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Abstract We present a new model designed to simulate the process of energetic particle precipitation, a
vital coupling mechanism from Earth's magnetosphere to its atmosphere. The atmospheric response, namely
excess ionization in the upper and middle atmosphere, together with bremsstrahlung X-ray production, is
calculated with kinetic particle simulations using the Geant4 Monte Carlo framework. Mono-energy and
mono-pitch angle electron beams are simulated and combined using a Green's function approach to represent
realistic electron spectra and pitch angle distributions. Results from this model include more accurate ionization
profiles than previous analytical models, deeper photon penetration into the atmosphere than previous Monte
Carlo model predictions, and predictions of backscatter fractions of loss cone electrons up to 40%. The

model results are verified by comparison with previous precipitation modeling results, and validated using
balloon X-ray measurements from the Balloon Array for RBSP Relativistic Electron Losses mission and
backscattered electron energy and pitch angle measurements from the Electron Loss and Fields Investigation
with a Spatio-Temporal Ambiguity-Resolving CubeSat mission. The model results and solution techniques are
developed into a Python package for public use.

Plain Language Summary The upper atmosphere and near-Earth space interact with each other
through the transport of charged particle (e.g., electrons) from space into the atmosphere in a process called
energetic particle precipitation. This process disturbs the atmosphere and causes X-rays to be generated,

among other direct and indirect effects to the atmosphere, including ozone destruction. This work describes a
physics-based model that simulates this process across realistic input values for energy and electron velocity
direction. Results of this work include an estimate of the number of excess ion-electron pairs generated in the
atmosphere from precipitation, how many electrons are lost to the atmosphere versus those that rebound and
return to space, and the energy and amount of X-rays generated by precipitation. The model outputs are checked
using balloon-based measurements of X-rays in the middle atmosphere and by a low Earth orbiting satellite that
spins to measure electrons heading toward and away from Earth.

1. Introduction

Energetic particle precipitation (EPP) is a coupling mechanism between Earth's magnetosphere and atmosphere
wherein charged particles are lost from the magnetosphere and are subsequently deposited into the atmosphere.
At Earth, this process for energetic electrons is sourced by the outer radiation belt which is composed of high
intensities of energetic and relativistic electrons and is located approximately three—seven Earth radii from the
Earth's surface at the equator (Akasofu & Chapman, 1961; Shprits et al., 2008). Within the radiation belts, plasma
waves generate these relativistic populations by accelerating electrons from low energies (eV-keV) to relativistic
and ultra-relativistic energies (100s keV-MeV electron kinetic energies) (Chen et al., 2007; Horne et al., 2005;
Millan & Baker, 2012).

Plasma waves can also alter an electron's momentum direction relative to the magnetic field line (i.e., pitch angle)
to be redirected into the “loss cone,” which is the region of electron phase space that allows electrons to reach
altitudes lower than 100 km. At these altitudes the electrons can interact with the neutral molecules in Earth's
atmosphere and thus these electrons can be lost from the radiation belt population (Lyons et al., 1972; Sergeev
et al., 1983; Summers & Thorne, 2003). Electrons spanning 10 s keV-MeV kinetic energies precipitate from the
radiation belts due to magnetospheric plasma waves from a variety of natural and anthropogenic sources, includ-
ing solar activity which drives geomagnetic storms and wave activity, atmospheric lightning, and Earth-based
radio transmitters (Horne & Thorne, 2003; Horne et al., 2003; Lam et al., 2010).
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Electrons within the loss cone lose energy by scattering with neutral particles in the atmosphere, and when
charged particles can no longer leave Earth's atmosphere the electron is considered lost or precipitated to the
atmosphere. An additional consequence of this process is bremsstrahlung X-ray production, which occurs when a
high energy electron scatters through the Coulomb field of an atomic nucleus and results in a fraction of the elec-
tron's kinetic energy being converted into an energetic photon (Bunkin & Fedorov, 1966; Koch & Motz, 1959).
These photons are typically in the X-ray to gamma- ray energies (10 s keV-GeV) and can be used as a remote
sensing proxy measurement for EPP (Imhof et al., 1974, 1985).

The model used in this work is built from the Geant4 (GEometry ANd Tracking) framework, a validated radia-
tion and particle transport code originally developed at CERN (Agostinelli et al., 2003; Allison et al., 2006), in
addition to an atmospheric and a magnetic field model. Initial conditions are chosen that cover a realistic range
of energies and pitch angles, and the model then propagates and tracks the 3D trajectory and energy of a large
number of electrons and generated photons as they interact with atmospheric neutral particles using the Monte
Carlo method. The results from this model are used to compute derived products, such as atmospheric ionization
rates, that are vital to atmospheric modeling (Funke et al., 2016; Mironova et al., 2015; Sinnhuber et al., 2012).
Model results are verified by comparison with previous models, and validated with spacecraft and balloon data
in case studies.

Further, this work expands on and updates previous models that perform similar calculations with improved cross
section implementations, and includes photon and secondary ionization peaks. Finally, a Python software pack-
age is described that allows user access to these model outputs, as well as a multitude of the analysis and inversion
techniques described in Sections 5 and 6.

2. Background

The radiation belt driving mechanisms of EPP, namely wave-particle interactions, occur in the entire magnet-
ized region around Earth on short time scales, which makes it difficult to provide comprehensive measurements
of waves and particles to constrain when and where EPP is occurring (R. Anderson et al., 1982; LaBelle &
Treumann, 1988; Ni et al., 2016). In addition to the high spatial and temporal coverage that is needed to charac-
terize EPP, high energy and angular resolution measurements are also required to determine the effects of plasma
wave drivers on precipitating electron spectra and pitch angle distributions (Frank & Ackerson, 1971). For these
reasons, EPP is difficult to observe directly and as a consequence, the drivers of EPP in the radiation belts and the
relative importance of EPP in the atmosphere are known only indirectly.

One of the primary drivers of EPP are wave-particle interactions from plasma waves in Earth's magnetosphere,
which include electromagnetic ion cyclotron (EMIC), whistler-mode chorus, hiss, lightning-generated whis-
tlers, and other very-low frequency waves from Earth-based transmitters (Asikainen & Ruopsa, 2016; Glauert
etal., 2014; Inan et al., 1988; McPherron, 1979; Pytte et al., 1976; Rodger et al., 2007). Some of these wave modes
are generated by geomagnetic storm activity and space weather events, which lead to anisotropies in the energetic
plasma, and are ultimately driven by solar activity (Baker et al., 2018; Engebretson et al., 2008; Schwenn, 2006).
In general, electrons at 100s keV kinetic energies are typically resonant with whistler mode chorus waves, and
at MeV energies with EMIC waves, two types of plasma waves that are detected in the inner magnetosphere and
have been shown to be drivers of EPP (Horne & Thorne, 2003; Horne et al., 2003; Lam et al., 2010).

Once electrons have entered the atmosphere, EPP has important effects on the upper and middle atmosphere.
The primary mode of energy loss of high energy electrons is through collisional interactions, or the “friction
force” the atmosphere imparts on charged particles (e.g., Dwyer, 2004). Radiative collisions, such as the ones
that generate X-ray photons, become relevant at electron kinetic energies of 100 s of keV, but do not greatly affect
the overall stopping power. Through scattering interactions between free electrons and neutral atmospheric parti-
cles, the neutrals can become ionized: impact ionization is among these scattering processes that yields excess
electron-ion pairs generated from neutral species, enhancing the ionospheric electron and ion densities (Kim
etal., 1997). The bulk effect is that EPP alters the chemistry balance, leading to excess NO, and HO, production,
the former of which goes on to be transported to lower altitudes near the poles where it catalytically destroys
ozone (M. Andersson et al., 2014; Codrescu et al., 1997; Mironova et al., 2015; Seppili et al., 2007; Sinnhuber
et al., 2012; Thorne, 1980). Additionally, excess ionization alters the conductivity of the ionosphere and further
alters the geomagnetic current systems that couple the atmosphere and magnetosphere (Khazanov et al., 2018;
Ridley et al., 2004).
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In atmospheric models, EPP is typically addressed via parameterized inputs in order to save on computation
speed in exchange for event specificity. Typical quantities that are used to characterize precipitation are some
measure of flux (e.g., number flux, energy flux) and energy spectrum, or parameter(s) that describe the spectrum,
such as a folding energy for an exponential distribution. The early work of R. G. Roble and Ridley (1987) used an
analytical approach using the electron stopping power formulation to characterize auroral precipitation inputs for
the thermospheric general circulation model, while the work of Berger and Seltzer (1972) and Berger et al. (1974)
used Monte Carlo methods to study bremsstrahlung photon penetration into the atmosphere. Frahm et al. (1997)
calculates atmospheric ionization rates by including electrons and secondary photons using a Boltzmann trans-
port equation multi-stream model, based off the model of Lorence and Morel (1992). The improved analytical
model of Fang et al. (2008, 2010) was created for convenient use in “high top” whole atmosphere models such
as WACCM-X that extend to the mesosphere and above (Liu et al., 2018). This analytical model forward-models
mono-energy beams with isotropic pitch angle distributions that an end user can combine to represent an arbi-
trary continuous and smooth spectrum. Finally, the work of Xu et al. (2020) uses a full Monte Carlo model
with forward-modeled mono-energy and mono-pitch angle electron beams that more realistically represents high
energy processes, but does not include bremsstrahlung transport to lower altitudes. Bremsstrahlung transport is
shown for three energies in Xu et al. (2021): the last two of these previous works are directly compared to this
work in Section 6. Other models exist that use similar Monte Carlo techniques for different purposes, such as the
auroral model of Solomon (2001).

Radar remote sensing of excess ionization in the ionospheric D- and E- regions is difficult due to high atmospheric
neutral density driving fast recombination, which causes ionization enhancements to dissipate quickly. Atmos-
pheric effects can be measured as a proxy to precipitation inputs, but the complicated chemistry and transport
dynamics makes the inversion to precipitation characteristics difficult and uncertain (Marshall & Cully, 2020).
On the other hand, direct in situ measurements of charged particles from spacecraft have difficulty obtaining the
spatial and temporal coverage due to the aforementioned large spatial scales of EPP and the nature of low-Earth
orbits. Additionally, charged particle instruments are often angular resolution-limited and are therefore unable to
resolve the loss cone at various points in the orbit, which is necessary to provide a global image of precipitation
(Blum & Breneman, 2020; Capannolo et al., 2021).

In order to obtain global measurements of EPP, remote measurements of X- and gamma- ray photons can instead
be used to infer EPP over larger spatial scales. Bremsstrahlung photon energy and emission direction is strongly
dependent on the precipitating electron energy, such that statistical relationships can be formed between the X-ray
and electron spectra. A component of this work is to prepare for future hard X-ray observation missions of Earth
to quantify the extent of radiation belt EPP, such as the upcoming Atmospheric Effects of Precipitation through
Energetic X-rays CubeSat mission (Marshall et al., 2020). A variety of information can be garnered on EPP from
inverting X-ray spectral measurements of Earth from low Earth orbit or from balloon measurements, where a
review of the former, X-ray observations from space, is included in Berland et al. (2023) for Earth and Bhardwaj
et al. (2007) for other planets.

Open questions of magnetosphere-atmosphere coupling primarily relate to the wave particle interaction driving
mechanism of EPP: how does EPP vary seasonally, temporally, and with magnetospheric conditions; and what
are the spatial scales over which this process occurs? The answers to these questions will help constrain the total
energy budget of the radiation belts and atmosphere, and lend a deeper understanding of the dynamic interactions
between Earth's magnetosphere and atmosphere. For a review of EPP open questions, see Marshall et al. (2020).

3. Model Description

This work aims to explore an input space composed of electron pitch angle and energy distribution through
various radiation belt magnetic latitudes using the EPP model described in this section. The range of magnetic
latitudes describe the atmospheric profiles and magnetic dip angle, both of which change the linear distance that
an electron will travel through a given atmospheric density, effectively increasing the integrated column density
that an electron will traverse. In order to explore these continuous input spaces, the approach of Fang et al. (2010)
and Xu et al. (2020) is taken by simulating a finite number of mono-energy and mono-pitch angle electrons
beams through a reference atmosphere at one magnetic dip angle. In order to convert model results to a different
atmospheric profile, a rescaling method similar to Xu et al. (2020) is described and implemented in Section 4.
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The mono-energy, mono-pitch angle beams can be weighted and linearly combined using a Green's function
approach. Green's functions are maps from Dirac delta function in an input space to the subsequent impulse
response in an output space that can be used to solve boundary value problems in a variety of fields (Melnikov, 1977;
Stakgold & Holst, 2011). In this work, we use the Monte Carlo forward method to approximate the Green's func-
tions instead of finding an analytical form, which is difficult due to the rarefied and stochastic interactions that
occur between high energy electrons and neutral particles. This method is discussed and formalized in Section 5.

The geometry of the model is a 500 km tall X 1,000 km diameter 3D column that is filled with the MSIS2.0 (Mass
Spectrometer Incoherent Scatter Radar-Empirical) model atmosphere, which includes the atmospheric state
(temperature, pressure, density) and constituent number densities, taken at 1 km intervals (Picone et al., 2002).
MSIS2.0 takes as inputs the F10.7 and A, indices, which are solar and geomagnetic indices, respectively. F10.7
is a measurement of solar radio flux at the 10.7 cm wavelength, which has historically been used as a proxy
measurement for solar extreme ultraviolet flux, which largely affects the scale height in the diffusive region of
Earth's atmosphere above 100 km altitude (e.g., Tapping, 2013). The A, index is derived from a measurement
of the planetary K-index, which estimates solar particle flux through its magnetic effects on the inner magne-
tosphere (e.g., Fraser-Smith, 1972). The influence of these parameters on the atmospheric profile generated are
in the atmospheric species scale heights: the scale heights affect the altitude distribution of constituents and the
altitude of constant pressure surfaces in the atmosphere primarily above 100 km altitude, but since only a small
fraction of relativistic electron energy is lost above 100 km, these two parameters do not have a strong influence
on the results of this work. The geomagnetic parameters are selected for the corresponding date-time chosen
for this atmospheric profile, during a geomagnetic “quiet time” with A, = 22 (corresponding to a K, = 4) and
F10.7 = 66.8 sfu (solar flux units). The location for the reference atmosphere profile selected is over the Poker
Flat Incoherent Scatter Radar (PFISR) station located in Alaska at 65° North latitude 147° West longitude, at
midnight local time.

A tilted dipole magnetic field is used to model the near-Earth magnetic field vector since the field only varies
on the order of 2% at 500 km from a higher fidelity magnetic model such as the International Geomagnetic
Reference Field (Alken et al., 2021). An important aspect of the geometry of EPP is the additional path length an
electron must travel due to the local magnetic inclination at a given latitude. The magnetic inclination 8, defined
as tan(0,) = B/B,, at PFISR is approximately 78°, or 12° away from the vertical. Until the electron's motion is
dominated by collisions, the guiding center of the cyclotron motion will follow the magnetic field line, adding
an additional factor of sec(n/2 — @) to the path length the electron travels through the atmosphere. The magnetic
latitudes of 45° (L = 2) and 90° (B, = 0) where the inclinations are 64° and 90°, respectively, are also simulated
to analyze the effects of varying magnetic dip angle through all magnetic latitudes where precipitation most often
occurs.

In the simulation electrons are injected equidistant from the walls of the simulation volume at 300 km altitude,
where the loss cone edge is approximately 73° and with electron pitch angles defined relative to the inclined
magnetic field. The simulation volume is sufficiently large enough that very few particles (<0.1%) leave the
simulation volume, and those electrons or photons that do leave have their remaining energy deposited at their
last altitude step in order to conserve the total energy input into the simulation volume. The resulting electron and
photon backscatter are tracked until 500 km altitude, where they are sufficiently above the neutral atmosphere
to be considered escaped from the atmosphere. An example of the general pitch angle and energy dynamics of a
single particle with various initial conditions is shown using analytical approximations in Figure 1. In this figure,
the electrons are started at a higher altitude of 500 km where the loss cone edge is at 66°, and the progression to
lower pitch angles shows that- if not for the effects of atmospheric backscatter- electrons more than a few degrees
away from the edge of the loss cone must surely precipitate. The assumption that the entire population of the
loss cone precipitates is challenged by simulation results in Section 4 and by in situ electron data in Section 6.3.

The forward model selected for this work is built from Geant4, a radiation and charged particle transport code
originally developed at CERN for high energy physics (Agostinelli et al., 2003; Allison et al., 2006). Geant4 is
a collection of C++ classes and implementations that allow for modular creation of physics simulations with
arbitrary geometries and materials, types of charged particles and photons, and a list of physical processes and
cross sections to simulate. A variety of cross section implementations and scattering models, called physics lists,
have been developed for a variety of applications including the space radiation environment (Ersmark et al., 2007;
Truscott et al., 2000). For this simulation work, we choose the validated QBBC physics list, which itself is a
collection of previous validated scattering cross sections and model implementations (Ivanchenko et al., 2010).
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Figure 1. (Left) Single particle pitch angle evolution with altitude, where a, is the pitch angle at 500 km altitude. The black dashed line marks 100 km, which is the
altitude used to define the edge of the loss cone. (Right) Energy evolution with altitude from electrons injected at field-aligned pitch angles using continuous slowing
down approximation stopping power. Highlighted here is the relative depth of penetration into the atmosphere with initial particle energy.

Included in this simulation are the effects of impact ionization including single, double, K-shell ionization,
etc. that are ultimately determined via the Mgller electron-electron scattering cross sections (Mark, 1982). For
the electron energies considered by this work, Geant4 implements the Livermore low-energy electromagnetic
model, which includes validated cross sections and implementations for electron ionization and bremsstrahlung,
the photoelectric effect, and Compton scattering from 250 eV-100 GeV, and pair production from 1,022 keV
(2 X electron rest energy)-100 GeV (Ivanchenko et al., 2011). For electron multiple scattering effects through
matter the Urban, Wentzel VI, and Coloumb scattering models are implemented which include angular diffusion
(Ivanchenko et al., 2010; Urban, 2002).

For electron angular diffusion, Geant4 implements the Goudsmit-Saunderson model, which parameter-
izes the multiple Coulomb scattering physics that primarily affect precipitating electrons below 100 km alti-
tude (Ivanchenko et al., 2010). For thin-target bremsstrahlung photon production, the Seltzer-Berger model is
implemented (Berger & Seltzer, 1972; Seltzer & Berger, 1986). A comparison between bremsstrahlung cross
section implementations, including the cross section model used in Xu et al. (2020), is presented in Koéhn and
Ebert (2014). The bremsstrahlung cross section becomes more dominant at higher energies (MeV electron kinetic
energies), so it is a rare process at lower energies. For this reason, a statistical biasing method is implemented to
better inspect photon production via the bremsstrahlung interaction for simulation energies below 500 keV. This
method samples the bremsstrahlung cross section N,
assigns a weight of 1/N,,, -
deposition (e.g., Ivanchenko et al., 2014; Tinslay et al., 2007). In this study an N, value of 100 is used to

rems

times for every time a photon would be generated and

rems

to every subsequent photon and secondary particle scoring quantity, such as energy

smooth the X-ray spectral distributions. Figure 2 shows the influence of this method on the quality of the results,
with particular benefit for X-ray propagation at lower altitudes.

The energy range selected corresponds to realistic energies characteristic of the outer radiation belt (Li &
Temerin, 2001; Whittaker et al., 2013). The simulations implement energy via a monoenergetic beam, with
energies spaced approximately logarithmically from 10 keV to 10 MeV. A variety of energy distributions can be
evaluated using these beam energies as control points and using the corresponding normalized function value as
a weight to apply to a linear summation. This same method can be performed with mono-pitch angle beams to
reproduce arbitrary pitch angle distributions. This method is formalized via Green's function analysis in Section 5
for various quantities of interest, including atmospheric ionization rate. Additionally, in order to obtain various
quantities of interest from this model, a series of conversion factors is needed to relate the model outputs to
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Figure 2. Energy deposition per electron versus altitude profiles produced by simulating 10° electrons at energies of 10,
20, 50, 100, 200, 500, 1,000, 2,000, 5,000, 10,000 keV (red to blue). Each profile is run with a 100x numerical bias toward
bremsstrahlung enabled. A comparison with and without the biasing method is shown here using an isotropic pitch angle
distribution.

physical quantities. These conversion factors relate energy deposition to ionization and number of particles run in
the simulation to flux units, and are described below.

A conversion factor is needed to relate energy deposition rate in the atmosphere to atmospheric neutral ionization
rate. In the work of Fang et al. (2008) and Xu et al. (2020) an average first ionization energy of air, denoted in
this work by #, from electrons transiting a unit distance is assumed to be a constant 35 eV cm pair~!, however
the average first ionization potential of a mixed gas is a function of gas mixing ratios and therefore of altitude
in the atmosphere. An alternative to the constant ionization potential assumption are the simulation results of
Krause (1998) where a relativistic electron beam is simulated through the atmosphere. It's found that an affine
function of the following form provides a better estimate for ionization in the atmosphere:

0
n(h) = no + £ “h )
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valid for altitudes i between 45 and 240 km, with 7, = 39.78 eV cm pair~' and a slope parameter of
onloh = —0.03 eV cm pair~' km~'. This formulation yields ionization energies that vary up to 10% from the
constant 35 eV c¢m pair~! assumption, but more importantly the ionization rate conversion is now a function of
altitude, so the shape of the altitudinal ionization profile is affected. For simplicity, the results shown herein use
the constant 35 eV c¢m pair~! conversion and the software package described in Section 7 enables the conversion
factor described by Equation 1 for higher accuracy.

In order to translate the number of particles run N, in the simulation to a differential flux unit, a conversion factor
is needed. If we simply want total flux, that is, cm~2 s~!, we can choose an effective detection area AA ,and time
interval At to be unity, that is to say 1 cm? and 1 s, respectively, such that the number of particles run in the
simulation can be related to the number flux of electrons. However if we want to express our flux differentially
in angle space, an additional conversion factor is needed given the initial input pitch angle. In this work, we take
the equation

N, =—dt dQq (f(ks) ki) - (dAa ka )[ks- ks < O] )

where dQ,, is the differential solid angle that couples the simulation geometry and distribution momentum direc-
tion, f (1}3) k is the electron distribution in phase space, with momentum space vector k;, dA 4 describes the
differential geometry of the simulation surface with outwards surface normal k,, dt is the time in which electrons
pass through the surface dA,, and the bracketed term is the indicator function. The negative sign and indicator
function term enforce inwards directionality to particles on the surface of the simulation. We can express the dot
product between the momentum direction of the beam and surface normal as a function of mono pitch angle
ks - ks = cos(ag)in order to obtain the relationship between number of particles simulated and differential flux
in terms of integral flux f,. Finally, the indicator function restricts the limits of integration to 7/2 to remove the
effect of anti-Earthward directed electrons:

N, 27 /2
— = f / / cos(ap) sin(a) da dO 3)
dr dAs " S Jo

The conversion factor from integrating over the hemisphere is then purely a function of the angle at which the
beam is directed through the simulation surface normal:

1 N,

0= oSty dt dA,

C)

which represents the relationship between a desired differential flux in units of cm=2 s~! sr~! from N, particles

run in a simulation at mono-pitch angle a,. When the beam is field-aligned, the normalization factor is 27 and the
conversion factor is also well behaved at o, = 90° since the number of particles passing through the simulation
surface N, vanishes at that angle. Once properly normalized, the flux can be scaled multiplicatively since we
assume EPP is a linear process, that is, electrons do not sufficiently interact with each other. Further, this flux
can be made differential in energy by multiplying with an energy distribution function in units of keV~! that
integrates to unity.

The Geant4 model is run on a supercomputer across five nodes using 40 cores per node, parallelized across one
thread per core. In order to evaluate variation information for a given simulation, 103 particles are split evenly
between 40 simulation threads in order to produce histograms from 2,500 electrons/thread. The sample standard
deviation is calculated across the 40 output histograms and we conclude a sufficient number of particles have
been simulated since the standard deviation varies less than 0.01% from the mean. The 40 histograms are then
summed and divided by the number of particles run, in addition to the conversion factor described in the previous
section, to convert to differential flux units. The runtime for the full simulations are on the order of 3—4 days for a
run with 19 energies X 15 pitch angles, with the higher pitch angle simulations taking significant more time than
lower pitch angles due to the longer path length traversed by those electrons.

The methods described in this section are a description of the treatments applied to the raw data output by the
model, which include histograms of: (a) weighted energy deposition per altitude bin, (b) a particle's weighted
energy passing through a 2D energy-altitude bin, and (c) pitch angle and energy recorded at 500 km. These
outputs and their physical meanings are discussed in the next section.
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Figure 3. (Left) Green's function energy deposition (proportional to ionization rate) response to mono-energy mono-pitch angle inputs, normalized to integrate to
unity. Variation in pitch angle from field-aligned (0°, green) to near the edge of the loss cone (70°, blue) is shown, at pitch angle spacing Aa = 5° and variation in
pseudo-log-spaced energies denoted on the plot, with peaks descending in altitude. (Right) Mono-energy, sine pitch angle distribution inputs, energy deposition profiles
showing the relative energy deposited per input beam. These profiles are normalized to 10* precipitating particles at each energy.

4. Model Results

The first primary outputs from the simulation are altitude distributions of energy deposition into the atmosphere,
shown in the left plot of Figure 3. The right plot of this figure shows the results of a single energy E, and pitch
angle «, profile normalized by the input energy flux so that they integrate to unity. The right plot of Figure 3
shows the same profiles but weighted by a sine function in pitch angle in order to show the relative amount of
energy deposited per mono-energy beam. These profiles can be directly converted into ionization rate using either
a constant 35 eV cm/pair assumption or, for higher accuracy, the conversion factor described by Equation 1. The
input energy is varied from 10 keV to 10 MeV using 19 pseudo-logarithmically spaced points and the input pitch
angle at 300 km is varied from 0° to 70° with Aa = 5° resolution, which extends near the edge of the loss cone at
300 km of 73°. These profiles are the basis functions G(E, E,, a, a/.) of the Green's functions method and can be
combined to estimate ionization from an arbitrary input electron spectrum and pitch angle distribution.

Two main features stand out in Figure 3. First, a small variation in peak ionization altitude h(/,,,) with pitch angle
is evident, with more field-aligned pitch angles depositing slightly lower in the atmosphere and with a sharper
ionization peak. Secondly, the main source of variation is with beam energy, where the altitude of peak ionization
descends about 20 km per decade of beam energy increase, with a slight pitch angle dependence: this variation in

altitude of maximum ionization is shown in Figure 4.

The second set of primary outputs from the simulation is composed of altitude-energy histograms that are
processed using the conversion factor in Equation 4 to produce number flux of electron and photon species at
1 km steps from 10°-10* keV in 100 logarithmically spaced bins. Figure 5 shows beam energies of 500 keV and
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5 MeV, both of which are averaged with identical weights over pitch angle
(i.e., an isotropic pitch angle distribution). The transition region where the
majority of the main electron beam flux is converted into secondary electron
and photon flux in a small altitude window is a function of beam energy and
is at approximately 65 km for 500 keV and 45 km for 5 MeV in Figure 5,
which is reflected in the energy deposition profiles as well. From that primary
peak and below, the energy is transported Earthwards via electromagnetic
shower, where a primary electron creates a bremsstrahlung photon which
propagates and creates a free electron from Compton scattering, which itself
can be of substantial energy to create another bremsstrahlung photon, until
the energy from this cycle is absorbed into the atmosphere. At beam ener-
gies approximately greater than 200 keV this phenomenon tends to create a

Altitude of lonization Maximum h(l,ax) [km]

-100
-90
-80
-70
-60
-50
coherent secondary ionization peak at lower altitudes. The magnitude of the
3 4 lower, secondary peak is proportional to the magnitude of the primary peak,
10 10 L " . .
as well as the initial beam energy. Additionally, due to the rapid evolution

of the photoelectric cross section at low photon energies, a portion of the

Figure 4. Altitudes of maximum ionization for mono-energy, mono-pitch altitudinal photon spectrum is strongly attenuated at energies below ~30 keV,
angle electron beams versus the input beam energy and pitch angle. A strong which presents as the “bite” taken out of the lower left corners of the photon
dependence on input beam energy and a weaker dependence on input pitch spectra in Figure 5.

angle is shown.

In addition to observing the precipitation process through altitude and

energy, these histograms can be used to create secondary or derived simula-
tion outputs. The first derived output is electron and photon backscatter, which can be inferred from the results
at the top of the model since 500 km is sufficiently above the neutral atmosphere for electrons to be considered
reentering purely magnetized motion and ray-like propagation paths for photons. Figure 6 shows the backscatter
efficiency in electron number flux, including the effects of secondary production (such that the percentage of
backscattered particles can theoretically exceed 100%), over input beam energy and pitch angle. The second
derived output is electron and X-ray spectra at any specified altitude, which can be obtained by averaging over
a slice of the histogram in altitude. The minimum altitude resolution for any derived output is the 1 km bin size
directly output by the simulation.

The energy and pitch angle of atmospherically backscattered electrons at 500 km altitude is recorded in order
to evaluate the coupled energy-pitch angle distribution. This work supports the conclusions of the modeling
performed in Marshall and Bortnik (2018) where a dependence on electron energy and pitch angle to precipita-
tion likelihood is found. An interesting implication of Figure 7 is that a portion of the backscattered flux re-enters
the trapped region and will not necessarily precipitate on subsequent bounces into the conjugate hemisphere.
These particles backscattered into the trapped population above 100 km altitude such that they remain trapped
unless acted upon by wave-particle interactions further out in the magnetosphere. The phenomenon of re-entry to
the trapped population is more likely for electrons with high initial pitch angles.

By averaging a slice of the photon altitude-energy spectrum in altitude, such as the histograms in Figure 5, we
can obtain X-ray spectra at various altitudes. Figure 8 shows the average X-ray spectrum over 25-35 km and over
250-300 km for a range of simulation energies. This derived product is especially useful since X-rays can be used
as an observable for precipitation inversion problems, such as the case study in Section 6.2. The characteristi-
cally peaked shape of the bremsstrahlung X-ray distribution at 60 keV is a product of the composition of Earth's
atmosphere and the electron-neutral bremsstrahlung cross section, and is therefore somewhat consistent across
a wide range of energies and altitudes. The change in the slope of the high-energy tail of the photon distribution
is indicative of the driving electron spectrum at all altitudes, in addition to the total number of photons produced
since bremsstrahlung efficiency is energy-dependent. Above the atmosphere, the slope of both the high and low
energy tails can be related to the driving electron spectrum.

Other notable features of Figure 8 include absorption of the lower energy portion (<20 keV) of the X-ray spec-
trum before that portion of the spectrum can propagate to altitudes lower than ~40 km, which is shown in Figure 5
and supported by the work of Frahm et al. (1997) as well as observations from Balloon Array for RBSP Relativ-
istic Electron Losses (BARREL). This effect, in addition to instrument limitations, poses a difficulty to balloon
missions aiming to measure the X-ray spectrum as the <20 keV portion of the spectrum includes important
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Figure 5. Altitude-energy histogram plots of number flux from (top row) a 500 keV and (bottom row) 5 MeV electron beam at an isotropic pitch angle distribution,
showing (left column) electron flux and (right column) photon flux. The input flux for both energies is 10* cm=2 s~! sr~! keV~!.

information on the precipitating electrons. X-ray spectra and electron pitch angle are not clearly related; the
major effect seen in the X-ray spectrum by varying pitch angle is in the number of electrons available to produce
bremsstrahlung X-rays at a given altitude. Therefore, higher pitch angle electron inputs have higher backscatter
rates and do not reach as low in altitude as low pitch angle inputs. This in turn reduces X-ray production and
requires X-rays to transit a longer path length through the atmosphere to reach balloon altitudes, which can further
attenuate the low energy portion of the X-ray spectra that reach these altitudes.

Finally, we investigate the effect of the inclination of the magnetic field on ionization profile. The extra distance
traveled by an electron through the atmosphere can be found at a geomagnetic latitude A with the expression for
inclination @, in a dipole field

tan(;) = 2 tan(A) )]
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Figure 6. Total backscatter from with an input beam energy E, and pitch
angle a, at injection altitude 300 km. At low energies and high pitch angles,

only 2/3 of the loss cone population is precipitating in one bounce interaction

with the atmosphere.

which can be used to calculate the excess distance traveled by an electron
along a magnetic field line, relative to the vertical: sec(z/2 — tan~'(2 tan(4))).
At the lower limit of the latitude investigated at 45° the extra distance traveled
relative to a purely vertical magnetic field is approximately 12%.

These effects are compared to the variation that occurs from atmospheric
profile variation with latitude. An atmospheric rescaling method is used in
this work which involves a remapping of the ionization profile according
to the cumulative integral of the atmospheric density (Xu et al., 2020). It's
found that the variation of the ionization profile due to magnetic inclination
is small relative to the variation of the atmosphere with latitude, which has a
more significant effect on the ionization profile.

5. Forward and Inverse Methods to Estimate Precipitation
Characteristics

A key application for this model is in the generation of observable quantities
for the largely unobservable geometry of EPP. Enhanced ionization rates (or
indirect effects from these perturbations) and X-ray photons are two of the
primary ways that EPP is measured indirectly. This section provides a frame-
work to relate the results from this model to realistic electron energy and

pitch angle distributions.

The simulation input space is a series of mono-energetic and mono-pitch angle beams 6(E — E,, & — ;) at electron
beam energy E; and input pitch angle at 300 km a;, from which we can use a Green's function method to solve
an inverse problem; that is to say, we want to estimate the initial condition at the top simulation boundary given
observations (measured or simulated) from within the simulation volume. A similar approach is taken in Xu and
Marshall (2019) and Patrick (2022). The formalism used here is similar to Omura et al. (2015): we take EPP to
be a linear process, that is, there is no self-interaction within the electron beam and the neutral atmospheric state
is not modified significantly with an impulse of precipitation. We then write the process of atmospheric response
(e.g., X-ray production, ionization) as a linear differential operator £ that operates on a quantity of interest u(x, /)
at altitude / in response to precipitation forcing spectrum f(E, ) that describes electron spectral and pitch angle
distribution. For example, we can take the differential bremsstrahlung X-ray spectrum u(E) at a given altitude as
our quantity of interest, where E, is the photon energy:

L[u(E))]| = f(E, ) ©)

which by ansatz we assume has an integrable Green's function G(E,, a;, E) relating an impulse in the electron
energy and pitch angle space to an output in X-ray spectral space, from which we can formulate an inversion
problem to estimate f given u:

L[Gl=6 @)
L7'8(E - Ei, a—a))| =G(E:,a;, E,) ®)

Since we now have the Green's functions from the Geant4 simulation for a variety of input (E,, aj), we can decom-
pose our source spectrum f(E, a) as a summation of Dirac delta functions, each with differential intensity from
the Green's function coefficient matrix Sl.j:

N M
fE.)~ Y Y Sy 8(E-E;, a-a) ©)
i=1 j=1

where the two sides are equal in the limit of N, M — co. In this case, N and M are the number of energy and pitch
angle bins, respectively. We can form the beam intensities by evaluating a spectrum of interest, for example, an
exponential energy distribution with folding energy E, and sine pitch angle distribution, S; o exp(E/E,) sin(a)),
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Figure 7. (Top) An example of the coupled energy-pitch angle distribution recorded at 500 km that is output from the model. This distribution comes from an input
energy of 200 keV and input pitch angle of 50°. (Bottom) Profiles that are integrated (left) through initial pitch angle to show backscattered electron energy spectra per
input pitch angle and beam energy, and (right) integrated through input beam energy to show pitch angle distributions of backscattered electron per input pitch angle.
These spectra are recorded at 500 km altitude and are dominated by the primary beam energy with a long tail toward lower energies.

that allows for coupling between energy and pitch angle. We can then write the quantity of interest solution using
the set of intensities S;; € RN*M:

<

N
WE) =Y
i=1 j

The beam intensities Sl.]., which are defined on [0, o), can be found through a variety of fitting methods; for

Sij G(Ei,aj, Ey) (10)
1

X-ray spectrum fitting a logarithmic least squares minimization works well in test cases. The formulation for this
process is to fit the maximum likelihood spectrum u,,, (E, ;) to data g(E, ) at each energy bin k and then sum the
logarithmic least squares cost function

. . E0\)
SML = arg min wi(log u(E, ) — log g(E, x))* = arg min w <10 (u_,)) 11
ij gS,,- zk: k(log u(Ey k) — log g(Eyx)) gSu ; k| log 2,0 an
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Figure 8. X-ray spectra generated from Geant4 model runs, (left) averaged from 25-35 km and (right) 250-300 km with isotropic pitch angle and mono energy beams
with energy E,. The energy of peak flux and slope of the tail increase with increasing E,,. Note that beam energies of 10 and 20 keV are absent from the left plot since
those electron energies do not generate X-rays that reach 25-35 km altitude.

where w, are optional weights for each data point and u(E)) is generated iteratively through Equation 10. The
maximum likelihood Green's function coefficient matrix Sl.’y L is ultimately found via the Limited-memory
Broyden—Fletcher—Goldfarb—Shanno (L-BFGS) global minimization algorithm, which can be run on a personal
laptop and allows for a large number of spectral Green's functions to be used (Dai, 2002). The logarithm cost
function better emphasizes the smaller numbers in the high energy tail of the X-ray distribution than a linear least
squares cost function. The high energy X-ray component is proportional to the high energy electron component,
which is important since the highest energy electrons penetrate deepest into the atmosphere and cause X-ray
production and ionization at the lowest altitudes.

An example of the latter portion of the Green's function method is shown in Figure 9 where an exponential
energy distribution with folding energy E; = 100 keV and sine pitch angle distribution are recreated using the
Green's function coefficient matrix S;. Slices of the normalized X-ray spectrum for three altitudes are also plot-
ted, illustrating- for the same precipitation event- the range of photon spectra that is measurable. The inversion
portion of this method is shown in the case studies in Section 6.

Using this same method, an ionization spectrum versus altitude can be generated from forward modeling loss
cone data with linear combinations of the Green's function for ionization at a single energy and pitch angle. In
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Figure 9. (Left) Photon altitudinal spectra for a precipitation event with differential flux 10° cm=2 s~! sr~! keV~! and exponential energy distribution with folding
energy E, = 100 keV. Note the low flux bins in the lower left-hand corner are from noise. (Right) X-ray spectra averaged at altitudes 30, 60, and 150 km, averaged over
a +5 km altitude bin.
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theory, any observable generated by this model can be used to estimate precipitation parameters, however some
observables contain less information than others. For instance, X-ray observations are not particularly sensitive
to pitch angle. For a further analysis of precipitation inversion via X-ray observations, see Patrick (2022). A 2D
fitting process is performed in Section 6.3 using spacecraft 2D electron-pitch angle data at 500 km altitude.

Since we are using a finite number of beams N X M, a degree of uncertainty is introduced in the reconstruction
of the forcing function f{E, a). Instead of Dirac delta functions, we can let our EPP forcing spectrum be an arbi-
trary smooth function, or combination of smooth functions, that we can use in the inversion problem. Xu and
Marshall (2019) and Patrick (2022) show the extent of successful reproduction of various forcing distributions
using mono-energetic beams. Various other choices of EPP forcing function include a single exponential distri-
bution, or sum of exponential distributions characterized by folding energies, or power law distributions char-
acterized by spectral coefficients. Studies of these distributions are left to future work since there is a dearth of
coincident X-ray and in-situ electron measurements that are needed to validate the use of different spectral distri-
butions. Interestingly, an example of a successful inversion using X-ray and electron data has been performed at
Jupiter in the work of Mori et al. (2022).

6. Model Validation Through Case Studies

We aim to verify that the model results are quantitatively accurate and are not dissimilar from the previous
model of Xu et al. (2020). The authors of Xu et al. (2020) compare their work with the previous model of Fang
et al. (2008, 2010), which in turn compares to the older, purely analytical model of R. Roble and Ridley (1987)
so the progression of model accuracy can be discerned.

In addition to a comparison with previous work, we aim to validate the model observables and inversion meth-
ods using electron and photon measurements, both in situ and remotely sensed. In this section we present two
case studies. The first case study analyzes X-ray spectra measured by the BARREL balloon campaigns while
the FIREBIRD spacecraft was in magnetic conjunction to measure the electron spectrum in situ. The second
case study uses electron energy-pitch angle measurements from the Electron Loss and Fields Investigation with
a Spatio-Temporal Ambiguity-Resolving (ELFIN) CubeSat missions to forward and inverse model atmospheric
ionization.

6.1. Comparison With Previous Models

Figure 10 shows the difference in ionization profile between this work and the results of Xu et al. (2020), which
do not include photon and subsequent secondary electron transport to lower altitudes. For this study, the same
reference atmosphere and input space are used to compare the two models. Geant4 predicts lower altitudes of
maximum ionization than Energetic Particle Monte Carlo (EPMC) at beam energies less than 50 keV and higher
peak altitudes at higher beam energies. Notably, the bremsstrahlung secondary peak extends much further down-
wards in altitude than the primary ionization peak but is generally two orders of magnitude lower in deposited
energy, which may be an important effect in radiation dose at airline altitudes (Tobiska et al., 2016, 2022).

Figure 11 shows a comparison between EPMC simulation results from Xu et al. (2018), where photon transport
is handled by a separate model, and the Geant4 simulations across a larger range of energies at two discrete
pitch angles. A peak that is both higher and more narrow in altitude is seen in the Geant4 results, in addition to
more ionization below the main peak from photon and secondary electron transport. For higher energy electrons
beams, the EPMC and Geant4 results match more closely in the secondary peak. This matches with the prediction
in K6hn and Ebert (2014) which states the EPMC regime of bremsstrahlung cross section validity is 7w < E,.
This approximation in the EPMC implementation should mainly affect the lower, secondary ionization peaks,
and the specific ways in which the cross section deviates from a more accurate bremsstrahlung cross section is
described by Kohn and Ebert (2014).

6.2. X-Ray Production in the Stratosphere

The goal of this case study is to analyze a time window in which X-ray data measured from within the atmos-
phere and in situ electron spectra are detected from above the atmosphere during the same precipitation event in
a reanalysis of B. Anderson et al. (2017) using the results of this work as an atmospheric forward model. In this
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Figure 10. (Left) Geant4 (solid lines) and Energetic Particle Monte Carlo code (Xu et al., 2020) (dashed lines) normalized energy deposition profiles with an isotropic
pitch angle distribution at six energies up to 500 keV. (Right) Altitude of the maximum ionization peak with electron beam energy.

study, the EPP phenomenon is specifically microburst precipitation, which is associated with high energy precip-
itation on small spatial and temporal scales which may have a significant impact on the atmosphere (Seppild
et al., 2018; Shumko et al., 2018; Zhang et al., 2022). Additionally, microburst precipitation is associated with
a slowly varying (5-15 s period) X-ray signal that has been measured from balloon and rocket X-ray payloads
(Tsurutani et al., 2013). In this study, balloon X-ray measurements are made from the BARREL mission and
in-situ electron measurements from the FIREBIRD-II CubeSat mission.

The BARREL missions were a series of stratospheric balloon flights in Antarctica and Sweden that achieved
altitudes of >30 km for extended periods of time to study X-ray production from EPP with an upwards (verti-
cal) look direction (Millan et al., 2013). The balloon launches overlap with the Van Allen Probes era, although
conjunction data are not always available depending on the location of the Van Allen Probes spacecraft along
their orbits (Fox & Burch, 2014). The payloads were sodium iodide (Nal) scintillators with 256 energy channels
ranging from 20 keV-10 MeV with an energy-dependent geometric factor. Data from 13 August 2015 from B.
Anderson et al. (2017) is selected when the balloon is at approximately L = 6.

FIREBIRD-II was a pair of 1.5 U (“unit,” where 1 U = 10° cm?®) CubeSats at a close spatial separation which
aimed to determine the scale sizes of precipitation regions. They each had two detectors: a surface detector with
anearly 2z sr field-of-view and a collimated detector with an approximately 45° field-of-view (Crew et al., 2016;
Johnson et al., 2020). The electron data reported in B. Anderson et al. (2017) is in counts per energy channel, so
the energy-dependent geometric factors from Johnson et al. (2020) are used to convert counts to physical flux
units, then an estimate of the electron flux and spectrum at various times in the conjunction are made and are
shown in Figure 14. The FIREBIRD satellite had a “wobble” period that is described in B. Anderson et al. (2017)
that implies the detectors were sampling portions of the trapped, loss cone, and anti-loss cone populations. For
this reason, the surface detector is taken as the more consistent measurement of flux as the larger field-of-view
measurement should vary less in angular coverage of trapped versus non-trapped electrons than the collimated
detector, given the spacecraft's changing look direction. However, for the same reason, the omni-directional
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Figure 11. Comparison between ionization profiles generated by Xu et al. (2018) (dashed lines) and the Geant4 model presented in this work (solid lines), both of
which include photon tracking to lower altitudes. (Left) Simulation run at 0° pitch angle, and (right) 45° pitch angle for energies 100 keV (black), 1 MeV (blue), and

10 MeV (red).

surface detector was subject to more background noise than the collimated detector: the energy-averaged ratio
of geometric factors between the surface and collimated detectors is 2.6, while measurements reflect a factor
of 10x more counts in the surface detector than the collimated detector. Additionally, FIREBIRD was spatially
separated from the magnetic footprint where BARREL detected X-rays. For these reasons, we only use the meas-
ured electron spectra as a reference for the electron spectra produced by the X-ray inversion method and not as a
target of the fitting procedure. Using the Green's function inversion method, the electron spectrum is estimated
via 2-parameter distribution (one spectral shape parameter and one integrated flux scaling parameter) fits to the
X-ray data.

The inversion method described in Section 5 requires physical flux units in place of instrument counts, so the
following actions were taken to infer the BARREL instrument response to X-rays. An energy-agnostic geometric
factor is calculated from the surface area of the 3 inch tall X 3 inch diameter Nal scintillator crystal, excluding
the bottom light-collecting surface, and multiplied by 7 sr field-of-view which results in a geometric factor of
716 cm? sr (B. Anderson et al., 2017). This geometric factor over-estimates X-ray flux at both high and low
energies due to X-ray absorption in the housing material at low energies and the diminishing photon-matter
interaction probability at high X-ray energies. At low energies, these regions are outside the lower end of the
fitting range, and at high energies, the measurement is dominated by background counts, so these effects are less
substantial on the inversion accuracy versus other systemic factors, for example, measurement uncertainty. The
processed measurement for the earlier of the two microburst events described in B. Anderson et al. (2017) at
07:55:47 UT is shown in Figure 12 relative to the atmospheric background model.

The background model is an empirically derived spectrum from a survey of BARREL observations that repre-
sents the average atmospheric contribution to X-ray measurements. A variety of line transition and other spectral
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Figure 12. (Top) Balloon Array for RBSP Relativistic Electron Losses (BARREL) background-subtracted X-ray differential flux are shown as orange and purple dots
in relation to the atmospheric background model which is shown as a solid red line. These points show measurement uncertainty with bars and the points in orange
indicate the portion of the X-ray spectrum used in the inversion process. The black dashed and dotted lines correspond to the X-ray spectra generated by a kappa and
exponential energy distribution of precipitating electrons, respectively. (Bottom) The residuals between the Geant4 X-ray spectrum and background model versus the
BARREL measurements within the fitting region of 50400 keV.

peaks are included in the background model using Gaussian functions with the most prominent being the 511 keV
annihilation line. Ultimately, the background model is subtracted from the BARREL count data in order to
examine the contribution from EPP. The background model is plotted in Figure 12 as a red line along with the
background-subtracted BARREL counts at points.

The log-least squares cost function from Equation 11 is employed over a parameter space of (a, f,) for a
1-parameter kappa distribution of the form

f(E) = fo ala+ E®)~ /e (12)

where « is the shape parameter. The parameter space for exponential distributions is (E,,, f,) for energy distribu-
tions of the form

— L —-E/Ey
f(E)=fo ¢ (13)
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Figure 13. (Top row) The weighted log-least squares cost function evaluation score for the parameter space of (a, f;) and (E,), f;) for kappa and exponential energy
distributions, respectively. The regime of minima indicate equally likely inversion spectra estimates within the fitting regime shown in Figure 12. (Bottom row) The
same parameter space scored with a y? cost function over the 19 points within the X-ray spectrum fitting region.

where E is the folding energy of the spectrum, and for both equations f; is the energy-integrated electron flux.
The weights for the cost function are inversely proportional to the measurement uncertainty shown in Figure 12
and normalized to unity. Within the fitting region of 50-400 keV both proposal precipitation spectra show a high
degree of agreement but vary substantially outside of the fitting region. Qualitatively speaking, a similar X-ray
spectrum can be generated by a high flux of medium energy electrons or low flux of high energy electrons, which
leads to ambiguity between the electron flux and characteristic energy parameter based on the choice of input
energy distribution and highlights the non-uniqueness of this inversion problem.

The resulting score of the log-least squares minimization grid search is shown in the top row of Figure 13, above
the y? score for the same parameters in the bottom row for reference. The electron distribution parameter sets
that realistically reproduce the X-ray spectrum shown in Figure 12 exhibit an approximately linear relationship
between the two-parameter fits in semi-log space. The range of parameters that represent the minima of the elec-
tron spectral distribution spaces are within the range a € [1.67, 2.46] and f;, € [1.77 x 105, 8.42 x 107] cm~2 s~!
st~! for the kappa distribution and E, € [110, 200] keV and f; € [4.4 X 103, 4 X 10*]cm~2 s~!sr~! for the exponen-
tial distribution. The valleys of cost score minima shown in Figure 13 create a manifold of potential precipitating
electron spectra, that, without further constraints, are equally likely to have caused the observed X-ray spectra in
a maximum likelihood sense. The 1-parameter kappa distribution performs similarly well in the inversion process
to a power law distribution of the form E~T with spectral index I'. The range of electron spectra that satisfy the
cost function minima are plotted with a finite resolution over FIREBIRD measurements in Figure 14.

From comparing the range of realistic electron spectral inversion estimates to in situ electron measurements,
the Geant4 X-ray production and transport modeling is validated, and the inversion process viable. Future work
toward a higher-confidence inversion of balloon-measured X-ray spectra to precipitating electron spectra may
be possible by analyzing events with a more significant detection of the X-ray high-energy tail and by including
more uncertainty modeling, for example, the background model uncertainty. Further, by propagating measure-
ment, background, and X-ray generation and transport uncertainties through the inversion process, spectral error
bars can be included in this analysis.

6.3. Atmospheric Backscatter of Radiation Belt Electrons

In this case study, we consider the population of energetic electrons that are backscattered by the atmosphere,
which is an observable quantity from this model. This population includes the case of electrons that have pitch
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Figure 14. In situ electron measurements from the FIREBIRD 180°-FOV surface detector (top plot) and 45°-FOV collimated detector (bottom plot) electron spectra
during the approximate conjunction between FIREBIRD and Balloon Array for RBSP Relativistic Electron Losses, where earlier spectra are in blue and progress to red.
The spectra are averaged over 13 s windows, and the first two channels of each FIREBIRD detector are removed due to noise. The light blue region shows the regime
of viable electron kappa distributions and the green shows viable exponential energy distributions. The black lines indicate the electron spectra that generated the
corresponding style line X-ray spectra in Figure 12.

angles within the loss cone but ultimately are not lost to the atmosphere, as well as the case of secondary elec-
tron production in the upper atmosphere where those newly produced electrons rejoin the free electrons in the
radiation belts undergoing cyclotron motion. The former process can occur through electron-neutral pitch angle
scattering that reverses the field-aligned component of an electron's momentum vector, and the latter case can
occur from impact ionization in which the secondary electron's momentum vector is anti-Earthwards. These two
populations are separate in origin, but to a low-Earth orbit (LEO) spacecraft may be indistinguishable in meas-
urement. This process has wide reaching implications for magnetosphere-ionosphere coupling and the generation
of diffuse aurora, atmospheric electrodynamics, and electron lifetime calculations (Khazanov & Chen, 2021;
Marshall & Bortnik, 2018; Selesnick et al., 2004).

The Geant4 model predicts a certain amount of electron backscatter per injected electron beam for a given input
energy and pitch angle. We seek to validate that these model results accurately describe the electron backscatter
phenomenon with in-situ electron data. Selected for this study is the ELFIN mission: a pair of CubeSats that spin
in order to measure the full pitch angle distribution of electrons from 63 keV-6 MeV in a LEO orbit of 450 km
altitude (Angelopoulos et al., 2020). These data are well suited to estimate both precipitating electrons in the loss
cone as well as backscattered electrons in the anti-loss cone.
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Figure 15. (Left) Electron Loss and Fields Investigation with a Spatio-Temporal Ambiguity-Resolving 2D energy-pitch angle data averaged over 144 events during
electromagnetic ion cyclotron wave-driven precipitation measured at 500 km altitude. (Center) Integration of the 2D data over the pitch angle dimension to show energy
spectra per pitch angle bin using 10° pitch angle bin sizes. Light green denotes pitch angles within the loss cone, dark green are trapped population angles, and blue are
anti-loss cone pitch angles. (Right) Integration of the 2D data over the energy dimension to show pitch angle distribution per energy bin. Red are lower energy bins and
blue are higher energy bins. The dashed lines represent the edges of the loss cone and anti-loss cone, respectively, and the solid line is at 90°.

In this section, we use the ability of ELFIN to directly measure backscattered electrons to validate the Geant4
model. We use the energy and pitch-angle distributions in the public catalog of precipitation events likely
associated with electromagnetic ion cyclotron (EMIC) waves, provided by Capannolo et al. (under review 2023).
Electromagnetic ion cyclotron waves preferentially precipitate ~MeV energy electrons into the Earth's atmos-
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Figure 16. The top row shows the anti-loss cone portion of the 144 event-averaged Electron Loss and Fields Investigation with a Spatio-Temporal Ambiguity-Resolving
data from Figure 15 (solid lines) and a 2D surface fit (dashed lines) to the data, where the left plot is an integration of the 2D data over pitch angle to show the energy
spectra and the right plot is an integration over the energy dimension to show pitch angle distributions. The various series in the left plot are using 20° bin sizes and the
black line is the integral over the entire pitch angle dimension. Similarly, the right plot shows varying energy bin size and the black line is the integral over the entire
energy range. The bottom row of plots show the residuals between the data and the surface fit per data series.
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phere and are also associated with strong proton precipitation (Blum et al., 2020; Carson et al., 2013; Capannolo,
Li, Ma, Chen, et al., 2019; Capannolo, Li, Ma, Shen, et al., 2019). Within the scope of this work, the exact wave
driver of the precipitation is not essential; however, the Capannolo et al. (under review 2023) catalog is public
and events have been carefully selected to avoid possible instrumentation errors and are processed to remove
noise (e.g., from low electron counts). More details on the analysis can be found in Capannolo et al. (under
review 2023). For our validation case study, we use data averaged over 144 ELFIN events that were recorded
during EMIC wave-driven precipitation activity. Figure 15 shows the average 2D pitch angle-spectra measure-
ment from ELFIN, which is in differential flux units of cm~2 s~! sr~! MeV~!. The data is configured such that the
bounce loss cone is between 0°—66°, 114°-180° is the anti-bounce loss cone, and between those angular ranges
are the trapped population of electrons.

Two methods are employed in this analysis, both of which are ultimately used to estimate atmospheric ioniza-
tion profiles, which are a vital output of this model for atmospheric modeling: the first involves inverting the
ELFIN-measured anti-loss cone distribution and the second involves forward-modeling the ELFIN-measured
loss cone distribution. To generate ionization profiles from these two methods, the total input energy flux is
calculated from either the loss cone flux data directly or from the inversion estimate of loss cone flux, then used
as a constraint on the total integrated ionization. An integral over solid angle and energy of the measurement

provides the total precipitating energy flux

where f(E, a) are the spectral-pitch angle data, E, and E,

Epigh  farLc
/ ' / f(E,a)- E sin(a) da dE (14)
0

Ejow

o nig Are the lowest and highest energy bins, respectively,

and q, . is the angular extent of the loss cone, which is 66° on average at the ELFIN spacecraft altitude. This

integral returns the input energy flux to the model in units of eV cm~2 s~!, which is divided by 35 eV cm pair~!

(described in Section 3) to obtain ionization rate in units of pairs cm™ s
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Figure 17. Predicted atmospheric ionization response from Electron Loss
and Fields Investigation with a Spatio-Temporal Ambiguity-Resolving data,
performed with the methods described in Section 6.3: method 1 (blue) fits a
surface to backscattered electron data and inverts to ionization profile, and
method 2 (red) directly forward models loss cone data. The dotted lines shows
the ionization rates caused by electron ionization, the dash-dotted line shows
corresponds to photoionization, and the solid line is the sum of the two.

-1

The inversion method is performed by fitting a surface to the electron
backscatter spectrum and recording the Green's function coefficients used
to generate that surface. From there, a linear combination of the electron
input space (E,, o) is formed with the coefficients acting as weights. The
same weights are applied to the Green's function ionization profiles and
normalized by the loss cone input energy flux to ensure the correct amount
of column-integrated ionization. The results of the 2D surface fit and the
residuals are shown in Figure 16. The surface fit is biased to better capture
the behavior of the energy dimension of the 2D data versus the pitch angle
dimension since the ionization profile is a strong function of the shape of
the input electron spectrum, and is only weakly affected by the pitch angle
distribution. This case study is formulated to match the estimated ionization
profile generated from the forward and inverse methods, since that is one
of the outputs of this modeling effort. The corresponding ionization profile
versus altitude generated by this method is shown in blue in Figure 17.

The second method is a direct forward modeling of the ELFIN loss cone data
where the data are evaluated at the input control points (E,, o) to generate
weights for the linear combination method. The results of the forward mode-
ling are used as a control or “truth” value for this analysis and are shown in
red in Figure 17.

We find that the ionization profiles from these two methods match in general
shape characteristics, such as the altitude of maximum ionization and the
lowest ionization altitude. We conclude that this model can effectively gener-
ate ionization profiles using either direct loss cone measurements or backs-
cattered electron measurements, which is an indirect validation of both the
backscattered electron data as well as the Green's function inversion method
in 2D.
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7. G4EPP Software Package

The Python package G4EPP has been developed to allow convenient user access to the data generated by this
model, as well as a handful of analysis implementations that were used in this work. The software package is a
class-based implementation that allows users to import an application programming interface (API) into their
Python program and use the analysis methods directly in their code. Documentation for G4EPP implementation
is included in Jupyter Notebooks which provide example usages of the methods, and direct access to the Geant4
data products is offered through the API as well.

Ionization profiles versus altitude can be generated from arbitrary initial energy and pitch angle distributions.
Closed-form spectral distributions included in this package are exponential, power law, single and double
Maxwellian, and relativistic Maxwellian distributions. These are used are commonly used for radiation belt elec-
tron spectral modeling and also have been applied to Polar Operational Environmental Satellites Medium Energy
Proton and Electron Detector data. Additionally, the package offers the capability to convert from the reference
atmosphere taken at PFISR to various atmospheric profiles via a scaling method implemented in Xu et al. (2020).

8. Conclusions

A new model of EPP has been developed based on the Geant4 particle transport code. This code simulates EPP over
arange of input parameters and simulation conditions to produce a lookup table from which measurement-based
inversions can be performed to estimate precipitating electron parameters, including energy spectrum and flux.
This model offers improvements over previous works, which are compared to these results to verify this work.

The results of this model are validated using balloon X-ray and satellite electron data. Through this analysis,
the inversion techniques described are performed and return reasonable and realistic values for EPP parameters.
Finally, a Python package is described that allows for user access to these data.

Data Availability Statement

BARRELdatacanbeaccessedatbarreldata.ucsc.edu/data_products/andusingthe SPEDAS software (Angelopoulos
etal., 2019). ELFIN data are available at plots.elfin.ucla.edu/. The G4EPP Python software used for EPP analysis
in the study are available at github.com/GrantBerland/G4EPP via https://doi.org/10.5281/zenodo.8226181 with
the MIT license (Berland, 2023). Documentation and example usage are also at this GitHub link, as well as the
BARREL atmospheric background model. The data used for the EPP analysis is automatically downloaded by
G4EPP on first use or can be accessed separately at zenodo.org/record/8034275 via https://doi.org/10.22541/
essoar.168286498.89947288/v1 with the Creative Commons Attribution 4.0 International license.
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