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NONEXISTENCE OF ISOPERIMETRIC SETS IN SPACES OF
POSITIVE CURVATURE

GIOACCHINO ANTONELLI AND FEDERICO GLAUDO

ABSTRACT. For every d > 3, we construct a noncompact smooth d-dimensional Rie-
mannian manifold with strictly positive sectional curvature without isoperimetric sets
for any volume below 1. We construct a similar example also for the relative isoperi-
metric problem in (unbounded) convex sets in R%. The examples we construct have
nondegenerate asymptotic cone.

The dimensional constraint d > 3 is sharp. Our examples exhibit nonexistence of
isoperimetric sets only for small volumes; indeed in nonnegatively curved spaces with
nondegenerate asymptotic cones isoperimetric sets with large volumes always exist.

This is the first instance of noncollapsed nonnegatively curved space without isoperi-
metric sets.

1. INTRODUCTION

The aim of this paper is to prove the following two nonexistence results for isoperimetric
sets (see Definition 2.1).

Theorem 1.1. For every d > 3, there exists a smooth complete d-dimensional Riemann-
ian manifold (M, g) with strictly positive sectional curvature everywhere and with nonde-
generate asymptotic cone® for which the following hold.

(1) If v < 1, there are no isoperimetric sets of volume v in M;
(2) If v > 1, there exists an isoperimetric set of volume v in M.

Theorem 1.2. For every d > 3, there exists a closed strictly conver set C C RY with

nonempty interior, smooth boundary, and with nondegenerate asymptotic cone® for which
the following hold.

(1) If v < 1, there are no (relative) isoperimetric sets of volume v in C;
(2) If v > 1, there exists a (relative) isoperimetric set of volume v in C.

These are the first instances of noncollapsed® nonnegatively curved spaces without
isoperimetric sets for some volume. Theorem 1.2 answers a question raised in [LRV22,
page 11]; Theorem 1.1 and Theorem 1.2 answer [AP23, Question 1.5] and [Poz23, Question
4.10]. The hypothesis d > 3 in both Theorem 1.2 and Theorem 1.1 is sharp due to [Rit01],
[AP23, Theorem 1.4]. Our examples exhibit nonexistence of isoperimetric sets only for
small volumes; indeed, in nonnegatively curved Alexandrov spaces (e.g., manifolds with
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nonnegative sectional curvature or convex sets in the Euclidean space) with nondegener-
ate asymptotic cone, isoperimetric sets with large volume always exist [LRV22; Ant+22;
Ant+23al.

Let us remark that with our technique it should be possible to produce also examples
of manifolds and convex sets satisfying Theorems 1.1 and 1.2 with asymptotic cone that
is mot nondegenerate.

1.1. Overview of existence results for isoperimetric sets. Our result complements
the vast literature about the existence, under suitable assumptions, of isoperimetric sets
in noncompact spaces (the existence in compact spaces is standard nowadays, see, e.g., the
proof in [Magl2, Proposition 12.30]). The usual assumptions are some form of nonnega-
tivity of the (sectional, Ricci, or scalar) curvature and/or some rigidity of the structure of
the space at infinity.

Under a (possibly negative) bound from below on the Ricci curvature, and a uniform
lower bound on the volume of unit balls, one can show that, for a given volume, isoperi-
metric sets exist either in the space itself or the mass may split in a finite number of
isoperimetric sets in its limits at infinity [RR04; Narl4]. See also the generalizations to
nonsmooth spaces in [ANP22].

The weak existence results mentioned in the previous paragraph are used in [MN16] to
deduce, e.g., the existence of isoperimetric sets for all volumes if the Ricci curvature is
nonnegative and all the limits at infinity are Euclidean.

After the works in [LRV22; Ant+22; Ant+23al, it is known that if the sectional curva-
ture is nonnegative® and the asymptotic cone (cf., Eq. (2.1)) is nondegenerate, isoperimet-
ric sets exist for all sufficiently large volumes. Analogous results, with slightly stronger
assumptions on the asymptotic cones, are obtained also assuming only the nonnegativity
of the Ricci curvature (in place of the nonnegativity of the sectional curvature). In the
particular case of cones with nonnegative Ricci curvature, isoperimetric sets exist for all
volumes and they are balls centered at one of the tips of the cone [LP90; MRO02].

The problem for 2-dimensional spaces is completely settled in [Rit01; AP23]: in non-
negatively curved surfaces existence holds for every volume.

The existence of isoperimetric sets for 3-dimensional manifolds with nonnegative scalar
curvature is known for asymptotically flat manifolds [CCE16, Proposition K.1], [Shil6].
The result holds also if one assumes that the manifold is asymptotic (in a quantitative
sense) to a cone with nonnegative Ricci curvature [CEV17], without any additional as-
sumption on the curvature of the manifold. See also [EM13b; EM13a] for related results,
and the recent survey [BF23].

In the works [LRV22; Ant+23b], a number of techniques are developed to deal with
the possible lack of isoperimetric sets for certain volumes to show the concavity of the
isoperimetric profile for nonnegatively curved spaces (in the compact case this difficulty
does not arise [BP86, (iii) at page 483],[SZ99; Kuw03; Bay04]). The examples constructed
in this paper tell us that these difficulties are unavoidable.

1.2. Strategy of the construction and structure of the paper. In Section 2 we
recall the basic notions and some results about the isoperimetric problem in nonnegatively

4Here it is sufficient to assume that the space is an Alexandrov space with nonnegative sectional
curvature. Among the spaces satisfying this assumption we find: Riemannian manifolds with nonnegative
sectional curvature, convex bodies in Euclidean spaces, and their boundaries.



NONEXISTENCE OF ISOPERIMETRIC SETS IN SPACES OF POSITIVE CURVATURE 3

curved Alexandrov spaces. The novelty of this section is Lemma 2.6: whenever the space
has a nondegenerate asymptotic cone, if all limits at infinity are cones, then there is a
threshold for the existence of isoperimetric sets (i.e., for v < vy there is no isoperimetric
set with volume v and for v > vg there is). To this end, we devise a robust proof of the

concavity of the isoperimetric profile (to the power dfl) that might be of independent

interest (see Lemma 2.5 and Remark 2.2).

In Section 3, that is the core of the paper, we construct the convex set C' which,
after an approximation procedure performed in Section 4, will satisfy the properties of
Theorem 1.2. The manifold satisfying the properties mentioned in Theorem 1.1 is obtained
considering the boundary 9C.

Let us quickly describe here the main features of our construction, we refer the reader
to Section 3.1 for a more in-depth presentation and for a picture.

Consider a closed convex cone ¥ C R? contained in the half-space {z € RY:z-eq > 0}.
For a convex decreasing function ¢ : R — (0, 00) with ¢(400) = 0, we define C' as

C=(ExR)N{(z,t) ERIxR: z-e; > p(t)}.

A rather delicate choice of ¢ (so that ¢’ is pointwise small compared to ¢) produces a
convex set C' without isoperimetric sets with small volume. The idea is that one limit at
infinity of C' is the cone ¥ x R, which has density strictly lower than any tangent cone at
a point of C'. This already implies that if there were isoperimetric sets for small volumes
v in C, then these sets would escape to infinity as v — 0, see [LRV22, Theorem 6.9]. The
crux of the argument is to upgrade this observation to the nonexistence of isoperimetric
sets for small volumes.

The proof is easier to follow for C (i.e., for Theorem 1.2) than for 9C (i.e., for The-
orem 1.1). To avoid repeating many arguments, we give the full proofs for C' and we
emphasize only the differences in the proofs for 9C.

Finally, in Section 5 we show how the results in the previous sections imply our two
main theorems.

Acknowledgements. The second author is supported by the National Science Founda-
tion under Grant No. DMS-1926686.

2. PRELIMINARIES

2.1. Alexandrov Spaces. We briefly introduce some key concepts about nonnegatively
curved Alexandrov spaces. For the general theory we refer to [BBIO1; AKP22].

2.1.1. General facts. A nonnegatively curved Alerandrov space is a complete, separable,
geodesic space (X, d) in which triangles are “thicker” than comparison triangles in R?
see, e.g., [BBIO1, Definition 4.6.2]. Every Alexandrov space has either infinite Hausdorff
dimension or integer Hausdorff dimension. We work only with finite-dimensional Alexan-
drov spaces, and we denote with d € N the Hausdorff dimension of an Alexandrov space
X. We denote with |-| the d-dimensional Hausdorff measure J#? on a d-dimensional
Alexandrov space.

Notable examples of nonnegatively curved Alexandrov spaces are: complete Riemann-
ian manifolds with nonnegative sectional curvature; closed convex sets with nonempty
interior in the Euclidean space, endowed with the Euclidean distance; their boundaries
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endowed with their geodesic distance; metric cones on smooth compact Riemannian man-
ifolds with sectional curvature > 1 (see [BBIO1, Section 10.2]). In this paper we will be
only concerned with closed convex sets with nonempty interior in the FEuclidean space, and
their boundaries, see [BBIO1, Theorem 10.2.6] and [BBIO1, Generalizations at p.359]. The
theory of Alexandrov spaces provides a unified approach to address both settings. The
reader not familiar with the theory of Alexandrov spaces can safely assume that whenever
we state a result for a nonnegatively curved Alexandrov space, we will apply it only for
convex sets or their boundaries.

Let us recall that if the boundary of a closed convex set with nonempty interior in
R? is smooth, then, when endowed with the metric tensor given by the pull-back of the
Euclidean metric tensor, it is a smooth Riemannian manifold with nonnegative sectional
curvature everywhere.

2.1.2. Asymptotic cones and limits at infinity. We are going to use the notion of pointed
Gromov-Hausdorff (pGH) convergence (we refer the reader to [BBIO1, Section 7 and
Section 8.1]). For the aims of this paper, since we are concerned only with Alexandrov
spaces embedded in the Euclidean space, the notion of Hausdorff convergence on compact
sets would be equivalent. The following statement formalizes this intuition.

Lemma 2.1. Givend > 2, let (Cy,)nen and C be closed convex sets with nonempty interior
in R such that C,, converges to C in the Hausdorff distance. Then C,, converges to C
in the pointed Gromov-Hausdor(f sense (for any sequence of points Cp, > p, — p € C).
Moreover, the boundary 0C,,, endowed with its geodesic distance, converges in the pointed
Gromov-Hausdorff sense to the boundary 0C endowed with its geodesic distance.

Proof. Upgrading the Hausdorff convergence to the pointed Gromov-Hausdorff conver-
gence is simple and we leave it to the reader. The convergence at the level of the boundaries
is proven in [Pet97, Theorem 1.2]. O

Let us define the notions of asymptotic cone and limits at infinity of a nonnegatively
curved Alexandrov space (X, d).

The asymptotic cone (Xoo,doo) of X is the limit (in the pointed Gromov-Hausdorff
sense)

(2'1) (Xa Tnd, 0) — (Xoovdoo;Ooo)7

for some 7, — 0, and for some arbitrary point o € X. The asymptotic cone does not
depend on the choice of the rescaling factors r,, or the point o € X, it is itself a nonnega-
tively curved Alexandrov space, and it is a metric cone (see [BBIO1, Definition 3.6.12] for
the definition of metric cone). See, e.g., [BGS85, Exercises (a)—(e)].

For a d-dimensional nonnegatively curved Alexandrov space, we say that it has nonde-
generate asymptotic cone if its asymptotic cone is d-dimensional.

We say that a metric space (Y, dy) is a limit at infinity of X if there exists a sequence
of diverging points p, € X, and py, € Y such that

(X7dapn) — (K dY7poo>-

2.1.3. Perimeter and isoperimetric profile. As of today, a robust theory of functions of
bounded variation and sets of finite perimeter has been developed in complete separable
metric spaces endowed with a Radon measure [Mir03; AD14]. Such a theory can be
applied in the setting of d-dimensional nonnegatively curved Alexandrov spaces endowed



NONEXISTENCE OF ISOPERIMETRIC SETS IN SPACES OF POSITIVE CURVATURE 5

with their Hausdorff measure 7%, producing a well-behaved notion of perimeter of a set.
We will not need the definitions here, but we refer the interested reader to [Mir03; AD14]
for the general theory.

Given a nonnegatively curved Alexandrov space X and a Borel set £ C X, we denote
by Perx (E) the perimeter of E in X, defined as in [Mir03, Definition 4.1]. This notion of
perimeter agrees with the usual one in the following cases:

(1) Assume that X is a closed convex set with nonempty interior in R?, for d > 2.
For every Borel set £ C X with Pery (F) < oo, we have that F is a set of finite
perimeter and, denoting with 9* E its reduced boundary, Perx (E) = s#4~1(0* EN
int(X)). Namely Perx (F) is the relative perimeter in the interior int(X).

(2) Assume that X is a smooth d-dimensional Riemannian manifold, for d > 2. For
every Borel set £ C X with Perx(E) < oo, we have that E is a set of finite
perimeter and, denoting with 0* E its reduced boundary, Perx (E) = 41 (0*E).

Definition 2.1. For a nonnegatively curved Alexandrov space X, we denote by Ix its
isoperimetric profile, i.e., the function

(0,+00) 2 v+ Ix(v) :=inf { Perx (E) : |E| = v}.

We say that a Borel set E C X is an isoperimetric set if Perx(FE) = Ix(|E|). We will
always implicitly assume that isoperimetric sets are open [APP22, Theorem 1.4].

2.2. Known results on the isoperimetric profile and isoperimetric sets. Let us
recall some standard facts in the theory of the isoperimetric problem for nonnegatively
curved spaces.
First of all, by scaling-invariance, if X is a d-dimensional metric cone then the isoperimetric
profile satisfies Ix(v) = IX(l)v% (see [LP90, Theorem 1.1], [RR04, Proposition 3.1],
or [MRO02, Theorem 3.6] for the sharp isoperimetric inequality in convex cones in the
Euclidean space, in Euclidean cones, or in nonnegatively Ricci curved cones). From now
on, we will use the latter information without mentioning it.

The following lemma compares the isoperimetric profile of a nonnegatively curved
Alexandrov space with the one of its asymptotic cone and limits at infinity.

Proposition 2.2. Givend > 2, let X be a d-dimensional nonnegatively curved Alexandrov

space with nondegenerate asymptotic cone Xo,. The function v — IX(U)ﬁ s concave.
Moreover, for all v > 0, we have

0< IXOO(U) < Ix(’U) < IX/(’U),

for any X' limit at infinity of X. If Ix__(v) = Ix(v) for some v > 0 then X is isometric
to Xoo-

d

Proof. From [Ant+23b, Theorem 1.1] we get that v~ Iy ' (v) is a concave function.
The inequality Ix < Ix/, for any limit at infinity X', follows from the more general
[ANP22, Equation (2.17) in Proposition 2.19], see also [LRV22, Proposition 4.3] in the
setting of convex bodies.

The inequality Ix_ < Ix follows from the more general [BK23, Theorem 1.1], see also
[LRV22, Theorem 6.3] in the setting of convex bodies. The last part of the statement
follows from the rigidity statement in [Ant+23a, Item (3) of Theorem 1.2]. g

The following lemma is a direct consequence of [Ant+23b, Lemma 4.20], see also
[LRV22, Theorem 5.8] in the case of convex bodies.
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Lemma 2.3. Given d > 2, let X be a d-dimensional nonnegatively curved Alerandrov
space with nondegenerate asymptotic cone. For all v > 0 the following holds: if there is
no isoperimetric set with volume v in X, then there exists an isoperimetric set of volume
v in a limit at infinity X' of X, and moreover Ix:(v) = Ix(v).

Let us recall the following standard result on the diameter of isoperimetric sets. See
[LRV22, Lemma 5.5] for the version on convex sets, and [Ant+23a, Proposition 4.23] for
the general version on nonnegatively curved Alexandrov spaces.

Lemma 2.4. Given d > 1, let X be a d-dimensional nonnegatively curved Alexandrov
space with nondegenerate asymptotic cone, and assume that |Bf(°°| > Y9 > 0, where
pro C X denotes the unit ball centered at a tip of the asymptotic cone X... There
exists a constant Ag := As(d, Vo) > 0 such that every isoperimetric set E in X satisfies
the following inequality

diam(E) < Ay|E|4,
where diam(E) denotes the diameter of E.

2.3. The existence of a threshold. The goal of this section is to show that, under a
mild assumption on the limits at infinity, there is a volumetric threshold for the existence
of isoperimetric sets, see Lemma 2.6.

_d_
Our main tool is the following robust proof of the concavity of Iy ' under the as-
sumption of existence of an isoperimetric set. We postpone to Remark 2.2 a comparison

_d_
between Lemma 2.5 and the standard proof of the concavity of Iy .

Lemma 2.5. Given d > 2, let X be a nonnegatively curved d-dimensional Alexandrov
space. Let E C X be an isoperimetric set. For r € R, define E, as’

B ::{{CCEXIdE(JL‘)ST} if r >0,
" {zxe X :dx\p(z) > —r} if r <.

There exists H > 0, which agrees with the (constant) mean curvature of OE whenever X
is sufficiently smooth and which agrees with I (|E|) if Ix is differentiable at |E|, such
that the function

d
(2.2) RS 1+ Pery(E,)7T — ﬁJarPerX(E)ﬁ B, |,
achieves its mazimum at r = 0 on (—o0,00). Moreover, for r > 0, we have

d d
Perx (E, )71 < Perx (E)a-T1
|E:| - El

Proof. First of all, the existence of an isoperimetric set E implies that inf,cx |B1i(z)| > 0
(see [Ant+22, Proposition 2.18]); this assumption is necessary in some of the results we will
cite. We will use repeatedly, without saying it explicitly, that the map r — Perx(E,) is
lower semicontinuous everywhere. In addition, by the co-area formula [Mir03, Proposition
4.2], we also have that | E,| = Perx (E,) for almost every r € R and in the distributional
sense, and Perx (E,) € Ll _(R).

Let H > 0 be a mean curvature barrier for E, as defined in [Ant+23b, Definition 3.6].
The existence of such an H is guaranteed by [Ant+23b, Theorem 3.3], and the fact that

(2.3)

5We denote with dp : X — [0, 00) the distance from the set F.
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H > 0 is guaranteed by [Ant+23a, Proposition 3.1], since X has nonnegative curvature.
The fact that H agrees with the usual mean curvature in the smooth case is observed in
[Ant+23b, Remark 3.8]. Finally, the fact that H = I (|E|), if Ix is differentiable at |E],
comes from [Ant+23b, Corollary 4.21].

From [Ant+23b, Equation (3.37)] we get

d—1
H d—1
d—1T> for aHT>—T,

and Perx(E,.) = 0 for every r < f%. When H = 0 we understand that f% =
—o00. Thus, since r — Perx(E,) is lower semicontinuous, we get that r — Perx(E,) is
continuous at r = 0. We will use this information repeatedly without saying it. Notice
that, as a byproduct of Eq. (2.4), we also get that Perx (E,) is locally bounded.
Following the proof of [Ant+23b, Equation (3.34)], but integrating on the slab Eg \ E,

with R > r > 0 instead of the slab E,. \ E, we obtain

(2.4) Perx (E,) < Perx(FE) (1 +

R
H
(2.5) Perx(Egr) < Perx(E;) +/ T 7, Perx (E,)do for almost all 0 < r < R.
T ﬂg

From Eq. (2.5) we can infer
H

distributionally on (0, c0).
Eam o yom (0,00)

d
(2.6) T Perx (E,) < Perx(E,)

Let us now show that the function in the statement is distributionally (weakly) de-
creasing for r € [0, +00). For r € (0,00), it holds in the distributional sense that

d

di <PerX(Er)d1 4y PerX(E)dll|Er|>

r d—1
d #%Perx(Er) 1
(2.7) ~d-1 Perx (E:) (Perx(Er)d “Perx(E,) H Perx (E)=
dH 1 1 1
ST Perx (Ey) (PQTX(ET)““ @ — Perx (E) dl) <0,

where in the first inequality we used Eq. (2.6), and in the second inequality we used
Eq. (2.4). We deduce that the function in the statement has a maximum at r = 0 when
restricted to r € [0, 00).

Let us consider the case r € (—(d — 1)/H,0). This is enough since the function in the
statement is constantly zero on (—oo, —(d — 1)/H]. We have, by using Eq. (2.4),

d

d 0
_ - _* P
(B~ B dilH/r erx(E,)do

d 0 H \*“!
< ——HP E 1+ —
<o erx ( )/T ( +d_1g> do

G (- ()
(o) (1 (14150)").

(2.8)

d
= mH PerX(E)
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Thus, by subsequently using Eq. (2.4) and Eq. (2.8) we get

d
Pery (E,)7T — —H Pery (E)7 7 |E,|

1 H \* 4
(2.9) < Perx(E)7T |Perx(E) 1+ — ——H|E,|

a—1 d—1

1 d
< Perx(FE)7T (PerX(E) - d1H|E|> )
thus the function in the statement has a maximum at r = 0 when restricted to r € (—o0, 0].
It remains to prove Eq. (2.3). Using Eq. (2.2), we have

Pery (E,)7T — Pery (E)71 < L ey (B)™ < Perx (E)7%1
> erx -1 < ————
|Er| — |E] d—1 |E|
and, for r > 0, the inequality Eq. (2.3) follows. a

Remark 2.1. The statement and proof of Lemma 2.5 work in the more general setting of
noncompact metric measure spaces with synthetic nonnegative Ricci curvature. For the
ease of readability and for consistency with the material of this paper we stated it for
nonnegatively curved Alexandrov spaces.

Remark 2.2. Let X be a d-dimensional nonnegatively curved Alexandrov space. Let us
d

see how Lemma 2.5 implies the concavity of Iy ' and why it is a more robust method
compared to the standard proof (see, e.g., [Ant+23b, Theorem 4.4], or [Bay04, Theorem
2.1] in the smooth setting). The proof starts by assuming, for each vg > 0, the existence of
an isoperimetric set E with |E| = vy (possibly looking in a limit at infinity, and possibly
considering simultaneously multiple limits at infinity, thus using [ANP22, Theorem 1.1]).

Adopting the same assumptions and notation of Lemma 2.5, consider the function
(0,00) 2 |E.| — J(|E.|) = PerX(E,«)d%l. By definition of isoperimetric profile, we have
IX(U)ﬁ < J(v) for all v > 0 and IX(vo)ﬁ = J(vg). Moreover, the statement of
Lemma 2.5 is equivalent to J(v) < J(vg) + (v — vg)7y, where v = ﬁHPerX(E)ﬁ.
Therefore, we obtain

Ix ()T < J(v) < J(vo) + (v —v)y = Ix (v0) ™7 + (v — vo)7,

that is, we have found a line that touches I'x (U)ﬁ at v = vy and stays above (or equal)
d

for all other values. The concavity of I F follows.

The standard proof goes along the same scheme but replaces J(v) < J(vg) + (v — vg)7y
with the weaker (and differential in nature) J(v) < J(vg) + (v — vg)y + o(Jv — vg|) which
is sufficient for the concavity but not for the rigidity argument employed in the proof of
Lemma 2.6.

Lemma 2.6. Given d > 1, let X be a d-dimensional nonnegatively curved Alerandrov
space with nondegenerate asymptotic cone. Assume that all its limits at infinity are cones.
Then there exists 0 < vy < 400 such that the following hold.

(1) For 0 <wv < vy, there are no isoperimetric sets of volume v in X;
(2) For vy < w, there exists an isoperimetric set with volume v in X.



NONEXISTENCE OF ISOPERIMETRIC SETS IN SPACES OF POSITIVE CURVATURE 9

Proof. If isoperimetric sets exist for every positive volume, vy = 0 works. From now on
we assume that this is not the case.
Let

9= inf{Ix/(1) : X' is a limit at infinity of X}

be the infimum of the perimeter of sets with unit volume in a limit at infinity of X. Denote
with X the asymptotic cone of X. For all v > 0, as a consequence of Proposition 2.2,
we have

(2.10) 0<Ix_ (v)<Ix(v)< T < Ix: (v),

for any X’ limit at infinity of X (we are using that all the limits at infinity are cones). In
particular ¢ > 0.

Observe that Ix(v)/ T is a decreasing continuous quantity that is < ¢} everywhere;
d—1

let vy € [0,400] be the maximum value such that Ix(vg) = Yv,? . We show that the
statement holds for this choice of vy. Notice that a posteriori vy < +00 because we always
have existence of isoperimetric sets for large volumes, see [Ant+23a, Item (1) of Theorem
1.2].

Assume that there is no isoperimetric set of volume ¢ > 0 in X. Then there exists
an isoperimetric set with volume ¥ and perimeter Ix(9) in one of the limits at infinity of
X, see Lemma 2.3. Therefore, taking Eq. (2.10) into account, we get Ix(9) = 95T . In
particular v < vg.

Take 0 < ¥ < vg and assume by contradiction that there is an isoperimetric set £ C
X of volume ¥ with perimeter equal to Ix(0) = 95“T . Since Ix(v) = Yo7 in a
neighborhood of @, the constant H appearing in the statement of Lemma 2.5 coincides
with H = I (9) = %1%_% and so ﬁHPerX(E)ﬁ = 9777, For any r € R, let E, be
the set defined in Lemma 2.5; we have

Pery (E,)7 T — 971 |E,| < Pery (E)TT — 971 |E| = 0.

Hence, for any v > 0, since one can find r € R so that |E,| = v, there is a subset B/ C X
with |E’| = v so that

Perx (E') < dv 7 .

This is a contradiction because we are assuming (see the beginning of the proof) that
there is at least one volume v € R so that there is not an isoperimetric set of volume v

and we have shown above that in such case it must hold Ix(v) = v T (]

Remark 2.3. The authors believe that the assumption that the limits at infinity are cones
is necessary in the statement of the previous lemma. In particular, it might be possible to
construct a counterexample to the statement with the same method of this paper (choosing
as ¥ in Eq. (3.11) a convex set that is a compact perturbation of a cone).

For v = vg, under the same assumptions of Lemma 2.6, we expect an isoperimetric set
to exist in certain cases and not to exist in others.
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3. THE CONSTRUCTION

3.1. Presentation of the construction. Let d > 2 be a natural number. Let X C R?
be a subset such that
3 is a closed convex cone with nonempty interior,
(3.11) Y\ {Oga} C{z €R¥: z-e; > 0},
The boundary 0% is smooth away from the origin.
Let ¢ : R — (0,00) be a function such that

@ is convex and decreasing,

(3.12) im o(t) =0,

¢ is affine on (—o0,0] (i.e., ¢ =0 on (—o0,0]).
Let C C R be the closed convex set with nonempty interior (here e; denotes the first
element of the canonical basis of R)

(3.13) C=ExR)N{(zx,t) eERIxR: z-e; > p(t)}.

z1

hN
-

~
\\

FIGURE 1. Representation of the boundary dC. Notice that any slice of
C at a fixed t = ¢y coincides with X for some A > 0.

3.2. Properties of C'. The asymptotic cone of C is
(X xR)N{(z,t): z-e1 > (0)t}.

Notice that the limit at infinity of C' along the sequence of points (p(t)es,t) for t — oo is
¥ x R. As a consequence it holds that Inxg > I¢ (recall Proposition 2.2). Finally notice
that all the limits at infinity of C' are cones.
For h € R, let
Y=Yn{zcR:z-e; >h}=h%;.
Notice that ¥, is the section of C' at t = t,.
Let A1 = A1(2) == supyey 2l 0. Observe that in the region {(z,t) : |x] > A19(0)},

xr-eq
the set C coincides with the cone

(3.14) C' = xR)N{(x,t): x-e1 > (0) 4+t (0)},
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»(0)
#'(0)
and C’. For tg < 0, the sections of C' and C’ at t = tg coincide. To handle the sections for
to > 0, notice that if (z,t) € (X x R) N {(x,t) : |x| > A19(0)} then x - e; > ©(0) > ¢(to).
Therefore, the sections of C' and C” at ¢ > 0 coincide with ¥ when we consider only the
region {x : |z| > A10(0)}.

Let us remark that X; x R is not isometric to ¥ x R. One can show this observing that
the density of 31 at any of its points is strictly larger than the density of ¥ at its tip; thus
the density of 37 x R at any point is strictly larger than the density of ¥ x R at its tip.

the tip of the cone being (O]Rd, - ) One can show this by looking at the sections of C'

3.3. Properties of the boundary 0C. Let us now shift our attention to the boundary
of C. Since it is the boundary of a convex set, it is in particular an Alexandrov space with
nonnegative sectional curvature when endowed with its geodesic distance. The asymptotic
cone of OC' is the boundary of the asymptotic cone of C' (see Lemma 2.1). Whenever we
consider the boundary of a convex set, we implicitly assume that it is endowed with the
geodesic distance.

Notice that the limit at infinity of OC along the sequence of points (¢(t)eq,t) for
t — 00 is 0¥ x R (see again Lemma 2.1). As a consequence it holds that Ispnxr > Isc
(recall Proposition 2.2). The section of dC at t = tq is 0¥,4,). Analogously to what
we observed above for C, also dC coincides with a cone (that is dC’) in the region
{(z,1) : |z = A1p(0)}.

For d > 3, we have that 937 X R is not isometric to 9% x R (notice that for d = 2, 9%,
and 0Y are both isometric to R). This can be shown by observing that the tangent cone
at any point of 9%, splits at least one line®, while the tangent cone at the tip of ¥ does
not split any line.

3.4. Diameter bound for isoperimetric sets in C' and 9C. The asymptotic cone
of C contains ¥ x [0,00). The asymptotic cone of dC' contains 9 x [0,00). These two
remarks imply a lower bound on the volumes of the unit balls of the asymptotic cones
of C and OC that is independent of the choice of ¢. Therefore Lemma 2.4 tells us that
there exist two constants Ay = A(X), A = AJ(X) such that any isoperimetric set £ C C
satisfies

(3.15) diam(E) < A,|B| 71,
and any isoperimetric set F C 0C satisfies

(3.16) diam(E) < Al #Y(E)7.

3.5. Controlling the isoperimetric profile of C and 9C. The following two lemmas
(one for C' and one for 9C) provide a lower bound on the perimeter of a subset that is
localized in space.

Lemma 3.1. Givend > 2, let ¥ C R? be a subset satisfying Eq. (3.11), let ¢ : R — (0, 00)
be a function satisfying Eq. (3.12), and let C C Rt be the set defined in Eq. (3.13).

Given R > 0 and a > 0, there exists Az = As(d, R, «) € (0,1) such that the following
statement holds.

6Here we are using that 9% is smooth away from the origin. We need this assumption only here. The
fact that 931 X R is not isometric to 9% x R should hold also without the smoothness assumption, but
the proof becomes more involved.
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Given tg € R, consider a Borel set E C C' N (Br(Oga) X [to,to + R]) with |E| = 1. If
©(to) > a and |¢'(to)| < As, then

Perc(E) > IZX]R(l)-

Proof. By translation invariance in the ¢ variable” we can assume tq = 0. Furthermore,
since C' N (Br(0ra) x [0, R]) is nonempty, it must hold p(R) < R.

Let us argue by contradiction. Assume that there is a sequence of functions ¢, : R —
[0,00), which generate C,, as in Eq. (3.13), and sets E,, C C,, N (Br(0ga) X [0, R]) with
|E,| =1 so that

a < ,(0), pn(R) < R,
0 (0) = 0 as n — oo,
Perc(En) S IZXR(l)-

Observe that the derivatives are going to 0 uniformly in [0, R] (because of the convexity of
©r) and therefore we may assume that, up to extracting a subsequence, ¢, — A € [a, R]
uniformly in [0, R]. Hence, the spaces C,, N (Br(Oga) x [0, R]) converge in the Gromov-
Hausdorff topology to (X, x R) N (Bgr(0gra) X [0, R]). Moreover the sets E,, converge to a
set F C ¥\ x R with |E| =1, and thus by lower semicontinuity of the perimeter we have
Pers, xr(F) < Inxr(1l) (see [ABS19, Proposition 3.6]). This is a contradiction because,
thanks to Proposition 2.2 (we are using that ¥, x R is not isometric to ¥ x R), we have
Pergka(E) > IEXXR(I) > [EXR(I)- [l

Now we state the equivalent lemma on the boundary 0C.

Lemma 3.2. Givend > 3, let ¥ C R? be a subset satisfying Eq. (3.11), let ¢ : R — (0, 00)
be a function satisfying Eq. (3.12), and let C C Rt be the set defined in Eq. (3.13).
Given R > 0, a > 0, there erists A = AJ(d, R,a) € (0,1) such that the following
statement holds.
Given ty € R, consider a Borel set E C 9C N (Br(0ga) X [to, to + R]) with A4 (E) = 1.
If p(to) > a and |¢' (to)| < A, then

Pel"ac(E) > IaEXR(l)'

Proof. 1t is proven repeating verbatim the proof of Lemma 3.1, up to replacing d with
d—1, || with s#4, C with 0C, ¥ with 0. O

We are ready to choose the function ¢ and show that C and OC may not have isoperi-
metric sets for small volumes.

Proposition 3.3. Given d > 2, let ¥ C R? be a subset satisfying Eq. (3.11).
There exists a function ¢ : R — (0,00) satisfying Eq. (3.12) such that the convex set
C C R defined in Eq. (3.13) does not have isoperimetric sets with volume equal to 1.

Proof. Construction of ¢. We apply Lemma A.1 to construct ¢ (so, in particular,
©(0) =1). As function h in the lemma we take

1
h(z) = = sup Asz(d, A1 + Az, 2'),
2 0<2'<z

"To be precise the assumptions on ¢ (see Eq. (3.12)) are not entirely translation invariant because we
assume that ¢ is affine on (—o0,0]. This assumption will not play any role in this proof.
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where A3 is defined in Lemma 3.1, Ay is defined in Lemma 2.4, while A; = sup,cx, Ilﬂl.
Notice that h is nondecreasing and strictly positive for z > 0. We have defined ¢ on
[0,00), we extend its domain to R by

o(t) = p(0) + t'(0) for t < 0.

The function ¢ we have constructed satisfies all the properties in Eq. (3.12).
Assume by contradiction that E C C' with |E| = 1 is an isoperimetric set, i.e., that
Perg(E) = Ic(|E]).

Space localization of the isoperimetric set E. As a first step, we show that we can
assume that A; > inf(, e |2|. Since ¢(0) = 1, in the region {(x,t) : |z > A1} the set
C coincides with the cone C' C Rt defined in Eq. (3.14). Let p’ € R%*! be the tip of
such cone. If inf, 4)cp 2| > A1, we replace E with a rescaled enlargement of itself as
follows. For r > 0, denote with E, the set {z € C': di(2) < r}. We can find o > 0 and
0 < Mo < 1 such that the set E’ defined as

E' = p/ + )\O(Em - p/)
has volume 1 and inf(, syep |2| = A;. Thanks to Eq. (2.3), we have

d+1

Perc(E’)% B Perc(Ero)hd1 < Perg(E) 4
|EY] By D2 .

ol

so also E’ is an isoperimetric set. By replacing E with E’, we gain the additional assump-
tion Ay > inf, e [2].

Applying Eq. (3.15), we know that diam(E) < As. In particular, for some ty € R, it
holds that ' C {(z,t) : t € [to,to+ As2]}. Since we have reduced to the case inf , e [2] <
Aj, the bound on the diameter implies that |z| < As 4+ A; for all (z,t) € E. Hence, we
have EC CnN (BA1+A2(0Rd) X [to,to + Ag]).

Contradiction via Lemma 3.1. Both if ¢5 < 0 or tp > 0, we have that |¢'(to)| <
h(p(to)) < As(d, A1 + Az, o) for some 0 < o < p(tp). Therefore we can apply Lemma 3.1
(with R = Ay + As) and deduce Perc(E) > Inxr(1). This is a contradiction because
Y x R is a limit at infinity of C' and therefore I (1) < Inxgr(1). |

And we state the equivalent result on the boundary 9C.

Proposition 3.4. Given d > 3, let ¥ C R? be a subset satisfying Eq. (3.11).
There exists a function ¢ : R — (0, 00) satisfying Eq. (3.12) such that the hypersurface
0C C R4 defined in Eq. (3.13) does not have isoperimetric sets with volume equal to 1.

Proof. 1t is proven repeating verbatim the proof of Proposition 3.3, up to replacing d with
d—1, || with 24, C with 9C, ¥ with 9%. Moreover, one shall use Lemma 3.2 instead
of Lemma 3.1 and Eq. (3.16) instead of Eq. (3.15). O

4. SMOOTHING THE BOUNDARY OF THE CONSTRUCTION

We prove two simple lemmas (one for a convex set and one for its boundary) which show
that the nonexistence of isoperimetric sets is stable under an appropriate approximation
procedure. The proofs use crucially the results of [AS23].
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Proposition 4.1. Given d > 2, let € C R4 be a closed convex set such that 86 does not
contain any line (or, equivalently, € does not split a line) and its asymptotic cone €no is
nondegenerate. Assume that, for some v > 0, any Borel set E C € with |E| = v satisfies
Perg(FE) > I (v) (i.e., there is no isoperimetric set with volume v ).

There exists a strictly convex set € with smooth boundary so that® disty (% \ BRfJZ\
Br) — 0 as R — oo and any Borel set E C € with |E| = v satisfies Pers(E) > 1;(v) =
Icg(v).

Proof. For any compact set K C R a simple compactness argument tells us that
there exists 1 = &1(K,%,v) > 0 such that if E C ¥ N K has volume |E| = v then
Per¢(E) > I¢(v) + €1. Therefore, with another compactness argument (which uses the
lower semicontinuity of the perimeter along a sequence of Alexandrov spaces converging
in the Gromov-Hausdorff sense [ABS19, Proposition 3.6]), we can find 5 = e5(K, %, v)
such that if € is a convex set with disty (€ N K,%Z N K) < g9 then any set E C CNK
with [E| = v satisfies Per;(E) > I¢(v).

Let %~ be the asymptotic cone of . Thanks to Lemma 2.4, we know that there exists
a constant L = L(%,v) > 0 such that if % is a convex set with asymptotic cone €so,
then any isoperimetric set in % with volume < v has diameter below L.

Let (K, )nen be a sequence of compact sets such that U,enK,, = R? is a locally finite
covering, and for any set £ C R? with diameter below L there is ng = ng(E) such that
E C K,,. For every n € N, let us define

(4.17) U, == (R*\ K,,) U{z € R" : dpsri, (x) < min{es(K,, %, v),n ' }}.
Moreover, let us define
(4.18) U= ) Un

neN

Applying [AS23, Theorem 2] to the convex set &, using U as open set, we get that there
exists a closed strictly convex set % with nonempty interior and smooth boundary such
that
o disty (% \ Br,% \ Bgr) — 0 as R — +oo0.
o disty (€ NK,,¢€NK,)<ey(Kn, €,v).
Notice that the pointed limits at infinity of 4" coincide with the pointed limits at infinity
of € and the asymptotic cone of ¢ coincides with the asymptotic cone of %.
Since I¢(v) is not achieved on %, there is a pointed limit at infinity of € where there
is an isoperimetric set with volume v and perimeter I (v), see Lemma 2.3. Since also 3
has such pointed limit at infinity, we deduce, by Proposition 2.2, that I.;(v) < I¢(v).
Assume by contradiction that there is a set E C ¢ with |E| = v and Per;(E) = I;(v).
Then the diameter of E is bounded above by L and therefore, by construction, there is
a compact set K,, such that E C K,,. Then, by construction of € and by definition of
€2(Kp,, €, v), we deduce that I;(v) = Per(E) > I (v) which is a contradiction.
To conclude, observe that since I.;(v) is not achieved on %, it must be achieved on a
pointed limit at infinity of . And arguing as before we deduce I;(v) > I (v). O

8Here dist 7 denotes the Hausdorff distance defined by using the Euclidean distance.
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Proposition 4.2. Given d > 3, let € C R be a convex set such that 8€ does not
contain any line (or, equivalently, € does not split a line) and its asymptotic cone Gno is
nondegenerate. Assume that, for some v > 0, any Borel set E C 0% with 4 1(E) = v
satisfies Pergg (E) > Ig¢(v) (i.e., there is no isoperimetric set with volume v ).

There exists a strictly convex set € with smooth boundary so that dist (06 \ Br, 0 \
Br) — 0 as R — oo and any Borel set E C 8¢ with % Y(E) = v satisfies Pery;(E) >
Iy (v) = Ioz(v).

Proof. 1t is proven repeating verbatim the proof of Proposition 4.1, up to replacing d with
d—1, || with s#2971, € with 0%, % with &% appropriately. O

5. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.2. For d > 3, let C C R? be the convex set constructed in Propo-
sition 3.3. Thus C' does not have isoperimetric sets of volume 1. By Proposition 4.1
we can construct a strictly convex set C' C R? with smooth boundary such that C' does
not have isoperimetric sets of volume 1. Notice that, thanks to the construction of C in
Proposition 4.1, C has the same asymptotic cone and the same limits at infinity of C.
Since C has nondegenerate asymptotic cone and all its limits at infinity are metric cones,
see Section 3.2, we can apply Lemma 2.6 to C. Since C does not have isoperimetric sets
of volume 1, we get that the threshold vy coming from Lemma 2.6 verifies vg > 0. After
properly scaling in such a way vy = 1, the theorem is shown with C' = C. O

Proof of Theorem 1.1. For d > 3, by Proposition 3.4 there exists a convex set C' C R4+1
such that 9C' C R4*! does not have isoperimetric sets of volume 1. By Proposition 4.2 we
can construct a strictly convex set C C R with smooth boundary aC C R4 guch that
dC does not have isoperimetric sets of volume 1. Notice that, thanks to the properties
of C stated in Proposition 4.2, C has the same asymptotic cone and the same limits
at infinity of C. Observe that, by construction of C' (see Section 3.1), all the limits at
infinity of OC are cones, and JC has nondegenerate asymptotic cone. We are in position
to apply Lemma 2.6 to AC, and then obtain a threshold vy > 0. After scaling in such a
way that vy = 1, we get the sought conclusion by taking M = aC. (]

APPENDIX A. A SIMPLE TECHNICAL LEMMA
The following standard technical lemma was needed in the proof of Proposition 3.3.

Lemma A.1. Let h: (0,1] — (0,00) be a (weakly) increasing function. There exists a
continuously differentiable convex (strictly) decreasing function ¢ : [0,00) — (0,1] such
that p(0) = 1, p(+00) = 0, and |’ (t)| < h(g(t)) for all t > 0.
Proof. As a first step, let i : [0,1] — [0,00) be a strictly increasing function that is
Lipschitz continuous and satisfies & < h on (0, 1] and h(0) = 0. For example, it is enough
to choose h(t) := fot h(s)ds.

Consider the Cauchy problem

©(0) =1,
(1.19) ¢ (t) = —h(p(t)).

Observe that the constant function 0 is a solution of Eq. (1.19), while the constant function
1 is a super-solution of Eq. (1.19). Hence there exists a unique solution ¢ : [0,00) — (0, 1]
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of the Cauchy problem (local existence follows from [CL55, Chapter 1, Theorem 2.3],
and global existence from the presence of the two mentioned barriers [CL55, Chapter 1,
Theorem 4.1]).

Since the function ¢ satisfies Eq. (1.19), we get that ¢’ < 0 and so ¢ is decreasing.
Thus the quantity —h(¢(t)) is increasing and therefore ¢’ is increasing, which is equivalent
to the convexity of . Also |¢'(t)] < h(p(t)) follows from Eq. (1.19).

It remains only to see that ¢(+00) = 0. Since ¢ is decreasing, it has a (nonnegative)
limit; assume by contradiction that ¢(4+00) = ¢ > 0. Then,

¢'(t) = —h(p(t)) < —h(0),
for all t > 0 and therefore ~
p(t) < ©(0) — h(O)t.
This produces the desired contradiction as it implies that ¢(t) < 0 for large values of ¢
(since h(f) > h(0) = 0). O

REFERENCES

[AKP22] S. Alexander, V. Kapovitch, and A. Petrunin. Alezandrov geometry: founda-
tions. 2022. arXiv: 1903.08539.

[ABS19] L. Ambrosio, E. Brug, and D. Semola. “Rigidity of the 1-Bakry-Emery in-
equality and sets of finite perimeter in RCD spaces”. In: Geom. Funct. Anal.
29.4 (2019), pp. 949-1001.

[AD14] L. Ambrosio and S. Di Marino. “Equivalent definitions of BV space and of
total variation on metric measure spaces”. In: J. Funct. Anal. 266.7 (2014),
pp- 4150-4188.

[ANP22] G. Antonelli, S. Nardulli, and M. Pozzetta. “The isoperimetric problem wia di-
rect method in noncompact metric measure spaces with lower Ricci bounds”.
In: ESAIM Control Optim. Calc. Var. 28 (2022), Paper No. 57, 32.

[Ant+23a] G. Antonelli, E. Pasqualetto, M. Pozzetta, and D. Semola. “Asymptotic
isoperimetry on non collapsed spaces with lower Ricci bounds”. In: Accepted
in Math. Ann. See https: // doi. org/ 10. 1007/ s00208-023-02674 -y
(2023).

[Ant+23b] G. Antonelli; E. Pasqualetto, M. Pozzetta, and D. Semola. “Sharp isoperi-
metric comparison on non collapsed spaces with lower Ricci bounds”. In:
Accepted in Ann. Sci. Ec. Norm. Sup. See v2 of https: //arziv. org/ abs/
2201. 04916 (2023).

[AP23] G. Antonelli and M. Pozzetta. “Isoperimetric problem and structure at in-
finity on Alexandrov spaces with nonnegative curvature”. In: arXiv e-prints,
arXiv:2302.10091 (2023). arXiv: 2302.10091.

[Ant+22]  G. Antonelli, E. Brue, M. Fogagnolo, and M. Pozzetta. “On the existence
of isoperimetric regions in manifolds with nonnegative Ricci curvature and
Euclidean volume growth”. In: Calc. Var. Partial Differential Equations 61.2
(2022), Paper No. 77, 40.

[APP22] G. Antonelli, E. Pasqualetto, and M. Pozzetta. “Isoperimetric sets in spaces
with lower bounds on the Ricci curvature”. In: Nonlinear Anal. 220 (2022),
Paper No. 112839, 59.


https://arxiv.org/abs/1903.08539
https://doi.org/10.1007/s00208-023-02674-y
https://arxiv.org/abs/2201.04916
https://arxiv.org/abs/2201.04916
https://arxiv.org/abs/2302.10091

[AS23]

[BGSS5]

[BK23]

[BPS6]
[Bay04]

[BF23]

[BBIO1]

[CCE16]

[CEV17]

[CL55]

[EM13a]

[EM13b]

[Kuw03]

[LRV22]

[LPYO]

[Mag12]

[Mir03]

REFERENCES 17

D. Azagra and D. Stolyarov. “Inner and outer smooth approximation of con-
vex hypersurfaces. When is it possible?” In: Nonlinear Anal. 230 (2023),
Paper No. 113225, 20.

W. Ballmann, M. Gromov, and V. Schroeder. Manifolds of nonpositive cur-
vature. Vol. 61. Progress in Mathematics. Birkhauser Boston, Inc., Boston,
MA, 1985, pp. vi+263.

Z. M. Balogh and A. Kristdly. “Sharp isoperimetric and Sobolev inequalities
in spaces with nonnegative Ricci curvature”. In: Math. Ann. 385.3-4 (2023),
pp. 1747-1773.

C. Bavard and P. Pansu. “Sur le volume minimal de R?”. In: Annales scien-
tifiques de U’Ecole Normale Supérieure 19.4 (1986), pp. 479-490.

V. Bayle. “A differential inequality for the isoperimetric profile”. In: Int.
Math. Res. Not. 7 (2004), pp. 311-342.

L. Benatti and M. Fogagnolo. Isoperimetric sets in nonnegative scalar curva-
ture and their role through various concepts of mass. 2023. arXiv: 2305.03643
[math.DG].

D. Burago, Y. Burago, and S. Ivanov. A course in metric geometry. Vol. 33.
Graduate Studies in Mathematics. American Mathematical Society, Provi-
dence, RI, 2001, pp. xiv+415.

A. Carlotto, O. Chodosh, and M. Eichmair. “Effective versions of the positive
mass theorem”. In: Inventiones mathematicae 206.3 (2016), pp. 975-1016.
O. Chodosh, M. Eichmair, and A. Volkmann. “Isoperimetric structure of
asymptotically conical manifolds”. In: J. Differential Geom. 105.1 (2017),
pp. 1-19.

E. A. Coddington and N. Levinson. Theory of ordinary differential equations.
English. New York, Toronto, London: McGill-Hill Book Company, Inc. XII,
429 p. (1955). 1955.

M. Eichmair and J. Metzger. “Large isoperimetric surfaces in initial data
sets”. In: J. Differential Geom. 94.1 (2013), pp. 159-186.

M. Eichmair and J. Metzger. “Unique isoperimetric foliations of asymp-
totically flat manifolds in all dimensions”. In: Invent. Math. 194.3 (2013),
pp. 591-630.

E. Kuwert. “Note on the isoperimetric profile of a convex body”. In: Geo-
metric analysis and nonlinear partial differential equations. Springer, Berlin,
2003, pp. 195-200.

G. P. Leonardi, M. Ritoré, and E. Vernadakis. “Isoperimetric inequalities
in unbounded convex bodies”. In: Mem. Amer. Math. Soc. 276.1354 (2022),
pp- 1-86.

P.-L. Lions and F. Pacella. “Isoperimetric inequalities for convex cones”. In:
Proc. Amer. Math. Soc. 109.2 (1990), pp. 477-485.

F. Maggi. Sets of finite perimeter and geometric variational problems. Vol. 135.
Cambridge Studies in Advanced Mathematics. An introduction to geometric
measure theory. Cambridge University Press, Cambridge, 2012, pp. xx+454.
M. Miranda Jr. “Functions of bounded variation on “good” metric spaces”.
In: J. Math. Pures Appl. (9) 82.8 (2003), pp. 975-1004.


https://arxiv.org/abs/2305.03643
https://arxiv.org/abs/2305.03643

18

[MN16]

[MR02]

[Nar14]

[Pet97]

[Poz23]

[Rit01]

[RRO4]

[Shil6]

S299]

REFERENCES

A. Mondino and S. Nardulli. “Existence of isoperimetric regions in non-
compact Riemannian manifolds under Ricci or scalar curvature conditions”.
In: Comm. Anal. Geom. 24.1 (2016), pp. 115-138.

F. Morgan and M. Ritoré. “Isoperimetric regions in cones”. In: Trans. Amer.
Math. Soc. 354.6 (2002), pp. 2327-2339.

S. Nardulli. “Generalized existence of isoperimetric regions in non-compact
Riemannian manifolds and applications to the isoperimetric profile”. In: Asian
J. Math. 18.1 (2014), pp. 1-28.

A. Petrunin. “Applications of quasigeodesics and gradient curves”. In: Com-
parison geometry (Berkeley, CA, 1993-94). Vol. 30. Math. Sci. Res. Inst.
Publ. Cambridge Univ. Press, Cambridge, 1997, pp. 203-219.

M. Pozzetta. “Isoperimetry on manifolds with Ricci bounded below: overview
of recent results and method”. In: arXiv e-prints, arXiv:2303.11925 (2023).
arXiv: 2303.11925.

M. Ritoré. “The isoperimetric problem in complete surfaces of nonnegative
curvature”. In: J. Geom. Anal. 11.3 (2001), pp. 509-517.

M. Ritoré and C. Rosales. “Existence and characterization of regions minimiz-
ing perimeter under a volume constraint inside Euclidean cones”. In: Trans.
Amer. Math. Soc. 356.11 (2004), pp. 4601-4622.

Y. Shi. “The isoperimetric inequality on asymptotically flat manifolds with
nonnegative scalar curvature”. In: Int. Math. Res. Not. IMRN 22 (2016),
pp. 7038-7050.

P. Sternberg and K. Zumbrun. “On the connectivity of boundaries of sets min-
imizing perimeter subject to a volume constraint”. In: Comm. Anal. Geom.
7.1 (1999), pp. 199-220.

GIOACCHINO ANTONELLI
COURANT INSTITUTE OF MATHEMATICAL SCIENCES (NYU), 251 MERCER STREET, 10012, NEW YORK,

USA

Email address: ga2434@nyu.edu

FEDERICO GLAUDO
SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, 1 EINSTEIN DR., PRINCETON NJ 05840,

U.S.A.

Email address: fglaudo@ias.edu


https://arxiv.org/abs/2303.11925

	1. Introduction
	1.1. Overview of existence results for isoperimetric sets
	1.2. Strategy of the construction and structure of the paper
	Acknowledgements

	2. Preliminaries
	2.1. Alexandrov Spaces
	2.2. Known results on the isoperimetric profile and isoperimetric sets
	2.3. The existence of a threshold

	3. The construction
	3.1. Presentation of the construction
	3.2. Properties of C
	3.3. Properties of the boundary of C
	3.4. Diameter bound for isoperimetric sets in C and its boundary
	3.5. Controlling the isoperimetric profile of C and its boundary

	4. Smoothing the boundary of the construction
	5. Proof of the main results
	Appendix A. A simple technical lemma
	References

