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Diurnally Varying Ekman Layer in a Rossby Wave
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ABSTRACT: Weak but persistent synoptic-scale ascent may play a role in the initiation or maintenance of nocturnal
convection over the central United States. An analytical model is used to explore the nocturnal low-level jets (NLLJ) and
ascent that develop in an idealized diurnally varying frictional (Ekman) boundary layer in a neutrally stratified barotropic
environment when the flow aloft is a zonally propagating Rossby wave. Steady-periodic solutions are obtained of the line-
arized Reynolds-averaged Boussinesq-approximated equations of motion on a beta plane with an eddy viscosity that is
specified to increase abruptly at sunrise and decrease abruptly at sunset. Rayleigh damping terms are used to parameterize
momentum loss due to radiation of inertia—gravity waves. The model-predicted vertical velocity is (approximately) propor-
tional to the wavenumber and wave amplitude. There are two main modes of ascent in midlatitudes, an afternoon mode
and a nocturnal mode. The latter arises as a gentle but persistent surge induced by the decrease of turbulence at sunset, the
same mechanism that triggers inertial oscillations in the Blackadar theory of NLLJs. If the Rayleigh damping terms are
omitted, the boundary layer depth becomes infinite at three critical latitudes, and the vertical velocity becomes infinite far
above the ground at two of those latitudes. With the damping terms retained, the solution is well behaved. Peak daytime
ascent in the model occurs progressively later in the afternoon at more southern locations (in the Northern Hemisphere)

until the first (most northern) critical latitude is reached; south of that latitude the nocturnal mode is dominant.
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1. Introduction

Rossby waves are ubiquitous features of the atmosphere
long known to produce oscillations of the westerly flow in the
upper troposphere (e.g., Rossby 1939, 1940; Haurwitz 1940).
Rossby waves owe their existence to gradients in potential
vorticity (Hoskins et al. 1985). A basic review of Rossby wave
dynamics can be found in Rhines (2002). Rossby wave pack-
ets are associated with extreme temperature, winds, and rain-
fall (e.g., Wirth et al. 2018), with the threat of these impacts
potentially increasing with climate change (e.g., Kornhuber
et al. 2020; Mann et al. 2018). The impact of Rossby waves on
extreme precipitation is in part due to the poleward transport
of water vapor (e.g., Grazzini et al. 2021), which can also gen-
erate ascent (e.g., Saffin et al. 2021).

Although synoptic-scale ascent in Rossby waves is typically
weak, even a vertical velocity of 2 cm s~ if sustained for 10 h,
would lift an air parcel over 700 m, a substantial fraction of
the depth of a typical dry-convective atmospheric boundary
layer (ABL) in the warm season. Such gentle but persistent
ascent could play a role in initiating or maintaining convective
systems. However, one key issue is “How would this ascent
vary with the diurnal cycle of winds and stability in the atmo-
spheric boundary layer?” Addressing this question may pro-
vide insight into why there is a nocturnal maximum in warm
season precipitation over the central United States (Kincer
1916; Means 1952; Wallace 1975; Easterling and Robinson
1985; Dai et al. 1999; Carbone and Tuttle 2008). Although
nocturnal convection in the central United States is often
associated with the eastward propagation of an envelope
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of dissipating and regenerating mesoscale convective systems
that originated over higher terrain to the west during the pre-
vious afternoon (Dai et al. 1999; Carbone and Tuttle 2008), it
can also develop without an obvious connection to pre-existing
convection, and may be associated with weak but long-lived
ascent (Weckwerth and Parsons 2006; Wilson and Roberts
2006; Reif and Bluestein 2017; Trier et al. 2017; Shapiro et al.
2018; Gebauer et al. 2018). These studies have focused on con-
vective systems during the warm season, often in the absence
of strong surface cold fronts, but in flow patterns that can in-
clude Rossby waves.

In this study, we introduce an analytical model to explore
the timing, strength, and patterns of ascent/subsidence and
nocturnal low-level jets (NLLJ) in a diurnally varying frictional
(viscous) boundary layer when the flow aloft is a zonally pro-
pagating Rossby wave. As the case where the environment is
stably stratified (with differential vertical motion generating
horizontal temperature gradients) appears to be analytically in-
tractable, we restrict attention to neutrally stratified flows with-
out horizontal temperature contrasts. We thus focus on the first
part (diurnal wind cycle) of the issue noted above. The flow in
our model is temporally and spatially periodic with the period
and wavelength of the Rossby wave. Diurnal variations in tur-
bulence associated with the morning and evening boundary
layer transitions (Stull 1988) are simply (crudely) accounted for
by explicitly specifying a diurnally periodic height-independent
eddy viscosity. Our model thus combines the main aspects of the
classical Ekman (1905) and Akerblom (1908) theories for fric-
tional oceanic and atmospheric boundary layers, the Blackadar
(1957) theory for NLLJs arising from inertial oscillations trig-
gered by the cessation of dry-convective turbulence at sunset,
and the Rossby (1939) theory for the motion of meanders of
the jet stream. The model provides a convenient framework to
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explore flow dependencies on Rossby wave characteristics, lati-
tude, time of sunset, and day and nighttime levels of turbulence
intensity. However, because of its simplistic treatment of bound-
ary layer processes and lack of thermal stratification and barocli-
nicity, the model should not be used for more than a qualitative
view of the flow in real ABLs.

For the simpler case where the flow is horizontally uniform
and the pressure gradient force is temporally constant (no
Rossby wave), Blackadar (1957) proposed that the shutdown
of turbulence at sunset would trigger an inertial oscillation
(IO) of the ageostrophic wind, with a wind speed maximum
attained when the ageostrophic wind (which rotates anticy-
clonically around the geostrophic wind on a hodograph dia-
gram) aligns with the geostrophic wind. In the Blackadar
theory, a strong NLLJ develops from initial (sunset) wind and
geostrophic wind profiles for which the ageostrophic wind is
strong. This typically occurs near Earth’s surface, where the
winds are reduced from their free-atmosphere values which
are often nearly geostrophic. A major role in the development
of some NLLJs has been attributed to this mechanism (Parish
et al. 1988; Zhong et al. 1996; Banta et al. 2002; Baas et al.
2009; Kallistratova and Kouznetsov 2012; Parish 2016, 2017,
Parish and Clark 2017; Parish et al. 2020). Horizontal conver-
gence of NLLJ winds likely contributes to the above-noted
nocturnal maximum in warm season precipitation over the
central United States (Pitchford and London 1962; Bonner
1966; Bonner et al. 1968; Maddox 1983; Trier and Parsons
1993; Walters and Winkler 2001; Tuttle and Davis 2006; Reif
and Bluestein 2017; Shapiro et al. 2018; Gebauer et al. 2018;
Weckwerth et al. 2019). Although NLLJ-associated conver-
gence in this region is often found along the (usually north-
ern) terminus of the NLLJ or where the NLLJ intersects a
boundary layer convergence line, convergence can also arise
on the lateral flanks of NLLJs from mechanisms that are less
well understood.

In a study of a viscous version of the Blackadar model,
Buajitti and Blackadar (1957) attributed the greater ampli-
tude of their model wind speed oscillation at 30°N (versus
55°N) to the fact that the inertial frequency and diurnal fre-
quency were equal at 30°N, but noted that, in their numerical
experiments, “the tendency for resonance is actually not ex-
cessive because a large amount of viscous damping is charac-
teristic of these layers” (p. 498) The theoretical studies of
Paegle and Rasch (1973), Tan and Farahani (1998), Shibuya
et al. (2014), Ingel’ (2015), and Momen and Bou-Zeid (2017)
also suggested that 1Os in the ABL could exhibit resonant
amplification at critical latitudes of 30°N or 30°S (or near such
latitudes if the inertial frequency is based on absolute vorticity
instead of planetary vorticity). However, the extent to which
resonance impacts real atmospheric flows is relatively unex-
plored and unclear. Walters et al. (2008) point out disagree-
ments between climatological analyses on the location of the
southerly jet frequency maximum over the Great Plains,
with the 2-yr study of Bonner (1968) placing the maximum
near the Kansas—Oklahoma border, some ~7° north of 30°N,
and the more extensive (40 years) study of Walters et al. (2008)
putting the maximum in southern Texas, much closer to 30°N.
However, the Walters et al. (2008) study also showed that, for
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subclasses of strong jets, the latitudes of peak jet frequency
were closer to those indicated in the Bonner (1968) study.

The issue of resonance has been explored in more detail
in the oceanographic literature. It has been suggested that
upper-ocean Ekman layers in coastal waters forced by diur-
nally varying wind stresses associated with the land- and sea-
breeze cycle, may display resonant responses near 30°N or 30°S
(e.g., Shaffer 1972; Craig 1989; Simpson et al. 2002; Stockwell
et al. 2004; Zhang et al. 2009, 2010; Hyder et al. 2011; Kim and
Crawford 2014; Mihanovi¢ et al. 2016; Ashkenazy 2017; Vincze
et al. 2019; Fearon et al. 2020). The most compelling evidence
for diurnal-inertial resonance in a geophysical setting comes
from some of these wind-driven Ekman layer studies. For
example, working with the MITgem general circulation model
under periodic wind stress forcing, Ashkenazy (2017) found
that the mean kinetic energy, upper-ocean current speed, and
mixing layer depth were much larger in the simulation with
the Coriolis frequency evaluated at 30°N than in simulations
with Coriolis frequencies corresponding to other latitudes.
Using the ROMS3 ocean model, Zhang et al. (2010) found
that sea-breeze-driven upper-ocean currents in the Gulf of
Mexico were much stronger and vertically extensive at the
latitude reported closest to 30°N (29.7°N, northern Gulf)
than at latitudes farther south in the Gulf. In an observa-
tional study using surface wind and ocean current data off
the west coast of the United States, Kim and Crawford
(2014) found that diurnal wind-current responses near 30°N
were an order of magnitude larger than at other latitudes.
Additionally, in laboratory experiments with a large rotating
water tank configured with an oscillating horizontal plate
used to simulate a periodic wind stress, Vincze et al. (2019)
found that the Ekman depth and current speed were much
larger when the oscillating plate frequency matched the Coriolis
frequency.

Shapiro et al. (2018) proposed that the shutdown of turbu-
lence at sunset, the trigger for a nocturnal IO/NLLJ in the
Blackadar theory, can also trigger a weak but long-lived surge
of convergent flow and ascent in the presence of a broad
surface-based warm tongue. The governing equations in Shapiro
et al. (2018) were the linearized Boussinesq equations of mo-
tion, thermal energy, and mass conservation for an inviscid
stably stratified fluid on an f plane. The flow was described
over one night as the solution to an initial value problem in
which the initial (sunset) state was horizontally nondivergent
and satisfied a zero-order jump model of a convective boundary
layer. The resulting postsunset surge had aspects of an inertia—
gravity wave response, with the (downward) propagation of
phase lines indicating energy transfer away from the surface,
and the zone of peak ascent gradually descending over the cen-
ter of the warm tongue. Shapiro et al. (2018) also examined a
simpler problem in which there was no warm tongue, but the
free-atmosphere wind varied zonally as a stationary wave. Al-
though the ascent in this second problem was much weaker than
in the first problem, some of the weakness was likely due to the
choice of parameter values. Specifically, with the southerly free-
atmosphere geostrophic wind set to a small value (5 ms™') and
the initial southerly boundary layer wind set to a large fraction
(80%) of that value, the initial ageostrophic wind was weak
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throughout the boundary layer, and would not be expected to
generate a strong Blackadar-like IO/NLLJ or a strong initial
surge. Stronger ageostrophic winds would presumably be at-
tained with late afternoon winds that decreased on approach to
the ground, as in the real atmosphere (or in a viscous model).
Our present study is more closely related to this second prob-
lem, but differs from it in several important aspects. While the
second model in Shapiro et al. (2018) was inviscid, limited to
nighttime hours, stably stratified, and had a free-atmosphere
wind in the form of a stationary geostrophically balanced wave,
the present model is viscous (diurnally varying eddy viscosity),
extends over multiple days and nights, is neutrally stratified
(a major limitation), and has a free atmosphere wind that propa-
gates as a Rossby wave.

The paper is arranged as follows. In section 2, we introduce
the governing equations for the steady-periodic Ekman-
Rossby problem (viscous problem) in which the eddy viscosity
is diurnally periodic but otherwise temporally unrestricted.
The simpler inviscid problem (limited to the nighttime) is
solved in section 3. The viscous problem is solved in section 4.
The derivations in sections 3 and 4 are fairly technical, but
readers not interested in the details can safely skip them.
Model resonance is explored in section 5. In section 6, the vis-
cous solution is adapted to the case where the eddy viscosity
varies as a piecewise constant function of time, with an abrupt
increase at sunrise and an abrupt decrease at sunset. Examples
of this latter flow type are presented in section 7. A summary
and conclusions follow in section 8.

2. Formulating the steady-periodic Ekman-Rossby
problem

A Rossby wave is propagating zonally on a uniform west-
erly current of strength U (>0) over the (flat) ground. The at-
mosphere is neutrally stratified and there are no horizontal
temperature contrasts. Attention is restricted to the linearized
steady-periodic state of laterally periodic flows on a beta
plane. The flows are described in a Cartesian coordinate sys-
tem in which x points east, y points north, and z is height
above the ground. The corresponding velocity components
are denoted by u = u(x, z, f), v = v(x, z, 1), and w = w(x, z, )
(¢t is time), respectively. Although these components are
treated as two-dimensional (x, z), there will be a slight para-
metric dependence on y through the latitude in the Coriolis
parameter. The remote (z — %) velocity components are de-
noted by u.. = lim, .., v. = lim,_,..v, and w.. = lim, _..w. A
complete list of symbols is provided in Table Al.

a. Governing equations

The governing equations are the linearized Boussinesq-
approximated Reynolds-averaged equations of motion,
with the horizontal part of the turbulent flux divergence
neglected,

au H

O R~ <y (R O}
v 2
";r Y- KO - R v), @)
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the incompressibility condition,

u dw
—+—=0, 3
ax a9z ®)

and the hydrostatic equation. Here, Il = (p — p,)/p, is the ki-
nematic pressure perturbation [p = p(x, y, z, f) is pressure,
pr = pA(z) is pressure in a motionless and horizontally homoge-
neous reference atmosphere, p, is a constant reference density].
Since the motion is hydrostatic with no horizontal temperature
contrasts (as in the reference state), dp/dz = dp,/dz, so dllldz = 0.
and we can write 11 = II (x, y, ). The eddy viscosity K(7) is a
specified diurnally periodic function of time. The constant R is
a reciprocal time scale for Rayleigh damping that will be dis-
cussed below. The Coriolis parameter f = 2Qsind (¢ is lati-
tude, () is angular velocity of Earth) is considered within the
beta plane approximation (Pedlosky 1987): fis constant unless
it is differentiated with respect to y, in which case df/dy is cons-
tant. The latter is the Rossby parameter,

daf _ 2Q) cos

BEdy PR

4)

where a is the mean radius of Earth.

For simplicity, K is taken to be independent of height. Al-
though observations in Ekman layers show that an assumed
height independence for K is an oversimplification, there
appear to be a variety of case-dependent behaviors (e.g., K
increasing or decreasing with height, displaying multiple ex-
trema), with no general agreement on what the height depen-
dence actually is (O’Brien 1970; Agee et al. 1973; Jericevi¢
and Vecenaj 2009; Constantin and Johnson 2019). However,
Constantin and Johnson (2019) found that large variations in
K with height do not necessarily translate into large differ-
ences in the boundary layer winds: “Most importantly, we
have shown, for any eddy viscosity that is bounded and tends
to a constant finite value at high altitude, that the decay and
spiralling of the flow upward is an enduring property ... The
overall picture of the classical Ekman spiral is unaltered by the
details of the varying eddy viscosity, which is slightly surpris-
ing. We might have expected that viscosity profiles with a
number of local maxima and minima, for example, would pro-
duce a significant distortion of the familiar structure of the
flow; this is not the case” (p. 412). This conclusion may explain
why geophysical models sometime produce qualitatively rea-
sonable results using an assumed constant K. For example,
Maas and van Haren (1987) found that a constant-K model
led to a good description of North Sea current profiles at the
dominant tidal frequencies; a decay of current speed with
depth via a constant-K Ekman spiral has been observed in
upper-ocean currents (e.g., Hunkins 1966; Weller 1981; Price
et al. 1987; Chereskin 1995; Price and Sundermeyer 1999);
atmospheric Ekman flows consistent with a constant K were
observed in polar regions during the summer by Grachev et al.
(2005) and Rysman et al. (2016); constant-K models have pro-
vided a good description of slope flows at night and a reason-
able approximation of slope flows during the day (e.g., Defant
1949; Tyson 1968; Papadopoulos et al. 1997; Oerlemans 1998);
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Shapiro et al. (2022) found good agreement between the winds
in a constant-K model of a baroclinic NLLJ over the Great
Plains and lidar data.

The Rayleigh damping terms —R(u — u..) and —R(v — v..)
in (1) and (2) are similar to terms included in slab and one-
dimensional models of wind-driven Ekman layers in the up-
per ocean (e.g., Pollard and Millard 1970; Kundu 1976; Weller
1982; D’Asaro 1985; D’Asaro et al. 1995; Watanabe and Hibiya
2002; McWilliams and Huckle 2006; McWilliams et al. 2009;
Park et al. 2009; Whitt and Thomas 2015; Gough et al. 2016;
Jing et al. 2017). Weller (1982) and McWilliams et al. (2009)
described the Rayleigh damping constant R as a parameteri-
zation of the momentum damping rate for upper-ocean cur-
rents due to the radiation of inertia—gravity waves to the deep
ocean. As inertia—gravity waves could not be explicitly simu-
lated in those models, the momentum damping rate associ-
ated with them could only be parameterized; inclusion of
Rayleigh damping terms with time scales R™! estimated from
observations led to much improved predictions of current
speeds. As inertia—gravity waves are ubiquitous in the atmo-
sphere and can originate from the ABL (Shibuya et al. 2014;
Jia et al. 2019) but cannot be simulated by our neutrally strati-
fied model, we have included the damping terms. As we will
see, Rayleigh damping precludes the development of resonant
singularities in our model.

b. Boundary and temporal periodicity conditions
At the lower boundary, the flow satisfies the no-slip condition,

U,y =0, vl,_4=0, )

and the impermeability condition,

wl._y = 0. (6)

For lateral conditions, we consider the flow to be periodic in x
with wavelength L,

u|x=0 = u|x=L’ v|x=0 = v|x=L' (7)
The remote (z — «) flow is a horizontally nondivergent baro-
tropic Rossby wave superimposed on a uniform westerly cur-
rent. This remote flow must be compatible with the forms of
(1) and (2) as z — o, where the turbulent stress and momen-
tum damping terms vanish:

ou o, oll
) R S
ot TV = o T ®
v, v, all
o U T Ty e ©)
X ay

Taking 9/0x[(9)] minus 9/0y[(8)] yields the remote vorticity
equation:

o oL
=+ U==- 10
at ax Bv... (10)
where (.. = 0v./dx — du.ldy = dv./dx is the remote vertical

vorticity. Since the remote flow is horizontally nondivergent,
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a streamfunction .. exists for which u.. = —dy./dy and
Voo = Ifox. In terms of Y., (10) becomes
a 3\’ P

—+U—-|—=-B—2 11

(a ax) ax2 B ax’ (1)

which is essentially the vorticity equation considered in Rossby
(1939). It can be verified that
A
g, =—-Uy — % cos(kx — o) (12)

is a solution of (11) provided the frequency o satisfies the
Rossby dispersion relation,

—wu-PB
0=kU- . (13)

The amplitude A and wavenumber k (=2m/L) are constants
which, without loss of generality, are taken as positive, while w is
a constant that can be positive or negative; if w < 0, the wave ret-
rogresses. From (12) we obtain the remote wind components as

u, = U, v, = Asinlkx — o). (14)
In the steady-periodic state, # and v must satisfy the temporal

periodicity condition

ult:O = ult:r’ vlt:O = v|r:r’ (15)
where T = 27r/|w| is the wave period." Additionally, as the time
of day must be the same at the start and end times of the wave
passage (for the sake of definiteness, let the start time 1 = 0 cor-
respond to the first sunrise), the wave period must be an integral
number N, of days,

T=N_t,,,

(16)
where t,, = 24 h. In view of 7 = 27/|w)|, (16), and the fact that
o = |w|sgno (sgne is the unit sign function; sgnw = —1, 0, 1 for
0 <0, w =0, > 0, respectively), we can write

(17)

Q
w= isgnw,
which shows that the diurnal frequency () is an integral multi-
ple N of the wave frequency.
Since the perturbation pressure gradient is independent of z,
its components can be inferred from (8), (9), and (14) to be

oll u, ou, _ _ . B

a = f‘l}x - 7 U o = f‘l}x = fA Sln(kx wt), (18)
oll v v,

— = -—=-U=—==—fU+ - - .
3y fu,, o P fU + A(w — kU)cos(kx — wt)

(19)

! Although the Rossby wave in our study has a single frequency,
that frequency can be thought of, more broadly, as representing
the dominant Fourier component in a continuous power density
spectrum.
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Integration of (18) produces Il = —(fA/k)cos(kx — wf) + n(y),
where m(y) is a function of integration. Substituting this
expression into (19), and using dfldy = B and w — kU = —Blk
[from (13)], yields dn/dy = —fU. This integrates to m(y) =
—Ufyf dy’ =~ —Ufy, where an irrelevant constant of integra-
tion has been omitted [if retained, the constant would
appear as an additive constant for Il (via m), vanish from
dll/ox and 9Il/9y, and not affect the wind field]. We obtain
I as

In= A cos(kx — wt) — Ufy,

- (20)

or, in view of (12),

II=fy,. (21)

Thus, isolines of II drawn in the x—y plane coincide with stream-
lines for the remote flow (u.., v..). It can be noted that (21) is
satisfied by geostrophic flows (Pedlosky 1987), but our re-
mote flow is not exactly geostrophic. Equations (18) and (19)
(evaluated with w — kU = —p/k) yield height-independent
geostrophic wind components u, = —(1/f)dll/dy and v, =
(1/f)oll/ox as

A
U, = u, + L;‘_k cos(kx — wt), v, = v,

(22)
Thus, v.. is geostrophically balanced, but u.. is not. However, for
parameters typical of midlatitude Rossby waves, BA/fk << u..,
S0 1. is nearly geostrophic [e.g, A = 10 m s™!, L = 5000 km
(k~126 x 107°m™"), and ¢ = 40°N (f~ 935 X 107 °s7};
B~ 177 x 107" m™ ! s7Y) yield BA/fk ~ 1.5 m s~ !, which
is much less than a typical u., which is on the order of
10ms™.

c¢. Complex wind deviation

Applying (18) and (19) in (1) and (2) (and using du./dz =
dv./dz = 0) yields

2
(,%(u )+ U:—x(u )= fw— )+ K(r)aa?(u —u)

- R(u —u,), (23)

. -2
a%(" )+ U;—x(v )= —flu—u) + K(z)a"?(u —)

— R(v — v,). (24)

Multiplying (24) by the imaginary unit ; (=V—1), and adding
the result to (23) yields

o (25)

9, u22 - (r+ipo+ kL,
ax a9z
where

O, z,)=(u—u,) +i(v—uv,) (26)
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is the complex wind deviation (deviation of u and v from their
remote values). In terms of Q, the no-slip condition (5)
becomes

Ol,_y = —(u, +iv,), 27)
the lateral periodicity condition (7) becomes
Oli—p = Ol (28)
the remote condition (14) becomes
lim © =0, (29)
and the temporal periodicity condition (15) becomes
Ol = Ol (30)

It is shown in appendix B that if a solution of (25) subject to
(27)-(30) exists, it is unique.

Once Q is known, « and v follow from the real () and
imaginary (3J) parts of (26) as

u=u, +R0), v=uv, + 3(0). (31)
Integrating (3) upward from the ground, where (6) applies,
then yields w as

W= —m[% J: olx, 2, t)dz']. 32)

3. Sidelight: Inviscid nocturnal flow calculation

Before solving the viscous problem of section 2, we con-
sider the simpler problem where K vanishes at sunset, and re-
mains zero through the night, as in the Blackadar (1957)
model (although, unlike that model, our pressure gradient
varies with x and ¢). The inviscid solutions for u, v, and the
horizontal divergence of the wind field (divergence) are sim-
ple enough that they lead to explicit formulas for the locations
and magnitudes of the extrema of those variables. The invis-
cid flow will be compared with the viscous flow during the
night in section 7.

The inviscid (K = 0) undamped (R = 0) version of (25) is
the first-order linear equation

90, 10

U= = —ifQ.

ot ox (33)

Using the method of characteristics, we obtain the general so-
lution of (33) for each night as

0 = exp(— ift)yH(x — Ur), (34)
where H(x — Ur) is an unknown function. It can be shown
that |H]| is the deviation flow speed. We obtain H(x — Ur) for
each night by specifying the initial (sunset) winds at a low alti-
tude (z = zjow) Where NLLJs in real ABLs typically develop.
Due to friction, these low-level winds are weaker than the
corresponding remote winds. It is convenient to specify these
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low-level winds as a fraction e (wind fraction parameter,
0 < € < 1) of the remote winds:

u| = eux';:r = €U7

Nset

= eA sin(kx — wty,),

(35)

where fyse is the time of the (N + 1)th sunset (N = 0,
1, ..., N, — 1). Using (13), (14), and (35) to evaluate (26) at
I = Inser yields Q|t:,M= —(1 = ¢)[U + iAsin(kx — olnser)] =
—(1 — e){U + iAsin[k(x — Utnser) + Btnser'k]}. Applying this
result in (34) at t = fyge yields H(x — Utyser) = —(1 — €)
Xexp(iftyse){U + iAsin[k(x — Utnser) + Btnsedk]} from which
we see that

Hx — Ut) = —(1 — e)exp(ifty U + iA sin[k(x — Ut)
+ Bty K1} (36)

Application of (36) in (34) yields
0 =—(1 — eexp[—if(t — ty ){U + iA sin[k(x — Ut)
+ Blyse 'k} (37)

and u and v follow from (31) as

u=U—(1— eUcos[f(t — ty.)] — (1 — eAsin[f(r — ty,)]
X sin[k(x — Ur) + By, /k]. (38)

v = Asin(kx — ot) — (1 — €)A cos[f(t — ty,.)Isin[k(x — Ur)
+ Bty /Kl + (1 — @)U sin[f(t — ty. )] (39)

The divergence, § = duldx + dvldy = duldx, follows from (38) as

8 =—(1 — €Ak sin[f(t — ty)]cos[k(x — Ur) + Bty /k].

(40)
Thus, 8 is proportional to Ak.

The local extrema of u are the zeros of 8, which, in view of
(40) occur at the points x = x,(f) for which k(x, — Ur) +
Btnsedk = w2 + nar (n is any integer), that is,

B [Nset

xu=Ut——+7—T(l+n).

k2 “1)

Thus, the u extrema move with the westerly current. Equa-
tion (41) and analogous equations for the local extrema of v
and 6 sometimes place an extremum outside of the domain
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of interest (0 =< x = L). Since the flow is periodic in x, it is
legitimate to shift such a location an integral number of
wavelengths to an equivalent location within the domain.
Applying (41) in (38) yields the peak values uyeqk(f) of u as

Upee = U = (1 = @Ucos[f(r = ty,,,)]

+ (=11 = A sin[f(r — ty,)]- (42)
Since n only appears in (42) through the factor (—1)**", all
Upeak(?) profiles obtained with any even n are the same. Simi-
larly, all upeqx(f) profiles obtained with any odd n are the
same. Thus, (42) yields two solutions for upe.c at any time.
This should not be surprising since one wavelength of the
Rossby wave is composed of one ridge and one trough.
Equation (40) also shows that the extrema of & occur at the
points x = xg;,(f) for which
Bthel L

e T

X4y = Ut — (43)
where / is an integer. Thus, the extrema of § also move with

the westerly current. The peak values Spcak(f) of & follow
from (43) and (40) as

8o = (1)1 = @Ak sin[f(r — 1y (44)

peak
There are two & extrema, one associated with any even /,
and the other with any odd /. Since w can be expressed as
a vertical integral of &, its extrema also move with the
westerly current and have magnitudes that are proportional
to Ak.

As shown in appendix C, the extrema of v occur at the
points x = x,,(¢) for which

_ oy MO z(l )
X, Ut Xk + %2 + q,

where p(f) is obtained from (C4) or (C5) (see discussion fol-
lowing those equations), and ¢ is an integer. The two peak
values vpeqi Of v are given by

(45)

= Usin[f(t — ty)] + (~1)?AL(), (46)

vpeak

where ¢ is an integer (any even g yields one extremum, and
any odd q yields the other), and

I'= \/1 +(1- 5)2 cos?[f(t — tyee)] — 2(1 — €)cos[f(t — tyg)]cos[B(t — tye. VK]

As the radicand in (47) can be shown to be positive, I'(7) is
real and positive.

4. Viscous solution

The viscous problem of section 2 is derived for the gen-
eral case where the eddy viscosity is a diurnally varying
but otherwise arbitrary function of time. Motivated by
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the forms of (14), (27), and (28), we consider the trial
solution

O = P, + P, exp(ikx) + P_, exp(—ikx), (48)
where P; = Pj(z,1) (j = —1,0, 1). Applying (48) in (27), with
sin(kx — f) in v.. expanded out as [exp(ikx)exp(—iwt) —
exp(—ikx)exp(iwt)]/(2i) produces P_;(0, 1) = (A/2)exp(iwt),
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Py(0, t) = =U, and P,(0, ) = —(A/2)exp(—iwt) or, more
succinctly,

P0,1) = [(? — DU — jAR]exp(—ijor), j=-1,0,1. (49)
Substituting (48) into (29), (30), and (25) yields

lim P(z,0) =0, j=-1,0,1, (50)
s

P].(z, 0) = Pi(z, 7, j=-1,0,1, (51)

oP 9P

O L R+if+i Sl P
S = TR+ 4 KUNP KO =101 (52)

Equations similar to (52) appear in one-dimensional studies
of NLLJs and temporally varying Ekman layers, though usu-
ally in the context of an initial value problem or, if a steady-
periodic solution is sought, single-frequency oscillations of
the eddy viscosity. A notable exception is the Ooyama (1957)
theory for wind oscillations due to diurnal variations of the
eddy viscosity when the pressure gradient force is constant in
space and time. Our solution framework is similar to that of
Ooyama (1957), despite the spatial and temporal variations
in our pressure gradient force. Applying P; in the separated
variables form,

P, = Z(2)T (1) (53)
in (52) yields
1 dT, K@) &7
— I — [R+i(f + jkU)] + =2 4
T T R RO L 6
from which follow
dT.
—L = R+ i(f + jKU) + AKOT,, (55)
d2
J —
Vel +AZ; =0, (56)

where the A; are separation constants. The general solutions
of (55) and (56) are

1= exp{ “[R + i(f + KUt AjL K(r’)dt’}, 57)
Z, = A exp(iz\/xj) + B, exp(—iz\/xj), (58)

where A;, Bj, and C; are constants. In view of (53), (50), and
(58), either A; = 0 or B; = 0, and we can write P; as

P, =D, exp{tiz\/fj — [R + i(f + jkU)]t — AjL K(t’)dt’},
(59)
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where D; are constants. The = symbol in (59) is shorthand for
whatever sign gives * i\/X/. a negative real part. Applying (59)
in the periodicity condition (51) yields

1 =exp{—7R+ /\IK +i(f + jkU)}, (60)
where
K= HK(z')dr'. (61)
TJo

Taking In of (60), with 1 written as exp(2mi) (m is an inte-
ger), yields a A; for each m as

R+ i(f + jkU + 2mmlT)

Ajm = K (62)

Generalized to include all A;,,, (59) appears as

P, = exp{~[R +i(f + jkU)llt = ()]} X D,,F, ()
X exp(=iz\[A,,). (63)
where
F, (t) = exp[2mmik(t)/1], (64)
1 !

== | K({)dr, 65
) = | K@) (65)

and the Dj,, are constants.

From (64) it can be seen that the F,,(f) are periodic with a
fundamental period of 7. Apart from a minor difference (arbi-
trary 7 in place of 24-h period 7,4), these F,,,(¢) satisfy the same
orthogonality relation derived in Shapiro et al. (2016), namely

L K(W)E, (OE()dl = 5, K. (66)

where §,,, is the Kronecker delta, and an asterisk (*) denotes
complex conjugation.
It is convenient to put the A;, in the polar form

/\jm = _rjm eXp(inm), (67)
where
R2 + (f + jkU + 2mml7)
r. E\/ ¢ = ik , (68)
jm K
+ jkU + 2
0, = tan’l(f—]kUR malT , (69)

and the inverse tangent tan~ ' is defined by its principal value

(so =12 = 6;,, = m/2). In view of (67)—(69), we can write (63) as

P, = exp{~[R + i(f + jkU)][t - K(t)]}m;xDijm(t)
1/2

X exp[—zrj, exp(i()jm/Z)], (70)
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where the fact that — /4 < 6,,,/2 < 7/4 [so cos(6;,/2) = 0] has
informed the sign choice for the = symbol. To get Dj,,, set
z = 0in (70) and use (49) for PO, t), obtaining
_ 2 _ " . .
X Dy F,0 = (P = DU = jARIexp{[R + i(f + jkU)]
X [t = k(t)] — ijot}. (71)

Multiplying (71) by K(t)F;(t) (p is an integer), integrating the
resulting equation over one period [using (66)], and renaming
the dummy index (p — m) then yields D;,, as

D, = EjJTK(t’)F;l(t’)exp{[R +i(f + jKUE = ()] = ijot' }dF,
0
(72)

ﬁ Pz, 0)dz’ = —exp{—[R + i(f + jkU)][t — x(0)]}
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where

g P DU-jAn

' = (73)

With Q thus determined, « and v readily follow from (31).
We obtain w from (32) as

Z 4
w= iR[ik exp(—ikx)J‘ P_(z,ndz" — ik exp(ikx)f P, (<, t)dz'],
0 0

m=—w

X i D,, exp(—iejm/2)Fm(z){e pl

The integral of P, does not appear in (74) since the part of u as-
sociated with j = 0 is horizontally uniform (horizontally nondi-
vergent). It can be inferred from (68), (69), and (72)—(75) that

w o kA, (76)
as in the inviscid theory, provided the Rossby number kU/f is
much less than 1.

The solution procedure can be summarized as:

Step 1. Specify the governing parameters and the explicit
form of K(f).

Step 2. Get K from (61).

Step 3. Get k(t) from (65), r;,, from (68), and 6;,,, from (69).

Step 4. Get F,,,(t) from (64).

Step 5. Get D,,,, from (72).

Step 6. Get P; from (70).

Step 7. Get Q from (48).

Step 8. Get u and v from (31), and w from (74).

5. Solution breakdown/resonance and critical latitudes

If there is no Rayleigh damping (R = 0), (68) reduces to
Fim = |f + jkU + 2mw/7 /K, which vanishes for

f +jkU + 2ma/t = 0. (77)
Here, f is the inertial frequency, kU is the advection fre-
quency, and 2mm/7 is a harmonic of the Rossby wave fre-
quency [of which the diurnal frequency is an integral multiple;
see (17)]. When rj,, = 0, the z-dependent exponential in (70)
is 1 for all z, which violates (50). Additionally, the term en-
closed by curly brackets in the sum in (75) is indeterminate.
Application of L’Hopital’s rule as rj, — 0 shows that this
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(74)
where the integrals are evaluated as
12 :
—zrizexp(if, /2)] — 1 )
L . l=-L1l (75)
jm

term is proportional to z and therefore blows up as z — .
Since the j = =1 integrals in (75) appear in (74), w blows up
as z — «. However, there are no obvious implications of the
Tim = 0 condition for the magnitudes of u or v.

Using (13), (16), and (17), we can rewrite (77) as f + (j +
msgnw)Q)/N_+ jplk =0 or, since f = 2Qsing and B = (2Q/
a)cosd,

j + msgnow

. J
+ — =
sing e cos¢ 2N,

(78)

Thus, the solution breaks down for R = 0 at latitudes satisfy-
ing (78). However, if R # 0 then r;,, # 0, and the z-dependent
exponential in (70) and term enclosed by curly brackets in
(75) are well behaved.

We are interested in the magnitude of w and the extent to
which the wind deviations extend upward when (77) [equiva-
lently (78)] is satisfied, even when breakdown cannot occur
(R # 0). In view of (70), (74), and (75), the m having the
greatest impact are those associated with the largest Dj,,. We
apply (64) in (72), and arrange the result so that the imaginary
terms in the exponential are grouped into terms that are pro-
portional to # and terms that are proportional to ('), namely

D;, = E,-IT K()exp{R[t' — k()] + i(f + jkU — jw)t
0
—i(f + jkU + 2ma/7)k(¢)}dr . (79)

Applying (77) in (79) to eliminate f + jkU, followed by use of
7= 2m7/|o| and (17), yields

D,, = EiJTK(f)exp{R[t’ — k()] — i(m + j sgno)(QUN )t }dr'".
0
(80)
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FIG. 1. Critical latitudes ¢, vs wavelength in the Northern Hemi-
sphere predicted from (83). There are three critical latitudes for u
and v (corresponding to j = —1, 0, and 1) but only two critical lati-
tudes for w (corresponding to j = —1 and j = 1).

We anticipate that this integral is maximized when the oscilla-
tion frequency of the exponential [which is (m + jsgnw)Q/N,]
matches that of K (which is Q). This occurs for

m + jsgno = *N_. (81)
Since j, sgnw, and N, are integers, there is always an m for
which (81) is satisfied. Multiplying (81) by sgnw, and applying
the resulting expression in (78) yields
sin¢g + N cosp = F

ak

sgnw. (82)

N =

For typical midlatitude Rossby waves, B/k < (), and use of the
definitions of B and fshows that |j(ak) ™! cos¢| < |sind|. Accord-
ingly, the + symbol in (82) is +sgnw in the Northern Hemi-
sphere and —sgnw in the Southern Hemisphere. Restricting
attention to the Northern Hemisphere, we write (82) as

V1 -i-fl/(ak)2 sin(¢ + y) = 1/2, where siny = j/[ak4/1 + 2/(ak)*]
and cosy = 1/4/1 + ]7/(ak)2 > (. The solution (with ¢ labeled
as the critical latitude ¢,) then follows as

12 -

———————| —sin 7]/(“)
1+ 2/(ak)®

¢, = sin !
1 + jl(ak)?

. [F=0l

(83)

For j = 0 (which affects u and v, but not w), (83) yields
¢. = 30°N, the critical latitude identified in the NLLJ and
upper-ocean Ekman layer studies discussed in the introduc-
tion. For j = 1 and j = —1 (which affect u, v, and w), ¢. de-
pends on the nondimensional wavenumber ak. These critical
latitudes are graphed in Fig. 1.

6. Solution for K (?) with piecewise constant diurnal
variations

In this section we adapt the general viscous solution of
section 4 to the case where K is a piecewise constant func-
tion of time that increases abruptly at sunrise from a small
nighttime value K, to a large daytime value K, and
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decreases abruptly at sunset back to K,,. We work with the
day number function N(f) = int(#/t4), which generates the
sequence of 24-h intervals (days) N4 =t < (N + 1)tp4 for
N =0,1, ..., N, — 1. Corresponding to N = 0 is the
first day, 0 = ¢ < t4, and to N = N, — 1 is the last day,
(N; — 1)t4 =t < Nty Thus, t = Nty corresponds to sun-
rise at the start of the (N + 1)th day. With f,; denoting the
first (N = 0) sunset, and #xse¢ = Nipg + s denoting sunset
on the (N + 1)th day, we can write K(¢) as

K(t) = {?

n

te DAY, a4
t € NIGHT, (84)

where the daytime (DAY) and nighttime (NIGHT) intervals
are

N,-1
DAY = | J{dNty, =1 < N, + 1.}, (85)
N=0
N1
NIGHT = [ {t]Nt,, + 1, =t < (N + 1)1,,}. (86)
N=0
In view of (84)—(86), (61) becomes
— t t
K=K, + Kn(l - —‘) (87)
t t
2% 2%
(65) becomes,
o Nt,, + K,(t = Ni, /K, 1 € DAY,
k(f) =
Nt,, + Kt + K, (t = Nt,, — 1t )V/K, t€ NIGHT,
(88)
and (72) becomes
N1 Nty +,,
D, =% {KdJM expl®,, 1)1V
24
(N+1)ty,
+ K, exp[CI)].m(t’)]dt' , (89)
N124+l~c|
where
@, (1) ={R +ilf +j(kU — o)}t = [R + i(f + jkU
+ 2m7/7)|k(2). (90)

Applying (88) in (90) yields ®;,, as the piecewise linear-in-
form,

o () = {c]-,,,t +b,Nty, —t,), t€DAY, on
" dyt = b, (N + 1y, teNIGHT,
b, = =4, (K; = K,). ©2)
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TABLE 1. Input parameters for experiments L2000 and L6000. These are also the default values for further experiments in which one
parameter is varied at a time.

Expt L (km) N, sgnw ¢ (°N) A(msh) tser (D) Ky (m?s™ b K, (m?>s 1) R ! (days)
L2000 2000 3 +1 40 20 14 50 2 5
L6000 6000 7 -1 40 20 14 50 2 5
Cin = A, (K = K,)) = iwj + 2mm/7), (93) 7. Examples
We present examples of the piecewise-constant K(7) flows
_ - .o considered in section 6. There are two main experiments:
d;,, ==A,(K = K,) = i(wj + 2mm/7), (94)

where A;,, was defined in (62). Evaluating the integrals in (89) us-
ing (91)-(94) and the derived relation bj, + Cpm = dim,
noting that the integrals multiplying K, involve ¢t € DAY,
while the integrals multiplying K, involve ¢ € NIGHT,
yields

Djm = Ej

Kn Kd Kn Kd
T exp(p;,) + (c_ - d__)exp(cjmtset) - C—]

jm jm jm jm

N,-1

X Y exp(ijm), (95)
N=0

where
(96)

pjm = djmt24 - bjmtsel'

The sum in (95) is evaluated for p;,, # 0 as

N,-1 N1 "
. . 1= [exp(p,,)]"
No. ) = W= T m
o= & fowtn = E
1—exp(N,p,,)
= [p,, # 0],
1= exp(p,,)

7)

where we have used the formula for the sum of a finite geo-
metric sequence. For pj,, = 0, the sum is evaluated directly as
22’;011 = N_. It can be inferred from (92), (94), and (87) that
Pim = 0for i) m = jif o <0, (ii) m = —jif > 0, and (iii) all
jand mif w = 0.

TABLE 2. Westerly current speed U vs the latitude ¢ obtained
from (13) using the parameters in Table 1. Uyzpo and Urepoo
are the values of U from experiments in which L = 2000 km and
L = 6000 km, respectively.

¢ (°N) UL2000 (m Sil) Uvsooo (m 571)
20 9.89 9.64
30 9.72 8.11
40 9.49 6.03
50 9.20 3.46
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(i) L2000, for an eastward-propagating wave of relatively
short wavelength (L = 2000 km), and (ii) L6000, for a westward-
propagating wave of moderate wavelength (L = 6000 km).
In both experiments, we take ¢ = 40°N (f ~ 9.35 X 10 7 s~ 1),
A=20ms "t =14h K;,=50m’s ", K,=2m’s ', and
R = (5 days)~". The value of R is consistent with guidance
from D’Asaro (1985) that R> << f2. The values for K, and
K, were informed by estimates of K from laboratory ex-
periments and atmospheric observations in statically un-
stable (relevant to daytime) conditions (Yamada and
Mellor 1975; Tombrou et al. 2007; Dandou et al. 2009)
and statically stable (relevant to nighttime) conditions
(Sharan and Gopalakrishnan 1997; Mahrt and Vickers
2006; Dandou et al. 2009), and are similar to the values
used in the NLLIJ studies of Shapiro et al. (2016) and
Shapiro et al. (2022). In L2000, the wave period is set at
3 days (N, = 3) and sgnw = 1 [magnitude but not sign of @
is fixed by choice of N,; see (17)]. In L6000, we set N, =7
and sgnw = —1 (wave retrogresses).” The input parame-
ters for these experiments are summarized in Table 1.
These are also the default input parameters for L2000-
and L6000-like experiments in which one parameter is
varied at a time. In all experiments, the solutions are eval-
uated with a vertical grid spacing of Az = 25 m, a horizon-
tal grid spacing of Ax = L/50, a time step of Ar = 180 s,
and m-summations truncated at m = *20000. The solu-
tions will be compared with the inviscid solutions from
section 3 with € = 0.5, the optimal value as determined by trial
and error. Note that we do not have the freedom to specify U
as an independent parameter, but obtain it from the dispersion
relation (13) as a residual. The derived values of U given in
Table 2 show that U is relatively insensitive to latitude for
L = 2000 km, but decreases with latitude for L. = 6000 km.
The II field at = 0 in these experiments is shown in Fig. 2.
At this time, troughs are found along the edges of the domain
(x = 0and x = L), and a ridge is found along the center of the
domain (x = L/2).

Hovmoller plots of I, u, v, and w from experiment L2000
are shown in Fig. 3; u and v are shown at the heights of their
maxima (Zymax =~ 375 M, Zymax =~ 475 m), w is shown at
z = 1000 m, which is within or near the top of typical ABLs,
and the Il panel is valid at all heights (recall that II is

2 As preliminary experiments using N, = 7 but sgnw = 1 (west-
erly propagating wave) yielded values of U that were unrealisti-
cally large, we have restricted attention to the retrogressing case.
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FIG. 2. Horizontal contour plots of IT (m? s ~2) at = 0 in experiments (a) L2000 and (b) L6000. In
view of (21), isolines of IT drawn in the x—y plane coincide with remote (z — %) flow streamlines.
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FIG. 3. Hovmoller plots from experiment L2000: (a) IT (m? s 2), (b) w (cm s ') at z =
1000 m, (c) u (m s~ ') at height of its maximum (z,max), and (d) v (m s~ ') at height of its
maximum (Zymax); Zumax =~ 375 M, and z,max =~ 475 m. Thick dashed yellow and black lines in-
dicate times of sunrise and sunset, respectively. Thick solid black curves track the locations of ex-
trema (with respect to x) predicted by the inviscid theory for the nighttime intervals.
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FIG. 4. As in Fig. 3, but for experiment L6000.

Here, Z,max =~ 350 m, and z,max =~ 500 m. Note

that color bar bin intervals are different from those in Fig. 3.

independent of z). All fields except Il exhibit marked diurnal
variations. There is a postsunset surge of alternating (with re-
spect to x) convergent and divergent flow. The magnitudes
and gradients of u, v, and w are weaker during the day than
during the night (although this feature does not hold for w at
higher levels; the height dependence of w will be discussed
later). Consistent with the presence of a westerly current, the
positive (westerly) peak value of u is larger than the magni-
tude of its largest negative (easterly) value of u. The peak
westerly and easterly winds are found in the regions of
strongest westerly- and easterly-directed pressure gradient
forces, respectively. From the locations of the u-extrema we
infer that the peak horizontal convergence (—du/ox) is largest
along the trough, where w attains its maximum. From the lo-
cations of the v-extrema we infer that the peak vertical vortic-
ity (dvlox) is also found along the trough. This finding is
consistent with the formula for Ekman pumping [e.g., (4.5.39)
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of Pedlosky (1987)] in which w is directly proportional to the
vertical vorticity.

Figure 3 also shows that NLLJ winds begin to develop
shortly after sunset and reach peak intensity a few hours be-
fore sunrise. These winds undergo an anticyclonic rotation
through the night (e.g., during the first night, the winds near
the center of the domain veer from southeasterly shortly after
sunset to southwesterly by sunrise). While such NLLIJs are
consistent with the inviscid Blackadar IO mechanism, they can-
not be pure IOs since the pressure gradient force is time depen-
dent. However, the u and v fields are in good agreement with
the u and v predicted by our inviscid theory. For example, the loca-
tions of the extrema of u, v, and w are close to the locations x,(t),
x,(f), and xg;,(f) given in (41), (45), and (43), respectively (solid
black curves in Fig. 3). Additionally, the peak nighttime values of
the inviscid solutions (42) for upeax (~23.3 m s~!) and (46)
for vpeqar (=31.0 m s~ 1) closely match the peak values from
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FIG. 5. Time-height plots of (a) u (ms '), (b) v (m s~ '), and (c) w (cm s ') at the x locations
of their respective domain-wide maxima (though only the x location of nighttime maximum is
considered for w) in experiment L2000. Thick dashed yellow and black lines indicate times of

sunrise and sunset, respectively.

the model (ttmax =~ 22.6 m s~ ', vy =~ 31.2m s~ ). The wind
and vertical velocity fields weaken rapidly after sunrise.

The Hovmoller plots from experiment L6000 (Fig. 4) dis-
play many of the features seen in Fig. 3 for L2000, including a
postsunset surge of convergent/divergent flow, the develop-
ment of strong NLLIJs with anticyclonically turning winds, and
the rapid decay of u, v, and w after sunrise (presumably the
changes to u, v, and w after sunrise and sunset would not have
been as rapid if K had been specified to change gradually dur-
ing the transition periods). The vyay in L6000 (=30.0 m s~ ') is
close to its value in L2000 (~31.2 m s~ '). The somewhat larger
difference between the umax in L6000 (=19.0 m s_l) and
L2000 (~22.6 m s~ ') is consistent with the U obtained from
the dispersion relation at 40°N being about 3.5 m s~ ! larger in
L2000 than in L6000 (Table 2). Again, our inviscid theory is in
good agreement with the viscous model during the nighttime
hours; the tracks of the peaks in the model-predicted u, v, and
w are well represented by the inviscid curves, and the peak values
from the inviscid solutions (42) and (46) (ttpeax =~ 17.7 m s7h
Upeak =~ 29.6 m s™1) are close to the above-noted values for
Umax aNd Vpax.
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Vertical cross sections of u, v, and w through the x locations
of their maxima (though for w only the location of the
nocturnal maximum is considered) are shown for L2000 in
Fig. 5 and for L6000 in Fig. 6. Vertical cross sections of w
through their daytime maxima (not shown) are fairly similar
to these latter plots of w. The v panels show the development
of NLLJs with peak v more than 50% greater than the peak
remote value (A = 20 m s~ '). The peak jet winds in these ex-
periments are found at z = 600 m (in L2000) and z = 625 m (in
L6000). These heights are consistent with values documented in
climatological studies; NLLJ winds typically peak at heights less
than 1 km, and frequently at levels of 500 m or less (e.g., White-
man et al. 1997; Song et al. 2005; Baas et al. 2009; Carroll et al.
2019). The w panels show two modes of ascent, an elevated
mode that peaks in mid/late-afternoon and a lower-level
mode that peaks a few hours after sunset. Although the af-
ternoon peak is stronger than the nocturnal peak, the noc-
turnal peak is stronger than the daytime peak for z < 2000 m
(recall the postsunset surge of w seen in Figs. 3b and 4b at
z =1000 m).
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FIG. 6. As in Fig. 5, but for experiment L6000. Note that color bar bin intervals are different
from those in Fig. 5.

Time series of the domain-maximum values .y, Vmax, and
Wmax from L2000 and L6000 are shown in Figs. 7 and 8 respec-
tively.” Although none of u, v, or w is diurnally periodic (see
Figs. 3-6), Figs. 7 and 8 show that tyax, Vmax, and Wpax are di-
urnally periodic. Not surprisingly, the peak remote values of u
(i.e., the U given in Table 2 for 40°N: U ~ 9.5 m s~ in L2000
and U ~ 6.0 ms™! in L6000) and of v (A = 20 m s~ ') serve as
floors for umax and vyax over the wave period. The uy,,x and
Umax panels show the NLLJ developing after sunset and de-
caying shortly after sunrise. The wy,,x panels show the main
double-mode of ascent along with a weak third peak that
arises when the late-night trend for w to increase is reversed
by the sudden weakening of the convergent flow at sunrise.
The overall peak wyya, for L = 2000 km (=5.3 cm s~ ') is ~2.5
times greater than that for L = 6000 km (~2.1 cm s '). This
dependence of ascent on wavelength is slightly weaker than
the factor of 3 increase implied by (76). The discrepancy may
be due to the fact that the condition for the validity of (76)

* The same symbol for the maximum value of a variable (e.g.
Umax) 1 used to represent both the maximum value at a given time
and the maximum value over the wave period. It should be clear
from the context which type of maximum is being considered.
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(kUlf << 1) is only marginally satisfied for L = 2000 km (kU/f
is ~0.067 for L = 6000 km but ~0.318 for L = 2000 km).
Figures 7 and 8 also display time series from experiments in
which K has no diurnal variations. We consider K = 50 m* s~*
(former daytime-only value) in one experiment, and K =
2 m? s™! (former nighttime-only value) in another. Although
the u and v in these constant-K experiments are temporally
periodic with frequency w (figures not shown), Figs. 7 and 8
show that u,,,,x and vy, are temporally constant. Notably, for
both L2000- and L6000-like experiments, the 4.y and vmay
obtained with K = 50 m? s~ ! are the same as those obtained
with K = 2 m? s~ %, The K-independence of these maxima is a
feature of the classical Ekman solution [can be inferred from
(4.3.21a) and (4.3.21b) of Pedlosky (1987)]. Additionally, con-
sistent with the Ekman prediction that the heights of the wind
maxima are proportional to the Ekman depth (2K/f)"%, th
ratio of the heights of the peak u for the two constant- K
L6000-like runs (1125 m/225 m = 5.0) is nearly the same as
that ratio in the L2000-like runs (1275 m/250 m = 5.1) and the
ratio of the square roots of the two K (v50/2 = 5). Similar
agreements are found with the peak v component. However,
in both L.2000- and L6000-like runs, large differences in wyax
are seen between the two constant K runs, with much weaker
ascent obtained with K = 2 m”s~'. A comparison of the runs
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FIG. 7. Time series of u, v, and w maxima from experiment L2000: (a) tma (m s~ '),
(b) Vmax (M s71), and (¢) Wiay (cm s~ ). Also shown are results from 1.2000-like experiments
with no diurnal variations (K is constant); solid blue lines for K = 2 m? s !, and dashed orange
lines for K = 50 m* s~ '. The maxima are the largest values in the analysis domain (one wave-

length, from ground to z = 10 km).

with and without diurnal variations in K shows large increases
N Umax, Vmax, aNd W When diurnal variations are taken into
account.

The dependence of upax, Umax, and Wy, on latitude is
shown in Fig. 9 for L2000- and L6000-like experiments. While
there is relatively little change in #pax O vmax With latitude,
Wmax does peak at the critical latitudes predicted in (83) (see
also Fig. 1) for j = —1 andj = 1, particularly for L = 2000 km.
Figure 9 also presents results from runs in which the Rayleigh
damping parameter is reduced to (30 day)”'. For both
wavelengths, the unax and v,y in the 30-day damping runs
are nearly the same as in the 5-day damping runs for all lat-
itudes. However, while wy,.x in the 30- and 5-day damping
runs are similar for most latitudes, in the 30-day damping
runs there is a marked increase in wy,,x on approach to the
j = —1and j = 1 critical latitudes, particularly for the
L = 2000 km runs. Indeed, wy,.x at the critical latitude of
32.8°N is ~8.0 cm s~ ! with 5-day damping but ~12.0 cm s !
with 30-day damping.

The seemingly paradoxical result that wp,,, peaks at the
j= —1andj = 1 critical latitudes despite little change in uyax
can be explained by examining the vertical extent of the dis-
turbed winds (wind deviations) at different latitudes. We de-
fine a wind deviation depth scale / as the height at which u
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differs from its remote value by 2 m s™! (in an rms sense). In
other words, with u4e,(z) defined by

1 (" L
1y (2) = \/_J J [uGezs) — UPdxdr,  (98)
L Jo Jo
h is implicitly defined by
Uy (h)y=2ms . (99)

This wind deviation depth scale” is plotted as a function of lat-
itude for L2000- and L6000-like experiments with both 5- and
30-day damping rates in Fig. 10. In the 5-day damping runs
with L = 2000 km, / attains a broad maximum (plateau) be-
tween the critical latitudes (see Fig. 1) of 27.1° and 32.8°N,
while in the runs with L = 6000 km, local maxima in # emerge
at the critical latitudes of 21.1° and 38.2°N. However, in the
30-day damping runs, pronounced maxima in 4 appear at all

*The analogous v-based depth scale / differed from this
u-based scale by <200 m for L = 2000 km and by <450 m for
L = 6000 km for latitudes between 15° and 50°N.



534 JOURNAL OF THE ATMOSPHERIC SCIENCES VOLUME 81
il D)
s
|
s LA AN AN AN A AN A
VIO y A y A A / / J
g VA VA VA VA e VAV
£
55
0
12 24 36 48 60 72 84 96 108 120 132 144 156 168
A VABVAVAIAIVA
Tn 20 - — —7 —7 —7 —7 —7“
g
210 — K=2m?s7
= - = K=50m?s~!
0 —
12 24 36 48 60 72 8 96 108 120 132 144 156 168
» Jon ) ) N N ) 2\
IEIJ
00 1 W O WO VO A O W W N W A
=3
g
£
3
0
12 24 36 48 60 72 84 96 108 120 132 144 156 168
t (h)

FIG. 8. As in Fig. 7, but for experiment L6000. Tick mark intervals/labels differ from those
in Fig. 7.

three critical latitudes for both wavelengths. Thus, although
the peak horizontal convergence is relatively independent of
latitude (uax is largely independent of latitude and the hori-
zontal length scale is set by L), the convergence spans a
greater depth (larger /) of the atmospheric column at the
j = —1andj = 1 critical latitudes. The vertical integral of the
convergence (which yields w) is therefore largest at these lati-
tudes. There is no tendency for an increase in wp,,y at the
j = 0 critical latitude since the flow associated with j = 0 is
nondivergent.

Time series of u, v, and w in L2000-like experiments at the
32.82°N critical latitude and a latitude just ~3° away (36°N)
are shown on the z = 5 km surface for cases of 5- and 30-day
damping in Fig. 11. The differences between the velocity com-
ponents in the 5- and 30-day damping runs are much larger at
32.82°N than at 36°N. The amplitude of the w-oscillation and
the peak value of w in the 30-day damping runs is much larger
at 32.82°N; from t = 34 h to t = 40 h and from r = 54 h to
t=62h, wis over 3 cm s~ ' larger (40%-50% greater) at
32.82°N than at 36°N. Discrepancies between the v fields at
the two latitudes exceed 5 m s™' but appear to be more asso-
ciated with a phase shift than an amplification.

Time-height plots of w at different latitudes for both
L.2000- and L6000-like runs show that the daytime peak (local
maximum) of w occurs increasingly later in the afternoon at
successively lower latitudes until, at sufficiently small latitudes,
the afternoon peak disappears. The nocturnal mode dominates
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south of the 32.8°N critical latitude for L = 2000 km and south
of the 38.2°N critical latitude for L = 6000 km. This behavior
can be seen in Fig. 12 for L2000-like runs at 50° and 30°N
(ct. with Fig. 5c for 40°N).

Last, L2000- and L6000-like experiments were run to exam-
ine the sensitivity of the flow to the time of sunset at different
latitudes. In the L2000-like runs, the changes in both ;,,x and
Umax Detween an early sunset of 7, = 11 h and a late sunset of
fsee = 15 h are less than 0.7 m s~ ' (relative changes < 3%)
throughout a 30° to S0°N latitude band. The corresponding
relative changes in wy,.y, although larger than the relative changes
N Upax and vy, are still small. For example, at 30°N, Wy
decreases from ~7.9 cm s~ ! when fe, = 11 h to ~6.5 cm s~
when f,; = 15 h (18% decrease), while at 50°N, the corre-
sponding change in Wy, is an increase from ~39 to ~4.6 cms™"
(18% increase). Qualitatively similar relative changes in the
wind and vertical velocity maxima are found in the L6000-like
runs. Unsurprisingly, for both wavelengths, the winds and ver-
tical velocity attain their nighttime maxima at roughly the
same time relative to sunset and thus occur later with later
sunsets. In cases where the overall peak vertical velocity oc-
curs during the daytime, the time of the maximum also occurs
later with later sunsets, but the shift is not as pronounced as
for the nocturnal maximum (e.g., there is only a 1.4 h shift in
the afternoon maximum in w from early to late sunsets at
30°N with L = 6000 km).
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FIG. 9. The u, v, and w maxima as functions

of latitude in experiments L2000 and L6000 and

in related experiments in which the damping parameter R provides 30-day damping instead of

5-day damping: (@) tmax (M 8™ 1), (b) Vpax (M's~

1), and () Wiax (cm s~ ). Results are shown for

(blue line) experiment 1.2000, (orange line) an L.2000-like run with 30-day damping, (green line)
experiment L6000, and (red line) an L6000-like run with 30-day damping. The maxima are the
largest values in the analysis domain over one wave period. Dashed vertical lines in (c) mark the

critical latitudes predicted by (83) (see also Fig.

8. Summary and conclusions

The linkage between Rossby waves and extreme weather
events, including heavy rainfall and flooding, is well established
(Wirth et al. 2018). As convection is often impacted by condi-
tions in the lower troposphere, we are motivated to study varia-
tions of wind and vertical velocity in the boundary layer during
the passage of a zonally propagating Rossby wave. An analytical
model is introduced to explore the spatial and temporal charac-
teristics of NLLJs and ascent (Ekman pumping) in a diurnally
varying frictional boundary layer during wave passage. The
model combines the main aspects of the Ekman (1905),
Akerblom (1908) theories for frictional boundary layers on
the rotating Earth, the Blackadar (1957) theory for NLLIJs
arising from inertial oscillations triggered by the shutdown
of turbulence at sunset, and the Rossby (1939) theory for
barotropic Rossby waves on a beta plane. The governing equa-
tions are the linearized Reynolds-averaged Boussinesq- and
beta-plane-approximated horizontal equations of motion, the
hydrostatic equation, and the incompressibility condition. The
restrictions to a barotropic setting and a neutrally stratified envi-
ronment are major limitations of our model. As in the slab and
one-dimensional models of wind-induced Ekman layers in the
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1).

upper ocean discussed in the introduction, our model includes
Rayleigh damping terms to account for momentum damping as-
sociated with inertia—gravity waves that cannot be explicitly sim-
ulated. Since our model is restricted to the steady-periodic state,
the Rossby wave period must be an integral number of days (di-
urnal frequency is a harmonic of the wave frequency). The gov-
erning equations are solved for eddy viscosities K that vary
diurnally but are independent of height. We consider diurnally
varying K with otherwise arbitrary time variations and K that
vary as piecewise constant functions of time with step changes
at sunrise and sunset. Flows of the latter type are explored for
relatively short (L = 2000 km) and moderate (L = 6000 km)
wavelengths. Additionally, these viscous flows are compared (at
night) to flows obtained from an inviscid calculation. Among
the model predictions are the following:

(i) NLLJ winds begin to develop at sunset, turn anti-
cyclonically through the night, and reach peak strength
a few hours after midnight. Such flows are consistent with
the inviscid Blackadar (1957) IO mechanism for NLLJs,
but are not pure 1Os since our pressure gradient force
varies in x and . The magnitudes and locations of the peak
u, v, and horizontal divergence fields from the viscous
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FIG. 10. Wind deviation depth scale 4 as a function of latitude in experiments (a) L2000 and
(b) L6000. Also shown are results from experiments in which the damping parameter was ad-

justed to provide 30-day damping instead of 5

-day damping: Blue lines depict results from ex-

periments L2000 and L6000. Orange lines depict results from L2000- and L6000-like runs with
30-day damping. Dashed vertical lines mark the critical latitudes predicted by (83) (see also

Fig. 1).

model are in good agreement with those from the inviscid
calculation during the nighttime. The extrema in « and in
the horizontal divergence of the wind field move with the
westerly current.

There are two main modes of ascent: an elevated day-
time mode and a lower-altitude nighttime mode. The
nighttime mode is associated with a weak but persistent
surge of convergent flow triggered by the shutdown of
turbulence at sunset, the same mechanism that triggers
IOs/NLLIJs in the Blackadar model. The nocturnal surge
is reminiscent of that predicted in Shapiro et al. (2018),
although the inertia—gravity wave characteristics of the
ascent in that study cannot be simulated in the present
neutrally stratified model. The daytime peak w occurs
increasingly later in the afternoon with decreasing lati-
tude. South of critical latitudes (32.8°N for L = 2000 km
and 38.2°N for L = 6000 km), the nighttime mode domi-
nates. The model predicts that w « kA for Rossby num-
bers kU/f < 1.

If the Rayleigh damping is turned off (R = 0), the model
breaks down where (77) is satisfied, that is, where the iner-
tial frequency, advection frequency (jkU; j = —1, 0, 1),
and a harmonic of the wave frequency (of which the diur-
nal frequency is an integral multiple) sum to 0. This occurs
at the three critical latitudes associated with j = —1,0, 1 in
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(83) for the Northern Hemisphere. Corresponding toj = 0
is the 30°N diurnal-inertial resonant latitude noted in pre-
vious studies (see the introduction). The critical latitudes
associated with j = —1 and j = 1 vary with wavelength.
Breakdown is manifested as (i) u and v fields that do not
approach their free-atmosphere profiles as z — % at the
three critical latitudes, in violation of a remote boundary
condition, and (ii) a vertical velocity that becomes infinite
as z —» »at the j = —1 and j = 1 critical latitudes. How-
ever, there is no prediction for u or v to peak at any criti-
cal latitude.

Breakdown cannot occur if R # 0. However, with both
R = (5 days) ! and R = (30 days)”! damping, the peak
w is found at the j = —1 and j = 1 critical latitudes. The ef-
fect is most pronounced for the run with shorter wavelength
(L = 2000 km) and weaker damping [R = (30 days) '],
where w increases from ~4.5 cm s~ ' at 50°N to
~8.0 cm s~ ! at the 32.8°N critical latitude. Additionally,
a wind deviation depth scale & [defined via (98) and
(99)] is significantly larger at the three critical latitudes
for both L = 2000 km and L = 6000 km when the
damping is weak [R = (30 days)~']; the response is muted
for the more strongly damped case [R = (5 days) " ']. The
tendency for the depth scale to increase at the critical
latitudes in the weakly damped case was reminiscent of

(iv)
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FIG. 11. Time series of (a) u (ms 1), (b) v (ms '), and (c) w (cm s™ 1) at z = 5 km at the x lo-
cations of their respective domain-wide maxima (though only the x location of nighttime maxi-
mum is considered for w). Results are shown for L2000-like runs at the 32.82°N critical latitude
(blue lines) and at 36°N (red lines) for 5-day damping (solid lines) and 30-day damping (dashed

lines).

the increased upper-ocean mixed layer depths at the
30°N critical latitude for diurnal-inertial resonance docu-
mented in the oceanographic literature (e.g., Zhang et al.
2010; Ashkenazy 2017; Vincze et al. 2019). In contrast to
those studies, however, no discernible increases in our
model u or v fields were found in the vicinity of any crit-
ical latitude; for L = 2000 km, « and v are remarkably
uniform across a 20°-50°N latitude band while, for

= 6000 km, v is again nearly uniform across that
band but u decreases northward, a trend consistent
with the northward decrease in U required by the dis-
persion relation (see Table 2).

The vertical velocities predicted by our diurnally varying
Ekman-Rossby model, particularly for the waves of smaller
wavelength (L = 2000 km), can plausibly play a role in the
initiation or maintenance of deep convection. Our study was
motivated by questions about the nocturnal convection maxi-
mum observed during the warm season over the Great Plains.
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In this context, the ascent after sunset may facilitate the inten-
sification or persistence of eastward-propagating convection
that initiated during the afternoon over higher terrain to the
west. However, without provision for an ambient stratifica-
tion, the model’s vertical velocities are likely overestimates
(no lid effect) and it is not possible to study any direct role of
inertia—gravity waves in countering a resonant response. As
our analytical model framework cannot be extended to in-
clude stratification (via a thermal energy equation) since sep-
arable solutions are not possible for that case, numerical
model simulations may be the best tool to explore the more
realistic stratified problem. Numerical simulations can also
be used to explore possible synergies between the ascent
mechanism described in this paper and ascent associated
with warm tongues or other surface-based thermal inhomo-
geneities typically found over the Great Plains, and the ex-
tent to which the combined effects increase the likelihood for
deep convection.
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hypothetical solutions for Q T Wave period (15)
Tim Constants in polar form of A, (67) Dy Time-dependent functions whose (89)
R Rayleigh damping constant 1), (2) integrals contribute to Dj,,
RO Real part (31) ¢ Latitude 4
sgnw Unit sign function; sgnw = —1, 0, (17) be Critical latitude (83)
lforw<0,0=00>0 Yoo Remote (z — ) streamfunction (11)
¢ Time 1), () Q Angular velocity of Earth 4)
toa 24 h (16) (diurnal frequency)
lset Time of first sunset (hours after (85), (86) ® Rossby wave frequency (12)
first sunrise)
INset Time of sunset on (N +‘ 1)th day (35) APPENDIX B
(hours after first sunrise)
T; Time-dependent part of P; (53) .
u,/ v, w X-, y-, an(li3 z-compopnents of i/elocity (1)-(3) Uniqueness Proof
Udey Root-mean-square deviation of u (98) A variant of the energy method (Gustafson 1987) shows
from ., a function of z that if a solution of (25) subject to (27)—(30) exists, it is
Ug: Vg x- and y- components of 22) unique. If Q; and Q, satisfy (25), their difference, Q, =
geostrophic wind .
Umax> Vmaxs Maxima (with respect to x) of u, Section 7 Q1 — Oy, satisfies
Wmax v, and w 2
Upeak> Upeak ~ Maxima (with respect to x) of u (42), (46) (& + U(& =—(R+if)Q, + K(t)a, de , (B1)
and v in inviscid solution ot ox 9z
oo Ve Reégﬁ:; O(If e;;sm) . v velocity 0. @ and the complex conjugate of their difference, O}, satisfies
U Westerly current speed 1), (2) 00" 90" 20
X, ¥, Z Cartesian coordinates; east (x), (1)-(3) —=d 4 =4 = —(R - if)Q; + K(f)— 2‘1. (B2)
north (y), up (z) at dx 9z
Xy Xdivs Xo Locations of inviscid u, 6, v (41), (43),
extrema (45) Taking Q) X (B1) + Q, X (B2) [noting 10,1 = \[QdQ; and
Zumaxs Zvmax  Heights of maxima (with Section 7 Q a*Q}/0z% = (0/0z)(Q 0Q4/0z) — (00 ,/02)(©Q,/0z)] yields
respect to x) of u and v
Zlow Low altitude where a nocturnal (35) alo alo 9210 | 90 . |
low-level jet forms |§ld| + U|?—xd| = _R|Q,1|2 + K() (lfzzz{i' - zK(f)‘%
Z; Height-dependent part of P; (53)
B Rossby parameter; B = dfldy 4) (B3)
r Function of time in inviscid (46), (47) ) ) )
solution for vpeqi Since Q; and Q, also satisfy (27)-(30), Q. satisfies
8 Horizontal divergence of wind field (40) lim; .04 = 0, Qulv=0 = Qulv=1., Qul:=0 = 0, and Qli=o =
Opeak Peak horizontal divergence of (44) Ouli=+ as does |Qg4|. Integration of (B3) with respect to ¢
wind field in inviscid solution over one wave period, x over one wavelength, and z from
Omn Kronecker delta (66) the ground to infinity, then yields
€ Wind fraction parameter in (35)
inviscid solution I 00 7
Lo Remote (z — ) vertical vorticit (10) 2 d _
Oim Constanl(s in polar form of A;, ’ (67) L Jo JO RIQ "+ 2K(t)|¥ ]dt drdz =0. (B4)
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Since R > 0, K(t) > 0, |Q > = 0, and PpQ foz* = 0, (B4)
can only be satisfied if Qy is identically zero. Thus, Q1 = O,
and the solution is unique.

APPENDIX C

Inviscid v Extrema

From (39), with (13) used for w, we see that dvdx = 0 at
points x = x,(f) for which

cos[k(x, — Ut) + Bt/k] — (1 — e)cos[f(t — ty.,)]cos[k(x, — Ur)
+ Bty k] = 0. (C1)
To find x,(f), expand the two cosines in (C1) containing x,, us-

ing the addition formula cos(a@ + b) = cosacosb — sinasinb,
with a = k(x,, — Ur) and b evident as a remainder, obtaining

cos[k(x, — Ut)[{cos(Bt/k) — (1 — €)cos[f(t — ty.,)]
X cos(Bt e /k)} — sin[k(x, — Ur)|{sin(Bt/k)

— (1 = e)cos[f(t — tyg)]sin(Bty, /k)} = 0. (C2)
This can be written more succinctly as
['(t)cos[k(x, — Ut) + u(t)] = 0, (C3)

where ['(>0) is defined in (47), and w(r) satisfies

cosp = %{cos(%) - (1 = e)cos[f(r — thel)]cos(%)}, (C4)

sing = %{sin(%) ~ (1 — eos[f(t - sz)]sin(%)}. (C5)

The signs of cosu and sinp inferred from (C4) and (C5) de-
termine whether w is in quadrant 1 (cosu > 0, sinu > 0),
2 (cosp < 0, sinw > 0), 3 (cosp < 0, sinw < 0), or 4 (cosp > 0,
sinu < 0). Since the principal values of the inverse cosine are
in quadrants 1 or 2, and the principal values of the inverse sine
are in quadrants 1 or 4, we can get u from the inverse cosine of
(C4) if p is in quadrants 1 or 2, and from the inverse sine of
(C5) if w is in quadrants 1 or 4. If w is in quadrant 3, write
p=fo+ m, where {1 is in quadrant 1, multiply (C4) and
(C5) by —1, and expand out cos(r + 7) and sin( + m).
We thus obtain

cosfl = %{COS(%) — (1 = e)cos[f(t — thel)]cos(%)},
(Co)

sinf, = %{Sin(%) — (1 — e)cos[f(r — thel)]sin(%)},
(C7)

whose inverses (either one) yield fi.
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Since I' > 0, the cosine in (C3) is zero, and its argument
must be equal to /2 + g, where ¢ is an integer. We thus
obtain x,(f) as

w() w1

X :Uz——+—(—+q).

The peak values vpeac Of v, obtained by evaluating (39) at
X = x,, with o given by (13), are

(1 = eUsin[f(t —¢

Nset

— (1= €A cos[f(t — ty)Isin(@2 + gm + Bty [k — ).
(©9)

v )| + Asin(@/2 + g + Btlk — )

peak =

Applying the addition formula sin(a + b) = cosasinb +

sina cosb with a = 7w/2 + g in (C9) yields
Vpeak = (1 = e)Usin[f(r — ty)] + (=1)7A cos(Brk — )
+ (=171 = €A cos[f(t — tye)]cos(Btye/k — 1.
(C10)

Using the addition formula for cosines to expand the two
cosine terms in (C10) in which u appears, followed by
use of (C4) and (C5) for cosp and sinu, respectively,

yields
. -1 fIA
Vpear = (1 = U sinl[f(t — 1y, )] + ( F)

X {l + (1 - E)z COS2[f([ - thel)]

= 2(1 — e)cos[f(t — ty)cos[B(t =ty )/k]}. (C11)

In view of (47), (C11) reduces to

Voeak = (1 = @)U sin[f(r — ty,)] + (=1)TA. (C12)
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