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1. Introduction

The perfectly matched layer (PML) technique was first proposed in 1994 by Berenger [1] to solve the time-dependent
Maxwell’s equations in unbounded domains. Over the last three decades, many PML models have been developed
for solving Maxwell’s equations in both time domain [2-6] and frequency domain [7,8]. Due to their demonstrated
effectiveness in absorbing the outgoing waves over a wide frequency range, the PML technique has been quickly extended
to solve other types of wave propagation problems [9-12], such as acoustics, elastodynamics [13], elasticity, anisotropic
dispersive media and metamaterials. The readers can find more details and references on PMLs for Maxwell's equations
in books (|14, Ch.7], [15, Ch.8]), the review papers [16].

The newly discovered metamaterials (cf. [15,17,18] and references cited therein) have many potential exciting
applications such as invisibility cloaks and subwavelength imaging, and have inspired a growing interest in the study of
wave propagation in metamaterials (e.g., [19,20]). Some early applications of PMLs for metamaterials [21-23] found that
special PML models are needed to avoid unstability. In 2015, Bécache et al. [11] presented a rigorous way in developing
stable PMLs for the Drude metamaterials. In 2022, we [24] developed and analyzed a FDTD method for solving a Drude
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metamaterial PML model proposed in [11]. For potential broader application of the Drude PML model in complex geometry
problems, in this paper we develop and analyze a finite element method to solve the Drude PML model. We like to
emphasize that though there are many published papers on the analysis and applications of Drude model (e.g., [19,20])
and PML models for wave interaction with vacuum (e.g., [2-6]), this is the first paper on finite element analysis and
application for the Drude PML model.

The rest of the paper is organized as follows. In Section 2, we present the Drude PML model, and construct a fully-
discrete finite element scheme for solving the model. In Section 3, we establish the stability analysis and error estimate for
our proposed scheme. In Section 4, some numerical results are presented to confirm our error estimate and further apply
our scheme to simulate two practical wave propagation problems to show the effectiveness of wave absorbing property
of PML model. We conclude the paper in Section 5.

2. The Drude metamaterial PML model and a fully-discrete finite element scheme

Here we consider a 2-D transverse electric (TE) metamaterial PML model developed by Bécache et al. [11] and solved
by the FDTD scheme [24]. Denoting the electric field E = (E, E, ), the induced electric current J = (Jy, J,), the magnetic
field H = H* 4+ H?, the induced magnetic current (K*, K¥), and o = diag(oy, o), we can write the governing equations for
the TEz PML model as follows [24, (2.1)]: For any (x,y,t) € £2 x (0, T],

&E+ 2]+ e, '0E =¢,'V x H, (1a)
3J—E=0, (1b)
oH* + a);KX + ,uglcryHX = ,u,a]ByEx, (1c)
aKX —H* =0, (1d)
qHY + 02K + pgloxHY = —pg ' E,, (1e)
K —HY =0, (1)

where oy(x) > 0 and oy(y) > 0 are the damping functions in the x and y directions, €y and p, are the permittivity and
permeability in free space, and w, > 0 and w, > 0 are the electric and the magnetic plasma frequencies in the Drude
model described as follows:

w? 2
@) =co(1= =), (@)= poll——3).

Considering that the PML is often used as a rectangle surrounding the interested physical domain, we assume that £2 is
a rectangular domain.
To complete the setup of the model, we assume that the model problem (1a)-(1f) is subject to the initial conditions

E(x,y,0) := Eo(x,y) = (Exo(X, ¥), Epo(x, )Y, J(x,¥,0) := Jo(x,¥) = (ro(x, ¥), Jyo(x, ¥))', (2)
H(x,y,0) = Hyo(x, y), H'(x. y, 0) = Hyo(x, ), K*(x. y, 0) = Kio(x, ¥), K*(x, , 0) = Kyo(x. y), 3)

and the perfect conduct (PEC) boundary condition
E-2=0, onas, (4)

where Ey, Eyo, Jx0, Jy0, Hxo, Hyo, Kxo, and Ky are some properly given functions. Moreover, T denotes the unit tangential
vector along 0£2.

In order to develop a finite element scheme for solving (1a)-(1f), we partition the domain £2 by a family of regular
triangular mesh T, with maximum mesh size h, and adopt the rth (r > 1) order Raviart-Thomas-Nédélec (RTN) mixed
finite element spaces on triangular elements:

Uy = {¢, € H(curl; 2): ¢ylk € (pr—1)* ®S:, YK € Ty}, S, = {p € (pr)>. % - p = 0},
Vi={yn € L(2): Ynlk € pr—1. VK € T},
where p, denotes the space of homogeneous polynomials of degree r, and p, denotes the space of polynomials of degree
less than or equal to r in variables x, y, respectively. To impose the PMC boundary condition, we denote the subspace
Ul={d,cU,: ¢,-1=0 on 32}

To define a fully discrete scheme, we divide the time interval [0, T] into N; uniform subintervals by points t; = kt, k =

0,1,..., N, where the time step size t = Nlt Moreover, for the time solution u* = u(-, kt), we introduce the following
central difference and average operators:
1 1 _ 1 1 1
St = (U2 —u2) T, W= (T U2,
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Using the finite element spaces Uh and Vi,we can construct the following leapfrog scheme for solving (1a)-(1f): For

n+1 0 S ST SRS .
any n > 0, find E;™" = (Ex, Ey) ],1 eU,, andH,~ *,H  * K ", K € Vj, such that:

eoBEy 7 3y) + 02Ul 2, b) + (0B 2 ) = (HIT2 W x ), Vb, € U, (5)
(8Ji- dn) — (Ef. ¢y) =0, Ve, € U, (5b)
o8 HE™ T, ) + po@2 (KE™ 1 wn) + (o Hy s ) = (LT yn), Vo € Vi, (50)
Bk 2 Y)Y 2 g = 0, Yy, € Vi, (5d)
o(8cHY ™ n) + 1o (K™ ) + (oxHy ™ i) = —(BEl W), Yo € Vi, (5e)
Bk ) = (HY™2 ) = 0, Vil € Vi, (s)

_1
where the needed initial approximations E?, Hh : Hy : ]h 2 ,’1‘ and K,’;’O can be obtained as follows:

1

_1 T

E;? = IT{Eo(x), Kff’o = Ufoo(X), K;{'O = HﬁKyo(X)a 3,2 =)o — EEO](X)a (6a)
1 T T, _

H; * = H}? I:(HX + EatHx)(x7 0)] = H}% [HXO + E(Mo layEXO - wﬁqKXO — Mg 1CTnyO):I s (Gb)
1 T T _

H'? = 12 [(Hy + S0 x. 0)] =172 [Hyo + 2 (—H5 BB — oo — K5 10XHyo)] , (60)

where [T and [T} denote the standard Nédélec interpolation into the space Uy, and the standard L? projection into the
space Vj, respectively.

We like to remark that the scheme (5a)-(5f) is very efficient in decoupling the original coupled system (1a)-(1f). The
scheme can be implemented as follows: for any n > 0, at each time step,

n+d
Step 1. Solve (5b) for J, *;

Step 2. Solve (5a) for E,':“; Solve (5d) for K,’l""“; Solve (5f) for Kﬁ,""“. Note that these three equations can be done in
parallel.

Step 3. Solve (5c¢) for H,f’ ; Solve (5e) for Hh 3 . These two equations can be solved in parallel too.
3. Stability analysis and error estimate for the scheme
In this section, we will present the stability analysis and the error estimate for our proposed scheme (5a)-(5f).

3.1. The stability analysis

Denote ¢, = for the speed of light in vacuum, and the positive constant c;;,, appearing in the standard inverse

1
Jeoro
estimate [15, p. 98-101]:

IV X ]l < Cinoh™lunll, Vauy € Up, (7)

here and below | - || := || - [|;2() denotes the L% norm over £2.

1 3 3
Theorem 1. For the solution (E;", ],’l1+ 2 H,’:’n+ z H,}:’H 2 KE™ K™ of scheme (5a)—(5), we define the following discrete
energy:

Go e n+2” Mo m

Eais(n) = ||E”“|| + ==, ||<Hh+Hy)“+z|| + K+ K (8)

Then for any m € [1, Ny — 1] and any nonnegatlve functions oy(x) and ay(y), we have the discrete energy identity:
1
- [Eais(m) — Egis(—1)]

1—=n+d 1 1 1
+ 3 leEP Y [Haﬁ R G (O )]
0<n=m 0<n<m
P (9)
_"_ m
2

[((K,’f KT (Y + Hg)"”%) - ((K;; + P, (HY + Hﬁ)%)]

60(1)

1 1 1 3
[u””z B — (), 2, 9)] =2 [(H,f, V x E)—(Hy %,V x Eﬁ“)} .

3
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Furthermore, when oy = o, = o is a positive constant, under the time step constraint:

1 1 h
7 < min{ , , 1, (10)
x/ia)e ﬁwm 2CyCiny
we have the following discrete stability for scheme (5a)-(5f):
Egis(m) < 3&gis(—1), VYme [1,N; —1]. (11)
Proof. To make our proof easy to follow, we divide the proof into several major steps.
(I) Choosing ¢, = E 2 in (5a), we obtain
0 +3 =nti 1—n+d n+3 —n+1
5y (IEIP = IEI) +eowlUy 7 By *)+ lo2Ey " |2 =(Hy 7.V x E, 7). (12)
Choosing ¢, = &ow?], in (5b), we have:
E‘oa) ntl n—1 —n
(IU T ||2) — g0} (E},J,) = 0. (13)

Adding (12) and (13) together, then summing up the result from n = 0 to any m < N; — 1, and using the following
identity:

n+% En+%
*=h

—n 1 agd nel
Uy )= (Ep Ty =5 (uh“,E;:“) -0, 2,5;;)) : (14)

we have:

(IIEm+1 1> — IERI) -

m+ _1 l*TH»l
(ILI 2||2—|u,,2||2>+ > le?E, 2|

0<n<m (15)
Sow m+3 -3 70 n+d —=n+1
(U 2 Em+1) uhz’Eh)>: Z( 2V x E 2)_
0<n<m
(I1) Choosing v, = (H, + Hy)**" in (5¢), we obtain
Xn+3 x,n+ 4 +1
= (IIH I ) o8 HE H
1_ 16
+ ow?, (Kxn+1 H;n+1+Hyn+l)+ ”02 +1|| +( xn+1 Hl);n+l) ( )
(8 En_H Hx ,n+1 +H% n+1).
Choosing P, = pow (K}, + ﬁ)”% in (5d), we have
2
Moy, (HKx,n-H“Z _ ”KX’"”z) +’u0w (5 K +2 Ky n+2)
2t (17)

yn+2

— towl(Hy 3 Ky S +K" ) =0

Now adding (16) and (17) together, then summing up the result from n = 0 to any m < N; — 1, and using the identity:

1 _ 1 1
(K;](,n+1 Hz n+1) (H:,ﬂ+2 i Kz,n+2 ) _ 5 |:(K,:’n+1 X, n+2) (KX n Hx n+2 )] (18)

4
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we have
Mo x,m+32 X3 yn+1 1_
o (IIH 212 —||Hh2||2)+ > no@HYMLHTT) + Y oy H
0<n<m 0<n<m
w? X, 1 1
+ MOZ m <(K;:,m+1,HZm+2)_( >+ Z IvLO Uy xn+ Hi;nJr )
0<n<m
Msz x,m+1 2 %0/ Nty —yn+y
+ 52 et o) + Z ok (8K K (19)
T
+ Z Moa)?n ((K];“H] H)h/n+l)_(Hxn+2 K)h/n+2)>
0<n<m
_ Z E),(q;_] Hxn+1+H);n+1)'
0<n<m

Similarly, from (5e) and (5f) we can obtain

y.m+3 y. 1 ) xn+1
> <||H 2 —||H,,2||2>+ 3 o H L E Y+ Y oA

0<n<m 0<n<m
2 1
How +3 \ .2 +1 —=x,n41
+ Tm<(KYm+1 Hym 2) (KI)I/O!HKZ))_F Z //«O(UXHZH szn )
0<n<m
2 1 __ 1
+ “gw (HK” 1 H HK,’{‘OH >+ DT CACH AR S (20)
0<n<m

+1 e+l —xn+d
+ Y oo ((K”*‘ H," ) —H " 2K, 2))

0<n<m

— _ Z (8,(5;,1;1, HX n+1 —I—I:I,);'HH).

0<n<m

(II) Adding up the first and second terms of (19) and (20) gives us:

x,m+3 ym+ y,l
7<|IH 22— |1H, 2 II> (IIH 2|2 —IIH,.,2||2>

o 3 (@H" R B i)

0<n<m
x,m+3 x,1 y,m+32 y, 1 Mo y,m+3 x,m+3 y.3 x, 1
=2 (IIH 2| —||Hh2||2) = (uH 2|2 —||Hh2||2>+7<(Hh 2 Hy 2)—(Hh2,Hh2))
1 1
=2—j(||H,’,”"*2 +H +2||2—||H;"2+Hi’2||2). (21)

Similarly, adding up the sixth and seventh terms of (19) and (20) leads to :
2 2 2 2
How m+1 .0
(] )+ (=T
1 _ypel
O ol (e N )]

2 2 2 2
_ ugwm [(‘ K’f,oH ) N <0 K’{,mHH 3 H K0 H ) +2 ((K:,mﬂ’ K (KR, I<’{,0)>:|
T 0

2 2 2
= “g‘:m (‘K,f’"”] +1<,{~'“+1H - ’1(,’1"°+1<,{’°“ ) (22)

Kx,m—H Hz _ ‘
h

x,0
K;

K"‘erl 2
b —
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Also note that adding up the fourth and eighth terms of (19) and (20) yields:

ym+%

1 1
- °’“ [(K“"“, ") e H ) g )—(Kﬁ*”,H,f’Z)}

+1 ntl —ynel 1 bl gl
+ D moop, [K”“ Y = T )+ aHT ) = R 2)]

0<n<m
2 1 1
= 7“02“’"7 [ ) a0 ) ) (1<,{*°,H,f’2)]
2 r 3 1 3 1
How y.m+3 V.3 } X,m+3 ) X5
+ =" ((K,;”"“,H,, 2)— (Ky°, H, 2)) - ((K,{ "LUH,T ) — (k)0 H, ))]
2 1 1
- L’z“’m (KE™HT TR ) (k0 1T )
1 1
UG ) (Y +H,{‘2)]
2 r 1 1
How; , x,m+3 ym+ : s X, 5 Vi3
=" K™ k™ T ) — (K0 + K0 H, 2 H) 2)] : (23)
Hence, adding (19) and (20) together, and using the identities (21)-(23), we have
xom+3 y m+3 X3 v.3
77 (IIH : 2|I> = |H, 2 +Hy? Ilz)
Mowm x,m+1 y,m+1 2 x,0 y.0 2
+ 5 ‘K,, +im = e+ x|
HoWh,

+

1 1
[(Kx ML ey pemES gt Sy (ex0 4 gond s +H,f’2)] (24)

—x,n+1 —y,n+1 —x,n+1 —y,n+1
+ Yy [n A H 1 4 1o B + (o + o) B )]

0<n<m

1 1 1 1
-y [(a ENUH 4 ET) — G H +HH )].
0<n<m

(IV) Note that adding up the right hand side (RHS) terms of (15) and (24) give us:

1 —n 1
S HTVXE ) Y [(a T B o HT A E ”“)]

xh yh >

0<n=m 0<n<m
_ Z ( ]I:+2 V x En+2)+ Z (3 En+1 _3 E;,Tl,Hxn+1 +H%n+1)

0<n<m 0<n<m

1 —nt-d

=3 |:(H;+2,V <E, )= (H .V x E"“)]

0<n<m

- (25)

1 ntj n+1 n n+3 n+3 n+1

:Zz H, 2,(VxEf"'+V x E}) (H, > +H, ),V xE}

0<n<m

3

> 5 [(Hh+2 V xEl—(H n+2,VXEz+1)i|

0<n<m

1 1 m+§
=3 [(H,f,v x EN)—(H, 2,V x E;.,"“)}.
Now adding up (15) and (24), and using (25), we obtain
&0 m+1 -1 o xmt3 | ymd Xy, 3
(IEFH11% — IERI) + (IIJ 27—, |I2> + = (IIH,1 4+ H, P —IIH, 2 +H? ||2>

27
2 1
Mo, 0 8060 + -5 =
o (‘ + Ky H) [U” LETD - th’Eg)]
T
1

1 xn+1 —y,n+1 —x,n+1 —y,n+1 1=n+l
+ 3 [n P o R (o o )}+ 3 o tE P

0<n<m

K;l(,m+1 +K}“¥'m+l H _ ‘

0<n<m

6
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2
HoWp, y.m+3

1 1
+ [(K,f""“ I g 4 i ey +HZ’2)}

1 1
= [(H,f .V x E9) — (H, "3y« E'”“)] .
Using the discrete energy definition (8), we conclude the proof of the discrete energy identity (9).
(V) When o, = 0y, = o is a positive constant, using the identity:

1 xn+ +1 —x,n+1 —y,n+1 —x,n+1 —y,n+1
oy " + o By 4 (o4 oL = o b B,

and dropping the second and third terms on the left hand side of (9), we have
Edis(m) — Eais(—1)
2
< —”‘%‘”’" [ Ry (o ™ 3) = (0 + K, Gy + )|

‘L’an)

Mty Cmgd -3 10 T 3 0 m+3 m+1
(Jh E, )— J, %, Ep +5 (Hh,VXEh)—(Hh ,VXE ).

Now we just need to estimate those right hand side terms of (26). By Young’s inequality, we easily have

2
T oWy,

(0 + Ky, (i + 1™ )

< 0% (o kY 4 7(”””22 o (HE + HY)™ 2 2,
gt ey < Wy (O e
,(Hh+2 V x EM) = fH’”“, TC”Z*FV E

< —||H"'+2|| IS YN E )

< —nH’”*Zn NSNS

2h?
where we used the inverse estimate (7) and the notation ¢, =

W to derive the last inequality.

Substituting (27a)-(27¢) and similar estimates for the rest two terms into (26), we obtain
Edis(m) — Eais(—1)

< B '“|| (K + k)™ ||2+%||(H;+Hz)m+%nz+“° (kg + kY )2

+ (”’;m) noll(Hy + H)? I + ‘9"“’ e +—(m’22 e+ 7||2+7(m;)28° s’
+%nmﬁwp’“*%nu%ME’"HHZ 10 gy 0 o
:[(“‘2"’)2+(Tc“hcz"””)2]2°||E,2"“||2+; 0% 2 +[l+(’“;m)z} Loy e
T s +[(”;e)z +(TC”hC§””) ]-‘90||E°||2+1 0% b
+[l+(’“;m)2]-‘;°||(ﬂh+ﬂy) P4 '"||(1<h+1<y) 2.

If we choose t satisfying the following constraints (which is equivalent to (10)):

(Twe)z <1 (Tcucmu) L ("f'a)m)2 <1

2 4 h? 4 2 4
from (28) we obtain

1 1
Sdis(m) - gdis(_l) < 2€d15(m) + 5d15( 1),

which concludes our proof of (11). O

(26)

(27a)

(27b)

(27¢)

(28)
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3.2. The error estimate

To simplify the error analysis, we introduce the following solution error notations
& =E"—Ej = (IM;E" — E) — (ITE" —E") = &) — &/,
jh”+% ::Jn+% _J:+% _ (nﬁ]ﬂ"’% —J:+%> _ (H,f_l’”% _Jn+%) _ r’}”% _ E’”%’
H)rim—% — Ry H;’H% _ <H]3Hx,n+% . H;’H%) . (HﬁHx,n+% _ Hx.n+%) _ ’HZ’H% . H;"”*'%, 09)
A SIS ST (nﬁHy,H% —Hﬁ’“%) _ (nﬁHy,H% N Hy,n+%> Y Y )

K" =K — K" = (TR — Ky") — (ITRK" — K*) = K" — K",
= K — K = (K" — K™ = (TP — KP") = ket — k™,
where we denote E" := E (x, t;) and similar notations for other variables. Recall that /7{ and IT? denote the standard

Nédélec interpolation into the space Uy and the standard L? projection into the space Vj, respectively, and they satisfy
the following error estimates [25]: For any r > 1,

| Tiu —uf gy < b (lluII(Hr(m)z + |l Curlu||Hr(_Q)) , VueU, (30)

[ Tio = v o) < ch" Ivllirce) Yo € Vi (31)

To carry out the error estimate for our scheme (5a)-(5f), we need the following lemma.

Lemma 1 ([15, Ch.3]). Denote u* := u(-, t;). Then we have:

k k—1 t
1 u“—u 1 k
18 u* 2| = [|———12 < 7/ 13cu(s)Ids, ¥ ueH'(0,T; [%(£2)), (32a)
T T tr—1
-l t 1 T3 t 1
[ f e < o / () Pds, ¥ u € H? (0T 1(2)). (32b)
T tk—% tk—%
k—5 Kkt t 3 t
uT24utr2 1 1 1
- / U usasl? < - f R ou(s)] Pds, Y u e HP (0, T 13(2) (320)
2 T b1 4 b1

[N

Theorem 2. Suppose that the solution of (1a)-(1f) satisfy the following regularity requirements,
8:E, dJ € L2(0, T; H'(curl; 2)), E,J € L°°(0,T; H'(curl; 2)), H,K € L°(0,T; H'(£2)),
IE, 0V x H € L*(0, T; (L*(2))*), 9¢H. 9K, 04V x E € L*(0, T; L*(£2)), (33)

then under the same time step constraint as given in Theorem 1, the solution of the scheme (5a)-(5f) subject to the initial
approximations (6a)-(6c¢) satisfies the following optimal error estimate: For any m > 0,

o &I + o |45 + 2yt "t eoo?

2
m+1 2
T 2” + o || (1 + k)™ < C(x* + h Y,

where the positive constant C is independent of h and 7, and r > 1 denotes the order of the basis functions in the finite element
spaces Uy, and V.

Proof. First, let us derive the error equations.
Q) ln;egrating (1a) with respect to t from t, to t,;1, then multiplying the result by any ‘t—“ € U,? and integrating over
£2, we obtain

1 ‘l thy1 1 thy1
&0 (azgwf, ¢h) = (? / Hds, V x ¢h> - <; / (eow?] + oE)ds, ¢,,) ) (34)
th tn

Subtracting (5a) from (34), and using the error notations introduced in (29), we obtain the E-error equation:

nt 1 1 [l n+1
o (875}1 2, ¢h> = ;/ (H — Hh 2 )dS, V x ¢h>
th

1 1 1 1 1 o1
— <7/ soa)gu _];;+2 )ds + ;/ o(E — E;""z )ds, ¢h) s
th tn

T

(35)

8
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which can be written as

1 1 1 gl
€0 (ars;’*z , ¢h> - (HZ*Z LV x ¢h> + (song,;‘*z +od 2, ¢h>

1 1 n+l 1 [+
=& (5 8g+2 ¢h> - (Hg+2 , V x ¢h> + (ayuﬁjélﬂ + a€g+2 , ¢h> + (;/ (H— H"2)ds, V x ¢h> (36)
th

5 1 tht1 il 1 ht1 _—
— 80(,()6 ; (J _J 2 )dS, ¢h — ; G(E —E""2 )dS, ¢h .
tn tn

(I) Similarly, integrating (1b) from ¢, 1 tot, 1 then multiplying the result by any % € U,? and integrating over §2,
we have

- 1 (Ll -
(8r]n7 ¢h) = ;ﬁ 2 EdS, ¢h . (37)

1
2

Subtracting (5b) from (37), and using the error notations introduced in (29), we have

~ 1 [l
(stdn) = | 7 [ —Epasd | (38)

=3z

which can be written as

(5077.80) = (51:80) = (o7 80) = (2. d0) + [+ [ H - m0s 4, ). (39

=3

() Similarly, integrating (1c) from ¢ 1 tot, 3 then multiplying the result by any @ € V} and integrating over £2,
we have

5. g+ 2 l ["Jr% g l t”*% xXd _ 1 [”Jr% d
o3 H )+ oo (< [ s )+ [ s = (2 [ aeds v, (40)
t oq t o1 t 1

nto n+5 nto
Subtracting (5c) from (40), and using the error notations introduced in (29), we obtain the H*-error equation:

to (8:H™ 1, Wn) + powp, (5™, wn) + (oy#5™, wn) — (€05, ¥n)
=10 (8™ yn) + 0wl (K™ v + (™ ) — (90t ¥a)

2 1 t”"’% X x,n+1 1 t"'*'% X rx,n+1
— oW, = (K* — K*")ds, ¥y | — - oy(H* — H*"")ds, Yy (41)
t t

n+% n+%

1 t"*% n+1
+ | = Oy(Ex — E™)ds, ¥
t
(IV) Similarly, integrating (1d) from ¢, to t,,1, then multiplying the result by any ‘/’”' € Vj and integrating over 2, we

have
1 1 thi1
(sckm+3, yn) = (f f Hds, w). (42)
T Jg,

Subtracting (5d) from (42), and using the error notations introduced in (29), we have the K*-error equation:

1
(5 K St lﬁlh) - (7'(2’”2, 1//1h>
1 1 [+t
= (&zc?"”,wlh) - (H; " w) (; / (HX — H*"™ 2 )ds, wm).
th

9

(43)
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(V) By symmetry, we immediately obtain the HY error equation
to (84" Pn) + pow?, (K™, Ym) + (o ™ ym) + (&)t vm)
— 110 (5 H" n+1 &h> + j00?, (,Cy n+1 th) (Gx,}_—l)é,n+l’ 1//h) (™", )

1 % - 1 (3 _ -
— poon | = / e - omtds, gy | - [ 2 f 2 oY — FYds, (44)
TJe 4 TJe 4
n+5 n+5
1 ('l . .
— — 8X(Ey — Ey )dS, wh .V wh € Vh,
t tn+%
and the K7-error equation:
1. 1.
<8r’<“)ﬂ/,n+2 , l/fm) - (Hryfﬁz’ 1#111)
(45)

1 1 1 th1 _ _
= (M!”“, m) - (Hg'"“ : w) + <; / (H — /"™ 3)ds, 1//1h> . Y Yih € Vi
tl‘l

(VI) Note that all the left hand side terms in the above error equations have the same forms as the original
finite element scheme (5a)-(5f), and all the right hand side terms are extra error terms caused by spatial and time
approximations. Moreover, all the extra error terms can be bounded by either O(h") or O(7?).

1
The rest of the proof follows exactly the same as the stability analysis given in Theorem 1 by choosing TS 27:5_,';+
N (36), Pn = 2re0@2 7 in (39), Y = 20 + 7L = 201 in (41), Yy = 20(E5™ 7 + ) = 200 in

. _ - ngl
(43), Yy = 217—12“ in (44), and Yy = 2rle,+2 in (45). adding the results together, then summing them up fromn =0
to any m < N; — 1, we obtain the left hand side (LHS) as

s = eo (Je 1 - J017) +eae (\

1

2
m+2 \7 -7

Tn

>+2TZ

0<n<m

2 2
m+3 m+3 . 1 el 1
+uo<’"ﬂf,m 2492 —”H):,Z—FHJWIZ )—i—rega) [(J,, 2 gm“) (J,, 2,5,‘;)}
+ pow?, I:”’Cx il ey, m+l“ _ ||IC’,;’°+IC¥7’°}|2]
1 2 1 2
+ 2t Z 27_-Lx LEal (R szn,,_-[;rll,nﬂ + ((Ux +<7y) f}_‘[)r(],n+1,7_'[¥],n+1)
0<n<m

3 3 1 1
+ Tuow?, [(K:’mﬂ R "y %{,’m“) - (IC’,;’O + K0, My 4 Hfﬁ)]

1 3
-1 [(H,%,V x 53) - (H,,m+2,v x 5;"“)] .

Then using the assumption that ox = 0y, = 09 is a positive constant and the property of operator H,f, we have

41 _1
o (||5,T+1||2 - ||5,(,)|| )+80w (||J,7 211 =117y 2||2>
mt3 3012 m+1 02
1y 212 = 2 1P ) + oo, ([ ° = K2
2 n+d gl " 2 ntl —nt+3 —ntl
527:502 8. 2,8,] 2 +2TZ 0w, T 2 + o0& 2,5,) 2
n=0 n=0

m

fn+1 1 th1 1
+ 2t Z < / H”+%)ds, V x £g+2> - Zreowz Z < / —]”+%)ds, SZ“)
m thy1 gl il m
— 2109 Z( / (E—E Z)ds,&‘,7 2)+2r80w Z SJE —21£0a) Z 85,
n=0 tn n=0

10
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m
1
2
+ 2150w, Z ; 2(E — E"ds, J
n=0 n——
u 1 t”“ 1o gl —n+1
+ 2T pow? Z ; — H™ 2)ds, K, 2) + 27 (V X 55“,7—[,] )
n=0
m
] ”+2 n+1 —n+1 ”*2 n+1 n+1
- 2tp00} Y ; — K" ds, H; —21002 (H — H"")ds, 7,
n=0 n+%
- nt+3 1 2 m+3 1 -3 20
—212 / V x (E—E"Nds, 7, | = te00? [(7 2. €M) — (7 2, D)
n+2
16
m+ 1 m+§ 1
— Tk [( Ky 1y ) = (K5, Hy )] —1 [(H,7 2,V x ety — (17, V x 52)] =) Em. (46)

(VII) Now we just need to estimate each Err;. Using the arithmetic-geometric mean inequality
1
(a,b) < 8al® + Ellbllz, V3>0, (47)

Lemma 1 and the interpolation error estimate (30), we have

2
Err; < ‘[SOZ <281 ‘ 1:]+2 Oz 5n+2 )
12 2 - 1 fnt1 2
< e | S I 4 1+ Y g [ P
n=0 n=0 1 tn
<

m T
1
tsieollEg % + 218120 Y NI + 5 ch”/ 10N Fr(cur 2L (48)
— 1 0
Similarly, by the arithmetic-geometric mean inequality (47) and the interpolation error estimate (30), we have

m
—nt1
Errp <7y (23280||g';+2 "+ 5

n=0

1 +l g +l
leow? Ty % + 0o€s 11
€0

< t8e0ll €M +2razaoZ||s"|| +— Ch" (00,717 curt- 2)) + VEN oo, b ccurt: 2)) - (49)
n=0

Using integration by parts, Lemma 1, and the arithmetic-geometric mean inequality (47), we obtain

m 1 tht1 1 —ntl
Err3:2rz<;/ V x (H—H""2)ds, €, 2)
n=0 tn

m

il 1 1 [f I
<t 28380llE, 2117 + 7”*[ V x (H—H""2)ds|
" 28380 T Jt
n=0 n
m 4 T
< 8380 ||E™F? + 27836 e + / 9V x H|dt. 50
< t8380llEM| 3 o;n vl ML I (50)

Similarly, by the arithmetic-geometric mean inequality (47) and Lemma 1, we have

Aot T
&
Erry < t8seolle) | +zra4soZ||s"|| + ot / ] 17t (51)
— 882 Jo
o, o T
Errs < t8se0ll€) |12 +2'L’358()Z||5 I+ / [|9:E||*dt. (52)
— 88se0 Jo

Using the arithmetic-geometric mean inequality (47), Lemma 1, and the interpolation error estimate (30), we have

m T
11 _1 1
Ertg < 18620027y 2|12 + 27868002 D Iy 217+ 5 - Ch” / 19 1 curts 2 (53)
n=0 0
11
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Similarly, we have

m
m+1 n—1 T
Err; < t878007 |7y 2|17 + 21878002 Y Iy 217+ 5 - Ch*" |l 0,117 (curt 2)-
7
n=0

2 32 2 - -ty Teow} ’ 2
Errg < tégeow; |7y |l +2T5880we§ Iy | +788 / l9E||“dt,
s Jo
n=0

4 2 T
T oW
Errg < 78op0mp |l |12 +2r59uome Iy + 85 m/ [0 H|*dt .
9 0
n=0

Using the arithmetic-geometric mean inequality (47), and the interpolation error estimate (30), we have

Errp < 7 Z <zamuo|m"“|| +
n=0

VXEH-HZ
2 0|| )

n+ T
=T <810M0”H7’] ” + 28]0/"/0 Z ”H 2 ) + ﬂ . Chzr”E”zoo(O‘T;Hr(Cur’:Q))-
1040

n=0
By the arithmetic-geometric mean inequality (47) and Lemma 1, we have

mt3 o - n+d o oy, ! 2
Erryy < ténipollHy 2l +2r8nuog I#Hy 2 Ry / | 9K |17 dt,
11 0
n=0

4_2 T
ntd T 0
Err12§f512M0||7'ln |I +2r81zuoE I+, 2117 +788 ¢ / 10, H |1 dt,
—0 1210 Jo

m T
m+3 n+1 L
Errys < t13pollHy 2 117 + 2781310 E I+ 217+ % / 104V x E||dt.
—0 1340 Jo

Using the Cauchy-Schwarz inequality and the fact that 50 H,fEO E,? = 0, we have
(T )2

2 1 m+1 1
Ertiy = —Te0wl(Jy +2 JETT) < || 2P+ —=eollE P

Similarly, using the fact that k) = H,fKO K? = 0, we have

2
meiy < Mo mnfcm“n SIS N It3

2
and the inverse estimate (7), we have

Errys = —T oW, (K:m+l 7‘[ )

Using the notation ¢, = \/ﬁ

m+3 mt3
Errig = —7(H, 2.V x &MY < te, - JHollHy 2 - cinoh™ eollE |
TCyCinph ™! mi3
== (uollﬂq 2|2 4 gollem™ )7 ) .
(VII) Substituting the above estimates of Err; into (46), we have

_1
eo (1M 112 = 1€911%) + eow? (M 2P~ |l 2||2)

3 1
+ 1to <||H21+2||2—||H3||2)+M0w (P = 1))
(twe)z
2

< eollgHI? [r(81 8+ 83+ 844 85) +

1 1
+ 80w§||~7:1+2 12 |:T(86 +68; +68)+ 2]

TCyCinyh ™! Twn)?
+M0IIH’"+2|| [f(512+513+310+3“)+ vCiny Jr( m) ]

2 2
12

(54)

(55)

(56)

(57)

(58)

(59)

(60)

(61)

(62)

(63)
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2 m+12 1
+ owp 1K™ 117 | 7o + 3

m
() coll€] 1) (281 + 282 + 285 + 284 + 265)
n=0

m
_1
r(Zsowznz? 2|12 )(286 + 287 + 265)

ZMOHH 2) (2813 + 2813 + 2810 + 2611)
r(Z 1o I )(280) + C(R*" + 7). (64)
n=0

Now choosing the time step size t satisfying the same constraint (10) given in Theorem 1, and §; properly such as

1 1
1 =0, =83=8,=05=—, 8=0 =0=—,
1 2 3 4 5 10 6 7 8 12
1
Sg=—, 810="0n=0p=03=—, 65
9 4 10 11 12 13 16 ( )

_ 1
then using the facts that &) = 0,K9 =0, 7, > = O(z*> + h"), H; = O(z* + h"), and the discrete Gronwall inequality for
(64), we obtain
m+12 2 M2 mt3 2 21 emt N2 o o2 1 pry2 66
goll&y ™ I° + 0wl Ty N7+ wollHy  “ 117 + powp, I 17 < C(z2 + h'). (66)

Finally, using the triangle inequality, the interpolation error estimate (30), and the projection error estimate (31) for
(66), we complete the proof. O

4. Numerical results

Here we present several numerical results to justify the error estimate of our proposed scheme, and show the
effectiveness of this PML model for absorbing outgoing wave in the Drude metamaterial. For simplicity, our numerical
results are carried out in Matlab by using the lowest-order triangular edge element.

4.1. Example 1. Testing convergence rate

To rigorously check the convergence rate obtained by our scheme (5a)-(5f), we construct an analytical solution of (1a)
and (1f), with extra source functions f(x, y, t), g1(x, y, t) and g»(x, y, t) added to the right hand sides of (5a) and (5f). More
specifically, the original scheme (5a)—(5f) is modified as

o3 By ® ) eowlUn )+ (OFy L) = (Hy LV x )+ (b)) ). Ve € U,
(8cdi én) — (Ef. $) =0, Vb, € Uy,

1ol HE™ ! ym) + o (K™, ) + (o H ") = (Eg vn) + (€10, tasa)s ¥n), Yh € Vi,
G2 ) — (2 ) = 0. Yy € Vi,

1o(8HY ™ ) + 1o (K™ in) + (onHy, ! Yn) = —(d Ey";rlv Un) + (820, tur1), ¥n), Y € Vi,
B ) = (" ) = 0, Vg € Vi

In our simulation, we choose the physical domain §2 = [0, 1]? partitioned by uniformly refined triangular meshes, the
model parameters w, = wn = 7, €0 = o = 1, ox = sin?(7x), oy = sin(;ry), the analytical solution given as:

£ (EX> (e”" cos(mx) sin(ny)) ( x) —Le ! cos(mx)sin(my)
= (B) = (cn J=(4) = _ ,
Ey e~ sin(x) cos(rry) y — e sin(wx)cos(ry)

1
H* = HY = e™™" cos(mx) cos(mry), K¥ = K¥ = ——e ™" cos(rx) cos(rry)
T

13
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Table 1
The L, errors obtained for Example 1 with N; = 10000, r = 107>,
3 1

h E-E*'| Rate IH—H 2|  Rate W=J72  Rate IK— KM Rate
1/4 0.2049 - 0.1940 - 0.2087 - 0.0604 -
1/8 0.1011 1.0199 0.0959 1.0169 0.1031 1.0175 0.0304 0.9922
1/16 0.0507 0.9946 0.0479 1.0016 0.0517 0.9944 0.0152 0.9981
1/32 0.0254 0.9996 0.0240 0.9961 0.0259 0.9995 0.0076 0.9995
1/64 0.0127 0.9980 0.0122 0.9821 0.0130 0.9981 0.0038 0.9996
1/128 0.0064 0.9921 0.0064 0.9321 0.0065 0.9924 0.0019 0.9990

Table 2

The L, errors obtained for the second exact solution case with N; = 10000, t = 107>

3 1

h IE—EMY  Rate IH—H, 2|  Rate W=Jr % Rate IK— KM Rate
1/4 0.2054 - 0.1107 - 0.2057 - 0.0530 -
1/8 0.1025 1.0035 0.0560 0.9827 0.1026 1.0035 0.0266 0.9967
1/16 0.0512 1.0011 0.0281 0.9957 0.0513 1.0011 0.0133 0.9992
1/32 0.0256 1.0003 0.0141 0.9989 0.0256 1.0003 0.0067 0.9998
1/64 0.0128 1.0001 0.0070 0.9997 0.0128 1.0001 0.0033 0.9999
1/128 0.0064 1.0000 0.0035 0.9999 0.0064 1.0000 0.0017 1.0000

and the source functions given as

f i\ et sin?(7ry) cos(r sin(xy))
“\f) T \e " sin(mrx) cos(y)[sin?(wx) — 4]

g1 = e " cos(mrx) cos(y)[sin(my) — 3], & = e~ cos(x) cos(rwy)[sin®(wx) — 7].

The obtained convergence rates with a fixed small time step = 10> and varying mesh sizes are given in Table 1,
which demonstrate O(h) convergence in the L?> norm. This is consistent with our theoretical analysis.

Since the convergence rates of the last example decrease slightly as mesh gets finer, to see the convergence rates
clearly we create another analytical solution of (1a)-(1f) given as follows:

c <5x> 2 cos(mx)sin(nory)cos(wt) (]x) 237 cos(marx)sin(nmy)sin(wt)
- \E/) -2 sin(max)cos(nmy)cos(wt)) 7 \y) — 2 sin(mz x)cos(ny)sin(wt)
1
H* = HY = cos(mmx)cos(nmry)sin(wt), KX = K¥ = — —cos(mmx)cos(nmy)cos(wt)
w

and the source functions given as

(R A sin(wt) + 2% 6y cos(wt)]cos(m x)sin(ny)
I= <f2> N [—?—fsin(wt) — 2 5 cos(wt)]sin(m x)cos(nmy)
1 2nn? )
g1 =[(w— o Jeos(wt) + oysin(wt)]cos(mm x)cos(nmy)
2.2
g2 =[(w— % - merr Jeos(wt) 4 axsin(wt)]cos(mmx)cos(ny)

where w = w+/m? + n2. In our computation, we use m = n = 1 and the same model parameters as the last example. The
obtained convergence rates with fixed time step t = 10> and varying mesh sizes are given in Table 2, which demonstrate
0(h) convergence clearly in the L> norm.

4.2, Example 2. Wave absorbing capability

This example is developed to test the effectiveness of the PML model (1a)-(1f) in absorbing outgoing waves. Here we
simulate a source wave propagating in a Drude metamaterial domain of dimension [—17, 17]2. We surround the Drude
metamaterial region (governed by (1a)-(1f) with ox = 0, = 0 = 0) by a PML governed by (1a)-(1f). The PML thickness is
d = 15h, where h denotes the mesh size. Along the outside boundaries of PMLs, we use the perfect conductor boundary
condition.

The incident source wave is imposed in the H* Eq. (5c) as a source function

g1(x, y, t) = g(x, y)h(t),
14
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104 20 10 0 10 20

Fig. 1. Snapshots of the magnetic field H obtained at 2000, 3000, 8000, 15000, 25000, and 40000 time steps.

where g(x, y) = e~5°+%) and h(t) = —20(t — 1)e~ %=1 In our simulation, we use w, = wm = 2, €0 = o = 1, h = 0.2

and t = 0.01. The damping function oy is a fourth-order polynomial given as:

Omax ("‘u,”)m , forx> 17,
o) =1 oma (BE)", forx < 17,
0, else,
with oy = —(m + 1)log(R)/(2d), R = 1075, m = 4. The damping function oy (y) has exactly the same form as oy(x).

15
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Berenger's PML Metamaterial PML

Vacuum Drude Model

Fig. 2. The setup of the refocusing simulation.

Snapshots of the magnetic field H = H* 4+ HY are presented in Fig. 1, which shows that both forward and backward
outgoing waves are absorbed well by the PML. This result is similar to what was obtained by the FDTD method in our
previous work [24, Fig. 2].

4.3. Example 3. Simulating the refocusing phenomenon

In this example, we simulate a transmission problem between vacuum and a Drude metamaterial surrounded by
Berenger’s PML and the metamaterial PML (cf. Fig. 3), respectively. This transmission problem was originally proposed
in [11] and simulated by the FDTD method in our previous work [24] (see Fig. 2).

In this simulation, we put a point wave source h(t) = sin(wpt) in the center of vacuum region, while the computational
domain is £2 = [—20, 20]? (including the PML region with thickness d = 15h on all sides). To create a refocusing
phenomenon, we choose parameters €y = g = 1, @e = wm = v2wp, and wg = /2, which leads to €(wo) = wlwg) = —1
by the Drude model, i.e., the effective refractive index is equal to —1. The damping functions oy and oy are the same as
Example 2.

For this simulation, we need to solve a multi-physics problem with different sets of governing equations in different
subdomains: on the left subdomain £2;, the equations are governed by the 2D Berenger PML model; on the right
subdomain §2,, the governing equations are the metamaterial PML model (1a)-(1f). To simplify the implementation, we
unify these models together and rewrite the refocusing modeling equations as:

&E + D + ¢, '0E =¢,'V x H,

D(3J — E) =0,

dH* + DKy + Dy1H* = Dg1dyEx — Dp2dyEy,
D(3K, — H*) = 0,

3H” + DKy + DyaH” = Dg23,Ey — Dg10xEy,
D(3K, — H) =0,

where we denote E = (Ey, E,)',J = (Jx,J,)T, H = H* + HY, ¢ = diag(oy, o). Furthermore, the coefficients are defined as
follows:

{0, (x,y) € 21, {0, (x,y) € £21, {0, (x,y) € 21,

1, (xy) € 2, Wi, (x,Y) € §2o, W2, (Xy) € 2,

6o (x,y) e 21, € loy, (x,y) e s,
Dy1 =1 °;4 Dy =1 "4
Mg Oy, (X,Y) € §2,, Ko Oxs (X, ¥) € §22,

b _ |0 aye@n o fugl ky)e,
7 et (xy) € 22, 0, (xy)€ 2.

E2 —
The original scheme (5a)-(5f) is revised as follows:

(5:E, 2, ¢n)+ (DI, 2, n)+ (€5 0, 2, ¢n)=(c; ' Hy 2,V x ¢n), Ve € UY, (1.6a)
16
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Fig. 3. Snapshots of the magnetic field H obtained at 800, 2000, 4000, 8000, 10000, and 12000 time steps.

(DS.J. @n) — (DE], ¢n) = 0. Véy € Uy,
8 HP™ ', ) + Dk, yn) + (D HE™ ', yn)

= (DerdyEg ' ) — (DeaduEyy ' ), Vi € Vi,
(D82 ) — (DHE™ 2 ) = 0, Vi € Vi,
(51Hz’"+1,ll;h)-i-(DKK;{’nH,lﬁh)-i-(DHzI:I%'"H,Iﬁh)

= (De2dyEy ") — (DerdsEpy s Win), Viin € Vi,
(D82 ) — (DH™ 2 ) = 0, Vi € Vi

17

(1.6b)

(1.6¢)

(1.6d)

(1.6e)

(1.6f)
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In our simulation, the source wave sin(wgt) is imposed on the H” field, and we use h = 0.2 and t = 0.01. Snapshots
of the obtained H field are presented in Fig. 3, which is similar to what we obtained by the FDTD method in our previous
work [24, Fig. 4].

5. Conclusion

In this paper, we propose a fully-discrete finite element method to solve the Drude metamaterial perfectly matched
layer model by edge elements. We provide the stability analysis and error estimate for the scheme. Finally, we implement
the scheme to justify the theoretical error estimate and demonstrate the wave absorbing effectiveness of this perfectly
matched layer model. How to establish the stability and error analysis for the variable damping functions is open and
challenging (same issue exists for the second-order wave equation [10]), and we will continue our investigation in the
future.

Data availability
Data will be made available on request.
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