (39)

To this end, let p4 € D< satisfy F(pa,pa) > 1 — . Then,
by Uhlmann’s theorem [4] there exists pap € D< such that

F(pap,paB) = F(pa,pa). Thus, F(pap,pap) > 1—¢, and
—logy F(pa,04) < —logy F(pap,oan) (40)
< DmimF(pABHUAB)- (41)

The first inequality follows from the data-processing inequality
for fidelity, and the second follows from the definition of
Diyin - Since this inequality holds for every pa € D<
satisfying F'(pa,pa) > 1 — &, we conclude (39).

Note that the same argument used for D, r(pllo) <
Dg i r(U(p)|IU(o)) (Lemma 1) holds whenever U is an
isometric channel, due to the isometric invariance of fidelity.
Since the embedding w — w ® |0)0| is an isometric channel,

we conclude that

Dmln F(pHJ) < Dmln F(p® ‘0><0|”O— ® |O><OD

Now let psg € D< satisfy F(psg, ps @ |[0X0|g) > 1 —e.
By applying Lemma 2, we conclude that

F(psg; ps ® |0)0]k)

where p% := (0|gpsg|0)g. Thus, p% is a subnormalized state
that satisfies

(42)
(43)

= F(p%, ps),

F (0%, ps) = F(pse,ps ®|0)X0]) > 1 —¢.

Furthermore, again applying Lemma 2, we conclude that

(44)

F(psg,0s @ |0)0|g) = F(p%,05). (45)

Thus, it follows that
—logy F(psp, 05 ©[0X0p) = —logy F(p°,0)  (46)
< Diin.r(pllo). 47)

Since the inequality holds for every psp € D< satisfying
F(pse,p ®10)0]) > 1 — ¢, we conclude that

l’IllIl F(p ® ‘O><O|”U ® |0><0D < Dmln F(pHU) (48)
Putting together (42) and (48), we find that
min, 7 (P @ [0)(0[[|o @ |0X0]) = Diyin p(plle).  (49)

Finally, since, by the Stinespring dilation theorem [37] (see
also [1]), every channel can be realized in terms of

1) the map w — w ® |0%0],

2) a unitary channel, and

3) a partial trace,
we conclude the desired inequality in (38), after putting
together (27), (39), and (49). [ |

Remark 2 (On the Choice of Subnormalized States): It is
only this last step (i.e., proving (48)) in which we required
the assumption of smoothing over subnormalized states in the
definition of the smooth F'-min-relative entropy, rather than
smoothing over normalized states.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 70, NO. 6, JUNE 2024

We used the following lemma in the proof of Theorem 1.
Lemma 2: Let wsg be a bipartite PSD operator, and let og
be a PSD operator. Then

F(wSEaUS ® |0><O|E) = F(wga05)7 (50
where w? := (0| pwsk|0) £
Proof: Consider that
VF(wsg, 05 ©|0)0]5)
=Tr \/\/05 ® |0)0| pwsE/os @ |0><0|E] (51)
=Tr \/\/E® |0X0| pwsEvos @ |0><0E] (52)
=Tr \/\/0'75<0|EWSE|O>E\/E® |0><0|E:| (53)
= Tr |/ Va5 (0l pwsel0) Vs @ |0><0|E} (54)
= Tr|/v/5 (0l pwsEl0) 2 as} (55)
= VF((0|pwse|0) g, o) (56)
— VF(ul,as). 7
concluding the proof. [ ]

With Theorem 1 in hand, it thus follows that the smooth
F-min-relative entropy is a particular kind of generalized
divergence (here recall (11)). Hence it possesses some basic
properties satisfied by generalized divergences, as listed next.

Corollary 1: Let p be a state and o a PSD operator.
The smooth F'-min-relative entropy satisfies the following
properties:

1) Isometric invariance: For every isometry V/,

Diin,r(0ll0) = Do p(VpVT[VOVT).  (58)
2) Stability: For every state 7,
min, F(p||0) min, F(p®7”0®7—) (59)

The proof directly follows from [1, Proposition 7.14], along
with Theorem 1.

B. Other Properties

In this section, we derive some other properties of the
smooth F-min-relative entropy.

Theorem 2: For all ¢ € [0,1), every state p, and PSD
operator o, the smooth F-min-relative entropy D5 ;. r(pllo)
satisfies the following properties:

1) Scaling: For ¢ > 0, we have

£ 1> 1
D (ple0) = Di(plo) + 108 (1) . 60
2) Monotonicity: For e <&’ € [0, 1),

DIEnin,F(pHO') < Dfnin,F(pHU)' (61)
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3) Superadditivity: For £1,e5 € [0,1), states p; and p, and
PSD operators o7 and o5, we have

Drgrfm F(pQHJQ)
< Dmin,F(Pl ® p2llo1 ® 02),

where & := &1 + £2 — £162. By monotonicity, we can
also choose ¢/ = &1 + €.

4) Convexity in the second argument: Let {o;}; be a
set of PSD operators, and let {p;}; be a probability
distribution. Then

Dn:m F(leo-l)
(62)

Dioin, r(p]7) < Zpinnin,F(PHUi), (63)
where
o= ZPiUi- (64)
i
5) Non-negativity: For € € [0,1), we have
1
Do) > toms (2) 20 (@9
with the first inequality saturated if p = o.
6) If 0 < o < o', then
Drsnin,F(/)HO-) > Drsnm F([)HU/)- (66)
7) Zero-error bounds: For € € [0, 1),
Dmin,F(pHU) < Drsnin,F(p”a) (67)
and for ¢ € [0, F(p, )], with 7 = 7.
Dlgmn F(p||0) 10g2[1 - (Ev P U)] - 10g2 TI‘[O'],
(68)
where
2
9(z.p,0) = (VEVF(p.5)+v/T-F(p,o)V1—e)
(69)
As such,
1im D (ll0) = D (o). (70)
Proof:
Property 1: Consider that
min, F(p”CO')
= sup {—log, F'(p,co) : F(p,p) > 1 —¢} (71)
pED<
= sup {~log, (F(5,0)): F(B.p) > 1~} (72)
pED<
= sup {—log, F(p,0) —logyc: F(p,p) >1—¢} (73)
pED<
— sup {~logy F(5,0): F(5,p) = 1~} —logye  (74)
peD<
Dremn F(pHU) - IOgQ C. (75)

This concludes the proof.
Property 2: Let p' € D< satisfy F(p,p’) > 1 — e. Then
F(p,p’) > 1— ¢ since ¢’ > e. This leads to

—logy F(p',0) < D (pll0). (76)
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The above inequality holds for every p’ € D< such that
F(p,p’) > 1 — €. Thus, we have

Dfnin,F(PHU) < Drsnin,F(p”o-)'

Property 3: In this proof, we use the multiplicativity of
fidelity with respect to tensor products:

= F(p1,01)F(p2,02).

Let pf, ph € D< satisfy F(p1,p}) > 1 —e1 and F(pa, ph) >
1 — e9. Consider that

(77)

F(p1 ® p2,01 ® 02) (78)

—log, F(py,01) — logy F(p3, 02) (79)
—logy F(p1 ® py, 01 @ 02) (80)
< D&in(p1 ® pallor @ 02), 8D
where the last inequality follows because
F(ph @ ph, p1 @ p2) = F(ph, p1) - Fp p2)  (82)
> (1—e1)(1—e) (83)
=1-¢, (84)

with ¢’ as stated just after (62). Then, supremizing (79) over p}
and pf satisfying F'(p1,p]) > 1 —¢;1 and F(p2,ph) > 1 —ea,
we arrive at the desired inequality in (62).

Property 4: Let p' € D< satisfy F(p,p’) > 1 —e. By
concavity of fidelity [1, Theorem 3.60] (while rescaling for
a subnormalized state p’), we have that

F(p'7) 2 ) piF(p',00). (85)
Then consider that Z

—log, F(p',7) < —log, [ZpiF(p’, O'i)] (86)

< sz

< Zpl min,F(p||o-i)7

i

—logy F(p', 0;)] (87)

(88)

where the first inequality follows from (85) and monotonicity
of —log,, the second inequality from the convexity of — logs,
and the last due to F'(p,p’) > 1 — €. Lastly, by optimizing
over all p’ satisfying the required condition, we conclude the
proof.

Property 5: By the data-processing inequality derived in
Theorem 1 and choosing the quantum channel NV(X) =
Tr[X]w, where X is a linear operator, and w is a quantum
state, we have

Dmm F(p||0> > Dmm F(w”w)'

Then with the constraint F'(p,w) = 1 — ¢ (recall Remark 1),
it follows that Df ;) p(w||w) = —logy(1—¢) for every state w.
Combining that with (89) concludes the proof.

Property 6: Let § € D< be such that F(p,p) > 1 —e.
By [1, Proposition 7.33], ﬁl/z(pﬂa) > 151/2(p||0’) for o <
o’. Then, by (15), we have that

_10g2 F(ﬁva) > _10g2 F(ﬁa 0/)'

(89)
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Supremizing over p € D< such that F(p, p) > 1—¢, we arrive
at the desired inequality.

Property 7: We first prove (67). For all ¢ € [0, 1), we choose
p = p and thus have that F'(p,p) =1 > 1 — e. This leads to

—logy F(p,0) < Dy p(pllo). (90)

Now we prove (68) and first do so in the case that o is a
state. Let p; € D< satisfy F'(p1,p) = 1 — . Now construct
the following normalized states:

p1 = p1 @ (1 = Tr[p1]), 1)
p=pD0, (92)
o =0c®0, (93)
so that
F(py,0') = F(p1,0), (94)
F(py,p') = F(p1,p), (95)
F(p',0") = F(p, o). (96)

By assumption, ¢ satisfies 0 < ¢ < F'(p, o), which implies that

e+(1—F(p,0)) < 1. We can thus apply the refined triangular

inequality for the sine distance v/1 — F' [35, Proposition 3.16]
to find that

1- F(pl» )

S \/1 - plv

+V/1 - ¢F (p1,p 97)

= ﬁ%F(p, ) + %1 - (98)

After an algebraic manipulation of the 1nequa11ty above,
we arrive at

\/F (p,0

V1—e.

- 1Og2 F(p170) <
—10g2<1 - (\ﬁ\/F(/h

+VI-F \/1—8)).

99)

This inequality holds for all p; satisfying F(p1,p) = 1 —e.
Then supremizing over all such candidates belonging to D<,
we conclude that

Drenin,F(p”O—) <
—10g2<1 - (ﬁ\/F(p, +V/1-

o)V1 — a) ’
(200)

This concludes the proof of (68) when o is a state.

When o is a general PSD operator, we can write 0 = ¢ (1 )
with ¢ := Tr[o], so that 1o is a state. We then apply (100) to
%0 and use the scaling property (Property 1 of Theorem 2) to
conclude (68) in the general case.

To conclude (70), we take the following limits
of (67) and (68), respectively:
Dmm F(P”U) < hIIllI'lf Dmln F(pHO—)v (101)

lim sup Dmin,F(pHU) §

e—0

~log, F(p, Z) “logye  (102)

(103)
(104)

= - 10g2 F(pa 0’)
= Dmin,F(p||U)'

This concludes the proof.
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IV. RELATING SMOOTH F-MIN-RELATIVE ENTROPY TO
OTHER DISTINGUISHABILITY MEASURES

In this section, we establish connections between the
smooth F'-min-relative entropy and other information-theoretic
quantities such as the sandwiched Rényi relative entropy, its
smooth versions, as well as the smooth max- and min-relative
entropies. Then, we utilize these connections in subsequent
sections to establish the second-order asymptotics of the
smooth F-min-relative entropy.

A. Relation to Sandwiched Rényi Relative Entropy and Its
Smoothed Variants

The smoothed sandwiched Rényi relative entropies were
defined recently in [14], and we recall their definitions here.

Definition 2: Let p be a state, and let o be a PSD operator.
Fix € € [0,1] and @ € (0,1)U(1, 00). The smooth sandwiched
Rényi relative entropy is defined for av > 1 as

~€ . = ~ ~
= : >1-— .
Di(plle) = inf {Dal@llo) : Fp.p) 21~} (105)
and for o € (0,1) as

sup
pED<

Di(pllo) = sup {Dapllo) : F(5p) =1~} (106)
In the above definitions, we use erecisely the mathematical
expression in (12) for evaluating D, (p]|o), even though we
only defined it in (12) for (normalized) states.

Note that the smooth sandwiched Rényi relative entropy for
a = 1/2 is equivalent to the smooth F-min relative entropy
(recall Definition 1).

Remark 3 (Inequality Constraint in Smooth Sandwiched
Rényi Relative Entropy Definition): Note that the smooth
sandwiched Rényi relative entropy can be rewritten for
a>1as

Di(pllo) = inf {Da(@llo): F(5p) =1-2}, (107)
pED<
and for o € (0,1) as

sup { Da(plo) :

peD<

D (pllo) = F(gp)=1-cf, (108)
Indeed, let us first consider when o« > 1. If p is such that
F(p,p) >1—¢,thenwe cansetc = (1 —¢) /F(p,p) € (0,1)
such that F'(p’,p) = 1 — ¢, where p' = cp and p' € D<.
Furthermore, we also have that D, (p]|o) > Da(p'||o), so that
the objective function only decreases under this change. The
statement for o € (0, 1) follows from a similar argument.
Theorem 3: Let p be a state and o a positive semi-definite
operator. Let 1,5 € [0, 1] be such that €1 + g2 < 1, and let

2
— [VevI—m+VI—aval,  09)
so that ¢’ € [0,1]. Then for a € (1/2,1) and 3 = 525 > 1,

we have that

~ 1 ~
By (llo) + 50w (12 ) = Dz(ollo). 110)
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Proof: Let p; be optimal for 521 (p|lo), and let po be
optimal for DZ2(pl||o). Then it follows from Remark 3 that

F(pi,p) =1 — ¢, (111)
for i € {1,2}. Let
p1=p1 @ (1 - Tr[p]) ®0, (112)
py = p2 ®0& (1 —Tr[pa]), (113)
P =pd0D0. (114)

Note that p}j and p/, are normalized states satisfying the
equalities
F(ph, p) = Fp1, p2),
F(p;vp,) = F(p’iap)a
for ¢« € {1,2}. Then, by applying the refined triangular
inequality for the sine distance v/1 — F' of normalized states

[35, Proposition 3.16], along with the assumption that €; +
€9 < 1), we arrive at

1 — F(p1,p2)
<1 = F(p1,0)V'F(p, p2)

(115)
(116)

+/1=F(p, p2)\/F(p1.p) (117)
= eVl —eg + eVl — €1 (118)

Then it follows that
Flpr.p2) 21— [VavT e+ VeaavT -] (119)
=1-¢. (120)

To arrive at the desired inequality in (110), let us recall
the following inequality from [5, Lemma 1]. Let p; and po
be subnormalized states, and let o be a positive semi-definite
operator such that supp(p1) C supp(o). For « € (1/2,1) and
B=a/2a-1)>1,

Dg(p1]|o) = Dalpallo) > —

V

log, F(p1, p2) (121)

11—«

logy F'(p1,p2).  (122)

p
6—1
We note here that the proof of [5, Lemma 1] was only given
therein for states, but it is clear by inspection that the same
proof holds for subnormalized states. This implies that

~ 3 1 ~
Dotorllo) + 57 0w () = Dalpallo). (129

Then, by the inequality in (120), we have

- 1 -
Bi(pr]lo) + log2<1_€,)2Da<p2na>. (124)

g
6—1
Lastly, we conclude the proof by noting the assumption
that p; and pp are optimal for D3 (plo) and DZ2(plo),
respectively. ]

Applying Theorem 3 and the limits £ — 0 and o — 1/2
(or alternatively directly from (124) with £; = 0 and taking the
limit @ — 1/2 while employing the a-monotonicity of D),
we arrive at the following corollary:
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Corollary 2: For all ¢ € [0,1), every state p, PSD
operator o, and 3 > 1, the following inequality holds

~ 1
Dg(pllo) + 5? 1 10g2<1 _5) > D5 p(pllo).  (125)

By applying (22) and Proposition 2, we arrive at the
following inequality:

1
Donplo) 4102, ( 1 ) 2 Disurlolle): - 126)

We can also arrive at an inequality relating the smooth
F-min relative entropy to the smooth max-relative entropy.
By taking the limits § — oo and a — 1~/2 in Theorem 3,
while employing the c-monotonicity of Dg, we obtain the
following inequality:

Corollary 3: Let p be a state and o a PSD operator. Let
€1,&2 € [0,1] be such that e; + &5 < 1, and let

¢ = [Vavi—e+vIi-eava]®, (127)
so that ¢’ € [0,1]. Then
e 1
Ditulolle) +108s (125 ) 2 Diturloll). 129

We note here that the inequality in (128) appeared in
[13, Lemma III.8] via a different proof strategy. This kind
of inequality was interpreted in a resource-theoretic manner
in [5], [7], [38], and [39]—it would thus be interesting if it
were possible to do so for (110) and (128).

B. Relation to Smooth Min-Relative Entropy

Definition 3: Recall that the smooth min-relative entropy is
defined for ¢ € [0, 1], a state p, and a PSD operator o as

D; . (pllo) == —log, Agfo {Tr[Ao] : Tr[Ap] > 1 —e, A< I}.
(129)

As mentioned before, it is also known as the hypothesis testing
relative entropy.
Proposition 1: For every ¢ € (0,1), state p, and PSD o,
the following inequality holds
1
Din(pllo) < D rloll) +toms (1) - 130)
Proof: Let A be an arbitrary measurement operator
satisfying Tr[Ap] > 1 —e. By the gentle measurement lemma
from [40, Eq. (9.202)], we know that Tr[Ap] > 1 — ¢ implies
that

F(p,p)>1-¢, (131)

where p = ﬁﬂp\/ﬂ An alternative way to see the
inequality in (131) is by the proof in Lemma 5 in Appendix A.

Now we should relate Tr[Ao] to F(p, o). Consider from
Lemma 6 in Appendix A that

F(7.0) = g (e VASVE)

< TPl VAoV

(132)

(133)
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< % Tr[Ao]. (134)

The last inequality follows from data processing for fidelity
under the trace channel. Then

—log, Tr[Ao] < —logy(F(p, o) (1 —¢€)) (135)
~ 1
= —log, F(p, o) +log, (1_6> (136)
1
< Disnslolle) +1oms (22 ) - 130

Since this holds for an arbitrary measurement operator
satisfying Tr[Ap] > 1 — ¢, we conclude that

1
Diaa(plo) < Diprlo) +lom( 1), 139)

which is the desired statement. [ |

The following was established in [12], but we give an
alternative proof for it.

Proposition 2: For every ¢ € (0,1), state p, and PSD
operator o, the following inequality holds

e(2—e)

mln(p||0) < Dmm F (pHJ) (139)

Proof: The proof is similar to the proof of Proposition 1.
See Appendix B for details. ]
We note here that Proposition 1 derived in this work is
useful in obtaining the second-order asymptotics presented in
Section V.
Remark 4 (Lower Bound for Smooth F-Min-Relative
Entropy via Petz—Rényi Relative Entropy): For a € (0,1),
by [41, Proposition 3], we have

1
1oms (2 ) + Dalollo)

Then by Proposition 1, we find that
1
1 - .
1 082 ( 6)

(141)

Diin(pllo) > (140)

1
D (plo) +1o2s (1 ) 2 Daolo)+

It is an open question to establish a tighter lower bound on
the smooth F'-min-relative entropy in terms of the Petz—Rényi
relative entropy of order o € (0, 1).

V. SECOND-ORDER ASYMPTOTICS

In this section, we establish the second-order asymptotics of
the smooth F-min-relative entropy (Theorem 4), as well as for
the smooth sandwiched Rényi relative entropy (Corollary 4).
Before doing so, let us first define a set of quantities that are
needed in what follows. The cumulative distribution function
of a standard normal random variable and its inverse are
respectively given by

d(a) = L/ dz e (_$2> (142)
'_ \/ﬂ e Xp 2 9
d!(e) :=sup{a € R | ®(a) < &}. (143)
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For ¢ € (0, 1), recall that

P11 —e)= -0 (e), (144)

and note that ®~1(¢) < 0 for ¢ < 1/2 and ®71(g) > 0
for ¢ > 1/2. For a state p and PSD operator o such that
supp(p) C supp(o) and V(p|lo) > 0, the following second-
order expansion is known:

DE

min

R

D(plo) +/ 3V (le) 27 0)+ O(E2). (145)
This expansion gives a refined understanding of Stein’s lemma
for asymmetric hypothesis testing [22], [23] and has been
useful in various developments toward establishing second-
order asymptotic characterizations of information-theoretic
tasks (see, e.g., [24], [25], [42]). For the finite-dimensional
scenario, (145) was proven in [22] and [23]. For a state p
and PSD trace-class o acting on a separable Hilbert space,
the inequality < was established in [26] and [36], while the
inequality > was shown in [23], [26], and [43].

Theorem 4: For a state p, a PSD operator o, and € € (0,1),
such that supp(p) C supp(c) and V(p||o) > 0, the following
second-order expansion holds:

1
fnin,F (P®n||<7®n) =
Dipllo) + | 2V (plo) 7(e) + 0(105”) (46)

Proof: For the lower bound, we apply Proposition 1 to
find that

1
- ;M(p‘g"lla@”) (147)
D5 (2 0"~ logy (148)
min n 2 1*6
= D(ollo) + 1/ 2V (pllo) <I>1<e>+0(10g">, (149)

where the last inequality follows from (145).
For the upper bound, we use Corollary 3 for €, € (0,1)
such that ¢ +d € (0, 1) to find that

1 n n
- rEninF(p® HJ® )
D1 =(p ®”||a®")+llog 1 (150)
e nP\1=7E9))
where

f(g,0) = \@\/s+5+x/1—s—5\/1—gr, asn

so that f(g,0) € (0,1). Indeed, f(e,d) can be understood
as a classical fidelity of two binary random variables with
parameters € and € + J, which we know is < 1. We also note
that
1 de(1—¢) 2(1—2¢) 1
T R - (-2

+0(5).
(152)
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Thus, when we choose § = 1/+/n (and n sufficiently large so
that £ + § < 1) for the second-order expansion, we find that

1
1 —— | =01 . 153
OgQ(l_f(€’5)> (Ogn) ( )
Recall from [44, Theorem 4] that
1
Dinlplo) < Digiloll) +1oms (22 ) - 15

Note that the choice of ¢ instead of /¢ as in [44, Theorem 4] is
due to the fact that the smooth max-relative entropy is defined
in [44] in terms of the sine distance /1 — F(p,p) [45],
[46], [47], [48]. Combining the above inequalities together
with (150), we arrive at

D (97 0°") (o
< DR e + 1 ow (1) 059
@ %ngf(pmug@") + %logz (ei(g>

+ %logz (1;(5’5)> (157

v ollo) 31(e + 6) + o(log"> (158)
n n

2 Dollo) + \/W o1 +O(loin) |

In the above, (a) follows from (25), (b) from (150) and (154),
(c) from (145), and lastly (d) from the following argument
given below. As stated in [24, Eq. (4)] in the proof of [24,
Lemma 3.7]: for f a continuously differentiable function,
by Taylor’s theorem,

f(o: £ %) — @) £ = 0)

x) in the case — and 7 € (az,x + ﬁ)

(©)
< D(pllo) +

(159)

(160)

1

vn’
in the case +. By choosing § = 1//n, the function ®~(c+0)
also satisfies the said property.

With the upper bound in (159), together with the lower
bound in (149), we conclude the proof. [ |

Corollary 4 (Second-Order Asymptotics of Smooth Sand-
wiched Rényi Relative Entropy): Let p be a state and o a
PSD operator. Fix ¢ € (0,1). The smooth sandwiched Rényi
relative entropy of order o > 1 has the following second-order
expansion

where 7 € (1:

1~
LB5 (0% 0") =

D(plo) [ +V(lo) 270+ O(EL). o)

For @ € [1/2,1), the smooth sandwiched Rényi relative
entropy has the following second-order expansion:

1~
=Di (50" =

D(plo) +1/ V(1) 270+ O(EL).  e)
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Proof: This follows from techniques similar to those in
the proof of Theorem 4, as well as from the a-monotonicity
of the sandwiched Rényi relative entropy and Theorem 3. See
Appendix F for a proof. [ ]

Remark 5 (Equivalence of Smooth Relative Entropies Up
to the Second-Order): Corollary 4 indicates that, in the
asymptotic i.i.d. setting and up to the second order, there is
no difference between all of the smooth sandwiched Rényi
relative entropies for all o« > 1. That is, they are all
equivalent to the smooth max-relative entropy. Similarly, in the
asymptotic i.i.d. setting and up to the second order, there is
no difference between all of them for o € [1/2,1): they are
all equivalent to the smooth min-relative entropy. This is a
unifying result that should find use in future works on quantum
resource theories.

A sequence {ay}, is called a moderate sequence if a,, —
0 and v/na,, — oo when n — oo.

Proposition 3 (Moderate deviations): For ~a  moderate
sequence {a,}, and €, = e’”“i, the smooth F'-min-relative
entropy scales as follows:

1
=Dt r (P7"]|0%") = D(pllo) = /2V (pllo) an+o(an).

n
(163)

Proof: This follows by utilizing the connections
established in the last section along with the moderate
deviation analysis for the smooth min-relative entropy in [49].
For completeness, we provide a proof in Appendix G. [ ]

Remark 6 (Moderate Deviations of Smooth Sandwiched
Rényi Relative Entropy): Similar to Proposition 3, we arrive
at the following scaling for smooth sandwiched Rényi relative
entropy: for a moderate sequence {a,}, and &, = e~nen,

) a>1:

L Ber (097 [[0®") = D(pll0) +v/2V (pll0) an+olan).

n
(164)
2) a€[l/2,1):
1~
~Der (p2™|o®") = D(pllo) =2V (pllo) an+olan).
(165)

The proof follows by employing the techniques in the
derivation of second-order asymptotics (in Appendix F) and
proceeding as in Appendix G.

VI. APPLICATION TO RANDOMNESS DISTILLATION
A. IW-LOCC-Assisted Randomness Distillation

The distillable randomness of a bipartite state is a measure
of classical correlations contained in that state. This quantity
was first proposed and characterized in [50], and later
studied in various guises in [27], [S1], [52], [53], [54],
[55], [56], and [57]. It has applications to determining the
fundamental limitations on experiments in which the goal
is to distill randomness from bipartite states [58], [59]. For
completeness, we review the definition of a randomness
distillation protocol assisted by one-way local operations and
classical communications (1W-LOCC) (shown in Fig. 1).
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Fig. 1. One way local operations and classical communication protocol from

A to B. First, the channel £ 4_, 5/, with classical outputs L and M is applied
by Alice. Then, system L is communicated to Bob via a noiseless classical
channel. Bob applies the decoding channel Dy g_, s to get the classical
output M’. At the end of the protocol, the output state shared by Alice and
Bob is wpsps7, and it should be close to a maximally classically correlated
state. In the above figure, classical systems are denoted by double lines.

We follow the recent presentation of [27]. In Section VI-B,
we recall the definition of randomness distillation assisted by
general LOCC, as also considered in [27].

Let p4p be a bipartite state. The protocol begins with Alice
applying a quantum channel £4_. 5;1,, with the output systems
L and M classical. Then, system L is communicated to Bob
over a noiseless classical channel. Having system L, Bob acts
with the decoding channel Dpp_, ;s on his systems. At the
end of the protocol, the final state is

wyvm = (Drp—mr 0 Ea—mr)(pan)- (166)
A (d,e) randomness distillation protocol satisfies
F(Byrprwnnar) 2 1-e, (167)

where 5%1 v 18 the maximally classically correlated state of
rank d:

d—1
—d 1 s o
Dy = y Z-EZO [i)(i]ar @ |EXE| arr- (168)

The one-shot distillable randomness of p4p is defined as

R*(paB) =

sup {lode —log, dy, : F(@;/[M,,wMM/) >1- 5} .

oML
LB—M'

(169)

Intuitively, R*(pap) is the largest net number of maximally
classically correlated random bits that can be generated from
the state p 4. Here, we need to subtract the number of bits of
classical communication used in the protocol, in order to rule
out the possibility of distilling an infinite number of shared
random bits.

B. LOCC-Assisted Randomness Distillation

Here we review general LOCC protocols for randomness
distillation [27] (shown in Fig. 2). A general LOCC-
assisted randomness distillation protocol starts with Alice
performing the channel SSL A,1,» With system L; being
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Fig. 2. General local operations and classical communication protocol from
A to B: First the channel Sl(qll AL, with classical output L is applied
by Alice. Then, system Lj is communicated to Bob via a noiseless classical
channel. Next Bob applies the channel D(L2) B—LyBsy’ and the classical output
Lo is communicated to Alice. This proce&ure is continued for £ — 1 rounds.
During the final round Alice performs 51(4’6,372 Le_1—ML, where both the
output systems are classical and communicates Ly to Bob. Bob completes the

protocol by applying the channel Dék;;jila arr- At the end of the protocol,

the output state shared by Alice and Bob is wjpsp,/, and it should be close
to a maximally classically correlated state.

classical and communicated to Bob. Then, Bob performs the
channel D(LQl)B_}Lz B,» With system Lo being classical and
communicated to Alice. The above procedure continues for
k rounds. We denote the rest of the channels for Alice
and Bob as {5X3_2L7:_1HA1'L¢}1' for ¢+ € {3,5,...} and
{Dgz—lBi—Q—’LmBq‘,}i for i € {4,...}, respectively. Without
loss of generality, we consider the last two channels of the
protocol to be 51(4’1)72 Ly_y—ML, and D(L’jj;,jfﬁ v - The state
shared by Alice and Bob at the end of this protocol is

WMM = (D(k'H) 0EMo. oD@ o 5(1)> (pap). (170)
The above-mentioned protocol has € error if it satisfies

Perr(PY) = 1= F(warar Byppr ) S, (17D

where P* corresponds to the protocol described above. With
that, the one-shot distillable randomness from p4p assisted by
LOCC is defined as

RZ(pap) =
k
sup < log,d — Z log, dr, : perr(P*) < ¢ (172)
kEN, Pk P

Since general LOCC assistance contains 1W-LOCC assis-
tance as a special case, we obtain the following bound for
every state pap and € € [0,1]:

R(paB) < RZ,(paB). (173)

C. I'-Upper Bound on One-Shot Distillable Randomness

Let us recall the definition of the classical correlation
measure -y, defined recently in [27] for a PSD bipartite
operator g 4p as

Tr[Ka ® L) :
= inf T V. to = O’
V(0aB) Ka,Lp,Vap€Herm Ki(®AfB + éff)? >0

(174)

Some intuition for this quantity was not discussed in [27], and
so we provide some briefly here. For a classical correlation
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measure, it is desirable for it to indeed measure correlations,
meaning that it should be equal to zero for a product state,
be greater than zero for a state that is not product, and
should not increase under the action of local channels. For
this purpose, mutual information and its variants are helpful,
but they measure quantum correlations in addition to classical
correlations [60]. Mutual information can be written as the
minimum quantum relative entropy between the state of

interest and the set of product states [40, Exercise 11.8.2]:
I1(A;B), = inf

( )p cA€D(Ha),

oB ED(HB)

D(pAB||O'A®JB). (175)

Using the max-relative entropy in place of the quantum relative
entropy, one can define the max-mutual information as [61]

Imax(A; B)p

= inf
cA€D(Ha),
oB€D(HB)

zlogQ KAi,%iZO{Tr[KA ®LB] pap <Ky ®LB}. (177)

Drax(paBlloa ® op) (176)

As mentioned above, this quantity measures quantum
correlations in addition to classical correlations; for example,
it is equal to 2log,d for a maximally entangled state of
Schmidt rank d, as we prove in Appendix C (we also prove
the equality above there). Given that the classical correlations
contained in or the distillable randomness extractable from
such a state is equal to log, d, the mutual information is twice
as large as it should be for this case. To address this problem,
recall that the logarithmic negativity of a bipartite state is
defined as follows [62], [63]:

Tr[Mag + Nag| :

Mag > Tg(paB), ¢,

Nap > —Tg(paB)
(178)

log, | Ts(paB)ll, = log, Jinf
AB),
Nap>0

where the second expression follows from [1, Proposi-
tion 3.53]. It is equal to log, d for a maximally entangled
state and equal to zero for a maximally classically correlated
state of rank d. This latter property is also undesirable for
a classical correlation measure, which should be equal to
log, d for such a state. The basic idea behind the measure
in (174) is to combine features of the max-mutual information
and logarithmic negativity into a single measure (the features
being the optimization over product positive semi-definite
operators and the use of the partial transpose). The resulting
measure is equal to log, d for both a maximally entangled
state of Schmidt rank d and a maximally classically correlated
state of rank d, and it satisfies a number of desirable
properties expected of a classical correlation measure,
as shown in [27].

We can then use the definition in (174) and the general
construction in [27, Eq. (4)] to define the following classical
correlation measure for a bipartite state p4p, relevant for us
here:

inf

caB>0:
v(ocap)<1

Chinr(A; B), = Diin.r(paglloas).  (179)
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Theorem 5: Fix ¢ € (0,1). The following bound holds
for the one-shot LOCC-assisted distillable randomness of a
bipartite state p4p:

RZ(paB) < T, r(4; B),. (180)
Proof: Let us begin by proving the bound
R (pap) < Ty p(4; B)p, (181)

and then we discuss afterward how to generalize it to get (180).
The proof of (181) follows similarly to the proof of [27,
Eq. (41)], by some properties satisfied by Dg;, r(-[|-), which
include data processing (see Theorem 1) and scaling (see
Property 1 of Theorem 2). These properties of smooth F'-
min-relative entropy result in T';; »(A;B), satisfying the
properties presented in [27]; out of those we use Proposition
1 on symmetry, Proposition 2 on data processing under local
channels, and Proposition 7 on scaling.
By Lemma 9 of [27], we have

sup . (182)

T pr 20:
RICIVIVES!

ISHEE

—d
F(‘bMMuTMM') <

S . —d
Then, considering the constraint F(‘b MM’ WM M/) >1—¢
from (171), we arrive at

logy, d < —log, F(E?\l/[M/,TMM/>

< Dpin r(wWnrn I Tar )

(183)
(184)

The above inequality holds for all Tz
y(Tararr) < 1. Thus we have

> 0 satisfying

10g2 d < inf>0 Drsnin,F(wMM' ||TM]\/[/) (185)
Tmm 2V
Y(Tarnr)<1
fnin,F(M;M/)w' (186)

By the data-processing inequality for the smooth-min relative
entropy (Theorem 1) applied to the channel D5, as well
as Proposition 2 of [27], we get

e (M;M"), <T¢

min, F min, F’

(M; BL)g(y). (187)

Then applying Proposition 7 of [27] with the assistance of the
scaling property of D2 . (-||-) (Theorem 2), we find that

min, F

FE

min, F

(M; BL)g(p) <logy dr+T7;

min, F’

(LM; B)g(p). (188)

Next, again applying data processing under the local channel
Ea_ 1M, we conclude that

Frsnin,F(LM; B)c‘:(p) < anin,F(A; B)/) (189)
Putting everything together, we arrive at
logy d —logy dy, < anin,F(A§ B)p' (190)

Since the above inequality holds for an arbitrary (d,¢)
randomness distillation protocol, we conclude the desired
bound in (181).

The proof of (180) then follows by iterating the same
reasoning as in the proof above, while going backward through
the protocol P* defined in Section VI-B. See the end of the
proof of [27, Theorem 11] for similar reasoning. [ ]
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Remark 7 (Comparison with other existing bounds): Note
that the bound provided in the previous work (Theorem
11 of [27]) is a consequence of Theorem 5. In particular, this
previous work established the following bound: For o > 1

e : N 1
RZ.(paB) < 0A111;£07 Da(PAB||UAB)+a log, (1 5) :
¥(eap)<1

(191)

Together with the relationship between the sandwiched Rényi
relative entropy and the smooth F'-min relative entropy derived
in Proposition 2, it can be seen that the bound derived in
Theorem 5 implies the previous bound.

D. Smooth F-Min- and Min-Mutual-Information Bounds on
One-Shot Distillable Randomness

In this section, we define the smooth F-min-mutual
information of a state and establish several of its properties,
thus justifying it as a correlation measure for bipartite states.
We also discuss how it leads to an alternative upper bound on
the one-shot distillable randomness.

Let us define the following mutual-information-like cor-
relation measure, which we call the smooth F-min-mutual
information:

rmn F(A B) oa Lan>0: Dfnin,F(pABHUA ® O-B)'
Tr[aAlél,TF[oB]gl

(192)

Since every subnormalized product state 04 ® op satisfies
v(oca ® o) < 1 (as a consequence of Propositions 4 and
6 of [27]), we conclude that the following bound holds for
every state pap:

mlnF(A B) mlnF(A B)

Next, we prove various properties of mm r(4;B),.
Lemma 3: Let pap be astate. Then I, (A; B), satisfies
the following properties.

(193)

1) Symmetry:

mm F(A B)

2) Data processing under local channels: Let Ns_, 4+ and
M p_, g be quantum channels, then

mm F(A B)p Z Iriun F(Ala B/)UJ)

where waar = (Na—a @ Mp_.p)(paB).
3) Classical communication bound: Let pxap be a
tripartite state:

PXAB = ZP

where {p(z)}, is a probability distribution and {p% 5}
is a set of states. Then, we have

=],

min, F

(B;A), (194)

(195)

)zXz|x ® pap (196)

Inm F(AX B) < IOgQ dX +Ir€nin,F(A; BX)P (197)

Proof: Symmetry: This follows because op ® 04 > 0 if
and only if 04 ® op > 0, and by the unitary invariance
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of D, p(+[[). In particular, by applying the unitary SWAP

operation, we have

Drin r(paglloa ® op) = Dy, r(pBallos ® 0a). (198)

Then, by definition of I¢

min, F

(4; B),, it satisfies symmetry.

Data processing under local channels: By the data-
processing inequality for the smooth F-min-relative entropy
(Theorem 1), we have

Drsnin,F(pAB ||0A @ JB) >

Dy r(warp [Nasar(oa) ® Mp_p/(op)).  (199)

Since N4_ 4 and M p_, g are quantum channels, we find that
NA*)A’(O‘A) QR Mp_p (O'B) > 0, Tr[NAHA'(UAH <1 and
Tr[Mp_p(op)] < 1. With that, we conclude that

Dfnin,F(pABHJA ®op) >
inf Diin plwarp|l7ar @ 75).

Tar,Tgr 2>0:
Tr[TA/]Sl,Tr[TB/]Sl

(200)

Then, optimizing over 04,05 > 0, Tr[o4] < 1, and Tr[og] <
1, we arrive at the desired conclusion.

Classical communication bound: Fix o 4 and ogx such that
oca,0px > 0,Tr[oa] < 1,Tr[opx] < 1. By scaling of
smooth F-min-relative entropy in Theorem 2, we have

logy dx + Dy rpaBxloa ® opx)

= Dyin,p (pABX oA ® wa(> (201)
X
Denote the completely dephasing channel as
= leXal()laXal, (202)
and set ), 0% ® |z)z| = Ax(cpx). Consider that
Drsin,r (PABX oA ® W)
) dX
— A
> Diyyin, F (Ax(pABx) op® B (ZBX )> (203)
= Diin,F (pAXB oA ® — Z |x)Xz| ® 0'B> (204)
> Dy PAXB||0A® ES ® Z&f (205)
= min, F’ dX - B
> inf Diin r(paxpllTax @ 75), (206)

Tax®Tp>0:
Tr[rax|<1,Tr[r5]<1
where the first inequality follows from data processing under
the dephasing channel, the equality from the unitary invariance
of smooth F-min-relative entropy with the SWAP operator to
interchange the B and X systems, the next inequality from
Property 6 of Theorem 2 (since |z ){x| < I for every x), and the
final inequality because Tr[) "] < 1 given that Trjopx]| <
1 and Tr[oa ® I/dx] < 1, given that Tr[o 4] < 1. [ |

Motivated by the expression for the distillable randomness
of classical-quantum states from [50], we present the
following upper bound on the one-shot distillable randomness.
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Indeed, it can be understood as a one-shot generalization of
the quantity from [50, Eq. (24)].

Proposition 4: Fix € € (0,1). The following upper bound
holds for the one-shot distillable randomness of a classical-
quantum (cq) state pxp:

RE(pXB) < Imln F(XvB)P (207)

Furthermore, for a bipartite quantum state p4p, we have

R€ (pAB) S sup Imln F(Xa B)U.H (208)
M:AH
where wxp = Ma_x(pap) and the supremum is over

every measurement channel M ,4_,x that takes a quantum
input A and outputs a classical system X, i.e., of the form
Max() = ¥, TrM50)]a)alx. where {M3}, is a
POVM.

Proof: The first inequality in (207) follows from similar
reasoning as in the proof of Theorem 5. For that to
follow, Lemmas 3 and 4 establish the required properties
for I7;, p(A; B),. Note that these lemmas are proved for a
general blpartite state, and these also hold for the special case
of cq states.

The second inequality in (208) follows because the
inequality in (207) holds for an arbitrary cq state formed after a
measurement on the A system, and every such one-way LOCC
protocol for randomness distillation consists of a measurement
on Alice’s system as the first step. ]

Remark 8 (Classical Output State): Notice that for a fixed
measurement channel M acting on the system A, apply-

ing the completely dephasing channel Ay in (202)

we have

Diyin p(Ma—x(pap)llox ® op) >
Diinr(Ma—x(paB)|Ax(ox) @ o), (209)

which follows due to the data-processing inequality for the
smooth F-min-relative entropy and Ax o M4_x = Ma_ x.
This shows that the infimum in the definition of I7; r is
achieved by a state that is classical on X.

The following lemma was used in the proof of Proposi-
tion 4:

Lemma 4: The following bound holds:

— 1
F((I)jBao-A ®UB> S R

pi (210)

sup
ocA®Rop>0:
Trloa]<1,Trlop]<1

where EZ p 1s the maximally classically correlated state.

Proof: We give two proofs for this statement. A first
proof follows from the observation that every product
state 04 ® op satisfies y(ca ® o) = 1, by applying
Proposition 4 of [27]. Then we obtain the inequality v(c4 ®
op) < 1 for subnormalized states by applying Proposition
6 of [27]. This then proves that the set of subnormalized
product states is contained in the set {oap > 0
v(oap) < 1}, so that the desired statement follows from
Lemma 9 of [27].

4183

As an alternative proof, let o4,0p satisfy the constraints
oca®op > 0,Trloa] < 1, and Tr[op] < 1. By the data-
processing inequality for fidelity, consider that

F(®p0405) < F(Thp, Baloa) ® Bn(os))

(211)
where A is a dephasing channel defined as
d—1
A() =Y [m)m|(-)[m)m]. (212)
m=0
With that, we have
ZA(GA) ®ZB(O’B)
d—1 d—1
= [m)mloalm)m| @ [O)tloslO)| (213)
m=0 =0
d—1
= > (mloalm)(tlop|e)lm)m| @ ). (214)
m, =0
Then, we obtain
(‘I’A& Aa(oa) ®ZB(UB))
2
<Z \/ m|oA|m>(m|OBm>> (215)
m=0
= d—1
Emzz (m|oalm) mz:o (m|op|m) (216)
1
= T[] Tr[os) 217)
1
< —
St (218)

where the first equality follows from the fidelity reducing to
a classical fidelity, the first inequality by Cauchy—Schwarz,
and last inequality from the assumptions that Tr[o 4] < 1 and
Trjop] < 1. Finally, we complete the proof of Lemma 4
by supremizing over o4 and op satisfying the required
constraints. [ ]

For a cq state with a uniform classical probability
distribution, in what follows we derive a lower bound for the
one-shot distillable randomness. We obtain this by devising
an achievable protocol that makes use of position-based
coding [64] and the square-root measurement at the decoder.
Let us recall that the smooth min-mutual information of a
bipartite state p4p is defined for € € [0, 1] as [19]

A; B), = Din(pasllpa ® ps)- (219)

mm (

Proposition 5 (Lower bound): Fix ¢ € (0,1) and n €
(0,¢). For a cq state pxp of the form

L
1 xr
PXB = T 321 lzXz|x ® B, (220

the one-shot distillable randomness of px p is bounded from
below as follows:

4
R (pxp) > {Ifmg(x B), 1og2<n§>J . 221)
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Proof: ~We prove this lower bound by devising an
achievable one-way protocol from Alice to Bob. The proof
below follows by employing the idea behind the protocol
presented in the proof of [65, Theorem 6]. Prior to the
initiation of the protocol, Alice and Bob share the state px g,
Alice has access to the X system, and Bob has access to the
B system.

The protocol begins with Alice picking an index m € M
uniformly at random and placing it in a classical register M.
She then labels her X system of pxp as X,,. She prepares
| M| independent instances of the classical state

1 L
px =7 Z:,: )] x (222)

and labels them as Xi,..., Xy 1, Xmy1,..., X|pq- She
sends the registers Xi,..., X M) in this order, over a classical
channel to Bob, while keeping a copy of each of them in her
laboratory (denote the copies by X7,..., X " MI)' For a fixed
value of m, the reduced state of Bob has the following form:

Px, ® @ Px, y @ PXB B PXpiy @0 @ pagy, (223)

and his goal is to employ a decoding measurement to figure
out which X system is correlated with his B system. This
reduced state has exactly the form considered in position-
based coding [64] (see also [41], [42] and in particular [41,
Eq. (3.5)]). As such, at this point, we can invoke those results
to conclude that as long as

g |M) = | 208, — oy (1) [ 29
it is possible for Bob to decode the index m with an error
probability < e. Furthermore, Bob can make use of the square-
root measurement construction to perform the decoding,
and due to the permutation symmetry of the protocol and
measurement, it follows that the error probability in decoding
each index m is equal to the same fixed value pe,,, for some
Perr € [0,1] such that pe,, < e (see [41, Eq. (3.10)]). After
performing the decoding, he places his measurement outcome
in a classical register M’. Thus, the final state of registers M
and M’ at the end of the protocol is given by

Tyrvr — @y

M e

WM M = (1 —perr)gM]\/I' +perr

for which we have that

1= 1 —F(EMMHWM]M/) = Perr < €.

(226)

1,—
3 | ®arr — wriner

Since the state px is uniform, the cost for Alice to
communicate each of the registers Xi,..., Xz over a
classical channel is precisely equal to the amount of distillable
randomness contained in the register pairs (Xp,X7), ...,
(Ximp, X |’ )~ Thus, the net number of random shared bits
generated by this protocol is equal to log, | M. [
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E. Second-Order Expansions for Randomness Distillation

Now we show how to utilize the second-order asymptotics
of the smooth F-min-relative entropy, as presented in
Theorem 4, to obtain upper and lower bounds on the rate at
which randomness distillation is possible. Before doing so, let

us define the following quantities:
I'(A;B), = inf

( ’ )p UAIEZO:

Yy(oap)<1

D(paglloas), (227)

where D(pap|lcap) is the quantum relative entropy
from (17). Then, denote IL, C {oap > 0: y(cap) < 1} as
the set of PSD operators achieving the infimum in I'(A4; B),.
From that, we define the following variance quantity:

info'ABenw V(pAB||UAB) ife > %,
sup, , yer, V(pagloas) ife< 3.
(228)

VE(4;B), = {

Theorem 6 (Upper bound): Fix ¢ € (0,1). The LOCC-
assisted distillable randomness of a bipartite state pap is
bounded from above as follows:

1
—R,(p5%) <
n

logn

['(A;B), + iVﬁ(A;B)pcbl(a)JrO( > (229)

Proof: Applying Theorem 5 and choosing o4 to be an
optimum in (228), we find that

1
*RE ®n
1
< Do p(A" B") o (230)
1
< —Dhinr(P35055) (231)
1 1
=T(A: B), + 1/ ~VE(A: B), @7 (0) + o( °i"> .
(232)
The second inequality follows from the definition of I'f;, &,
and the last equality follows from the second-order expansion
from Theorem 4. u

In the above proof, once we restrict the second argument
in I'L;, p(A"; B") jen to be a tensor-power state, it follows
from [66, Lemma 63] that the choices we have made are
optimal.

Remark 9 (Computational efficiency): We note here that
we can further relax the upper bound in Theorem 6 to find an
efficiently computable upper bound, by following an approach
similar to that discussed in [27, Section VI].

Now let us recall the definition of the mutual information

variance of a bipartite state w4p [25, Section 2.2] as

V(A;B), = V(waglwa ® wg), (233)

where the relative entropy variance V' is defined in (18).
Proposition 6 (Upper bound for cq states): Fix € € (0,1).
The LOCC-assisted distillable randomness of a cq state pxp
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is bounded from above as follows:

1
—R,(p$5) <
n

1 1
I(X: B), +/ ~V(X:B), &' (e) +o< °i"> (234
Proof: Applying Theorem 5, consider that
1
—R¢ Xn
n H(pXB)
1 e n, pn
< Ermin,F(X ; B )p?% (235)
1 n n
< - min. 7 (0Bl (px © pB)®™) (236)
= D(px&llpx ® pB)
1 _ logn
+ \/nV(PXBpX ® pp) () + O( 5 ) (237)
1 1
= I(X;B), + 1/ - V(X: B), 27'(e) + o( Oi”) :
(238)

where the second inequality follows because y(px ® pp) =

1 for product states [27, Proposition 4], the first equality by

applying Theorem 4, and the last equality from the definitions

of mutual information and mutual information variance. H
Proposition 7 (Lower bound for uniform cq states): Fix

€ € (0,1). For a cq state of the form

M
1 T
PXB = 37 Z—; [zXz| ® pB, (239)

the 1W-LOCC-assisted distillable randomness of px p satisfies
the following:

1
*RE ®n >
n (PXB) =

1 _ 1 logn
EV(X,B)p@ (€)+O< " > (240)

I(X§B)p+

Proof: First by applying Proposition 5 for the state p?}%

and choosing n = 1/+/n, consider that
1

_R¢ ®n

n (PX’B)

1 1. /4 1
> ZI5(X™ BY) e — — 1og<€) .
n n n

min 772 (24 1 )

1 _
= D(pxBllpx @ pB) + \/nV(PXBHPX ®pp) (e —n)

+ O(logn) 1 log<4§)
n n n

= I(X;B), + %V(X;B)p 1(e) +o(1°g”> ,

n

(242)

(243)

where the first equality follows from (221) and the second
equality by (145). For the latter, we choose n sufficiently
large so that n = 1/4/n € (0,¢) and invoke a standard step
in [22, Footnote 6] applied to <I>_1(5 — 1), which follows

4185

from Taylor’s theorem: for f continuously differentiable, c is
a positive constant, and n > ng, the following equality holds

Vnf(z—c/vn) = vnf(x)—cf'(a) (244)

for some a € [x—c/+/n, z] (note that the reasoning we used to
arrive at (159), in the proof of Theorem 4 is a special case of
this argument). The last equality follows from the definitions
of mutual information and mutual information variance. H
Theorem 7: Fix e € (0,1). For a cq state of the form

M
1 T
PXB = 37 ;:1 lz)z| @ pp, (245)

the 1W-LOCC-assisted and LOCC-assisted distillable random-
ness of pxp satisfy the following:

1 1
ZRE(®) = ZRE (pB"
" (PxX'B) n ~(rXB)

1 1
= I(X;B), +/ - V(X: B), @ }(e) + 0( °§”> .
(246)
Proof: First by applying (173), we get
1 1
ﬁRE(P?}%) < EREH(P?}%)' (247)

Then, by applying Proposition 6, we arrive at the desired
upper bound. By obtaining a matching lower bound from
Proposition 7, we conclude the proof. [ ]

We suspect that Theorem 7 holds more generally for all cq
states. To establish this finding, it seems that one would need
to devise a protocol that has comparable performance to that
given in the proof of Proposition 5.

Remark 10: (Impact of Feedback on Distillable Random-
ness): Theorem 7 indicates that feedback does not improve
the distillable randomness of a cq state of the form in (245),
even up to the second order for this class of states. This
finding is in distinction to the findings of [67] for channel
coding, in which it was shown that feedback can improve
the classical communication rate up to the second order for
channels with compound dispersion. The example in [67,
Remark 1] provides an interesting case study. If we choose
the uniform distribution over the six channel input symbols,
this leads to a fixed bipartite classical state shared between
Alice and Bob, for which its distillable randomness cannot be
improved by feedback, even up to the second order. However,
in the channel coding setting, the sender can adjust the input
distribution based on feedback from the receiver, and this is
the mechanism underlying the improved performance found
in [67].

We now evaluate the upper bound from Theorem 6 and
the lower bound from Proposition 7 for a particular example.
Suppose that Alice and Bob share an isotropic state of the

(dr) .~ (1 - p)dd , + plag, where

form py 5
1 o o
Php =) lifila @ i}ils. (248)
i

One scheme for obtaining a lower bound on the distillable
randomness of this state, as considered in [27], is for Alice to
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Fig. 3. For fixed € = 0.0001, the plots depicts upper and lower bounds on the
randomness distillation rate of an isotropic state p4p = (1—p)®%
with p = 0.3 and d = 2. The horizontal lines depict asymptotic values of
the upper and lower bounds, while the curves depict the lower bound from
Proposition 7 and the upper bound from Theorem 6.

measure her system A in the computational basis. Note that
this measurement procedure has the same effect as applying
a completely dephasing channel on system A. The resulting
state is of the form in (245), and so then Proposition 7 applies
for obtaining a lower bound on its distillable randomness.
In Fig. 3, we show how the upper bound (from Theorem 6) and
the lower bound (from Proposition 7) on the LOCC-assisted
distillable randomness vary within the finite n regime for fixed
& = 0.0001, when choosing p':? with p = 0.3 and d = 2.

F. Applications to General Resource Theories

In this section, we discuss how our approach can be
generalized beyond randomness distillation, to the distillation
of mixed states in a general resource theory (see [2] for a
review). Let us consider the following general scenario: let O
denote the set of free channels, and let ' denote the set of
free states. Suppose that the goal of a protocol is to start
from an arbitrary state p and apply a free channel M € O,
in order to approximately distill a state from the set {79} 7+,
where d denotes the amount of the resource being distilled (a
concrete example of such a set is the set of maximally classical
correlated states, defined from (168)). The one-shot distillable
resource of p is then defined for € € [0, 1] as follows:

G(p) = sup {logyd: F(M(p),7%) >1—¢}. (249)
Me0
Now suppose that the following generalization of (182)

holds:
d 1
sup F(1%,0) < =.

p g (250)
gE

Then the ideas presented in Section VI can be extended to this
more general scenario. In particular, we arrive at the following
upper bound on the one-shot distillable resource:

GE( ) < ll’lf Dmln F(pHa)v (251)
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which follows because

log, d < mf —log, F(7%,0") (252)
< mf E Diin, (M (p)|0") (253)
< lnf Dfnm r(M(p)IM(0)) (254)
< ;relFF Dmin,F(p||U)7 (255)

where the first inequality follows from (250), the second from
the definition of the smooth F-min-relative entropy, the third
inequality from the assumption that M is a free channel (thus
preserving the set of free states), and the last inequality from
the data-processing inequality for the smooth F'-min-relative
entropy (Theorem 1).

We can also obtain a second-order upper bound on the
asymptotic distillable resource, by following the approach
from Section VI-E. Indeed, let us define the following
quantities:

Dg(p) = inf D(pllo), (256)
where D(pl||c) is the quantum relative entropy from (17).
Then, denote IIr C T as the set of states achieving the
infimum in Dy(p). From that, we define the following variance
quantity:

inf,
Vi (p) = {m ety

Supo‘EHF

V(pllo)
Vi(pllo)

Fix € € (0,1). Then the distillable resource of a state p is
bounded from above as follows:

’ (257)

LG < Dalp)+f 1) 07 @10 (FER ).

VII. COMPUTATIONAL ANALYSIS

In this section, we provide techniques based on semi-definite
programs (SDPs) to quantify the smooth F'-min-relative
entropy and other related quantities, including the smooth
max-relative entropy and smooth conditional min-entropy.

First, we present a bilinear program to evaluate the
smooth F'-min-relative entropy, which follows from the SDP
formulation of fidelity in [68].

Proposition 8: Given a state p, a PSD operator o, and € €
(0,1), the smooth F'-min-relative entropy can be written in
terms of the following optimization:

DIEnin,F(p||U) = -2 10g2 Cl*, (259)
where
Tr[Yp| + Tr[Zo] :
Y I
1 I Z 20,
a* = 3 511215 >4/1—¢, (260)
Y,Z>0,
XeL(H) |: :|
Tr[p] <1
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Proof: From the definition of the smooth F'-min relative
entropy, consider that

D yinr(pllo) = —logy(a*)?, (261)
where
o= inf {VF(p.0): V()2 VI-2).  (62)
peD<

Recall that the root fidelity v/F(p,0) = ||\/py/c||, has the
following primal and dual SDP characterizations [68] (see also
[1, Proposition 6.6]):

g i[5 ) o
_ 2Y§§£O{Tr[yp} +Tr[Z0) : [3; é] > o}.

(264)

We then find the following expression for the negative root
fidelity:

- g, fuo 5 3
(265)

~ nf {—Re[Tr[X]] : [)?T ﬂ > 0}.
(266)

With these expressions in hand, consider from (262) and (264)
that

Te[Yp] + Tr[Zp]
1 VFE(p,p) > V1—¢,
a* = 35 inf Y I >0 (267)
5>0,Y,2>0 1 7120
Tr[p] <1
Tr[Yp] + Tr[Zp] :
1 —VF(p,p) < —VI—¢,
2 ~>oi§fz>o v >0 (268)
p2V, Y, 42 I z| =
Tr[p] <1
Tr[Yp] + Tr[Zo] :
Y I
1 L
=— inf —Re[Tr[X]] < —v1 —¢, (269)
Y,pzng, [ P X] >0
XeL(H) X p|l =
Tr[p] <1

In the last line, we replaced the inequality —v/F(p,p) <
—+v/1 —¢ with the optimization in (266), to conclude
the proof. [ |

Note that the optimization problem in (260) is not an SDP,
but it is rather a bilinear program, due to the bilinear term
Tr[Yp] in the objective function in (260). Thus, to estimate
the smooth F'-min relative entropy, we can employ the seesaw
or mountain-climbing algorithm [69], which results in a lower
bound on the smooth F-min-relative entropy.

4187

We apply the seesaw algorithm as follows. Set £ = 0. For
fixed p = pi, the optimization in (260) is an SDP with the
additional constraint p = pi. By solving that SDP, we can
find a Y that achieves the optimum for the objective function,
which we denote as Yj. Next, by fixing Y = Y}, we solve the
respective SDP and find the optimum py 1. Then, this iterative
process is continued for a fixed number of iterations. In a
finite (yet not necessarily polynomial) number of iterations,
the algorithm converges to the optimum value [69]. In practice,
it is guaranteed that we arrive at an upper bound on (260) by
this method, which will in turn provide a lower bound on the
smooth F'-min-relative entropy. Note that one can employ the
more advanced algorithm from [70] as well for this purpose.

We use the seesaw method described above to investigate
the tightness of the lower bound from Corollary 3.
In particular, we obtain various upper bounds for the smooth
F-min-relative entropy by varying 4 in

E - 1
Divin p(pllo) < DIz (o) + log, <1—f<6>> ’

(270)

where f(e,9) is given in (151).

To compute the upper bound in (270), it is required to
compute the smooth max-relative entropy. For this purpose,
we derive an SDP for the smooth max-relative entropy with
fidelity smoothing, which may be of independent interest.
We consider two variants of that: D% . (p|lo) with smoothing
over normalized states and D%, (p|lo) with smoothing over
sub-normalized states. Then, we use the latter variant to
compute the right-hand side of (270).

Proposition 9: The smooth max-relative entropy with
fidelity smoothing over normalized states has the following
primal and dual SDP characterizations for a state p and PSD
operator o:

Diax(pllo)
A:p < Ao, Tr[p] =1,
= log, inf Re[Tr[X]) > VI=2, [ 5p,
p>0,2>0,X€L(H) p X >0
Xt 5=
p+20y/1T—e—Tr[Zp]
<
=log, sup TI[WU] <1, 272)
W, Z>0,u€R Z vi -0
vli W —ul|~—
Proof: See Appendix D. -

Following a similar approach, we obtain an SDP for
Dy pllo):

Proposition 10: The smooth max-relative entropy with
fidelity smoothing over sub-normalized states has the
following primal and dual SDP characterizations for a state
p, PSD operator o, and € € (0,1):

Dfax(pllo)
AP < o, Te[p] < 1,

—log, inf Re[Ir[X] 2 V1=, L 503
p>0,A>0,X€L(H) p X >0
xt 5=
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Fig. 4. This plot shows the tightness of the lower bound on DF ;. = (pllo)
obtained from running the seesaw algorithm for 10 iterations for each e,
where p, o are random quantum states in a Hilbert space of dimension 2.
By changing §, the upper bound Drln;i_‘s(pﬂcr) + log, <m> is also

shown.

—p+2v/1 —e—Tr[Zp] :

“log, sup Tr[Wo] <1,
2 W, Z,n>0 zZ vi >0
vl WHul| —

(274)

Proof: We omit the proof since it is similar to the proof of
Proposition 9, except that we remove the constraint Tr[p] > 1.
|

Utilizing the methods explained above (specifically in
Propositions 8 and 10), Figure 4 shows the tightness of the
lower bound on the smooth F'-min-relative entropy of two
random quantum states in a Hilbert space of dimension two,
by employing the seesaw method for ten iterations. In addition,
Figure 5 presents the obtained results under the same setting,
for two random quantum states in a Hilbert space of dimension
four.

Due to the close link between smooth max-relative entropy
and smooth conditional min-entropy, our SDP results apply
to this latter quantity as well. We highlight this observation
below, as it may be of independent interest for future work.

Remark 11 (Conditional smooth min-entropy): By Defini-
tions 11 and 12 of [71], for pap € D(Hap), the smooth
conditional min—entropy is defined as

mm AlB)
max max —Dmax(ﬁABHIA ®op), (275)
pap€B(pap) op€ED(HE)
where
B%(p) == {T € D< : P(r,p) < e}, (276)
with P(7,p) := /1 — F(7,p). Note that we can equivalently
define smooth condltlonal min-entropy by
2
H: (A|B), = — i D; .. Ia® , (277
(A|B), oyt Pina (paBllla® o), (277)

with the association of smooth max-relative entropy in (23).
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Fig. 5. This plot shows the tightness of the lower bound on DF ;= (pllo)
obtained from running the seesaw algorithm for ten iterations for each e,
where p, o are random quantum states in a Hilbert space of dimension 4.

By changing §, the upper bound Drln_af(_é(pHo') + log, (%) is also

shown.

An SDP for H:; (A|B), was first given in [72] if a
purification of pap is available. In this work, Proposition 10
together with (277) lead to an SDP for smooth conditional
min-entropy directly in terms of the state p4p, as presented
in the next corollary.

Corollary 5: Let pap be a state and fix ¢ € (0,1).
The smooth conditional min-entropy has the following SDP
characterization:

mln(A|B)
Tr[SB] : pap < 1a ® Sp,
Tr[pas] <1,
= —log, _inf Re[Tr[Xap]] > VI -2, 278)
P§f>o pas  XaB -
Xap€ety XI&B pPAB |
—p+20V1 =€ — Te[Zappap) :
Tra [WAB] <Ip
= —logy, su )
52 WABI;Q |:ZAB vigp
VZZA()[,;EZOE) viap Wap +plap
(279)
Proof: We can write
mm(A|B)
Aipap < A4 ®o0p,
Trlpan] <1,
Re[Tr[X ap]] > V1—e2,
—log, _inf
paB=>0, {pAB XAB] -0
op>0, XT ~ >0,
A20, AB PAB
XaB€eL(H) Tr[op] = 1
(280)

as a direct result of the SDP for smooth max-relative entropy
in Proposition 10 and its connection to smooth conditional
min-entropy in (277). The characterization in (278) follows
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from the substitution Sg = Aop in (280). The dual SDP for
H: ;. (A|B), in (279) is proved in Appendix E. |

VIII. CONCLUSION

In conclusion, we provided a comprehensive study of
the fidelity-based smooth min-relative entropy. In particular,
we proved some of its basic properties, including a proof of
data processing independent from that of [14, Theorem 3],
which is of interest for several operational tasks. With the use
of the derived relationships between smooth F'-min-relative
entropy and other quantum information-theoretic quantities,
we derived the second-order asymptotics of the smooth F'-
min-relative entropy and all smooth sandwiched Rényi relative
entropies. We explored applications where this quantity arises,
with a focus on randomness distillation, establishing an upper
bound on the one-shot distillable randomness that improves
upon the prior one from [27]. Furthermore, we obtained a
second-order expansion of this upper bound, as well as the
precise second-order asymptotics of the distillable randomness
of particular classical-quantum states. Lastly, we designed
methods to estimate the smooth F-min-relative entropy and
showed that the estimates are sufficiently tight for some
examples. To that end, we presented SDPs to compute the
smooth max-relative entropy and smooth conditional min-
entropy, which may be of independent interest.

Some future research directions are as follows. It would
be interesting to analyze the third-order asymptotics and
large deviations associated with the smooth F'-min-relative
entropy. It might also be possible to devise efficient
computational methods for it and tighter connections to other
information-theoretic quantities. To that end, understanding
which parameter €1 achieves the tightest bound in Corollary 3
when €5 is fixed is a possible direction. We have shown
here that the smooth F'-min-relative entropy is the core
quantity underlying an upper bound on the one-shot distillable
randomness, but finding an information-theoretic task that
provides an operational interpretation of the smooth F'-min-
relative entropy itself is an open research question.

Another interesting future direction is to follow the
observation made after (8) in the introduction. Indeed, we see
that the main difference between the hypothesis testing
relative entropy and the smooth F'-min relative entropy is
the replacement of the quantities Tr[Ap] and Tr[Ac]| with
F(p,p) and F(p, o), respectively. Since Tr[Ap] and Tr[Ao]
are related to Type I and Type II error probabilities in quantum
hypothesis testing, one could consider a variant of quantum
hypothesis testing in which the “error probabilities” are then
related to F'(p, p) and F(p, o). Specifically, one could consider
1— F(p,p) to be analogous to a Type I error probability and
F(p,0) to be analogous to a Type II error probability. Under
this perspective, Theorem 4 demonstrates that we have already
determined the second-order asymptotics of this variant of the
traditional asymmetric quantum hypothesis testing task and
that they are the same as the second-order asymptotics in the
standard setting of asymmetric quantum hypothesis testing.
What remains open is to determine the asymptotics of a variant
of symmetric hypothesis testing. That is, for fixed A € (0,1),

4189
what is the following quantity equal to?
1
lim ——Inp} (281)
n— o0 n
where
pli= inf AL = F(3™, p%M) + (1 = NF (5™, 0®").
© pmenc

(282)

Based on known results in symmetric quantum hypothesis
testing [73], [74] and the aforementioned coincidence for the
asymmetric setting, one might guess that (281) would be
equal to the quantum Chernoff divergence, but this remains
an intriguing open question for future work.

APPENDIX A
SUPPLEMENTARY LEMMAS

Lemma 5: Let p be a state, A a measurement operator, and

set p = \/g[%x. Then
F(7,p) > Tr[Ap). (283)
Proof: Consider that
2
P = (] Vi) (284)
1 2
= Ty (Tr[ ﬁ\/pr/K\pr (285)
1 2
= g (T VVVAVRVAGR ) s
S S (vavAyp) 2 (287)
Tr[Ap]
1
e (e[vavaya]) (288)
1
= T[Ag)] (e[ Vas)]) (289)
1 2
g (A (290)
= Tr[Ap], (291)
concluding the proof. [ ]
Lemma 6: Let p be a state, A a measurement operator, and
set p == g[’xﬁ]x. Then
F(5,0) = ——F(p,VAoVA). (292)

Tr[Ap]

Proof: Let |¢?) purify o, and let [¢)?) purify p. Let U
denote a unitary acting on the purifying system. Consider from
Uhlmann’s theorem [4] that

F(p,o)
1 o |2
= s (Wl (VR I)(1au) )| @93)
1 2
= Ty | IVA @ Uly) (294)
1 o |2
:msgp\w”\u@lf) (VAeD) )| @9)
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L p(p VAeVA).

iy (296)
An alternative way of seeing this follows from

F(p,0) = (T[ \/EﬁﬁDZ 297)

o () o

() o

= 5y (lvvaval,) G00)

_ Tr[lAp] (Tr _\/\/;S\FA\/E\E\fA\/ﬁ:f (301)

_ Tr[lAp] (n' \f\/Ka\/K\/ﬁD2 (302)

— Tr[Ap] F(p,VAoVA). (303)

This concludes the proof. n

APPENDIX B
PROOF OF PROPOSITION 2

The proof is quite similar to the proof of the Proposition 1,
but we give it here for completeness. Let A be an arbitrary
measurement operator satisfying Tr[Ap] > 1—e¢. By the gentle
measurement lemma, we know that Tr[Ap] > 1 — ¢ implies

that
F(p,p)>1—e(2-¢), (304)

where p = v ApV/A. To see the inequality in (304), consider
that

P - (1] ﬁﬁﬁDQ (305)
_ ( ' \/NKNKWDQ (306)
:(Tr\/ffffffb (307)
:(Tr_ (fff)D (308)
— (me[vpvave D (309)
(vl
> (Tr[A G11)
> (1 ) (12)
120, (313)

Now we should relate Tr[Ao] to F(p,o). Consider from
Uhlmann’s theorem [4] that

F@o)=sw @] (Via 1) tev)w)| Gl
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= sup (W IVA e Uly) i (315)
2

= sup (wirev) (VEen) )| Gie

= F(p, VAoVA) (317)

< Tr[Ao]. (318)

The last inequality follows from data processing for fidelity
under the trace channel. Then

—log, Tr[Ac] < —log, F(ﬁa o)
S Dlrfm F (p”U)

Since this holds for an arbitrary measurement operator
satisfying Tr[Ap] > 1 — ¢, we conclude that

2
Din(pllo) < DECTE (pllo),

which is the desired statement.

(319)
(320)

(321)

APPENDIX C
PROPERTIES OF MAX-MUTUAL INFORMATION
In this appendix, we prove the equality in (177),
we establish the bound I1,ax(A; B), < 2log, min{da,dp},
and we prove the equality I,.x(A;B)e = 2log,d for a
maximally entangled state ® 45 of Schmidt rank d. To begin,
consider that

Imax(A; B)p

= inf Dmax(pABHUA Y UB) (322)
ocAED(HaA),
oB€D(HB)

=1 f A <A 323
082 A>0, o’}«;rlGD(HA ), { PAB 74 ® UB} ( )

UBED(HB)
=log, inf {Tr[Ka® Lp|:pap < Ka®Lp}, (324)
Ka,Lp20

where the last equality follows from the substitution Ao 4 ®
op = K4 ® Lp and the fact that Tr[K4 ® L] = Tr[Aoa ®
o] = A. Now consider that, for every state p4p, the operator
inequality pap < dala ® pp holds, because

d2

1 14
U i)' =2 ,
Z 4pas ( A) s @ pB

dg paB < dg (325)

where {Uil}i ;’1 is a set of Heisenberg—Weyl unitaries. So this
implies that the choices K4 = dal4q and Lp = pp are
feasible, leading to the claimed upper bound I1yax(A4; B), <
2log, mind 4. By a symmetric argument, the following bound
holds I1yax(A; B), < 2log, mindp. Finally, for a maximally
entangled state, we have I;,.x(A4; B)e < 2log, d by the upper
bound just derived. We also have

Inax(A; B)e = inf Dpax(Paplloa ® op)  (326)
cA€D(HaA),
O’BGD(HB)
> inf D(®Paplloa®op) (327)
cA€ED(HA),
UBED(HB)
— I(A; B)s (328)
= 2log, d, (329)
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where the inequality follows from (14) and the second
equality from [40, Exercise 11.8.2]. So we conclude that
Imax(A; B)g = 2log, d.

APPENDIX D
PROOF OF PROPOSITION 9

First, let us verify that strong duality holds for the primal
and dual SDPs. Consider the following feasible choices for the
primal SDP: p = p, A such that p < Ao (one possible choice

would be \ = 2Dmax(v19)) and X = \/T —¢ p. This follows
because
4 -, T om
Xt p T—¢cp p
1 1—c¢
_ { sims Uy lee @3
> 0. (332)

In addition, choosing u, v, W, and Z to satisfy p > 0, v > 0,
p+v < 1/Trlo], W = (u+v)I, and Z = vI leads to strictly
feasible choices for the dual program. Thus, strong duality
holds, due to Slater’s condition.

Considering the known SDP for negative root fidelity [68],
we have

X
—VF(p,p) = — sup {Re[Tr[X]] : L}?T J > 0}
XeL(H) P
(333)
. p X
= f — Re[Tr[X]] : —| >05.
XEI%(H){ e[ Tr{X] {XT p} = }
(334)
With that we find that
D(pllo)
A:p <o, Trp] =1,
=log, inf —Re[I{X]] < =Vl —e, (335)
p>0,2>0, XISy
XeL(H) Xt ﬁ =
A:p <o, Trlp] =1,
“log, inf { Re[MMX]Zvi-e, (336)
p>0,A>0, P XS
XeL(H) xt ﬁ =
Then, recall the standard form of dual and primal SDPs:
sup {Tr[AZ] : ®(Z) < B}, (337)
Z>0
: . HT >
%%fo {Tx[BY]: @(Y) > A}. (338)
To that end, we find that
(A 0 0 100
Y=|0 Z X B=10 0 0], (339)
10 XT 1 000
(Ao — 0 0 0 0 0
0 Tr[[ﬂ 0 - 0 0 0
T _ 0 0 —Trp 0 0 0
PY)=1 o9 o 0 Re[Tx[X]] 0 0]
0 0 0 0 0 X
| 0 0 0 0 Xt 5
(340)
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00 O 0 0 0
01 0 0 0 0
10 0 -1 0 0 0
A=100 0 vi—e 0 0 (341)
00 0 0 —p O
00 O 0 0 0
Setting
w 0 0 0 0 0
0 ;1 0 0 0 O
o 0 w0 0 o0
Z=1o 0 0 v 0 ol (342)
0O 0o 0 0 Z; V
0 0 0 0 VI Z
we find that
Tr[Z T (V)
= T[W (Ao — P)] + (1 — iz) Tr[3] + v Re[Tx[X]]
Z1 'V 0 X
ol 28] e
= ATx[Wo) + Tx[((u — p2) T — W) 7]
+vRe[Tt[ X+ Tr[VXT + VIX + Zop]  (344)
= NTe[Wo + Tx[((r — o) T — W + Z5) 7]
+ Re[Tr[(vI +2VT) X]] (345)
O zZ X
0 w2 [ 5]
"I—i—V Z X
H I+VT 0 ] [XT 5” + ATr[Wo] (346)
o LI+V z X
I+VT (1 — ) I =W+ Zy| | XT 5
+)\Tr [Wal.
(347)
This implies that
Tr[Wo] 0
*(2)=1| 0 YI+V
I+VT (ua—p2) =W+ 2,
(348)
and we find that the dual SDP is given by
sup {Tr[AZ] : ®(Z) < B}
Z>0
(11 — po) + V1 —e—Tr[Z1p] :
Tr[Wo] <1,
0 LI4+Vv
= su v 2 <0,
Wopinpio>0 [21+VT (MZ_ N%/)I_WJFZJ
1
[VT 22] =0
(349)
p+vy1—e—Tr[Zp] :
Tr[Wo] <1,
0 LI+V
= S <0 350
o tonen [;HVT MI—W+Z2] R
Z1 'V
[VT ZQ] 20
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A+ 2vy/1 —e —Tr[Z1p] :

Tr[Wo) < 1,
0 vI+V
IR S SPR A O T ED
Zy VvV
[VT ZJ >0
Consider that
0 vI+Vo ]
vI+ VY oyl =W+ 25| =
0 V] 0 —vl
& {VT Z) < [—1/[ W — M} (352)
Zl V- Z1 —vl
. . . Z, Vv
Thus, we can eliminate the matrix variable vt ozl and the
2
SDP reduces to
p+ 20T —e = Te[Zip] :
W,v,Z1>0,u€R A —vl -0
—vl W —ul| —
p+2vy/1T —e —Tr[Zp]
<
= sup TI'[WO’] = 1) (354)
W,v,Z>0,u€R Z —vl -0
—vl W —ul| =
w201 —e—Te[Zp] :
= swp Twel <1, (355)
W,v,Z>0,uER Z vi -0
vi W —pul| =~

APPENDIX E
SDP DUAL OF SMOOTH CONDITIONAL MIN-ENTROPY

In Corollary 5, we presented the primal SDP of the smooth
conditional min-entropy. The dual SDP for smooth conditional
min-entropy is as follows:

H:in(AlB), =
—pu+2vV1 —e2 —Tr[Zappas] :
Tra[Wap] < Ip
— 10 su ’ ’
82 WABgo, ZAB viap
Zan20 viap Wap+plap] ~

(356)

Before proving the dual, let us verify that strong duality
holds for the primal and dual SDPs. Consider the following
feasible choices for the primal SDP: pap = pap, Sp =
dppp,and X g = (V1 — €2)pap, where d is the dimension
of the B system. This follows because the operator inequality
pap < I4 ® dppp holds for every state pap (see, e.g., just
after Eq. (34) in [8]). Furthermore,

|:pAB XAB:| _ [ PAB V1—¢2pap 357)
XLB PAB V1—¢e2pap PAB

1 V1-—¢g2
— {m 1 ® paB (358)
> 0. (359)
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In addition, choosing u, v, Wap, and Zsp to satisfy v >
w>0, dA(l/ — ,u) <1, Wyup = (l/ — H)IAB, Zap = viap,
and Wxp = (v — p)Iap leads to strictly feasible choices for
the dual program. Thus, strong duality holds, due to Slater’s
condition.

Recall the primal of smooth conditional min-entropy given
in (280) and the standard form of SDPs:

sup {Tr[AZ] : ®(Z) < B}, (360)
Z>0
: . HT >
}gfo{Tr[BY] :0T(Y) > A} (361)
In standard form, this SDP is given by
[Sp 0 0 Ip 0 0
Y=|0 Wap Xap|, B=|0 0 0],
0 Xlp Pas 0 00
(362)
[Lap 0 0 0 0
0 —Tr[pas] 0 0 0
df(y)y=1] 0 0 Re[Tr[Xap]] 0 0
0 0 0 0  Xas
0 0 0 Xy Pas
(363)
where Lap =14 ® Sg — pap, and
0 0 0 0 0
0 -1 0 0 0
A=10 0 +v1-—¢? 0 0 (364)
0 0 0 —pap 0
0 0 0 0 0
Setting
Zkg 0 0 0 0
0 w 0 O 0
Z=|10 0 v 0 0 1, (365)
0 0 0 Z35 Vag
0 0 0 Vi, Z%
we find that
Tr[Z®T (V)
=Tt[Z}p(I4 ®@ Sp — pap)] — nTx[pas]
Z2 VAB 0 XAB
+ Tr H 4B ~
V/];B Z3p XJ;B PAB
+ VRQ[TI‘[XABH (366)

= Tv[Tra[Z}5]S5] + v Re[Tr[X ap]] + 2 Re[Tr[V ; X a5]]

+ Tr[(—plap — Zhp + Z35) pas) (367)
= Tr[Tra[Z}5]SB]
0 Lyp } |:WAB XAB”
+ Tr ~ ,
HLLB —plap — 21143 + Zi’lB XLB PAB

(368)

with the shorthand

v

Lap = §IAB+VAB- (369)
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This implies that

Tra [Z};B] 0 0
D(Z) = 0 0 Lap
0 LLB —plap — Zip + Zip
(370)
Then we find that the dual SDP is given by
sup {Tr[AZ] : ®(Z) < B} (371)
Z>0
VI T2 pas) -
TI"A[ZAB} S IB,
0 Lap }
= sup <0
7Y >0, {LLB —ulap — Zip + Zip
>0, Zf&B VAB
v>0 1 3 > 0
Vip Zap
(372)
—p+vV1—e2—Tr[Zppas) :
TralZhp) < Ip.
= sup <0
71 >0, |:LLB —plap — Zyp + Zip
v>0, Z,%B VAB
©n>0 + 3 >0
Vap Zas
(373)
—p+2vV1 —e2 —Tr[Z% 5paB) :
TralZ)p) < Ip,
0 L'yg ]
= su <0 »,
ZixBEO’ |:(L{AB)T _IU’IAB - Z}XB + 21343 B
u2>6, |:Z,QAB VAB >0
n=>0 ftl
V;{B ZE)Z}B
(374)
where
LAB =viap + Vap. (375)
Then, as in derivations related to (353), we find that
0 viap +Van }
0 376
LIAB + VI:{B —plap — Zhp+ Zip] G70)
ZEXB Vag 72 —viap
< AB 377
|:V12;B Zip —viap Zip+ilas G710

and we can again eliminate variables to reduce the SDP to

—p+2vV1 —e2 —Tr[Z%gpasl :
TralZ}p] < I,

sup
Z3% 5 w>0,u>0 ZiB 1_VIAB
—viap Zip+plas
(378)
—p+20V1 — €2 = Tr[Z% gpas)
- sup TrA[Z}LXB] < Ip,
ZY 5 w>0,u>0 Z,%B viap
viap Zhg+plan
(379)
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We then do a final rewriting as
—p+ 201 — €2 — Tr[ZappaB) :
sup Tra[Wag] < Ip,
Wap,Zap>0, ZAB viap
v>0,u>0 viag Wap + plap| =
(380)

APPENDIX F
SECOND-ORDER ASYMPTOTICS OF SMOOTH
SANDWICHED RENYI RELATIVE ENTROPY

Proposition 11: Fix € € (0,1). For a state p and a PSD
operator o, the following second-order expansions hold:
1) For a > 1:
1~

LD ("0 =

Dipllr) ~\ TV (ollo) @71 ) + O(k’i”) e

2) For a € [1/2,1):
1
;
Dpla)+/ 1V (plo) &7 (2)+0(
Proof: Part (1):

For the upper bound, due to the (-monotonicity of
sandwiched Rényi relative entropy for § > 1, we have

D5 (o 0®") =

logn

) . (382)

1~ n n
5D§(P® lo® )

1
S EDfnax(pQ@nHU@n) (383)
(a) 1 1 1
< =D (0 |0®™) + =1 384
- n mm(p ”0 )+7’l Og2 1—6 ( )

9 oo+ [Tt 01 +0( 22 iy
< Dlpllo) — y/ Lv(alo) 8740 + o(=£2)

where: (a) follows from (154); (b) from (145); and (¢) from
O L1 —e)=—-d71(e).

For the lower bound, we use Theorem 3 for £,0 € (0,1)
such that ¢ + 0 € (0,1), as well as the a — 1/2 limit
of the lower bound, by a-monotonicity of D,, and then
consider

S|

(386)

S|

1 ne n n
—Dj(p*"|e®")

n
e 1 6 !
pl-e 5¢ ®n| _®@ny _ 1
min,# (P 0%7) n5_10g2<1—f(6,5)>’
(387)

1
> =
n

where f(e,d) is given in (151), and we know from (153) that
—log(1l — f(e,6)) = O(logn) for 6 = 1//n and sufficiently
large n.
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Now, using Theorem 4, consider that

7D1 e— 5( ®n||o_®n)

min, F’

D(pl|o) \/ Vplo) @

L(1—e—0)+ (k’i”> (388)

D(pllo) - ,/i (pllo) (e +5) +0( ”) (389)
= D(ollo) -/ LV (pllo) <I>1<s>+o(1°g“)7 (390)

where the last equality holds from similar reasoning used to
arrive at (159), which was used in the proof of Theorem 4 by
the choice 6 = 1/y/n.

Then, combining the above inequality with (387), we obtain
the desired lower bound. Finally together with (386),
we complete the proof for the case 5 > 1.

Part (2): For o € [1/2,1), from the a-monotonicity of the
sandwiched Rényi relative entropy, we have

Dz (o o)

1D€

min, F( ®nHU®n) (391)
_ logn
= Dlolle) + 5V lle) 26 + O£ ) )
where the equality follows from Theorem 4.
For the upper bound, using Theorem 3, consider that
1~
Z D¢ ®n ®mn
—DL (™" [l0%")
1~ 1 g 1
< 7D1_E_6 N QN - 1
<D e + D Og<1—f(s75))
(393)

= Dlplle) ~ \/ 5V (olle) 21— - 6) + O E7)

n
1 A 1
+nﬁ—1log<1—f(e,5)>’

where the last inequality follows from the second-order
expansion obtained in Part (1). Now observing that
—log(1 — f(e,d)) = O(logn) for 6 = 1/y/n and sufficiently
large n, and following the same reasoning, we used to arrive
at (159), in the proof of Theorem 4, we get the matching upper
bound.

Combining the obtained upper bound and (392), we
conclude the proof. ]

(394)

APPENDIX G
MODERATE DEVIATION ANALYSIS FOR SMOOTH
F-MIN-RELATIVE ENTROPY (PROOF OF PROPOSITION 3)

In this appendix, we prove Proposition 3. Recall again that a
sequence {an }n is called a moderate sequence if a,, — 0 and
\/na, — oo when n — oo. From [49], we have the following
scaling of the smooth min- relatlve entropy under moderate

deviations, where ¢,, = ¢ —nag, n,

(0% l0®") =D(pllo) =2V (pllo) an + ofan).
(395)

7D€n

min
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Proof: [Proof of Proposition 3] For the lower bound,
we employ Proposition 1 to find that

1

SN G

min, F
1 1
> L0550 0% - ~loms(5

= D(,O”O') — 2V(p||0) an + O(G"n)v

where the last equality holds by (395). Then, we arrive at

! > (396)
—€

n

(397)

*Dfﬁinp( ¥ = D(pllo) =2V (pllo) an+olan),
(398)
along with %logQ(l_lsn) = 0(%) leading to

%logQ(k— = o(ay,,) since na2 — oo.
For the upper bound, similar to the proof of Theorem 4,
specifically using the relationship derived in (157), we have

1 n n
*Dﬁfinp( R

1 1
DEn +5/ ®@n| .Bn 1 _
min ( HJ ) n 089 < En 6)

1 1
N "g2<1—f<en,6>)'

Since § € (0,1), by choosing § = &y, %logQ(m> =
o(a,,) and %logQ(%) = o(ay). Also observe that

In2
2 e " = exp(—n (ai - n>> = e "0, (400)

n

(399)

where b, = a, + o(a,). Collecting these observations
together, we obtain the upper bound

1 ,
=Di, p (02" 0% < D(pllo) =2V (pllo) an+o(an).
(401)

We conclude the proof by combining (398) and (401). |
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