
1.  Introduction
Energetic electron fluxes in the Earth's radiation belts vary significantly in response to resonant electron inter-
actions with whistler-mode waves (Shprits et al., 2008, and references therein). Such interactions can accelerate 
plasma sheet electrons to relativistic (e.g., Meredith et al., 2002; Millan & Baker, 2012; Thorne et al., 2013) 
or even ultrarelativistic (Allison & Shprits, 2020) energies, and pitch angle scatter energetic electrons into the 
loss cone causing their precipitation to the atmosphere (e.g., Millan & Thorne, 2007). This multifaceted role 
of whistler-mode waves makes them a key element of radiation belt dynamics (see discussion in Bortnik and 
Thorne (2007) and Thorne (2010)) and motivates investigation of whistler-mode wave characteristics and their 
relationship to electron precipitation (see Agapitov et  al.,  2013; Li et  al.,  2011; Meredith et  al.,  2001, 2012; 
Santolík et al., 2003; Wang et al., 2019). In addition to the importance of the wave frequency (which is typically 
fixed for very intense chorus mode waves, see Li et al., 2011; Tsurutani & Smith, 1974), there are two other defin-
ing wave characteristics: wave intensity (which determines electron scattering amplitudes, see reviews by Lyons 
and Williams (1984) and Schulz and Lanzerotti (1974)) and wave normal angle (which determines the resonance 
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energy range, see Albert, 2017; Artemyev et al., 2016; Lorentzen et al., 2001; Shprits & Ni, 2009), both of which 
vary with magnetic latitude (i.e., along magnetic field lines, or henceforth referred to simply as just latitude) 
(Agapitov et al., 2013, 2018; Santolík et al., 2014). The latitudinal profiles of these wave characteristics along 
field lines therefore define the relative efficiency of electron acceleration and scattering as a function of energy 
(e.g., Agapitov et al., 2018; Mourenas et al., 2012, 2014; Summers & Ni, 2008; Wang & Shprits, 2019). In particu-
lar, intense field-aligned whistler-mode waves can effectively resonate with relativistic electrons at mid-to-high 
latitudes since higher latitudes result in a monotonic increase of electron cyclotron-to-plasma frequency ratio, 
thereby increasing the minimum resonance energy (see, e.g., Summers et al., 2007; Thorne et al., 2005). Because 
intense relativistic electron precipitation is a fairly common observation (e.g., Artemyev et al., 2021; L. Chen 
et al., 2022; Grach et al., 2022; Mourenas, Artemyev, et al., 2022; Tsai et al., 2022), it is important to quantify 
the latitudinal extent of whistler-mode wave power that might enable such precipitation. This insight would help 
determine under what ambient wave propagation conditions and equatorial source properties mid-to-high-latitude 
wave propagation might take place.

Most intense whistler-mode waves are near-equatorial (≲20° in latitude) and are typically found at the nightside 
injection region (Meredith et al., 2012). Their near-equatorial localization has been attributed to the increasing 
wave obliquity expected with propagation away from their equatorial source (Agapitov et al., 2013; Breuillard 
et al., 2012; L. Chen et al., 2013) and their severe damping by Landau resonance with suprathermal electrons 
(e.g., Bell et al., 2002; Bortnik et al., 2007). This effect is moderated at the dayside, where low intensity waves 
are observed at much higher latitudes than at the nightside (Meredith et al., 2012). This moderation is attributed 
to wave propagation in the presence of gentler gradients in the ambient dayside magnetic field (due to magneto-
spheric compression), and the lower density of suprathermal electrons (Li et al., 2010; Walsh et al., 2020)—both 
of which reduce wave damping. Reduced damping then allows whistler-mode waves on the dayside to propagate 
up to 30–40° (Agapitov et al., 2018). This day-night asymmetry in the propagation latitude of whistler-mode waves 
has been used to explain the preponderance of relativistic microburst precipitation (i.e., very intense short-lived 
precipitation events, see Blum et al., 2015; Breneman et al., 2017; Douma et al., 2019; O’Brien et al., 2004; 
Zhang, Angelopoulos, et al., 2022) in the dawn-noon sector (see discussion in Thorne et al. (2005)). However, an 
observational determination of the midlatitude wave intensity needed to explain the precipitating fluxes of rela-
tivistic electrons has not yet been undertaken. In the past, this has been in great part due the lack of availability 
of keV to MeV energy electron flux data with sufficient energy resolution and precipitating-to-trapped flux ratio 
fidelity. Several recent case studies of relativistic electron microbursts have examined precipitating electron fluxes 
and energy ranges (e.g., L. Chen et al., 2022; Miyoshi et al., 2020, 2021) using ducted wave propagation (when 
wave rays are trapped by local density perturbations that form a duct along field lines, see general theory in, e.g., 
Helliwell, 1965; Karpman & Kaufman, 1982; Pasmanik & Trakhtengerts, 2005; Streltsov & Bengtson, 2020), that 
is, excluding any damping and wave intensity decay away from the equatorial source region. Both ray tracing simu-
lations and spacecraft observations have confirmed that even weak density perturbations can result in ducting (R. 
Chen et al., 2021; Hanzelka & Santolík, 2019, 2022; Hosseini et al., 2021; Shen et al., 2021; Yearby et al., 2011), 
while more effective ducting would allow waves to propagate so far that even ground-based VLF receivers can 
pick them up (e.g., Demekhov et al., 2017; Martinez-Calderon et al., 2016, 2020; Titova et al., 2017). However, 
statistical studies using ground-based observations (Douma et al., 2018; Martinez-Calderon et al., 2015; Simms 
et al., 2019) and mid-to-high-latitude spacecraft measurements have yet to yield an estimate of the occurrence 
rate of ducted waves due to their low occurrence rates and sparse coverage. As a result, the contribution of ducted 
waves to statistical wave power averages is likely smoothed out in current empirical models of whistler-mode 
waves (Agapitov et al., 2013; Meredith et al., 2012). Yet, it has been shown that even the infrequent presence of 
large amplitude, bursty, and likely ducted waves at midlatitudes could have an appreciable effect on radiation belt 
dynamics (Tsai et al., 2022). This study aims to use recently acquired, high energy and pitch angle resolution 
electron data from the ELFIN mission, to provide further insight into the contribution of high-latitude whistler 
waves to radiation belt electron losses.

We will compare directly measured precipitating electron spectra, as measured by the ELFIN CubeSats 
(Angelopoulos et al., 2020), to precipitation simulated in realistic plasma and magnetic field conditions, with 
typical whistler-mode waveforms and statistical models of wave power latitudinal and L shell distributions. This 
investigation is a natural continuation of several previous case studies demonstrating the potential importance 
of whistler-mode wave ducting utilizing ELFIN observations (Artemyev et al., 2021; L. Chen et al., 2022; Tsai 
et al., 2022). We judiciously select a number of precipitation events that span different MLT sectors and L shell 
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ranges to study with our simulation. Our test-particle simulations (Tsai et al., 2022) employ a synthetic empirical 
whistler-mode wave intensity model (Agapitov et al., 2018) detailed in Sections 2 and 3. We find that subrel-
ativistic electron precipitation is in good agreement with expectation from our simulation when utilizing prior 
models of statistically averaged wave power latitudinal distributions. However, relativistic electron precipitation 
spectra, especially on the nightside, cannot be explained by whistler-mode wave-scattering of electrons from the 
same statistically averaged wave power latitudinal distributions. This mismatch therefore suggests that a transient 
population of mid-to-high-latitude whistler-mode waves must be present to enable bursty and energetic precipita-
tion, but remain ephemeral enough so as to not increase the wave power averages in statistical models. We present 
our results for individual events in Section 4. Section 5 covers statistical results using our test-particle model 
and ELFIN observations with wide MLT coverage. In Section 6, we conclude with a summary of our results and 
possible approaches for inclusion of ducted whistler-mode wave population into radiation belt models.

2.  Data Sets
The polar-orbiting ELFIN satellites provide precipitating fluxes from a low-altitude vantage point (Angelopoulos 
et al., 2020). Two identical CubeSats, ELFIN-A (ELA) and ELFIN-B (ELB), each equipped with an Energetic 
Particle Detector for Electrons (EPDE), measure pitch angle resolved fluxes from 50 keV to 5 MeV over 16 
energy bins, while spinning at ∼21 revolutions per min. The energy resolution (ΔE/E < 40%) and angular reso-
lution (16 sectors per spin, or ∼22.5° spin phase resolution), allows ELFIN to adequately resolve the bounce 
loss cone (which is much larger, ∼70° at ∼400 km). From this unique vantage point, ELFIN traverses the L shell 
ranges 3 < L < 18 within ∼6 min 4 times per orbit. Each traversal, known as a “science zone crossing,” provides 
a radial snapshot of equatorial processes at a given MLT.

Although the full statistical study uses ELFIN data up to June 2022, only 12 events were selected first as repre-
sentative examples for case studies. They all feature a bursty precipitation event, classified as 1–7 contiguous 
spins (∼3 s < t < 21 s) with a strong ( jprec/jtrap > 0.5) precipitating-to-trapped flux ratio (hereafter, trapped refers 
to fluxes near-perpendicular to the magnetic field, i.e., locally trapped, but may be within the drift loss cone) 
while spanning all MLTs except for the dusk sector. Note that this relatively long precipitation observation that 
is on the order of seconds are typically attributed to either ELFIN's crossing of multiple whistler-mode equato-
rial source regions (see details regarding temporal/spatial variation of ELFIN-observed precipitation patterns in 
Zhang et al. (2023)) or to the natural spread of whistler-mode waves propagating along curved magnetic field 
lines (see Kang et al., 2022, for further discussion regarding the spatial spread of precipitation produced by a very 
localized equatorial whistler-mode source).

Table 1 itemizes these events and their properties. We took special care to exclude ambiguous events that had 
signatures of EMIC-wave driven precipitation (see examples of EMIC-driven precipitation events observed by 
ELFIN in Grach et al. (2022), An et al. (2022), Angelopoulos et al. (2022), and Capannolo et al. (2023)) or field-
line scattering signatures (see, e.g., Artemyev, Angelopoulos, et al., 2022) not only in these 12 case studies, but 
also for the ∼6,000 orbits (∼8,500 science zones) used for the statistical portion of this study. In addition, we only 
included events where energy spectra was monotonically decreasing to reduce rare phenomena such as micro-
bursts (see Zhang, Angelopoulos, et al., 2022, for more details regarding ELFIN observations of microbursts) 
that may skew results. All data were processed to exclude low counts/statistically insignificant data points (i.e., 
electronic noise).

We used three data products derived from ELFIN's EPDE data set: the energy spectrograms of trapped electron 
fluxes jtrap(E) (outside the local bounce loss cone), the energy spectra of precipitating electron fluxes jprec(E) 
(moving toward the ionosphere within the local bounce loss cone), and the precipitating-to-trapped flux ratio jprec/
jtrap. Figure 1 shows two example events from our data set: the first two panels of 1a and 1b show the spectrograms 
of precipitating and trapped fluxes for each event, respectively, whereas the third panels show the spectrograms of 
the ratio of precipitating-to-trapped fluxes. The precipitation bursts marked by red and purple boxes are observed 
well inside the outer radiation belt, the region characterized by high intensity relativistic electron trapped fluxes 
(horizontal orange bar above panels). Sporadic peaks of the jprec/jtrap ratio due to localized electron scattering 
by whistler-mode waves are seen at those times. The plasmasphere is also denoted (horizontal cyan line) and is 
defined as occurring immediately below the latitude where 300 keV trapped electron fluxes first fall below sensi-
tivity level (presumably due to whistler-mode hiss waves; see further discussions regarding identifying differ-
ent magnetospheric regions in ELFIN observations in Mourenas et al. (2021) and Angelopoulos et al. (2022)). 
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Figure 1c shows the primary derived data product used in our study: the energy spectrum of the jprec/jtrap flux ratio 
averaged over the duration of the precipitation burst.

We next compare ELFIN's in situ flux ratios jprec/jtrap with those from test-particle simulations in the presence of 
waves with amplitudes determined by an empirical chorus wave power distribution model. The wave amplitude 
model, which is based on a combination of 4 years of Van Allen Probe observations and 10 years of Cluster 
observations (Agapitov et al., 2018), provides the latitudinal distribution of whistler-mode wave intensity we use 
in our simulation (see Section 3).

3.  Simulation of Wave-Particle Interactions
We build on our previous Julia-based (Bezanson et al., 2017; Rackauckas & Nie, 2017) test-particle simulation 
(Tsai et  al.,  2022), which utilizes the Hamiltonian formulation for wave-particle resonant interaction (Albert 
et al., 2013; Vainchtein et al., 2018), with some modifications to facilitate comparisons with case studies having 
limited equatorial information (Tsai, 2023). The equations of motion already incorporate nonlinear effects such 
as phase bunching, phase trapping, and anomalous trapping (Albert et al., 2021; Bortnik et al., 2008; Demekhov 
et al., 2006; Katoh et al., 2008; Kitahara & Katoh, 2019; Omura et al., 2007). The wave field includes the func-
tion g(ϕ)—which describes the discretization of wave-packets as a function of wave phase (Mourenas, Zhang, 
et al., 2022; Zhang et al., 2020)—and the function f(λ)—which describes the wave amplitude variation along 
magnetic field lines. A key modification for this study is the implementation of an empirical chorus wave model 
f(λ) → Bw(λ, L, MLT, Kp) (see model and coefficients in Agapitov et al. (2018)) which allows us to compute with 
our test-particle simulations the expected precipitation rate consistent with statistically averaged wave intensity 
latitudinal profiles.

Figure CubeSat Precipitation timerange (UTC) MLT sector L shell MLT Kp Match

Figure 2a ELA 3 February 2021 20:46:37–20:46:50 Dawn/Day 6.2 5.8 3

Figure 2b ELA 3 February 2021 20:47:13-20:47:33 Dawn/Day 7.5 5.7 3

Figures 1a and 2c ELB 6 January 2021 11:53:50–11:54:01 Dawn/Day 7.1 8.4 2

Figure 2d ELA 1 October 2021 08:10:02–08:10:13 Dawn/Day 6.6 8.8 3

Figure 2e ELA 1 October 2021 04:59:57–05:01:18 Dawn/Day 6.4 10.2 4

Figure 2f ELA 1 November 2021 04:23:34–04:23:44 Dawn/Day 6.1 13.1 3

Figure 3a ELA 11 January 2021 17:50:50–17:50:58 Night 4.8 19.0 3

Figure 3b ELA 3 February 2021 13:42:25–13:42:32 Night 6.6 19.3 3

Figure 3c ELA 3 February 2021 09:01:43–09:01:56 Night 5.1 20.2 2

Figure 3d ELA 2 November 2021 22:18:21–22:18:35 Night 4.5 20.8 2

Figure 3e ELB 26 September 2020 01:01:12–01:01:20 Night 4.8 2.6 4

Figures 1b and 3f ELA 4 September 2020 01:12:24–01:12:33 Night 6.5 3.8 3

Note. Half were chosen in dawn/day sector, while the other half were chosen in the night sector. Events were selected to have fairly uniform coverage in each sector. The 
“Match” column refers to how well the model agrees with ELFIN data which will be discussed further in Section 4 using Figures 2 and 3.

Table 1 
Locations of and Geomagnetic Activity Conditions for the 12 Events Chosen for This Paper on the Basis of Exhibit Signatures of Nonlinear Wave-Particle Interaction
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Figure 1.  Panels (a) and (b) show Electron Losses and Fields INvestgation (ELFIN) observations of two science zone 
crossings. The three subpanels show, from top to bottom, energy spectra of precipitating fluxes, trapped fluxes, and 
precipitating-to-trapped flux ratios, respectively. Panel (c) shows the energy spectra of the precipitating-to-trapped electron 
flux ratios for their respective boxed time-ranges (1) and (2) during which short-lived but intense precipitation is observed.
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log10(��(�,��, �,��� ) [nT]) = �0(� − �3) ⋅ exp(−��2 − �1)� (1)

𝑓𝑓 (𝜆𝜆) = 𝐶𝐶 ⋅ 𝐵𝐵𝑤𝑤 ⋅ tanh(𝜆𝜆∕1◦)� (2)

where coefficients bi are provided by the empirical model as a function of L and MLT and λ is the latitude in 
degrees. C normalizes the wave amplitude function to a maximum at unity, while the tanh(λ/1°) term describes 
wave growth out of the source region (Demekhov, 2011; Katoh & Omura, 2007; Tao et al., 2017). We further 
modify Agapitov et al. (2018) empirical model in two essential ways.

First, we change the MLT classification since the coefficients for 12 < MLT < 23 are skewed by the relative lack 
of whistlers in the dusk flank range of 15 < MLT <23. As a result, we use 18 < MLT < 4 instead of 23 < MLT < 4 
for nightside scenarios and 4 < MLT < 15 instead of 4 < MLT < 12 for dayside scenarios. Thus, the dusk flank is 
restricted to just 15 < MLT < 18 and, at least for the case studies, we simply avoid choosing ELFIN observations 
from this MLT range.

Second, we set the minimum Kp in this model to 3, even if in reality the ELFIN measurements occur when 
Kp < 3. This is because strong, short-lived precipitation does not correlate well with Kp-index; it is instead more 
appropriately associated with AE activity tracing electron injections (see dependence of wave intensity on AE in 
Meredith et al. (2012), and references therein). As such, the presence of intense and bursty precipitation indicates 
locally active geomagnetic conditions that would be associated with Kp = 3 for test-particle simulation purposes, 
despite the reported value of Kp being <3. However, when the reported Kp is >3, then we opt to use that reported 
value in the simulation as well.

Figure 2.  Comparisons between Electron Losses and Fields INvestgation (ELFIN) observations (dark blue) and modeling using empirical wave model (orange) on 
the dayside (4 < MLT < 15). The error bars on ELFIN data denote statistical variance. Checkmarks, question marks, and crosses denote good, questionable, and bad 
matches, respectively.
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With the prescribed wave field now fully defined, we return to the equations of motion used in the test-particle 
simulation. These can be derived from the Hamiltonian as follows:

𝑧̇𝑧 =
𝑝𝑝𝑧𝑧

𝑚𝑚𝑒𝑒𝛾𝛾
, 𝑝̇𝑝𝑧𝑧 = −

𝜇𝜇𝜇𝜇′
0

𝛾𝛾
−

𝑒𝑒𝑒𝑒𝑤𝑤𝑓𝑓 (𝑧𝑧)

𝛾𝛾

√

2𝜇𝜇𝜇𝜇0

𝑚𝑚𝑒𝑒𝑐𝑐2

(

𝑔𝑔(𝜙𝜙)cos 𝜁𝜁 +
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
sin 𝜁𝜁

)

� (3a)

𝜙̇𝜙 = 𝑘𝑘 𝑘𝑘𝑘 − 𝜔𝜔𝜔 𝜁̇𝜁 = 𝑘𝑘 𝑘𝑘𝑘 − 𝜔𝜔 +
𝑒𝑒𝑒𝑒0

𝑚𝑚𝑒𝑒𝑐𝑐𝑐𝑐
+

𝑒𝑒2𝐵𝐵𝑤𝑤𝑓𝑓 (𝑧𝑧)

2𝜇𝜇𝜇𝜇𝜇𝜇𝑒𝑒𝑐𝑐𝑐𝑐

√

2𝜇𝜇𝜇𝜇0

𝑚𝑚𝑒𝑒𝑐𝑐2
(𝑔𝑔(𝜙𝜙)sin 𝜁𝜁)� (3b)

𝜇̇𝜇 = −
𝑒𝑒2𝐵𝐵𝑤𝑤𝑓𝑓 (𝑧𝑧)

𝑘𝑘𝑘𝑘𝑒𝑒𝑐𝑐𝑐𝑐

√

2𝜇𝜇𝜇𝜇0

𝑚𝑚𝑒𝑒𝑐𝑐2
(𝑔𝑔(𝜙𝜙)cos 𝜁𝜁)� (3c)

where z, pz are the field-aligned coordinate and momentum; ζ = ϕ + ψ with gyrophase ψ and wave phase ϕ, which 
is determined by frequency ω and wave number k(z, ω) (Stix, 1962); μ is the magnetic moment; ′ = ∂/∂z, dg/dϕ 
is not neglected (important for small wave packet sizes); however, terms ∼df/dz are neglected (for more details, 
refer to Section 3: Simulation Implementation in Tsai et al.  (2022)). The electron trajectory is determined by 
energy mec 2(γ − 1) where

𝛾𝛾 =

√

1 +

(

𝑝𝑝𝑧𝑧

𝑚𝑚𝑒𝑒𝑐𝑐

)2

+
2𝜇𝜇𝜇𝜇0(𝑧𝑧)

𝑚𝑚𝑒𝑒𝑐𝑐2
�

and equatorial pitch angle, αeq, is given by sin(αeq) = 2μB0(0)/(γ 2 − 1). The background magnetic field B0(z) is 
given by a curvature-free dipole model (Bell, 1984), and we relate the field-aligned coordinate z with magnetic 
latitude λ through the dipole equation: �� = ���

√

1 + 3sin2�cos ��� .

Figure 3.  Comparisons between Electron Losses and Fields INvestgation (ELFIN) observations (dark blue) and modeling using empirical wave model (orange) on 
the nightside (18 < MLT < 4). The error bars on ELFIN data denote statistical variance. Checkmarks, question marks, and crosses denote good, questionable, and bad 
matches, respectively.
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For each event, we perform a forward-modeling (as opposed to an inverse-modeling) procedure, where we 
obtain the latitudinal wave amplitude distribution based on the ELFIN's L, MLT, and Kp during the precipi-
tation burst and then check whether the precipitation spectrum from our test-particle simulations is in agree-
ment with the observations. In Figure 1a event, for example, the precipitation burst was observed by ELFIN-B 
on 6 January 2021 between 11:53:50 and 11:54:01 UTC. We use T89 (Tsyganenko, 1989) to map ELFIN-B's 
location at L = 7.1 and MLT = 8.4. For this event, Kp = 2 was obtained from the Kyoto/GFZ Potsdam data-
base, but for modeling we use minimum Kp = 3. All three variables are then used to determine the coeffi-
cients used in Equation 1 (Agapitov et al., 2018). A test-particle simulation is then run using the following 
parameters:

1.	 �An empirical model Bw for whistler-mode wave intensity, modified as described in Equation 2.
2.	 �A plasma density model for equatorial plasma density (Sheeley et al., 2001).
3.	 �An empirical model to account for plasma density variation along the field line as: ωp/ωp(0)  =  cos −5/2λ 

(Denton et al., 2006).
4.	 �A large ensemble consisting of N = 2.5 × 10 5 particles spanning initial pitch angles 3° ≤ α0 ≤ 15° (we only 

care about electrons near the loss cone, which is set to 3°, further explained below).
5.	 �Thirty-two energy bins from 50 keV to 1 MeV with 50× more particles in the highest energy bin compared to 

lowest to increase high energy precipitation statistics.

Particles are then simulated for just one bounce period, that is, particle tracing is terminated upon return to the 
equatorial plane, z = 0. This allows us to understand the scattering efficiency of a single interaction between the 
electron with the whistler-mode wave packet. Since wave occurrence, max amplitude, and equatorial electron 
phase space density are not known, we cannot use our simulation to predict absolute fluxes like we did in previ-
ous work (see Tsai et al., 2022). Rather, we are interested in determining and comparing the relative fluxes of 
precipitating electrons especially at higher energies where we expect the differences between our simulations and 
observations to be greatest.

In order to obtain the simulated precipitating-to-trapped electron flux ratio, we first set the equatorial loss cone to 
αLC = 3°. At ELFIN's altitude, the locally mirroring electrons map to around twice αLC, so we consider simulated 
electrons with αfinal < 3° as precipitating ( jprec) and those 3° < αfinal < 6° as trapped ( jtrap). In a single interaction, 
electrons cannot lose more than a couple degrees in pitch angle, so we limit the upper bound of our simulation to 
15° to save on simulation time. Finally, jprec/jtrap can easily be computed for each of the 32 energy bins and directly 
compared to ELFIN's 16 energy bins.

4.  Precipitation Events
Figures 2 and 3 show comparisons between jprec/jtrap derived from test-particle simulations and ELFIN-observed 
jprec/jtrap during the precipitation bursts of all 12 case studies. Both of these figures are meant to demonstrate the 
viability of the comparisons; as such, the conclusions drawn in this section serve only to qualitatively foreshadow 
the statistical results in Section 5. Additionally, note that simulated jprec/jtrap is normalized to the mean of ELFIN's 
first two energy bins ( jprec/jtrap(∼80 keV)): this is functionally equivalent to setting the equatorial wave ampli-
tude consistent with ELFIN observations of electron precipitation (the ∼30−100 keV precipitating-to-trapped 
electron flux ratio has been known to correlate well with the equatorial wave amplitude, see Li et al., 2013; Ni 
et al., 2014). As mentioned earlier, the primary quantity to compare between our simulation output and data is 
the relative energy profile (not the absolute value) of jprec/jtrap. We use three important properties of radiation belt 
electron scattering to justify this comparison: (a) electrons can be diffusively scattered even by monochromatic 
waves due to the strong background (dipole) magnetic field gradient (Albert, 2001, 2010; Shklyar, 2021), (b) for 
monochromatic waves, each latitude corresponds to a specific resonance energy for fixed equatorial pitch angle 
(equal to the loss cone pitch angle), and (c) the diffusion coefficient at the loss cone determines jprec/jtrap ratio 
(Kennel & Petschek, 1966; Li et al., 2013). Thus, the energy spectrum of jprec/jtrap is primarily determined by the 
wave intensity profile along magnetic field lines.

On the dayside, the simulated energy spectra of jprec/jtrap agree reasonably well with observations: Figure 2 shows 
that in four out of six events, the simulated precipitation ratio energy profile is quite similar to the observations. In 
those cases, the empirical whistler-mode wave distribution agrees well with the instantaneous latitudinal profile 
of wave power, including at mid-to-high latitudes (Agapitov et al., 2018). The upper energy limit of precipitating 
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electrons is dictated by the maximum energy of trapped electrons that has sufficient flux to result in precipitation 
above the sensitivity level of the instrument. In other words, test-particle simulations with a trapped spectrum up 
to 1 MeV always have a longer energy tail of jprec/jtrap ratio than the observed jprec/jtrap ratio. The examples shown 
in Figure 2 suggest that the wave power distribution model qualitatively agrees with observations.

The same figure shows that the observed jprec/jtrap profiles extend up to 500−700  keV. Scattering such ener-
gies requires that waves propagate to at least ∼30° in latitude (see, e.g., Artemyev et al., 2021). As the dayside 
latitudinal distribution of whistler-mode waves exhibits significant wave intensity at midlatitudes (Agapitov 
et al., 2018), it makes sense to observe relativistic electron scattering in this MLT sector (Thorne et al., 2005).

Figure 2f shows a questionable case, where the spectral slope of the precipitating flux ratio consistently under-
estimates ELFIN observations beyond uncertainty. Such discrepancy could be due to differences in the assump-
tions made regarding equatorial plasma conditions, or it could possibly be resolved by a minor corrective wave 
power increase at higher latitudes. On the other hand, Figure 2d shows a stark difference between simulation and 
observation with very strong jprec/jtrap ratio (∼0.5) at relativistic energies (∼500 keV). Such strong precipitation 
cannot be described by a statistically averaged wave intensity model, and requires nearly constant wave amplitude 
up to midlatitudes, that is, possibly ducted waves (see discussion of similar ELFIN observations in Artemyev 
et al. (2021) and Tsai et al. (2022)). In both cases, the discrepancy is quite evident at energies >200 keV.

Figure 3 shows six examples of ELFIN observations of nightside relativistic electron precipitation. The nightside 
magnetosphere has a large population of suprathermal electrons (Li et al., 2010; Walsh et al., 2020) which quickly 
damp the waves when they propagate off their equatorial source location if they become oblique there. As a result, 
the observed wave power distribution exhibits a rapid decay with distance from the equator (or equivalently, with 
latitude along field lines) in this MLT sector (Meredith et al., 2012). Therefore, only ELFIN events with a rapid 
falloff of their precipitation ratio with energy can be consistent with the results of our simulations that rely on the 
statistical models of the above wave power distributions (as is the case for only one of the six nightside events, 
shown in Figure 3c). Three other nightside events (Figures 3a and 3d) show excessive precipitation at >200 keV; 
the jprec/jtrap ratio for these events clearly deviates from expectation based on the simulation results for the afore-
mentioned reason.

The remaining two events (Figures 3e and 3f) show excessive precipitation with jprec/jtrap ∼ 1 up to 400 and 
800 keV, respectively. These events certainly cannot be described by the statistically averaged wave power distri-
bution that we assumed. The event in 3f is the same as that in Figure 1b, where the ratio exceeding 1 can be seen 
in the context of the rest of the radiation belt crossing. When jprec/jtrap > 1 at >300 keV, this is usually indicative of 
subspin electron flux variations, where the time difference of ∼0.7 s between precipitating and trapped flux meas-
urements is longer than the timescale of the flux variation. Indeed, looking at subspin data confirms that multiple 
microbursts are included in this particular observation, which is not included in statistical results in Section 5 
below due to the precipitating-to-trapped flux ratio increasing with energy (see Figure 1 in Zhang, Angelopoulos, 
et al. (2022), for another example of multiple microbursts in a single ELFIN science zone crossing).

Figures  2 and  3 demonstrate that statistical averages of wave power distribution (Agapitov et  al.,  2018) can 
reasonably describe most dayside relativistic electron precipitation and nightside subrelativistic (<200  keV) 
electron precipitation. The primary differences between simulations and observations occur for extreme events; 
that is, those with relativistic energies, either having jprec/jtrap > 0.5 at dayside or jprec/jtrap > 0.1 on nightside. 
These events could be explained by wave propagation with anomalously high wave intensity at midlatitudes, 
which is possible either through ducting or through equatorial generation with moderately oblique wave normal 
angles at the equator and subsequent refraction toward field-aligned propagation at higher latitudes (e.g., L. Chen 
et al., 2022; Miyoshi et al., 2020).

5.  Statistical Results
To confirm the generality of the conclusions drawn from Figures 2 and 3, we compare test-particle simulations 
for three MLT sectors and two L shell ranges (L  ∈  [4, 5] and L  ∈  [5, 7]) with statistically averaged ELFIN 
precipitating-to-trapped flux ratio observations. Since the empirical wave model has discrete bins, we pick a 
single MLT/L shell for modeling which represents that particular function of Bw(λ) from the associated MLT/L bin. 
Figure 4 shows jprec/jtrap profiles for the three MLT sectors: dawn-noon (MLT ∈ [4, 13]), noon-dusk (MLT∈ [13, 
18]), and night (MLT ∈ [18, 24] or ∈ [0, 4]). ELFIN measurements are also separated by geomagnetic activity: 
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low (AE < 100 nT), medium (100 nT < AE < 350 nT), and high (AE > 350 nT). This is indicated by the light 
shading enveloping the solid lines marked with outlined circles: the center lines denote the moderate activity 
level, whereas the low and high activity levels are denoted by the lower and upper bounds of the shaded region—
they can be considered as an uncertainty range for the ELFIN-observed precipitation rates. The breakdown of 
the statistical coverage of ELFIN data used for this study is summarized in Figure 5. Like before, we use the 
same normalization of jprec/jtrap at 80 keV to the medium geomagnetic activity ELFIN curve, however, to increase 
consistency of statistics in the simulation, we increase the number of particles in each simulation ensemble to 
N = 1e6.

Simulation results do a decent job describing the statistically averaged precipitation rate for dawn-noon at high 
L shells (Figure 4.1b) and noon-dusk (Figure 4.2). For low L shells on the dawn-noon sector (Figure 4.1a), the 
empirical wave power distribution as a function of latitude decreases too quickly, and thus the simulated precip-
itation rates slightly underestimate the observed scattering rates. Similar to the dayside case studies in Figure 2, 

Figure 4.  Rows (1), (2), and (3) show model/observation comparisons of normalized precipitating energy spectra at three different MLT sectors, whereas columns (a) 
and (b) show model/observation comparisons at either low or high L shells. Each plot uses light blue (Electron Losses and Fields INvestgation (ELFIN) observations) and 
dark blue (model) at low L shells plus magenta (ELFIN observations) and purple (model) at high L shells. Shaded regions represent boundaries of low (AE < 100 nT) and 
high (AE > 350 nT) geomagnetic activity. The statistical coverage used for the ELFIN data is shown in Figure 5. Modeled precipitation is consistent with observations for 
the dusk MLT sector (13 < MLT < 18) and high L shells on the dawn/dayside (4 < MLT <13). However, there is a slight underestimation at lower L shells on the dawn/
day side above 200 keV, while the deviation becomes much more significant at all L shells on the nightside.
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this minor underestimation is most apparent ∼200 keV. However, in the nightside MLT sector (Figure 4.3), the 
discrepancy between simulations and observations is most apparent: test-particle simulations suggest a steep 
precipitation rate decrease with energy, whereas ELFIN observations show statistically important losses of rela-
tivistic electrons. This discrepancy cannot be attributed to curvature scattering (which can also increase relativis-
tic electron precipitation on the nightside during active times, see, e.g., ELFIN observation analysis in Artemyev, 
Angelopoulos, et al.  (2022)), because we took provisions to specifically exclude all jprec/jtrap profiles showing 
curvature scattering features from the data set (i.e., those with increasing jprec/jtrap with energy at lower L shells, 
see discussion of such features in Sergeev et al.  (1993) and Dubyagin et al.  (2002)). Therefore, there are two 
potential main sources for the aforementioned simulation-observation discrepancy: (a) relativistic electron scat-
tering by intense, bursty, field-aligned, mid-to-high-latitude nightside whistler-mode waves which are currently 
unaccounted for in statistical wave models or (b) uncertainties of ELFIN orbit projections onto the equatorial 
plane (the uncertainties of such projections are expected to be largest on the nightside due to how stretched 
magnetic field lines are during substorm activity). To address the latter issue, we checked that Figure 4 did not 
significantly change between the usage of the default nonstorm magnetic field model used (Tsyganenko, 1989) 
and a more accurate model (Tsyganenko, 1995). Note that we did not use the storm-time model (Tsyganenko & 
Sitnov, 2005) because the majority of our observations events are not associated with storm activity. The primary 
uncertainty in nightside projections should be attributed to substorm dynamics with the formation of the thin 
current sheet along with very strong magnetic field-line stretching (see examples and discussion in Artemyev, 
Angelopoulos, et al. (2022)). Such dynamics may be better handled by more advanced magnetic field models 
(such as, e.g., Sitnov et al., 2019; Stephens et al., 2019), and thus, it may be a good idea to revisit ELFIN projec-
tions during substorm dynamics when such models become publicly available.

A less likely possibility, to be discussed in Section 6, is very oblique, near-equatorial chorus that results in rela-
tivistic electron precipitation due to high-order resonances (recently discussed using the ELFIN data set in Gan 
et al. (2023)), though the resulting flux ratio energy-spectra in their case study appears different from the meas-
ured ones presented herein. Regardless, Figure 4 statistically validates our multicase-study results from Figures 2 
and 3: the simulated energetic (subrelativistic and relativistic) precipitation ratio as a function of energy inferred 
from statistical averages of the whistler-mode wave power distribution agrees reasonably well with observations 
of precipitation at the dawn-noon-dusk MLT sector (except during strong relativistic precipitation events), as well 

Figure 5.  Electron Losses and Fields INvestgation’s (ELFIN) data coverage of energetic bursty electron precipitation over 
a ∼1 year period utilized in Figure 4's statistical averages, broken down into instantaneous AE disturbance levels and low/
high L shells (shown by each individual bar graph) as well as MLT sector (shown by stacked bars). Left bars/primary axis 
show number of science zones (SZs) (i.e., radiation belt crossings) while right bars/secondary axis show the number of spins 
that actually constituted the empirical average. Note that field-line curvature scattering and EMIC-driven precipitation was 
excluded from this data set.
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as at the nightside for subrelativistic energies, but seems to consistently underestimate relativistic precipitation 
on the nightside.

6.  Discussion and Conclusions
In this paper, we have shown that low-altitude observations of precipitating electron energy spectra can often 
contain more energetic losses than would be expected from electron scattering by typical (i.e., statistically aver-
aged) whistler-mode wave amplitudes. In both our case and statistical studies, we selected only events with 
unambiguous signatures of whistler-driven precipitation. Specifically, we excluded events exhibiting electron 
precipitation due to field-line curvature scattering (based on their dispersive energy signature) or electromagnetic 
ion cyclotron (EMIC) waves (based on their increasing precipitating-to-trapped ratio with energy, peaking at 
relativistic energies). Modern radiation belt simulation and modeling tools mostly rely on EMIC-driven electron 
precipitation to explain relativistic electron losses (see, e.g., Drozdov et al., 2017; Ma et al., 2015; and references 
therein), partly because whistler-mode wave models cannot provide sufficiently large rates of relativistic electron 
scattering. Our results indicate, however, that inclusion of higher wave power at mid-to-high latitudes (e.g., due 
to ducted whistler-mode waves or moderately oblique source whistlers that become field-aligned away from the 
equator due to refraction; see, e.g., Breuillard et al., 2012; L. Chen et al., 2013; Watt et al., 2013) could appre-
ciably enhance the contribution of whistler-mode waves to relativistic electron scattering. Thus, EMIC waves 
may not be unique in their ability to scatter relativistic electrons (especially those ≲1 MeV, which are at the limit 
of the expected minimum EMIC-wave resonance energy in typical inner magnetosphere density and magnetic 
field conditions; see discussions regarding the importance of EMIC-driven scattering of ≲1 MeV in L. Chen 
et al. (2016), Capannolo et al. (2019), Hendry et al. (2017), and Bashir et al. (2022)).

The question then arises: if mid-to-high-latitude whistler-mode waves are important, how can we quantify this 
population of waves in the radiation belt? Simultaneous equatorial and midlatitude observations of whistler-mode 
waves require multispacecraft wave measurements and are quite rare (e.g., Colpitts et al., 2020). Realistic ray 
tracing simulations (Bortnik et al., 2007; L. Chen et al., 2013; Katoh, 2014; Watt et al., 2013) require detailed 
information about suprathermal electron populations and their anisotropy (see discussion in Bortnik et al. (2006), 
Li et al. (2010), and Ma et al. (2017)). Ground-based VLF wave observations (which are often associated with 
ducted whistler-mode wave propagation to the ionosphere, see Demekhov et  al.,  2020; Douma et  al.,  2018; 
Martinez-Calderon et al., 2015; Simms et al., 2019; Titova et al., 2015) capture only some of the fully ducted 
waves that reach the ground and clearly cannot cover those that only reach midlatitudes. This study suggests a 
new approach for performing such investigations, which may involve a statistical investigation of electron precip-
itating spectra, where <100 keV fluxes can be attributed to equatorial whistler-mode waves (Li et al., 2013, 2014; 
Ni et al., 2014), while >200 keV fluxes can be associated with the latitudinal profiles of the whistler-mode wave 
intensity (see discussion in Artemyev et al., 2021; Zhang, Angelopoulos, et al., 2022). However, recent theoretical 
and observational work suggests that very oblique (nearly electrostatic) whistler-mode waves can also effectively 
scatter electrons up to several hundreds of keV (see Li et al., 2014; Lorentzen et al., 2001; Mourenas et al., 2014). 
This explanation is less likely for two reasons: (a) oblique waves are significantly less efficient at scattering elec-
trons beyond 200 keV in comparison with 50 keV electrons (e.g., Artemyev, Zhang, et al., 2022; Gan et al., 2023) 
and (b) electron scattering via oblique waves are statistically less efficient on the nightside as compared to the 
dayside (e.g., Aryan et al., 2020, and references therein), the latter of which contradicts this study's findings. 
Regardless, the potential of bursty oblique waves that are smoothed out in statistically averaged models cannot 
be entirely discarded, so the aforementioned approach alone cannot separate the contributions to relativistic 
electron precipitation by intense, field-aligned, midlatitude whistler-mode waves from those by intense, highly 
oblique, near-equatorial whistler-mode waves. A preliminary look at published observational and modeled flux 
ratio energy spectra suggest that the spectral slope of jprec/jtrap due to oblique whistler-electron high-order reso-
nance interactions may be steeper than the case studies presented in this paper (i.e., scattering by near-equatorial 
oblique waves is less efficient at higher energies). Careful examination of that process, including its pitch angle 
spectra, may allow us to disambiguate its relative contribution to the global relativistic precipitation from that of 
ducted waves. Furthermore, accurate quantitative estimation of the relative contribution of ducted whistler-mode 
waves to mid-to-high-latitude wave power (and thus to relativistic electron scattering and losses) requires care-
ful, detailed studies of low-altitude energy and pitch angle electron flux spectra combined with either conju-
gate equatorial wave measurements (see cases studies in Capannolo et al. (2018), Shi et al. (2022), and Zhang, 

 21699402, 2023, 8, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JA

031578 by U
niversity O

f C
alifornia, Los, W

iley O
nline Library on [20/08/2024]. See the Term

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline Library for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons License



Journal of Geophysical Research: Space Physics

TSAI ET AL.

10.1029/2023JA031578

13 of 17

Artemyev, et al. (2022)) or local (i.e., low-altitude, see examples in Benck et al. (2008), Hayosh et al. (2013), and 
Shen et al. (2021)) wave measurements.

In summary, we compared ELFIN energy spectra of energetic electron precipitation-to-trapped flux ratios due 
to pitch angle scattering by nonlinear interactions with whistler-mode waves with expected precipitation spectra 
using test-particle simulations of such scattering by empirical models of wave power distributions of whistler-mode 
waves. The results suggest that these empirical models are inconsistent with the observed relativistic electron 
precipitation by such waves on the nightside, and occasionally also inconsistent with observed precipitation on 
the dayside. The discrepancy between the observed average wave power distribution and observed precipitation 
spectra was further reinforced by simulation comparisons with statistical averages of ELFIN observations using 
2 years of data at three local time sectors. One way to resolve this discrepancy is by incorporating the contribution 
of intense, field-aligned waves capable of propagating to midlatitudes. However, further investigations are needed 
to clarify the relative occurrence rate of relativistic electron precipitation events due to midlatitude whistler-wave 
propagation and the overall contribution of such waves to the dynamic evolution of the outer radiation belt.

Data Availability Statement
ELFIN data are available at https://data.elfin.ucla.edu/ and online summary plots at https://plots.elfin.ucla.edu/
summary.php.
Data access and processing was done using SPEDAS V4.1, see Angelopoulos et al. (2019).
Test-particle simulation code is found at https://github.com/ethantsai/nlwhistlers (Tsai, 2023).
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