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a b s t r a c t

In this paper, we develop a finite element method (FEM) to solve the Drude metamaterial
perfectly matched layer (PML) model by edge elements. Both the stability analysis and
error estimate for the scheme are established. To our best knowledge, this is the first
paper on developing and analyzing a FEM for this Drude PML model. Numerical results
are presented to justify the theoretical error estimate and demonstrate the effectiveness
of this PML in absorbing outgoing waves in the Drude metamaterial.

© 2023 Elsevier B.V. All rights reserved.

1. Introduction

The perfectly matched layer (PML) technique was first proposed in 1994 by Berenger [1] to solve the time-dependent
axwell’s equations in unbounded domains. Over the last three decades, many PML models have been developed

or solving Maxwell’s equations in both time domain [2–6] and frequency domain [7,8]. Due to their demonstrated
ffectiveness in absorbing the outgoing waves over a wide frequency range, the PML technique has been quickly extended
o solve other types of wave propagation problems [9–12], such as acoustics, elastodynamics [13], elasticity, anisotropic
ispersive media and metamaterials. The readers can find more details and references on PMLs for Maxwell’s equations
n books ([14, Ch.7], [15, Ch.8]), the review papers [16].

The newly discovered metamaterials (cf. [15,17,18] and references cited therein) have many potential exciting
pplications such as invisibility cloaks and subwavelength imaging, and have inspired a growing interest in the study of
ave propagation in metamaterials (e.g., [19,20]). Some early applications of PMLs for metamaterials [21–23] found that
pecial PML models are needed to avoid unstability. In 2015, Bécache et al. [11] presented a rigorous way in developing
table PMLs for the Drude metamaterials. In 2022, we [24] developed and analyzed a FDTD method for solving a Drude
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metamaterial PML model proposed in [11]. For potential broader application of the Drude PML model in complex geometry
problems, in this paper we develop and analyze a finite element method to solve the Drude PML model. We like to
emphasize that though there are many published papers on the analysis and applications of Drude model (e.g., [19,20])
and PML models for wave interaction with vacuum (e.g., [2–6]), this is the first paper on finite element analysis and
application for the Drude PML model.

The rest of the paper is organized as follows. In Section 2, we present the Drude PML model, and construct a fully-
iscrete finite element scheme for solving the model. In Section 3, we establish the stability analysis and error estimate for
ur proposed scheme. In Section 4, some numerical results are presented to confirm our error estimate and further apply
ur scheme to simulate two practical wave propagation problems to show the effectiveness of wave absorbing property
f PML model. We conclude the paper in Section 5.

. The Drude metamaterial PML model and a fully-discrete finite element scheme

Here we consider a 2-D transverse electric (TE) metamaterial PML model developed by Bécache et al. [11] and solved
y the FDTD scheme [24]. Denoting the electric field E = (Ex, Ey)′, the induced electric current J = (Jx, Jy)′, the magnetic
ield H = Hx

+Hy, the induced magnetic current (K x, K y), and σ = diag(σy, σx), we can write the governing equations for
he TEz PML model as follows [24, (2.1)]: For any (x, y, t) ∈ Ω × (0, T ],

∂tE+ ω2
e J+ ε

−1
0 σE = ε−1

0 ∇ × H, (1a)

∂t J− E = 0, (1b)

∂tHx
+ ω2

mK
x
+ µ−1

0 σyHx
= µ−1

0 ∂yEx, (1c)

∂tK x
− Hx

= 0, (1d)

∂tHy
+ ω2

mK
y
+ µ−1

0 σxHy
= −µ−1

0 ∂xEy, (1e)

∂tK y
− Hy

= 0, (1f)

here σx(x) ≥ 0 and σy(y) ≥ 0 are the damping functions in the x and y directions, ϵ0 and µ0 are the permittivity and
ermeability in free space, and ωe > 0 and ωm > 0 are the electric and the magnetic plasma frequencies in the Drude
odel described as follows:

ϵ(ω) = ϵ0(1−
ω2

e

ω2 ), µ(ω) = µ0(1−
ω2

m

ω2 ).

onsidering that the PML is often used as a rectangle surrounding the interested physical domain, we assume that Ω is
rectangular domain.
To complete the setup of the model, we assume that the model problem (1a)–(1f) is subject to the initial conditions

E(x, y, 0) := E0(x, y) = (Ex0(x, y), Ey0(x, y))′, J (x, y, 0) := J0(x, y) = (Jx0(x, y), Jy0(x, y))′, (2)

Hx(x, y, 0) = Hx0(x, y),Hy(x, y, 0) = Hy0(x, y), K x(x, y, 0) = Kx0(x, y), K y(x, y, 0) = Ky0(x, y), (3)

and the perfect conduct (PEC) boundary condition

E · τ̂ = 0, on ∂Ω, (4)

where Ex0, Ey0, Jx0, Jy0, Hx0,Hy0, Kx0, and Ky0 are some properly given functions. Moreover, τ̂ denotes the unit tangential
vector along ∂Ω .

In order to develop a finite element scheme for solving (1a)–(1f), we partition the domain Ω by a family of regular
triangular mesh Th with maximum mesh size h, and adopt the rth (r ≥ 1) order Raviart–Thomas–Nédélec (RTN) mixed
finite element spaces on triangular elements:

Uh = {φh ∈ H(curl;Ω) : φh|K ∈ (pr−1)2 ⊕ Sr , ∀K ∈ Th}, Sr = {p⃗ ∈ (p̃r )2, x · p⃗ = 0},
Vh = {ψh ∈ L2(Ω) : ψh|K ∈ pr−1, ∀K ∈ Th},

where p̃r denotes the space of homogeneous polynomials of degree r , and pr denotes the space of polynomials of degree
less than or equal to r in variables x, y, respectively. To impose the PMC boundary condition, we denote the subspace

U0
h = {φh ∈ Uh : φh · n̂ = 0 on ∂Ω}.

To define a fully discrete scheme, we divide the time interval [0, T ] into Nt uniform subintervals by points tk = kτ , k =

0, 1, . . . ,Nt , where the time step size τ =
T
Nt
. Moreover, for the time solution uk

= u(·, kτ ), we introduce the following
central difference and average operators:

δτun
= (un+ 1

2 − un− 1
2 )/τ , ūn

=
1
(un+ 1

2 + un− 1
2 ).
2
2
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Using the finite element spaces U0
h and Vh,we can construct the following leapfrog scheme for solving (1a)–(1f): For

any n ≥ 0, find En+1
h = (Exh, Eyh)′, J

n+ 1
2

h ∈ U0
h , and H

x,n+ 3
2

h ,H
y,n+ 3

2
h , K x,n+1

h , K y,n+1
h ∈ Vh such that:

ε0(δτE
n+ 1

2
h ,φh)+ ε0ω

2
e (J

n+ 1
2

h ,φh)+ (σE
n+ 1

2
h ,φh) = (H

n+ 1
2

h ,∇ × φh), ∀φh ∈ U0
h , (5a)

(δτ Jnh , φ̃h)− (En
h , φ̃h) = 0, ∀φ̃h ∈ U0

h , (5b)

µ0(δτH
x,n+1
h , ψh)+ µ0ω

2
m(K

x,n+1
h , ψh)+ (σyH

x,n+1
h , ψh) = (∂yEn+1

xh , ψh), ∀ψh ∈ Vh, (5c)

(δτK
x,n+ 1

2
h , ψ1h)− (H

x,n+ 1
2

h , ψ1h) = 0, ∀ψ1h ∈ Vh, (5d)

µ0(δτH
y,n+1
h , ψ̃h)+ µ0ω

2
m(K

y,n+1
h , ψ̃h)+ (σxH

y,n+1
h , ψ̃h) = −(∂xEn+1

yh , ψ̃h), ∀ψ̃h ∈ Vh, (5e)

(δτK
y,n+ 1

2
h , ψ̃1h)− (H

y,n+ 1
2

h , ψ̃1h) = 0, ∀ψ̃1h ∈ Vh, (5f)

here the needed initial approximations E0
h , H

x, 12
h , H

y, 12
h , J

−
1
2

h , K x,0
h and K y,0

h can be obtained as follows:

E0
h = Π c

hE0(x), K x,0
h = Π2

hKx0(x), K y,0
h = Π2

hKy0(x), J
−

1
2

h = Π c
h [J0 −

τ

2
E0](x), (6a)

H
x, 12
h = Π2

h

[
(Hx

+
τ

2
∂tHx)(x, 0)

]
= Π2

h

[
Hx0 +

τ

2
(µ−1

0 ∂yEx0 − ω2
mKx0 − µ

−1
0 σyHx0)

]
, (6b)

H
y, 12
h = Π2

h

[
(Hy

+
τ

2
∂tHy)(x, 0)

]
= Π2

h

[
Hy0 +

τ

2
(−µ−1

0 ∂xEy0 − ω2
mKy0 − µ

−1
0 σxHy0)

]
, (6c)

here Π c
h and Π2

h denote the standard Nédélec interpolation into the space U h and the standard L2 projection into the
pace Vh, respectively.
We like to remark that the scheme (5a)–(5f) is very efficient in decoupling the original coupled system (1a)–(1f). The

cheme can be implemented as follows: for any n ≥ 0, at each time step,

Step 1. Solve (5b) for J
n+ 1

2
h ;

Step 2. Solve (5a) for En+1
h ; Solve (5d) for K x,n+1

h ; Solve (5f) for K y,n+1
h . Note that these three equations can be done in

parallel.

Step 3. Solve (5c) for H
x,n+ 3

2
h ; Solve (5e) for H

y,n+ 3
2

h . These two equations can be solved in parallel too.

3. Stability analysis and error estimate for the scheme

In this section, we will present the stability analysis and the error estimate for our proposed scheme (5a)–(5f).

.1. The stability analysis

Denote cv = 1
√
ϵ0µ0

for the speed of light in vacuum, and the positive constant cinv appearing in the standard inverse

estimate [15, p. 98–101]:

∥∇ × uh∥ ≤ cinvh−1
∥uh∥, ∀uh ∈ Uh, (7)

here and below ∥ · ∥ := ∥ · ∥L2(Ω) denotes the L2 norm over Ω .

Theorem 1. For the solution (En+1
h , J

n+ 1
2

h ,H
x,n+ 3

2
h ,H

y,n+ 3
2

h , K x,n+1
h , K y,n+1

h ) of scheme (5a)–(5f), we define the following discrete
energy:

Edis(n) :=
ε0

2
∥En+1

h ∥
2
+
ϵ0ω

2
e

2
∥J

n+ 1
2

h ∥
2
+
µ0

2
∥(Hx

h + Hy
h )

n+ 3
2 ∥

2
+
µ0ω

2
m

2
∥(K x

h + K y
h )

n+1
∥
2. (8)

Then for any m ∈ [1,Nt − 1] and any nonnegative functions σx(x) and σy(y), we have the discrete energy identity:

1
τ
[Edis(m)− Edis(−1)]

+

∑
0≤n≤m

∥σ
1
2 E

n+ 1
2

h ∥
2
+

∑
0≤n≤m

[
∥σ

1
2
y H

x,n+1
h ∥

2
+ ∥σ

1
2
x H

y,n+1
h ∥

2
+

(
(σx + σy)H

x,n+1
h ,H

y,n+1
h

)]
+
µ0ω

2
m

2

[(
(K x

h + K y
h )

m+1, (Hx
h + Hy

h )
m+

3
2

)
−

(
(K x

h + K y
h )

0, (Hx
h + Hy

h )
1
2

)]
+
ϵ0ω

2
e
[
(J

m+
1
2

h , Em+1
h )− (J

−
1
2

h , E0
h)
]
=

1
[
(H

1
2
h ,∇ × E0

h)− (H
m+

3
2

h ,∇ × Em+1
h )

]
.

(9)
2 2
3
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Furthermore, when σx = σy = σ is a positive constant, under the time step constraint:

τ ≤ min{
1

√
2ωe

,
1

√
2ωm

,
h

2cvcinv
}, (10)

e have the following discrete stability for scheme (5a)–(5f):

Edis(m) ≤ 3Edis(−1), ∀m ∈ [1,Nt − 1]. (11)

roof. To make our proof easy to follow, we divide the proof into several major steps.

(I) Choosing φh = E
n+ 1

2
h in (5a), we obtain

ε0

2τ

(
∥En+1

h ∥
2
− ∥En

h∥
2)

+ ε0ω
2
e (J

n+ 1
2

h , E
n+ 1

2
h )+ ∥σ

1
2 E

n+ 1
2

h ∥
2
= (H

n+ 1
2

h ,∇ × E
n+ 1

2
h ). (12)

Choosing φ̃h = ε0ω
2
e J

n
h in (5b), we have:

ε0ω
2
e

2τ

(
∥J

n+ 1
2

h ∥
2
− ∥J

n− 1
2

h ∥
2
)
− ε0ω

2
e (E

n
h , J

n
h) = 0. (13)

Adding (12) and (13) together, then summing up the result from n = 0 to any m < Nt − 1, and using the following

identity:

(J
n+ 1

2
h , E

n+ 1
2

h )− (En
h , J

n
h) =

1
2

(
(J

n+ 1
2

h , En+1
h )− (J

n− 1
2

h , En
h )
)
, (14)

e have:

ε0

2τ

(
∥Em+1

h ∥
2
− ∥E0

h∥
2)

+
ε0ω

2
e

2τ

(
∥J

m+
1
2

h ∥
2
− ∥J

−
1
2

h ∥
2
)
+

∑
0≤n≤m

∥σ
1
2 E

n+ 1
2

h ∥
2

+
ε0ω

2
e

2

(
(J

m+
1
2

h , Em+1
h )− (J

−
1
2

h , E
0
h)
)
=

∑
0≤n≤m

(H
n+ 1

2
h ,∇ × E

n+ 1
2

h ).
(15)

(II) Choosing ψh = (H
x
h + H

y
h)

n+1 in (5c), we obtain

µ0

2τ

(
∥H

x,n+ 3
2

h ∥
2
− ∥H

x,n+ 1
2

h ∥
2
)
+ µ0(δτH

x,n+1
h ,H

y,n+1
h )

+ µ0ω
2
m(K

x,n+1
h ,H

x,n+1
h + H̄y,n+1

h )+ ∥σ
1
2
y H̄x,n+1

h ∥
2
+ (σyH

x,n+1
h ,H

y,n+1
h )

=(∂yEn+1
xh ,H

x,n+1
h + H

y,n+1
h ).

(16)

Choosing ψ̃1h = µ0ω
2
m(K

x
h + K

y
h)

n+ 1
2 in (5d), we have

µ0ω
2
m

2τ

(
∥K x,n+1

h ∥
2
−
K x,n

h

2)+ µ0ω
2
m(δτK

x,n+ 1
2

h , K
y,n+ 1

2
h )

− µ0ω
2
m(H

x,n+ 1
2

h , K
x,n+ 1

2
h + K

y,n+ 1
2

h ) = 0.

(17)

Now adding (16) and (17) together, then summing up the result from n = 0 to any m < Nt −1, and using the identity:

(K x,n+1
h ,H

x,n+1
h )− (H

x,n+ 1
2

h , K
x,n+ 1

2
h ) =

1
[
(K x,n+1

h ,H
x,n+ 3

2
h )− (K x,n

h ,H
x,n+ 1

2
h )

]
(18)
2
4
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µ0

2τ

(
∥H

x,m+
3
2

h ∥
2
− ∥H

x, 12
h ∥

2
)
+

∑
0≤n≤m

µ0(δτH
x,n+1
h ,H

y,n+1
h )+

∑
0≤n≤m

∥σ
1
2
y H

x,n+1
h ∥

2

+
µ0ω

2
m

2

(
(K x,m+1

h ,H
x,m+

3
2

h )− (K x,0
h ,H

x, 12
h )

)
+

∑
0≤n≤m

µ0(σyH
x,n+1
h ,H

y,n+1
h )

+
µ0ω

2
m

2τ

(K x,m+1
h

2 − K x,0
h

2)+

∑
0≤n≤m

µ0ω
2
m(δτK

x,n+ 1
2

h , K
y,n+ 1

2
h )

+

∑
0≤n≤m

µ0ω
2
m

(
(K x,n+1

h ,H
y,n+1
h )− (H

x,n+ 1
2

h , K
y,n+ 1

2
h )

)
=

∑
0≤n≤m

(∂yEn+1
xh ,H

x,n+1
h + H

y,n+1
h ).

(19)

Similarly, from (5e) and (5f) we can obtain

µ0

2τ

(
∥H

y,m+
3
2

h ∥
2
− ∥H

y, 12
h ∥

2
)
+

∑
0≤n≤m

µ0(δτH
y,n+1
h ,H

x,n+1
h )+

∑
0≤n≤m

∥σ
1
2
x H

y,n+1
h ∥

2

+
µ0ω

2
m

2

(
(K y,m+1

h ,H
y,m+

3
2

h )− (K y,0
h ,H

y, 12
h )

)
+

∑
0≤n≤m

µ0(σxH
y,n+1
h ,H

x,n+1
h )

+
µ0ω

2
m

2τ

(K y,m+1
h

2 − K y,0
h

2)+

∑
0≤n≤m

µ0ω
2
m(δτK

y,n+ 1
2

h , K
x,n+ 1

2
h )

+

∑
0≤n≤m

µ0ω
2
m

(
(K y,n+1

h ,H
x,n+1
h )− (H

y,n+ 1
2

h , K
x,n+ 1

2
h )

)
= −

∑
0≤n≤m

(∂xEn+1
yh , H̄x,n+1

h + H̄y,n+1
h ).

(20)

(III) Adding up the first and second terms of (19) and (20) gives us:

µ0

2τ

(
∥H

x,m+
3
2

h ∥
2
− ∥H

x, 12
h ∥

2
)
+
µ0

2τ

(
∥H

y,m+
3
2

h ∥
2
− ∥H

y, 12
h ∥

2
)

+ µ0

∑
0≤n≤m

(
(δτH

x,n+1
h ,H

y,n+1
h )+ (δτH

y,n+1
h ,H

x,n+1
h )

)
=
µ0

2τ

(
∥H

x,m+
3
2

h ∥
2
− ∥H

x, 12
h ∥

2
)
+
µ0

2τ

(
∥H

y,m+
3
2

h ∥
2
− ∥H

y, 12
h ∥

2
)
+
µ0

τ

(
(H

y,m+
3
2

h ,H
x,m+

3
2

h )− (H
y, 12
h ,H

x, 12
h )

)
=
µ0

2τ

(
∥H

x,m+
3
2

h + H
y,m+

3
2

h ∥
2
− ∥H

x, 12
h + H

y, 12
h ∥

2
)
. (21)

Similarly, adding up the sixth and seventh terms of (19) and (20) leads to :

µ0ω
2
m

2τ

[(K x,m+1
h

2 − K x,0
h

2)+

(K y,m+1
h

2 − K y,0
h

2)
+2τ

∑
0≤n≤m

(
(δτK

x,n+ 1
2

h , K
y,n+ 1

2
h )+ (δτH

y,n+ 1
2

h ,H
x,n+ 1

2
h )

)]

=
µ0ω

2
m

2τ

[(K x,m+1
h

2 − K x,0
h

2)+

(K y,m+1
h

2
0
−

K y,0
h

2)+ 2
(
(K x,m+1

h , K y,m+1
h )− (K x,0

h , K y,0
h )
)]

=
µ0ω

2
m

2τ

(K x,m+1
h + K y,m+1

h

2 − K x,0
h + K y,0

h

2) . (22)
5
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Also note that adding up the fourth and eighth terms of (19) and (20) yields:

µ0ω
2
m

2

[
(K x,m+1

h ,H
x,m+

3
2

h )− (K x,0
h ,H

x, 12
h )+ (K y,m+1

h ,H
y,m+

3
2

h )− (K y,0
h ,H

y, 12
h )

]
+

∑
0≤n≤m

µ0ω
2
m

[
(K x,n+1

h ,H
y,n+1
h )− (H

x,n+ 1
2

h , K
y,n+ 1

2
h )+ (K y,n+1

h ,H
x,n+1
h )− (H

y,n+ 1
2

h , K
x,n+ 1

2
h )

]
=
µ0ω

2
m

2

[
(K x,m+1

h ,H
x,m+

3
2

h )− (K x,0
h ,H

x, 12
h )+ (K y,m+1

h ,H
y,m+

3
2

h )− (K y,0
h ,H

y, 12
h )

]
+
µ0ω

2
m

2

[(
(K x,m+1

h ,H
y,m+

3
2

h )− (K x,0
h ,H

y, 12
h )

)
+

(
(K y,m+1

h ,H
x,m+

3
2

h )− (K y,0
h ,H

x, 12
h )

)]
=
µ0ω

2
m

2

[
(K x,m+1

h ,H
x,m+

3
2

h + H
y,m+

3
2

h )− (K x,0
h ,H

x, 12
h + H

y, 12
h )

+(K y,m+1
h ,H

x,m+
3
2

h + H
y,m+

3
2

h )− (K y,0
h ,H

x, 12
h + H

y, 12
h )

]
=
µ0ω

2
m

2

[
(K x,m+1

h + K y,m+1
h ,H

x,m+
3
2

h + H
y,m+

3
2

h )− (K x,0
h + K y,0

h ,H
x, 12
h + H

y, 12
h )

]
. (23)

Hence, adding (19) and (20) together, and using the identities (21)–(23), we have
µ0

2τ

(
∥H

x,m+
3
2

h + H
y,m+

3
2

h ∥
2
− ∥H

x, 12
h + H

y, 12
h ∥

2
)

+
µ0ω

2
m

2τ

(K x,m+1
h + K y,m+1

h

2 − K x,0
h + K y,0

h

2)
+
µ0ω

2
m

2

[
(K x,m+1

h + K y,m+1
h ,H

x,m+
3
2

h + H
y,m+

3
2

h )− (K x,0
h + K y,0

h ,H
x, 12
h + H

y, 12
h )

]
+

∑
0≤n≤m

[
∥σ

1
2
y H

x,n+1
h ∥

2
+ ∥σ

1
2
x H

y,n+1
h ∥

2
+ (
(
σx + σy

)
H

x,n+1
h ,H

y,n+1
h )

]
=

∑
0≤n≤m

[
(∂yEn+1

xh ,H
x,n+1
h + H

y,n+1
h )− (∂xEn+1

yh ,H
x,n+1
h + H

y,n+1
h )

]
.

(24)

(IV) Note that adding up the right hand side (RHS) terms of (15) and (24) give us:∑
0≤n≤m

(H
n+ 1

2
h ,∇ × E

n+ 1
2

h )+
∑

0≤n≤m

[
(∂yEn+1

xh ,H
x,n+1
h + H

y,n+1
h )− (∂xEn+1

yh ,H
x,n+1
h + H

y,n+1
h )

]
=

∑
0≤n≤m

(H
n+ 1

2
h ,∇ × E

n+ 1
2

h )+
∑

0≤n≤m

(∂yEn+1
xh − ∂xEn+1

yh ,H
x,n+1
h + H

y,n+1
h )

=

∑
0≤n≤m

[
(H

n+ 1
2

h ,∇ × E
n+ 1

2
h )− (H

n+1
h ,∇ × En+1

h )
]

=

∑
0≤n≤m

1
2

[(
H

n+ 1
2

h , (∇ × En+1
h +∇ × En

h)
)
−

(
(H

n+ 3
2

h + H
n+ 1

2
h ),∇ × En+1

h

)]
=

∑
0≤n≤m

1
2

[
(H

n+ 1
2

h ,∇ × En
h)− (H

n+ 3
2

h ,∇ × En+1
h )

]
=

1
2

[
(H

1
2
h ,∇ × E0

h)− (H
m+

3
2

h ,∇ × Em+1
h )

]
.

(25)

Now adding up (15) and (24), and using (25), we obtain

ε0

2τ

(
∥Em+1

h ∥
2
− ∥E0

h∥
2)

+
ε0ω

2
e

2τ

(
∥J

m+
1
2

h ∥
2
− ∥J

−
1
2

h ∥
2
)
+
µ0

2τ

(
∥H

x,m+
3
2

h + H
y,m+

3
2

h ∥
2
− ∥H

x, 12
h + H

y, 12
h ∥

2
)

+
µ0ω

2
m

2τ

(K x,m+1
h + K y,m+1

h

2 − K x,0
h + K y,0

h

2)+
ε0ω

2
e

2

[
(J

m+
1
2

h , Em+1
h )− (J

−
1
2

h , Ē0
h)
]

+

∑ [
∥σ

1
2
y H

x,n+1
h ∥

2
+ ∥σ

1
2
x H

y,n+1
h ∥

2
+

(
(σx + σy)H

x,n+1
h ,H

y,n+1
h

)]
+

∑
∥σ

1
2 E

n+ 1
2

h ∥
2

0≤n≤m 0≤n≤m

6
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+
µ0ω

2
m

2

[
(K x,m+1

h + K y,m+1
h ,H

x,m+
3
2

h + H
y,m+

3
2

h )− (K x,0
h + K y,0

h ,H
x, 12
h + H

y, 12
h )

]
=

1
2

[
(H

1
2
h ,∇ × E0

h)− (H
m+

3
2

h ,∇ × Em+1
h )

]
.

Using the discrete energy definition (8), we conclude the proof of the discrete energy identity (9).
(V) When σx = σy = σ is a positive constant, using the identity:

∥σ
1
2
y H

x,n+1
h ∥

2
+ ∥σ

1
2
x H

y,n+1
h ∥

2
+

(
(σx + σy)H

x,n+1
h ,H

y,n+1
h

)
= ∥σ

1
2 (H

x,n+1
h + H

y,n+1
h )∥2,

and dropping the second and third terms on the left hand side of (9), we have

Edis(m)− Edis(−1)

≤ −
τµ0ω

2
m

2

[(
(K x

h + K y
h )

m+1, (Hx
h + Hy

h )
m+

3
2

)
−

(
(K x

h + K y
h )

0, (Hx
h + Hy

h )
1
2

)]
−
τϵ0ω

2
e

2

[
(J

m+
1
2

h , Em+1
h )− (J

−
1
2

h , E0
h)
]
+
τ

2

[
(H

1
2
h ,∇ × E0

h)− (H
m+

3
2

h ,∇ × Em+1
h )

]
.

(26)

Now we just need to estimate those right hand side terms of (26). By Young’s inequality, we easily have

τµ0ω
2
m

2

(
(K x

h + K y
h )

m+1, (Hx
h + Hy

h )
m+

3
2

)
≤
µ0ω

2
m

4
∥
(
K x
h + K y

h

)m+1
∥
2
+
(τωm)

2 µ0

4
∥
(
Hx

h + Hy
h

)m+
3
2 ∥

2, (27a)

τϵ0ω
2
e

2
(J

m+
1
2

h , Em+1
h ) ≤

ε0ω
2
e

4
∥J

m+
1
2

h ∥
2
+
(τωe)

2 ε0

4

Em+1
h

2 , (27b)

τ

2
(H

m+
3
2

h ,∇ × Em+1
h ) = (

√
µ0H

m+
2
3

h ,
τ cv

√
ε0

2
∇ × Em+1

h )

≤
µ0

8
∥H

m+
3
2

h ∥
2
+

(τ cv)2ε0
2

∥∇ × Em+1
h ∥

2

≤
µ0

8
∥H

m+
3
2

h ∥
2
+

(τ cvcinv)2

2h2 ε0∥Em+1
h ∥

2, (27c)

here we used the inverse estimate (7) and the notation cv = 1
√
ε0µ0

to derive the last inequality.

Substituting (27a)–(27c) and similar estimates for the rest two terms into (26), we obtain

Edis(m)− Edis(−1)

≤
µ0ω

2
m

4
∥
(
K x
h + K y

h

)m+1
∥
2
+
(τωm)

2 µ0

4
∥(Hx

h + Hy
h )

m+
3
2 ∥

2
+
µ0ω

2
m

4
∥
(
K x
h + K y

h

)0
∥
2

+
(τωm)

2

4
µ0∥(Hx

h + Hy
h )

1
2 ∥

2
+
ε0ω

2
e

4
∥J

m+
1
2

h ∥
2
+
(τωe)

2 ε0

4

Em+1
h

2 + ε0ω
2
e

4
∥J

−
1
2

h ∥
2
+

(τωe)2ε0
4

E0
h

2
+
µ0

8
∥(Hx

h + Hy
h )

m+
3
2 ∥

2
+

(τ cvcinv)2ε0
2h2 ∥Em+1

h ∥
2
+
µ0

8
∥(Hx

h + Hy
h )

1
2 ∥

2
+

(τ cvcinv)2ε0
h2 ∥E0

h∥
2

=

[
(τωe)

2

2
+

(τ cvcinv)2

h2

]
·
ε0

2

Em+1
h

2 + 1
2
·
ε0ω

2
e

2
∥J

m+
1
2

h ∥
2
+

[
1
4
+

(τωm)2

2

]
·
µ0

2
∥H

m+
3
2

h ∥
2

+
1
2
·
µ0ω

2
m

2
∥(K x

h + K y
h )

m+1
∥
2
+

[
(τωe)

2

2
+

(τ cvcinv)2

h2

]
·
ε0

2

E0
h

2 + 1
2
·
ε0ω

2
e

2
∥J

−
1
2

h ∥
2

+

[
1
4
+

(τωm)2

2

]
·
µ0

2
∥(Hx

h + Hy
h )

1
2 ∥

2
+

1
2
·
µ0ω

2
m

2
∥(K x

h + K y
h )

0
∥
2.

(28)

If we choose τ satisfying the following constraints (which is equivalent to (10)):

(τωe)
2

2
≤

1
4
,

(τ cvcinv)2

h2 ≤
1
4
,

(τωm)2

2
≤

1
4
,

rom (28) we obtain

Edis(m)− Edis(−1) ≤
1
2
Edis(m)+

1
2
Edis(−1),

which concludes our proof of (11). □
7
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3.2. The error estimate

To simplify the error analysis, we introduce the following solution error notations

En
h := En

− En
h =

(
Π c

hE
n
− En

h

)
−
(
Π c

hE
n
− En)

= En
η − En

ξ ,

J
n+ 1

2
h := Jn+

1
2 − J

n+ 1
2

h =

(
Π c

h J
n+ 1

2 − J
n+ 1

2
h

)
−

(
Π c

h J
n+ 1

2 − Jn+
1
2

)
= J

n+ 1
2

η − J
n+ 1

2
ξ ,

H
x,n+ 1

2
h := Hx,n+ 1

2 − H
x,n+ 1

2
h =

(
Π2

hH
x,n+ 1

2 − H
x,n+ 1

2
h

)
−

(
Π2

hH
x,n+ 1

2 − Hx,n+ 1
2

)
= H

x,n+ 1
2

η −H
x,n+ 1

2
ξ ,

H
y,n+ 1

2
h := Hy,n+ 1

2 − H
y,n+ 1

2
h =

(
Π2

hH
y,n+ 1

2 − H
y,n+ 1

2
h

)
−

(
Π2

hH
y,n+ 1

2 − Hy,n+ 1
2

)
= H

y,n+ 1
2

η −H
y,n+ 1

2
ξ ,

Kx,n
h := K x,n

− K x,n
h =

(
Π2

hK
x,n

− K x,n
h

)
−
(
Π2

hK
x,n

− K x,n)
= Kx,n

η − Kx,n
ξ ,

Ky,n
h := K y,n

− K y,n
h =

(
Π2

hK
y,n

− K y,n
h

)
−
(
Π2

hK
y,n

− K y,n)
= Ky,n

η − Ky,n
ξ ,

(29)

here we denote En
:= E (x, tn) and similar notations for other variables. Recall that Π c

h and Π2
h denote the standard

édélec interpolation into the space U h and the standard L2 projection into the space Vh, respectively, and they satisfy
he following error estimates [25]: For any r ≥ 1,Π c

hu− u

H( curl;Ω) ≤ chr

(
∥u∥(Hr (Ω))2 + ∥ curl u∥Hr (Ω)

)
, ∀u ∈ U h, (30)Π2

h v − v

L2(Ω) ≤ chr

∥v∥Hr (Ω) ∀v ∈ Vh. (31)

To carry out the error estimate for our scheme (5a)–(5f), we need the following lemma.

emma 1 ([15, Ch.3]). Denote uk
:= u(·, tk). Then we have:

||δτuk+ 1
2 ||

2
= ||

uk
− uk−1

τ
||
2
0 ≤

1
τ

∫ tk

tk−1

||∂tu(s)||2ds, ∀ u ∈ H1 (0, T ; L2(Ω)
)
, (32a)

||uk
−

1
τ

∫ t
k+ 1

2

t
k− 1

2

u(s)ds||2 ≤
τ 3

4

∫ t
k+ 1

2

t
k− 1

2

||∂ttu(s)||2ds, ∀ u ∈ H2 (0, T ; L2(Ω)
)
, (32b)

||
uk− 1

2 + uk+ 1
2

2
−

1
τ

∫ t
k+ 1

2

t
k− 1

2

u(s)ds||2 ≤
τ 3

4

∫ t
k+ 1

2

t
k− 1

2

||∂ttu(s)||2ds, ∀ u ∈ H2 (0, T ; L2(Ω)
)
. (32c)

heorem 2. Suppose that the solution of (1a)–(1f) satisfy the following regularity requirements,

∂tE, ∂t J ∈ L2(0, T ;Hr (curl;Ω)), E, J ∈ L∞(0, T ;Hr (curl;Ω)), H, K ∈ L∞(0, T ;Hr (Ω)),

∂ttE, ∂tt J , ∂tt∇ × H ∈ L2(0, T ; (L2(Ω))2), ∂ttH, ∂ttK , ∂tt∇ × E ∈ L2(0, T ; L2(Ω)), (33)

hen under the same time step constraint as given in Theorem 1, the solution of the scheme (5a)–(5f) subject to the initial
pproximations (6a)–(6c) satisfies the following optimal error estimate: For any m ≥ 0,

ϵ0
Em+1

h

2 + µ0

(Hx
h +Hy

h)
m+

3
2

2 + ϵ0ω2
e

Jm+
1
2

h

2 + µ0ω
2
m

(Kx
h + Ky

h)
m+1

2 ≤ C(τ 2 + hr )2,

here the positive constant C is independent of h and τ , and r ≥ 1 denotes the order of the basis functions in the finite element
paces Uh and Vh.

roof. First, let us derive the error equations.
(I) Integrating (1a) with respect to t from tn to tn+1, then multiplying the result by any φh

τ
∈ U0

h and integrating over
, we obtain

ε0

(
δτEn+ 1

2 ,φh

)
=

(
1
τ

∫ tn+1

tn
Hds,∇ × φh

)
−

(
1
τ

∫ tn+1

tn
(ε0ω2

e J+ σE)ds,φh

)
. (34)

Subtracting (5a) from (34), and using the error notations introduced in (29), we obtain the E-error equation:

ε0

(
δτE

n+ 1
2

h ,φh

)
=

(
1
τ

∫ tn+1

tn
(H − H

n+ 1
2

h )ds,∇ × φh

)
−

(
1
∫ tn+1

ε0ω
2
e (J − J

n+ 1
2

h )ds+
1
∫ tn+1

σ(E − Ē
n+ 1

2
h )ds,φh

)
,

(35)
τ tn τ tn

8
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which can be written as

ε0

(
δτE

n+ 1
2

η ,φh

)
−

(
H

n+ 1
2

η ,∇ × φh

)
+

(
ε0ω

2
eJ

n+ 1
2

η + σĒ
n+ 1

2
η ,φh

)
=ε0

(
δτE

n+ 1
2

ξ ,φh

)
−

(
H

n+ 1
2

ξ ,∇ × φh

)
+

(
ε0ω

2
eJ

n+ 1
2

ξ + σĒ
n+ 1

2
ξ ,φh

)
+

(
1
τ

∫ tn+1

tn
(H − Hn+ 1

2 )ds,∇ × φh

)
− ε0ω

2
e

(
1
τ

∫ tn+1

tn
(J− Jn+

1
2 )ds,φh

)
−

(
1
τ

∫ tn+1

tn
σ(E− Ēn+ 1

2 )ds,φh

)
.

(36)

(II) Similarly, integrating (1b) from tn− 1
2
to tn+ 1

2
, then multiplying the result by any φ̃h

τ
∈ U0

h and integrating over Ω ,
e have

(
δτ Jn, φ̃h

)
=

⎛⎝1
τ

∫ t
n+ 1

2

t
n− 1

2

Eds, φ̃h

⎞⎠ . (37)

Subtracting (5b) from (37), and using the error notations introduced in (29), we have

(
δτJ n

h , φ̃h

)
=

⎛⎝1
τ

∫ t
n+ 1

2

t
n− 1

2

(E− En
h)ds, φ̃h

⎞⎠ , (38)

hich can be written as

(
δτJ n

η , φ̃h

)
−

(
En
η , φ̃h

)
=

(
δτJ n

ξ , φ̃h

)
−

(
En
ξ , φ̃h

)
+

⎛⎝1
τ

∫ t
n+ 1

2

t
n− 1

2

(E− En)ds, φ̃h

⎞⎠ . (39)

(III) Similarly, integrating (1c) from tn+ 1
2
to tn+ 3

2
, then multiplying the result by any ψh

τ
∈ Vh and integrating over Ω ,

e have

µ0(δτHx,n+1, ψh)+ µ0ω
2
m(

1
τ

∫ t
n+ 3

2

t
n+ 1

2

K xds, ψh)+ (
1
τ

∫ t
n+ 3

2

t
n+ 1

2

σyHxds, ψh) = (
1
τ

∫ t
n+ 3

2

t
n+ 1

2

∂yExds, ψh). (40)

Subtracting (5c) from (40), and using the error notations introduced in (29), we obtain the Hx-error equation:

µ0
(
δτHx,n+1

η , ψh
)
+ µ0ω

2
m

(
Kx,n+1
η , ψh

)
+
(
σyH̄x,n+1

η , ψh
)
−
(
∂yEn+1

x,η , ψh
)

=µ0

(
δτH

x,n+1
ξ , ψh

)
+ µ0ω

2
m

(
Kx,n+1
ξ , ψh

)
+

(
σyH̄

x,n+1
ξ , ψh

)
−
(
∂yEn+1

x,ξ , ψh
)

− µ0ω
2
m

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

(K x
− K x,n+1)ds, ψh

⎞⎠−

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

σy(Hx
− H̄x,n+1)ds, ψh

⎞⎠
+

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

∂y(Ex − En+1
x )ds, ψh

⎞⎠ .
(41)

(IV) Similarly, integrating (1d) from tn to tn+1, then multiplying the result by any ψ1h
τ

∈ Vh and integrating over Ω , we
have (

δτK x,n+ 1
2 , ψ1h

)
=

(
1
τ

∫ tn+1

tn
Hxds, ψ1h

)
. (42)

Subtracting (5d) from (42), and using the error notations introduced in (29), we have the K x-error equation:(
δτK

x,n+ 1
2

η , ψ1h

)
−

(
H

x,n+ 1
2

η , ψ1h

)
=

(
δτK

x,n+ 1
2

ξ , ψ1h

)
−

(
H

x,n+ 1
2

ξ , ψ1h

)
+

(
1
∫ tn+1

(Hx
− Hx,n+ 1

2 )ds, ψ1h

)
.

(43)
τ tn

9
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a

(
t

(V) By symmetry, we immediately obtain the Hy error equation

µ0
(
δτHy,n+1

η , ψ̃h
)
+ µ0ω

2
m

(
Ky,n+1
η , ψ̃h

)
+
(
σxH̄y,n+1

η , ψh
)
+
(
∂xEn+1

y,η , ψ̃h
)

=µ0

(
δτH

y,n+1
ξ , ψ̃h

)
+ µ0ω

2
m

(
Ky,n+1
ξ , ψ̃h

)
+

(
σxH̄

y,n+1
ξ , ψh

)
+
(
∂xEn+1

y,ξ , ψ̃h
)

− µ0ω
2
m

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

(K y
− K y,n+1)ds, ψ̃h

⎞⎠−

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

σx(Hy
− H̄y,n+1)ds, ψ̃h

⎞⎠
−

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

∂x(Ey − En+1
y )ds, ψ̃h

⎞⎠ . ∀ ψ̃h ∈ Vh,

(44)

nd the K y-error equation:(
δτK

y,n+ 1
2

η , ψ̃1h

)
−

(
H

y,n+ 1
2

η , ψ̃1h

)
=

(
δτK

y,n+ 1
2

ξ , ψ̃1h

)
−

(
H

y,n+ 1
2

ξ , ψ̃1h

)
+

(
1
τ

∫ tn+1

tn
(Hy

− Hy,n+ 1
2 )ds, ψ̃1h

)
, ∀ ψ̃1h ∈ Vh.

(45)

(VI) Note that all the left hand side terms in the above error equations have the same forms as the original
finite element scheme (5a)–(5f), and all the right hand side terms are extra error terms caused by spatial and time
approximations. Moreover, all the extra error terms can be bounded by either O(hr ) or O(τ 2).

The rest of the proof follows exactly the same as the stability analysis given in Theorem 1 by choosing φh = 2τ Ē
n+ 1

2
η

in (36), φ̃h = 2τε0ω2
e J̄

n
η in (39), ψh = 2τ (H̄x,n+1

η + H̄y,n+1
η ) := 2τ H̄n+1

η in (41), ψ1h = 2τ (K̄
x,n+ 1

2
η + K̄

y,n+ 1
2

η ) := 2τ K̄
n+ 1

2
η in

43), ψ̃h = 2τ H̄n+1
η in (44), and ψ̃1h = 2τ K̄

n+ 1
2

η in (45). adding the results together, then summing them up from n = 0
o any m < Nt − 1, we obtain the left hand side (LHS) as

LHS = ε0

(Em+1
η

2 − E0
η

2)+ ε0ω2
e

(Jm+
1
2

η

2 − J−
1
2

η

2
)
+ 2τ

∑
0≤n≤m

σ 1
2 Ē

n+ 1
2

η

2
+ µ0

(Hx,m+
3
2

η +H
y,m+

3
2

η

2 − Hx, 12
η +H

y, 12
η

2
)
+ τε0ω

2
e

[(
J

m+
1
2

η , Em+1
η

)
−

(
J

−
1
2

η , E0
η

)]
+ µ0ω

2
m

[Kx,m+1
η + Ky,m+1

η

2 − Kx,0
η + Ky,0

η

2]
+ 2τ

∑
0≤n≤m

[σ 1
2
y H̄x,n+1

η

2 + σ 1
2
x H̄y,n+1

η

2 + ((σx + σy) H̄x,n+1
η , H̄y,n+1

η

)]

+ τµ0ω
2
m

[(
Kx,m+1
η + Ky,m+1

η ,H
x,m+

3
2

η +H
y,m+

3
2

η

)
−

(
Kx,0
η + Ky,0

η ,H
x, 12
η +H

y, 12
η

)]
− τ

[(
H

1
2
η ,∇ × E0

η

)
−

(
H

m+
3
2

η ,∇ × Em+1
η

)]
.

Then using the assumption that σx = σy = σ0 is a positive constant and the property of operator Π2
h , we have

ε0
(
∥Em+1
η ∥

2
− ∥E0

η∥
2)

+ ε0ω
2
e

(
||J

m+
1
2

η ||
2
− ||J

−
1
2

η ||
2
)

+ µ0

(
||H

m+
3
2

η ||
2
− ||H

1
2
η ||

2
)
+ µ0ω

2
m

(Km+1
η

2 − K0
η

2)
≤ 2τε0

m∑
n=0

(
δτE

n+ 1
2

ξ , En+ 1
2

η

)
+ 2τ

m∑
n=0

(
ε0ω

2
eJ

n+ 1
2

ξ + σ0E
n+ 1

2
ξ , En+ 1

2
η

)

+ 2τ
m∑

n=0

(
1
τ

∫ tn+1

tn
(H − Hn+ 1

2 )ds,∇ × En+ 1
2

η

)
− 2τε0ω2

e

m∑
n=0

(
1
τ

∫ tn+1

tn
(J− Jn+

1
2 )ds, En+ 1

2
η

)

− 2τσ0
m∑(

1
τ

∫ tn+1

(E− E
n+ 1

2 )ds, En+ 1
2

η

)
+ 2τε0ω2

e

m∑(
δτJ n

ξ ,J
n
η

)
− 2τε0ω2

e

m∑(
En
ξ ,J

n
η

)

n=0 tn n=0 n=0

10
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L

+ 2τε0ω2
e

m∑
n=0

⎛⎝1
τ

∫ t
n+ 1

2

t
n− 1

2

(E− En)ds,J n
η

⎞⎠
+ 2τµ0ω

2
m

m∑
n=0

(
1
τ

∫ tn+1

tn
(H − Hn+ 1

2 )ds,Kn+ 1
2

η

)
+ 2τ

(
∇ × En+1

ξ ,Hn+1
η

)

− 2τµ0ω
2
m

m∑
n=0

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

(K − K n+1)ds,Hn+1
η

⎞⎠− 2τσ0
m∑

n=0

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

(H − Hn+1)ds,Hn+1
η

⎞⎠
− 2τ

m∑
n=0

⎛⎝1
τ

∫ t
n+ 3

2

t
n+ 1

2

∇ × (E− En+1)ds,Hn+1
η

⎞⎠− τε0ω
2
e

[
(J

m+
1
2

η , Em+1
η )− (J

−
1
2

η , E0
η )
]

− τµ0ω
2
m

[
(Km+1

η ,H
m+

3
2

η )− (K0
η,H

1
2
η )
]
− τ

[
(H

m+
3
2

η ,∇ × Em+1
η )− (H

1
2
η ,∇ × E0

η )
]
:=

16∑
i=1

Erri. (46)

(VII) Now we just need to estimate each Erri. Using the arithmetic–geometric mean inequality

(a, b) ≤ δ∥a∥2 +
1
4δ

∥b∥2, ∀ δ > 0, (47)

emma 1 and the interpolation error estimate (30), we have

Err1 ≤ τε0

m∑
n=0

(
2δ1

En+ 1
2

η

2 + 1
2δ1

δτEn+ 1
2

ξ

2
)

≤ τε0

[
m∑

n=0

δ1(∥En+1
η ∥

2
+ ∥En

η∥
2)+

m∑
n=0

1
2δ1τ

∫ tn+1

tn
∥∂tEξ (t)∥2dt

]

≤ τδ1ε0∥Em+1
η ∥

2
+ 2τδ1ε0

m∑
n=0

∥En
η∥

2
+

1
δ1

· Ch2r
∫ T

0
∥∂tE∥2Hr (curl;Ω)dt. (48)

Similarly, by the arithmetic–geometric mean inequality (47) and the interpolation error estimate (30), we have

Err2 ≤ τ

m∑
n=0

(
2δ2ε0∥E

n+ 1
2

η ∥
2
+

1
2δ2ε0

∥ε0ω
2
eJ

n+ 1
2

ξ + σ0E
n+ 1

2
ξ ∥

2
)

≤ τδ2ε0∥Em+1
η ∥

2
+ 2τδ2ε0

m∑
n=0

∥En
η∥

2
+

T
δ2ε0

· Ch2r (
∥J∥2L∞(0,T ;Hr (curl;Ω)) + ∥E∥2L∞(0,T ;Hr (curl;Ω))

)
. (49)

Using integration by parts, Lemma 1, and the arithmetic–geometric mean inequality (47), we obtain

Err3 = 2τ
m∑

n=0

(
1
τ

∫ tn+1

tn
∇ × (H − Hn+ 1

2 )ds, En+ 1
2

η

)

≤ τ

m∑
n=0

(
2δ3ε0∥E

n+ 1
2

η ∥
2
+

1
2δ3ε0

∥
1
τ

∫ tn+1

tn
∇ × (H − Hn+ 1

2 )ds∥2
)

≤ τδ3ε0∥Em+1
η ∥

2
+ 2τδ3ε0

m∑
n=0

∥En
η∥

2
+

τ 4

8δ3ε0

∫ T

0
∥∂tt∇ × H∥2dt. (50)

Similarly, by the arithmetic–geometric mean inequality (47) and Lemma 1, we have

Err4 ≤ τδ4ε0∥Em+1
η ∥

2
+ 2τδ4ε0

m∑
n=0

∥En
η∥

2
+
τ 4ε0ω

4
e

8δ4

∫ T

0
∥∂tt J∥2dt, (51)

Err5 ≤ τδ5ε0∥Em+1
η ∥

2
+ 2τδ5ε0

m∑
n=0

∥En
η∥

2
+
τ 4σ0

8δ5ε0

∫ T

0
∥∂ttE∥2dt. (52)

Using the arithmetic–geometric mean inequality (47), Lemma 1, and the interpolation error estimate (30), we have

Err6 ≤ τδ6ε0ω
2
e∥J

m+
1
2

η ∥
2
+ 2τδ6ε0ω2

e

m∑
∥J

n− 1
2

η ∥
2
+

1
δ

· Ch2r
∫ T

∥∂t J∥2Hr (curl;Ω)dt. (53)

n=0 6 0

11
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Similarly, we have

Err7 ≤ τδ7ε0ω
2
e∥J

m+
1
2

η ∥
2
+ 2τδ7ε0ω2

e

m∑
n=0

∥J
n− 1

2
η ∥

2
+

T
δ7

· Ch2r
∥E∥2L∞(0.T ;Hr (curl;Ω)), (54)

Err8 ≤ τδ8ε0ω
2
e∥J

m+
1
2

η ∥
2
+ 2τδ8ε0ω2

e

m∑
n=0

∥J
n− 1

2
η ∥

2
+
τ 4ε0ω

2
e

8δ8

∫ T

0
∥∂ttE∥2dt, (55)

Err9 ≤ τδ9µ0ω
2
m∥K

m+1
η ∥

2
+ 2τδ9µ0ω

2
m

m∑
n=0

∥Kn
η∥

2
+
τ 4µ0ω

2
m

8δ9

∫ T

0
∥∂ttH∥2dt. (56)

Using the arithmetic–geometric mean inequality (47), and the interpolation error estimate (30), we have

Err10 ≤ τ

m∑
n=0

(
2δ10µ0∥H

n+1
η ∥

2
+

1
2δ10µ0

∥∇ × En+1
ξ ∥

2
)

≤ τ

(
δ10µ0∥H

m+
3
2

η ∥
2
+ 2δ10µ0

m∑
n=0

∥H
n+ 1

2
η ∥

2

)
+

T
2δ10µ0

· Ch2r
∥E∥2L∞(0.T ;Hr (curl;Ω)). (57)

By the arithmetic–geometric mean inequality (47) and Lemma 1, we have

Err11 ≤ τδ11µ0∥H
m+

3
2

η ∥
2
+ 2τδ11µ0

m∑
n=0

∥H
n+ 1

2
η ∥

2
+
τ 4µ0ω

4
m

8δ11

∫ T

0
∥∂ttK∥2dt, (58)

Err12 ≤ τδ12µ0∥H
m+

3
2

η ∥
2
+ 2τδ12µ0

m∑
n=0

∥H
n+ 1

2
η ∥

2
+

τ 4σ 2
0

8δ12µ0

∫ T

0
∥∂ttH∥2dt, (59)

Err13 ≤ τδ13µ0∥H
m+

3
2

η ∥
2
+ 2τδ13µ0

m∑
n=0

∥H
n+ 1

2
η ∥

2
+

τ 4

8δ13µ0

∫ T

0
∥∂tt∇ × E∥2dt. (60)

Using the Cauchy–Schwarz inequality and the fact that E0
η = Π c

hE
0
− E0

h = 0, we have

Err14 = −τε0ω
2
e (J

m+
1
2

η , Em+1
η ) ≤

ε0ω
2
e

2
∥J

m+
1
2

η ∥
2
+

(τωe)2

2
ε0∥Em+1

η ∥
2. (61)

Similarly, using the fact that K0
η = Π2

hK
0
− K 0

h = 0, we have

Err15 = −τµ0ω
2
m(K

m+1
η ,H

m+
3
2

η ) ≤
µ0ω

2
m

2
∥Km+1

η ∥
2
+

(τωm)2

2
µ0∥H

m+
3
2

η ∥
2. (62)

Using the notation cv = 1
√
ε0µ0

, and the inverse estimate (7), we have

Err16 = −τ (H
m+

3
2

η ,∇ × Em+1
η ) ≤ τ cv ·

√
µ0∥H

m+
3
2

η ∥ · cinvh−1√ε0∥Em+1
η ∥

≤
τ cvcinvh−1

2

(
µ0∥H

m+
3
2

η ∥
2
+ ε0∥Em+1

η ∥
2
)
. (63)

(VIII) Substituting the above estimates of Erri into (46), we have

ε0
(
∥Em+1
η ∥

2
− ∥E0

η∥
2)

+ ε0ω
2
e

(
||J

m+
1
2

η ||
2
− ||J

−
1
2

η ||
2
)

+ µ0

(
||H

m+
3
2

η ||
2
− ||H

1
2
η ||

2
)
+ µ0ω

2
m

(Km+1
η

2 − K0
η

2)
≤ ε0∥Em+1

η ∥
2
[
τ (δ1 + δ2 + δ3 + δ4 + δ5)+

(τωe)2

2

]
+ ε0ω

2
e∥J

m+
1
2

η ∥
2
[
τ (δ6 + δ7 + δ8)+

1
2

]
+ µ0∥H

m+
3
2

η ∥
2
[
τ (δ12 + δ13 + δ10 + δ11)+

τ cvcinvh−1
+

(τωm)2
]

2 2
12
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t
(

(

4

e
r

4

a
s

+ µ0ω
2
m∥K

m+1
η ∥

2
(
τδ9 +

1
2

)
+ τ (

m∑
n=0

ε0∥En
η∥

2) (2δ1 + 2δ2 + 2δ3 + 2δ4 + 2δ5)

+ τ (
m∑

n=0

ε0ω
2
e∥J

n− 1
2

η ∥
2)(2δ6 + 2δ7 + 2δ8)

+ τ (
m∑

n=0

µ0∥H
n+ 1

2
η ∥

2) (2δ12 + 2δ13 + 2δ10 + 2δ11)

+ τ (
m∑

n=0

µ0ω
2
m∥K

n
η∥

2)(2δ9)+ C(h2r
+ τ 4). (64)

Now choosing the time step size τ satisfying the same constraint (10) given in Theorem 1, and δi properly such as

δ1 = δ2 = δ3 = δ4 = δ5 =
1
10
, δ6 = δ7 = δ8 =

1
12
,

δ9 =
1
4
, δ10 = δ11 = δ12 = δ13 =

1
16
, (65)

hen using the facts that E0
η = 0,K0

η = 0, J
−

1
2

η = O(τ 2 + hr ),H
1
2
η = O(τ 2 + hr ), and the discrete Gronwall inequality for

64), we obtain

ε0∥Em+1
η ∥

2
+ ε0ω

2
e∥J

m+
1
2

η ∥
2
+ µ0∥H

m+
3
2

η ∥
2
+ µ0ω

2
m∥K

m+1
η ∥

2
≤ C(τ 2 + hr )2. (66)

Finally, using the triangle inequality, the interpolation error estimate (30), and the projection error estimate (31) for
66), we complete the proof. □

. Numerical results

Here we present several numerical results to justify the error estimate of our proposed scheme, and show the
ffectiveness of this PML model for absorbing outgoing wave in the Drude metamaterial. For simplicity, our numerical
esults are carried out in Matlab by using the lowest-order triangular edge element.

.1. Example 1. Testing convergence rate

To rigorously check the convergence rate obtained by our scheme (5a)–(5f), we construct an analytical solution of (1a)
nd (1f), with extra source functions f (x, y, t), g1(x, y, t) and g2(x, y, t) added to the right hand sides of (5a) and (5f). More
pecifically, the original scheme (5a)–(5f) is modified as

ε0(δτE
n+ 1

2
h ,φh)+ ε0ω

2
e (J

n+ 1
2

h ,φh)+ (σE
n+ 1

2
h ,φh) = (H

n+ 1
2

h ,∇ × φh)+ (f (·, tn+ 1
2
),φh), ∀φh ∈ U0

h ,

(δτ Jnh , φ̃h)− (En
h , φ̃h) = 0, ∀φ̃h ∈ U0

h ,

µ0(δτH
x,n+1
h , ψh)+ µ0ω

2
m(K

x,n+1
h , ψh)+ (σyH

x,n+1
h , ψh) = (∂yEn+1

xh , ψh)+ (g1(·, tn+1), ψh), ∀ψh ∈ Vh,

(δτK
x,n+ 1

2
h , ψ1h)− (H

x,n+ 1
2

h , ψ1h) = 0, ∀ψ1h ∈ Vh,

µ0(δτH
y,n+1
h , ψ̃h)+ µ0ω

2
m(K

y,n+1
h , ψ̃h)+ (σxH

y,n+1
h , ψ̃h) = −(∂xEn+1

yh , ψ̃h)+ (g2(·, tn+1), ψ̃h), ∀ψ̃h ∈ Vh,

(δτK
y,n+ 1

2
h , ψ̃1h)− (H

y,n+ 1
2

h , ψ̃1h) = 0, ∀ψ̃1h ∈ Vh.

In our simulation, we choose the physical domain Ω = [0, 1]2 partitioned by uniformly refined triangular meshes, the
model parameters ωe = ωm = π , ϵ0 = µ0 = 1, σx = sin2(πx), σy = sin2(πy), the analytical solution given as:

E =

(
Ex
Ey

)
=

(
e−π t cos(πx) sin(πy)
e−π t sin(πx) cos(πy)

)
, J =

(
Jx
Jy

)
=

(
−

1
π
e−π t cos(πx)sin(πy)

−
1
π
e−π t sin(πx)cos(πy)

)
,

Hx
= Hy

= e−π t cos(πx) cos(πy), K x
= K y

= −
1
e−π t cos(πx) cos(πy)
π

13
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w

c

a

Table 1
The L2 errors obtained for Example 1 with Nt = 10 000, τ = 10−5 .

h E − En+1
h ∥ Rate ∥H − H

n+ 3
2

h ∥ Rate ∥J − J
n+ 1

2
h ∥ Rate ∥K − K n+1

h ∥ Rate

1/4 0.2049 – 0.1940 – 0.2087 – 0.0604 –
1/8 0.1011 1.0199 0.0959 1.0169 0.1031 1.0175 0.0304 0.9922
1/16 0.0507 0.9946 0.0479 1.0016 0.0517 0.9944 0.0152 0.9981
1/32 0.0254 0.9996 0.0240 0.9961 0.0259 0.9995 0.0076 0.9995
1/64 0.0127 0.9980 0.0122 0.9821 0.0130 0.9981 0.0038 0.9996
1/128 0.0064 0.9921 0.0064 0.9321 0.0065 0.9924 0.0019 0.9990

Table 2
The L2 errors obtained for the second exact solution case with Nt = 10 000, τ = 10−5 .

h ∥E− En+1
h ∥ Rate ∥H − H

n+ 3
2

h ∥ Rate ∥J− J
n+ 1

2
h ∥ Rate ∥K − K n+1

h ∥ Rate

1/4 0.2054 – 0.1107 – 0.2057 – 0.0530 –
1/8 0.1025 1.0035 0.0560 0.9827 0.1026 1.0035 0.0266 0.9967
1/16 0.0512 1.0011 0.0281 0.9957 0.0513 1.0011 0.0133 0.9992
1/32 0.0256 1.0003 0.0141 0.9989 0.0256 1.0003 0.0067 0.9998
1/64 0.0128 1.0001 0.0070 0.9997 0.0128 1.0001 0.0033 0.9999
1/128 0.0064 1.0000 0.0035 0.9999 0.0064 1.0000 0.0017 1.0000

and the source functions given as

f =
(
f1
f2

)
=

(
e−π t sin2(πy) cos(π sin(πy))

e−π t sin(πx) cos(πy)[sin2(πx)− 4π ]

)
g1 = e−π t cos(πx) cos(πy)[sin2(πy)− 3π ], g2 = e−π t cos(πx) cos(πy)[sin2(πx)− π ].

The obtained convergence rates with a fixed small time step τ = 10−5 and varying mesh sizes are given in Table 1,
hich demonstrate O(h) convergence in the L2 norm. This is consistent with our theoretical analysis.
Since the convergence rates of the last example decrease slightly as mesh gets finer, to see the convergence rates

learly we create another analytical solution of (1a)–(1f) given as follows:

E =

(
Ex
Ey

)
=

(
2nπ
w

cos(mπx)sin(nπy)cos(wt)

−
2mπ
w

sin(mπx)cos(nπy)cos(wt)

)
, J =

(
Jx
Jy

)
=

(
2nπ
w2 cos(mπx)sin(nπy)sin(wt)

−
2mπ
w2 sin(mπx)cos(nπy)sin(wt)

)
,

Hx
= Hy

= cos(mπx)cos(nπy)sin(wt), K x
= K y

= −
1
w

cos(mπx)cos(nπy)cos(wt)

nd the source functions given as

f =
(
f1
f2

)
=

(
[
2nπ
w2 sin(wt)+ 2nπ

w
σycos(wt)]cos(mπx)sin(nπy)

[−
2mπ
w2 sin(wt)− 2mπ

w
σxcos(wt)]sin(mπx)cos(nπy)

)

g1 = [(w −
1
w

−
2n2π2

w
)cos(wt)+ σysin(wt)]cos(mπx)cos(nπy)

g2 = [(w −
1
w

−
2m2π2

w
)cos(wt)+ σxsin(wt)]cos(mπx)cos(nπy)

where w = π
√
m2 + n2. In our computation, we use m = n = 1 and the same model parameters as the last example. The

obtained convergence rates with fixed time step τ = 10−5 and varying mesh sizes are given in Table 2, which demonstrate
O(h) convergence clearly in the L2 norm.

4.2. Example 2. Wave absorbing capability

This example is developed to test the effectiveness of the PML model (1a)–(1f) in absorbing outgoing waves. Here we
simulate a source wave propagating in a Drude metamaterial domain of dimension [−17, 17]2. We surround the Drude
metamaterial region (governed by (1a)–(1f) with σx = σy = σ = 0) by a PML governed by (1a)–(1f). The PML thickness is
d = 15h, where h denotes the mesh size. Along the outside boundaries of PMLs, we use the perfect conductor boundary
condition.

The incident source wave is imposed in the Hx Eq. (5c) as a source function

g (x, y, t) = g(x, y)h(t),
1

14



Y. Huang, J. Li, X. Yi et al. Journal of Computational and Applied Mathematics 438 (2024) 115575

w

Fig. 1. Snapshots of the magnetic field H obtained at 2000, 3000, 8000, 15000, 25000, and 40000 time steps.

here g(x, y) = e−5(x2+y2) and h(t) = −20(t − 1)e−10(t−1)2 . In our simulation, we use ωe = ωm = 2, ϵ0 = µ0 = 1, h = 0.2

and τ = 0.01. The damping function σx is a fourth-order polynomial given as:

σx(x) =

⎧⎪⎨⎪⎩
σmax

( x−17
d

)m
, for x ≥ 17,

σmax
(
|x+17|

d

)m
, for x ≤ −17,

0, else,

with σ = −(m+ 1) log(R)/(2d), R = 10−6, m = 4. The damping function σ (y) has exactly the same form as σ (x).
max y x

15
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Fig. 2. The setup of the refocusing simulation.

Snapshots of the magnetic field H = Hx
+ Hy are presented in Fig. 1, which shows that both forward and backward

utgoing waves are absorbed well by the PML. This result is similar to what was obtained by the FDTD method in our
revious work [24, Fig. 2].

.3. Example 3. Simulating the refocusing phenomenon

In this example, we simulate a transmission problem between vacuum and a Drude metamaterial surrounded by
erenger ′s PML and the metamaterial PML (cf. Fig. 3), respectively. This transmission problem was originally proposed
n [11] and simulated by the FDTD method in our previous work [24] (see Fig. 2).

In this simulation, we put a point wave source h(t) = sin(ω0t) in the center of vacuum region, while the computational
domain is Ω = [−20, 20]2 (including the PML region with thickness d = 15h on all sides). To create a refocusing
phenomenon, we choose parameters ϵ0 = µ0 = 1, ωe = ωm =

√
2ω0, and ω0 =

√
2, which leads to ϵ(ω0) = µ(ω0) = −1

by the Drude model, i.e., the effective refractive index is equal to −1. The damping functions σx and σy are the same as
Example 2.

For this simulation, we need to solve a multi-physics problem with different sets of governing equations in different
subdomains: on the left subdomain Ω1, the equations are governed by the 2D Berenger PML model; on the right
subdomain Ω2, the governing equations are the metamaterial PML model (1a)–(1f). To simplify the implementation, we
unify these models together and rewrite the refocusing modeling equations as:

∂tE + DJ J + ϵ−1
0 σE = ϵ−1

0 ∇ × H,
D(∂t J − E) = 0,
∂tHx

+ DKKx + DH1Hx
= DE1∂yEx − DE2∂xEy,

D(∂tKx − Hx) = 0,
∂tHy

+ DKKy + DH2Hy
= DE2∂yEx − DE1∂xEy,

D(∂tKy − Hy) = 0,

where we denote E = (Ex, Ey)T , J = (Jx, Jy)T ,H = Hx
+ Hy, σ = diag(σy, σx). Furthermore, the coefficients are defined as

ollows:

D =

{
0, (x, y) ∈ Ω1,

1, (x, y) ∈ Ω2,
DJ =

{
0, (x, y) ∈ Ω1,

ω2
e , (x, y) ∈ Ω2,

DK =

{
0, (x, y) ∈ Ω1,

ω2
m, (x, y) ∈ Ω2,

DH1 =

{
ϵ−1
0 σx, (x, y) ∈ Ω1,

µ−1
0 σy, (x, y) ∈ Ω2,

DH2 =

{
ϵ−1
0 σy, (x, y) ∈ Ω1,

µ−1
0 σx, (x, y) ∈ Ω2,

DE1 =

{
0, (x, y) ∈ Ω1,

µ−1
0 , (x, y) ∈ Ω2,

DE2 =

{
µ−1

0 , (x, y) ∈ Ω1,

0, (x, y) ∈ Ω2.

The original scheme (5a)–(5f) is revised as follows:
n+ 1

2 , φ )+ (DJ
n+ 1

2 , φ )+ (ϵ−1σĒ
n+ 1

2 , φ ) = (ϵ−1H
n+ 1

2 ,∇ × φ ), ∀φ ∈ U0, (1.6a)
(δτEh h h h 0 h h 0 h h h h
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Fig. 3. Snapshots of the magnetic field H obtained at 800, 2000, 4000, 8000, 10000, and 12000 time steps.

(Dδτ Jnh , φ̃h)− (DEn
h , φ̃h) = 0, ∀φ̃h ∈ U0

h , (1.6b)

(δτH
x,n+1
h , ψh)+ (DKK

x,n+1
h , ψh)+ (DH1H̄

x,n+1
h , ψh)

= (DE1∂yEn+1
xh , ψh)− (DE2∂xEn+1

yh , ψh), ∀ψh ∈ Vh, (1.6c)

(DδτK
x,n+ 1

2
h , ψ1h)− (DH

x,n+ 1
2

h , ψ1h) = 0, ∀ψ1h ∈ Vh, (1.6d)

(δτH
y,n+1
h , ψ̃h)+ (DKK

y,n+1
h , ψ̃h)+ (DH2H̄

y,n+1
h , ψ̃h)

= (DE2∂yEn+1
xh )− (DE1∂xEn+1

yh , ψ̃h),∀ψ̃h ∈ Vh, (1.6e)

(Dδ K
y,n+ 1

2 , ψ̃ )− (DH
y,n+ 1

2 , ψ̃ ) = 0, ∀ψ̃ ∈ V . (1.6f)
τ h 1h h 1h 1h h
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In our simulation, the source wave sin(ω0t) is imposed on the Hy field, and we use h = 0.2 and τ = 0.01. Snapshots
f the obtained H field are presented in Fig. 3, which is similar to what we obtained by the FDTD method in our previous
ork [24, Fig. 4].

. Conclusion

In this paper, we propose a fully-discrete finite element method to solve the Drude metamaterial perfectly matched
ayer model by edge elements. We provide the stability analysis and error estimate for the scheme. Finally, we implement
he scheme to justify the theoretical error estimate and demonstrate the wave absorbing effectiveness of this perfectly
atched layer model. How to establish the stability and error analysis for the variable damping functions is open and
hallenging (same issue exists for the second-order wave equation [10]), and we will continue our investigation in the
uture.
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