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Boundaries of Walker-Wang models have been used to construct commut-
ing projector models which realize chiral unitary modular tensor categories
(UMTCs) as boundary excitations. Given a UMTC A representing the Witt
class of an anomaly, the article [arXiv:2208.14018] gave a commuting projector
model associated to an A-enriched unitary fusion category X on a 2D bound-
ary of the 3D Walker-Wang model associated to A. That article claimed that
the boundary excitations were given by the enriched center/Müger centralizer
ZA(X ) of A in Z(X ).

In this article, we give a rigorous treatment of this 2D boundary model,
and we verify this assertion using topological quantum field theory (TQFT)
techniques, including skein modules and a certain semisimple algebra whose
representation category describes boundary excitations. We also use TQFT
techniques to show the 3D bulk point excitations of the Walker-Wang bulk
are given by the Müger center Z2(A), and we construct bulk-to-boundary
hopping operators Z2(A) → ZA(X ) reflecting how the UMTC of boundary
excitations ZA(X ) is symmetric-braided enriched in Z2(A).

This article also includes a self-contained comprehensive review of the
Levin-Wen string net model from a unitary tensor category viewpoint, as
opposed to the skeletal 6j symbol viewpoint.

1 Introduction
One of the most powerful features of topologically ordered phases of matter [Wen17] is
the robustness of their relevant properties under perturbation [Wen90, WN90]. As an
example, despite the fact that Laughlin’s wavefunction [Lau83] is not a precise solution to
the problem of an electron gas in the presence of a magnetic field, it accurately captures
the phenomena of fractionalized charge and fractionally quantized Hall conductance.
Furthering this philosophy, Levin and Wen wrote down their famous string-net models
[LW05], which made concrete the connection between fusion categories and the physics
they represent.

String net models condense topological order from the vacuum; indeed, a fusion cat-
egory X is a condensable algebra in the symmetric monoidal 2-category 2Vect [GJF19,
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JFR24]. The procedure to condense X [Mul22] corresponds to passing to the ground state
space of the commuting projector Levin-Wen local Hamiltonian [LW05, LLB21], whose
localized excitations can be described by the Drinfeld center Z(X ) [KKR10, Kir11], which
is Witt-equivalent to the trivial topological order Vect [DMNO13].

It is widely accepted that (2+1)D commuting projector models produce exactly those
unitary modular tensor categories (UMTCs) which are Drinfeld centers as their cate-
gories of localized anyonic excitations. In particular, chiral UMTCs should only ap-
pear as boundaries of invertible (3+1)D topological quantum field theories (TQFTs)
[JF22, FT21], which correspond to the anomaly [KT17]. This anomaly can be rep-
resented by a Witt-class [DMNO13] of UMTCs [BJSS21]. This is a manifestation of
a bulk-boundary correspondence; such correspondences appear throughout topological
physics [Wen95, Wen13, Lev13, KWZ17].

To build a (3+1)D commuting projector model which realizes a chiral UMTC C as
boundary excitations, we first fix a UMTC A representing the anomaly. We then choose
an A-enriched unitary fusion category (X ,ΦZ), i.e. a unitary fusion category (UFC) X
equipped with a unitary braided central functor ΦZ : A → Z(X ) [HBJP23, § II.B], so that
the centralizer ZA(X ) of ΦZ(A) in Z(X ) is C. The functor ΦZ is the data necessary to
attach a (2+1)D Levin-Wen model [LW05] for X as the boundary of a (3+1)D Walker-
Wang model [WW12] for A (in red below). We write Φ := F ◦ ΦZ : A → X , where
F : Z(X ) → X is the forgetful functor.

a

x1

x2

y1

y2

X (Φ(a)y1x1 → x2y2)

a2

a1

c1

c2
b2

b1

A(a1b1c1 → c2b2a2)

The local Hamiltonian is made up of 1D edge terms and 2D plaquette terms for every 2D
square in the lattice. The half-braiding for Φ(a) with X is used in a crucial way to define
the plaquette terms at the interface of the 3D bulk with the 2D boundary. We refer the
reader to §3 below for more details. We remark that related (2+1)D boundary theories
for (3+1)D Walker-Wang models also appear in [BCFV14, vKBS13].

These A-enriched string net models condense topological order Witt equivalent to A
from A-topological order; indeed an A-enriched fusion category is a condensable algebra in
the fusion 2-category Mod(A) [Déc23, Ex. 1.4.6]. Condensing X (cf. [Mul22]) corresponds
to passing to the ground state space of our A-enriched string net local Hamiltonian, whose
localized excitations can be described by the enriched center ZA(X ) := A′ ⊂ Z(X )
[KZ18], which is Witt-equivalent to A [DMNO13].

It was claimed in [HBJP23, § II.B] that the topological excitations which live on
the boundary of the A-enriched string net model for X are described by the enriched
center ZA(X ), i.e., the Müger centralizer of A in Z(X ). We give a rigorous proof of this
fact using TQFT techniques, including A-enriched skein modules for X and the dome
algebra DomeA(X ), a certain quotient of the tube algebra Tube(X ) [Izu01, Müg03]. In
an ordinary (2+1)D string-net model, the algebra Tube(X ) acts as local operators near
the site of a topological excitation, so that anyon types correspond to (isomorphism
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classes of) indecomposable representations of Tube(X ). The presence of the (3+1)D
A-bulk induces additional requirements on topological local operators, which cuts down
Tube(X ) to DomeA(X ).

The structure of this paper is as follows. First, §2 is a self-contained primer on
the Levin-Wen string net model [LW05] from a unitary tensor category viewpoint. For
simplicity, we use a square lattice, and all degrees of freedom occur at vertices, similar
to [Kon14]. In §2.1, we define the disk skein module associated to a UFC X , and prove
basic results about skein modules which will be used throughout the paper. In §2.2, we
provide some helpful conceptual proofs of well-known facts in the literature, including
the matrix coefficients for the plaquette operators in Lemma 2.8 and the proof that the
product of all plaquette operators is a scalar multiple of the projection to the skein
module in Theorem 2.9. We also give an elegant description of the ground state space
of the edge terms in terms of hom spaces in the UFC X in Proposition 2.6. In §2.3, we
review the basics of the tube algebra Tube(X ) and give the well-known correspondence
between its category of representations and objects in Z(X ) [Izu01]. In §2.4, we fully
describe excitations localized on one edge and its two adjacent plaquettes, together with
a shortened and simplified presentation of general string operators and their connection
to Tube(X )-representations from [CGHP23]. Finally, in §2.5, we give a shortened and
simplified presentation of hopping operators from [CGHP23].

Next, we analyze the A-enriched string net model for an A-enriched UFC introduced
in [HBJP23, II.B] in §3. We do so in more generality, assuming that A is unitary braided
(but not necessarily modular), but still requiring ΦZ : A → Z(X ) to be fully faithful. In
§3.1, we give explicit detail on the plaquette operators and their connection to A-enriched
skein modules. In §3.2, we introduce the dome algebra DomeA(X ), communicated to us
by Corey Jones and inspired by Kevin Walker, which is a quotient of Tube(X ) by an
ideal J A coming from the A-enrichment. The point of DomeA(X ) is Theorem 3.9 which
shows that Rep(DomeA(X )) ∼= ZA(X ), the enriched center [KZ18] of X . We then show
that our Tube(X )-action on the X string net model also gives an action on our A-
enriched model which descends to an action of DomeA(X ). Our ideal J A acts as zero on
Tube(X )-representations from precisely those string operators corresponding to anyons
in Irr(ZA(X )), so localized enriched excitations exactly correspond to the enriched center
ZA(X ) as claimed in [HBJP23]. Finally, in §3.4, we analyze bulk excitations using the
sphere algebra of A, again communicated to us by Corey Jones and inspired by Kevin
Walker. Our analysis is consistent with [JFR24, Lem. 2.16]; the point excitations in
the bulk are ΩZ(ΣA) = Z2(A). Under the additional assumption that the braided
central functor ΦZ : A → Z(X ) is full, Z2(ZA(X )) = Z2(A) by [DNO13, Prop. 4.3], and
the canonical map is exactly bringing a bulk excitation to the boundary via a modified
hopping operator.
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2 String net models for unitary fusion categories
Here we review the commuting projector Levin-Wen string net model built from a uni-
tary fusion category (UFC) X , including the braided category of excitations and string
operators. General references include [EGNO15] for fusion categories, [HP17, Pen20] for
UFCs, and [LW05, Kon14, LLB21] for 2D Levin-Wen string net models. In particular,
we always equip our UFC with its canonical unitary spherical structure, allowing us to
form closed diagrams on a sphere which are invariant under isotopy.

We view these 2D string net models as condensing topological order from the vacuum,
which is mathematically supported by [GJF19, Mul22, JF22] and informs our diagram-
matic calculus of shaded regions. Starting from the vacuum, from any UFC X one can
attach a finite dimensional Hilbert space built from hom spaces in X to every vertex of a
square lattice as in the first picture below. Enforcing the consistency condition that labels
of simple objects on edges/links (the Aℓ terms) has the effect of condensing a 1-skeleton.
Passing to the image of the plaquette/face operators (the Bp terms) allows isotopy across
each plaquette, effectively condensing 2-cells onto the 1-skeleton.

−
∑︁

Aℓ −
∑︁

Bp

2.1 Skein modules and string nets
For this section, X is a unitary fusion category and Irr(X ) is the set of isomorphism
classes of simple objects of X .

Definition 2.1. The disk skein module SX (D, n) for X with n boundary points is the
Hilbert space orthogonal direct sum

⨁︂
x1,...,xn∈Irr(X )

X (1 → x1 ⊗ · · · ⊗ xn) =
{︄

f

x1 xn· · ·
}︄

where each X (1 → x1 ⊗ · · · ⊗ xn) is equipped with the inner product

⟨f |g⟩ := 1√︂
dx1 · · · dxn

f † ◦ g = 1√︂
dx1 · · · dxn

·
f †

g
x1 xn· · · .
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Example 2.2 (Trivalent skein module). Using the canonical unitary spherical struc-
ture of X , the skein module SX (D, 3) can also be viewed as the orthogonal direct sum⨁︁

a,b,c∈Irr(C) X (ab → c) with inner product

⟨︄ z

x y

ξ

⃓⃓⃓⃓
⃓⃓⃓ z′

x′ y′

ξ′
⟩︄

:= δx=x′δy=y′δz=z′
1√︂

dxdydz
· zx y

ξ′

ξ†
.

We draw a pair of shaded nodes

x y

z

⊗
x y

z

to indicate summing over an orthonormal basis (ONB) for SX (D, 3) and its dagger. We
have the following relations for trivalent shaded nodes as in [HP17, §2.5]:

z

yx

z

=
√︂
dxdyd−1

z ·N z
x,y

z

(Bigon 1)

z

yx

z

⊗
x y

z

⊗
x y

z

=
√︂
dxdyd−1

z ·

z

⊗
x y

z

⊗
x y

z

(Bigon 2)

∑︂
z∈Irr(X )

√︂
dz

x y

x y

z =
√︂
dxdy ·

x y

(Fusion)

∑︂
v∈Irr(X )

x w

y z

v ⊗

w x

z y

v =
∑︂

u∈Irr(X ) w

z

x

y

u ⊗
x

y

w

z

u (I=H)

Fact 2.3. Given f : 1 → yx and g : yx → 1,

y x

f

g

=
(Fusion)

∑︂
y∈Irr(X )

√
dz√︂
dxdy

·
y

y

x

x
z

f

g

= δy=x

dx
·
x x

x x

f

g

.

Indeed, there is a non-zero map 1X → z if and only if z = 1X . In this case, y = x and
{evx} is an ONB of X (xx → 1X ) ⊂ SX (D, 3).

We define a gluing map gl : SX (D,m+ 1) ⊗ SX (D, n+ 1) → SX (D,m+ n) by

f

x1 xm xm+1

· · · ⊗
g

y1 y2 yn+1

· · · ↦−→ δxm+1=y1 ·
gf

x1 xm

y1 y1

y2 yn

· · · · · · . (1)
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Lemma 2.4. The gluing map (1) restricts to a unitary on the subspace of SX (D,m +
1)⊗SX (D, n+1) where xm+1 = y1. In particular, gluing two ONBs for SX (D,m+1) and
SX (D, n+ 1) whose string labels match appropriately gives an ONB for SX (D,m+ n).

Proof. When the appropriate labels of f, g match (xm+1 = y1) as well as those of f ′, g′

(x′
m+1 = y′

1), applying Fact 2.3 in the sideways direction yields

⟨gl(f ⊗ g)| gl(f ′ ⊗ g′)⟩ =
⎛⎝ m∏︂
i=1

δxi=x′
i√︂

dxi

n+1∏︂
j=2

δyj=y′
j√︂

dyj

⎞⎠ ·

g′f ′

g†f †

x1 xm

y′
1 y′

1

y1 y1

y2 yn· · · · · ·

=
⎛⎝m+1∏︂
i=1

δxi=x′
i√︂

dxi

n+1∏︂
j=1

δyj=y′
j√︂

dyj

⎞⎠ ·

g′f ′

g†f †

x1 xm xm+1 y1 y2 yn· · · · · ·

= ⟨f |f ′⟩ · ⟨g|g′⟩ = ⟨f ⊗ g|g ⊗ g′⟩.

We end with the following observation about how morphism spaces act on skein
modules. First, using the unitary spherical structure of X , we may identify

SX (D,m+ n) ∼=
⨁︂

x1,...,xm
y1,...,yn

∈Irr(X )

X (x1 ⊗ · · · ⊗ xm → y1 ⊗ · · · ⊗ yn).

Given a map f : y1, . . . , yn → z1, . . . , zp, we may consider the map γf that post-composes
with f when the string labels agree and gives zero otherwise. One computes that for
g ∈ SX (D,m+ n) and h ∈ SX (D,m+ p)

⟨h|γfg⟩ = 1√︂
dx1 · · · dxmdz1 · · · dzp

· trX (h† ◦ f ◦ g)

⟨γf†h|g⟩ = 1√︂
dx1 · · · dxmdy1 · · · dyn

· trX ((f † ◦ h)† ◦ g).

Thus we see that

γ†
f =

√︂
dy1 · · · dyn√︂
dz1 · · · dzp

γf† .

Definition 2.5. We define Γf to be the operator which post-composes with f and mul-
tiplies by a scalar factor as in [CGHP23] so that Γ†

f = Γf† on the nose:

Γf :=
(︄
dz1 · · · dzp

dy1 · · · dyn

)︄1/4

· γf . (2)
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2.2 String nets
As before, X is a unitary fusion category. We now consider a rectangular lattice and a
collection of Hilbert spaces defined in terms of X and the lattice.

w z

x

y

v
↔ Hv =

⨁︂
w,x,y,z∈Irr(X )

X (w ⊗ x → y ⊗ z).

The inner product on Hv is the inner product on SX (D, 4) up to isotopy of boundary
strings:

⟨f |g⟩ := 1√︂
dwdxdydz

trC(f † ◦ g) = 1√︂
dwdxdydz

·
f †

g
y z wx .

The total Hilbert space is Htot := ⨂︁
v Hv, represented by the disconnected lattice

above, in which the gray region is vacuum. The lattice is directed by the blue arrows
in the above figure, so that every edge has an incoming and outgoing vertex. The next
step is to define the low-energy Hilbert space. We do this by defining the two terms that
make up the Hamiltonian H.

First, for each edge ℓ, the term Aℓ is a projector onto states where the types of simple
objects labeling the two halves of ℓ match. Let PA denote the projection onto the ground
state space of −∑︁

ℓAℓ. Passing to PAHtot has the effect of connecting the edges to
condense the 1-skeleton of the lattice above.

There is an elegant description of PAHtot in terms of the UFC X . Let I : X → Z(X ) be
the adjoint of the forgetful functor F : Z(X ) → X [Müg03, Prop. 8.1], for which there
are canonical natural isomorphisms

X (F (X) → y) ∼= Z(X )(X → I(y)) ∀X ∈ Z(X ) ∀ y ∈ X .

In particular, we have the formula FI(x) = ⨁︁
y∈Irr(X ) yxy.

Proposition 2.6. On a contractible patch Λ of lattice that contains #p = #p(Λ) many
plaquettes,

PA
⨂︂
v∈Λ

Hv =
⨁︂
x⃗∈∂Λ

X (x⃗ → FI(1X )⊗#p),

where x⃗ denotes a boundary condition, i.e., a tensor product over the simple labels xi on
the boundary of Λ, and we sum over the set ∂Λ of all such boundary conditions.
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Proof. We begin with the analysis of a single plaquette, which should be viewed as having
a puncture in it corresponding to the vacuum. Using Fact 2.3 three times, we glue the 4
copies of SX (D, 4) along matched boundary conditions to obtain

⨁︂
g,h,i,j
s,··· ,z

∈Irr(X )
g

h

i

j

s

t u

v

w

xy

z

:= PA
4⨂︂
i=1

Hv =
⨁︂
g,h,i,j
s,··· ,z

∈Irr(X )

X (zj → yi) ⊗ X (ih → xw)
⊗X (gu → hv)⊗X (st → jg)

∼=
⨁︂
s,··· ,z

∈Irr(X )

X

⎛⎜⎜⎜⎜⎜⎜⎝s · t · u · v · w · x · y · z →
⨁︂
j

j · j
⏞ ⏟⏟ ⏞
FI(1X )

⎞⎟⎟⎟⎟⎟⎟⎠ .

Here, we add the dots to disambiguate the bar of the tensor product and the tensor
product of the bars. As it was obtained from gluing skein modules, the above isomorphism
is unitary when the last space is equipped with the skein module inner product. Indeed,
up to rotations of our SX (D, 4) ONB, using Fact 2.3 three times,

⟨η|ξ⟩ =
⟨︄ j j

s t u vw xy z

g′ h′ i′

η1,1 η2,1 η2,2 η1,2

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓
j j

s t u vw xy z

g h i

ξ1,1 ξ2,1 ξ2,2 ξ1,2

⟩︄

= 1
dj

√
ds · · · dz

· j js t u v w x y z
g′ h′ i′

η†
1,1 η†

2,1 η†
2,2 η†

1,2

g h i

ξ1,1 ξ2,1 ξ2,2 ξ1,2

= δg=g′δh=h′δi=i′

didjdgdh
√
ds · · · dz

· j gs t

η†
1,1

ξ1,1

· g hu v

η†
2,1

ξ2,1

· h iw x

η†
2,2

ξ2,2

· i jy z

η†
1,2

ξ1,2

which is exactly the inner product on PA
⨂︁4

i=1 Hv.
We now consider two neighboring plaquettes:

⨁︂
g h

m i

jk

ℓ

q

r s t

u

v

wxy

z
F−→∼=

⨁︂
g

hn

i

j

k

ℓ

q

r s t

u

v

wxy

z . (3)

We get a unitary above on PA
⨂︁4

i=1 Hv by applying a unitary F -symbol from X . Indeed,
using Lemma 2.4, gluing ONBs for SX (D, 4) along the m-string (as in the dotted blue
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line above) gives an ONB for SX (D, 6), and thus there is a unitary isomorphism

⨁︂
g h

m

jk

s

x

F−→∼=
⨁︂

g

hn

j

k

s

x

.

Now looking at the right hand side of (3), we have glued together

⨁︂
g

n
k

ℓ

q

r

xy

z

and
⨁︂

hn

i

j

s t

u

v

w

along the n-strand. Similar to the argument above for a single plaquette, these spaces
correspond to the following hom spaces with their skein-module inner products:

⨁︂
X

⎛⎜⎜⎜⎜⎜⎝q · r · n · x · y · z →
⨁︂
ℓ

ℓℓ⏞ ⏟⏟ ⏞
FI(1X )

⎞⎟⎟⎟⎟⎟⎠ and
⨁︂

X

⎛⎜⎜⎜⎜⎜⎜⎝n · s · t · u · v · w →
⨁︂
j

jj

⏞ ⏟⏟ ⏞
FI(1X )

⎞⎟⎟⎟⎟⎟⎟⎠ .

Now using I(1X ) ∈ Z(X ) and Lemma 2.4, the result is the glued skein module

X
(︂
q · r · s · t · u · v · w · x · y · z → FI(1X )⊗2

)︂
as claimed via the following unitary isomorphism:

FI(1X )

q r n x y z

f ⊗

FI(1X )

n s t u v w

g ↦−→

FI(1X )FI(1X )

q r
n

x y z

n

s t u v w

g

f

.

We now leave the general argument for many plaquettes to the reader.
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Second, on PAHtot, for each plaquette/face p, we have an operator Bp as follows:

1
DX

∑︂
r∈Irr(X )

dr ·
ξ2,1

ξ1,2

ξ1,1

ξ2,2

g

h

i

j r = 1
DX

∑︂
r,s,t,u,v∈Irr(X )

√
dkdℓdmdn

dr
√︂
dgdhdidj

ξ2,1

ξ1,2

ξ1,1

ξ2,2

g g
h

h
i i

j

j

k

ℓ

m

n

=
∑︂
η

C(ξ, η)
η2,1

η1,2

η1,1

η2,2
.

Here, DX = ∑︁
x∈Irr(X ) d

2
x is the global dimension of X . In the final sum, we write ξ and

η for simple tensors over our orthonormal basis of Hv whose edge labels match, thus
defining elements of PAHtot.

We will see below that passing to the ground state space of Bp from PAHtot has the
effect of gluing/condensing a 2-cell onto the plaquette p.

Fact 2.7. For all f : 1 → xyz and g : xyz → 1 for x, y, z ∈ Irr(X ), we can apply the
(Fusion) relation twice to obtain

x y z

f

g

=
√
dw√︂
dxdy

· w

x y

x y

z

f

g

=
√
dv√︂

dxdydz
· v

w

w

x y

x y

z

z

f

g

=
√

1√︂
dxdydz

·
x y z

x y z

f

g

.

In the final equality above, we see that we have zero unless v = 1X (so w = z) as there
are no non-zero maps between distinct simples in X . Moreover, we may choose the red
vertices to be coevz and its dagger, as {evz} is an ONB for X (zz → 1).
Lemma 2.8 ([Hon09, §5] and [Zha17, §5]). For

ξ =
ξ2,1

ξ1,2

ξ1,1

ξ2,2

s

t u

v

w

xy

z

η =
η2,1

η1,2

η1,1

η2,2

s

t u

v

w

xy

z

,

the coefficient C(ξ, η) above is given by

C(ξ, η) = 1
DX

√︂
dsdtdudvdwdxdydz

g
h

i

j

k

ℓ

m

n

s

t u

v

w

x

y

z
ξ1,2

ξ1,1

ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

. (4)
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When not every external edge/link label of η, ξ match, C(ξ, η) = 0. In particular, Bp is a
self-adjoint projection.

We give a short conceptual proof for convenience and completeness. We will prove
an enriched version in §3 below. In the diagram on the right hand side of (4) above,
two different involutions are applied to morphisms in X , namely the adjoint † and the
conjugate · . The adjoint is the usual one in the UFC X , and the conjugate is given by
the adjoint of the rotation by 180◦. That is, if f : x → y, then

x

y

f :=
x

x
y

y
f † =

x

x
y

y
f † .

Proof. To ease the notation, we set

K := 1
DX

√︂
dsdtdudvdwdxdydz

.

Under the usual Fourier expansion of each of the four corners in the {η} ONB of Hv =
SX (D, 4) (assuming the internal edges match giving a vector in PAHtot),

C(ξ, η) = K
∑︂

r∈Irr(X )

1
dr
√︂
dgdhdidjdkdℓdmdn

g

k

j
n

j
n

i

m

g

k

h
ℓ

h
ℓ

i

m

s

t u

v

w

xy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

r

r

r

r

.

Indeed, each of the four closed diagrams represents the inner product in the skein module
(up to coefficients) of one of the four corners of (18) with an appropriate ηi,j. Observe
here that there is no longer a sum over k, ℓ,m, n as picking particular ηi,j determines
these labels. We now apply Fact 2.7 to three places amongst these four closed diagrams

11



corresponding to pairs of green, purple, and yellow nodes to simplify

C(ξ, η) = K
∑︂

r∈Irr(X )

√
dr√︂
djdn

k

ℓ

m

n

n

g

h

i

j

j

s

t u

v

w

xy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

r

.

As this diagram is a closed diagram in X , we can apply the (Fusion) relation again to
‘unzip’ along the r string to obtain (4) as claimed.

To see that Bp is self-adjoint, we simply observe C(η, ξ) = C(ξ, η), and thus the
matrix representation of Bp is self-adjoint. That B2

p = Bp and [Bp, Bq] = 0 for distinct
plaquettes p, q follows from (I=H) and (Bigon 2) as depicted in [Zha17, §5.4].

The string-net local Hamiltonian is given by

H := −
∑︂
ℓ

Aℓ −
∑︂
p

Bp. (5)

We can describe the ground state space of H in terms of skein modules for X [Kon14].
There is an obvious evaluation map eval : PAHtot → S(D, N) given by evaluating a
morphism in the skein module, whereN is the number of external edges of our lattice. The
following result is claimed in [Kon14]; we give a short conceptual proof for convenience
and completeness. We will prove an enriched version in §3 below.

Theorem 2.9 ([Kon14]). On PAHtot,
∏︁
pBp = D−#p

X eval† ◦ eval, where #p is the number
of plaquettes in the lattice.

Proof. The proof proceeds by adjoining adjacent plaquettes by induction. We provide
the detailed argument for 2 adjacent plaquettes o, p, and we leave the remaining details
to the reader. We will show that if ξ, ξ′ are choices of 6 vectors from our distinguished
ONB of Hv,

⟨ξ|BoBpξ
′⟩⨂︁

v∈B Hv
= D−2

X ⟨eval ξ| eval ξ′⟩SX (D,10) ⇐⇒ BoBp = D−2
X eval† ◦ eval .

To ease the notation, we set

K := 1√︂
dqdrdsdtdudvdwdxdydz

,
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Ko :=

√︂
djdhdmdg√︂
dj′dh′′dm′dg′

K ′
o := 1√︂

djdj′dhdmdm′dgdg′

,

Kp(h′′) :=
√
dkdidℓdh′′√
dk′di′dℓ′dh′

K ′
p := 1√

dkdk′didi′dℓdℓ′dh′
.

In the calculation below, we label strings and vertices as much as possible, but sometimes
we omit labels that can be determined from the previous diagram when the diagram is
getting very intricate. Moreover, since we have fixed ηi,j ∈ ONB, some of the sums over
simples from the plaquette operators collapse as in the proof of Lemma 2.8. We suppress
shadings on squares for readability.

Co,p(ξ′, ξ) =
⟨︄

ξ1,1

ξ1,2

ξ2,1

ξ2,2

ξ3,1

ξ3,2

q

r s t

u

v

wxy

z

o pg h i
j k

ℓm ⃓⃓⃓⃓
⃓⃓BoBp

ξ′
1,1

ξ′
1,2

ξ′
2,1

ξ′
2,2

ξ′
3,1

ξ′
3,2

q

r s t

u

v

wxy

z

o pg′ h′ i′

j′
k′

ℓ′m′ ⟩︄

= 1
DX

∑︂
n′,h′′∈Irr(X )

Kp(h′′)
dn′

⟨︄
q

r s t

u

v

wxy

z

g h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓Bo n′

q

r s t

u

v

wxy

z

h′
h′′
h′ i′

i

i′
k′ k k′

ℓ′ ℓ ℓ′ ⟩︄

= 1
D2

X

∑︂
n,n′,h′′∈Irr(X )

KoKp(h′′)
dndn′

⟨︄
q

r s t

u

v

wxy

z

g h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓ n n′
q

r s t

u

v

wxy

z
g′

g

g′
h

j′ j j′

m′mm′

i′

i

i′
k′ k k′

ℓ′ ℓ ℓ′ ⟩︄

= K

D2
X

∑︂
n,n′,h′′∈Irr(X )

K ′
oK

′
p

dndn′

j′

j

g′
g

g′
g

m′

m

j′

j

h

h

m′

m

q

r s

k

x

ℓ

y

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

n

n

n

n

n′

n′

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2
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= K

D2
X

∑︂
n′,h′′∈Irr(X )

K ′
p

√
dh′′

dn′
·

j′

m′

g′

j

h

m

g

q

r s

k

x

ℓ

y

z

n′
n′ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

h′′

h′

h′

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2

= K

D2
X

∑︂
n′,h′′∈Irr(X )

K ′
p

√
dh′′

dn′
·

j′

m′

g′

j

h

m

g

q

r s

k

x

ℓ

y

z

n′
n′ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

h′′

h′

h′

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2

= K

D2
X

·
j′ h

′

m′

g′

ℓ′

k′
i′

j

h

m

g i

q

r s

k

x

ℓ

t

u

v

wy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

ξ3,1

ξ3,2

η†
1,1

η1,2

η2,1

η†
2,2

η†
3,2

η3,1

This final diagram is exactly the D−2
X times the skein module SX (D, 10) inner product.

Remark 2.10. Under the unitary isomorphism from Proposition 2.6, the operator Bp

corresponds to a Kirby element of X (see [Vir06, Def. 2.1]) using the strings on tubes
graphical calculus from [HPT16, HPT23a]. Here, we require that I : X → Z(X )
is the right unitary adjoint of F : Z(X ) → X from [HPT23b, §2.1]. Recall that
EndZ(X )(I(1X )) ∼= K0(X ), the fusion algebra of X , as

EndZ(X )(I(1X )) ∼= X (FI(1X ) → 1X ) ∼=
⨁︂

x∈Irr(X )
X (xx → 1X ).
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We write i : 1X → I(1X ) = IF (1Z(X )) for the unit of the adjunction, and we have
i† ◦ i = 1C ∈ EndX (1X ) by [HPT23b, Lem. 3.8]. By [EGNO15, Prop. 3.3.6], we see that

= 1
DX

∑︂
x∈X

dx ·
x

as both are orthogonal projections p ∈ K0(X ) (using [HPT23b, Prop. 3.15]) satisfying

x
· p = dxp ∀x ∈ Irr(X ).

Hence when our total Hilbert space Htot has N external edges, the ground state space
of our Hamlitonian is unitarily isomorphic to SX (D, N).

∼= SX (D, N) =
{︄

f

x1 xN· · ·
}︄

2.3 The tube algebra
Suppose X is a unitary fusion category. We review Ocneanu’s tube algebra, which is
a powerful tool for calculating the Drinfeld center Z(X ) [Izu01, Müg03]. Let Irr(X )
denote a set of representatives of the simple objects of X . We suppress tensor symbols,
associators, and unitors whenever possible.

Definition 2.11. The tube algebra of X is the finite dimensional C∗-algebra
Tube(X ) :=

⨁︂
v,x,y∈Irr(X )

X (vx → yv)

with multiplication and adjoint given respectively by

ϕ
u y′

z u

· ψ
v x

y v

:= δy=y′
∑︂

w∈Irr(C)

√
dw√
dudv

v

u

u

v

w

w
x

y

z

ψ

ϕ
⎛⎜⎝ ψ

v x

y v
⎞⎟⎠

∗

:=
ψ†

v̄ y

x v̄

One uses (I=H) to show Tube(X ) is associative.
Elements of Tube(X ) can also be visualized as annuli (or tubes), where the composi-

tion is given by nesting (or stacking) and using the fusion relation for parallel strands.

ψ
v x

y v

= vv

x

y

ψ

=

x

y

vv ψ
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There is a well-known equivalence of categories Rep(Tube(X )) ≃ Z(X ). Our conven-
tion for Z(X ) is that objects (X, σX) ∈ Z(X ) will be denoted by pairs consisting of an
upper-case Roman letter and a lower-case Greek letter, usually σ or τ representing the
half-braiding. Our graphical calculus for σX is that the string for X, which is drawn in
color, goes under to signify that σX is natural with respect to all morphisms in X , but
only special morphisms in X define morphisms in Z(X ).

σX,y =

X

X

y

y

. (6)

Given (X, σX) ∈ Z(X ), we get a ∗-representation of Tube(X ) on the Hilbert space
HX := ⨁︁

y∈Irr(X ) X (X → y) by

ϕ
v y

z v

▷
X

y

m :=

X

y

z

v

v
v

ϕ

m
∀m ∈ X (X → y).

Here, X (X → y) has the isometry inner product determined by ⟨f |g⟩ idy = f † ◦ g. That
this representation is a ∗-representation is easily verified using the identity

⟨n|ϕ▷m⟩X (X→z) = 1
dX

trX
X

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

X

y

z v

v
v

ϕ

m

n†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (7)

By [Izu01, Müg03], all finite dimensional representations of Tube(X ) are of this form.
We now explain how the above formula of the action completely determines the half-

braiding σX . Indeed, given this representation, we can recover ‘matrix elements’ for the
half-braiding σX . First, the vector ϕ ▷ m is determined by its inner product against
vectors n ∈ X (X → z) as in (7) above. Now, we can always factor ϕ through simples in
Irr(X ) to write it as a linear combination of the form

y

z v

v

ϕ =
∑︂

x∈Irr(X )

nx∑︂
i=1

y

z v

v

x

g†
x,i

fx,i

(8)
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Using the tracial property of trX , we see that (7) is equal to

∑︂
x∈Irr(X )

nx∑︂
i=1

1
dX

trX
x

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

v
y

z

x

x

fx,i

m

n†

g†
x,i

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Since x ∈ Irr(X ), the above number is completely determined by the ‘matrix elements’
for the half-braiding σX,v

⟨︄
(g, n)

⃓⃓⃓⃓
⃓
X

X

v

v ⃓⃓⃓⃓
⃓(f,m)

⟩︄
=

X

v
y

z

x

x

f

m

n†

g†

= 1
dx

trX
x

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

v
y

z

x

x

f

m

n†

g†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
indexed by ONBs

{(f,m)|f ∈ X (vy → x), m ∈ X (X → y)} and

{(g, n)|g ∈ X (zv → x), n ∈ X (X → z)}

for

X (vX → x) ∼=
⨁︂

y∈Irr(X )
X (vy → x) ⊗ X (X → y) and

X (Xv → x) ∼=
⨁︂

z∈Irr(X )
X (zv → x) ⊗ X (X → z).

Conversely, these matrix elements completely determine σX,v. Thus, given a ∗-representation
H of Tube(X ), we use the minimal central idempotents px ∈ Tube(X ) for x ∈ Irr(X ) to
get an object in Z(X ) by

XH :=
⨁︂

y∈Irr(X )
pyH ▷ y

using the canonical Hilb-module structure of X . Observe that we have a canonical iden-
tification X (XH → y) = pyH by the Yoneda Lemma. The half-braiding σHX

is defined
by the matrix-unit formula above.
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2.4 Localized excitations, punctured skein modules, and string operators
Violations of the terms in the Hamiltonian (5) restricted to a small region of the lattice
represent localized excitations. In this section, we consider only the excitations that are
localized on one edge and its two adjacent plaquettes. Such excitations violate (at most)
3 terms in the Hamiltonian, and can be viewed as elements in a punctured skein module
SX (A, n, 2) (where A denotes the annulus) with n external boundary points and 2 internal
boundary points.

excitation

v

ℓ

This space carries an action of the C∗-algebra

A :=
⨁︂

w,x,y,x∈Irr(X )
X (rw → xs) ⊗ X (ry → zs) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
sr

w

x

y

z

ψ

ϕ

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(9)

whose ∗-algebra structure is given by

s′r′

w′

x′

y′

z′

ψ′

ϕ′

· sr

w

x

y

z

ψ

ϕ

:=
∑︂

r′′,s′′∈Irr(X )
δx′=wδy′=z

s

s

s′

s′

s′′

r

r

r′

r′

r′′

w′

w

x

y

z

z′

ψ

ψ′

ϕ

ϕ′

sr

w

x

y

z

ψ

ϕ

∗

:= sr

x

w

z

y

ψ†

ϕ†

.

We will not give the explicit action here, as it is a straightforward generalization of the
Tube(X )-action on SX (A, n, 1) that we reduce to below.

Observe that Ocneanu’s tube algebra Tube(X ) sits inside this C∗-algebra as the corner
with w = x = 1X ; i.e., Tube(X ) = pAp for the orthogonal projection

p =
∑︂

y∈Irr(X )

y

∈ A.
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Moreover, this corner is full, i.e., A = ATube(X )A. This immediately implies that A
and Tube(X ) are Morita equivalent via the bimodule ATube(X ), and thus they have
the same representation theory. Indeed, this can be shown by applying an isotopy which
contracts the s-string:

sr

w

x

y

z

ψ

ϕ

rr

yx

zw

φ

.

Now applying the fusion relation to both idzw and idyx exhibits Tube(X ) as a full corner.
By the above discussion, without loss of generality, we may focus our attention on the

subspace of SX (A, n, 1) ⊂ SX (A, n, 2) where the top section of the broken edge is labelled
by 1X . That is, we project to the image of the operator π1

ℓ,v which enforces that the edge
label on ℓ adjacent to the vertex v is 1X :

excitation

v

ℓ
π1

ℓ,v

We now describe the action of Tube(X ) on SX (A, n, 1) and construct a unitary iso-
morphism (as a tube algebra representation) to a direct sum of regular representations
of Tube(X ). Suppose we have a state |Ω⟩ which is in the ground state of every −Ak for
k ̸= ℓ and every −Bp except the two plaquettes adjacent to ℓ. We further assume that
|Ω⟩ = π1

ℓ,v|Ω⟩. The action of f ∈ X (sy → zs) ⊂ Tube(X ) on |Ω⟩ is given similar to a
plaquette operator:

f ▷
x

:= δx=y

(︄
dz
dx

)︄1/4

· f
s

z = δx=y · f (10)

where suppress the sum over simples and the resulting scalars in the final diagram. We
can thus classify all localized excitations as irreducible representations of Tube(X ), which
correspond to the anyon types in Z(X ). The scalar (dz/dx)1/4 is needed (see (2) above)
to make this representation of Tube(X ) a ∗-representation.

To see that all such anyons arise as excitations, we now define our string operators as
operators from the space of ground states to a twice punctured skein module living inside
Htot. Given (X, σX) ∈ Irr(Z(X )), x, y ∈ Irr(X ), ψ ∈ X (X → x), ϕ ∈ X (X → y), two
distinct edges k, ℓ of our lattice (which we assume are separated by several plaquettes),
and a path γ : ℓ → k on our lattice, we get the string operator S(X,σX)

γ (ϕ, ψ) on a ground
state |Ω⟩ by first applying π1

ℓπ
1
k and then ‘inserting’ the (X, σX) string, where ϕ and ψ

are used at the endpoints of the string to obtain an element in Htot. Here, for an edge ℓ,
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π1
ℓ is the projection on Htot which enforces both edge labels on ℓ to be 1X . We include a

cartoon below of one side of the string operator:

ℓp q p∨q

X

ψπ1
ℓ S

(X,σX )
γ (•,ψ)

Remark 2.12. Recall that our convention for half-braidings in (6) is that we always
write the object in Z(X ) as passing below objects in X . Here, we have instead drawn our
excitations as living above the X -lattice. That is, we are using the convention

y

y

X

X

:=

X

X

y

y

and we are thus describing the excitations as Z(X )rev, the reverse of Z(X ), i.e.,

β
ZA(X )rev

X,Y =

X

X

Y

Y

:=

⎛⎜⎜⎜⎜⎝
Y

Y

X

X
⎞⎟⎟⎟⎟⎠

−1

= (βZ
A(X )

Y,X )−1 =

Y

Y

X

X

.

This convention will be useful in the enriched setting in §3 below. There, we use an
A-enriched UFC X to construct a (2+1)D boundary for the (3+1)D A-Walker-Wang
model. We show in Theorem 3.9 below that the boundary excitations are given by the
enriched center ZA(X ) := A′ ⊂ Z(X ). We draw these excitations on the opposite side of
the enriching lattice for clarity, viewing X as an A −ZA(X )rev bimodule tensor category
as Z(X ) ∼= A ⊠ ZA(X ).

As with plaquette operators, we must resolve this final picture into Htot; to do so,
we decompose F (X, σX) = X ∈ X into simples, where F : Z(X ) → X is the forgetful
functor, and use (Fusion). We include a cartoon below, where we suppress sums over
simples and ONBs and scalars to ease the notation.

x

ψ

=

x

ψ

α†

α
β†β

γ†

γ

y

z

w

=

x

ψ

α†

α
β†β

γ†

γ

y

y
f

zz

g

h

w

w

.
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This decomposition occurs along the entire string, up to the other endpoint. The trivalent
vertices represent an ONB for SX (D, 3), while the bivalent vertices represent ONBs for
the orthogonal direct sum

⨁︁
x∈Irr(X ) X (x → X) with respect to the isometry inner product

determined by the equation

⟨︄ X

x

α

⃓⃓⃓⃓
⃓⃓⃓ X

x

β

⟩︄
idx = α† ◦ β. (11)

We now analyze the tube algebra representation arising from the image of a string
operator S

(X,σX)
k,ℓ (ϕ, ψ). By [CGHP23, Cor. 2.10], on the space of ground states {|Ω⟩} for

our Hamiltonian H from (5),

π1
ℓ = DXπ

1
ℓBpBqπ

1
ℓ = Bp∨qπ

1
ℓ (12)

where Bp∨q is a plaquette operator on the p∨ q plaquette of the mutated lattice obtained
by deleting ℓ.

π1
ℓ |Ω⟩ = Bp∨qπ

1
ℓ |Ω⟩ =

r
= 1
DX

∑︂
r∈Irr(X )

dr ·K ·
r

again suppressing sums over simples and the resulting scalarsK in the final diagram. This
means π1

ℓ |Ω⟩ is a ground state on the mutated lattice with a modified local Hamiltonian.
This means that on the space of ground states,

S(X,σX)
γ (ϕ, ψ) = S(X,σX)

γ (ϕ, ψ)π1
ℓ = S(X,σX)

γ (ϕ, ψ)Bp∨qπ
1
ℓ ,

so one can encircle the end of the string operator by a Bp∨q:

X

ψ
= 1
DX

∑︂
r∈Irr(X )

dr r

X

ψ
(13)

Now we can use the (Fusion) relation on the tube algebra action from (10) above to see
that the action of f ∈ X (sx′ → ys) ⊂ Tube(X ) is given by

δx=x′

DX

(︄
dy
dx

)︄1/4 ∑︂
r∈Irr(X )

dr
r

X

s
f

ψ

= δx=x′

DX

(︄
dy
dx

)︄1/4 ∑︂
t∈Irr(X )

dt
t

X

s f

ψ
.

(14)
This is an amplification of Izumi’s action of Tube(X ) corresponding to (X, σX); the
scalar in front appears only because we use a different inner product for the punctured
skein module than Izumi uses. We therefore see that all simple objects in Z(X ) arise as
localized excitations, and every excitation corresponds to some simple object in Z(X ).
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Remark 2.13. Local operators cannot change the anyon type of a localized excitation.
Consider a twice-punctured sphere where the punctures are sufficiently separated. We
claim the space of ground-states on this punctured sphere is exactly Tube(X ), which
carries commuting left and right actions of Tube(X ), one action at each puncture. Indeed,
by a variant of Proposition 2.6, the ground state space of our twice punctured sphere with
boundary strands that can host excitations is given by⨁︂

x,y∈X
X (x → FI(y)) ∼=

⨁︂
v,x,y∈X

X (x → vyv) ∼=
⨁︂

v,x,y∈X
X (vx → yv) = Tube(X ).

Moreover, our two commuting Tube(X )-actions correspond to the left and right regular
representation.

Now as a Tube(X ) − Tube(X ) bimodule, the regular representation Tube(X ) has one
irreducible summand for each type of irreducible representation of Tube(X ), i.e. each
isomorphism class in Irr(Z(X )). We thus see that the anyon types of the two excitations
at the punctures must agree, up to an opposite which occurs due to a left/right action of
Tube(X ), which translates into an anyon type and its dual at the end of the strings.

Now any local operator is localized away from at least one of the two excitations.
While the local operator can destroy the Tube(X ) representation on one side, it is local-
ized away from the other excitation, and therefore commutes with the action of Tube(X )
at the site of the other excitation. Hence the local operator still preserves the anyon type
at the other puncture. So if our local operator takes one excitation to another at the
same (or nearby) site, then the above argument says it cannot change the anyon type.

We conclude that on a twice-punctured sphere, an irreducible Tube(X ) representation
type is a complete invariant of a superselection sector. It is invariant under applying
local operators, and any finer invariant would necessarily split irreducible summands of
the regular Tube(X )-Tube(X ) bimodule, which disrespects the fact that Tube(X ) acts
by local operators.

2.5 Hopping operators
Hopping operators [HGW18] translate localized excitations in our system. The following
is an equivalent but more streamlined definition of hopping operator that appears in
[CGHP23, 2.2.2]:

H
(X,σX)
δ :=

∑︂
y∈Irr(X )

∑︂
ψy∈ONB(X→y)

BpBqT
(X,σX)
δ (ψy, ψy)π1

k,

where T
(X,σX)
δ (ψ, ψ) is a modified string operator which does not apply π1

ℓ at the start,

but rather just π1
ℓ,v. Here is a cartoon of the H

(X,σX)
δ action on an excited state.

H
(X,σX)
δ ▷

x

k

:= 1
D2

X

∑︂
ψ∈ONB(X→x)

∑︂
s,t∈Irr(X )

dsdt

s t

X

ψ†

ψ

x
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We now explain how hopping operators and string operators are compatible. Given
anyons (X, σX), (Y, σY ) ∈ Z(X ), we can first apply the string operator S(X,σX)

γ (•, ϕ) where
ϕ : H → x and we suppress the data at the other end of the string, after which we can
apply the hopping operator H

(Y,σY )
δ . Here is a cartoon of this setup ignoring the start of

γ:

1
D2

X

∑︂
ψ∈ONB(Y→x)

∑︂
s,t∈Irr(X )

dsdt

s tx

X

Y

ψ†

ϕ

ψ

If Y does not contain x as a simple summand, we clearly have H
(Y,σY )
δ S(X,σX)

γ (•, ϕ) = 0.
Now by (13) above, we really have a Bp∨q when applying S(X,σX)

γ (•, ϕ), and looking closely
at the edge s(δ) = t(γ) and ignoring the sum over ψ for now, we get the following by
(Fusion):

1
D3

X

∑︂
r,s,t∈Irr(X )

drdsdt r s tx

X

Y

ψ†

ϕ
= 1
D3

X

∑︂
r,s,t∈Irr(X )

drdsdt rs tx

X

Y

ψ†

ϕ
.

For each choice of ψ, we see that the encircled ψ† ◦ ϕ in X (X → Y ) actually lives in
Z(X ):

1
DX

∑︂
r∈Irr(X )

dr

y

r x

X

Y

ψ†

ϕ = 1
DX

∑︂
r∈Irr(X )

dr
y

r x

X

Y

ψ†

ϕ

∀y ∈ X . (15)

This immediately implies that

H
(Y,σY )
δ S(X,σX)

γ (•, ϕ) =
⎧⎨⎩S

(X,σX)
δ·γ (•, ϕ) if X = Y

0 else,

where δ ·γ denotes the concatenation of δ and γ. Indeed, summing over ψ ∈ ONB(Y → x)
yields

1
D3

X

∑︂
r,s,t∈Irr(X )

drdsdt

s t

X

ϕ

=

X

ϕ

.
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3 String net models for enriched unitary fusion categories
In this section we give a rigorous treatment of the enriched Levin-Wen string net model
associated to an A-enriched UFC X from [HBJP23], where A is a UMTC representing
the Witt class of the anomaly. In particular, we use TQFT techniques to prove the claim
that the boundary excitations are the enriched center/Müger centeralizer ZA(X ) of A
in Z(X ). We do so in more generality, starting with an arbitrary unitary braided fusion
category A and a fully faithful unitary braided functor ΦZ : A → Z(X ).

In the A-enriched model, objects of the form Φ(a) ∈ X for a ∈ A can be ‘pulled off’
the X -boundary into the A-bulk. This process shows that the Tube(X )-action induced
from string operators on the boundary descends to a quotient of Tube(S) called the dome
algebra. We analyze this algebra in §3.2 and show that it classifies the boundary anyon
types in §3.3. We conclude with §3.4 on point excitations in the bulk and their connection
to point excitations on the boundary.

3.1 Enriched skein modules and enriched string nets
Let A be a unitary braided fusion category and X be a UFC together with a fully faithful
braided functor ΦZ : A → Z(X ). We denote by Φ : A → X the composite F ◦ ΦZ where
F : Z(X ) → X is the forgetful functor.

Definition 3.1. The A-enriched disk skein module for X with m A-boundary points and
n X -boundary points denoted SA

X (D,m, n) is the Hilbert space orthogonal direct sum

⨁︂
x1,...,xn∈Irr(X )
a1,...,am∈Irr(A)

X (Φ(a1 ⊗ · · · ⊗ am) → x1 ⊗ · · · ⊗ xn) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
a1 am

f
x1 xn···

···

⎫⎪⎪⎪⎬⎪⎪⎪⎭ .
Here, each X (Φ(a1 ⊗ · · · ⊗ am) → x1 ⊗ · · · ⊗ xn) is equipped with the inner product

⟨f |g⟩ := 1√︂
da1 · · · damdx1 · · · dxn

trC(f † ◦g) = 1√︂
da1 · · · damdx1 · · · dxn

· ·
f †

g
x1 xn Φ(am) Φ(a1)

· · ·
· · · .

(16)

For simplicity we work with a cubic lattice, but this geometry is not necessary. The
2D boundary corresponds to X , and the 3D bulk corresponds to A.

a

y1

y2

x1

x2

⨁︁
xi,yj∈Irr(X )
a∈Irr(A)

X (Φ(a)x1y1 → y2x2)

a2

a1

c1

c2
b2

b1⨁︁
ai,bj ,ck∈Irr(A)

A(a1b1c1 → c2b2a2)
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Each vertex v has a Hilbert space Hv which is an orthogonal direct sum of hom spaces
in A or X , endowed with the following inner products:

⟨︄
a1b1 c1

c2 b2a2

η

⃓⃓⃓⃓
⃓
a′

1b
′
1 c

′
1

c′
2 b

′
2a

′
2

η′
⟩︄

= δai=a′
i
δbj=b′

j
δck=c′

k

1√︂
da1da2db1db2dc1dc2

·
η′

η†

⟨︄
F (a)

x1y1

y2x2

ξ

⃓⃓⃓⃓
⃓
F (a′)

x′
1y

′
1

y′
2x

′
2

ξ′
⟩︄

= δa=a′δxi=x′
i
δyj=y′

j

1√︂
dadx1dx2dy1dy2

·
ξ′

ξ†

.

This second inner product is just the inner product on the A-enriched disk skein module
SA

X (D, 1, 4). We use the following shorthand notation for closed diagrams in X :

w

z

x

y

a
ξ

ξ′ :=

ξ′

ξ

yzw xF (a) = a

ξ′

ξ

w x yz (17)

The diagram on the left hand side above is shorthand, and the black crossings do not
represent any kind of braiding; rather the diagram is drawn on the surface of a 2-sphere.
As X is A-enriched, we may draw the A-string as passing through the 3D bulk inside the
2-sphere.

The total Hilbert space is the tensor product over the local Hilbert spaces. The
Hamiltonian is made of 2 types of terms. First, for every edge/link ℓ in our lattice, we have
a projector Aℓ enforcing that labels on edges match. To define the face/plaquette terms
Bp, we first pass to the image of the projector PA onto the ground state of −∑︁

ℓ∈Λ Aℓ.
There are three types of Bp terms: those in the A-bulk, those on plaquettes made of both
A and X -links, and those on the X boundary. We will define the third type rigorously,
and leave the first two to the reader. On these plaquettes, the operator Bp is given by

1
DX

∑︂
r∈Irr(X )

dr ·
ξ2,1

ξ1,2

ξ1,1

ξ2,2

g

h

i

j r =
∑︂

r,k,ℓ,m,n∈Irr(X )
η∈ONB

√
dkdℓdmdn

dr
√︂
dgdhdidj

ξ2,1

ξ1,2

ξ1,1

ξ2,2

k

ℓ

m

n

g g
h

h
i i

j

j

(18)

=
∑︂

η∈ONB
C(ξ, η)

η2,1

η1,2

η1,1

η2,2
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where ξ, η are shorthand for choices of 4 vectors from a fixed ONB for the enriched skein
module SA

X (D, 1, 4) such that the edges which meet are labelled by the same simple object,
and DX = ∑︁

x∈Irr(X ) d
2
x is the global dimension of X .

Proposition 3.2. When all edge/link labels on simple tensors η, ξ match

ba

d c

ξ2,1

ξ1,2

ξ1,1

ξ2,2

s

t u

v

w

xy

z

ba

d c

η2,1

η1,2

η1,1

η2,2

s

t u

v

w

xy

z

,

the matrix coefficient C(ξ, η) is given by

C(ξ, η) = 1
DX

√︂
dadbdcdddsdtdudvdwdxdydz

·

ξ1,1

η1,1

ξ1,2

η1,2

ξ2,1

η2,1

ξ2,2

η2,2

= 1
DX

√︂
dadbdcdddsdtdudvdwdxdydz

· a

b

c

d

g
h

i

j

k

ℓ

m

n

s

t u

v

w

xy

z
ξ1,2

ξ1,1

ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

.

Otherwise, C(ξ, η) = 0. In particular, the Bp are self-adjoint, commuting orthogonal
projections.

Again, this first inner product picture is meant to be interpreted as the inner product
on the enriched skein module SA

X (D, 4, 8) which can be drawn on a sphere similar to (17).

Proof. To ease the notation, we set

K := 1
DX

√︂
dadbdcdddsdtdudvdwdxdydz

.

Under the usual Fourier expansion of each of the four corners in the {η} ONB of Hv =
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SA
X (D, 1, 4) (assuming the internal edges match giving a vector in PAHtot),

C(ξ, η) = K
∑︂

r∈Irr(X )

1
dr
√︂
dgdhdidjdkdℓdmdn

a

b

c

d

g

k

j
n

j
n

i

m

g

k

h
ℓ

h
ℓ

i

m

s

t u

v

w

xy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

r

r

r

r

.

Indeed, each of the four closed diagrams represents the inner product in the skein module
(up to coeffients) of one of the four corners of (18) with an appropriate ηi,j. Observe here
that there is no longer a sum over k, ℓ,m, n as picking particular ηi,j determines these
labels as in the proofs of Lemma 2.8 and Theorem 2.9. We now apply Fact 2.7 to three
places amongst these four closed diagrams corresponding to pairs of green, purple, and
yellow nodes to simplify

C(ξ, η) = K
∑︂

r∈Irr(X )

√
dr√︂
djdn

a

b

c

d

k

ℓ

m

n

n

g

h

i

j

j

s

t u

v

w

xy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

r

.

As this diagram is a closed diagram in X , we can apply the (Fusion) relation again to
‘unzip’ along the r string to obtain the claimed formula for C(ξ, η).

To see that Bp is self-adjoint, we simply observe C(η, ξ) = C(ξ, η), and thus the
matrix representation of Bp is self-adjoint with respect to our distinguished ONB {ξ} for
the ground state space of −∑︁

ℓAℓ. That B2
p = Bp and [Bp, Bq] = 0 for distinct plaquettes

p, q follows from (I=H) and (Bigon 2) as depicted in [Zha17, §5.4].

Lemma 3.3 (5 = 6). The product of any 5 plaquette operators around a bulk cube is
equal to the product of all 6 plaquette operators around the bulk cube, with the exception
that the deleted plaquette operator cannot be a boundary X -plaquette operator.
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Proof. Suppose we have applied Bp to all but the front and back faces of a cube. To do
the most complicated case, we assume the front face is a boundary X -plaquette. Since

1
DX

∑︂
r∈Irr(X )

dr
Φ(a)

r = 1
DX

∑︂
s∈Irr(X )

ds
Φ(a)

s ∀a ∈ A,

the X -plaquette operator absorbs the A-plaquette operator, i.e. BA
p B

X
p = BX

p . Hence if
we apply an X -plaquette operator to the front of the cube, we may insert an extra A-
plaquette operator around it. The A-plaquette operator may then be homotoped around
the sides of the bulk cube as follows (suppressing constants).

= =

= = (19)

The case when the front face is not an X -boundary plaquette follows from the same
manipulation, using that A-plaquette operator is an idempotent.

Suppose we have a 3-ball B in our lattice, which may intersect the X -boundary. We
have an evaluation map eval from the tensor product over the Hv corresponding to sites
v in the ball to the A-enriched skein module with the appropriate number of boundary
points. We let Np(∂B) denote the number of plaquettes in the interior of B on the X -
boundary, and we let Np(B◦) denote the number of plaquettes in the interior of B which
are not on the X -boundary. (The Bp terms for p ∈ ∂B sum over simples in X , while the
Bp terms for p ∈ B◦ sum over simples in A.) We let Nc(B◦) denote the number of cubes
in the interior of B. The following proposition is the enriched analog of Theorem 2.9
above.

Theorem 3.4. Denoting the global dimensions of A,X by DA, DX respectively,

∏︂
p⊂B

Bp = D
−
(︂
Np(B◦)−Nc(B◦)

)︂
A D

−Np(∂B)
X · eval† ◦ eval .

Proof. The proof proceeds by adjoining adjacent plaquettes by induction. We provide
the detailed argument for 2 adjacent plaquettes on the X -boundary, and we leave the
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remaining details to the reader. That is, we will prove that the matrix coefficients of
BoBp for adjacent plaquettes o, p are given by

Co,p(ξ′, ξ) =
⟨︄

ξ1,1

ξ1,2

ξ2,1

ξ2,2

ξ3,1

ξ3,2
a b c

def

q

r s t

u

v

wxy

z

o pg h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓BoBp

ξ′
1,1

ξ′
1,2

ξ′
2,1

ξ′
2,2

ξ′
3,1

ξ′
3,2

a b c

def

q

r s t

u

v

wxy

z

o pg′ h′ i′

j′ k′

ℓ′m′ ⟩︄

= 1
D2

X

√︂
da · · · dfdq · · · dz

ξ′
1,1

ξ1,1

ξ′
1,2

ξ1,2

ξ′
2,1

ξ2,1

ξ′
2,2

ξ2,2

ξ′
3,1

ξ3,1

ξ′
3,2

ξ3,2

,

where ξ, ξ′ are choices of 6 vectors from our distinguished ONB of Hv. Again, we have
suppressed shadings on squares for readability. This will exactly show that for every ξ, ξ′

in an ONB for SA
X (D, 6, 10),

⟨ξ|BoBpξ
′⟩⨂︁

v∈B Hv
= D−2

X ⟨eval ξ| eval ξ′⟩SA
X (D,6,10) ⇐⇒ BoBp = D−2

X eval† ◦ eval

on the ball B which only contains the 2 boundary plaquettes o and p.
To ease the notation, we set

K := 1√︂
da · · · dfdq · · · dz

,

Ko :=

√︂
djdhdmdg√︂
dj′dh′′dm′dg′

K ′
o := 1√︂

djdj′dhdmdm′dgdg′

,

Kp(h′′) :=
√
dkdidℓdh′′√
dk′di′dℓ′dh′

K ′
p := 1√

dkdk′didi′dℓdℓ′dh′
.

In the calculation below, we label strings and vertices as much as possible, but sometimes
we omit labels that can be determined from the previous diagram when the diagram is
getting very intricate. Moreover, since we have fixed ηi,j ∈ ONB, some of the sums over
simples from the plaquette operators collapse as in the proofs of Lemma 2.8, Theorem
2.9, and Proposition 3.2. Again, we suppress shaded squares for readability.

Co,p(ξ′, ξ) =
⟨︄

ξ1,1

ξ1,2

ξ2,1

ξ2,2

ξ3,1

ξ3,2
a b c

def

q

r s t

u

v

wxy

z

o pg h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓BoBp

ξ′
1,1

ξ′
1,2

ξ′
2,1

ξ′
2,2

ξ′
3,1

ξ′
3,2

a b c

def

q

r s t

u

v

wxy

z

o pg′ h′ i′

j′ k′

ℓ′m′ ⟩︄

= 1
D2

X

∑︂
n′,h′′∈Irr(X )

Kp(h′′)
dn′

⟨︄
a b c

def

q

r s t

u

v

wxy

z

g h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓Bo n′

a b c

def

q

r s t

u

v

wxy

z

h′
h′′
h′ i′

i

i′
k′ k k′

ℓ′ ℓ ℓ′ ⟩︄
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= 1
D2

X

∑︂
n,n′,h′′∈Irr(X )

KoKp(h′′)
dndn′

⟨︄
a b c

def

q

r s t

u

v

wxy

z

g h i

j k

ℓm
⃓⃓⃓⃓
⃓⃓ n n′

a b c

def

q

r s t

u

v

wxy

z
g′

g

g′
h

i′

i

i′
j′ j j′ k′ k k′

ℓ′ ℓ ℓ′m′mm′ ⟩︄

= K

D2
X

∑︂
n,n′,h′′∈Irr(X )

K ′
oK

′
p

dndn′

a

b

e

f

j′

j

g′
g

g′
g

m′

m

j′

j

h

h

m′

m

q

r s

k

x

ℓ

y

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

n

n

n

n

n′

n′

c

d

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2

= K

D2
X

∑︂
n′,h′′∈Irr(X )

K ′
p

√
dh′′

dn′
a

b

e

f

j′

m′

g′

j

h

m

g

q

r s

k

x

ℓ

y

z

n′
n′ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1 η2,1

η†
2,2η1,2

c

d

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2

= K

D2
X

∑︂
n′,h′′∈Irr(X )

K ′
p

√
dh′′

dn′
· a

b

e

f

j′

m′

g′

j

h

m

g

q

r s

k

x

ℓ

y

z

n′
n′ξ1,2

ξ1,1 ξ2,1

ξ2,2

η†
1,1

η2,1

η†
2,2

η1,2

c

d

k′

k

i′
i

i′

i

ℓ′

ℓ

t

u

v

w

n′

n′

ξ3,1

ξ3,2

η3,1

η†
3,2
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= K

D2
X

· a

b c

de

f

j′ h
′

m′

g′

ℓ′

k′
i′

j

h

m

g i

q

r s

k

x

ℓ

t

u

v

wy

z
ξ1,2

ξ1,1 ξ2,1

ξ2,2

ξ3,1

ξ3,2

η†
1,1

η1,2

η2,1

η†
2,2

η†
3,2

η3,1

This final diagram is exactly the D−2
X times the skein module SA

X (D, 6, 10) inner product.
It remains to account for the exponent of DA for the bulk plaquettes. To get the

correct exponent, we introduce a subset B′ ⊂ B◦ that we obtain by removing exactly
one non X -boundary plaquette from each cube in B◦. We do so by picking a maximal
spanning tree for the dual lattice intersected with B, which has a vertex for each cube
and an edge for each face between cubes, plus one additional (non X -boundary) edge
connecting our maximal spanning tree to a cube in the bulk outside of B. By Lemma
3.3, it follows that ∏︂

p⊂B′
Bp =

∏︂
p⊂B◦

Bp .

The subset B′ ⊂ B is exactly the set of Np(B◦) − Nc(B◦) plaquettes of B which do
not intersect this spanning tree. Just as with the plaquettes on the boundary, we can
multiply two plaquette operators which share an edge and compute the matrix coefficients
of this new operator. Since the union of the plaquettes in B′ is simply connected, at each
inductive step, the resulting enriched skein module is unitarily isomorphic to one of the
form SA

X (D,m, n), via a deformation retraction onto the boundary. This topological map
gives a well defined map on skein modules since A is braided; i.e the red strings in the
bulk may be unambigously projected onto the boundary via the deformation retraction.
Therefore we may combine all Np(B◦)−Nc(B◦) non X -boundary plaquettes and compute
matrix coefficients analogously to the two plaquette case. The matrix coefficients have
a factor of D−1

A for each bulk plaquette in B′. Further multiplying the bulk plaquettes
in B′ with the X -boundary plaquettes which each contribute a factor of DX , the result
follows.
Remark 3.5. We can use enriched skein modules to give another string-net model for
a(n uneriched) UFC X due to Corey Jones where excitations can be localized on a single
vertex rather than an edge and its neighboring plaquettes. This is similar to Corey Jones’
model presented in [CGHP23] with extra strands corresponding to a condensable algebra
in order to implement anyon condensation.

We replace the local Hilbert space Hv with

w z

x

y

A
v

↔ Hv :=
⨁︂

x∈Irr(X )
A∈Irr(Z(X ))

X (wx → yzF (A))
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where F : Z(X ) → X is the forgetful functor. This space caries the SZ(X )
X (D, 1, 4)

enriched skein module inner product. The total Hilbert space is the tensor product of
local spaces. Again, we have edge operators Aℓ which require simple labels to match
along edges and plaquette Bp operators on faces. Buulding on Proposition 2.6, we can
describe the ground state space im(PA) of −∑︁

ℓAℓ on a contractible patch Λ of lattice as⨁︂
x⃗∈∂Λ

X (x⃗ → F (Z)⊗#v∈ΛFI(1X )#p∈Λ)

where Z := ⨁︁
A∈Irr(Z(X )) A.

On im(PA), the plaquette operator Bp now uses the half-braiding for X ∈ Z(X ):

1
DX

∑︂
r∈Irr(X )

dr ·
ξ2,1

ξ1,2

ξ1,1

ξ2,2

r

g

h

i

j = 1
DX

∑︂
r,s,t,u,v∈Irr(X )

√
dkdℓdmdn

dr
√︂
dgdhdidj

·
ξ2,1

ξ1,2

ξ1,1

ξ2,2

g g
h

h
i i

j

j

k

ℓ

m

n

=
∑︂
η

C(ξ, η)
η2,1

η1,2

η1,1

η2,2

.

Similar to Proposition 3.2 in the A-enriched setting, when all edge/link labels on simple
tensors η, ξ match

DA

B C
η2,1

η1,2

η1,1

η2,2

s

t u

v

w

xy

z

DA

B C
η2,1

η1,2

η1,1

η2,2

s

t u

v

w

xy

z

,

the matrix coefficient C(ξ, η) is given by

C(ξ, η) = 1
DX

√︂
dAdBdCdDdsdtdudvdwdxdydz

·

η1,1

ξ1,1

η1,2

ξ1,2

η2,1

ξ2,1

η2,2

ξ2,2

.

Otherwise, C(ξ, η) = 0. In particular, the Bp are self-adjoint, commuting orthogonal
projections.

Finally, the local Hamiltonian now has vertex terms Cv which enforce that the simple
label on each blue edge is 1Z(X ). Hence the ground states of

H := −
∑︂
ℓ

Aℓ −
∑︂
p

Bp −
∑︂
v

Cv

are exactly the ground states of the usual string-net model for X from §2.2.
Now excitations can live on the blue edges, corresponding to a violation of a single Cv

term. We can detect the type of the excitation as it corresponds to a representation of
the abelian C∗-algebra CIrr(Z(X )) which acts on each blue edge. Note that this algebra is
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Morita equivalent to Tube(X ) as Rep(Tube(X )) ∼= Z(X ) ∼= Rep(CIrr(Z(X ))). These vertex
excitations are equivalent to the excitations discussed above in §2.4; indeed, for each
(X, σX) ∈ Irr(Z(X )) and ψ : F (X) → x for x ∈ Irr(X ) corresponding to the localized
excitation (13), we have the hopping operator

H(X,σX)
π (ψ) := BpBqT

(X,σX)
π (ψ)

as in the cartoon below:

1
D2

X

∑︂
ψ∈ONB(Y→x)

∑︂
s,t∈Irr(X )

dsdt
s tx

X

X

ψ†

ψ

We apply the modified string operator T (X,σX)
π (ψ) which glues ψ† at the site ℓ of the

excitation and repair the neighboring plaquettes to ℓ by applying Bp and Bq. By (15),
this extends the excitation all the way to the boundary blue edge. As we used ψ, we
know that we have not obtained a zero string operator:

0 ̸= 1
DX

∑︂
r∈Irr(X )

dr · r x

X

X

ψ†

ψ
∈ R>0 idX .

By (14), the hopping operator H(X,σX)
π (ψ) takes vectors in the Tube(X )-representation

corresponding to (X, σX) ∈ Irr(Z(X )) to vectors in the CIrr(Z(X ))-representation corre-
sponding to (X, σX), establishing the equivalence of the excitations.

3.2 Dome algebra and boundary excitations
In this section, we discuss the analog of Tube(X ) which will help us classify localized
excitations in our enriched model. For this section, X is a unitary fusion category and A is
a unitary braided tensor subcategory of Z(X ) (which need not be modular). This equips
X with the structure of an A-enriched fusion category, i.e., a unitary braided central
functor ΦZ : A → Z(X ), which in this setting is given by the fully faithful inclusion.
We write Φ : A → X for the composite of Forget ◦ΦZ , where Forget : Z(X ) → X is the
forgetful functor.

The following definition was suggested to us by Corey Jones.

Definition 3.6. The dome algebra DomeA(X ) is the quotient of Tube(X ) by the ∗-ideal

J A :=
⟨︄ ∑︂

v∈Irr(X )
ϕ

Φ(a)

v

v
x

y
Φ(a)

−
Φ(a)

Φ(a)

x

y

ϕ
⟩︄
.

Here, the shaded nodes represent summing over an ONB of X (Φ(a) → c) with the
isometry inner product (11) and its adjoint.
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Remark 3.7. By factoring through simples as in (8), we see that we also have

J A :=
⟨︄ ∑︂
v∈Irr(X )

y

z
v

v

Φ(a)

Φ(a)

x

g†

f
−

z

Φ(a)

Φ(a)

x

y

g†

f

⟩︄
.

Remark 3.8. That J A is a ∗-ideal follows from the fact that

Φ(a)

Φ(a)

x

y

ϕ
=

Φ(a) Φ(a)

x

y

ϕ
= Φ(a)

x

y

ϕ
= Φ(a)

Φ(a)

y

x

ϕ
.

In the final equality above, we used that Z(X ) is ribbon. (Note that unitary tensor
functors between UFCs are automatically pivotal.)

The name ‘dome algebra’ comes from thinking about the A-enriched UFC X as a uni-
tary module tensor category; X corresponds to a 2D boundary of a 3D A-bulk. Pushing a
morphism from the A-bulk into the boundary corresponds to applying Φ = Forget ◦ΦZ :
A → X . Morphisms in the image of this action map can be lifted back out into the bulk.
Hence the annuli in the defining relation can be viewed as ‘domes’ (or rather ‘bowls’)
where the 2D boundary is an annulus and the A-strings lift into the 3D bulk.

J A =
⟨︄ x y Φ(a)ϕ

−
a

x yϕ ⟩︄

Theorem 3.9. Suppose A ⊂ Z(X ) is a braided subcategory and (X, σX) ∈ Z(X ). The
following are equivalent.

1. (X, σX) ∈ ZA(X ), the Müger centralizer of A in Z(X ),

2. The half-braidings σX,a and σ−1
a,X agree in X (XΦ(a) → Φ(a)X),

3. The half-braidings σX,Φ(a) and σ−1
Φ(a),X have the same matrix elements, i.e., for every

m ∈ X (X → y), n ∈ X (X → z), f ∈ X (Φ(a)y → x), and g ∈ X (zΦ(a) → x) for
x, y, z ∈ Irr(X ),
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X

Φ(a)
y

z

x

x

f

m

n†

g†

=

Φ(a)

X

y

z

x

x

f

m

n†

g†

4. The representation of the tube algebra Tube(X ) associated to (X, σX) descends to
a representation of the dome algebra DomeA(X ).

Proof. That (1), (2), and (3) are equivalent is clear. For (3) ⇔ (4), we use Remark 3.7.
Consider

ϕ =
∑︂

v∈Irr(X )

y

z
v

v

Φ(a)

Φ(a)

x

g†

f
and ψ =

z

Φ(a)

Φ(a)

x

y

g†

f .

Given (X, σX) ∈ Z(X ), the representation HX of Tube(X ) descends to a representation
of DomeA(X ) if and only if for all m ∈ X (X → y) and n ∈ X (X → z),

⟨n|ϕ▷m⟩X (X→z) = ⟨n|ψ ▷m⟩X (X→z).

We calculate that

⟨n|ϕ▷m⟩ = 1
dX

trX
X

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

X

y

z

Φ(a)
Φ(a)

ϕ

m

n†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 1
dX

trX
x

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

Φ(a)
y

z

x

x

f

m

n†

g†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
and

⟨n|ψ ▷m⟩ = 1
dX

trX
X

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
X

X

y

z

ψ

m

n†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= 1
dX

trX
x

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Φ(a)

X

y

z

x

x

f

m

n†

g†

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
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These two expressions are equal for all m,n if and only if (3) holds.

3.3 Localized enriched excitations, punctured enriched skein modules, and
enriched string operators

We now focus on localized boundary excitations of our A-enriched X -string net model.
Here, localized means that excitations violate (at most) 4 terms in the Hamiltonian, cor-
responding to a single boundary edge and its 3 adjacent plaquettes. These excitations can
thus be viewed as vectors in a punctured enriched skein module SA

X (A,m, n, 1). As above,
this space carries an action of the C∗-algebra A from (9), which by an isotopy/Morita
equivalence argument, can be reduced to an action similar to (10) of Tube(X ) after
applying π1

ℓ,v.

A ↷
v

ℓ
π1

ℓ,v Tube(X ) ↷

Proposition 3.10. The ideal J A ⊂ Tube(X ) acts as zero. Thus the Tube(X ) action
descends to an action of DomeA(X ).

Proof. We sketch the proof, which is similar to the calculation (19). After applying π1
ℓ,v,

we have effectively glued two cubes together, resulting in a large rectangular prism with 8
A-faces and one X -face. The image of our excited state under π1

ℓ,v still lies in the images
of the 8 plaquette operators which act along the boundary of our rectangular prism. We
now compute

Φ(a)

c

c
y

z
Φ(a)

f ▷
x

= δx=y

(︄
dz
dx

)︄1/4

·
fΦ(a)

= δx=y

(︄
dz
dx

)︄1/4

·

f
Φ(a)
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= δx=y

(︄
dz
dx

)︄1/4

·

f

= δx=y

(︄
dz
dx

)︄1/4

· f

=
Φ(a)

Φ(a)

y

z

f ▷
x

This immediately implies that anything in J A acts as zero.

Looking at our string operators from §2.4 above, it is clear from (14) that the dome
ideal acts as zero whenever the anyon comes from ZA(X ). Indeed, if X ∈ ZA(X ), then
calculating in Z(X ), remembering that squiggly-drawn anyons represent ZA(X )rev as
opposed to ZA(X ) ⊂ Z(X ) (and suppressing 4th roots),

∑︂
x∈Irr(X ) X

Φ(a)

x

f

ψ :=
∑︂

x∈Irr(X ) X

Φ(a)

x

f

ψ =
X

Φ(a)
f

ψ =
X

Φ(a)
f

ψ =
X

f

ψ
=:

X

Φ(a)
f

ψ
.

Remark 3.11. As in Remark 2.13, we can additionally see that isomorphism classes of
DomeA(X ) representations are in bijection with boundary anyon types. In the case of a
twice-punctured sphere with internal A-edges,

the space of ground states is now the subspace of Tube(X ) which is compatible with
the A-bulk. Since DomeA(X ) is just the quotient of Tube(X ) obtained by imposing the
compatibility relations J A, this is exactly the regular representation of DomeA(X ), i.e.
DomeA(X ) as a DomeA(X )−DomeA(X ) bimodule. An argument similar to Remark 2.13
shows that anyon types are in bijective correspondence with Irr(Rep(DomeA(X ))) =
Irr(ZA(X )).
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3.4 Sphere algebra, bulk excitations, and bulk enrichment of boundary
Suppose A is an arbitrary UBFC and X is an A-enriched UFC such that the unitary
braided central functor ΦZ : A → Z(X ) is fully faithful. In this section, we analyze the
(3+1)D bulk A-excitations and show they are Z2(A) by constructing representations of
the sphere algebra Sphere(A), a further quotient of Tube(A). This is consistent with
[JFR24, Lem. 2.16] which states that ΩZ(ΣA) = Z2(A). By [DNO13, Prop. 4.3], ZA(X )
is canonically Z2(A)-enriched as a UBFC, i.e., Z2(ZA(X )) = Z2(A). We realize this
enrichment by using hopping operators to bring bulk excitations into the boundary.

The following definition was suggested to us by Corey Jones.

Definition 3.12. The sphere algebra Sphere(A) is the quotient of Tube(A) by the ∗-ideal

J :=
⟨︄

c a

b c

ϕ −
c

c

a

b

ϕ ,
c a

b c

ψ −

a

c

c

b

ψ
⟩︄
.

Similar to the dome algebra, Sphere(A) corresponds to thinking of A as an A⊠Arev-
enriched UFC.

c

a b
ϕ ≃ ca b

ϕ ≃

c

a b
ϕ

The algebra Sphere(A) is actually abelian. Indeed, consider the algebra maps:

c a

b c

ϕ
λ↦−→ δa=b ·

c

c

a

b

ϕ and
c a

b c

ψ
ρ↦−→ δa=b ·

a

c

c

b

ψ . (20)

We see that if ϕ : ca → ac and ψ : da → ad, then ϕψ − ψϕ ∈ J :

ϕψ − ψϕ = ϕψ − λ(ϕ)ψ + λ(ϕ)ψ − λ(ϕ)λ(ψ) + λ(ϕ)λ(ψ)⏞ ⏟⏟ ⏞
=λ(ψ)λ(ϕ)

−λ(ψ)ϕ+ λ(ψ)ϕ− ψϕ

=
(︂
ϕ− λ(ϕ)

)︂
ψ + λ(ϕ)

(︂
ψ − λ(ψ)

)︂
+ λ(ψ)

(︂
λ(ϕ) − ϕ

)︂
+
(︂
λ(ψ) − ψ

)︂
ϕ ∈ J .

The next lemma gives an abstract characterization of Sphere(A).

Lemma 3.13. The following ∗-algebras are isomorphic:

1. Sphere(A),
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2. T2/(T2 ∩ J ) where T2 ⊂ Tube(X ) is the subalgebra spanned by ϕ : ca → bc for
a, b, c ∈ Irr(A) such that a = b ∈ Z2(A), and

3. CIrr(Z2(A)).

Proof. First, given a, b, c ∈ Irr(A) and ϕ : ca → bc in Tube(A), if a ̸= b, then ϕ ∈ J . If
a ̸= b, then λ(ϕ) = 0, so ϕ = ϕ− λ(ϕ) ∈ J .

Second, suppose a /∈ Irr(Z2(A)), and pick c ∈ Irr(A) whose S-matrix entry Sa,c ̸=
dadc. We claim that ida ∈ J . Indeed,

Sa,c − dadc
da

· ida = c a − c a = λ(βa,c) − ρ(βa,c) = λ(βa,c) − βa,c + βa,c − ρ(βa,c) ∈ J .

(1) ∼= (2): By the second isomorphism theorem, T2/(T2 ∩ J ) ∼= (T2 + J )/J . By the two
facts proven above, every representative of an element of Sphere(A) in Tube(A) can
be taken from T2. This means the ∗-algebra map (T2 + J )/J → Sphere(A) given by
x+ J ↦→ x+ J is onto and thus an isomorphism.

(2) ∼= (3): By the two facts proven above, the map δa ↦→ ida +T2 ∩ J is a surjective ∗-
algebra map CIrr(Z2(A)) → T2/(T2 ∩ J ). The inverse is given by λ|T2 , which descends to
T2/(T2 ∩ J ) since T2 ∩ J ⊂ ker(λ|T2).

The proof of the following theorem is similar to Theorem 3.9 and omitted. The
equivalences of (1)-(4) below are all well known; e.g., see [Müg03, Lem. 7.5].

Theorem 3.14. Suppose A is a braided fusion category. The following are equivalent.

1. a ∈ Z2(A), the Müger center of A,

2. The braidings βa,b and β−1
b,a agree for all b ∈ A,

3. The two canonical lifts of a ∈ A to the Drinfeld center Z(A) agree,

4. The braidings βa,b and β−1
b,a have the same matrix elements, i.e., for every m ∈

A(a → c), n ∈ A(a → d), f ∈ A(bc → e), and g ∈ A(db → e) for c, d, e ∈ Irr(A),

a

b
c

d

e

e

f

m

n†

g†

=

b

a

c

d

e

e

f

m

n†

g†

5. The representation of the tube algebra Tube(A) associated to (a, βa) descends to a
representation of the sphere algebra Sphere(A).
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Remark 3.15. While the sphere algebra is similar to the dome algebra, representations
of the former correspond to Z2(A), while representations of the latter gives ZA(A), the
centralizer Z(A) of A in Z(A). The canonical quotient map DomeA(A) ↠ Sphere(A)
corresponds to the inclusion Z2(A) ↪→ ZA(A).

Similar to (10) above, we have a Tube(A)-action on any state with a localized bulk
excitation. Here, localized means that the bulk Hamiltonian is violated at (at most)
5 terms, namely one edge term and the 4 neighboring plaquette terms. By a Morita
equivalence argument similar to that in §2.4, it again suffices to consider the Tube(A)-
action at a single edge ℓ connected to one vertex of the form

d b

c d

f ▷
a

:= δa=b

(︄
dc
da

)︄1/4

·
d

f
.

One now applies the argument of (19) to see that this equal to the action of

d

d

b

c

f or

b

d

d

c

f ,

and thus this Tube(A)-action descends to an action of Sphere(A). This argument also
proves that any other similar Tube(A)-action one writes down at this edge (for example,
we could glue in the d string around f to a different loop around the boundary) will be
equal to this one.

Fact 3.16 ([DNO13, Prop. 4.3]). Suppose X is an A-enriched UFC, where the braided
central functor ΦZ : A → Z(X ) is full. The Müger center of the enriched center ZA(X )
is Z2(A).

Remark 3.17. The above lemma clearly fails when the braided functor A → Z(X ) is
not full. For example, consider A = Rep(G) and X = Vect and A → Z(X ) = Vect is the
forgetful functor.

Given a bulk excitation a ∈ Irr(Z2(A)), for every ψ : Φ(a) → x where x ∈ Irr(X ), we
can define the bulk-to-boundary hopping operator

H(a,βa)
π (ψ) := BoBpBqBrT

(a,βa)
π (ψ)π1

k
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as in the cartoon below.

a

ψ

That is, since Sphere(A) ∼= CIrr(Z2(A)), the Sphere(A)-representation at our bulk edge ℓ
and vertex v must be labelled by the simple object a. We apply π1

k at the boundary edge
k, we extend a along the path π placing ψ at the end to get a simple x ∈ Irr(X ) on the
boundary, and finally we apply the 4 bulk plaquette operators BoBpBqBr which meet the
bulk edge ℓ.

By (14), the bulk-to-boundary hopping operatorH(a,βa)
π (ψ) takes vectors in the Sphere(A)-

representation corresponding to a ∈ Irr(Z2(A)) to vectors in the DomeA(X )-representation
corresponding to ΦZ(a). Thus the hopping operator physically demonstrates that ZA(X )
is a Z2(A)-enriched UBFC [DNO13, Prop. 4.3].

The above discussion is sub-optimal, as the hopping operator depends on a choice of
ψ. This problem occurs because we have pushed a ∈ A into X via Φ, and Sphere(A) is
not actually a quotient of DomeA(X ), but only Morita equivalent to a quotient. If we
instead use a model for the boundary where boundary excitations can be hosted at a
single vertex as in Remark 3.5 above,

w z

x

y

a

X
v

↔ Hv :=
⨁︂

x∈Irr(X )
X∈Irr(ZA(X ))

X (Φ(a)wx → yzF (X))

we can avoid the choice of ψ altogether. Indeed, CIrr(Z2(A)) is an honest quotient of
CIrr(ZA(X )), which is the algebra of local operators (Morita equivalent to DomeA(X ))
acting at this type of ancilla. In this setting, we can define the bulk-to-boundary hopping
operator by

H(a,βa)
π := BoBpBqBrT

(a,βa)
π
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as in the cartoon below:

a

Now using the isomorphism Sphere(A) ∼= CIrr(Z2(A)) from Remark 3.13, we see that
this hopping operator intertwines the Sphere(A)-action coming from the bulk with the
CIrr(Z2(A)) ⊂ CIrr(ZA(X ))-action hosted on the blue edges.

4 Conclusion
In this manuscript, we have reviewed the explicit construction of the 2D boundary bound-
ary theory of the 3D Walker-Wang model given from [HBJP23] by a UMTC A as a sort
of enriched Levin-Wen model based on an A-enriched UFC X . Using techniques from
TQFT, we have confirmed the prediction of [HBJP23] that the excitations of this 2D
model are given by the enriched center/Müger centralizer ZA(X ) of A in Z(X ). We
achieved this by defining the algebra DomeA(X ) and showing that its irreducible repre-
sentations are in one-to-one correspondence with the excitations of the boundary theory.
This is analogous to how the irreducible representations of the tube algebra Tube(X ) are
in one-to-one correspondence of the excitations of an unenriched Levin-Wen model given
by a UFC X .

All of these arguments are made on finite lattices. There is also an operator algebraic
approach [Naa17] for identifying excitation types on infinite lattices. It would be inter-
esting to check that the excitation types on the infinite lattice align with those from our
analysis.

In our construction, we have not considered protection by 0-form symmetries. A
direction for future research would be to endow the bulk theory with such a symmetry
and to study the excitations in the resulting anomalous G-enriched topological order in
the 2D boundary theory.
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[Müg03] Michael Müger. From subfactors to categories and topology. II. The quantum double of tensor
categories and subfactors. J. Pure Appl. Algebra, 180(1-2):159–219, 2003. MR1966525
DOI:10.1016/S0022-4049(02)00248-7 arXiv:math.CT/0111205.
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