PRODUCTS OF PRIMES IN ARITHMETIC PROGRESSIONS

KAISA MATOMAKI AND JONI TERAVAINEN

ABSTRACT. A conjecture of Erdés states that, for any large prime ¢, every reduced
residue class (mod ¢) can be represented as a product pipz2 of two primes pi,p2 < g.
We establish a ternary version of this conjecture, showing that, for any sufficiently large
cube-free integer g, every reduced residue class (mod ¢) can be written as pi1p2ps with
1,2, p3 < q primes. We also show that, for any € > 0 and any sufficiently large integer
q, at least (2/3 —€)p(q) reduced residue classes (mod ) can be represented as a product
p1p2 of two primes p1,p2 < q.

The problems naturally reduce to studying character sums. The main innovation in
the paper is the establishment of a multiplicative dense model theorem for character sums
over primes in the spirit of the transference principle. In order to deal with possible local
obstructions we establish bounds for the logarithmic density of primes in certain unions
of cosets of subgroups of Z; of small index and study in detail the exceptional case that
there exists a quadratic character ¥ (mod ¢) such that ¥ (p) = —1 for very many primes
P<q.

1 INTRODUCTION
For integers k,q > 1 and a real number N > 1, write
Ex(N)={a€Z;:a=pi---pp (mod q) for some primes p,...,pp < N},

where Z is the set of reduced residue classes (mod q). We study the size of Ej(N) for
ke {2,3}.

Let us first note that when k£ = 1, Linnik’s problem can be formulated as asking for
the smallest L such that E1(Cq%) = Zy for some constant C' and all large enough q.
Linnik [13, 14] first proved the existence of such constant L and the best known exponent
today is L = 5 by a result of Xylouris [27] (which is a slight improvement of an earlier
result of Heath-Brown [9]).

Concerning the case k = 2, Erdds conjectured (see [4]) that Ea(q) = Z; for all large
enough primes ¢. This remains open even under the generalized Riemann hypothesis. In
this paper we establish a ternary variant of Erdds’ conjecture:
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Theorem 1.1. (i) Let ¢ € N be cube-free and sufficiently large. Then
E3(q) =Zy; .
(ii) Let e >0 and let ¢ € N be sufficiently large in terms of €. Then
Fs(q'™e) = ZqX.
Previously, Walker had shown in [26] that Fys(q) = Z; and later in [25] that Fao(q) =
Zy. This was improved independently by Szabé [23] and Zhao [28] to Eg(q) = Z;

(Szabd [23] needed to assume that ¢ is prime), so we get significantly closer to the conjec-
ture of Erdoés.
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On the other hand, several authors have considered the least N for which E3(N) = Z; .
The best results in the literature are that N = 650¢> works for all ¢ > 2 due to Ramaré,
Srivastav and Serra [21], and that N = ¢%/5t¢ works for all sufficiently large ¢ due to
Szabé [23] (improving on [1]). Theorem 1.1 shows that N = ¢ works for every sufficiently
large cube-free ¢, and that N = ¢'+¢ works for every ¢ that is sufficiently large in terms of
€. Actually our techniques would allow one to establish that, for some quite small o > 0,
one has F3(¢'~%) = Zy for all sufficiently large cube-free g.

We also note that Klurman, Mangerel and the second author [11] proved that, once
e > 0 is sufficiently small, we have E3(q) = Z; for all large enough ¢°-smooth numbers g,

and also E3(q) = Z; for all but O(1) primes g € [QY/2,Q] for any Q > 1. The method
in [11] depends on the quality of the zero-free regions available for Dirichlet L-functions
(mod q), and hence it does not work for arbitrary ¢. In case when ¢ is smooth, one has
better character sum estimates, and due to this our methods would allow one to prove
E3(q'=%) = Zy for somewhat larger « than in the cube-free case.

Remark 1.2. In Theorem 1.1(i), the assumption that ¢ € N is cube-free and sufficiently
large could be weakened for instance to the assumption that, for some € > 0, the cube-full
part of ¢ is < ¢'/97¢ and ¢ is sufficiently large in terms of e. Let us briefly sketch why this
is the case; we leave the details to the interested reader. In the proof of Theorem 1.1(ii), we
look at E3(q'*190¢) instead of E3(q) just because we need Proposition 6.2 to be applicable
with § = 2/3 + 10e. But, as noted in Remark 5.1, the only property of 6 needed for
Proposition 6.2 is that

1
1.1 max max — E n)| < N~
(1) X (mod q) N1=0<y<N Y |4 x(n)
XF#X0 nsy

for some g9 > 0. By a direct consequence of the Burgess bound (see [10, (12.56)]), we do
have (1.1) with N = ¢q and 6 = 2/3 + 10¢ under the assumption that the cube-full part of
q is < ¢'/97190: Now the claim follows by adjusting e.

We also consider another approximation toward the conjecture of Erdds, namely the

problem of lower-bounding the density of Es(q) inside Zy , and prove the following.

Theorem 1.3. Let € > 0 and let g € N be sufficiently large in terms of €.
(i) We have

B0l = (§ - <) vlo)

(ii) Assume that q is cube-free. Then
11
> | —= - .
|E2(q)| = (16 6) ¢(a)

Here 2/3 ~ 0.666... and 11/16 = 0.6875 whereas the previous record was due to
Szab6 [23] with 3/8 = 0.375 in place of 11/16 in the case that ¢ is cube-free (for general ¢,
Szabd’s method gives proportion 1/3 — ¢). Note that Theorem 1.3(i) immediately implies
(taking e < 1/6) the previously unknown result that E4(q) = Z; for all large q.

In addition to studying E(N) as in Theorems 1.1 and 1.3, there is still another ap-
proximation toward the conjecture of Erdés — one can ask what is the least integer k
such that every a € qu can be written as a = pn with p,n < ¢ and n having at most
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k prime factors. Our methods are not applicable to this binary problem that is in the
literature approached through sieving the variable n. The best result on this problem is
due to Zhao [28] with k& = 5. Zhao [28] also obtained that every a € Z; can be written
as a = pipen with p1,p2,n < ¢ and n having at most two prime factors. Of course our
Theorem 1.1 improves this last result to n being prime in case g is cube-free.

We shall give outlines of proofs in the following subsection, but let us here very briefly
mention the main components of the proofs. The main innovation is the establishment
of a multiplicative dense model theorem for character sums over primes in the spirit of
the transference principle. The dense model theorem transfers our problems to additive
combinatorial problems concerning product sets of positive density subsets of Z;. To
consider these latter problems, we use Kneser’s theorem after which we need to deal with
the case that the primes are concentrated in a union of cosets of a small index subgroup
of Z;. To deal with this case, we use some sieve theory to obtain lower bounds for the
number of primes in unions of cosets of small index. In particular we need to take special
care of the case when there exists an exceptional quadratic character i) (mod ¢) for which
¥ (p) = —1 for very many primes p < q.

The multiplicative transference principle established here is likely to have other appli-
cations as well. In a forthcoming work joint with Merikoski, we shall consider Linnik’s
problem using sieve ideas and some of the techniques used in this work.

1.1 Proof outline

The starting point of the proof of Theorem 1.1(i) is (essentially) the orthogonality
identity
3

(1.2) > log p1 log > log ps = —— S D x)logp | x(a).

P1,p2:P3<q #la) x (mod q) \P<q
pip2p3=a (mod q)

Separating the contribution of the principal character xo (mod ¢) and applying the prime
number theorem, this becomes
3

3
q 1 _
(1+0(1))@+W Z ZX(ZJ) logp | x(a).
® ¥ x (mod q) \p<gq
XF#X0
If we knew that we have
_ q
1.3 max lo L —,

(1.3)  max Z:X(P) 8P| < o 10

XFX0 p=q

say, the claim would follow quickly by applying to (1.2) this bound together with the
standard mean value theorem for character sums (see Lemma 3.6 below). However, un-
fortunately, there are no chances to unconditionally establish (1.3) — note that the sum
is only up to p < ¢ with ¢ the conductor of the character.

We overcome this obstacle by establishing a dense model theorem for character sums
over primes. This is motivated by the transference approach to additive problems, in-
troduced by Green [6] in the case of counting arithmetic progressions and generalized
in [12], [22], [17], [16] to deal with the ternary Goldbach equation.
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In particular Shao [22] considered the ternary Goldbach problem for positive density
subsets of the primes. More precisely, he proved that if a set A C P has lower relative
density greater than 5/8, then each sufficiently large odd integer N can be represented
as a sum of three primes from A. Taking W = Hpgw p with w growing to infinity and
splitting into arithmetic progressions (mod W), this problem reduces to studying a sumset
problem in Zy, and to studying, for b; coprime to W,

E log n1 log no log ng
n1,nz,n3<N/W
(Wni+b1)+(Wna+b2)+(Wns+bs)=N
(1 4) Wni1+b1,Wno+ba,Wns+bscA

1 3 11,4
_/0 [T > Smfume@n+6)) | e(-aN)do,

i=1n<N/W

where fp,: [1, N/W]NN — R>q are defined by fp,(n) = %(log 1) Lywntbea-
Now, for each b with (b, W) = 1, one can find a dense model g;: [1, N/W] NN — [0, 1]

o~

such that gy is close to f, in sup norm. Then one can replace fj, by ¢, in (1.4) (since
one has also an L" bound for f, and g, for some r € (2,3)) and reduce the problem to
studying sumsets of positive density subsets of the integers. The corresponding sumset
problems can in principle be solved unless there are some ”local” obstructions, such as A
being concentrated in an arithmetic progression or a Bohr set.

We argue similarly. In particular we essentially let f: [1,¢q] NN — R>q be defined
through f(n) = 1,cplogn and prove a multiplicative analogue of a dense model theorem,
showing, using the Burgess bound for cube-free ¢ and a linear sieve majorant, that there
exists g: Z; — [0, 8 + €] such that

max : Zf(n)y(n) B Z g(a)x(a)| = o(p(q))-

X (mod ¢ n<q
Moreover, by a Haldsz—Montgomery type inequality and the mean value theorem (again
in the form of Lemma 3.6) we can show that f and g satisfy suitable L" bounds with
r € (2,3) (which we will formulate as large value estimates rather than L" bounds, see
Remark 3.9 below). Combining these facts with (1.2), we can show that

E log p1 log p2 log p3 = E f(n1)f(n2)f(n3)
P1,P2,Pp3<q ni,n2,n3<q

pip2p3=a (mod q) ningn3=a (mod q)

¢ ¢

- > slengtangten) +o L),

v(q)? . ©(q)
a1,a2,a3€%Zg
ajasaz=a

Writing
A={acZ;:l|g(a)l >¢/10},
we obtain that a € F3(q) if (14 * 14 * 14)(a) > ¢(q)?. Furthermore, it follows from the

construction of g that
3
Al > <8 - 5> o(q)-
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Using a popular sums version of Kneser’s theorem (Lemma 6.1), we have (14 % 14 %
14)(a) > o(q)? for all a € Zy (and hence E3(q) = Z;) unless A is essentially (up to a
set of cardinality o(¢(g))) stuck in k + 1 cosets of a subgroup H < Z; of index 3k + 2,
for some k € {0,1,2}, and A - A is essentially the union of 2k + 1 cosets of H. The dense
model g is defined in such a way that this means that also the primes p < ¢ are essentially
stuck in these cosets.

We are now left with three problematic scenarios:

(1) Almost all primes up to g are contained in 3 cosets of an index 8 subgroup of Z;'.
(ii) Almost all primes up to g are contained in 2 cosets of an index 5 subgroup of Z;.
(iii) Almost all primes up to g are contained in a coset of an index 2 subgroup of Z;.

None of these scenarios should happen in reality, but the existing bounds for least primes
in cosets (for example [1, Theorem 2.4]) do not seem to rule them out, and scenario (iii)
could in fact happen if there were Siegel zeros.

Using a lemma of Heath-Brown on character sums over primes, we will be able to show
that, for at least one of the remaining 2k 4 1 cosets not occupied by A, say agH, one has

1
(1.5) Z —>1 for some « € [2¢,1],
p€(g¥°,q%]
pEaoH

except in the case when k = 0 and A is essentially contained in the coset a1 H # H. This
last case, corresponding to (iii) above, requires some special care as we will explain below.
Also the bound (1.5) is not quite sufficient to refute the scenarios (i) or (ii), since above
we would need a positive natural density of primes p < ¢ in the coset agH. However, in
case (1.5) holds we study the logarithmically weighted count

2

Z log p2 log p3 _ 1 Z ZY(p) log Z X(p1) (@),

4! q P1
pipeps=a (mod q) o )x (mod ¢q) \P=<q e <p1<g®
p2,p3<q
q* e <p1<q®

In this case we use the dense model only for the primes po, p3. Using again large value
results for character sums (also for an appropriate moment of the character sum of p),
we can show that

1 1 2 2
Z ogPQng3:< 21)) Z g(a2)gmg)+0<q()>
pip2ps=a (mod gq) P P prasaz=a n »(q

P2,p3<q R
qa78<plgqa ag,a3€Zq

ag,a3€A

with A as above. Since A - A is now essentially a union of 2k + 1 cosets, this together
with (1.5) will allow us to finish the proof.

On the other hand, in case that ¥ = 0 and A is essentially contained in the coset
a1H # H (so that we are in scenario (iii)), we can use sieve-theoretic arguments to show
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(see Lemma 8.1) that either (1.5) holds with ag € H or there exists y € [¢>/7, ¢] such that

(1.6) > 1>>yL(1,1/))M 11 <1—2>,

<y 2<p<q
P(p)=1 P(p)=1

where 1) is the quadratic character (mod g) for which ¢(h) = 1 for every h € H. The lower
bound in (1.6) can be a lot smaller than y/logy if L(1,) is small (and hence we cannot
rule out scenario (iii)), but we can use a sieve to construct a pseudorandom majorant for
the primes p < ¢ with ¥(p) = 1 that takes into account this smaller density of primes
with ¢(p) = 1, and this allows us to prove a lossless Haldsz—Montgomery type large value
theorem for primes p < y with ¢(p) = 1 (see Lemma 9.5). This in turn will allow us to
make an appropriate transference and finish the proof.

In case ¢ is not cube-free, taking into account the version of Burgess for arbitrary moduli
the previous argument would only give us

(1.7) Al > <:1)) - 6> ©(q).

This is not sufficient for a successful application of Kneser’s theorem since we might have
that |A-A-A| < (1—3e)p(q) even if A is not stuck in a union of arithmetic progressions.
But once we study E3(q'7%%) we can replace 1/3 —¢ by 1/3+4¢ in (1.7) and the previous
method works, since we can also show that A occupies at least proportion 3/8 — ¢ of cosets
of any subgroup of Z; with fixed index.

In the proof of Theorem 1.3, we argue similarly to the first part of the proof of The-
orem 1.1 to obtain that either the claim holds or we have a similar local obstruction as
in the ternary case. In this case, we are able to prove lower bounds for the number of
products of two primes in the cosets not occupied by A- A through studying multiplicative
energy.

2 NOTATION

2.1 General notation

Throughout the paper, we assume that € > 0 is sufficiently small. We write x ~ y as a
shorthand for y < x < 2y. By ¢, A, and 7 we denote the Euler totient function, the von
Mangoldt function, and the k-fold divisor function (with 7 = 73), as usual. For z > 1, we
write P(z) = [],., p. We write (a, b) for the greatest common divisor of integers a and b.
We write

p<z
(2.1) [N]g = {n < N: (n,q) = 1}.
By (3.2) below we have that
v(q)
(2.2) [N]g| = —=N +O(7(q))-
For a finite, nonempty set A and a function f: A — C, we use the notation

Eneaf(n) = ‘j” S Fm).

neA
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2.2 Group theory

For a finite abelian group G written in multiplicative notation and subsets A, B C G,
define the product set A- B = {ab: a € A,b € B}, and for ¢ € G define the dilation
cA=c-A={ca: ae G} Forasubset A C G, the stabilizer of A is the subgroup
{9eG:g- A=A}

The convolution of two functions f,g: G — C is defined as

(f*g)a) =D fb)g(c).

b,ceG
be=a

By xo (mod ¢g) we denote the principal Dirichlet character (mod ¢). For a subgroup
H< qu and an element b € Z;, we abuse the notation by writing, for n € Z, n € bH if n
(mod q) € bH.

We will frequently use that the orthogonality of characters implies that, for any a € Z;
andn € Norn € Z;,

i - (mod q) — SO(Q) Z Y(n)X(a)
x (mod q)
and, for any H < Z; and b € Z,
1 _
(2.3) loevn = — Z X(n)x(b).
e(q)
x (mod q)

x(h)=1for all h € H

Note that the number of characters in the last sum equals the index of H in Z.

3 AUXILIARY RESULTS

3.1 Sieves, Burgess’ bound, and products of primes in cosets

We shall use the linear sieve, see e.g. [5, Section 12].

Lemma 3.1. Let z > 2 and let D = 2% with s > 1. There exist coefficients >\Zzt such that
the following hold.

(i) |I\F| <1 for every d € N and \i are supported on {d < D : d | P(2)}.

(ii) For every n € N,
- +
DA S pe=t S DA
din din
(ii3) If h: N — [0,1) is a multiplicative function such that

[T a-nre)"< lloogg;ll <1 +0 (10g1w1>>

w1 <p<z1

for any z1 > w1 > 2, then

> Ah(d) < (Fo(s) +o(1)) [J (1 = h(p)),

d|P(z) p<z

S Azh(d) > (fols) +o(1) [T (1 = h(p)).

d|P(z) p<z
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where Fy and fo are the upper and lower bound linear sieve functions (see e.g. [5,

(12.1)—(12.2)]), so that in particular
Fy(s) =2¢€7/s for s € [1, 3],
(3:-1) fo(s) =2¢e"log(s — 1)/s for s € [2,4].

Applying the sieve in our set-up often leads us to sums over integers coprime to the
modulus ¢ € N. For these we note that by Mébius inversion we have, for any y > 1,

62 X 1=Tue X 1-v Y v or@) 22 + 06,

m<y elq m<y/e elg
(m,q)=1

For character sums we use the Burgess bound.

Lemma 3.2. Let g € N, let x be a primitive character (mod q) and let M, N > 1. Then,
for anye >0

3 ()| < NV it
M<n<M+N
forr € {1,2,3}. If q is cube-free or x has bounded order, then this holds for any r € N.
In particular, for any € > 0, there exists 6 = 6(¢) > 0 such that for any ¢ € N and any
N > ¢*/3%¢ we have

Z x(n)| <. N9,

n<N
When q is cube-free or x has bounded order, this holds for N > ¢'/4te.

Proof. The case r = 1 of the first part follows from the Pélya—Vinogradov inequality (see
e.g. [10, Theorem 12.4]). The case r > 2 of the first part is the Burgess bound, see e.g. [10,
Theorem 12.5] for the general and cube-free case and [9, Lemma 2.4] for the bounded
order case.

The second part follows from the first by taking » = 3 in the case of arbitrary ¢ and r
large in case ¢ is cube-free or x has bounded order. ]

Let us prove the following quick consequence of the linear sieve and the Burgess bound.

Lemma 3.3 (The number of products of at most two primes in cosets). Let ¢ > 0 be

fized. Let g € N, N > ¢*/** and let g = 1 — e — 411(;ggqN. Let H < Z; be a subgroup of
fized index'Y and let b € Z; . Then
21og(30p —1) N 2 N
1 1 . < 1<(1 1)— -
(1+0(1) 6o Yleg N — ngl:\/' < (1o ))90 Ylog N
n€bH

pln = p>N'/3

Proof. Let us first prove the lower bound. Let A; be as in Lemma 3.1 with D = N % and
s = 36 (so that z = N'/3). By Lemma 3.1(ii),

(3.3) > 1>2) M > 1

n<N d<D  m<N/d
nebH dmebH
pln = p>N1/3
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Now we detect the condition dm € b- H using (2.3). Let xo, X1, - - -, Xy—1 be the characters
(mod ¢) for which x;(h) =1 for every h € H. Then

Y—-1
1
)BT DI PN D
m<N/d m<N/d  j=0 m<N/d J
dmebH (m,q)=1

»<
N

Xi(d)x;(0) Y Xj(m).

1 m<N/d

“<i \

By (3.2) and the Burgess bound (Lemma 3.2, where we note that each x; has bounded
order <Y') we obtain, for some d = d(g) > 0,

1 No(q)

(3.4) > 1=1gg- 1y, ToUr@)+ O((N/d)'=?).
m<N/d q
dmebH
Plugging this into (3.3), we obtain
N AS
D = v #la) 7‘1 +O(D7(q) + N*°D°).
n<N T (o=t
nebH

pln = p>N1/3

By Lemma 3.1(iii) and Mertens’ theorem, we have

A g\ q
(d%:l jd > (fo(s) + o(1)) H (1 — > = (e fo(s) + 0(1))W

p<N1/3 p
The lower bound part of the claim now follows from (3.1), since s = 36y < 4 and either
360y > 2 or the claim is trivial. The upper bound follows completely similarly but using
the upper bound linear sieve instead. O
3.2 Lower bounds on product sets

Next we collect some results concerning convolutions of characteristic functions and
product sets (or equivalently sumsets in additive notation). The following simple lemma
gives a lower bound for convolutions on a product set.

Lemma 3.4. Let G be a finite abelian group.
(i) Let A, B C G be nonempty subsets of G. Then we have
1ax1p(c) = |A[ +|B| - |G|

forallc € G.
(ii) Let H < G, let a,b € G, and let A C aH and B C bH. Then, for any c € abH, we
have

14x1p(c) > |A| +|B| — |H|.
Proof. Part (i) follows since
14%1g(c) = |[cA™ N B| = |G| - |(cA™H U B
> |G| = (1G] = |A]) = (IG] = [B]) = [A] + |B| - |G].
Part (ii) follows from applying part (i) to the group H and sets a ' A,b6~'B C H. O

Kneser’s theorem (see e.g. [24, Theorem 5.5]) is a standard tool for studying product
sets inside abelian groups.
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Lemma 3.5 (Kneser’s theorem). Let G be a finite abelian group and let A,B C G. Let
H be the stabilizer of A- B. Then

|A-B| > |A-H|+|B-H|—|H| > |A] +[B| — |H]|.
3.3 Mean values of character sums

The following lemma is the basic mean value theorem (or large sieve) for characters
sums.

Lemma 3.6 (Mean value theorem). Let ¢ € N and N > 2. Then, for any complex

coefficients a,,
2

Yo 1D ax(m)| <(N+e(@) D lanl*

x (mod q) [n<N n<N

Proof. Squaring out, using the orthogonality of characters and the inequality |ama,| <
(|am|? + |an|?)/2, we obtain
2

o D axm)] <el@ D lamanl <e(@) D lalf D> 1

x (mod q) [n<N mn<N n<N mIN
m=n (mod q) (n,g)=1 m=n (mod q)
(mn,q)=1
N
< ¢(q) < + 1) > anl
q n<N
(n,q)=1

0

We shall also use the following large value theorem due to Huxley (see e.g. [10, Theorem
9.15 with s,(x) = 0 for every 7]).

Lemma 3.7. Let g € N and N > 2, and let x1,...,xr be distinct Dirichlet characters of
modulus q. Then, for any complex coefficients a,,
2

R
DD anxi(n)| < (N + R¥ENY3¢13)(log(qN))® Y~ lan|*.
j=1 |[n<N n<N

The following lemma gives variants of Halasz—Montgomery type mean value theorems
that are tailored for character sums supported on numbers without small prime factors
(for the usual Haldsz—Montgomery type mean value theorem, see e.g. [10, Theorem 9.14]).
Using different r in Burgess’ bound one would obtain different results. A similar result
can also be found from [20, Theorem 3].

Lemma 3.8. Let ¢ € N and let x1,...,xr be distinct Dirichlet characters of modulus q.
Let e > 0 and C > 1 be fixed. Then the following hold.
(i) Let N € [¢°,qC]. Then, for any complex coefficients ay,
2

R
Z Z aan(n) < (k)]gq + qé+2€R> Z |an|2.

j=1 n<N
(n.P(¢°))=1 (n,P(q%))=1
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(ii) Let ¢ > No > Ny > ¢%*. Then, for any complex coefficients a,
2
R 1/943¢ 2
Qan q ‘an’
E g —X; 1 R g :
X (n)] < ( + ) -

N3
7j=1] N1<n<Ny 1 N1<n<Ny
(n,P(q%))=1 (n,P(q%))=1

Proof. We only prove the second claim, the first claim follows similarly (using non-logarithmic
averages and taking r = 1 instead of 7 = 3 in Burgess’ bound). By the duality principle
(see e.g. [10, Section 7.1]), it suffices to show that, for any complex coefficients c;,

2

1B g1+ R )
N1<n<Ns3 7j=1 1 j=1
(n,P(¢%))=1

Let )\:[ be as in Lemma 3.1 with sifting parameter D = ¢° and s = 1 (so that z = D).
Then the left-hand side of (3.5) is by Lemma 3.1(ii)

2

R R +
1 N A —= X;(n)xk(n)
< DL S AT = D gm Yy Sl Y, FE
Ni<n<Nz  dn Jj=1 Jk=1 d<q® Ny /d<n<Ns/d

The diagonal terms with j = k contribute by (3.2), partial summation, and Lemma 3.1(iii)

R + R +

A 1 A N- d

SIZED DI SINEED SICTD Bl LU LT )

j=1 d<g* N1 /d<n<Ns/d =1 d<q q 1 1
(d’q):1 (n’q)zl (d7Q):1

R
<Y eyl
j=1

On the other hand, the non-diagonal terms with j # k contribute

R
<<Z‘Cj0k|22 Z Xﬁ(n)nX’f(n)

Jk=1 d<gqc N1 /d<n<Ny/d
J#k

By partial summation and the Burgess bound (Lemma 3.2) with r = 3, this is

R ) 1 q1/9+e
<R ; —_——,
;|C]| d(Nl/d)1/3

d<q*®

and the claim follows. OJ

Lemma 9.5 below will provide another Halasz—Montgomery type mean value theorem.

Remark 3.9. It would be possible to combine the previous three lemmas to obtain bounds
for rth moments of character sums over primes with real r > 2 in the spirit of what is often
done in the transference principle. However we obtain quantitatively stronger results by
applying these lemmas directly in the proof of Proposition 5.2 below.
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4 A MULTIPLICATIVE TRANSFERENCE PRINCIPLE
4.1 A dense model theorem
Recall the notation
[N]g={neN:n <N and (n,q) = 1}.

The following proposition is a dense model theorem which gives, for an unbounded function
[+ [N]g = Rx¢ which is majorized by a pseudorandom measure, a model function g :
Zy; — Rx¢ that is bounded and such that character sums of f and g behave similarly.
Such results originate from the work of Green [6]. The following proposition should be
compared with e.g. [7, Proposition 5.1], [19, Theorem 2.1] or [17, Theorem 2.3].

Proposition 4.1 (A multiplicative dense model theorem). Let ¢ € N and N > 2. Let
r > 1 be fized. Let n,e € (0,1),C > 1, and let

10Crloglog g\ /" 1
4.1 ) _ — .
(4.1) © << elogq > 10

Let f: [N]y = Rxq satisfy:

(A1) There exists a majorant function v: [N]y — Rx>q such that f(n) < v(n) for every
n € [Nlg,

Enepn,v(n) —1| <n, and max |Enern, v (n)x(n)] < ¢ °.
(A2) There are at most Co~" characters x (mod q) such that
|Enein, f(n)X(n)] > 6.

Then there exists a function g: Z; — R>qg with the following properties.

(i) For every a € Z;, we have
0<g(a) <1+n+0(g").
(ii) We have, for any x (mod q),
Enein), /()X (n) ~ ez g(a)X(a)| <.

(iii) We have, for any x (mod q),

E ez 9(0)X(0)| < [Enci, f(n)X(n)|

and

Ene), /(X(1) = By 9(0)X(@)| < [Brcpy, f(0)X ()]
(iv) We have Eaequg(a) = Enepn, f(n).
(v) Let H <7 be a subgroup of index Y < 1/(20). Then, for any b € Z;, we have
Eneny, f(n)lneon = Eaequg(a)laebH + 0(9).
Proof. Let

T={x (mod q): |Enein),f(n)x(n)| >3}
be the large spectrum of f, and define the multiplicative Bohr set

B={beZ;: |x(b) -1 <§/5forall x € T}.
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By (A2) we have |T| < C67". Let us bound |B| from below similarly to [24, Proof
of Lemma 4.20]. Write T' = {x1,..., X%}, where x; are distinct and £k < C§~". By the
pigeonhole principle, there exists a k-tuple (¢1,...,&) € C* with [§] = 1 for every i such
that, writing

A={a€cZ;: |xjla) =& <6/10 for every j =1,...,k},
we have
Al > (100/6 + 1)~ e (q).
But now if z,y € A, then x/y € B. Hence, using (4.1),

(4.2) IBI > 4] > p(q) exp(—C5~" log(100/6 + 1)) > ¢'~*/2.
We define g: Z; — R by
g(a) = @(Q)Ebl,bgeBEne[N]qf(n)lnzab1b2_1 (mod q)*

Let us now verify the claims (i)—(v).
Claim (i): The lower bound g(a) > 0 is immediate from the definition of g. By the
definition of g, assumption (A1) and orthogonality of characters,

g(a) < @(Q)Eh,szBEnE[N]qy(n)1nzab1b2_1 (mod q)
= Y Enev(m)X(n)x(a) Erepx(d)
x (mod q)

Separating the contribution of the principal character, we obtain

9(a) < Eneiny,v(n) + O | max [E, ey v(m)x(m)] D [Erenx(d)
XFX0
x (mod q)
By the assumption (A1), Lemma 3.6, and (4.2), we obtain
ql—a
| B

g(a)§1+77+0< >§1+n+0(q_€/2).

Claim (ii): Changing the order of summation and using the orthogonality of characters,
we see that
EGGZ;Q(GW(G) = Ebl,bgeBEaequY(@@(Q)Ene[mqf(n)ln;ablb; (mod q)
(4.3) = By boe X (01)X(02)E, 70X (a) x (@) Eneny, f ()X (R)
= [Baepx(8) B, /() X(0).
Hence

(44) B, SX() — E ey g(@)X(@) = Bugp, f()x(n) (1 - Erenx(®)?)

If now x € T, then by (4.4) and the definition of 7', we have

Ecin), f(0X(01) — By g(@)X(0)] < [Enepn, f(n)X(0)] < 6
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On the other hand, if x € T, then for every b € B we have |x(b) — 1| < §/5 and thus
by (4.4) and (A1) we obtain

Enei), /(MX(0) — Eye 9(0)X(@)]| < Ene, v() |1 = [Eucnx(d)P|

§(1+n)<<1+g>2_1>.

Since by assumptions of the proposition n < 1 and § < 1/10, the last expression is < §
and claim (ii) follows.

Claim (iii): This is immediate from (4.3) and (4.4).

Claim (iv): This follows from (4.3) with x = xo.

Claim (v): Let

D ={x (mod q): x(n) =1 for every n € H}.

By (2.3)
(4.5)

Enev, f(n)lneon — Eaequg(a)laebfl = % Z x(b) (Ene[N]qf(”)ﬂ”) - Ean;g(a)y(a))
x€D

If now x € T, then by (iii) and the definition of 7" we have

Eaezgg(a)ﬂa)’ < B e, f(n)x(n)] < 6.

On the other hand if x € T, then (since § < 1/(2Y") and x takes values in Yth roots of
unity) by the definition of B we have x(b) = 1 for every b € B and so by (4.3) we have

E, e 9(a)X(0) = Epepny, f (n)X(n).
Consequently, in any case
Eoczx9(a)X(a) = Enein, f(n)X(n) + O(0)
and the claim (v) follows from inserting this into (4.5). O
5 APPLYING THE TRANSFERENCE PRINCIPLE

Let e > 0, N > ¢%/2, and define

1 e
(5.1) 6= O(N,q) = L Tlogn i s cubefree;
| - e 1—e— %89 otherwise
3log N ;
and
log ¢
(5.2) 0 o(V, q) e Tlog N

Remark 5.1. The only property of 8(XN, ¢) needed in what follows is that

5.3 max max K N~¢°o
( ) X (mod q) N1-0<y<N y z<: X
XFX0 nsy

for some €9 > 0. Similarly, 6y(N, q) is any exponent such that (5.3) holds with 6y in place
of 6 when the maximum is taken over characters x (mod ¢) of bounded order.



PRODUCTS OF PRIMES IN ARITHMETIC PROGRESSIONS 15

The following proposition transfers the problem of studying F3(N) into a dense setup.
We only need a qualitative result for N > ¢, but prove a more quantitative result in a
larger range which might be helpful for further applications, or for working out a value of
a for which E3(q'~%) = Zy for every sufficiently large cube-free ¢ € N.

Proposition 5.2 (Conclusion of transference). Let ¢ € N be sufficiently large. Let k > 0
and C > 1 be fived and let N € [q2/3+"‘, q¢]. Let e > 0 be sufficiently small but fized. Then
there exists a set A C Z; such that the following hold.

(i) We have
412 (5 <) vlo)

(i) For all but O(y(q)(log q)~¢/%) values of a € Zy we have

(q)
(iii) If N > q*/5+% then
p(9)*
(log q)1/%—=
(iv) Assume that N > q and let oy € (2¢,1]. Write L = [1/a1]|. Then

(5.5) (lax1ax14)(a) > = a € E3(N).

1
v ols @ emw
a=paiaz p (lOg Q) 2L
g1 <p<ql
a1,a2€A

(v) For any subgroup H < Zy of index Y < e~1/2 A contains > ep(q) elements from at

least
[( 5 3e 7 Y
distinct cosets of H.

(vi) For any subgroup H < Z; of index Y < e~ Y2 and any b € 7, we have

q}
0 |Ey(N)NbH| ¢

(5.6) |[ANDH| > <2 W - 5},) ¢(q)-

Proposition 9.6 below adds one more conclusion to this proposition.

Remark 5.3. In the case where ¢ is cube-free and N = ¢, we obtain the bound |A| >
(3/8 — 3¢/2)¢(q) which is rather good. However, when ¢ is not cube-free, we only obtain
that |A| > (1/3 — 32/2)p(q) which is problematic — for instance A could be stuck in a
single coset of a subgroup of index 3 and we could not deduce Theorem 1.3(i). However,
we can actually rule out this scenario by utilizing part (v) of the proposition.

Proof of Proposition 5.2. We let D = N? and z = N?/3. We shall apply Proposition 4.1
with r = 2,
1

o0 "= foggy
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and with f,v: [N], — R>¢ defined by

6
5:) £ = 5 PP 1og N Lero.
and
(5.9) v(n) = b o) log N - Z AT
2 q g ’
d<D

where )\j are the upper bound linear sieve weights from Lemma 3.1 with D and z as above
(and s = 3), so that f(n) <v(n) for every n € [N],.

Now f satisfies Proposition 4.1(A2) for some C' = O(1) by Lemma 3.8(i). Let us confirm
that v satisfies Proposition 4.1(A1) for some 7 = o(1). For any character x (mod ¢), we
have

0
(5.10) Eneln), Y(n)X(n) = 5 - E])logN Enern, X(n) > AF
dn
d<|D
0 _
zi- logNZ)\ Z X(m).

d<D H ]Q| m<N/d

By the choice of 6, here N/d > ¢'/4+</4 when ¢ is cube-free and N/d > q'/3+e/4 otherwise.
Hence when y # xo, the Burgess bound (Lemma 3.2) gives that the innermost sum is
O(q=%°N/d) for some g9 = £o(¢) > 0 and thus we have that, for any x # xo,

()] < ¢!
On the other hand, by (5.10) and (3.2),

— 0 vl 1
B,/ (0) = Buepy v (00(n) = 5 - 20 dog N Y Ao 3

< Nl =,
(d,g)=1 (n,q)=1
) 1 + (‘P(Q)N
=—."——".logN Z AJ +O(7(q))
(5.11) 2 g NEE +0(r(e) ih ad
(d,g)=1
_ 0 9(q) Ad Dqlog N
=g leeN D o Ty
d<D
(dg)=1
By Lemma 3.1(iii) and Mertens’ theorem,
AT logz 2 q
(5.12) Z Zd— (27 + (1 — ) (1+0(1)) C—
=D d logD p<z Olog N ©(q)
(dg)=1

and thus
EnE[N]qV(n) =1+ 0(1)
and Proposition 4.1(A1) holds for some 1 = o(1).
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Having established the assumptions, we may now apply Proposition 4.1 with r = 2 and
4, f and v as in (5.7), (5.8) and (5.9). Hence we can find a function g: Z; — [0,1+ o(1)]
obeying Proposition 4.1(i)—(v). By Proposition 4.1(iv) and the prime number theorem,

0
(5.13) B,z 9(0) = Enepr, 1) = & - 201

We will constantly use the fact that, by the definition of f, the prime number theorem,
and (2.2),

0 B
0g N - Epeln), Ineplnz= = 5 + O((logq) ™).

»(q) 2 o log N
(5.14) 5] ]Q%[ZN] fn ]|2< g ) Nlog NV << =~
Write
(5.15) A={a€Z;:|g(a)l > ¢/10}.

Now we are ready to establish the claims (i)-(v) of Proposition 5.2.
Claim (i): By Proposition 4.1(i),

Bz 0@ =~ | X a0+ Lo | < o5+ b o)

©(q) sz =
Combining this with (5.13) we obtain
0
(5.16) 412 (3-) wla)

Claim (iii): Note that definitely a € E3(N) if (f*f*f)(n) > 0 for some n = a (mod g).
Now, by orthogonality of characters and Proposition 4.1(iii) we obtain that

(5.17)
1 1

n=a (mod q)

= Y EaemJ X @0 = Y (B g0X) (@)

0= Y B, F)xn)?

Enein, /(MX(1) ~ Eyere g(0)X(0)

To bound the right-hand side, we split the characters into three sets

1
(5.18) X = {X (mod ¢): ‘EnG[N]qf( (n)’ < N1/4}’
1 1/4+f$
(5.19) X =< x (mod g): W ’Ene v, (1) } = N1/2 ’
and

1/44k
(5.20) Xy = {x (mod q): |y, f(n)X(n)] > qu/z} :
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By the definition of X;, Proposition 4.1(iii), Lemma 3.6 and (5.14), we see that

90(1q) S Enein, )X [Enep, £ (n)x(n) — Bperx 9(B)X(D)
XEX1

(5.21) < 1 ST B, f)x(m)[?

- N1/4
©(q) » (i a)
1 1 log N q~ q~
< o(q) N (N +¢(q)) o< N1/4q+N5/4.

This is O(1/¢***/4) when N > ¢%/5+%,
On the other hand, by the definition of X3, Lemma 3.8(i) with € = x/2 and (5.14),

2

1/4+k N log N

1 <(n)[? " og

<Nl/2> 3] < Y [Enepvy, £ (n)X(0)] <<<logq+ql/2+ \X3|> s
XEX3

Now the second term cannot dominate and so
_ 2
(5.22) > [Enep, f()x(n)]” < 1.
XEX3

Combining this with Proposition 4.1(ii), we obtain

1 — N2 — = 0
(6529 1 3 B, FOT0) [ [Encing, S0)X(0) By g (XD <~
wla) =~ “ (q)
XEA3
To deal with X,, we write, for dy € [N~1/4, ¢t/4+%/N1/?],
(5.24) Xos, = {x (mod q): dy < ‘EHG[N]qf(n)Y(n)’ <28} .
If we can show that, for any &y € [N~1/4, ¢%/4+%/N1/2] we have
-3
2 X —0 __
(5.25) ‘ 2,50’ < (logq)m’
then we obtain using also Proposition 4.1(iii) that
1 — 2 _ _
W Z ‘EnE[N}qf(n)X(n)‘ Ene[N}qf(")X(n) —Ebequg(b)x(b)‘
XEX2
(5.26) ; .
< ——(lo max E, n)xn)| < ——-
@(q)( 59) SoE[N—1/4 ql/atr [N1/2] 2 [Encw, /(X)) ¢(q)(log q)°

XEX2,5,

Now (5.25) follows for 6y € [N~1/4, ¢'/4t5 /N1/2] and N > ¢*/5+* since Lemma 3.7 implies
that

(5.27) | Xa 50| < 05 %(logq)" + 05 %N 2 (log ¢)*'.
Using (5.21), (5.23), and (5.26) on the right-hand side of (5.17), we obtain

1 )
62) s T G0 = islane e +0 (o6

1
v(q)?
By the definitions of f and § and (5.28) we obtain that a € E3(N) if

o(q)?

(g*g*g)(a) > (logq) /="
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But this obviously holds if (14 % 14 *14)(a ) ©(q)*(log q) /2=,
Claim (ii): Now definitely a € Es(N) if (f * f)(n) > 0 for some n = a (mod ¢). By
the orthogonality of characters

1 1
NP %Od q)(f «f)(n) — (0 (g +9)(a)

(5.29)
Y (e 0K ~ (B 30)) @)

X (mod g)

By orthogonality of characters and Proposition 4.1(iii),

2

Yl X (@ f0xm)? - (B x0) ) x@

€7y x (mod q)
1 912
(5:50) = EON (%:d ) (Enciv, FnXM)° = (Epezz 90X )
< > [Ene, f (n)x(n)[? ’EHE[N}qf (n)X(n) — IEberg(b)X(b)‘2
wla) g Q

We split the characters into three sets X3 U x> U X3 as in (5.18), (5.19), and (5.20). By
the definition of &}, Proposition 4.1(iii), Lemma 3.6, and (5.14) we see that

Z ‘ neN], f )‘2

‘ 2

Erne, [ ()X (1) = Eperx g(0)X(0)

xeX
2
(5.31) < <1> L > [Eney Fn)x(n)|”
NV% ) o(q) ‘
X (mod q)
1 log N log N log N
(N + (q) 2 > s

< N1/2¢(q)

This is O(1/¢"**/?) when N > ¢?/3*%_ On the other hand, recall that by (5.22)
N2
Z ‘Ene[N]qf(n)X(”)‘ <1
XEX3
Combining this with Proposition 4.1(ii), we obtain
2 _ 2 52
632~ 3 [Euc, SO [Eueing, F0)T) ~ By g 0T < s

) &, v(q)

To deal with X3, we recall the definition of X5, from (5.24). If we can show that, for
any &y € [N~1/4 ¢/45 /NV/2] we have

(5.33) | X250 <
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then we obtain using also Proposition 4.1(iii) that

(5.34)
1 2 _ 2 1
SO(Q) X;Q |EnE[N}qf(n)X(n)‘ EnE[N]qf(n)X(n) - Ebezgg(b)X(b>’ < (P(Q)(log q)g

Now (5.33) follows for 6y € [N~ ¢*/4+%/N1/2] and N > ¢?/3+* from (5.27).
Combining (5.31), (5.32), and (5.34), we obtain

! 2 52
ol (%d ) i), X [Enep, £n)X() = By X8| < s
This together with (5.29) and (5.30) implies
1 1 61—5/2
o NP, %od q)(f ) = Sl +0 ( (q) >

for all but O(6/2¢(q)) elements a € Zy. Now
L gea@+0[ ) s 2 aaein@+o D
gx*xg)la > * a
©(q)? v(q) plg AT v(q)

and claim (ii) follows recalling the definition of §.
Claim (iv): Let fy: [N]; — R>¢ be defined through

lnepﬁ(qa1‘57q“1]

fo(n) = -

Note that definitely a € E5(N) if (f * f * fo)(n) > 0 for some n = a (mod ¢q). Now by
orthogonality of characters and Proposition 4.1(iii) (abusing the notation to consider fy
as a function from Z; when convolved with g),

(5.36)
1 1
|[N]q‘2 - Z (f*f*fo)n)— (p(q)2 (gxgx* fo)la)

ng(lq) Y | EBuem, f(n)x(n) (Ebezxg@)x(b)f) S fom)x(m)x(a)
X (mod g) ne[V]
=0 so(lq) > [Eney > foln)x(n)

n€[N]q

*Enevy, f(m)X(1) = Eyegxg(0)X(D)

)

When considering the right-hand side, we split the characters into two sets

X = { (mod q): Z fo(n < (logq)~ 10}

n€[Nlq
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and

Xy =4x (modq): | Y fo(n)x(n)| > (logg) "
n€[Nlq

By the definition of X;, Proposition 4.1(iii), Lemma 3.6, and (5.14), we see that
(5.37)

Z‘ nEN]q Z foln

XEX n€[Nlq

1
<(ogg) ™ 0—= 3" |Enein, f()x(n)|?
©(q)
X (mod q)
log N 1

—0_ L
< (logq) 2(q) (N +¢(q)) N o(q )(logq)gl

Recall that L = [1/a1|. By Proposition 4.1(ii,iii) and Holder’s inequality, we obtain
(5.38)

Enein, /(M) — By gOX(0)

Z‘ nEN]q Z fO

X€X2 n€[Nlq

Enein), /(0X(1) = By g (B)X0)

1

2L\ 2L l—5p
<<51/Lw(1q> oI Y fxn (Z Ene[N]qf(n)X(n)|2) -

XEX2 [ne[N]q XEX2

Recall we assume that ¢ is sufficiently small. Then [L(a; —¢€), Lai] C [3/8,1]. We obtain
by the definition of X3, Lemma 3.8(ii), and Mertens’ theorem that

2L

((logg) )" |22 < S| S foln)x(n)

XEX2 [n€[N]q

-Y| ¥ O

XGXQ qL(a17£)<nSqLa1 n=pi--pPL
g1 <p1,...,pL g1

< (1 +q1/9+3571/8|)(2’> Z 7 (n)?

n

n<q

(n,P(g*17%))=1
L2

<(+q %) ] (1 + > < 1+q 1%,
q*17¢<p<q b

Now the second term cannot dominate, and so |Xs| < (log ¢)2°* and
2L

Y1 D fmxn)| <1

XEX2 [n€[N]q
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Applying also Lemma 3.8(i), we see that (5.38) is < 5%/90(q). Combining this with (5.37)
we obtain from (5.36) that

1 1 5T
(5.39) IF _ %Od q)(f s f* fo)(n) = (p(q)Q(g « g * fo)(a) + O (so(q)) ,

where we still have abused the notation by considering on the right-hand side fy as a
function from Z; .
By the definitions of f and fy and (5.39) we obtain that a € E3(N) if

(9% g% fo)(a) > p(q)d"/ "</,
and the claim follows by the definitions of A and §.

Remark 5.4. The reason we needed to use logarithmic averaging in Proposition 5.2(iv)
is that when a; < 1/3 + ¢, we cannot apply Haldsz—Montgomery type results without
losses without logarithmic averaging. In this range, in order to make the Burgess bound
applicable, we need to take higher than second moment of the character sum, and we
cannot use a sieve to find a correct order of magnitude sieve majorant for example for the
characteristic function of integers of the form n = pip> with p; ~ ¢**.

Claim (v): Let H < Z; be a subgroup of index ¥V < e 12 and let biH,... bxH
be all the distinct cosets of H from which A contains at least ep(q) elements, and let
c1H, ... ,cy_gH be the remaining distinct cosets. Thanks to Proposition 4.1(v), the
definition of f, and Lemma 3.3, we have, for any j € {1,..., K}

30(1(1) > 9(0) = Enein, Inep, 1 f(n) + O(0)
aeb]-H
40 0 ¢(q) ;
3 g eV 2 100 < (e eltgg
peij

recalling that 6 = o(1). On the other hand, for any j € {1,...,Y — K} we have by
Proposition 4.1(i) and (5.15) (using also £ < e%/2/Y)

DINCOEr I SRR~ SR

1
go(q ac€ANc; H @(q ac€ANc; H

e plg) e _ 27
A0 0 %) oY n s v

Combining these with (5.13), we obtain that

< (14 o) K 7 + 2620(a) + o),

N D

and the claim follows.
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Claim (vi): The definition of f, Proposition 4.1(v, i), and the definition of A imply
that
OE\(N)NbH[ 1

S o) to(l) = — 3 g<a>+(1 S g(a)+o(1)

2 N/lgN — ¢q) 4, @) o Pa) Aeron
ANbH AnoH
§<1 £)| N |+ € +0(1)§w i7
20/ »(q) 10Y ©(q) 5Y
and (5.6) follows. =

6 PRODUCTS SETS

6.1 Reduction from popular products to product sets

In the notation of Proposition 5.2, we have reduced the study of E3(q) to getting a
lower bound of the form (14%14%14)(a) > ¢(q)? for all a € ZX. If instead it sufficed just
to show that a € A- A- A, we could apply Kneser’s theorem (Lemma 3.5). However, we
need that a has many representations as a product of three elements of A. Fortunately,
the following lemma which is a quick consequence of work of Grynkiewicz [8] allows us to
essentially reduce to studying A- A - A.

Lemma 6.1. Lett > u > 1 be integers. Let A, B be finite subsets of a finite abelian group
G with |Al],|B| > t. Then at least one of the following holds.
(a) We have
(1ax1p)(a) >u
for at least
|Ah+wﬂ—2t—uf”

values of a € G.

(b) There exist subsets A’ C A, B' C B with
JANA'|+ B\ B'| <t—1
such that
(1A * 13)(0,) >t

for everya € A" - B'.
Proof. Let N;(A, B) denote the set of ¢ € G such that ¢ has at least ¢ representations as
ab with a € A,b € B. Then by [8, Theorem 1.1] either (b) holds, or we have

t
(6.1) > INi(A,B)| = t(|A] + |B| — 2t) + 1.
i=1

If (6.1) holds, then we trivially also have

t
D INi(A, B)| = t(|A| +|B| - 2t) — u|G].
Since |Ny(A, B)| > |N¢(A, B)| for t > u, we conclude that
1< u|G|
Ny(A,B) > =S " INi(4, B)| > |A| + |B| — 2t — Y1
Nu(AB)| 2 L 30 [NA(AB)| 2 4] +|B] :

i=u
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The claim (a) follows, since for each a € N, (A, B) we have (14 x1p)(a) > u. d

Next we combine the previous lemma with Proposition 5.2 to obtain criteria about when
a € Ej (N)
Proposition 6.2 (Criteria on sizes of Eo(N) and E3(N)). Let k,e > 0 and C > 1 be
fized. Let g € N be large in terms of k,e, and let N € [q2/3+"“,q0]. Let 0 and 0y be as
in (5.1) and (5.2). Then at least one of the following holds:
(a) We have |Ea(N)| > (0 — 2¢)p(q). If 0 > 2/3 + 3¢, then we also have E3(N) = Z; .
(b) There exist sets A', B' C Z; such that the following hold.
(b.i)
A", 1B'] = (0/2 — 3¢/2)(q)-
(b.ii)
(A" B') N Ex(N)| = |[A"- B'| — e(q),
(b.iii) If N > ¢*/>%, then
(1A’~B’ * lA/)(a) > <p(q) — a € Eg(N)
(b.iv) Assume that N > q and let oy € (2¢,1]. Write L = |1/ai1|. Then

1
Y =>1 = acE3(N)

cp=a (mod q)
g1 <p<q™
ceA’-B’
(b.v) For any subgroup H < Z) of index Y < =12, A'N B’ contains at least So(q)
elements from at least [(0y/2 — 3¢'/209/0)Y| cosets of H.

(b.vi) For any b € Zy, we have

6 |E\(N)NbH| ¢

AnB bl > (2 B I0EE 2 .
| ’-(2 N/log N 3)90((1)

Proposition 8.3 below adds one more conclusion to part (b) of this proposition.

Proof of Proposition 6.2. We may assume that € > 0 is small enough. Let A be as in
Proposition 5.2. Note that |A| > (6/2—¢)p(q). We apply Lemma 6.1 with ¢t = [£¢(q)/10]
and u = |e%¢(g)/1000], and with A and B in the lemma both equalling the set A.

If Lemma 6.1(a) holds, then the first part of Proposition 6.2(a) holds by Proposi-
tion 5.2(ii) and the second part of Proposition 6.2(a) holds by Proposition 5.2(iii) and
Lemma 3.4(i) applied with {a € Z; : (14 %14)(a) > u} in place of A and A in place of B.

Let us now show that if Lemma 6.1(b) holds then (b.i)—(b.vi) hold. Now (b.i) follows
immediately and (b.ii) holds by Proposition 5.2(ii) since A", B C A and
(6.2) ceA'-B = 14%14(c) > ep(q)/10.

Moreover, we have (b.iii) by Proposition 5.2(iii) and the estimate

<1A’-B’ * 1A/)(a) = Z 1A/.B/(c)1A/(ac_1) < (1(]) Z (]-A * lA)(c)lA/(ac_l)
ceA'-B’ ceA-B’
1a%14%14(a)
v(q)
Claim (b.iv) follows similarly from Proposition 5.2(iv).
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Since
5
(6.3) [ANAT+ AN B'| < 50(9),
Claim (b.v) follows from Proposition 5.2(v) and (b.vi) follows from Proposition 5.2(vi). [

6.2 Structure of sets with small doubling

In this subsection we provide a consequence of Kneser’s theorem which tells us about
the structure of A and B in case A - B is small. The following lemma is quite similar to
parts of [1, Section 4] and [23, Lemma 3].

Lemma 6.3. Let o, o/, 3 € (0,1] be such that f < 2a < 2/, and let A, B C Z; with
|A|,|B| > ap(q). Assume that A and B each meet at least proportion o of cosets of any
subgroup Ho < Z; of order < 1/(2a — 8). Then at least one of the following holds.
(a) We have
|A- Bl > Be(q).

(b) Write H < Z; for the stabilizer of A- B and write Y for its index. Then the following

hold.

(b.i) We have

1<Y <

20/ — 3
(b.ii) If o/ > 1/3 and § < 2/3, then' Y = 3k + 2 for some integer k with
kE+1 ,
4 >
(64) 3kt+2- "
and each of A and B intersects exactly k+ 1 cosets of H, and A- B is the union
of 2k + 1 cosets (mod H).
(b.iii) If, for some small enough € > 0, we have o/ > % —eand B < % — 2¢, then

Y =3k +2 for some integer k € {0,1,2}, and each of A and B intersects exactly
k+1 cosets of H, and A - B is the union of 2k + 1 cosets (mod H).

Proof. If Y = 1, then A- B = Z; and (a) holds. Assume henceforth that ¥ > 1. By
Kneser’s theorem (Lemma 3.5)

1
A~ Bl 2 A+ H| + |5 H) = |#] > |4 +18 - |H] > (20~ 7 ) pla)

We see that either (a) holds or
I<Y <

200— B’
By assumption, this implies that each of A and B meets at least proportion o/ of cosets
of H. Hence actually

65)  1A-BIZ 1A H] |5 Hl - 1] > (2 [2Y] )1 > (20~ ) oo

and so either (a) holds or (b.i) holds.
We may suppose from now on that (b.i) holds. Then using the second inequality in (6.5),
we obtain in this case

(6.6 48] > (2fa'v] - 1) i = 212 )
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If o/ >1/3 and 8 < 2/3, then if Y is not 2 (mod 3), we have

A R GV Y. 2
[ay}_[3+<a 3>Y}23+3,

so we obtain by (6.6)

481> (5 +5-1) B2 > Jo) = dela),

so (a) holds.
If instead o/ > 3/8 — ¢ and 8 < 11/16 — 2¢ with & > 0 small, then (b.i) gives Y < 16.
Moreover, by a case check we see that

2[a'Y] -1 _ 11
Y — 16
for all Y € {1,...,15} that are not of the form Y = 3k 4 2 with k € {0,1,2}. Hence, if Y
is not of this form, then (6.6) implies that (a) holds.
We may henceforth assume that Y = 3k 4+ 2 for some k € N if o/ > 1/3 and 8 < 2/3,
and that Y = 3k + 2 with k£ € {0,1,2} if o/ > 3/8 —¢ and 8 < 11/16 — 2¢. Now A and B
must each intersect at least

WY > [;(3k+2)-‘ S k41

cosets of H. If A intersects > k + 2 cosets of H, then |A- H| > (k + 2)|H|, so by the first
inequality of (6.5) we have

©(q)
AB>k+24k+1—1)|H| = (2k+2
| | > (k+2+Fk+ ) H| = ( +)3k+27

and now (a) holds since (2k+2)/(3k+2) > 2/3 for all k € N and (2k+2)/(3k+2) > 11/16
for k € {0, 1,2}. Using symmetry, we may assume that each of A and B intersects exactly

k + 1 cosets.
Now since

|A-B| > |A-H[+|B-H| - [H| = (2k + 1)|H],

we see that A- B must intersect (and hence consist of ) at least 2k + 1 cosets of H. If A- B
is the union of at least 2k + 2 cosets of H, then we have

|A-B| > (2k + 2)|H| > 2|A] > 20p(q) > Be(q)

and (a) holds.

Hence if (a) does not hold, then A and B must each be contained in k + 1 cosets of H
and A- B must be the union of 2k+1 cosets of H. Finally, we have (6.4) by the assumption
that A meets at least proposition o/ of cosets of an index Y subgroup. O

We shall also use the following which is [23, Lemma 4].

Lemma 6.4. Let G be an abelian group of order 3k+2 for some integer k > 0. Let B C G

with |B| = k+1. Assume that B-B = G\ B and that the stabilizer of B- B is the identity.

Then G is cyclic and for some g € G which generates G we have B = {gF*1, ... ¢g*+1},
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7 PRIMES IN COSETS OF INDICES 5 AND 8

In order to deal with the case that Lemma 6.3(b) holds, we need to have information
on the distribution of primes in cosets of Z; of index 3k + 2 for small k (k € {0,1,2}
suffices for us). We can obtain lower bounds for the logarithmic density of primes in
certain collections of such cosets.

Lemma 7.1 (Positive logarithmic density of primes in some unions of cosets). Let ¢ € N
be large, let k € {1,2} and let H be a subgroup of index 3k + 2 such that Z; /H is cyclic
and generated by gH with g € Z;. Then

log p 1
7.1 >
(7.1) Z p — 1000
P<q

pgUst) g" i H

log q.

In the proof of this lemma we use the following lemma which is [23, Proposition 6] and
is based on [9, Lemmas 5.2-5.3]. Also Szabé [23] used it in a similar context.

Lemma 7.2. Let ¢ € N and o € Ryg. Let f: R>o — R be defined as

Ja—t if0<t<a;
f(t)_{o ift > a.

(i) If x is a non-principal character (mod q) of bounded order, then

Re" x(p) logpf <1ogp> < <%+0(1)>logq'

P log q

(ii) We have
2

zp: Xo(p;logpf <1ogp> _ (O; + 0(1)> log g.

log ¢

Proof of Lemma 7.1. Let J =2if k=1and J =4if k = 2. Let a = 1 in Lemma 7.2. For
j=0,...,J, we define

S , Mf logp
pE€g? HUg—I1H P log g

Bj =
Zp xa(pzjl &P ¢ (%)

Trivially

J
(7.2) Bj €[0,1] for each j =0,...,J and Y B; =1.
j=0

Let us first consider the case k = 1, so that J = 2. If (7.1) does not hold, then

log p 1
Z < ——logg.
1
= D 000

pg9*HUg3H

Hence by definition of §; and Lemma 7.2(ii) we have fy + 1 < (24 o(1)) - WIO()’ and
consequently (7.2) implies that 82 > 392 — o(1). Let x be the character (mod ¢) for which
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x(g9) = e(2/5) and x(h) = 1 for every h € H. Then, since cos(0) > cos(27/5) > 0 >
0s(47/5), we have

Rez x(p)plogpf <logp>
p

log ¢

1 1
<50 + B1 cos (45 > + B2 cos <2;>> zp: XO(p; ngf (1Z§§>
1 4\ 499 Xo(p logp log p
> <5OOCOS <5>+500(:os< ) >Z <10gq>'

Applying Lemma 7.2(i) to the left-hand side and Lemma 7.2(ii) to the right-hand side, we

obtain
1 499 2m 1 4dr 1
- > — — ——o(1)=0.153... 1).
8_(500008<5>+500CS<5)>2 o(1) =0.153... 4 o(1)

But this is not true, and we have obtained a contradiction.
Let us now turn to the case k = 2. If (7.1) does not hold, then

logp 1
Z < ——logg.
1
= D 000

p2g® HUg* HUgS H

Hence, by definition of 3; and Lemma 7.2(ii),

(7.3 Bot B+ By <2 e+ o(1).

Let now x be the character (mod ¢) for which x(g) = e(1/8) and x(h) = 1 for every
h € H. By the definitions of 3; and Lemma 7.2(ii) we obtain

x(p logp log p xo(p logp log p
RZ <logq) o+ B Z <

log q

Xo(p logp logp B 1
R — (2 log g.
(ﬁ“ 500 U ) Z <logq> ( 2~ 1000 T 1 )> 084

Applying Lemma 7.2(i) to the left-hand side, we obtain 84 < I + =5 + o(1), and conse-
quently by (7.2) and (7.3) we must have 83 > 2 — -1= + o(1).
On the other hand, using the definition of 3; and our bounds for 3;, we obtain

x(p logp log p Xo(p logp log p
RZ (logQ> (BO_BI\TJF&)’ )Z <10gq>

1 1 3 1 1 1 Xo(p)logp , (logp
R (PR (A Y | .
—( 500\/§+<4 250 T )>ﬂ 4 500)%: p ) Uog
Applying Lemma 7.2(i) to the left-hand side and Lemma 7.2(ii) to the right-hand side, we
obtain

93 1 1
> - — =0.137... 1

which is a contradiction. O

| =
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Remark 7.3. We have not tried to optimize the lower bound in Lemma 7.1. In our
cases k € {1,2}, it would be quite easy to do such an optimization by hand. For larger k
one could use linear programming (which has been previously used in a somewhat similar
context in [15, Proof of Theorem 2]) to take full advantage of the information provided
by Lemma 7.2. Even this is not sufficient to prove a similar result in case k = 3, but as it
turns out we will only need the cases k € {1,2} in the proofs of our theorems.

8 Si1ZE OF E3(N)

Proof of Theorem 1.1. Let € > 0 be small. Let N = q if ¢ is cube-free and N = ¢'*100¢
otherwise. Adjusting e, it suffices to prove that E3(N) = Zy . Recall the definitions of 6
and 6y from (5.1) and (5.2). We have

log ¢ 2
0>1—¢— > —-+10
- c 3logN — 3 e
and
log q 3
bp=1—¢— > - —¢.
0 T 4logN “ 1 €
Let us apply Proposition 6.2. If Proposition 6.2(a) holds, then we immediately get
E3(N) = 7).

Hence we can assume that Proposition 6.2(b) holds. Let A" and B’ be as there, in
particular

8.1) 4118 2 (5 - 3¢) vl = (5 +3¢) vlo)

Write H for the stabilizer of A’ - B’. We apply Lemma 6.3 with A = A’ B = B',a =
1/3+ 3¢, o/ =3/8 —10eY/2, B =2/3 — 5¢/2 (which is an admissible choice of parameters
by (8.1) and Proposition 6.2(b.v)). In case Lemma 6.3(a) holds, we have E3(N) = Z; by
Proposition 6.2(b.iii), (8.1), and Lemma 3.4(i).

Hence we can assume that Lemma 6.3(b) holds. Then by Lemma 6.3(b.i)—(b.ii) A" and
B’ are contained in k + 1 cosets of a subgroup H of index Y = 3k + 2 with

1
<
3/4—2/3 — 30el/2
so that k € {0,1,2,3}. Furthermore A’ - B’ is the union of 2k 4+ 1 cosets of H. If k = 3

(so that Y = 11) then (6.4) fails, so this case cannot actually occur.
Hence we can assume that k € {0, 1,2}. By Proposition 6.2(b.v) we know that A’ and

1<Y < 13,

B’ are contained in the same k + 1 cosets of H. Let now ay,...,ax1,b1,-..,bor 1 be such
that
k+1
AB | JaH
j=1
and
2k+1 k+1 2

(8.2) AB =) yH=|JaH
j=1 j=1
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By Proposition 6.2(b.v) the set A’ contains at least 5y(q) elements from each a;H with
j €{1,...,k+1}. Combining this and (8.2) with Proposition 6.2(b.iii) and Lemma 3.4(ii),
we see that

k+1 2k+1
(8.3) UaH] | | b0H]| C Es(I).
=1 i=1

The left-hand side does not yet necessarily cover all of Z;. To proceed, we split into two
cases.
81 Casel: ke{l,2}ork=0and a; € H
We shall in a moment show that in this case there exists a; € (2¢, 1] such that
lo
(8.4) Z 8P log q.

q*17E<p<qg™1
k+1
p¢Uji1 ajH

Let us first show how (8.4) implies the claim that E3(N) = Z;. By (8.4) there exists
ap € Z; such that agH ¢ {a1H, ... ,ax1 H} and

lo
Z o8P > logq.

q 17 <p<ql
pEaoH

Then, for each a € apH - Ujﬁl bjH we have by (8.2)

1 1
SRNETIND SRR )
cp=a (mod q) p q¥1 e <p<g™ p
qa175<qua1 pGaoH
ceA’-B’

Hence by Proposition 6.2(b.iv) we obtain that

2k+1
aoH - | ) b;H C E3(N).
j=1

Combining this with (8.3) and Lemma 3.4(i) we see that F3(N) = Z; .
Hence the remaining task is to prove (8.4). Consider first the case that U;?;LllajH and

U?f{lij are not complements of each other. In this case there exists by € Z; such that
boH intersects neither of these unions. By Lemma 3.3 we know that bgH N [1, ¢] contains
> ¢/ log q integers who have at most two prime factors and whose prime factors are > q'/3.
Since by ¢ U?illajH by Proposition 6.2(b.vi), there must be > ¢/ log ¢ products of exactly
two primes > ¢'/3 in boH N [1, ¢]. But since

2k+1 k+1

bt |JbH=|JaH]| |

j=1 j=1
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k+1
J=1

s < 2 >, 1< ) %/
&4 q*/3<p<q?/3 q1/3<p'<q/p q1/3§p§q2/3p &4/P

k41 k41
pgujilajH pgujilajH

we see that both prime factors cannot be from U7 a;H. Consequently

and (8.4) follows.

Note that if £ =0 and a1 € H, then definitely a1H = H and b1 H = a%H = H are not
complements of each other, and so in the rest of the proof of case 1 we can assume that
k € {1,2} and U;“illajH and U?f{lij are complements of each other. But then (8.4)
follows from Lemmas 6.4 and 7.1.

82 Case2: k=0anda ¢ H

This is the most difficult case; due to the possible existence of exceptional characters,
there may exist a quadratic character ¢ such that ¢ (p) = —1 for almost all primes, and
thus we might indeed have p ¢ H for almost all primes p. We need two auxiliary results
before we can finish the proof of Theorem 1.1 in this case. In this subsection we state
these results and finish the proof of Theorem 1.1 asssuming them. We postpone the proofs
of the auxiliary results to Section 9.

First, while we cannot show that the primes with ¥ (p) = 1 have positive logarithmic
density, we can show the following.

Lemma 8.1 (Lower-bounding the number of primes with ¢ (p) = 1). Let ¢ € N be suffi-
ciently large and let ¢ (mod q) be a real character. Then there exists a positive constant
co such that either

(8.5) >

q1/4<p§q5/7
Y(p)=1

1
>
— 10

SRR

or there exists y € [¢°/7,q] such that

(8.6) o> coyL(1, 1) 2L I1 (1 - 2> .

P<y 2<p=<q

Y(p)=1 ¥(p)=1

This lemma has some similarities with the work of Dunn, Kerr, Shparlinski and Za-

harescu [3, Theorem 1.1] (see also work of Benli [2, Theorem 4], but there is an inaccuracy!

in the proof: In the proof of [2, Lemma 9] the k-dimensional fundamental lemma of the

sieve is currently applied with level z® larger than the upper bound for e in [2, Proposition

7] — however the methods in [2] definitely do yield a result like [2, Theorem 4], possibly
with a slightly different lower bound).

Remark 8.2. The bound (8.5) is clearly optimal up to a constant factor, and similarly
the lower bound in (8.6) is optimal up to a constant factor (see Lemma 9.4 below).

The second important auxiliary result is the following addition to Proposition 6.2.

Proposition 8.3. In the set-up of Proposition 6.2, in case Proposition 6.2(b) holds, the
sets A', B' satisfy in addition to (b.i)—(b.vi) also the following:

IThe author of [2] is in the process of correcting this.
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Assume that N > q and M € [¢*/373 q]. Then
2
o> ML(1,¢)@ 1T (1 - > — a € F3(N).

cp=a (mod q) 2<p<g p
p~Mp(p)=1
ceA'-B’

Now we finish the proof of Theorem 1.1 in the remaining case £ = 0 and a; ¢ H,
assuming Lemma 8.1 and Proposition 8.3. In this case A’, B’ C a1H and A’- B’ = a}H =
H.

By (8.3) it suffices to show that a € E3(N) for every a € H. Since A’ - B’ = H, by
Proposition 8.3 this follows if, for some M € [¢?/313, ¢], we have

¢(q) 2
> 1>>ML(1,1/;)T 1T <1—p>.

p~M 2<p<q

Y(p)=1 ¥(p)=1
But this either follows from Lemma 8.1 or (8.5) holds. But if (8.5) holds, then (8.4) holds
and the argument in case 1 goes through. ([l

9 PROOFS OF LEMMA 8.1 AND PROPOSITION &.3

In the proofs of Lemma 8.1 and Proposition 8.3 we will apply a sieve to the sequence
(1 x)(n). In the course of doing this, we shall need the fundamental lemma of the sieve
(see e.g. [5, Lemma 6.8]):

Lemma 9.1 (Fundamental lemma of the sieve). Let k > 1 be fized. Let z > 2 and let
D = 2% with s > 95 + 1. There exist coefficients )\z,'/[ such that the following hold.

i) AT <1 for every d € N and ME are supported on {d < D : d| P(2)}.
d d

(ii) For every n € N,
- +
PIRVES IS PRV
din din
(i1i) If h: N — [0, 1) is a multiplicative function such that, for some K > 1, one has
1 KR
[T -yt <x (2
log wy
w1 <p<21

for any z1 > w1 > 2, then

> ATh(d) < 1+ KO T - h(p)),

d|P(z) p<z
> Agh(d) = (1=K T](1 = h(p)).
d|P(z) p<z

Before moving on, let us collect some arithmetic information concerning (1 % ¢)(n).

Lemma 9.2. Let ¢ € N and let ¢ be a quadratic character (mod q). For each € > 0,
there exists a constant n = n(e) such that, for any x > qV/Ate,

D (1) (n) = LA, ¢)x + O-(x' 7).

Proof. This follows easily from the Dirichlet hyperbola method and the Burgess bound,
see [18, Proposition 3.1]. 0
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Lemma 9.3. Let ¢ € N and let ¢ be a quadratic character (mod q). For each € > 0,
there exists a constant n = 1(e) such that whenever d € N and z/d > ¢"/**¢, we have

(9-1) Y (1x¢)(n) = h(d)L(1, )z + O:(r3(d)7(d)(w/d)' "),

dln

where h is a multiplicative function such that, for every p € P,

(9.2) h(p) = ! +;/}(p) - 1/1p(2p) and |h(p¥)| < ;]]f for any k € N.

Proof. This follows easily from Lemma 9.2 (and is essentially a special case of [2, Propo-

sition 7]). Let
Sd¢:Z(1*¢ Z (ma).

n<x mimeo<x
d|n d|mimsz

Writing d = dydy with d; = (d, mq), we see that

=22 X

d=dds m2<x/m1
d da|ma

We remove the condition (da,m;/dy) = 1 by Mdbius inversion, obtaining

Yoo doul) Y D W(ma)

d=d1dz d2=fg ma<z/m1

difm g g

flma/da

Making the change of variables m1 — di fm1 and my — mads = ms fg, we obtain

Sa= Y pHv(fe) DY wlma)= D ulfw(fe) D (1xv)(m).

d=d; fg mima<z/(d1f%g) d=di fg m< g

Now f > (x/d)/? contribute

r\1-¢/2 gz
< 73(d) %; i log < 73(d)7(d) (3) log =,
F2(x/d)/?

whereas by Lemma 9.2 the contribution of f < (z/d)*/? is, for some 5 > 0,

S wlhefe) (L(l,wd”; +0 <(df) ))

d=d1 fg
f<(z/d)*/?

=xL(1,9) ) W +0 <Tg(d) (2)1‘”/2) '

d=d1fg
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Writing out the Euler product we obtain (9.1) with h being the multiplicative function
such that, for any p € P and k € N,

k ; k—1 1
ky _ V() v
h(p™) = Z Z d \p%g = ok PR
k—d1g pk=d1pg j=0 Jj=0
k—
w IR ()
S (142
j=0
which clearly satisfies (9.2). O

Before turning to the proof of Lemma 8.1, let us quickly combine Lemmas 9.1 and 9.3
to obtain an upper bound corresponding to (8.6).

Lemma 9.4 (Upper-bounding the number of primes with ¢ (p) = 1). Let € > 0 be fized,
let ¢ € N be sufficiently large and let ¢ (mod q) be a real character. Then there exists a
positive constant C. such that, for any y € [q1/4+5, q] we have

2
> 1< carnf? ] (1—>-
< q 2<p< p
pxy <p=q

Y(p)=1 Y(p)=1

Proof. We can clearly assume that ¢ is small. Let /\j be as in Lemma 9.1 with x = 2,

sifting parameter z = ¢°, and level D = ¢°/2 (so that s = 1/(2¢)).
Now by Lemma 9.1(ii) and Lemma 9.3, we have, for some 1 > 0,

D<) Ax)p) <D (1xv)(n) Y A < Z A (1) (n)

Py Py n<y eln Py "<V

Y(p)=1 eln
Y. Afh(e)+ Oy,
el P(g=*)

where h is as in Lemma 9.3. Now the claim follows from the fact that L(1,1)) >s ¢~ by
Siegel’s theorem and Lemma 9.1(iii) since

(9.3)
[s=[-sonTe-3) I (-2)-22 1 ()
U HE

Proof of Lemma 8.1. Let w = q‘fqt7 where ¢ > 0 is small but fixed. Let a, = (1 *
Y)(n)1(n,pw))=1- Note that a, > 0 for all n. Let )\th be as in Lemma 9.1 with k = 2,
sifting parameter z = w, and level D = ¢° (so that s = ¢~ 2).

We use Chebychev’s method like Dunn, Kerr, Shparlinski and Zaharescu do in the proof
of [3, Theorem 1.1]. Now by Lemma 9.1(ii), Lemma 9.3, and partial summation, we have,
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for some 1 > 0,

ZA(d)Zan:ZanZA Zanlogn> Z Ao Z 1*1)(n)(logn)

d<q n<q n<q dln n<q e| P(w) n<q

(9.4) djn eln

q(logq)L Z A h(e .

e|P(w)

By Lemma 9.1(ii) and Lemma 9.3, we have, for some n > 0,

Yo ADY an< D> A DA (1) (n)

d<q o/7 Zléq d<q 5/7 e|P(w) Zﬁl‘l
d,P(w n d,P(w en
05 Plw)= (& P(w)=
Z Ah(e)- > A(d)h(d)+ O(g"™™).
e| P(w) d<q®/7
(d, P(w))=1

By (9.2) and Mertens’ theorem,

2logp 2k 1
Z A(d)h(d) < Z + Z p—klogpgilogq.

d§q1/4 w§p§q1/4 p kaq1/4
(d,P(w))=1 p>w,k>2

(9.6)

Furthermore, if (8.5) does not hold, then since |h(p)| > 1/p? for p{ q implies ¥(p) = 1, we
have

1 1
(9.7) Z A(d)h(d) < 2- o log q5/7 + O(q—l/w) = - log g + O(qfl/l())'
q1/4§d§q5/7

(d,P(w))=1

Inserting (9.6) and (9.7) into (9.5) and noting that L(1,%) 3 - p(uw) AFh(e) > 0, we see
that, for some 1 > 0,

S MDY an < aL(Lv)(loga) 3 AThe) +Og" ).

d<g®/7 n<q e|P(w)
(d,P(w))=1 dln

Once ¢ is sufficiently small, this together with (9.4) and Lemma 9.1(iii) implies that, for
some 1 > 0,

(9.8) S AD Y an > salloga)L(10) L (1~ hw) + 0" ).
¢%/7<d<q n<q p<w
dln

By Siegel’s bound, the right-hand side is >4 ¢' =% for any § > 0. Note that higher prime
powers give a negligible contribution to the left-hand side, a,, are supported on numbers
whose all prime factors p satisfy ¢(p) € {0,1} and p > w. Furthermore a, = O.(1).

Hence (9.8) implies
alog)L(L9) JTO—hip) < 37 logpmt 37 logp

p<w 5/7T<p< p<q
P(p)el01) B(p)e(0.1}
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Now the primes with ¥ (p) = 0 make a negligible contribution and we obtain

wogLL o) [[a - < ¥ T X 1+0ezg) 3 1L

p<w 5/7 j9< 2 P~y P<q
! /y:_2yf<q/ ¢°/T<p<q P(p)=1
Y(p)€{0,1}
and the claim follows. OJ

We will need the following variant of the Halasz—Montgomery type mean value theorem
(Lemma 3.8) which takes into account the possible sparsity of the set of primes p with

Y(p)=1.

Lemma 9.5 (Sharp Haldsz—Montgomery with weight 1 % ). Let € > 0 and C' > 1 be
fixed, g € N, and let N € [q2/3+3€,qc]. Let x1,..., xR be distinct Dirichlet characters of
modulus g and let v be a quadratic character of modulus q. Then there exists n = n(g) > 0
such that, for any complex coefficients a,,

2 _
<. NL(1,¢)M 11 <1 — ) +Nq "R > (xy)(n)|anl”
T 22p<q p n<N

Y(p)=1 (n,P(g%))=1
Proof. The proof is somewhat similar to the proof of Lemma 3.8 although there are some
additional complications. By the duality principle (see e.g. [10, Section 7.1]), it suffices to

show that, for any complex coefficients c;,

(9.9)
2
(q) 2 S
Z (1x1)(n ZCJX] < NL(l,w)L H (1—) + Ng™ "R Z]cj\Q.
n<N q 2<p<q p 7j=1
(n,P(q%))=1 P(p)=1

Let )\;r be as in Lemma 9.1 with k = 2, sifting parameter z = qE2 and level D = ¢° (so
that s = ¢~ 1). Then the left-hand side of (9.9) is by Lemma 9.1(ii)

(9.10)
2

SZ)\;Zl*d} ZC]X] :chckz/\ ZX] 1*1@()

d<D  n<N k=1 d<D  n<N
dln dln

Note that for a character x (mod ¢) with x & {xo0,%}, by the hyperbola method and
the Burgess bound (Lemma 3.2) we have

YoxmAx)n)= Y wle) Yo xm)+ Yo dle) Y x(n)w(n)<<%q’2”

n<N e<N1/2 n<N e<N1/2 eNY/2<n<N
dln dln,eln d|n,e|n
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for some 17 = n() > 0, provided that N'/2/d > ¢'/3+¢/10 Using this and the assumption
N > ¢?/3+3  we see that (9.10) for XiXk & {xo0, ¢} is

R
< RZ |c;|*Ng ™"
j=1

For the remaining pairs we note that
(Lxp)(n)ip(n) = (Lx ) (n)xo(n) = (1 * ) (n)1(n,g=1

and thus they contribute to (9.10) at most

R R
011) | > gmy_A; YD @Ev)m)| 2> gl Y0 AT Y (1))
g,k=1 d<D n<N j=1 d<D n<N
X XkE€{x0,%} dln (d,g)=1 din
(n,q)=1 (n,9)=1

By Mobius inversion, Lemma 9.3 and (9.2), we have, for any d < D with (d,q) = 1 and
some 1’ > 0,

Yo =g)n) =) ule) Y (Lx)(n)

n<N elq n<N
din dejn
(n,q)=1

- Y we Y asvm+o| Y YT

elq n<N elq n<N
deSN/q1/4+E de|n de>N/q1/4+€ de|n
cro (NN
= > ue) [ L w)h(de)N + O | (de)” <de) +0(a7)
e|
deSN/Zl/4+s

1-n'/2
— WdNL(1, ) [[(1 - hp) + 0 ((j;[) ) .

plg
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Thus, using Lemma 9.1(iii) and a variant of (9.3) we can bound the right-hand side
of (9.11) as

n N 1-n'/2
=2 [PNLLY) [[(=h(e) D WA +0 Z’CJF 2 ( )
j=1

plg d<D d<D

(d,q)=1 (d,q)=1
R R
<4y g PNLAL ) [[A=h@) - [ C=r@)+0 D lePNt1/
j=1 plg p<z j=1
(p7Q):1
¢ ©(q) 2
<Y lePNL,v) == ] (1 - )
i=1 T 2ip<q P
Y(p)=1
by Siegel’s bound L(1,%) 5 ¢~%. Now the claim follows. O

This allows us to add one more conclusion to Proposition 5.2:

Proposition 9.6. In the set-up of Proposition 5.2, the set A satisfies in addition to (i)-
(vi) also the following:
Assume that N > q and M € [¢*/373 q]. Then

2
> 1>>&ML(1,¢)@ Il (1-%2) = aeB(N).
k (log g)'/2< q P
paiaz=a (mod gq) 2<p<q
p~M,¥(p)=1 P(p)=1
a1,a2€A
Proof. We proceed similarly to the proof of Proposition 5.2(iv) but with different choice
of fo. We let f: [N]; = R>o be as in (5.8) and let fo: [N]; = R>o be defined through

fo(n) = Luepnm2an) L (n,g)=1(1 % 1) (n).

Note that fy is supported on primes with 1 (p) = 1 and definitely a € E3(N) if (f * f
fo)(n) > 0 for some n = a(mod ¢). Recall that f satisfies the assumptions in Proposi-
tion 4.1 with § = (log ¢)~*/2*¢/2 and = o(1). Let g then be as in Proposition 4.1.

Now by orthogonality of characters and Proposition 4.1(iii) (abusing the notation to
consider fp as a function from Z; when necessary)

1 1

n=a (mod q)

-y ((Enemqﬂmx(n»? (Brerso0)x ))Zfo @)

(9 12) QO(C]) X (mod q) n~M
1
(5 X e Sl | Y o
X (mod q) n~M
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Let us first consider the right-hand side

side. Let the multiplicative function h be as in
Lemma 9.3. We split the characters into two sets

X = (mod q):

> foln

n~M

< oz 1,022 T (1-2)

and

Xo ={x (mod q): x & X1}.
By the definition of X;, Proposition 4.1(iii) and Lemma 3.6, we see that

Z» wew, XM | 32 foln)x(m)

xeX

E,en, f(n)X(n)

— By 9(DX0)|
n~M
og o) -10 ela) AR () |2
<oz ui,0 22 T (1-2) A, 2, [ s
(9.13) ()w(p)d 2\ 1 log N
' o )10 vla) AT 0g
<oz .0 22 T (1-2) v + pla) %
P(p)=1
1 q

v la) _2
< Stz THHYI, 2<1,H<q (1 p>'

On the other hand, by the definition of A5, Lemma 9.5, and Lemma 9.4, we obtain

2

2
oz a0 20 T (1-2) | 1l < 0 | fotoeto)
q 2<p<q XEX2 In~M
Y(p)=1
< »22 7 (1—>+Mq—”|x2 S (1))
4 <§q p~M
P(p)= (p.a)=1

< 90— 11 <1—>+Mq_’7|2(2 ML(1,1/))M 11 <1—2>.

a , ey ¢ L,z p

By Siegel’s bound L(1,1) > ¢ /19, so the second term cannot dominate and so |Xs| <
(log ¢)?° and moreover

2

>

XE X2

> fom)x(n)

n~M
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Furthermore using the bound |X| < (logq)%°

to (5.22) that

and Lemma 3.8(i), we obtain similarly

— N2
> [Bnerv, f(m)x(n)|” < 1.
XEX2
Combining these with Proposition 4.1(ii) and Cauchy—Schwarz, we obtain

w(lq) S [Buei, FXm)| | 3 folm)x(n)

Eneiny, f ()X (1) = Epezx g(0)X(0)

YEX n~M
2\ 3 1/2
< 5(1) oD fo()x(n) > [Euew, S (m)x ()|
XEXs In~M XEX2
5 ©(q) < 2>
——ML(1, )= ==
< (L,%) . 2<Hp<q »
P(p)=1

Combining with (9.12) and (9.13), we obtain

X U - sler@o | a0 T (12

2 2
Nl a0 ¢(q) ¢(q) ¢ L2, P
P(p)=1
Recall A = {a € Z : |g(a)| > £/10} in Proposition 5.2, so the main term on the right-hand
side is
1 g2
> P} Z g(al)g(a2) > 2 Z ]-a
©(q) E v(q) I
paiaz=a (mod q) paiaz=a (mod q)
p~My(p)=1 p~My(p)=1
a1,a2€A

and the claim follows. O

Now Proposition 8.3 finally follows from Proposition 9.6 since (6.2) implies that

) DI DI PRSI S

paiaz=a (mod q) cp=a (mod q) cp=a (mod q)
p~M,(p)=1 p~M,1(p)=1 p~M,(p)=1
ay,a2€A ceA-B' ceA-B'

10 SI1ZE OF Es(q)

Proof of Theorem 1.3. Let € > 0 be small. Recall the definitions of 6 and 6y from (5.1)
and (5.2). Note that § > 3/4 — ¢ if ¢ is cube-free and § > 2/3 — ¢ if ¢ is not cube-free. Let
us apply Proposition 6.2. If Proposition 6.2(a) holds, then the claim follows immediately
(adjusting €). Hence we can assume that Proposition 6.2(b) holds. Let A" and B’ be as
there. We apply Lemma 6.3 for these sets, taking o = o/ = 3/8—2¢, and 8 = 11/16 — 5¢ if
q is cube-free and « = 1/3—2¢, o/ = 3/8— 10eY/2 and 8 = 2/3 —Te if g is not cube-free. If
Lemma 6.3(a) holds, the claim follows immediately (adjusting ¢) from Proposition 6.2(b.ii)

We may then assume that Lemma 6.3(b) holds. In particular, then the stabilizer H of
A" B’ has index Y = 3k + 2 with k € {0,1,2} (in case ¢ is cube-free, this follows from
Lemma 6.3(b.iii) and in case ¢ is not cube-free first Lemma 6.3(b.i) implies that ¥ < 12
so that k € {0,1,2,3} and then (6.4) implies k # 3). Moreover, by Lemma 6.3(b.ii) there
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exist cosets a1H,...,ap1H and biH,... borr1H such that A" and B’ are contained in
U?illajH (by Proposition 6.2(b.v) A" and B’ are contained in the same k + 1 cosets) and
k41 k41 2k+1
UauH| | JoyH | =] 0H=4"-B.
j=1 j=1 j=1

Furthermore by Proposition 6.2(b.ii) and (b.vi)

2k+1
2k +1
(10.1) Bgn| U bH]||> ( A 8) ©(q)
j=1
and
q
10.2 1<(2k+1)-2e——.
(102) > Sk
p<q
pgUstla; H
Let us next observe that there exists y € [¢%, q] and ag such that ag & U?IllajH and
(10.3) 1> 2
qn
P~y
pEagH

for any ' > 0; in case k = 0 and a; € H this follows from Lemma 8.1 and otherwise it
follows as (8.4).
By Kneser’s theorem (Lemma 3.5),

k+1 k+1 2k+1
UaH |- [ JaH || = E+2)H+ (k+1)|H| - |H| = 2k +2)[H| > | | ] b;H|.
j=0 j=1 j=1

Hence there exists jo € {1,...,k + 1} such that

2k+1
(10.4) aoaj,H ¢ | J biH.
j=1
Let
Pi={p~y:pc€al}
and

Pr={p<q:pe€ajH}
Now by the prime number theorem, Lemma 3.3 and (10.2),

(10.5)
E+1 2 9 q
Pol=>"1- > 1- > 1> (1—316 5 ~9—25(2k:+1)+0(1)> 1
p<q Jj=1 p<q P<q + 0 084
‘775]0 pEa]‘H pQU?illajH
(17— 20e) ok, k=0
> (5 —20e) gL if k=1
(3 —20¢) ok ifk=2
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Note that, for any a € Z, we have

(10.6) E 1>0 = ae€ Exq) Napaj,H.
a=p1p2
p1E€P1
p2€P2

By the Cauchy—Schwarz inequality,

2 2
(10.7) (PP = | DY DY 1| <[Eg)naa;H Y | Y1
acZy UE” aczg | PR?
p2E€P2 p2E€P2

This is a multiplicative variant of [24, second inequality in (2.8)] — on the right-hand side
we have the multiplicative energy E(P1,P2), where E (B, C) is defined between two
finite sets B,C C {n € Z: (n,q) =1} by

Ef(B,C) = > 1.

b1,b2€B,c1,c2€C
bici=bacz (mod q)

Then by (10.7)
(PIPaD?
Eg (P1,P2)

Now we show an upper bound for E(P1,Pa). Let A;f be as in Lemma 3.1 with level
D =¢% and s =1 (so that z = D).
Then by Lemma 3.1(ii)

E; (P1,P2) < Z Z /\:l_lplpz =qn2 (mod q)-

P1,q1EP1,p2€P2,n2<q d|ns

(10.8) |E2(q) Nagaj, H| >

Thus by the orthogonality of characters

(10.9) E;(Pl,%)gw(lq) ST D] DY x®)D o xm) Y A
din

x (mod q) |pEP1 pEP2 n<q

We first consider the contribution of x = xo to (10.9). This is by (3.2), Lemma 3.1(iii)
and (10.5)

1
S*“’l' Pal| > X (q+0<<>>) iy @+ o(W)IPL Pl
#la) d<D ©(q) log
(dq)=
2+o0(1)
10.10) < a9
(10.10) - < =B PPl
Sty (3+1002) [Py *|Py|* when k = 0;
< ﬁ(475+1006) ‘P1‘2|P2|2 when k = 1;

Sl (9 +100¢) [P1?|Po|*  when k = 2.
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We shall show that
2

2
(10.11) (p(lq) S| DD x| D oxm) > A <<M

x (mod q) |pEP1 pEP2 n<q dn (log q)*¢(q)
XFX0

Before proving (10.11), let us show how it implies Theorem 1.3(i)—(ii). Combining (10.11)
with (10.9) and the evaluation of the contribution of the principal character in (10.10), we
obtain

( 7 (3+101e) |P12|P2|>  when k = 0;

Ef(P1,P2) < (1) (£ +101¢) [P1[*[P2|*> when k = 1;

oty (9+101e) [P1[?Po|*  when k = 2.

This together with (10.8), (10.4), and (10.1) implies

(3 =€) wla) + (3 = 200c) pq)  if k=0;
1E2(q)] = { (5 =€) wla) + (55 — 200e) p(q) if kb =1;
(5 —¢)wlq) + (5 —200) p(q) if k=2
In each case the claim follows on taking £ > 0 small enough (since 1/2 + 1/3,3/5 +
7/45,5/8 +1/9 > 11/16).
Let us now turn to proving the remaining claim (10.11). We argue somewhat similarly
as in the proof of Proposition 5.2(iv). We write

|Pu
X =1¢x (modg): | x(p)| < 3
pEP1L (logq)
and
X, — . | P1|
> =19 x (mod g): x # xoand | > x(p)| > {log )

pEP1

By the definition of X, the Cauchy—Schwarz inequality, the mean value theorem (Lemma 3.6)
and (10.5), we have

2

1) DD x| D x@]Doxm)Y oA

Sp(q XEX1 |pEP1 PEPy n<q din
2y 1/2 oy 1/2
P Yo x) D [ xXmIA]
¢(q) (log q)4 X X a
x (mod q) |pEP2 x (mod q) |[n<q dn
1P P12 Py )?

1/2 oz q)1/2 ‘
©(q) (logq)*0 (aPal) (g glogg) " < (log ¢)*¢(q)

For y € X, we note that by the Burgess bound (Lemma 3.2), for some n > 0,

ZX(“)Z/\I = Z)\Z{X(d) Z x(n)| < ¢'=m.

n<q dn d<q® n<q/d
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Hence, choosing L = Hgg Z] and applying Holder’s inequality, we obtain
2
1
@ ST x| Do x| Do x> oAT
i XEX2 [pEP1L PEPy n<q din
2L\ T 2\ 1/2 2\ 3

(ql—n)Z/L N

<o | 2 [ 2w > [ 2 x) D [ xm YA
i XEX2 |peEP1 XEX2 |pEP2 xEX2 |n<gq din

Applying Lemma 3.6 to each mean square and using (10.3) with " = 7/(10L), we see that
the above expression is

(¢ M¥E L-1\T 1/2 i1 PP
< y~"(logq Y (@lP2]) 7" (g qlogq)? T < :
() ( )T (alPl ) "/ p(q)
This completes the proof of (10.11). O
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