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Abstract
The purpose of this paper and its sequel is to develop the geometry built from the
commutative algebras that naturally appear as the homology of differential graded
algebras and,more generally, as the homotopy of algebras in spectra. The commutative
algebras in question are those in the symmetric monoidal category of graded abelian
groups, and, being commutative, they form the affine building blocks of a geometry, as
commutative rings form the affine building blocks of algebraic geometry.We name this
geometry Dirac geometry, because the grading exhibits the hallmarks of spin in that
it is a remnant of the internal structure encoded by anima, it distinguishes symmetric
and anti-symmetric behavior, and the coherent cohomology of Dirac schemes and
Dirac stacks, which we develop in the sequel, admits half-integer Serre twists. Thus,
informally, Dirac geometry constitutes a “square root” of Gm-equivariant algebraic
geometry.
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1 Introduction

The building blocks of Dirac geometry are Dirac rings by which we mean anticom-
mutative Z-graded rings. In this paper, we develop the commutative algebra of Dirac
rings. We assign to a Dirac ring a Dirac prime spectrum and define a Dirac scheme
to be a Dirac ringed space, locally isomorphic to the Dirac prime spectrum of a Dirac
ring. Many definitions and results from ordinary geometry extend mutatis mutandis to
Dirac geometry. These include the definitions of most geometric properties of maps
between Dirac schemes as well as results such as Nakayama’s lemma and Hilbert’s
basis theorem. But there are also some notable differences. The underlying space of
the Dirac prime spectrum of a Dirac ring of finite type over a field may not be Jacob-
son, so Hilbert’s Nullstellensatz fails, and more importantly, smooth maps between
Dirac schemes may not be flat! However, as a consequence of our main theorem, every
étale map between Dirac schemes is flat. This theorem involves the key new geometric
property of evenness of maps in Dirac geometry: A map between Dirac rings is even
if it is obtained by extension of scalars from its underlying map of sub-Dirac rings
consisting of the elements of even degree. Now, our main theorem states that every
étale map of Dirac schemes is even. To prove this result, we show that Zariski’s main
theorem holds in Dirac geometry. The proof consists of an elaborate series of reduc-
tions to the even case, which, in turn, follows from Zariski’s main theorem in ordinary
geometry. Finally, we (re)define a map of commutative algebras in spectra A → B to
be étale if the induced map of Dirac rings π∗(A) → π∗(B) is étale and show that, as a
consequence of ourmain theorem, the functor that to A → B assignsπ∗(A) → π∗(B)

restricts to an equivalence from the ∞-category of étale A-algebras to the 1-category
of étale π∗(A)-algebras. This generalizes a result of Lurie [18, Corollary 7.5.0.6], who
uses a more restrictive notion of étaleness. For instance, the canonical map

(KUp)
h Aut(μp) θ

KUp

with Aut(μp) ⊂ Aut(μp∞) = Z
×
p acting on KUp via Adams operations is étale in

our sense, but not in Lurie’s.
In more detail, a Dirac ring is a commutative algebra in the symmetric monoidal

category of Z-graded abelian groups with the symmetry isomorphism

x ⊗ y �→ (−1)deg(x) deg(y)y ⊗ x,

and a map of Dirac rings is a ring homomorphism that preserves the grading. We will
use homological grading throughout, and we write

spin(x) = − 1
2 deg(x)

for a homogeneous element x . A graded ideal in a Dirac ring is a maximal graded
ideal if it is maximal among proper graded ideals, and a Dirac ring is local if it has a
unique maximal graded ideal. A local Dirac ring is a Dirac field if its maximal graded
ideal is the zero ideal. It is easy to see that a Dirac field either is a field k or a Laurent
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Dirac Geometry I: Commutative Algebra

polynomial algebra k[x±1] over a field k generated by a homogeneous element x of
nonzero spin s and that s is an integer, unless k is of characteristic 2.

Proposition 1.1 (Nakayama’s lemma) Let A be a local Dirac ring with maximal
graded ideal m ⊂ A and residue Dirac field k = A/m. If M is a finitely generated
graded A-module such that M ⊗A k = 0, then M is zero.

For graded commutative rings, an analogous statement is stated as an exercise in
the book by Bruns and Herzog [6, Exercise 1.5.24]. The usual proof of Nakayama’s
lemma uses determinants, which are unavailable in the Dirac setting. However, as
indicated in [22], one can instead use induction on the number of generators.

In Dirac geometry, finite generation and finite presentation will always refer to
families of homogeneous elements. We define a Dirac ring A to be noetherian if every
graded ideal I ⊂ A is finitely generated. This is equivalent to the requirement that the
Grothendieck abelian category ModR(Ab) of graded A-modules is locally noetherian
in the sense of [19, Definition C.6.8.5]. Moreover, in this situation, the noetherian
objects of ModR(Ab) in the sense of [20, Definition C.6.8.1] are precisely the finitely
generated graded A-modules.

Proposition 1.2 (Hilbert’s basis theorem) If a Dirac ring A is noetherian, then so is
every finitely generated A-algebra B.

We follow the usual proof, but some care must be taken to work with homogeneous
elements. It turns out that the expression of homogeneous elements of the free Dirac
A-algebra B = A[x] on a homogeneous generator as homogeneous polynomials is
not unique, but this is irrelevant for the argument.

Let A be a Dirac ring. We define a graded A-module M to be flat if the functor
from the abelian category of graded A-modules to itself that to N assigns M ⊗A N is
exact. We prove that, with this definition, the equivalent characterizations of flatness
due to Lazard are valid in the Dirac context as well. This also appears in unpublished
work of Davies [7].

Proposition 1.3 (Lazard’s theorem) Let A be a Dirac ring, and let M be a graded
A-module. The following are equivalent.

(1) The graded A-module M is flat.
(2) Given maps of graded A-modules

F ′ a
F

x
M

with F and F ′ finitely generated free and xa = 0, there exists a factorization

F F ′′

M

b

x y

with F ′′ finitely generated free and ba = 0.
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(3) The graded A-module M is a filtered colimit of finitely generated free graded
A-modules.

The characterization (2), known as the equational criterion for flatness, will be of
particular importance to us in the sequel [15]. We use it here to show that if a graded
A-module is evenly generated and flat, then it is evenly presented. We note that the
notion of flatness employed by Lurie in [18, Definition 7.2.2.10] is more restrictive in
that, in terms of the characterization (3), only free modules generated by finite families
of homogeneous elements of spin 0 are allowed.

We include a proof of faithfully flat descent for graded modules. We write Ab for
the symmetric monoidal category of graded abelian groups with the Koszul sign in the
symmetry isomorphism so that the category of Dirac rings is the category CAlg(Ab)
of commutative algebras in Ab. The assignment to a Dirac ring A of its category
ModA(Ab) of graded modules is a functor

CAlg(Ab)
Mod

LPr

to the∞-category of presentable∞-categories and left adjoint functors. It takes values
in the full subcategory spanned by the presentable 1-categories. Given a map of Dirac
rings φ : A → B, we obtain the augmented cosimplicial diagram

�+ B⊗A [−]
CAlg(Ab)

that to [n] = {0, 1, . . . , n} assigns the (n + 1)-fold tensor product B⊗A[n]. Now,
Grothendieck’s faithfully flat descent is the following statement.

Proposition 1.4 (Faithfully flat descent for modules) If φ : A → B is a faithfully flat
map of Dirac rings, then the canonical maps

ModA(Ab) lim←−[n]∈�
ModB⊗A [n](Ab) lim←−[n]∈�≤2

ModB⊗A [n](Ab)

are equivalences of categories.

The right-hand category in Proposition 1.4 is the category of graded B-moduleswith
descent data along themap φ : A → B, and the result is commonly proved by showing
that the composite functor is an equivalence. The argument that the left-hand functor is
an equivalence, however, is much clearer, and the fact that the right-hand functor is an
equivalence is an instance of the folklore fact that the limit of a cosimplicial diagram
of n-categories agrees with the limit of its restriction along the inclusion�≤n+1 → �.
We include a proof of this fact in the appendix.

To discuss further results, we associate to a Dirac ring A its Dirac prime spectrum
given by a pair of a Dirac ringed space

X = (|X |,OX )
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Dirac Geometry I: Commutative Algebra

and a map of Dirac rings εA : A → OX (|X |). The topological space |X | is the set of
graded prime ideals p ⊂ A with the Zariski topology. A basis for the topology is given
by the distinguished open subsets |X f | ⊂ |X | with f ∈ A homogeneous consisting
of the graded prime ideals p ⊂ A such that f /∈ p. The space |X |, which we call the
Dirac–Zariski space of A, is well-known and appears in Quillen’s work on equivariant
cohomology [26], and is an important tool in tensor-triangular geometry [3, 4]. But to
our knowledge, the sheaf of Dirac rings OX has not been considered before. To define
it, we follow Grothendieck’s definition of the structure sheaf in ordinary geometry.

Theorem 1.5 (Grothendieck’s theorem) If A is a Dirac ring, and if |X | is its Dirac–
Zariski space, then, up to unique isomorphism, there is a unique pair (OX , εA : A →
OX (|X |) of a sheaf of Dirac rings on |X | and map of Dirac rings such that for every
homogeneous element f ∈ A, the composite map

A
εA

OX (|X |) OX (|X f |)

is a localization with respect to S = {1, f , f 2, . . . } ⊂ A.

As in ordinary geometry, the Dirac prime spectrum X = (|X |,OX ) is a locally
Dirac ringed space in the sense that for every x ∈ |X |, the stalk OX ,x is a local Dirac
ring. The category of locally Dirac ringed spaces is the non-full subcategory of the
category of Dirac ringed spaces, whose objects are the locally Dirac ringed spaces,
and whose maps are the maps of ringed spaces

Y = (|Y |,OY )
f =(p,φ)

X = (|X |,OX )

such that for every y ∈ |Y | with image x = p(y) ∈ |X |, the induced map

OX ,x
φx

OY ,y

is local in the sense that φx (mx ) ⊂ my . An advantage of the Dirac–Zariski space is
that it is often quite small, yet captures the essential properties of the Dirac ring. For
example, faithfulness of flat maps of Dirac rings is equivalent to surjectivity of the
induced map of Dirac–Zariski spaces.

Definition 1.6 A locally Dirac ringed space X = (|X |,OX ) is a Dirac scheme if,
locally on |X |, it is isomorphic to the Dirac prime spectrum of a Dirac ring. The
category of Dirac schemes is the full subcategory of the category of locally Dirac
ringed spaces spanned by the Dirac schemes.

The geometric properties of maps of Dirac schemes of being an open and closed
immersion, quasi-compact and quasi-separated, locally of finite type and locally
finitely presented, and of being étale and smooth are defined analogously to the cor-
responding geometric properties of a map of schemes. We define a map

Y = (|Y |,OY )
f =(p,φ)

X = (|X |,OX )
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to be flat if φx : OX ,x → OY ,y is flat for every y ∈ |Y | with image x = p(y) ∈ |X |.
The anti-symmetric behavior of homogeneous elements of half-integer spin means

that the underlying ring of a Dirac ring A typically is not commutative. However, the
sub-Dirac ring Aev ⊂ A spanned by the homogeneous elements of integer spin is a
Z-graded commutative ring. Moreover, the map of Dirac–Zariski spaces

|X | |X ev|

induced by Aev → A is a homeomorphism, and we identify the common space
with the space of orbits for the Gm-action on the Zariski space |Y | of the underlying
commutative ring of Aev defined by the Z-grading. This space is often quite small.
For instance, if k is a field and A = k[t] the free Dirac k-algebra on generator t of
nonzero spin, then its Dirac–Zariski space is the Sierpinski space

|A1
k(t)| = {η, s}.

Thus, Hilbert’s Nullstellensatz fails in Dirac geometry: The Dirac–Zariski space of a
finitely generated Dirac algebra over a field need not be Jacobson.1 Nevertheless, the
Dirac–Zariski space |X | carries the essence of the topological information encoded
by the larger Zariski space |Y |. In general, there is a natural map

X = (|X |,OX )
ηX

X ev = (|X |,Oev
X )

given by the canonical inclusion Oev
X → OX , and we define:

Definition 1.7 A map f : Y → X of Dirac schemes is even, if the diagram

Y
ηY

f

Y ev

f ev

X
ηX

X ev

is cartesian.

To be even is a geometric property of maps of Dirac schemes in the sense that it
preserved under base-change along arbitrary maps of Dirac schemes. It is also local
on the source and target and closed under composition.

To prove statements aboutmaps ofDirac schemes,we employ the following strategy
using evenness: Suppose that P and Q are geometric properties of maps of Dirac
schemes and that we wish to prove that P implies Q. If P and Q are local on both
source and target, then it suffices to do so for maps between Dirac rings. Suppose
that there are geometric properties P0 and Q0 of maps of schemes such that a map of
even Dirac rings has property P and Q if and only if the map of underlying rings has

1 A topological space is Jacobson if every closed subset is equal to the closure of its intersection with the
subset of closed points.
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property P0 and Q0, respectively. In this situation, if we know that P0 implies Q0,
then we can conclude that P implies Q for all even maps between Dirac schemes.
Thus, to prove that P implies Q for general maps between Dirac schemes, we may
try to bootstrap our way from the case of even maps between Dirac schemes.

We use this strategy to prove that étale maps between Dirac rings are flat. The fact
from ordinary geometry that étale maps between schemes are flat implies that even
étale maps between Dirac schemes are flat. Hence, it remains to bootstrap our way
to general étale maps between Dirac schemes. In fact, we will show that every étale
map between Dirac schemes is even. The key to proving this fact is to prove that
Zariski’s main theorem holds in Dirac geometry. The proof of this, in turn, uses the
same strategy, albeit in a more refined way.We define a map of Dirac rings φ : A → B
to be finite if it exhibits B as a finitely generated graded A-module and to be quasi-finite
if it is of finite type and if the fiber

k(x) B ⊗A k(x)

is a finite map of Dirac rings for every x ∈ |X | = |Spec(A)|.
Theorem 1.8 (Zariski’s main theorem) If φ : A → B is a quasi-finite map of Dirac
rings, then the induced map of Dirac prime spectra f : Y → X admits a factorization
as the composition

Y
j0

Y0
p0

X

of an open immersion j0 and a finite map p0.

Now, to show that étale maps are even, we proceed as follows. It suffices to show
that every étale map φ : A → B between Dirac rings is even. The usual argument
shows that it is quasi-finite and that for every x ∈ |X |, the base-change

k(x)
φ(x)

B ⊗A k(x)

is the product of a finite family of étale extensions of Dirac fields. Moreover, the
classification of Dirac fields above immediately shows that every étale extension of
Dirac fields is even. We wish to conclude that the composite map

A
φ

B
γ

Bq

is evenly generated for every graded prime ideal q ⊂ B, and it is here that we use
Zariski’s main theorem to bring ourselves in a situation, where Nakayama’s lemma
applies. This proves our main result:

Theorem 1.9 (Evenness of étale maps) Every étale map between Dirac schemes is
even, and hence, flat.

123



L. Hesselholt, P. Pstra̧gowski

It follows that the flat and étale topologies on the category Aff of affine Dirac
schemes are comparable. The former is finer than the latter, and both are finitary.
One may also prove that, étale locally, every smooth map of Dirac schemes admits a
section, so that the étale and smooth topologies on the category Aff agree.

We note that smooth maps of Dirac schemes generally are not flat. The problem is
that affine space is not flat. For example, the unique map Z → Z[t] to the free Dirac
ring on a generator t of half-integer spin is not flat, because

Z[t] � Z · 1 ⊕ Z · t ⊕ Z/2 · t2 ⊕ · · · ⊕ Z/2 · tn ⊕ · · ·

as a graded abelian group.
As an application of Theorem 1.9, we prove the following generalization of a

theorem of Lurie [18, Theorem 7.5.0.6]. If R is an Ek+1-algebra in spectra with
1 ≤ k ≤ ∞, then ModR(Sp) can be promoted to an Ek-monoidal category, so we may
consider the ∞-category AlgEk

(ModR(Sp)) of Ek-algebras.
We (re)define an Ek-algebra A in ModR(Sp) to be étale if π∗(A) is a Dirac ring,

which is automatic for k ≥ 2, and if the map π∗(R) → π∗(A) induced by the unit
map is an étale map of Dirac rings. We say “redefine” because Lurie also requires that
π0(A) ⊗π0(R) πn(R) → πn(A) be an isomorphism for all integers n, and it is in this
sense that the following result generalizes Lurie’s, as well as some of earlier work of
Baker–Richter and Rognes in the context of Galois extensions [2, 27].

Theorem 1.10 (Étale rigidity) If R is an Ek+1-algebra in spectra with 1 ≤ k ≤ ∞,
then taking homotopy groups

AlgEk
(ModR(Sp))ét

π∗ CAlg(Modπ∗(R)(Ab))ét

is an equivalence from the full subcategory of AlgEk
(ModR(Sp)) spanned by the

étale algebras to the full subcategory of CAlg(Modπ∗(R)(Ab)) spanned by the étale
algebras.

Finally, we mention another instance of the square root phenomenon encoded by
Dirac geometry. The second author has introduced the synthetic deformation of stable
homotopy theory with respect to any homology theory [23, 24]. In the case of complex
cobordism, the resulting symmetric monoidal stable ∞-category of synthetic spectra
contains (p-complete) cellular motivic spectra over C as a symmetric monoidal sub-
category [24]. We note that the inclusion is proper, and that, notably, the projective
line acquires a tensor-square root

P
1 � S2,1 � (S1,

1
2 )⊗2

in the larger ∞-category of synthetic spectra.2

2 Here, we use the motivic grading convention. In terms of the notation used in [24], the square root of
P
1 � ν(S2) would be denoted by ν(S1).
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Notation. We implicitly use the language of ∞-categories of Joyal and Lurie, for
which the standard reference is [21], but with the exception of Sect. 4.4 most of the
paper requires only ordinary 1-category theory and commutative algebra. We use the
term anima for what is called a space in [21], and we write S for the ∞-category of
anima. The inclusion Set � τ≤0S → S preserves limits, but not colimits. In fact, the
1-category of sets is the free cocomplete 1-category on a single generator, whereas the
∞-category of anima the free cocomplete ∞-category on a single generator.

We define the∞-category ofZ-graded objects in an∞-category C to be the functor
∞-category Fun(Z,C), where we consider Z as a category with identity maps only.
We will write A = (Ak)k∈Z to indicate a Z-graded object in C.

Remark 1.11 If the ∞-category C admits Z-indexed colimits, then the functor
Fun(Z�,C) → Fun(Z,C) given by restriction along Z → Z

� induces an equivalence
from the full subcategory of the domain spanned by the colimit diagrams. Therefore,
it is immaterial whether or not we include the data of a colimit in the definition of a
Z-graded object, as does Bourbaki [5, Chapter II, §11, Definition 1].

Warning 1.12 To avoid cluttering notation, we simply write Ab for the symmetric
monoidal category of Z-graded abelian groups with the Koszul sign in the symmetry
isomorphism. This does not lead to conflicts here, since we will have no occasion to
consider the symmetric monoidal category of abelian groups.

2 Dirac Schemes

In this section, we define the category of Dirac schemes, emulating the definition of
the category of schemes due to Grothendieck. So we first associate to a Dirac ring A
its Dirac spectrum, which is a locally Dirac ringed space

Spec(A) = (|X |,OX )

with underlying |X | given by the set of graded prime ideals p ⊂ A with the Zariski
topology. The structure sheaf OX is such that its stalk OX ,x at a point x ∈ |X | corre-
sponding to a graded prime ideal p ⊂ A is the local Dirac ring given by the localization
Ap of A with respect to the set of homogeneous elements f ∈ A�p. We next define a
Dirac scheme to be a locally Dirac ringed space that locally is isomorphic to Spec(A)

for some Dirac ring A.

2.1 Dirac Rings and Ideals

Let Sp be the symmetric monoidal ∞-category of spectra. It is the initial presentably
symmetricmonoidal stable∞-category.Wedefine the∞-categoryofZ-graded spectra
to be the ∞-category Fun(Z,Sp), where we view Z as category with identity maps
only. It promotes via Day convolution to a presentably symmetric monoidal stable
∞-category.

We recall that the stable ∞-category Fun(Z,Sp) admits the Beilinson t-structure,
where X = (Xk)k∈Z is defined to be connective if Xk ∈ Sp≥k for all k ∈ Z. The
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connective part Fun(Z,Sp)≥0 is closed under the tensor product and contains the
monoidal unit, and hence, the heart Fun(Z,Sp)♥ can be promoted canonically to a
symmetric monoidal category.

Let us denote by Ab the category of Z-graded abelian groups. The functor

Fun(Z,Sp)♥ Ab

given by (Xk)k∈Z �→ (πk(Xk))k∈Z is an equivalence of categories, through which Ab
inherits a symmetric monoidal structure from that of graded spectra. Explicitly, the
monoidal product is given by the usual formula

(A ⊗ B)k � ⊕
i+ j=k Ai ⊗ Bj

with the symmetry isomorphism is given by

a ⊗ b �→ (−1)deg(a) deg(b)b ⊗ a.

Definition 2.1 A Dirac ring is a commutative algebra in the symmetric monoidal cat-
egory Ab of Z-graded abelian groups. The category of Dirac rings is the category
CAlg(Ab) of commutative algebras in Ab.

More concretely, a Dirac ring is aZ-graded ring in which themultiplication satisfies
the “anticommutative” law that

a · b = (−1)deg(a) deg(b)b · a.

ADirac ring A = (Ak)k∈Z has an underlying ring Ã = ⊕
k∈Z Ak . We stress, however,

that, due to the Koszul sign, the underlying ring is not a commutative ring, unless A
is concentrated in even degrees or 2 = 0 in A.

Example 2.2 If E is a commutative algebra in spectra, then the homotopy groupsπ∗(E)

form a Dirac ring. To see this, note that we can identify π∗(E) with the image of E
under the composite

Sp Fun(Z,Sp) Fun(Z,Sp)♥ Ab,

where the first map forms the constant graded spectrum, the second takes zeroth
homology with respect to the Beilinson t-structure, and the last is the equivalence
defined above. Each map promotes to a lax symmetric monoidal functor (the last one
even to a symmetric monoidal functor, by construction), which, in turn induces a
functor between the associated ∞-categories of commutative algebras.

Concretely, the sign rule in the homotopy groups comes from the fact that given
two spheres Si and S j in spectra, the symmetry map

Si+ j � Si ⊗ S j S j ⊗ Si � S j+i

is homotopic to (−1)i j times the identity map of Si+ j .
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Motivated by this example, we will consider the grading on a Dirac ring A to be
homological. Given a homogeneous element x , we will refer to the half-integer given
by the half of the cohomological degree as the spin, so that

spin(x) = − 1
2 deg(x).

Associated with A ∈ CAlg(Ab), we have the category ModA(Ab) of A-modules in
the symmetric monoidal category Ab. An A-module M = (Mk)k∈Z is the same as a
graded module over the graded ring A.

Definition 2.3 Let A be a Dirac ring, and letM = (Mk)k∈Z be an A-module. For every
s ∈ 1

2Z, the A-module M(s) defined by

M(s)k = Mk+2s

is called the spin s Serre twist of M .

The graded A-modules M(s) given by the Serre twists are in general pairwise non-
isomorphic: There is no process in Dirac geometry that can undo spin. We also note
that, for integer spin, Definition 2.3 recovers the usual definition of Serre twist of
graded modules over graded commutative rings.

Example 2.4 If E ∈ CAlg(Sp) and M ∈ ModE (Sp), then, as in Example 2.2, the
graded abelian group π∗(M) acquires a canonical structure of module over the Dirac
ring π∗(E). Moreover, in terms of Serre twist, we have

π∗(M)(s) � π∗(�−2sM).

We now observe that, although the underlying rings of Dirac rings generally are
non-commutative, there is a good theory of ideals.

Lemma 2.5 Let A be a Dirac ring. If I ⊂ A is a sub-graded abelian group, then the
following conditions are equivalent:

(1) I ⊂ A is a left sub-A-module.
(2) I ⊂ A is a right sub-A-module.

Proof If I satisfies (1), then for all homogeneous elements x ∈ I and a ∈ A, we have
a · x ∈ I . But, in this case, we also have

x · a = (−1)deg(x)deg(a)a · x ∈ I ,

since I is a sub-graded abelian group, and hence, is closed under forming additive
inverses. So I satisfies (2). The opposite implication is proved analogously. ��
Definition 2.6 A sub-graded abelian group I ⊂ A of a Dirac ring A is a graded ideal
if it satisfies the equivalent conditions of Lemma 2.5.
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As in ordinary commutative algebra, two particular important classes of graded
ideals are the graded prime ideals and the maximal graded ideals.

Definition 2.7 Let A be a Dirac ring, and let a ⊂ A be a graded ideal.

(1) The ideal a ⊂ A is a maximal graded ideal if it is a proper graded ideal and if it is
maximal with this property.

(2) The ideal a ⊂ A is a graded prime ideal if it is a proper ideal and if for all
homogeneous elements f , g ∈ A, f g ∈ a implies that f ∈ a or g ∈ a or both.

The Dirac ring A is local if it has a unique maximal graded ideal.

Warning 2.8 We note that a maximal graded ideal of a Dirac ring is not necessarily a
maximal ideal of the underlying ring.

Lemma 2.9 Let A be a Dirac ring, and let a ⊂ A be a graded ideal.

(1) The graded ideal a ⊂ A is a graded prime ideal if and only if the underlying ideal
in the underlying ring ã ⊂ Ã is a prime ideal.

(2) The ideal a ⊂ A is radical if and only if for every homogeneous element f ∈ A
and integer n ≥ 0, f n ∈ a implies that f ∈ a.

Proof Both statements are proved using the fact that an element f ∈ A belongs to a
if and only if all of its homogeneous parts fd ∈ A belong to a. ��
Corollary 2.10 A maximal graded ideal in a Dirac ring is a prime ideal.

Proof Let A be a Dirac ring, and let m ⊂ A be a maximal graded ideal. To prove that
m is a prime ideal, it suffices by Lemma 2.9 to show that if f , g ∈ A are homogeneous
elements with f g ∈ m, then f ∈ m or g ∈ m or both. So let f , g ∈ A be homogeneous
elements with f g ∈ m. If f ∈ m, then we are done, and if f /∈ m, then the maximality
of m implies that A = ( f ) + m. But then we can write 1 = a f + r with r ∈ m, so
g = a f g + rg ∈ m. ��
Lemma 2.11 Let A be a Dirac ring. If a ⊂ A is a proper graded ideal, then there
exists a maximal graded ideal m ⊂ A such that a ⊂ m.

Proof We wish to show that the set S of proper graded ideals b ⊂ A with a ⊂ b,
partially ordered under inclusion, has a maximal element. By Zorn’s lemma, it suffices
to show that S is non-empty and that every totally ordered subset T ⊂ S admits an
upper bound. First, the set S is non-empty, because a ∈ S. Second, if T ⊂ S is a totally
ordered subset, then c = ⋃

b∈T b ⊂ A is a graded ideal, and it remains to prove that
c �= A. If not, then 1 ∈ c. But then 1 ∈ b for some b ∈ T , which is a contradiction.
This completes the proof. ��
Definition 2.12 A Dirac ring k is a Dirac field if any of the following equivalent
conditions are satisfied:

(1) The Dirac ring k is not the zero Dirac ring, and every nonzero homogeneous
element of k is invertible.

(2) The zero ideal (0) ⊂ k is prime and it is the only graded prime ideal of k.
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If m ⊂ A is a maximal graded ideal, then k(m) = A/m is a Dirac field. A Dirac
field is not necessarily a field. We have the following structure theorem.

Proposition 2.13 Let k be a Dirac field. The subring k0 ⊂ k of homogeneous elements
of degree 0 is a field, and if k0 �= k, then there exists t ∈ k homogeneous with
deg(t) �= 0 such that k = k0[t±1]. If char(k0) �= 2, then deg(t) is even.

Proof We claim that every nonzero homogeneous element a ∈ k is a unit. If not,
then (a) ⊂ k is a proper graded ideal, so by Lemma 2.11, there exists a maximal
graded ideal (a) ⊂ m ⊂ k, and by Corollary 2.10, m ⊂ k is a nonzero prime ideal.
This proves the claim. In particular, the subring k0 ⊂ k is a field. So we suppose
that k0 �= k and let t ∈ k be a nonzero homogeneous element with deg(t) > 0 and
minimal. We have k0[t±1] ⊂ k and wish to prove that k0[t±1] = k. If not, then there
exists a homogeneous element u ∈ k such that u /∈ k0[t±1]. We write

deg(u) = d deg(t) + r

with d and 0 ≤ r < deg(t) integers. If r = 0, then t−du ∈ k0, which contradicts the
fact that u /∈ k0[t±1], and if r �= 0, then 0 < deg(t−du) < deg(t), which contradicts
the fact that t was chosen with deg(t) > 0minimal. So k = k0[t±1] as desired. Finally,
if char(k0) �= 2, then homogeneous elements of odd degree square to zero, so they are
not units, and therefore, we necessarily have that deg(t) is even. ��
Remark 2.14 We observe that, by Proposition 2.13, the underlying ring of every Dirac
field is a commutative ring. In general, however, it is not a field.

2.2 Localization

As remarked, the underlying ring of a Dirac ring is typically not commutative. How-
ever, the Ore condition is satisfied, and therefore, localizations are well-behaved and
admit a calculus of fractions.Wediscuss this in somedetail followingQuillen’s account
in [10, Appendix Q].

Definition 2.15 A localization of a Dirac ring Awith respect to a multiplicative subset
S ⊂ A of homogeneous elements is a homomorphism of Dirac rings

A
γ

S−1A

that takes every s ∈ S to a unit γ (s) ∈ S−1A and which is initial with respect to this
property.

A localization exists and is unique, up to unique isomorphism under A, by general
arguments, and we now show that it can be constructed by left fractions. So let S \S be
the category with objects the elements of S, with morphisms from s1 to s2 the elements
t ∈ S such that ts1 = s2, and with composition of morphisms given by multiplication
in S. We will use that S \S is a filtered category. This means that:
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(i) For all s1, s2 ∈ S, there exists t1, t2 ∈ S such that t1s1 = t2s2.
(ii) For all s, s1, s2 ∈ S such that s1s = s2s, there exists t ∈ S such that ts1 = ts2.

There is a functor from S \S to the category graded right A-modules that takes the
object s to the Serre twist A(− spin(s)) and the morphism t : s1 → s2 to the map
lt : A(− spin(s1)) → A(− spin(s2)) given by left multiplication by t . We define

B = lim−→s∈S \S A(−spin(s))

to be the colimit of this functor. The general description of a filtered colimit of sets [1,
Exposé I, Lemme 2.8.1] identifies B with the set of fractions s−1a, where s−1

1 a1 =
s−1
2 a2 if and only if there exists t1, t2 ∈ S with t1a1 = t2a2 and t1s1 = t2s2. If s ∈ S
and a ∈ A are homogeneous of degrees d and e, then s−1a is homogeneous of degree
e − d. We will use that for all s ∈ S, the map rs : B → B(− spin(s)) given by right
multiplication by s is an isomorphism. This means that:

(iii) Given a ∈ A and s ∈ S with as = 0, there exists t ∈ S with ta = 0.
(iv) Given a ∈ A and s ∈ S, there exists b ∈ A and t ∈ S such that ta = bs.

Assumptions (i)–(iv) are trivially verified.

Proposition 2.16 Let A be a Dirac ring and let γ : A → S−1A be the localization
with respect to a multiplicative subset S ⊂ A that consists of homogeneous elements.
In this situation, the map

B = lim−→s∈S \S A(− spin(s))
u

S−1A

that to s−1a assigns γ (s)−1γ (a) is an isomorphism of graded right A-modules. In
particular, the localization γ : A → S−1A is a filtered colimit of free A-modules.

Proof The internal mapping space End(B) in the category of Z-graded abelian groups
has a canonical structure of Z-graded ring, and moreover, there is a map of Z-graded
rings r : Aop → End(B) that to a homogeneous element a ∈ A assigns the map
ra : B → B(− spin(a)) given by right multiplication by a. Since (iii)–(iv) hold, the
map r extends uniquely to a map of Z-graded rings r̃ : S−1Aop → End(B). Thus, the
structure of graded right A-module on B extends uniquely to a structure of graded
right S−1A-module. Moreover, the map u in question is S−1A-linear, since every
homogeneous element in S−1A is a finite products of elements of the form γ (s)−1

and γ (a) with s ∈ S and a ∈ A homogeneous. Finally, since B is generated as a right
S−1A-module by the fraction (1)−11, and since u maps this generator to the identity
element in S−1A, we conclude that u is an isomorphism. ��

Remark 2.17 As a consequence of Proposition 2.16, the localization S−1A is a flat
A-module. We discuss flatness in more depth in Sect. 3.1.

123



Dirac Geometry I: Commutative Algebra

2.3 The Dirac–Zariski Space

Wewish to interpret every Dirac ring A as the ring of functions on a topological space
|X | = |Spec(A)|. We call |X | the Dirac–Zariski space of A, and as already mentioned,
its points are defined to be the graded prime ideals p ⊂ A. Before we proceed, we
introduce some familiar notation which emphasizes the interpretation of A as a Dirac
ring of functions on |X |. If x ∈ |X | corresponds to the graded prime ideal p ⊂ A, then
we write

OX (|X |) → OX ,x

for the localization A → Ap with respect to the multiplicative subset S ⊂ A that
consists of all homogeneous elements f ∈ A that are not contained in p. We callOX ,x

the local Dirac ring at x ∈ |X |, and we write

mx ⊂ OX ,x

for its unique maximal graded ideal. It is the graded ideal pAp ⊂ Ap. The quotient

k(x) = OX ,x/mx

is a Dirac field, which we call the residue Dirac field at x ∈ |X |. We denote the image
of f ∈ OX (|X |) by the composite map

OX (|X |) OX ,x k(x)

by f (x) and call it the value of f at x . Finally, we write

OX (|X |) OZ (|Z |)

for the projection A → A/p. Here Z ⊂ X is the corresponding closed sub-Dirac
scheme, which we define below. The closed subspace |Z | = V (p) ⊂ |X | is the
closure of {x} ⊂ |X |. These maps constitute a commutative diagram

OX (|X |) OX ,x

OZ (|Z |) k(x)

with the lower horizontal map the localization at (0) = (p) ⊂ A/p.
The topology of the space |X | = |Spec(A)| is the Zariski topology, for which a

basis consists of the family of distinguished open subsets

|X f | = {x ∈ |X | | f (x) �= 0} ⊂ |X |

with f ∈ OX (|X |) homogeneous.
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Definition 2.18 Let A be a Dirac ring. Its Dirac–Zariski space is the topological space
|Spec(A)| given by the set of graded prime ideals equipped with the Zariski topology.

We enumerate a number of properties of the Dirac–Zariski space, which it shares
with the Zariski space of a commutative ring.

Proposition 2.19 Let A be a Dirac ring, let |X | = |Spec(A)|, and let ( fi )i∈I be a
family of homogeneous elements of A. The following are equivalent:

(1) The family (|X fi |)i∈I of distinguished open subsets of |X | covers |X |.
(2) The family ( fi )i∈I of homogeneous elements of A generates the unit ideal.

In particular, the topological space |X | = |Spec(A)| is quasi-compact.
Proof By definition, (1) holds if and only if for all x ∈ |X |, there exists some i ∈ I
such that fi (x) �= 0. This, in turn, is equivalent to the statement that for every graded
prime ideal p ⊂ A, there exists i ∈ I such that fi /∈ p, and this holds if and only if no
graded prime ideal contains the (graded) ideal generated by ( fi )i∈I . But Lemma 2.11
and Corollary 2.10 show that the latter statement is equivalent to (2).

To prove that |X | is quasi-compact, suppose that a family (Ui )i∈I of open subsets
of |X | covers |X |. For every x ∈ |X |, we first choose i ∈ I such that x ∈ Ui and then
choose a homogeneous element fx ∈ A such that x ∈ |X fx | ⊂ Ui . It will suffice to
show that a finite subfamily of the family (|X fx |)x∈|X | of distinguished open subsets
covers |X |. Now, since (|X fx |)x∈|X | covers |X |, the family ( fx )x∈|X | generates the unit
ideal, so we can write 1 = a1 fx1 + · · · + an fxn for some x1, . . . , xn ∈ |X |. But then
the subfamily ( fx1 , . . . , fxn ) of ( fx )x∈|X | generates the unit ideal, and therefore, the
subfamily (|X fx1

|, . . . , |X fxn |) of (|X fx |)x∈|X | covers |X |. ��
We will also associate to a map of Dirac rings φ : A → B a map of locally Dirac

ringed spaces p : (|Y |,OY ) → (|X |,OX ) in the opposite direction. We define the map
of underlying sets to be the map that to a point y ∈ |Y | corresponding to the graded
prime ideal q ⊂ B assigns the point x ∈ |X | that corresponds to the graded prime
ideal p = φ−1(q) ⊂ A. If f ∈ OX (|X |) is homogeneous, then

p−1(|X f |) = |Yφ( f )|,

so in particular the map p : |Y | → |X | is continuous.
Proposition 2.20 The map of p : |Y | → |X | of Dirac–Zariski spaces induced by a
map φ : A → B of Dirac rings is an embedding in the following cases:

(1) If a ⊂ A is a graded ideal and φ : A → A/a the canonical projection, then
p : |Y | → |X | is an embedding with closed image

V (a) = {x ∈ |X | | f (x) = 0 for all f ∈ a homogeneous}.

(2) If S ⊂ A is a multiplicative subset consisting of homogeneous elements and
φ : A → S−1A the localization, then p : |Y | → |X | is an embedding with image

p(|Y |) = {x ∈ |X | | f (x) �= 0 for all f ∈ S},
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which in general it is neither open nor closed.

Proof This is proved as in [29, Tag 00E3, Tag 00E5]. ��
Example 2.21 Let A be a Dirac ring, and let φ f : A → A f be the localization with
respect to the multiplicative subset S ⊂ A consisting of all powers of a homogeneous
element f ∈ A. In this situation, Proposition 2.20 (2) shows that the induced map
of Dirac–Zariski spaces j : |Y | → |X | is an embedding with image the distinguished
open subset |X f | ⊂ |X |.
Lemma 2.22 Let A be a Dirac ring. The intersection of a family of graded prime
ideals is a graded radical ideal, and every graded radical ideal is the intersection of
the family of graded prime ideals that contain it.

Proof The first statement follows from Lemma 2.9 and from the fact that every inter-
section of prime ideals is a radical ideal. To prove the second statement, we must show
that if f ∈ A is homogeneous and f /∈ a, then there exists a graded prime ideal p ⊂ A
such that a ⊂ p and f /∈ p. So we let q ⊂ A be a graded ideal that is maximal among
the homogeneous ideals that contain a and that do not contain any power of f . We
claim q is a prime ideal, which will complete the proof. If not, then we conclude from
Lemma 2.9 that there exists homogeneous elements g, h ∈ A with g, h /∈ q but with
g · h ∈ q. By the maximality of q, both q+ (g) and q+ (h) contain some power of f .
Hence, for some m, n ≥ 0, we can write

f m = ag + r ,

f n = bh + s

with a, b ∈ A and r , s ∈ q. But multiplying these two equations, we conclude that
f m+n ∈ q, which is a contradiction. ��
Corollary 2.23 Let A be a Dirac ring with Dirac–Zariski space |X |.
(1) Every closed subset Z ⊂ |X | is of the form Z = V (a) for a unique graded radical

ideal a ⊂ A.
(2) Every irreducible closed subset Z ⊂ |X | is of the form Z = V (p) for a unique

graded prime ideal p ⊂ A.

Proof To prove (1), let a ⊂ A be the ideal generated by the family of homogeneous
elements f ∈ A such that f (x) = 0 for all x ∈ Z . It is clear that a ⊂ A is a graded
ideal and that it is maximal with the property that V (a) = Z . We claim that a ⊂ A
is a radical ideal. Let us write px ⊂ A for the graded prime ideal corresponding to
x ∈ |X |. By definition, we have a = ⋂

x∈Z px , and hence, the claim follows from
Lemma 2.22. Finally, if Z = V (b) for some graded ideal b ⊂ A, then a = √

b.
To prove (2), we write Z = V (a) with a ⊂ A a graded radical ideal. We claim that

a is a prime ideal. If not, then by Lemma 2.9, there exist f , g ∈ A homogeneous with
f g ∈ a but with f /∈ a and g /∈ a. Thus, we obtain the decomposition

Z = V (a) = V (a + ( f )) ∪ V (a + (g))
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of Z ⊂ |X | as a union of two proper closed subsets, contradicting the assumption that
the closed subset Z ⊂ |X | is irreducible. This proves the claim. ��

We recall from [29, Tag 08YG] that a topological space |X | is defined to be spectral
if it is quasi-compact and sober, if the intersection of two quasi-compact open subsets
is quasi-compact, and if the family of quasi-compact open subsets is a basis for the
topology. A topological space |X | is defined to be sober if every irreducible closed
subset Z ⊂ |X | has a unique generic point. A map p : |Y | → |X | between spectral
spaces is defined to be spectral if for every quasi-compact open subset U ⊂ |X |, the
inverse image p−1(U ) ⊂ |Y | is a quasi-compact open subset.

Proposition 2.24 The Dirac–Zariski space |X | of a Dirac ring A is a spectral space,
and the map of Dirac–Zariski spaces p : |Y | → |X | induced by a map of Dirac rings
φ : A → B is a spectral map.

Proof We first show that |X | = |Spec(A)| is a spectral space. By Proposition 2.19
and Proposition 2.20, the distinguished open subsets |X f | ⊂ |X | are quasi-compact,
and since the family of distinguished open subsets is a basis for the Zariski topology
on |X |, a subset U ⊂ |X | is quasi-compact and open if and only if it is a finite union
of distinguished open subsets. Moreover, if |X f |, |Xg| ⊂ |X | are distinguished open
subsets, then so is their intersection |X f | ∩ |Xg| = |X f g| ⊂ |X |. It remains to prove
that |X | is sober. So let Z ⊂ |X | be an irreducible closed subset.We use Corollary 2.23
to write Z = V (p) for a unique graded prime ideal p ⊂ A and let x ∈ |X | be the
corresponding point. If x ∈ V (a), then a ⊂ p, so Z = V (p) ⊂ V (a), which shows
that x ∈ Z is a generic point. It is unique, since if also x ′ ∈ Z is a generic point
corresponding to a graded prime ideal p′ ⊂ A, then we have p ⊂ p′ and p′ ⊂ p,
which shows that x = x ′. Finally, we have p−1(|X f |) = |Yφ( f )|, which shows that
p : |Y | → |X | is spectral. ��
Remark 2.25 Let Topspec ⊂ Top be the non-full subcategory spanned by the spectral
spaces and the spectral maps between them, and let Latdist ⊂ Lat be the full sub-
category of the category Lat of lattices and lattice homomorphisms spanned by the
distributive lattices.3 By Stone duality, the functor

(Topspec)op Latdist

that to a spectral space assigns its lattice of quasi-compact open subsets is an equiv-
alence. This was proved in [28], but see also [16, Corollary I.3.4]. Under this
equivalence, the Dirac–Zariski space |X | = |Spec(A)| of a Dirac ring A is mapped
to the distributive lattice Radfg(A) of finitely generated radical graded ideals of A.
Indeed, by Corollary 2.23, closed subsets Z ⊂ |X | correspond to radical graded ideals
a ⊂ A, and one readily checks that Z ⊂ |X | has quasi-compact open complement if
and only if a ⊂ A is finitely generated.

3 We assume, as does [16], that lattices are bounded in the sense that they have both a maximal element 1
and a minimal element 0.
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We may characterize the distributive lattice Radfg(A) of finitely generated radical
graded ideals a ⊂ A by a universal property as follows. We define a map

∐
d∈Z Ad

d
D

from the set of homogeneous elements in A to a distributive lattice D to be a support
function on A if it has the following properties:

(1) d(1) is the maximal element of D.
(2) d(0) is the minimal element of D.
(3) d( f g) = d( f ) ∧ d(g).
(4) d( f + g) ≤ d( f ) ∨ d(g).

It follows from these axioms that if f ∈ √
(g), then d( f ) ≤ d(g), so, in particular, if√

( f ) = √
(g), then d( f ) = d(g). This, in turn, implies that the map

∐
d∈Z Ad

dfg
Radfg(A)

defined by dfg( f ) = √
( f ) is the initial support function on A.

We may use Stone duality to translate this to a lattice-theoretic characterization of
the Dirac–Zariski space |X | = |Spec(A)| as follows. Let Y be a topological space,
and let YZar be its lattice of open subsets. We define a map

∐
d∈Z Ad

supp
YZar

to be a space-valued support function on A if it has the following properties:

(1) supp(1) = Y .
(2) supp(0) = ∅.
(3) supp( f g) = supp( f ) ∩ supp(g).
(4) supp( f + g) ⊆ supp( f ) ∪ supp(g).

The map D : ∐
d∈Z Ad → |X |Zar that to a homogeneous element f ∈ A assigns the

distinguised open subset D( f ) = |X f | ⊂ |X | is a space-valued support function on
A that witnesses the Dirac–Zariski space as the final topological space equipped with
a space-valued support function on A.

2.4 The Category of Dirac Schemes

We define the structure sheaf OX on the Dirac–Zariski space |X | of a Dirac ring A,
and define the category of Dirac schemes.

Theorem 2.26 (1) Let A be a Dirac ring, and let |X | = |Spec(A)|. Up to unique
isomorphism, there is a unique pair (OX , εA : A → OX (|X |)) of a sheaf of Dirac

123



L. Hesselholt, P. Pstra̧gowski

rings on |X | and map of Dirac rings such that for every homogeneous element f ∈ A,
the composite map

A
εA

OX (|X |) OX (|X f |)

is a localization with respect to S = {1, f , f 2, . . . } ⊂ A.
(2) Let φ : A → B be a map of Dirac rings, let p : |Y | → |X | be the associated map
of Dirac–Zariski spaces, and let φ : OX → p∗(OY ) be the unique map of sheaves of
Dirac rings on |X | that makes the following diagram commute.

A
εA

φ

OX (|X |)
φX

B
εB

OY (|Y |)

The pair (p, φ) : (|Y |,OY ) → (|X |,OX ) is a map of locally Dirac ringed spaces.

Proof To prove (1), we apply [20, Proposition 1.1.4.4]. So let XZar be the category
of open subsets of |X | and with a single map from U to V , if U ⊂ V , and with no
maps from U to V , otherwise, and let u : DZar → XZar be the inclusion of the full
subcategory spanned by the distinguished open subsets. The family of distinguished
open subsets satisfy the conditions (i)–(iii) of loc. cit., so it suffices to prove that, up
to isomorphism, there is a unique pair (OX ◦ u, εA : A → (OX ◦ u)(|X |) of a sheaf
of Dirac rings on DZar and a map of Dirac rings, such that for every homogeneous
element f ∈ A, the composite map

A
εA

(OX ◦ u)(|X |) (OX ◦ u)(|X f |)

is a localization with respect to S = {1, f , f 2, . . . } ⊂ A. The uniqueness, up to
unique isomorphism, of a solution to this problem is clear, so it remains to prove
existence. We first prove (a) that the desired pair withOX ◦u a presheaf of Dirac rings
on DZar with the desired properties exists, and then prove (b) that the presheaf OX ◦ u
is a sheaf. If |X f | ⊂ |Xg|, then the localization φ f : A → A f maps g to a unit. For
g(x) �= 0 for all x ∈ |X f |, so φ f (g) ∈ A f is not contained in any graded prime
ideal, so Lemma 2.11 and Corollary 2.10 show that φ f (g) ∈ A f is a unit. Thus, if
|X f | ⊂ |Xg|, then the localization φ f : A → A f factors uniquely as a composition

A
φg

Ag
φ f ,g

A f ,

which proves (a). To prove (b), we remark that

|X f | ∩ |Xg| = |X f g|.
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Therefore, we must show that if (|X fi | → |X f |)1≤i≤n is a finite jointly surjective
family of maps in DZar, then the diagram

A f
α ∏

1≤i≤n A fi

β

γ

∏
1≤ j,k≤n A f j fk

with the maps α, β, and γ given by pri ◦α = φ fi , f , pr j,k ◦β = φ f j fk , f j ◦ pr j , and
pr j,k ◦ γ = φ f j fk , fk ◦ prk is an equalizer. But since the map α is faithfully flat, this
follows by faithfully flat descent. This proves (1).

To prove (2), we first note that (|X |,OX ) is a locally Dirac ringed space. Indeed, let
ix : {x} → |X | be the inclusion of a point. The sheaf i∗x (OX ) of Dirac rings on {x} is
uniquely determined, up to unique isomorphism, by its Dirac ring of global sections
i∗x (OX )({x}), and that (|X |,OX ) is a locally Dirac ringed space means that the latter
Dirac ring is local for all x ∈ |X |. But

i∗x (OX )({x}) � OX ,x ,

which is a local Dirac ring. The map p : |Y | → |X | satisfies p−1(|X f |) = |Yφ( f )|, so
there is a unique map φX f of Dirac rings making the diagram

A
εA

φ

OX (|X |)
φX

OX (|X f |)
φX f

B
εB

OY (|Y |) OY (|Yφ( f )|)

commute for all f ∈ A homogeneous. This defines the map φ : OX → p∗(OY )

of sheaves of Dirac rings on X . It remains to show that the induced map of stalks
φy : OX ,x → OY ,y is a local map of local Dirac rings in the sense that φy(mx ) ⊂ my .
So let p ⊂ A and q ⊂ B be the graded prime ideals corresponding to x ∈ |X | and
y ∈ |Y |, respectively. By definition of the map p : |Y | → |X |, we have p = φ−1(q),
and moreover, the map φy : OX ,x → OY ,y is canonically identified with the map
φq : Ap → Bq induced by φ : A → B, which is indeed local. This proves (2). ��
Definition 2.27 Let A be a Dirac ring. Its Dirac spectrum Spec(A) is the locally Dirac
ringed space X = (|X |,OX ) given by the Dirac–Zariski space of A and the sheaf of
Dirac rings OX thereon provided by Theorem 2.26.

Remark 2.28 Let A be a Dirac ring, and let X = (|X |,OX ) be its Dirac spectrum.
One may wonder, where the strange space |X | comes from. The answer was given by
Hakim in her thesis [14]. The collection of Dirac ringed topoi is naturally organized
into a 2-category 1-TopCAlg; compare [20, Definition 1.2.1.1]. If (X, A) is a Dirac
ringed topos, then givenU ∈ X and f ∈ A(U ) homogeneous, we letU f → U be the
largest subobject such that A(U ) → A(U f ) takes f to a unit. We define A to be local
if for every U ∈ X and every family ( fi )i∈I of homogeneous elements in A(U ) that
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generates the unit ideal, one has

U = ⋃
i∈I U fi .

Let (p, φ) : (Y, B) → (X, A) be a map of Dirac ringed topoi with A and B local.
We define φ : A → p∗(B) to be local if for every U ∈ X and every homogeneous
element f ∈ A(U ), the monomorphism p∗(U f ) → p∗(U )φ( f ) is an isomorphism.
The collection of locally Dirac ringed topoi and local maps between them is organized
into a (non-1-full) sub-2-category 1-ToplocCAlg of 1-TopCAlg. One may prove that the
canonical inclusion admits a right adjoint

1-ToplocCAlg 1-TopCAlg
Spec

and that if A is a Dirac ring in the topos Set, then the adjunct

(ShvSet(|X |),OX ) Spec(Set, A)

of the map of Dirac rings εA : A → OX (|X |) given by Theorem 2.26 (1) is an equiv-
alence of locally Dirac ringed topoi. Thus, the space |X | is the space of points in the
underlying topos of the locally Dirac ringed topos Spec(Set, A).

Definition 2.29 A Dirac scheme is a locally Dirac ringed space that, locally, is iso-
morphic to the Dirac–Zariski spectrum of a Dirac ring. The category of Dirac schemes
is the full subcategory of the category of locally Dirac ringed spaces spanned by the
Dirac schemes.

Example 2.30 (1) If X = (|X |,OX ) is a Dirac scheme, and if j : |U | → |X | is an open
embedding, then U = (|U |, j∗OX ) is a Dirac scheme. In this situation, we say that
j : U → X an open immersion.
(2) Let X = (|X |,OX ) be a Dirac scheme, and let φ : OXev → OX be the inclusion of
the subsheaf defined by OXev(|U |) = OX (|U |)ev. It is a map of locally Dirac ringed
sheaves on |X |. Therefore, the pair X ev = (|X |,OXev) is a Dirac scheme and the pair
ηX = (id, φ) : X → X ev is a map of Dirac schemes.

Proposition 2.31 The functor that to a Dirac ring A assigns its Dirac spectrum X =
Spec(A) is right adjoint to the functor that to a locally Dirac ringed space Y assigns
the Dirac ring OY (|Y |) of global sections of its structure sheaf.4 Moreover, the counit
of the adjunction εA : A → OX (|X |) is an isomorphism.

Proof We first define the counit and unit of the adjunction. If A is a Dirac ring, then
we let εA : A → OX (|X |) be the map of Dirac rings defined by Theorem 2.26. It
is an isomorphism, as stated. If Y is a locally ringed space, if A = OY (|Y |), and if
X = Spec(A), then we let ηY = (p, φ) : Y → X be the map of locally Dirac ringed

4 Here we consider Spec as a functor from the opposite of the category of Dirac rings to the category of
locally Dirac ringed spaces.
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spaces defined as follows. The map p assigns to y ∈ |Y | the element x ∈ |X | given
by the kernel of the composite map

A = OY (|Y |) OY ,y k(y).

To show that it is continuous, we note that for f ∈ A homogeneous,

y ∈ p−1(|X f |) ⊂ |Y |

if and only if its image f (y) ∈ k(y) by the composite map above is nonzero, or
equivalently, if and only if its image fy ∈ OY ,y is a unit. But OY ,y is the filtered
colimit of OY (|V |) with y ∈ |V | ⊂ |Y | open, so if fy ∈ OY ,y is invertible, then there
exists such a |V | fully contained in p−1(|X f |). So p : |Y | → |X | is continuous. The
map φ : OX → p∗OY is the unique map of sheaves of Dirac rings on |X | such that
φX = ε−1

A and such that for all f ∈ A homogeneous, the diagram

OX (|X |) φX
OY (|Y |)

OX (|X f |)
φX f

OY (p−1(|X f |))

commutes. Here, the left-hand vertical map is a localization that inverts f , and the
composition of the top horizontal map and the right-hand vertical map takes f to a
unit, so the lower horizontal map making the diagram commute exists and is unique.
Moreover, if y ∈ |Y | and x = p(y) ∈ |X |, then, in the diagram

OX (|X |) φX
OY (|Y |)

OX ,x
φx

OY ,y,

the left-hand vertical map is a localization that inverts the homogeneous elements f ∈
OX (|X |) with invertible image under the composition of the top horizontal map and
the right-hand vertical map. So the lower horizontal map is a local map of local Dirac
rings. This completes the definition of ηY : Y → X . Finally, it follows immediately
from the definitions that ε and η satisfy the triangle identities. ��
Theorem 2.32 The category of Dirac schemes admits finite limits, coproducts indexed
by small sets, and quotients by equivalence relations

R
(s,t)

Y × Y

such that Y = ∐
i∈I Yi and R = ∐

(i, j)∈I×I Ui, j and such that s and t restrict to open
immersions s|Ui, j : Ui, j → Yi and t |Ui, j : Ui, j → Y j .
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Proof We first consider colimits. The case of small coproducts is clear. Given an
equivalence relation as is the statement, we let p : |Y | → |X | be a coequalizer of
r , s : |R | → |Y | in the category of topological spaces and continuous maps. We
claim that for all i ∈ I , the map p|Yi : |Yi | → p(|Yi |) is a homeomorphism. First,
it is a bijection, because the maps s|Ui,i : |Ui,i | → |Yi | and t |Ui,i : |Ui,i | → |Yi |
necessarily are equal. Indeed, they are both open embeddings, and the diagonal map
� : Yi → Yi × Yi factors through (s, t)|Ui,i : Ui,i → Yi × Yi , because (s, t) is an
equivalence relation. Second, it is an open map. For if |V | ⊂ |Yi | is open, then so is

f −1( f (|V |)) =
∐

j∈I (t ◦ s−1)(|V | ∩ |Ui, j |) ⊂
∐

j∈I |Y j | = |Y |.

This proves the claim. Finally, the sheaf of Dirac rings OX given by the equalizer

OX
f �

f∗OY

f∗s�

f∗t�
h∗OR

where h = f ◦ s = f ◦ t , makes (|X |,OX ) a Dirac scheme and makes it the stated
quotient in the category of Dirac schemes.

We next consider limits. The opposite of the category of Dirac rings admits all
small limits, and Proposition 2.31 implies that the functor Spec preserves them. In
particular, the statement holds for finite diagrams of affine Dirac schemes, including
the empty diagram. So it remains to prove that if f : Y → X and g : X ′ → X are
maps of Dirac schemes, then a fiber product

Y ′ g′

f ′

Y

f

X ′ g
X

exists. We already know that this holds, if X , X ′, and Y are all affine. Finally, the
general case is proved as in [13, Thérème I.3.2.6] or [29, Tag 01JM] by successively
writing Y , X ′, and finally X as quotients of coproducts of affine Dirac schemes by
equivalence relations of the form considered above. ��

Remark 2.33 Alternatively, one may prove that the category of locally Dirac ringed
spaces admits all small limits and colimits; compare [11, Corollary 5] and [8, Proposi-
tion I.1.6]. One then checks that the full subcategory of Dirac schemes is closed under
finite limits and under the colimits enumerated in Theorem 2.32.

Example 2.34 Let us show that for every Dirac scheme X , the unique map

lim−→S⊂X
S

f
X
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from the colimit of its affine open sub-Dirac schemes is an isomorphism. The colimit in
question is given by Y/R with Y = ∐

S⊂X YS and R = ∐
S,T⊂X US,T , where YS = S

and US,T = S ∩ T , and where s|US,T : US,T → YS and t |US,t : US,T → T are given
by the respective open immersions S ∩ T → S and S ∩ T → T . So Theorem 2.32
shows that the colimit exists and we must show that the map f is an isomorphism.
But the map of underlying spaces is a homeomorphism, because continuity is a local
property, and the relevant diagram of sheaves

OX g∗OY h∗OR

is a limit diagram, because, taking sections of U ⊂ X affine open, we get

OX (U )
∏

S⊂X OX (U ∩ S)
∏

S,T⊂X OX (U ∩ S ∩ T ),

which is a limit diagram of sets, since OX is a sheaf.

Given Theorem 2.32, we can adhere to Grothendieck’s dictum that for a property
to be considered a geometric property, it must be defined for all morphisms and be
stable under base-change. Among geometric properties of a map of Dirac schemes,
the familiar properties of being an open immersion, a closed immersion, and a flat
map are all geometric properties.

2.5 Evenness

A pleasant property of the Dirac–Zariski space associated with a Dirac ring A is that it
only depends on the sub-Dirac ring Aev ⊂ A spanned by the homogeneous elements
of even degree.

Proposition 2.35 Let A be a Dirac ring, and let Aev ⊂ A be the sub-Dirac ring
spanned by the homogeneous elements of even degree, and let ηX : X → X ev be the
map of Dirac spectra induced by the canonical inclusion.

(1) The map of Dirac–Zariski spaces ηX : |X | → |X ev| is a homeomorphism.
(2) For every homogeneous element f ∈ A of even degree, the canonical map

OXev(|X ev
f |) ⊗OXev (|X |) OX (|X |) OX (|X f |)

is an isomorphism.

Proof The inverse of the map in (1) takes a graded prime ideal q ⊂ Aev to the radical
closure p = √

qA ⊂ A of the graded ideal qA = Aq ⊂ A, which is proper since
(Aq)ev = q; see Proposition 3.36 for details. To prove (2), we must show that the
canonical map Aev

f ⊗Aev A → A f is an isomorphism, but this follows immediately
from Proposition 2.16. ��
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If a Dirac ring A is even, then the underlying ring Ã is commutative, and hence,
it is meaningful to compare the Dirac spectrum X = Spec(A) to the prime spectrum
X̃ = Spec( Ã). The grading on A determines and is determined by an action

Gm × X̃
μ

X̃

of the multiplicative group Gm on X̃ . We first prove a general lemma concerning the
action by a group scheme on a scheme.

Lemma 2.36 Let μ : G × Y → Y be an action by a group scheme G on a scheme Y ,
and let p : G × Y → Y be the canonical projection. The image of the map

|G × Y | (|p|,|μ|) |Y | × |Y |

is an equivalence relation.

Proof It is clear that the relation is reflexive and symmetric, but we must prove that
it is also transitive. Let [G\Y ] be the simplicial scheme given by the bar construction
of the action. It is a groupoid object in the category of schemes in the sense of [21,
Definition 6.1.2.7]. In particular, the diagram

G × G × Y
p′

μ′

G × Y

μ

G × Y
p

Y

with p′ the projection on the second and third factors andwithμ′ = G×μ is cartesian.
The induced diagram of underlying spaces

|G × G × Y | |p′|

|μ′|

|G × Y |
|μ|

|G × Y | |p| |Y |

is typically not cartesian. However, by [13, Proposition 3.4.7], the induced map

|G × G × Y | (|p′|,|μ′|) |G × Y | ×|Y | |G × Y |

is surjective, and this implies the transitivity of the relation. ��
We say that the quotient of the topological space |Y | by the equivalence relation

in Lemma 2.36 is the orbit space of the action μ : G × Y → Y , and we say that the
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subspace of |Y | consisting of the points that are equivalent to y ∈ |Y | is the G-orbit
through y ∈ |Y |. It is equal to the image of the composite map

|G × Spec(k(y))| |G×iy | |G × Y | |μ| |Y |

and is generally not a locally closed subspace.

Proposition 2.37 Let A be an even Dirac ring with Dirac spectrum X, and let Ã be
its underlying ring with spectrum X̃. The map

|X̃ | p |X |

that to a prime ideal q ⊂ Ã assigns the largest graded prime ideal p ⊂ A with p ⊂ q
exhibits |X | as the orbit space of the action μ : Gm × X̃ → X̃ defined by the grading.
There is a canonical isomorphism ÕX → p∗(OX̃ ) of sheaves of rings on |X |.
Proof The map p is continuous, since for f ∈ A homogeneous, we have

p−1(|X f |) = |X̃ f |,

and the inclusion s : |X | → |X̃ | is also continuous, since for any g ∈ Ã, we have

s−1(|X̃g|) = ⋃
i∈Z |Xgi |,

where we write g = ∑
i∈Z gi with gi ∈ A homogeneous. Indeed, if p ⊂ A is a graded

ideal, then g /∈ p if and only if gi /∈ p for some i ∈ Z. So s is a continuous section of
the continuous map p, which immediately implies that p is a quotient map.

We proceed to show that the fiber p−1(x) ⊂ |X̃ | lying above x ∈ |X | is equal to
the Gm-orbit through s(x) ∈ |X̃ |. Since, by Lemma 2.36, the partition of |X̃ | into
Gm-orbits is an equivalence relation, this will prove that p : |X̃ | → |X | exhibits |X |
as the orbit space of the Gm-action on X̃ , as stated.

So let x ∈ |X |. The canonical map of Dirac rings ix : A → k(x) from A to the
Dirac residue field at x induces a Gm-equivariant embedding of schemes

Spec(k̃(x))
ix

X̃ ,

whose set-theoretic image we now identify with the fiber p−1(x) ⊂ |X̃ |. To this end,
we first notice that if q ⊂ Ã is a prime ideal, then the largest graded ideal a ⊂ A
with the property that a ⊂ q is automatically a prime ideal. Indeed, if f , g ∈ A are
homogeneous and f g ∈ a, then f g ∈ q, so f ∈ q or g ∈ q or both. Therefore, the
maximality of a ⊂ q implies that f ∈ a or g ∈ a or both, so Lemma 2.9 shows that
a ⊂ A is a prime ideal. It follows that if p ⊂ A is the graded prime ideal corresponding
to x ∈ |X |, then y ∈ p−1(x) ⊂ |X̃ | if and only if the corresponding prime ideal q ⊂ Ã
contains p and q does not contain any homogeneous elements from A � p. But these
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are exactly the points y ∈ |X̃ | that belong to the set-theoretic image of the embedding
ix above.

Now, if y = s(x) ∈ |X̃ |, then we have a diagram of schemes with Gm-action

Gm × Spec(k(y))
Gm×iy

Gm × X̃

μ

Spec(k̃(x))
ix

X̃

with the left-hand vertical map induced by the canonical map k̃(x) → k(y) from
the underlying ring of the Dirac residue field at x to the residue field at y = s(x).
On the one hand, the lower horizontal map is an embedding, whose set-theoretic
image we have identified with p−1(x) ⊂ |X̃ |, and on the other hand, the set-theoretic
image of the composition of the top horizontal map and the right-hand vertical map
is equal to the Gm-orbit through y ∈ |X̃ |. Thus, it suffices to show that the left-hand
vertical map is surjective. The map in question is induced by a map of Dirac rings
h : k(x) → Z[t±1]⊗ k(y), where t is a spin 1 generator. But, by Proposition 2.13, the
Dirac field k(x) is either a field k or a Laurent polynomial ring k[s±1] on a generator
of nonzero degree, and in either case, the map h is faithfully flat. So the left-hand map
in the diagram is surjective as desired.

Finally, for f ∈ A homogeneous, we have canonical isomorphisms

p∗(OX̃ )(|X f |) � OX̃ (|X̃ f |) � Ã f ,

which proves that p∗(OX̃ ) � ÕX . ��
Remark 2.38 (1) The section s : |X | → |X̃ | of the projection p : |X̃ | → |X | onto the
orbit space for the action μ : Gm × X̃ → X̃ assigns to x ∈ |X | the generic point of the
Gm-orbit p−1(x) ⊂ |X̃ |. Thus, it is the spectral nature of these spaces that is the reason
that this section exists. Note that since s is a section of p and both are continuous, the
map s identifies |X | with a subspace of |X̃ |.
(2) The sheaf of Dirac ringsOX has underlying sheaf of rings given by the direct image
p∗(OX̃ ). However, we note that, whereas (|X |,OX ) is a locally Dirac ringed space,
its underlying ringed space (|X |, p∗(OX̃ )) is typically not locally ringed.

Remark 2.39 Let S be an even Dirac ring of non-negative spin. The ideal S+ ⊂ S
spanned by the homogeneous elements of positive spin is graded, and the canonical
maps S0 → S → S/S+ identifies the quotient with the subring of spin zero elements.
Thus, the Dirac–Zariski space of S decomposes as the recollement

|Spec(S0)| i |Spec(S)| |Proj(S)|j

of the Zariski space of S0, which is a closed subspace, and the projective Zariski space
of S, which is an open subspace. Note that Proj(S) is not an open sub-Dirac scheme
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of Spec(S). Instead, the structure sheaf of Proj(S) is defined to be the spin zero part of
OSpec(S)|Proj(S). We also note that, while the space |Spec(S)| is always quasi-compact,
the open subspace |Proj(S)| is generally not so.

Example 2.40 Let k be a field. The free Dirac k-algebra B = k[γ ] on a generator of
non-zero integer spin-m has Dirac–Zariski space

|A1
k(m)| = |X | = {η, s}.

It is a Sierpiński space with η = (0) open and s = (γ ) closed. So the Dirac–Zariski
space |X | is finite even though the k-algebra B is not finite, despite being finite type
over a field.

Remark 2.41 Let A be a Dirac ring, let Aev ⊂ A be the sub-Dirac-ring generated by
the homogeneous elements of even degree, and let r : X → X ev be the induced map
of Dirac spectra. If f ∈ Aev is a homogeneous element of even degree, then, as we
have observed in Proposition 2.35, the square of Dirac schemes

X f

ηX f

f

X ev
f

f ev

X
ηX

X ev

is cartesian, and the horizontal maps are homeomorphisms on underlying spaces.

The next result demonstrates that, in the case of even Dirac rings, the geometry of
the Dirac spectrum exerts strong control over the geometry of the much larger prime
spectrum of the underlying ring.

Proposition 2.42 If φ : A → B is a map between even Dirac rings, then the following
are equivalent:

(1) The map of Dirac spectra q : Y → X associated with φ : A → B is an open
immersion in the sense that the map q : |Y | → |X | is an open embedding and the
map φ : q∗(OX ) → OY is an isomorphism.

(2) There exists a family ( fi )i∈I of homogeneous elements of A such that (φ( fi ))i∈I
generates the unit ideal of B and such that the induced map φ fi : A fi → B fi is
an isomorphism for all i ∈ I .

(3) The map of prime spectra q̃ : Ỹ → X̃ associated with the map φ : Ã → B̃ of
underlying rings is an open immersion of schemes.

Proof It is clear that (1) implies (2) and that (2) implies (3), so we assume (3) and
prove (1). We must show that p : |Y | → |X | is an open embedding. By Remark 2.38,
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we have a diagram of topological spaces and continuous maps

|Ỹ | q̃ |X̃ |

|Y | q

s

|X |
s

in which the vertical maps are embeddings, and by assumption, the top horizontal
map is an open embedding. Therefore, to show that the bottom horizontal map is an
open embedding, it suffices to show that the underlying diagram of sets is cartesian.
It is clear that the map from |Y | to the fiber product is injective. To prove that it is
also surjective, we fix x ∈ |X | and show that if the fiber Yx is empty, then so is the
fiber Ỹs(x). But if p ⊂ A is the graded prime ideal corresponding to x ∈ |X |, then the
underlying ring of the Dirac residue field k(x) and the residue field k(s(x)) are both
localizations of the underlying ring of A/p. Hence, there is a map

k̃(x) k(s(x))

of Ã-algebras, so if B ⊗A k(x) is the zero Dirac ring, then B̃ ⊗ Ã k(s(x)) is the zero
ring, as we wanted to prove. So q : |Y | → |X | is an open embedding.

It remains to prove that φ : q∗(OX ) → OY is an isomorphism. So let f ∈ A be a
homogeneous element such that |X f | ⊂ q(|Y |) ⊂ |X |. We claim that

|X̃ f | ⊂ q̃ (|Ỹ |) ⊂ |X̃ |.

Unwrapping the definitions, we must show that if q ⊆ Ã that does not belong to the
image of |Ỹ |, then it contains f . A prime ideal q ⊂ Ã does not belong to the image of
|Ỹ | if and only if φ(q)B̃ = B̃ if and only if we can write

1 = ∑
i∈I fi gi ∈ B̃

with fi ∈ q and gi ∈ B̃. Expanding each of these elements as a sum of homogeneous
elements, we can assume that they are themselves homogeneous. Thus, we also have
φ(p(q))B = B, where p(q) ⊂ A is the graded prime ideal generated by the family
consisting of the homogeneous elements in q. It follows that p(q) is not in the image
of |Y |, so f ∈ p(q) ⊂ q. This proves the claim.

Finally, since localization commutes with passing to underlying rings, we deduce
that if f ∈ A is as above, then φ f : A f → B f is an isomorphism, because the map of
underlying rings is so, by assumption. ��

We say that a Dirac scheme X is even if for every open subset U ⊆ |X |, the Dirac
ring OX (U ) is concentrated in even degrees. In Example 2.30, we defined for every
Dirac scheme X , a canonical map ηX : X → X ev to an even Dirac scheme. This map
is characterized by the following universal property:
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Lemma 2.43 The inclusion of the full subcategory spanned by even Dirac schemes
into the category of all Dirac schemes admits the left adjoint functor with unit map
ηX : X → X ev. Moreover, the projection formula holds: Given a map of even Dirac
schemes p : W → V and a map of Dirac schemes q : Y → V , the canonical map

(Y ×V W )ev Y ev ×V W

is an isomorphism.

Proof Since the right adjoint is the inclusion of a full subcategory, the counit is neces-
sarily an isomorphism. So the statement that ηX : X → X ev is the unit of an adjunction
is equivalent to the statement that for any map f = (p, φ) : X → V of Dirac schemes
with V even, the map φ : p∗OV → OX of sheaves of Dirac rings on |X | factors
uniquely through the inclusion OXev → OX . But this is clear.

The map in the projection formula is the adjunct of the map

Y ×V W
ηY×V W

Y ev ×V W ,

and to prove that it is an isomorphism, we may reduce, by the construction of fiber
products, to the case, where first V and thenW and Y are affine. But in the affine case,
the statement is clear. ��

The absolute property of being even can be naturally extended to a property of
maps. This yields a new geometric property of Dirac schemes.

Definition 2.44 A map of Dirac schemes p : Y → X is even if the square

Y
ηY

p

Y ev

pev

X
ηX

X ev

is cartesian.

Since the terminal Dirac scheme Spec(Z) is even, a Dirac scheme X is even if and
only if the unique map X → Spec(Z) is even.

Lemma 2.45 If p : Y → X is an evenmap of Dirac schemes, then so is its base-change
p′ : Y ′ → X ′ along any map of Dirac schemes q : X ′ → X.

Proof We wish to show that, in the diagram

Y ′ ηY ′

p′

Y ′ev q ′ev

p′ev

Y ev

pev

X ′ ηX ′
X ′ev qev

X ev
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the left-hand square is cartesian. This will follow, once we prove that the outer square
and the right-hand square both are cartesian. The outer square agrees with the outer
square in the diagram

Y ′ q ′

p′

Y
ηY

p

Y ev

pev

X ′ q
X

ηX
X ev

and it is cartesian, since, by assumption, the left-hand square and the right-hand square
therein both are cartesian. Finally, the right-hand square in the top diagram is obtained
by applying (−)ev to the left-hand square, or equivalently, the outer square in the
bottom diagram. It is cartesian by the projection formula of Lemma 2.43. ��

Let us record that the unit map ηX : X → X ev has a number of good properties.
We say that a map of Dirac schemes p : Y → X is affine if for every affine open
U ⊂ X , the inverse image V = p−1(U ) ⊂ Y is affine open, and it is integral if, in
addition, every homogeneous element of OY (|V |) is a root of a homogeneous monic
polynomial with coefficients in OX (|U |).
Lemma 2.46 Let X be a Dirac scheme. The unit map

X
ηX

X ev

is affine, integral, and a universal homeomorphism.

Proof IfU ⊂ X is affine open, thenU ev ⊂ X ev is affine open and η−1
X (U ev) = U . So

ηX is affine. Since the properties of being integral and a universal homeomorphism
are local in the Zariski-topology, these two properties follow from the corresponding
statement about Dirac rings, which we prove in Proposition 3.36. ��
Corollary 2.47 Let p : Y → X be a map of Dirac schemes. In the diagram

Y

Y ′ Y ev

X X ev

ηY

p

ηX
′

pev ′ pev

ηX

r

with the square cartesian, the map r is integral and a universal homeomorphism, and
the map pev′ is even.
Proof By Lemma 2.46, The projection formula shows that r ev : Y ev → Y ′ev is an
isomorphism of Dirac schemes, so in particular, the map of underlying spaces is a
homeomorphism. To prove that r is integral, we argue as in [29, Tag 035D] that it
suffices to show that ηY is integral and that η′

X is separated. But this follows from
Lemma 2.46. ��
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3 Commutative Algebra

In this section, we generalize several results of classical commutative algebra to the
setting of Dirac rings. In many cases, such as Hilbert’s basis theorem, the proofs are
the same in the classical case and so were certainly known to the experts, even if not
written down in precisely this form. An exception here is our proof of Zariski’s main
theorem, which we believe is a genuinely new result.

3.1 Properties of Modules

Let A be a Dirac ring. The functor that to a graded A-module M assigns the graded set
(Md)d∈Z admits a left adjoint functor that to a graded set S assigns a graded A-module
A(S). We define a family of homogeneous elements in M to be a map of graded sets
x : S → (Md)d∈Z, and we define it to be linearly independent (resp. to generate M ,
resp. to be a basis of M) if the adjunct map x̃ : A(S) → M is a monomorphism (resp.
an epimorphism, resp. an isomorphism). We say that a graded A-module M is free if it
admits a basis. We define a graded set S = (Sd)d∈Z to be finite if the total set

∐
d∈Z Sd

is finite, and we define it to be even if Sd = ∅ for d odd. Finally, we say that a family
x : S → M of homogeneous elements in a graded A-module M is finite (resp. even)
if S is finite (resp. even).

Definition 3.1 Let A be a Dirac ring.

(1) A graded A-module M is finitely generated if there exists a finite family of homo-
geneous elements that generates M .

(2) A graded A-module M is finitely presented if there exists a finite family of homo-
geneous elements x : S → (Md)d∈Z that generates M and for which the kernel of
the adjunct map x̃ : A(S) → M is finitely generated.

(3) A graded A-module M is evenly generated if there exists an even family of homo-
geneous elements that generates M .

(4) A graded A-module M is evenly presented if there exists an even family of homo-
geneous elements x : S → (Md)d∈Z that generates M and for which the kernel of
the adjunct map x̃ : A(S) → M is evenly generated.

Remark 3.2 Let A be a Dirac ring, and let M be a graded A-module. We have defined
Aev ⊂ A be the sub-Dirac ring generated by the family of even homogeneous elements
in A, and we similarly defineMev ⊂ M to be the graded sub-Aev-module generated by
the family of even homogeneous elements inM .We remark thatM is evenly generated
(resp. evenly presented) if and only if the canonical map

A ⊗Aev Mev M

is an epimorphism (resp. an isomorphism) of graded A-modules.

Remark 3.3 If A = Aev is an even ring, then an A-module M is evenly generated
if and only if it is concentrated in even degrees. In this case, it is also automatically
evenly presented.
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Example 3.4 Over a general Dirac ring A, there exist evenly generated A-modules
which are not evenly presented. For example, if A = k[x] is the free Dirac algebra
on a generator of odd degree, then the unique k-algebra map φ : A → k is evenly
generated, but not evenly presented.

An important statement about finitely generated modules is the following analogue
of the classical Nakayama’s lemma [29, Tag 00DV].

Proposition 3.5 (Nakayama’s lemma) Let A be a local Dirac ring with maximal
graded ideal m ⊂ A and residue Dirac field k = A/m. If M is a finitely generated
graded A-module such that M ⊗A k = 0, then M is zero.

Proof We let (x1, . . . , xn) be a finite family of homogeneous elements of M that
generates M , and assume that the family is minimal with this property. If n = 0, then
there is nothing to prove, and if n > 0, then there exists, by assumption, a family
(a1, . . . , an) of homogeneous elements of m such that

xn = ∑
1≤i≤n xi ai .

In particular, the element an ∈ m is homogeneous of degree 0 and 1− an /∈ m, so we
conclude that 1 − an ∈ A is a unit. It follows that

xn = ∑
1≤i<n(1 − an)−1ai xi ,

but this contradicts the minimality of the family (x1, . . . , xn). ��
We now move on to flatness.

Definition 3.6 Let A be a Dirac ring. A graded A-module M is flat if the functor
M ⊗A − from the abelian category of graded A-modules to itself is exact, and M is
faithful if the functor M ⊗A − is faithful.

The properties of being flat and of being faithful are preserved under base change
along any map φ : A → B of Dirac rings. Let us observe that under that faithful
flatness can be detected by residue fields.

Proposition 3.7 Let A be a Dirac ring, and let M be a flat graded A-module. The
following conditions are equivalent:

(1) The A-module M is faithful.
(2) For every graded prime ideal p ⊂ A, k(p) ⊗A M is nonzero.
(3) For every maximal graded ideal m ⊂ A, k(m) ⊗A M is nonzero.

Proof It is clear that (1) implies (2) and that (2) implies (3). So we assume (3) and
prove (1). So we let N be an A-module such that M ⊗A N is zero and prove that
N is zero. If not, then there exists a nonzero homogeneous element x ∈ N . Let
s = spin(x) ∈ Z. In this situation, the map of graded A-modules

A(−s)
h

N
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defined by h(a) = ax is nonzero, and therefore, its kernel I (−s) ⊂ A(−s) is a proper
submodule. Since M is flat, the induced map

M ⊗A (A/I )(−s)
h̄⊗M

M ⊗A N

is injective, and since the right-hand side is zero, so is the left-hand side. But this
implies that M ⊗A k(m) = 0 for every maximal graded idealm ⊂ A that contains the
graded ideal I ⊂ A, which contradicts (3). So we conclude that N is necessarily zero,
which proves (1). ��

The following result, due to Lazard, which also appears in the graded context in
unpublished work of Davies [7], gives two alternative characterizations of flatness,
both of which we will need in what follows. We refer to (2) as the equational criterion
for flatness.

Theorem 3.8 (Lazard) Let A be a Dirac ring, and let M be a graded A-module. The
following are equivalent.

(1) The graded A-module M is flat.
(2) Given maps of graded A-modules

F ′ a
F

x
M

with F and F ′ finitely generated free and xa = 0, there exists a factorization

F F ′′

M

b

x y

with F ′′ finitely generated free and ba = 0.
(3) The graded A-module M is a filtered colimit of finitely generated free graded

A-modules.

Proof We first assume (1) and prove (2). We have a diagram of graded A-modules

F ′ F C 0

M

a p

x x̄
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with the top row exact. Moreover, since F and F ′ are dualizable, and since M is flat,
this diagram determines and is determined by the diagram

M ⊗ F ′∨ M ⊗ F∨ M ⊗ C∨ 0.

A

M⊗a∨ M⊗p∨

x̃
˜̄x

The map ˜̄x determines and is determined by the element ˜̄x(1) ∈ M ⊗ C∨, which is
homogeneous of degree zero. This element, in turn, can be written, non-canonically,
as a finite sum pure tensors, and therefore, the map ˜̄x admits a factorization

M ⊗ F ′∨ M ⊗ F∨ M ⊗ C∨ 0

A M ⊗ F ′′∨

M⊗a∨ M⊗p∨

x̃

ỹ

M⊗c

with F ′′, and hence, its dual finitely generated free. So if b : F → F ′′ the unique map
such that b∨ = p∨c, then x = yb with ba = 0, which proves (2).

We next prove that (2) implies (3). Let ModffA(Ab) ⊂ ModA(Ab) be the full sub-
category of the category of graded A-modules spanned by the finitely generated free
graded A-modules. Given any graded A-module M , the diagram

(ModffA(Ab)/M )� p̄
ModA(Ab)

that to (F, x : F → M) assigns F and to the cone point assigns M is a colimit
diagram. But the category ModffA(Ab)/M is additive, so (2) is exactly the statement
that it is filtered. Hence, (2) implies (3), and it is clear that (3) implies (1). ��

We also give an equational criterion for a map of Dirac rings φ : A → B to be
faithfully flat.

Addendum 3.9 Suppose that φ : A → B is a map of Dirac rings which is both flat
and a monomorphism. The following are equivalent:

(1) The map φ : A → B is faithfully flat.
(2) The graded A-module B/A given by the cokernel of φ : A → B is flat.
(3) Every map of graded A-modules h : M → B/A from a finitely presented graded

A-module factors through the canonical projection q : B → B/A.
(4) Given a solution (yk)1≤k≤n, consisting of homogeneous elements of B to a system

of linear equations

∑
1≤k≤n ykcki = di (1 ≤ i ≤ m)
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with cki and di homogeneous elements of A, there exists a solution (xk)1≤k≤n

consisting of homogeneous elements of A.

Proof The statements (1) and (2) are equivalent to the statements that for every graded
A-module N , the boundary map ∂ and the left-hand term TorA1 (N , B/A) in the exact
sequence of graded A-modules

0 TorA1 (N , B/A)
∂

N
φ

N ⊗A B
q

N ⊗A (B/A) 0

are zero, respectively. So the statements (1) and (2) are equivalent.
To prove that (2) and (3) are equivalent, we employ Theorem 3.8. Suppose first

that (2) holds. Given a map h : M → B/A of graded A-modules from a finitely
presented graded A-module, it admits a factorization

M
f

F
ḡ

B/A

with F a finitely generated free graded A-module, and since F is projective, there
exists g : F → B such that ḡ = qg. It follows that h = qg f , so (3) holds.

Conversely, suppose that (3) holds. We let h : M → B/A be a map from a finitely
presented graded A-module and wish to show that it admits a factorization h = ḡ f as
above. By assumption, the map h admits a factorization

M
k

B
q

B/A,

and since B is flat, the map k admits a further factorization

M
f

F
l

B

with F finitely generated free. So h = ql f is the desired factorization.
Suppose again that (3) holds. We can visualize the situation in (4) as a diagram of

graded A-modules with exact rows

Am c

d

An p

y

M

ȳ

0

0 A
φ

B
q

B/A 0.

By (3), there exists s : M → B such that ȳ = qs, and we wish to show that there
exists x : An → A such that d = xc. But q(y − sp) = 0, and hence, there exists a
unique x : An → A such that φx = y − sp. Finally, the calculation

φ(d − xc) = yc − yc = 0

shows that d = xc, so (4) holds.
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Conversely, suppose that (4) holds. Given ȳ : M → B/A, we produce a diagram of
graded A-modules as above using thatM is finitely presented and that An is projective.
By (4), there exists x : An → A such that xc = d, and we wish to show that there
exists s : M → B such that qs = ȳ. But (y − φx)c = 0, so there exists a unique
s : M → B such that y − φx = sp. Therefore, the calculation

qsp = q(y − φx) = ȳ p

shows that ȳ = qs, so (3) holds. ��
The module in Example 3.4 that is evenly generated but not evenly presented is not

flat. We now use Theorem 3.8 to show that this was no accident.

Proposition 3.10 Let A be a Dirac ring. If a graded A-module M is both flat and
evenly generated, then is evenly presented.

Proof With notation as in the proof of Theorem 3.8, let Modff,evA ⊂ ModffA be the
full subcategory spanned by the evenly finitely generated free graded A-modules. We
claim that if M is flat and evenly generated, then the inclusion

(Modff,evA )/M (ModffA)/M

is a lim−→-equivalence. Granting this, the corollary follows, since an evenly generated
free graded A-module is evenly presented.

It remains to prove the claim. Since the categories in question are filtered, it will
suffice to show that every map h : F → M with F in ModffA factors through some

map g : E → M with E in Modff,evA . To this end, we choose families of homogeneous
elements y : T → (Fd)d∈Z and x : S → (Md)d∈Z such that y is finite and a basis and
such that x is even and generates M . Given j ∈ T , we write

h(y j ) =
∑

i∈S
xiai j

with ai j ∈ A. The subset S′ ⊂ S consisting of those i such that ai j �= 0 for some
j ∈ T is finite. So we let h : E → M be the adjunct of x |S′ : S′ → (Md)d∈Z, and
define f : T → (Ed)d∈Z by f ( j) = ∑

i∈S′ eiai j , where ei = ηS′(i) ∈ E . It follows
immediately from the definitions that h : F → M factors as the composition

F
f̃

E
g

M,

which proves the claim. ��

3.2 Properties of Algebras

Let A be a Dirac ring. The functor that to a Dirac A-algebra B assigns the graded set
(Bd)d∈Z admits a left adjoint functor that to a graded set S assigns a Dirac A-algebra
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A[S]. A family x : S → (Bd)d∈Z of homogeneous elements in B is algebraically
independent (resp. generates B, resp. freely generates B) if the adjunctmap x̃ : A[S] →
B is degreewise injective (resp. surjective, resp. bijective). ADirac A-algebra B is free
if there exists a family of homogeneous elements that freely generates it.

Example 3.11 If S is a graded setwith a single element X of degree e, thenwewrite also
A[X ] for the free Dirac A-algebra A[S]. We can write every homogeneous element
f ∈ A[X ]d as a homogeneous polynomial

f = an X
n + · · · + a1X + a0

with ai ∈ Ad−ie. But if e is odd, then the coefficients ai ∈ Ad−ie with i > 1 are only
well-defined modulo 2Ad−ie. So as a graded A-module, A[X ] may not be free.

Definition 3.12 Let A be a Dirac ring.

(1) A Dirac A-algebra B is finitely generated if there exists a finite family of homo-
geneous elements that generates B.

(2) A Dirac A-algebra B is finitely presented if there exists a finite family of homo-
geneous elements x : S → (Bd)d∈Z that generates B and for which the kernel of
the adjunct map x̃ : A[S] → B is finitely generated.

(3) A Dirac A-algebra B is finite if B considered as a graded A-module is finitely
generated.

(4) A Dirac A-algebra B is evenly generated if there exists an even family of homo-
geneous elements that generates B.

(5) A Dirac A-algebra B is evenly presented if there exists an even family of homo-
geneous elements x : S → (Bd)d∈Z that generates B and for which the kernel of
the adjunct map x̃ : A[S] → B is evenly generated.

(6) A Dirac A-algebra B is even if the map Bev ⊗Aev A → B is an isomorphism, or
equivalently, if B considered as a graded A-module is evenly presented.

A basic result which we will prove below is a variant on the classical Hilbert’s basis
theorem: finitely generated Dirac algebras inherit the property of being noetherian in
the following sense.

Definition 3.13 A Dirac ring A is noetherian if every graded ideal a ⊂ A is finitely
generated.

Remark 3.14 A Dirac ring A is noetherian in the sense of Definition 3.13 if and only
if the Grothendieck abelian category of graded A-modules is locally noetherian in the
sense of [19, C.6.8], in which case, its noetherian objects of are precisely the finitely
generated graded A-modules.

Proposition 3.15 (Hilbert’s basis theorem) If a Dirac ring A is noetherian, then so is
every finitely generated A-algebra B.

Proof By the obvious inductive argument, wemay assume that B is generated as Dirac
A-algebra by a single homogeneous element y ∈ Be. So we let

b0 ⊂ b1 ⊂ · · · ⊂ bm ⊂ · · ·
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be an increasing sequence of graded ideals of B, and we proceed to show that it
stabilizes. Given a homogeneous element f ∈ Bd , we will say that a family of homo-
geneous elements (a0, . . . , an) with n ≥ −1 and ai ∈ Ad−ie is an expression of f as
a homogeneous polynomial in y over A if the equality

f = an y
n + · · · + a1y + a0

holds. In this case, we will refer to n as the polynomial degree of the expression
and to an ∈ Ad−ne as its leading coefficient. We note that, in general, neither n nor
an is uniquely determined by f , even if B is a free Dirac A-algebra, but as we will
see, this is irrelevant for the argument. We define am,n ⊂ A to be the graded ideal,
whose homogeneous elements are the leading coefficients of polynomial expressions
of degree n of homogeneous elements f ∈ bm . Clearly, we have am,n ⊂ am+1,n and
am,n ⊂ am,n+1, so by the assumption that A is noetherian, there are only finitely many
distinct graded ideals among the am,n . Thus, there exists r ≥ 0 such that if m ≥ r ,
then am,n = ar ,n for all n ≥ 0.We claim that bm = br form ≥ r . Indeed, suppose that
f ∈ bm is homogeneous and admits an expression as a homogeneous polynomial in y
over A of polynomial degree n. In this situation, we can find a homogeneous element
g ∈ br such that f − g ∈ bm admits an expression as a homogeneous polynomial
in y over A of polynomial degree < n. Hence, we conclude, by induction on n, that
f ∈ br as desired. ��
We will say a map of Dirac rings φ : A → B is flat (resp. faithfully flat) if B is flat

(resp. faithfully flat) considered as an A-module via φ.

Proposition 3.16 A flat map of Dirac rings φ : A → B is faithfully flat if and only if
the induced map of Dirac–Zariski spaces p : |Y | → |X | is surjective.
Proof This follows immediately from Proposition 3.7. ��
Proposition 3.17 If a flat map φ : A → B between local Dirac rings is local, then it
is faithfully flat. In particular, it is injective.

Proof Since φ : A → B is flat, it suffices by Proposition 3.7 to prove that the unique
maximal ideal mA ⊆ A is in the image of the induced map on Dirac–Zariski spaces.
But φ−1(mB) = mA, because φ : A → B is local. ��
Lemma 3.18 If φ : A → B is any map of Dirac rings, then the functor

ModA(Ab)
φ∗

ModB(Ab)

preserves flatness and faithfulness of modules. If φ : A → B is faithfully flat, then φ∗
also reflects flatness and faithfulness of modules.

Proof This follows immediately from the definitions and from the fact that the functor
φ∗ promotes to a symmetric monoidal functor. ��
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An important technique in Dirac geometry is passing to the subring of even degree
elements. Unfortunately, this can fail many of the desirable properties of a map, as the
following two instructive examples show.

Example 3.19 The finiteness conditions (1)–(3) are generally not preserved by the
functor that to φ : A → B assigns φev : Aev → Bev. To wit, let k be a Dirac field of
characteristic p �= 2, let A = k[S] be a free graded k-algebra generated by an infinite
graded set S concentrated in degree 1, and let B = A[y] be a free graded A-algebra
on a single generator of degree 1. In this situation, the map φ : A → B is finite,
but φev : Aev → Bev is not even finitely generated. Moreover, in the factorization
A → B ′ → B of Corollary 2.47, neither map is finitely generated.

Example 3.20 Since Aev → A induces a homeomorphism of Dirac–Zariski spaces,
one might expect that the canonical map A → k(p), where p ⊂ A is a graded prime
ideal, is even. However, while the map is evenly generated, it may not be even, as the
example A = k[x] with x homogeneous of degree 1 shows.

We will now show that if we assume that φ : A → B is even, then the pathological
behavior illustrated by the above two examples does not occur. We begin with the
following simple observation.

Lemma 3.21 If a map of Dirac rings φ : A → B is finitely and evenly generated, then
φev : Aev → Bev is finitely generated.

Proof By assumption, there exists families x : S → (Bd)d∈Z and y : T → (Bd)d∈Z
with x finite and y even, both of which generate B as an A-algebra. In particular, for
every i ∈ S, we may write xi as a polynomial

xi = ∑
n∈Z≥0

∑
j : n→T

∑
k : n→Z≥0

ai, j,k y
k1
j1

. . . yknjn ,

where all but finitely many of the coefficients ai, j,k are zero. So let T ′ ⊂ T be the
graded subset consisting of those j ′ for which there exists i ∈ S, j : n → T , and
k : n → Z≥0 such that ai, j,k �= 0 and j ′ = js for some s ∈ n. In this situation, the
restriction y′ : T ′ → (Bd)d∈Z of y to T ′ ⊂ T generates B as an A-algebra and is finite
and even. It follows that y′ also generates Bev as an Aev-algebra. ��
Proposition 3.22 Let φ : A → B be an even map of Dirac rings. The following prop-
erties hold for φ : A → B if and only if they hold for φev : Aev → Bev.

(1) Being finitely generated.
(2) Being finitely presented.
(3) Being flat.
(4) Being a localization that inverts a single homogeneous element.
(5) Being degreewise surjective.

Proof The properties in question are all stable under base change. In particular, if they
hold for φev, then they hold for φ. We must prove the converse.
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The case of (1) follows from Lemma 3.21, and in the case of (2), we must show
that Bev is a compact object of the category of Aev-algebras. We claim that for any
Aev-algebra C , there is a natural bijection

MapAev(Bev,C) � MapA(B,Cev ⊗Aev A).

Granting this, the statement in the case of (2) follows. Indeed, if C � lim−→i
Ci is

a filtered colimit of Aev-algebras, then Cev � lim−→i
Cev
i , since filtered colimits are

calculated degreewise, so the claim identifies the canonical map

MapAev(Bev,C) lim−→i
MapAev(Bev,Ci )

that we would like to show is a bijection with the canonical map

MapA(B,Cev) lim−→i
MapAev(Bev,Cev

i ⊗Aev A),

which is a bijection by the assumption that φ : A → B is finitely presented. It remains
to prove the claim. First, the canonical map

Cev � Cev ⊗Aev Aev (Cev ⊗Aev A)ev

is an isomorphism, by the projection formula in Lemma 2.43. Therefore, using the
adjunction in loc. cit. we obtain a natural bijection

MapAev(Bev,C) MapAev(Bev,Cev ⊗Aev A).

Finally, since f : A → B is even, the adjunction between extension of scalars and
restriction of scalars gives a natural bijection

MapA(B,Cev ⊗Aev A) MapAev(Bev,Cev ⊗Aev A),

which proves the claim.
In the case of (3), we must show that for every graded Aev-module M , the graded

Aev-module π j (M ⊗L
Aev Bev) vanishes for j > 0. We may further assume that M is

even, since every graded Aev-module decomposes as the sum of its even part and its
odd part. Now, since φ : A → B is flat, the spectral sequence

E2
i, j = πi (π j (M ⊗L

Aev A) ⊗L
A B) ⇒ πi+ j (M ⊗L

Aev B)

collapses, so the edge homomorphism

π j (M ⊗L
Aev A) ⊗A B π j (M ⊗L

Aev B)
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is an isomorphism, and since φ : A → B is even, also the base change map

π j (M ⊗L
Aev A) ⊗Aev Bev π j (M ⊗L

Aev A) ⊗A B

is an isomorphism. The composite isomorphism restricts to an isomorphism

π j (M ⊗L
Aev Aev) ⊗Aev Bev π j (M ⊗L

Aev Bev)

of the even parts, which shows that φev : Aev → Bev is flat.
Finally, (4) follows from the fact that we can restrict attention to localizations

at homogeneous elements of even degree, and (5) is an immediate consequence of
the fact that both extension of scalars and passing to even parts preserve degreewise
surjections. ��

3.3 Faithfully Flat Descent

In this section,weprove faithfully flat descent formodule categories ofDirac rings. The
proof is analogous to the one for commutative rings, but to emphasize the similarity, we
give an abstract argument, which applies to presentably symmetric monoidal abelian
categories in general.

Proposition 3.23 (Grothendieck) If φ : A → B is a faithfully flat map of Dirac rings,
then the diagram ModB⊗A [−](Ab) : �+ → LPr is a limit diagram.

Proof We have cocartesian diagrams of Dirac rings

A
φn

φ

B⊗A[n]

φ′

B
φ′
n

(B ⊗A B)⊗B [n]

and we will use the fact that the diagrams of categories of graded modules

ModA(Ab)
φ∗
n

φ∗

ModB⊗A[n](Ab)

φ′∗

ModB(Ab)
φ′
n
∗

Mod(B⊗AB)⊗B [n](Ab)

are right adjointable in the sense that the composite natural transformations

φ∗φn∗ φ′
n∗φ′

n
∗φ∗φn∗ � φ′

n∗φ′∗φ∗
nφn∗ φ′

n∗φ′∗

are natural isomorphisms. The map φ′ : B → B ⊗A B is again a faithfully flat map
of Dirac rings, and Mod(B⊗AB)⊗B [−](Ab) : �+ → LPr is a split cosimplicial diagram.
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Therefore, it is a limit diagram by [21, Lemma 6.1.3.16].Wewill show that this implies
that also ModB⊗A [−](Ab) : �+ → LPr is a limit diagram.

We recall from [21, Proposition 5.5.3.13] that the subcategory LPr ⊂ Ĉat∞ is
closed under limits. In particular, the augmentation

ModA(Ab) F lim←−[n]∈�
ModB⊗A [n](Ab),

which we wish to prove is an equivalence, is a left adjoint. Its right adjoint

lim←−[n]∈�
ModB⊗A [−](Ab)

G
ModA(Ab)

is given, informally, by the limit

G((Mn)[n]∈�) � lim←−[n]∈�
φn∗(Mn).

This is the limit of a cosimplicial diagram in the 1-category ModA(Ab). We recall the
general fact, which we prove in Proposition A.1, that for any cosimplicial diagram
X : � → C in a 1-category, the restriction

lim←−�
X lim←−�≤1

X |�≤1

along the inclusion �≤1 → � is an isomorphism. In particular, if a functor between
1-categories preserves finite limits, then it preserves limits of cosimplicial diagrams.
We must prove that the unit map

N
η

lim←−[n]∈�
φn∗φ∗

n (N )

and the counit map

(

φ∗
m

(
lim←−[n]∈�

φn∗(Mn)
)

[m]∈�

)
ε

(Mm)[m]∈�

are isomorphisms. Moreover, it follows from Lemma B.1 that the projection

lim←−[n]∈�
ModB⊗A [n](Ab) ModB(Ab)

is conservative, so the counit is an isomorphism if and only if its image

φ∗
0

(
lim←−[n]∈�

φn∗(Mn)
)

ε0
M0
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by the projection is so. Now, since φ : A → B and φ′ : B → B ⊗A B are flat and
faithful, the extension of scalars functors φ∗ and φ′∗ are exact and faithful, and hence,
conservative. Therefore, it suffices to show that φ∗(η) and φ′∗(ε0) are isomorphisms.
But the composition of φ∗(η) and the isomorphisms

φ∗
(
lim←−[n]∈�

φn∗φ∗
n (N )

)
lim←−[n]∈�

φ∗φn∗φ∗
n (N )

lim←−[n]∈�
φ′
n∗φ′∗φ∗

n (N ) lim←−[n]∈�
φ′
n∗φ′

n
∗φ∗(N )

is equal to the unit map

φ∗(N )
η′

lim←−[n]∈�
φ′
n∗φ′

n
∗(φ∗(N )),

which we already know is an isomorphism. Similarly, the map φ′∗(ε0) is equal to the
composition of the isomorphisms

φ′∗φ∗
0

(
lim←−[n]∈�

φn∗(Mn)
)

φ′
0
∗φ∗

(
lim←−[n]∈�

φn∗(Mn)
)

φ′
0
∗
(
lim←−[n]∈�

φ∗φn∗(Mn)
)

φ′
0
∗
(
lim←−[n]∈�

φ′
n∗φ′∗(Mn)

)

and the counit map

φ′
0
∗
(
lim←−[n]∈�

φ′
n∗φ′∗(Mn)

) ε′
0

φ′∗(M0),

which we know is an isomorphism. This completes the proof. ��
Addendum 3.24 If φ : A → B is a faithfully flat map of Dirac rings, then

�+ B⊗A [−]
CAlg(Ab)

is a limit diagram of Dirac rings.

Proof The restriction of scalars along the unique map π : Z → A promotes to a lax
symmetric monoidal functor, and being a right adjoint, it preserves limits. Moreover,
the diagram in question factors as the composition

�+ B⊗A [−]
CAlg(ModA(Ab))

π∗ CAlg(Ab),

so it suffices to prove that the left-hand functor is a limit diagram. But the forgetful
functor from CAlg(ModA(Ab)) to ModA(Ab) creates limits, so it suffices to show
that the underlying diagram of graded A-modules is a limit diagram, or equivalently,
that the comparison map η : A → lim←−[n]∈�

B⊗A[n] is an isomorphism. This map is

123



L. Hesselholt, P. Pstra̧gowski

the unit map of the adjunction appearing in the proof of Proposition 3.23, where we
proved that it is an isomorphism. ��

It is often also useful to know that we have descent of Dirac–Zariski spaces. In the
following, let us denote by XZar the poset of the open subsets of the Dirac–Zariski
space |X | of a Dirac ring A.

Proposition 3.25 Let φ : A → B be a faithfully flat map of Dirac rings, and let
p : Y → X be the induced map of Dirac spectra. The diagram

�+
(Y×X [−])Zar

Set

of partially ordered sets of open subsets in the Dirac–Zariski space is a limit diagram.

Proof The argument is analogous to [20, 1.6.2.2], but for completeness, we include it
here. Because sets form an ordinary category, it follows from Proposition A.1 that the
restriction map

lim←−[n]∈�
(Y×X [n])Zar lim←−[n]∈�≤1

(Y×X [n])Zar

is an isomorphism. Hence, it suffices to show that the diagram

XZar
p−1

YZar
p−1
1

p−1
2

(Y ×X Y )Zar

is an equalizer. The left-hand map is injective as a consequence of Proposition 3.16.
So it suffices to show that if V ⊆ |Y | is an open subset such that p−1

1 (V ) = p−1
2 (V ),

then V = p−1(U ) for some open subsetU ⊂ |X |. We let J ⊂ B be the radical graded
ideal with V = |Y | � V (J ) and define I = φ−1(J ) ⊂ A. We claim that J ⊂ B is
the radical of the ideal φ(I )B ⊂ B, so that U = |X | � V (I ) will work. We write
A′ = A/I and B ′ = B/φ(I )B = B ⊗A A′. The claim is equivalent to the statement
that the image of any y ∈ J by the canonical map B → B ′ is nilpotent. We also
write J ′ ⊂ B ′ for the image of J ⊂ B. The definition of I ⊂ A implies that the map
φ̄ : A′ → B ′/J ′ is injective, which will be important later.

Now, the graded ideals J ′ ⊗A′ B ′ ⊂ B ′ ⊗A′ B ′ and B ′ ⊗A′ J ′ ⊂ B ′ ⊗A′ B ′ have the
same radical, because of our assumption that p−1

1 (V ) = p−1
2 (V ). Hence, for every

y′ ∈ J ′, some power of y′ ⊗1 maps to zero in B ′ ⊗A′ (B ′/J ′). But y′ ⊗1 is the image
of y′ ∈ B ′ under the injective map

B ′ � B ′ ⊗A′ A′ B ′ ⊗A′ (B ′/J ′),

so we conclude that the image y′ ∈ B ′ of j ∈ J is nilpotent, as desired. ��
Remark 3.26 In Proposition 3.25, it is possible to replace the category Set by the ∞-
category Cat∞, where we now consider each poset as a category in the usual way.
That is, this diagram of sets promotes to a limit diagram of ∞-categories.
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3.4 Integrality

We revisit integrality in more detail to give a proof of Zariski’s main theorem for Dirac
rings. Suppose that A[X ] is a free Dirac A-algebra on a generator X of degree e. We
say that a homogeneous element f (X) ∈ A[X ] of the form

f (X) = Xn + an−1X
n−1 + · · · + a1X + a0

is a monic homogeneous polynomial of degree n over A. We remark that if e is odd,
then the terms ai Xi with i > 1 are of order 2. Let φ : A → B be aDirac algebra. Given
a homogeneous element y ∈ B of degree e, there is a unique map of Dirac A-algebras
evy : A[X ] → B that to X assigns y. We write f (y) for the image of f (X) by this
map and say that y is a root in f (X) if f (y) = 0.

Definition 3.27 Let φ : A → B be a Dirac algebra. A homogeneous element y ∈ B
is integral if it is a root in a monic homogeneous polynomial f (X) ∈ A[X ].

We next give the usual equivalent characterization of integrality. We include the
proof here, because most standard texts make use of Cayley–Hamilton, which is not
available in the Dirac setting.

Proposition 3.28 Let φ : A → B be aDirac algebra, and let y ∈ B be a homogeneous
element. The following are equivalent.

(1) The homogeneous element y is integral.
(2) The sub-A-algebra A[y] ⊂ B generated by y ∈ B is finite.
(3) There exists a finite sub-A-algebra B ′ ⊂ B such that y ∈ B ′.

Proof We first prove that (1) and (2) are equivalent. If y ∈ B is a root in the monic
homogeneous polynomial

f (X) = Xn + an−1X
n−1 + · · · + a1X + a0,

then (yi )0≤i<n generates A[y] as a graded A-module. This shows that A → A[y] is
finite. Conversely, suppose that A → A[y] is finite. We claim that for some n ≥ 1,
(yi )0≤i<n generates A[y] as a graded A-module. For (yi )i≥0 generates A[y], so if
some finite family (z1, . . . , zm) generates A[y], then each z j can be written as a linear
combination of (yi )i≥0, and hence, of (yi )0≤i<n for some n ≥ 1. We now write yn

as a linear combination of (yi )0≤i<n to obtain a monic homogeneous polynomial
f (X) ∈ A[X ] with y as root. This shows that y is integral.
It is clear that (2) implies (3), so we assume (3) and prove (1). We may assume that

B ′ = B. So we let y1 = y and choose y2, . . . , ym ∈ B homogeneous such that the
family (y1, . . . , ym) generates B as a graded A-module. We can find homogeneous
elements ai, j,k ∈ A such that for all 1 ≤ i, j ≤ m,

yi y j = ∑
1≤k≤m ai, j,k yk .
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Let A′ ⊂ A be the Dirac subring generated by the family (ai, j,k)1≤i, j,k≤m . It is
noetherian by Proposition 3.15 and by the fact that Z is noetherian. Now, the sub-A′-
module B ′ ⊂ B generated by (y1, . . . , ym) is a finite Dirac A′-algebra that contains
y, and since A′ is noetherian, so is the sub-A′-algebra A′[y]. Therefore, the first part
of the proof shows that y ∈ B ′ is integral over A′. This shows in particular that y ∈ B
is integral over A. This completes the proof. ��
Corollary 3.29 If φ : A → B is any Dirac algebra, then the graded sub-A-module
B ′ ⊂ B spanned by the family of integral homogeneous elements y ∈ B is a Dirac
subalgebra.

Proof Suppose that y1, y2 ∈ B are integral homogeneous elements. It follows from
Proposition 3.28 that the Dirac subalgebra A[y1] ⊂ B is finite over A, and that the
Dirac subalgebra A[y1, y2] ⊂ B is finite over A[y1], so A[y1, y2] ⊂ B is finite over
A. We conclude from Proposition 3.28 that y1 · y2 ∈ B is integral. If y1 and y2 have
the same degree, then we also conclude that y1 + y2 ∈ B is integral. ��
Definition 3.30 Let φ : A → B be a Dirac algebra. The integral closure of A in B is
the Dirac subalgebra B ′ ⊂ B spanned by the family of integral homogeneous elements
y ∈ B. The Dirac algebra φ : A → B is integral if B ′ = B.

Corollary 3.31 Let φ : A → B be a Dirac algebra, and let B ′ ⊂ B be a Dirac
subalgebra that is integral over A. If a homogeneous element y ∈ B is integral over
B ′, then it is also integral over A.

Proof If a homogeneous element y ∈ B is integral over B ′, then it is also integral
over a finitely generated Dirac subalgebra B ′′ ⊂ B ′. But since B ′ is integral over A,
an inductive argument based on Proposition 3.28 shows that B ′′ is finite over A. It
follows that B ′′[y] is finite over A, since B ′′[y] is finite over B ′′ and B ′′ is finite over
A. So Proposition 3.28 shows that y is integral over A. ��
Remark 3.32 Let B be a Dirac A-algebra. It follows from Proposition 3.28 that a
homogeneous element y ∈ B is integral if and only if y2 ∈ B is integral. Moreover,
the homogeneous element y2 ∈ B, which is even, is integral over A if and only if it is
integral over Aev. So, in this sense, being integral is an even property.

A non-trivial fact of commutative algebra is that in the even contextDirac integrality
is closely related to integrality for the underlying commutative ring.

Proposition 3.33 Let φ : A → B be a Dirac algebra, where both A and B are even,
and let φ̃ : Ã → B̃ be the underlying algebra. An element b ∈ B̃ is integral over Ã if
and only if its homogeneous components bi ∈ B all are integral over A.

Proof Indeed, this is a rephrasing of the compatibility of normalization with smooth
base-change; see [29, Lemma 03GG]. ��

One useful property of integral maps is that the going-up theorem holds.

Lemma 3.34 Let φ : A → B be an integral Dirac algebra. Given graded prime ideals
p ⊂ p′ ⊂ A and q ⊂ B such that φ−1(q) = p, there exists a graded prime ideal
q ⊂ q′ ⊂ B such that φ−1(q′) = p′.
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Proof The proof is analogous to [29, Tag 00GU], but the argument is short, so we
include it here. By replacing A by A/p and B by B/q, it suffices to show that if
φ : A → B is integral and injective, then the induced map on Dirac–Zariski spaces
is surjective. Thus, we show that for every graded prime ideal p ⊂ A, the inclusion
pBp �= Bp. By further replacing A and B by the localizations at p ⊂ A, we can
assume that A is a local Dirac ring, and it suffices to show pB �= B. So we assume
that pB = B and write 1 = ∑

1≤i≤m xibi with xi ∈ p and bi ∈ B homogeneous.
The Dirac sub-A-algebra B ′ ⊂ B generated by (b1, . . . , bm) is finitely generated and
integral, and hence, finite. Moreover, it satisfies pB ′ = B ′, so Nakayama’s lemma
shows that B ′ is zero, contradicting the assumption that φ : A → B is injective. ��
Corollary 3.35 If φ : A → B is an integral Dirac algebra, then the induced map

|Spec(B)| |Spec(A)|

of Dirac–Zariski spaces is closed.

Proof This is a consequence of the going-up property established in Lemma 3.34, see
[29, Tag 00HZ]. ��

An important example of an integral extension is the inclusion of the sub-Dirac
ring of homogeneous elements of even degree, as we now prove.

Proposition 3.36 Let S be the Dirac–Zariski spectrum of a Dirac ring A. The unit
map ηS : S → Sev is integral and a universal homeomorphism.

Proof The inclusion Aev → A is integral, because every element of A squares to
an element of even degree, so the map ηS is integral. It remains to show that it is a
universal homeomorphism. We must show that the base-change η′

S : T ′ → T of ηS

along any map f : T → Sev is a homeomorphism of underlying spaces, and since this
property is local on the base, we may assume that T � Spec(B) is affine. Thus, we
wish to show that the map of Dirac–Zariski spaces

|Spec(A ⊗Aev B)| |η′
S | |Spec(B)|

is a homeomorphism. Since ηS is integral, so is η′
S , and therefore, we conclude from

Corollary 3.35 that the map |η′
S| is closed. To see that it is surjective, we observe

that the fiber over p ∈ |Spec(B)| is identified with |Spec(A ⊗Aev k(p))|, which is
non-empty, since the k(p)-algebra

A ⊗Aev k(p) � (Aev ⊕ Aodd) ⊗Aev k(p) � k(p) ⊕ (Aodd ⊗Aev k(p))

is non-zero. Thus, it remains to show that the map |η′
S| is injective, and by arguing

as in [29, Tag 01S4], it suffices to check that every map ψ : Aev → K to a Dirac
field K admits at most one extension to a map ψ ′ : A → K . If K is even, then this is
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automatic, so by Proposition 2.13, only the case char(K ) = 2 needs proof. We claim
that if f ∈ A is any homogeneous element, then the square

ψ ′( f )2 = ψ ′( f 2) = ψ( f 2)

determinesψ ′( f ). Indeed, since char(K ) = 2, so the equation x = ψ( f 2) has at most
one solution in K , because the difference between any two solutions is nilpotent. This
proves the claim, and hence, the proposition. ��

3.5 Zariski’s Main Theorem

In this section, we prove the Dirac analogue of one of the fundamental theorems of
commutative algebra, namely, Zariski’s main theorem. Classically, the fact that quasi-
finite algebras of finite type can be well approximated by integral, or even finite,
subalgebras. As Example 2.40 shows, there exist finitely generated algebras over a
Dirac field, which have finite Dirac–Zariski space, but which are not finite as algebras.
So in theDirac context, quasi-finiteness is amore subtle phenomenon, which cannot be
detected by the Dirac–Zariski space alone. Instead, we make the following definition.

Definition 3.37 A Dirac algebra φ : A → B is quasi-finite if it is finitely generated
and if for every x ∈ |Spec(A)|, the fiber

k(x) B ⊗A k(x)

is a finite Dirac algebra.

We will now study the interaction of quasi-finiteness and passing to even subrings.
It follows from Proposition 2.35 that every graded prime ideal of q ⊂ Aev is of the
form q = pev for some graded prime ideal p ⊆ A.

Lemma 3.38 Let A be a Dirac ring, and let p ⊂ A be a graded prime ideal. If
φ : A → C is an evenly generated algebra, then the canonical map

Cev ⊗Aev k(pev) (C ⊗A k(p))ev

is an isomorphism.

Proof In the composition

Cev ⊗Aev pev (Cev ⊗Aev p)ev (C ⊗A p)ev,

the left-hand map is an isomorphism, by the projection formula, and the right-hand
map is surjective, by the assumption that φ is evenly generated. It follows that the
canonical map (pevC)ev → (pC)ev is an isomorphism, and hence, so is

(C/pevC)ev (C/pC)ev.
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The lemma follows by inverting all even homogeneous elements of C that are not
contained in p and using Proposition 2.16. ��
Remark 3.39 In Lemma 3.38, the assumption that the algebra φ : A → C be evenly
generated is necessary, as the example A = k[x] and C = A[y] with x and y homo-
geneous of degree 1 shows.

Corollary 3.40 Let A be a Dirac ring, and let p ⊆ A be a graded prime ideal. The
canonical map k(pev) → k(p)ev is an isomorphism.

Proof This follows from Lemma 3.38 with C = A. ��
Proposition 3.41 Suppose that φ : A → B is an evenly generated Dirac algebra. If
φ : A → B is quasi-finite, then so is φev : Aev → Bev.

Proof Sinceφ is both evenly generated and finitely generated, it is generated by finitely
many even degree elements by Lemma 3.21. These elements then also generate Bev

over Aev, so φeven is finite type, and we also have to verify that the base-changes to
residue fields are finite.

A combination of Lemma 3.38 and Corollary 3.40 shows that, in the diagram

k(pev) k(p)ev k(p)ev

Bev ⊗Aev k(pev) Bev ⊗Aev k(p)ev (B ⊗A k(p))ev,

the horizontal inclusions all are isomorphisms. Moreover, the right-hand vertical map
is finite, because k(p) → B⊗Ak(p) is evenly generated and finite. Hence, the left-hand
vertical map is finite, as we wanted to show. ��
Proposition 3.42 If φ : A → B is a quasi-finite map between even Dirac rings, then
the map of underlying rings φ̃ : Ã → B̃ is quasi-finite.

Proof We let p : |X̃ | → |X | be the map in Proposition 2.37 from the Zariski space of
Ã to the Dirac–Zariski space of A, and let y ∈ |X̃ | with image x = p(y) ∈ |X |. In
this situation, the set-theoretic image of the Gm-equivariant embedding

Spec(k̃(x))
ix

X̃

is equal to the fiber p−1(x) ⊂ |X̃ |. In particular, we have a map of rings

k̃(x)
iy

k(y),

because y ∈ p−1(x). Hence, we may identify the map k(y) → B̃ ⊗ Ã k(y), which we
wish to prove is finite, with the base-change along iy of the map of underlying of rings
associated with the map of Dirac rings k(x) → B ⊗A k(x), which by assumption is
finite. This concludes the proof. ��
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Theorem 3.43 (Zariski’s Main Theorem) Let φ : A → B be a quasi-finite map of
Dirac rings, and let B ′ ⊂ B be the integral closure of A in B. In this situation, the
induced map of Dirac spectra

Y � Spec(B)
j

Y ′ � Spec(B ′)

is an open immersion.

Proof We prove this in three steps:

(1) The case, where Dirac rings A and B both are even.
(2) The case, where the map of Dirac rings φ : A → B is even.
(3) The general case.

In case (1), Proposition 3.42 shows that the map φ : Ã → B̃ of underlying rings is
quasi-finite, and Proposition 3.33 shows that the subring

B̃ ′ ⊂ B̃

is the integral closure of Ã in B̃. By Zariski’s main theorem [29, Tag 00QB], the
induced map of prime spectra is an open immersion, and therefore, we conclude from
Proposition 2.42 that so is the map of Dirac spectra j : Y → Y ′.

In case (2), the assumption that φ : A → B is generated by a finite family of even
elements implies that the same is true of the map φev : Aev → Bev of even Dirac rings.
Moreover, it follows from Proposition 3.41 that φev is quasi-finite, so that what we
have already proved applies. Since the Dirac–Zariski space is insensitive to passing to
the even part, we deduce from Proposition 2.35 that the continuousmap j : |Y | → |Y ′|
is an open embedding.

Now, suppose that f ∈ B ′ is such that |Y ′
f | ⊂ |Y | ⊂ |Y ′|. By replacing f by its

square, we can assume that f is of even degree. We claim that the map B ′
f → B f

is an isomorphism. Indeed, it is injective, because it is the localization of an injective
map. And it is surjective, because (B ′)evf → Bev

f is an isomorphism, by what we have
already proved, and because φ : A → B is evenly generated. This ends the argument
in case (2).

In the general case, we factor φ : A → B as a composition

A
ψ

C
π

B,

where the left-hand map is even and finitely generated, and where the right-hand map
is finite and obtained by attaching square roots.We claim that themapψ is quasi-finite.
Given a graded prime ideal p ⊂ A, the composition of the maps

k(p)
ψ̄

C ⊗A k(p)
π̄

B ⊗A k(p)

is finite, and we wish to show that ψ̄ is finite. The map π̄ induces a homeomorphism of
Dirac–Zariski spaces, so every homogeneous element of I = ker(π̄) is nilpotent. But
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I is a finitely generated ideal, becauseC⊗Ak(p) is finitely generated over aDirac field,
and hence, noetherian. It follows that I is a nilpotent ideal, so an inductive argument
using the I -adic filtration proves the claim. This shows that the map ψ satisfies the
hypotheses of (2), so if we let C ′ ⊂ C be the integral closure of A in C , then the map
induced map of Dirac spectra

V � Spec(C)
h

V ′ � Spec(C ′)

is an open immersion.
Now, the map π : C → B is an F-isomorphism in the sense of Quillen. This

means, we recall, that its kernel is nilpotent (in our case zero) and that its image
contains some power of every homogeneous element in B. The map π ′ : C ′ → B ′ is
an F-isomorphism as well. Indeed, it is injective, and if f ∈ B ′, then some power of
it belongs to C ′ = C ∩ B ′. Thus, in the diagram

|Y | j |Y ′|

|V | h |V ′|,

the vertical maps are homeomorphisms, and since h is an open embedding, so is j .
Now, suppose that f ∈ B ′ is such that |Y ′

f | ⊂ |Y | ⊂ |Y ′|. Replacing f by some
power thereof, if necessary, we can assume that f ∈ C ′. We know from (2) that the
induced map C ′

f → C f is an isomorphism, and we claim that so is B ′
f → B f . The

map in question is injective, and to prove that it is also surjective, we must show that
for every g ∈ B homogeneous, there exists k ≥ 0 such that f kg is integral. To this
end, we choose n ≥ 1 such that gn ∈ C . Since C ′

f → C f is an isomorphism, there

exists k ≥ 0 such that ( f kg)n = f kngn is integral. But then f kg is integral, as we
wanted to prove. This completes the proof of Zariski’s main theorem. ��
Corollary 3.44 If φ : A → B is a quasi-finite map of Dirac rings, then the induced
map of Dirac prime spectra f : Y → X admits a factorization as the composition

Y
j0

Y0
p0

X

of an open immersion j0 and a finite map p0.

Proof This follows from Theorem 3.43 as in [29, Tag 00QB], but let us include the
argument here for completeness. Let B ′ ⊂ B be the integral closure of A in B. By
Theorem 3.43, the induced map of Dirac spectra j : Y → Y ′ is an open immersion.
Therefore, there exists a finite family (|Y ′

fi
|)i∈I of distinguished open subsets of |Y ′|

that covers j(|Y |) ⊂ |Y ′|. In particular, the A-algebra B ′
fi
is finitely generated, because

B ′
fi

� B fi . It follows that for each i ∈ I , we may choose a finite family (gi, j ) j∈Ji of
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homogeneous elements that generates B ′
fi
as an A fi -algebra. We let B0 ⊂ B ′ to be

the sub-A-algebra generated by all of the fi and gi, j , and let

Y
j0

Y0
p0

X

be the maps of Dirac spectra induced by φ : A → B0 ⊂ B. The map p0 is finite
by definition, and to prove that j0 is an open immersion, it suffices to show that
for every i ∈ I , the map (B0) fi → B ′

fi
induced by the canonical inclusion is an

isomorphism. But the map is injective, since it is a filtered colimit of injective maps,
and it is surjective, since its image contains a family that generates the target. ��

4 Étale Maps

This section is devoted to étale maps of Dirac rings.

4.1 Differentials

Let k be a Dirac ring, let φ : k → A be a Dirac algebra, and let M be a graded
A-module. We define the trivial square-zero extension of A by M to be the Dirac
k-algebra with underlying graded k-module A⊕ M and with multiplication given by

(a, x) · (b, y) = (ab, ay + xb) = (ab, ay + (−1)deg(b) deg(x)bx).

The projection π : A⊕M → A is a map of Dirac k-algebras, and the pair (A⊕M, π)

is an object of the slice category CAlg(Modk)/A. The Dirac k-module structure of M
gives rise to an abelian group structure on (A⊕ M, π), and conversely, one can show
that every abelian group object in CAlg(Modk)/A is of this form.

Definition 4.1 Let k be a Dirac ring, let φ : k → A be a Dirac algebra, and let M be
a graded A-module. A k-linear derivation of A with values in M is a section of the
Dirac k-algebra map π : A ⊕ M → A.

Unwinding the definition, we see that σ : A → A ⊕ M is a k-linear derivation of
A with values in M if and only if σ(a) = (a, d(a)), where d : A → M is a map of
graded k-modules that satisfies the Leibniz rule

d(ab) = d(a)b + ad(b) = (−1)deg(a) deg(b)bd(a) + ad(b)

for all homogeneous a, b ∈ A. We stress that we treat d as a spin 0 operator. Below,
we will abuse language and refer to both σ : A → A ⊕ M and to d : A → M as a
k-linear derivation of A with values in M . We write

Derk(A, M)
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for the set of k-linear derivations of A with values in M . Up to unique isomorphism,
there exists a unique k-linear derivation d : A → �A/k such that the map

Map(�A/k, M) Derk(A, M)

given by composition with d is a bijection for every graded A-module M .

Definition 4.2 If φ : k → A is a Dirac algebra, then the k-linear derivation

A
d

�A/k

is called the universal k-linear derivation of A, and the graded A-module�A/k is called
the module of differentials of A over k.

Concretely, if I is the kernel of the multiplication s0 : A⊗k [1] → A⊗k [0], then the
map d : A → I/I 2 defined by d f = d0 f −d1 f + I 2 is a universal k-linear derivation.

Example 4.3 Let k be a Dirac ring, N a k-module, and A = Symk(N ) the free Dirac
k-algebra generated by N . We consider the following diagram.

Derk(A, M) Map(A, A ⊕ M)

π

Map(N , A ⊕ M)

π

Map(N , M)

{id} Map(A, A) Map(N , A) {0}

By definition, the left-hand square, whose right-hand column is formed by the respec-
tive sets of maps of Dirac k-algebras, is cartesian. The right-hand square, which is
formed by the respective sets of maps of graded k-modules, and where the left-hand
vertical map and the top horizontal map are induced by the respective projections, is
also cartesian. Finally, the middle square, whose horizontal maps are the adjunction
isomorphisms, commutes by naturality, and hence, is cartesian. So we conclude that
the composition of the top horizontal maps is a bijection. This, in turn, implies that
the A-linear map

A ⊗k N �A/k

given by the mate of the composite k-linear map

N
η

A
d

�A/k

is an isomorphism. In particular, if N is the free graded k-module generated by the
graded set S = {xi | i ∈ I } so that A is the free Dirac algebra k[xi | i ∈ I ], then the
graded A-module �A/k is free with basis (dxi )i∈I , where deg(dxi ) = deg(xi ). So
given f ∈ A, we can write d f uniquely as a sum

d f = ∑
i∈I (∂ f /∂xi )dxi ,
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and we call ∂ f /∂xi the partial derivative of f with respect to xi . Beware that this
involves signs! For instance, if f = xy with both x and y of half-integer spin, then

d f = dx · y + x · dy = −y · dx + x · dy,

so that ∂ f /∂x = −y, whereas ∂ f /∂ y = x .

Remark 4.4 Let φ : k → A and ψ : k → k′ be two maps of Dirac rings, and let
φ′ : k′ → A′ be the cobase-change of φ along ψ . It follows immediately from the
definitions that the canonical map

k′ ⊗k �A/k � A′ ⊗A �A/k �A′/k′

is an isomorphism. In particular, if φ : k → A is even, then

k ⊗kev �Aev/kev �A/k

is an isomorphism, and d : Aev → �Aev/kev is given by the universal kev-linear deriva-
tion of the underlying rings equipped with the induced (even) grading, where again d
is considered as a spin 0 operator and not as a spin 1/2 operator.

Proposition 4.5 If φ : A → B and ψ : B → C are composable maps of Dirac rings,
then the induced sequence of graded C-modules

C ⊗B �B/A �C/A �C/B 0

is exact. Moreover, if ψ : B → C is surjective with kernel I ⊂ B, then this sequence
extends to an exact sequence of graded C-modules

I/I 2 C ⊗B �B/A �C/A 0,

where the right-hand map takes f + I 2 to 1 ⊗ d f . Finally, if ψ : B → C admits an
A-algebra section, then the latter sequence is short exact.

Proof Omitted; see, e.g. [29, Tag 00RM]. ��

Example 4.6 If k is a Dirac field and (A,m) a local Dirac k-algebra with residue field
k, then the mapm/m2 → k⊗A�A/k that to f +m2 assigns 1⊗d f is an isomorphism.
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4.2 Smooth, Unramified, and Étale Maps

Definition 4.7 A map of Dirac rings φ : A → B is smooth (resp. unramified, resp.
étale) if it is finitely presented and if for every diagram of Dirac rings

A
ψ0

φ

C

π

B
ψ

C/I ,

where π is the projection onto the quotient by a square-zero graded ideal I ⊂ C , there
exists a (resp. there exists at most one, resp. there exists a unique) map of Dirac rings
ϕ : B → C such that π ◦ ϕ = ψ and ϕ ◦ φ = ψ0.

Warning 4.8 (Smooth not necessarily flat) A smooth map of Dirac rings need not be
flat! Indeed, the unique map φ : Z → Z[e], where e is a generator of half-integer spin,
is smooth, but it is not flat. We will show, however, that every étale map of Dirac rings
is flat.

Warning 4.9 (Smooth and finite not necessarily étale) A smooth and finite map of
Dirac rings need not be étale. For example, if k is a Dirac ring in which 2 is a unit, then
the unique k-algebra map φ : k → k[e], where e is a generator of half-integer spin, is
smooth and finite, but it is not étale, since Example 4.3 shows that �k[e]/k � k[e] · de
is nonzero.

Lemma 4.10 The composition of two smooth (resp. unramified, resp. étale) maps of
Dirac rings is a smooth (resp. unramified, resp. étale) map, and the cobase-change of
a smooth (resp. unramified, resp. étale) map of Dirac rings along any map of Dirac
rings is a smooth (resp. unramified, resp. étale) map.

Proof This follows immediately from the definition. ��
Remark 4.11 We will define the cotangent complex LB/A in a sequel to this paper and
show that φ : A → B is smooth (resp. unramified, resp. étale) if and only if it is finitely
presented and LB/A is perfect with Tor-amplitude in [0, 0] (resp. is connected, resp.
is contractible).

Addendum 4.12 If φ : A → B and ψ : B → C are composable maps of Dirac rings
with ψ smooth, then the induced sequence of graded C-modules

0 C ⊗B �B/A �C/A �C/B 0

is short exact and splittable.

Proof Omitted; see [22, Theorem 25.1]. ��
Lemma 4.13 A map of Dirac rings φ : A → B between even Dirac rings is smooth
(resp. unramified, resp. étale) if and only if the map of underlying rings is smooth
(resp. unramified, resp. étale).
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Proof If P is an evenly generated free A-algebra, then P̃ is a free Ã-algebra, so the
statement for smoothmaps follows from [29, Tag 00TL]. The statement for unramified
maps follows from [29, Tag 00UO] and 4.4. ��
Definition 4.14 A map of Dirac rings φ : A → B is standard smooth, if there exists
c ≥ 0 homogeneous polynomials f1, . . . , fc ∈ A[x1, . . . , xn] in n ≥ c homogeneous
variables x1, . . . , xn such that B � A[x1, . . . , xn]/( f1, . . . , fc) and such that the
Jacobian matrix (∂ fi/∂x j ) has maximal rank c over B.

We recall that the partial derivatives ∂ fi/∂x j were defined in Example 4.3 and that
the definition involves signs. That the Jacobian matrix has maximal rank c means that
the associated B-linear map Bn → Bc is surjective.

Lemma 4.15 A standard smooth map of Dirac rings φ : A → B is smooth.

Proof Arguing as in [29, Tag 031I], it suffices to show that the sequence

0 I/I 2 B ⊗A �A[x1,...,xn ]/A �B/A 0

with I = ( f1, . . . , fc) is exact, and by Proposition 4.5, only the injectivity of the left-
handmap is at issue. Thedomain and target of thismap are both free graded B-modules,
and the matrix that represents it with respect to the bases ( f1 + I 2, . . . , fc + I 2) of
the domain and (dx1, . . . , dxn) of the target is the transpose of the Jacobian matrix.
Thus, the map is injective if and only if the Jacobian matrix has maximal rank. ��
Remark 4.16 Conversely, one can prove that, Zariski locally on the source, every
smooth map of Dirac rings φ : A → B is standard smooth. We will not need this
result, so we will not give the (rather lengthy) proof here.

Let K be a Dirac field, and let K0 ⊂ K be the subfield consisting of the homoge-
neous elements of degree 0. We recall from Proposition 2.13 that either

(1) K = K0, or
(2) K = K0[t±1] for every homogeneous t ∈ K× with | spin(t)| �= 0 minimal.

Moreover, if char(K ) �= 2, then, in the second case, the generator t necessarily is of
integer spin. In all cases, the underlying ring is commutative.

Lemma 4.17 If K → L is a finite extension of Dirac fields, then K0 → L0 is a finite
extension of fields, and the following hold:

(1) If K = K0, then L = L0.
(2) If K = K0[t±1], then L = L0[u±1] with λ0ue = t for some e ≥ 1 and λ0 ∈ L0.

Moreover, in the latter case, e = [L : L ′], where L ′ � L0 ⊗K0 K → L.

Proof If K = K0, but L = L0[u±], then the extension K → L is infinite, so (1) is
clear. If K = K0[t±1]with spin(t) > 0, thenwewrite L = L0[u±1]with spin(u) > 0.
In particular, we can write t ∈ K ⊂ L uniquely as t = λ0ue with λ0 ∈ L0 and e ≥ 1.
If spin(t) < 0, then we argue analogously. ��
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Warning 4.18 In Lemma 4.17 (2), it is not always possible to choose t ∈ K and u ∈ L
such that t = ue. For instance, let K = Q[t±1] ⊂ L = Q(i)[u±1] with spin(u) = 1
and u2 = i t . In this case, there is no v ∈ L of spin 1 with v2 = qt ∈ K . For if there
were, then iq−1 = (uv−1)2 ∈ L0 = Q(i) would be a square root.

Proposition 4.19 An unramified extension of Dirac fields K → L is even, finite, and
étale.

Proof If L = L0, then K = K0, and there is nothing to prove. So we assume that
L = L0[u±1]. In this case, we have K = K0[t±1]. For Example 4.3 shows that
�L/L0 � L · du is nonzero, so if K = K0, then Proposition 4.5 implies that �L/K �
�L/K0 is nonzero, contradicting the assumption that K → L is unramified; see [29,
Tag 00UO]. We now factor the extension in question as the composition

K L ′ � L0 ⊗K0 K L

and note that L = L ′[u]/(ue + λt) with e = [L : L ′] and λ ∈ L×
0 . If K → L is not

even, then neither is L ′ → L . But this can happen only if the degree of u is odd and
the degree of t is even, in which case, the characteristic of L is 2 and e = [L : L ′] is
even. This, in turn, implies that

�L/L ′ � L/(eue−1) · du � L · du

is nonzero, which, by Proposition 4.5, contradicts that �L/K is zero.
Finally, since K → L is even, the fact that K → L is unramified implies that also

K ev → Lev is unramified. So we conclude from Lemma 4.13 and [29, Tag 090W]
that K ev → Lev is finite and étale, and therefore, so is K → L . ��

We proceed to prove that any étale algebra over a Dirac field decomposes as a
finite product of étale Dirac field extensions. Our proof is an adaptation of the usual
argument, with care taken whenever one has to manipulate elements.

Lemma 4.20 Let A be an artinian local Dirac ring. Its maximal ideal m ⊂ A is
nilpotent.

Proof Since A is artinian, there exists n ≥ 1 such that mi = mi+1 for all i ≥ n. If
mn is nonzero, then we let I ⊂ A be a (possibly non-proper) minimal ideal such that
Imn is nonzero. But (Imn)mn = Im2n = Imn is again nonzero, so by the minimality
of I ⊂ A, we conclude that Imn = I , and hence, that Im = I , so by Nakayama’s
lemma, Lemma 3.5, we conclude that I is zero, which is a contradiction. ��
Proposition 4.21 Let k be a Dirac field, and let φ : k → A be an étale map. The
k-algebra φ : k → A decomposes as a product of a finite family (k → ki )i∈I of étale
Dirac field extensions. In particular, it is finite and even.

Proof We first show that φ : k → A is finite. To this end, we may assume that k is
algebraically closed, since an algebraic closure k → k̄ is faithfully flat, and hence,
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reflects the property of being finite. So if m ⊂ A is a maximal graded ideal, then
k → k(m) is an isomorphism, and hence, the canonical map

m/m2 k(m) ⊗Am �Am/k

is an isomorphism by Example 4.6. The right-hand side is zero, by the assumption that
φ : k → A is étale, and hence, unramified, so we conclude from Nakayama’s lemma,
Lemma 3.5, that Am → k(m) is an isomorphism. Therefore, every maximal graded
ideal in A is a minimal graded prime ideal. Since A is noetherian, this implies that A
is artinian by the classical argument [29, Tag 00KH]. This proves that φ : k → A is
finite.

We now let k be a general Dirac field and choose an algebraic closure k → k̄.
The classical argument [29, Tag 00JA] shows that φ : k → A decomposes as a finite
product of artinian local k-algebras. So we may assume that φ : k → A is local. By
Lemma 4.20, the maximal idealm ⊂ A is nilpotent. Now, as a map of graded k-vector
spaces, the extension k → k̄ admits a retraction, so the induced map

A � A ⊗k k A ⊗k k̄

is (split) injective. The target is an étale k̄-algebra, and hence, it is a finite product of
copies of k̄ by the argument above. So we conclude that A has no nonzero nilpotent
homogeneous elements, and therefore, that m ⊂ A is the zero ideal. It follows that
A → k(m) is an isomorphism, so we conclude that φ : k → A � k(m) is an étale
extension of fields, as desired. Finally, it follows from Proposition 4.19 that φ : k → A
is even. ��
Corollary 4.22 An étale map of Dirac rings φ : A → B is quasi-finite.

Proof This is an consequence of Proposition 4.21 and the fact that étale maps of Dirac
rings are stable under cobase-change. ��
Corollary 4.23 If φ : A → B is an étale map of Dirac rings, and if q ⊂ B is a graded
prime ideal lying over a graded prime ideal p ⊂ A, then pBq = qBq.

Proof By Proposition 4.21, the Dirac ring k(p)⊗A B is a finite product of Dirac fields,
and hence, the localization k(p) ⊗A Bq is a Dirac field. It follows that the kernel pBq

of Bq → k(p) ⊗A Bq is the maximal graded ideal, as stated. ��
The following standard property of unramified maps will be useful later.

Proposition 4.24 Let A → B be an unramified morphism of Dirac rings of finite type.
Then the multiplication map B ⊗A B → B is flat.

Proof The standard argument works here, but let us recall it for the convenience of
the reader. Let us write I for the kernel of multiplication. Since B is unramified over
A, we have

I/I 2 � �1
B/A = 0
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so that I = I 2.
We claim that I is finitely generated. To see this, let x1, . . . , xn be generators of B

as an A-algebra, and let I ′ denote the ideal of B ⊗A B generated by xi ⊗ 1 − 1 ⊗ xi
for 1 ≤ i ≤ n. Now suppose we have two maps f , g : B → C into another Dirac
A-algebra C such that the unique induced homomorphism B ⊗A B → C annihilates
I ′. It follows that f (xi ) · 1 − 1 · g(xi ) = 0, so that f (xi ) = g(xi ) and hence f and
g coincide. Thus, any such homomorphism factors through B � (B ⊗A B)/I and
I = I ′, showing that it is finitely generated.

To check that B is flat over B ⊗A B it is enough to verify that for any maximal
ideal m of the latter, the induced map

(B ⊗A B)m → Bm

is flat. The kernel of this map is given by the finitely generated ideal Im which satisfies
Im = I 2m = (Im)2. If Im = (B ⊗A B)m, then Bm = 0 which is flat. Otherwise, we
have Im ⊆ m, so that since

Im ⊗ (B ⊗A B)m/Im � Im/I 2m = 0,

also Im ⊗ (B ⊗A B)m/m = 0. Nakayama’s lemma of Lemma 3.5 then implies that
Im = 0, hence Bm � (B ⊗A B)m which is also flat. ��

4.3 Evenness of Étale Extensions

We have seen in Proposition 4.21 that every étale extension of a Dirac field is even.
We proceed to generalize this to arbitrary maps of Dirac rings. We define

CAlg(ModA(Ab))ét ⊂ CAlg(ModA(Ab))

to be the full subcategory spanned by the étale algebras.

Theorem 4.25 Let A be a Dirac ring. The functor

CAlg(ModAev(Ab))ét CAlg(ModA(Ab))ét

given by extension of scalars along Aev → A is an equivalence of categories.

Corollary 4.26 An étale map of Dirac rings φ : A → B is flat.

Proof By Theorem 4.25, it suffices to show that φev : Aev → Bev is flat. Now, by
Lemma 4.13, the map φev : Aev → Bev is étale if and only if the map of underlying
rings is étale. But an étale map of rings is flat by [29, Tag 00TA]. ��

We will prove Theorem 4.25 below, after a few preliminary results.

Lemma 4.27 An even map of Dirac rings φ : A → B is étale if and only if the induced
map of even Dirac rings φev : Aev → Bev is étale.
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Proof If φev : Aev → Bev is étale, then so is φ : A → B � A ⊗Aev Bev, since étale
maps are stable under cobase-change. Conversely, ifφ : A → B is étale, then it follows
from Proposition 3.22 that φev : Aev → Bev is finitely presented, so we only have to
check that it has the unique lifting property with respect to square-zero extensions.
Now, if we are given the outer square

Aev Cev C

Bev (C/I )ev C/I

with I ⊂ C a square-zero graded ideal, then it factors uniquely as indicated, and the
middle vertical map again is a square-zero extension. In the square

A A ⊗Aev Cev

B A ⊗Aev (C/I )ev

obtained by extension of scalars along Aev → A, the right-hand vertical map is a
square-zero extension of Dirac rings, and the left-hand vertical map is étale, so there
exists a unique map of Dirac rings B → A ⊗Aev Cev making the diagram commute.
This map restricts to a lifting Bev → Cev in the top left-hand square, which, in turn,
gives a lifting in the given outer square. Finally, this lifting is unique, since Aev → A
is faithful, as A � Aev ⊕ Aodd as a graded Aev-module. ��

The following result is key to establishing Theorem 4.25.

Proposition 4.28 An étale map of Dirac rings φ : A → B is evenly generated.

Proof We wish to show that the canonical map

A ⊗Aev Bev B

is surjective. This is a map of Bev-modules, so it suffices to show that for every graded
prime ideal qev ⊂ Bev, the induced map of localizations

(A ⊗Aev Bev)qev Bqev

is surjective. We recall from Proposition 2.35 that, as our notation indicates, every
graded prime ideal qev ⊂ Bev is the even part of a unique prime ideal q ⊂ B, and,
moreover, we may identify the map in question with the canonical map

A ⊗Aev (Bq)
ev Bq.
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Therefore, it will suffice to show that for every graded prime ideal q ⊂ B, the local
ring Bq is evenly generated as an A-algebra.

Now, it follows from Corollary 4.22 that the map φ : A → B is quasi-finite, so by
Zariski’s main theorem, Corollary 3.44, it admits a factorization

A
φ0

B0
η

B

with φ0 is finite and with the map of Dirac spectra induced by η an open immersion.
Let p = φ−1(q) ⊂ A and q0 = η−1(q) ⊂ B0. Since η induces an open immersion of
Dirac spectra, it induces an isomorphism of local rings

(B0)q0 Bq,

and hence, it suffices to show that A → (B0)q0 is evenly generated. The assumption
that φ : A → B is étale implies that also φ(p) : k(p) → k(p) ⊗A B is étale, and
therefore, we conclude from Proposition 4.21 that φ(p) is even. Moreover, it follows
from Corollary 4.23 that k(p)⊗A Bq � k(q), which, combined with the isomorphism
above, shows that

k(p) ⊗A (B0)q0 � k(q0).

This proves the following facts, which we will use below:

(a) The graded ideal p(B0)q0 ⊂ (B0)q0 is the maximal graded ideal.
(b) The A-algebra k(q0) is evenly generated.

We further factor φ0 as

A
φ1

B1 � A ⊗Aev Bev
0

ψ
B0

and let q1 = ψ−1(q0) ⊂ B1. Since ψev : Bev
1 → Bev

0 is an isomorphism, so is

(B0)q1 (B0)q0 .

We now consider the map

(B1)q1
ψq1

(B0)q1 � (B0)q0 .

Since φ0 : A → B0 is finite, so is ψ : B1 → B0, and hence, the map ψq1 is a map of
finite (B1)q1 -modules. Moreover, it follows from (a) above q1(B0)q0 ⊂ (B0)q0 is the
maximal graded ideal. Therefore, we conclude that the diagram

(B1)q1
ψq1

(B0)q1

k(q1)
ψ(q1)

k(q0)
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is cocartesian. The map ψ(q1) induces an isomorphism of the even parts, so it follows
from (b) above that it is surjective. (It is also injective, but we think this is not relevant
for us.) By Nakayama’s lemma, Lemma 3.5, so is the map ψq1 . This shows that
(B0)q0 admits a surjective map from an evenly generated A-algebra, and therefore,
we conclude that it is itself an evenly generated A-algebra, as desired. ��

Lemma 4.29 An evenly generated étale map of Dirac rings φ : A → B is even.

Proof The canonical map A⊗Aev Bev → B is surjective, by assumption, and we must
show that it is an isomorphism. Its kernel I ⊂ A ⊗Aev Bev is concentrated in odd
degree, and hence, is a square-zero ideal. Since φ : A → B is étale, we conclude that
the canonical map of Dirac rings A ⊗Aev Bev → B admits a section. This section, in
particular, is a map of graded A-modules, and hence, induces a map

A ⊗Aev Bev r
I

of graded A-modules, which is a retraction of the canonical inclusion. The map r
determines and is determined by the map r ev : Bev → I ev of graded Aev-modules,
which is necessarily zero, since I ev � 0. So the map r is zero, but it is also surjective,
and therefore, we conclude that I is zero, as desired. ��

We are now ready to prove the main result of this section.

Proof of Theorem 4.25 We let A be a Dirac ring, and define

CAlg(ModA(Ab))ev ⊂ CAlg(ModA(Ab))

to be the full subcategory spanned by the even A-algebras. By the definition of even
algebras, we have an adjoint equivalence

CAlg(ModAev(Ab))ev CAlg(ModA(Ab))ev

with the left adjoint given by extension of scalars along Aev → A and with the right
adjoint given by the functor (−)ev that takes even parts. By Lemma 4.27, an even map
φ : A → B is étale if and only if the map φev : Aev → Bev is étale. Therefore, the
adjoint equivalence above restricts to an adjoint equivalence

CAlg(ModAev(Ab))ét,ev CAlg(ModA(Ab))ét,ev

between the full subcategories of the categories in the statement of the theorem spanned
by the even étale algebras. Thus, it suffices to show that every étale algebra is even,
and this follows from Proposition 4.28 and Lemma 4.29 above. ��
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4.4 Étale Maps of Ring Spectra

Lurie, in [18, Definition 7.5.0.4], defines a map of algebras in spectra R → A to be
étale if

(1) the induced map π0(R) → π0(A) is an étale map of commutative rings, and
(2) the induced map π0(A) ⊗π0(R) πn(R) → πn(A) is an isomorphism for all n ∈ Z.

We will refer to Lurie’s notion as “π0-étale” and will reserve the term “étale” for the
more general notion that we introduce in Definition 4.30 below.

At the level of homotopy groups, a π0-étale map R → A is determined completely
by its induced map on π0, but it turns out that a much stronger statement is true.
This statement is Lurie’s rigidity theorem for π0-étale maps, which we now recall. If
R is an Ek+1-algebra in spectra with 1 ≤ k ≤ ∞, then ModR(Sp) promotes to an
Ek-monoidal ∞-category, and therefore, it is meaningful to consider the ∞-category
AlgEk

(ModR(Sp)) of Ek-algebras. Now, Lurie’s rigidity theorem for π0-étale maps,
which is [18, Theorem 7.5.0.6], states that the functor

AlgEk
(ModR(Sp))π0-ét π0 CAlg(Modπ0(R)(Ab0))ét

is an equivalence from the full subcategory of AlgEk
(ModR(Sp)) spanned by the π0-

étale algebras to the full subcategory of CAlg(Modπ0(R)(Ab0)) spanned by the étale
algebras. (Here Ab0 is the symmetric monoidal category of abelian groups.)

A goal of Dirac geometry is to provide a language to describe phenomena relating
to π∗(E) for algebras in spectra E , which may not be captured by π0(E). In this spirit,
it is natural to make the following definition.

Definition 4.30 If R is an Ek+1-algebra in spectra with 1 ≤ k ≤ ∞, then an Ek-
algebra A in ModR(Sp) is étale if the map π∗(R) → π∗(A) induced by the unit is an
étale map of Dirac algebras.

Remark 4.31 If A is an E1-algebra in ModR(Sp), then the graded ring π∗(A) may not
be a Dirac ring. So for k = 1, the requirement that π∗(A) be a Dirac ring is part of the
definition of A being étale.

Example 4.32 Let p be a prime number, and let KUp be the commutative algebra
in spectra representing p-complete complex K -theory. It carries an action through
Adams operations of the group Aut(μp∞) = Z

×
p . Hence, the forgetful map

KU
h Aut(μp)
p

θ
KUp

from the homotopy fixed points of the subgroup Aut(μp) ⊂ Aut(μp∞), which is
cyclic of order p − 1, to the underlying spectrum is a map of commutative algebras
in spectra. The group π2(KUp) is a free Zp-module of rank 1, on which the induced
action by Aut(μp∞) = Z

×
p is given by scalar multiplication. Hence, if we choose a

generator β ∈ π2(KUp), then we may identify π∗(θ) with the canonical inclusion

Zp[β±(p−1)] Zp[β±1],
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which is an étale map of Dirac rings. Accordingly, the map θ is étale in our sense, but
it is not π0-étale.

The following generalizes Lurie’s rigidity theorem [18, Theorem 7.5.0.6], as well
as work of Baker–Richter and Rognes; see Remark 4.34 below.

Theorem 4.33 (Étale rigidity) If R is an Ek+1-algebra in spectra with 1 ≤ k ≤ ∞,
then taking homotopy groups

AlgEk
(ModR(Sp))ét

π∗ CAlg(Modπ∗(R)(Ab))ét

is an equivalence from the full subcategory of AlgEk
(ModR(Sp)) spanned by the

étale algebras to the full subcategory of CAlg(Modπ∗(R)(Ab)) spanned by the étale
algebras.

Remark 4.34 If k = ∞, then Theorem 4.33 is a statement about commutative algebras
in spectra, which we may divide into the following two statements:

(1) If B is an étale π∗(R)-algebra, then there exists an étale R-algebra A and an
isomorphism of π∗(R)-algebras π∗(A) � B.

(2) If A and A′ is a map of étale R-algebras, then the map

Map(A, A′) π∗ Map(π∗(A), π∗(A′))

from the mapping anima of commutative algebras in ModR(Sp) to the mapping
anima of commutative algebras in Modπ∗(R)(Ab) is an equivalence.

Under the additional assumption that the π∗(R)-module B be projective, the first
statement can be deduced from the work of Baker–Richter [2], whereas the second
statement can be deduced from the work of Rognes [27, Corollary 10.1.5]. Both of
these sources work with the more restrictive notion of a G-Galois extension in the
sense of Rognes, but one can show that the obstruction groups that they consider
vanish more generally for étale maps in our sense.

The rest of this section is devoted to the proof of Theorem 4.33. In the proof of
his rigidity theorem, Lurie first passes to the connective cover and then inducts his
way up the Postnikov tower, using the theory of square-zero extensions, from the case
of π0. This strategy will not work here, since an étale extension in our sense is not
determined by its behavior on π0.

Instead, we employ the obstruction theory of Goerss–Hopkins [12] in the refined
form of the second author and VanKoughnett [25]. This, in turn, is based on the second
author’s synthetic deformation of the stable ∞-category ModA(Sp), which has the
derived ∞-category D(π∗(A)) as its special fiber. The Goerss–Hopkins obstruction
theory then amounts to giving successive obstructions to extending an object from the
special fiberD(π∗(A)) to the entire deformation, and hence, to the generic fiber, which
is identified with ModA(Sp). In the case that we consider, the relevant obstructions
are controlled by the Ek-cotangent complex. The standard reference for the latter is
[18, Section 7.3.5], but see also [9].
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Proposition 4.35 Let φ : R → A be an étale map of Dirac rings. Considering A as an
Ek-algebra with 2 ≤ k ≤ ∞ in the symmetric monoidal derived ∞-category D(R)

of graded R-modules, its Ek-cotangent complex LEk
A/R is zero.

Proof The map φ : R → A is even, by Theorem 4.25, so it is the base-change of the
map φev : Rev → Aev along the inclusion j : Rev → R. Since φev is étale, and hence,
flat, this is also the derived base-change. The Ek-cotangent complex satisfies base-
change along symmetric monoidal left adjoint functors between symmetric monoidal
stable ∞-categories such as j∗ � R ⊗L

Rev −; see [25, Lemma 7.6].5 In the case at
hand, we conclude that the base-change map

j∗(LEk
Aev/Rev) LEk

A/R

is an equivalence, so we may assume without loss of generality that φ : R → A is an
étale map of even Dirac rings.

If R is even, let us denote byDev(R) the full subcategory of the derived∞-category
of graded R-modules spanned by those objects, whose homology graded R-modules
are even. The functor that to a graded R-module M assigns its underlying ungraded
R̃-module M̃ induces a symmetric monoidal (note that it is symmetric monoidal by
the evenness assumption, otherwise it would merely be lax symmetric monoidal) left
adjoint functor

Dev(R)
(̃−)

D(R̃) (4.36)

to the derived ∞-category of R̃. Therefore, we may again apply base-change for the
Ek-cotangent complex to conclude that

˜
LEk
A/R � LEk

Ã/R̃
.

Moreover, since M �→ M̃ is exact, we have

Hn(X̃) � H̃n(X)

for all X ∈ Dev(R) and n ∈ Z, so, in particular, the functor (4.36) is conservative.
Thus, it suffices to show that theEk-cotangent complex of the map of underlying rings
is zero.

So we let φ : R → A be an étale map of commutative rings, and proceed to show
that its Ek-cotangent complex is zero for 2 ≤ k ≤ ∞. By [18, Theorem 7.3.5.1], there
is a canonical cofiber sequence

∫
Sk−1 A A �k LEk

A/R

5 The cited reference proves the base-change statement for the E∞-cotangent complex, but the argument
for the Ek -cotangent complex is identical.
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of Ek-A-modules in D(R). The left term is the factorization homology of A in this
Ek-monoidal ∞-category, and since A is commutative, it follows from [18, 7.3.5.6]
that we have an equivalence

∫
Sk−1 A � A⊗R Sk−1

with the colimit in CAlg(D(R)) of the constant diagram with value A indexed by the
anima Sk−1. We wish to show that the map

A⊗R Sk−1
A⊗R1 � A

induced by the unique map Sk−1 → 1 is an equivalence. For 2 ≤ k < ∞, we have

Sk−1 � �Sk−2 � lim−→ (1 ← Sk−2 → 1),

and the functor that to X assigns A⊗R X preserves colimits, since it is left adjoint to
the functor CAlg(D(R)) → S corepresented by A. For k = 2, we find that

A⊗R S1 � lim−→ (A ← A ⊗R A → A) � A ⊗A⊗R A A � HH(A/R)

is the Hochschild homology of A/R, and since φ : R → A is étale, we have

HH(A/R) � A

by [30, Theorem 0.1]. For k < 2 < ∞, we find inductively that

A⊗R Sk−1 � lim−→ (A ← A⊗R Sk−2 → A) � lim−→ (A ← A → A) � A,

where the middle equivalence is a consequence of the inductive hypothesis. Finally,
in the case k = ∞, we use [18, Remark 7.3.5.6] to conclude that the canonical map

lim−→k
LEk
A/R LE∞

A/R

is an equivalence. ��
We are now ready to prove the classification of Dirac étale morphisms.

Proof of Theorem 4.33 Let R be an Ek+1-ring for 1 ≤ k ≤ ∞. We must show that
the functor A �→ π∗(A) induces an equivalence between the ∞-categories of étale
Ek-algebras in ModR(Sp) and étale commutative algebras in Modπ∗(R)(Ab). We will
employ Goerss–Hopkins theory following [25]. This takes as an input an appropriate
complete prestable ∞-category, which appears in [23, Section 6.5], but we recall the
construction here.

Let ModffR(Sp) ⊂ ModR(Sp) be the full stable subcategory generated by the
monoidal unit. It promotes canonically to an Ek-monoidal subcategory. We say that

123



Dirac Geometry I: Commutative Algebra

a presheaf of anima X : ModffR(Sp)op → S is a (connective) synthetic R-module if it
preserves finite products, and we write

SynR = P�(ModffR(Sp))

for the ∞-category of (connective) synthetic R-modules. The ∞-category SynR is a
complete Grothendick prestable ∞-category in the sense of [20, Section C.1.4], and
it inherits an Ek-monoidal structure from that of ModffR(Sp) through Day convolution.
An argument using Lawvere theories gives a canonical equivalence

Syn♥
R � Modπ∗(R)(Ab)

between the heart of SynR and the abelian category of graded π∗(R)-modules.
The additive monoid of pairs (i, j) of an integer i and a half-integer j such that the

Chow degree i − 2 j is non-negative acts on SynR through left adjoint functors6

SynR
�i, j

SynR .

The generators �1,0 and �1,1/2 of the action are given respectively by the suspension
in the prestable ∞-category SynR and by the unique extension

ModffR(Sp) �

ν

ModffR(Sp)

ν

SynR
�1,1/2

SynR

of the suspension in the stable ∞-category ModffR(Sp) along the Yoneda embedding.
Thus, the functor �1,1/2 is an auto-equivalence, whereas the functor �1,0 is not. The
monoidal unit is R = ν(R) and the colimit-interchange map �ν(R) → ν(�R) is a
map �1,0R → �1,1/2R, or equivalently, a map7

�0,−1/2R
τ

R.

It gives R the structure of a shift algebra in the sense of [25, Definition 2.13], and the
Yoneda embedding induces a canonical Ek-monoidal equivalence

ModR(Sp) SynperR ⊂ SynR

from the Ek-monoidal ∞-category of R-modules in spectra to the full subcategory
of the Ek-monoidal ∞-category of synthetic R-modules spanned by the synthetic

6 We use motivic indexing, but the motivic weight j is allowed to be a half-integer, as opposed to an integer.
In terms of the indexing used in [25], we have �i, j X = �i−2 j X [2 j].
7 The map τ is a tensor square-root of the map denoted τ in motivic homotopy theory.
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R-modules X that are τ -periodic in the sense that the map

�0,−1/2X
τ

X

is a 1-connective cover in the prestable ∞-category SynR .
By [25, Section 5] (which assumes the background prestable ∞-category SynR to

be symmetric monoidal, but Ek-monoidal is sufficient for our purposes), we have a
tower of ∞-categories of potential n-stages

M∞ . . . Mn . . . M1 M0

with the following properties:

(1) There is a canonical equivalence M0 � AlgEk
(Modπ∗(R)(Ab)).

(2) There is a canonical equivalence M∞ � AlgEk
(ModR(Sp)).

In particular, an object X ∈ Mn with 0 ≤ n ≤ ∞ determines a point in M0, and
hence, by (1) an Ek-algebra in graded π∗(R)-modules that we denote by π∗(X). If
k = ∞, then π∗(X) agrees, under the equivalence (2), with the homotopy groups
of the Ek-algebra in R-modules in spectra corresponding to X ∈ M∞; whence, the
choice of notation. The following additional properties describe how these different
∞-categories relate to each other:

(3) The canonical map of ∞-categories M∞ → lim←−nMn is an equivalence.
(4) Given an X ∈ Mn−1 with 1 ≤ n < ∞, there is an obstruction

θX ∈ Ext2π∗(X)

(
LEk

π∗(X)/π∗(R), π∗(X)(n/2)
)

where the Ext-groups are calculated in the stable ∞-category

ModEk
π∗(X)(D(π∗(R)))

of Ek-π∗(X)-modules in the symmetric monoidal derived ∞-category of graded
π∗(R)-modules, and where the twist “(n/2)” is the Serre twist of Definition 2.3.
The obstruction θX vanishes if and only the given object X ∈ Mn−1 can be lifted
to an object of Mn .

(5) Given X ,Y ∈ Mn and a map f ′ : X ′ → Y ′ between their images in Mn−1, there
is an obstruction

θ f ′ ∈ Ext1π∗(X)

(
LEk

π∗(X)/π∗(R), π∗(Y )(n/2)
)

.

The obstruction θ f ′ vanishes if and only if the map f ′ : X ′ → Y ′ inMn−1 lifts to
a map f : X → Y inMn . Suppose that a lift f : X → Y exists and let

Ff ′ = MapMn
(X ,Y ) ×MapMn−1

(X ′,Y ′) { f ′}
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be the anima of lifts. In this situation, there is a canonical bijection

πi (Ff ′ , f ) � Ext−i
π∗(X)

(
LEk

π∗(X)/π∗(R), π∗(Y )(n/2)
)

.

Let us write Mét
0 ⊂ M0 for the full subcategory of potential 0-stages that correspond

to Dirac rings that are étale over π∗(R), so that we have an induced subtower

Mét∞ · · · Mét
n · · · Mét

1 Mét
0 (4.37)

with Mét
n = Mn ×M0 Mét

0 . We claim that all maps in (4.37) are equivalences of
∞-categories. This will follow immediately from the properties (3)–(5) above, if we
prove that the abelian groups in which the various obstructions live all are zero. If
2 ≤ k ≤ ∞, then the map π∗(R) → π∗(X) induced by the unit is an étale map of
Dirac rings, and hence, it follows fromProposition 4.35 that theEk-cotangent complex
LEk

π∗(X)/π∗(R) is zero.
If k = 1, then we need to show the obstruction groups vanish, since the cotangent

complex may not be zero. By [18, Theorem 7.3.5.1], we have an identification

LE1
π∗(X)/π∗(R) � I , (4.38)

where I is the kernel of the multiplication π∗(X)⊗π∗(R) π∗(X) → π∗(X), considered
as an object of the heart of the derived ∞-category of π∗(X)-bimodules. Here we use
the fact that π∗(R) → π∗(X) is flat, which implies that the tensor products in the
derived ∞-category and in the heart agree. Now, in the situation of (5) (and of (4) in
the special case of π∗(Y ) = π∗(X)), the map π∗(X) → π∗(Y ) is a map of Dirac rings
by assumption. Therefore, the left and right multiplication coincide and the bimodule
structure on π∗(Y ) is obtained by restriction of scalars along the multiplication map
π∗(X) ⊗π∗(R) π∗(X) → π∗(X). But this map is flat by Proposition 4.24 and using
(4.38), it follows that we can rewrite the relevant obstruction groups as

Extiπ∗(X)⊗π∗(R)π∗(X))(I , π∗(Y )(n/2)) � Extiπ∗(X)(I/I
2, π∗(Y )(n/2)).

But I/I 2 � �1
π∗(X)/π∗(R) � 0, since π∗(R) → π∗(X) is an étale map of Dirac rings,

and hence, obstruction groups all are zero, also for k = 1. This proves that all maps
in (4.37) are equivalences of ∞-categories, as claimed.

Finally, properties (1)–(2) identify the functor Mét∞ → Mét
0 with the functor

AlgEk
(ModR(Sp))ét

π∗ CAlg(Modπ∗(R)(Ab))ét

in the statement of theorem, so we conclude that this functor is an equivalence of
∞-categories, as stated. ��
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Appendix A: Geometric Realization in an n-Category

Let n ≥ −1 be an integer.We say that an∞-categoryC is an n-category if themapping
anima Map(y, x) are (n − 1)-truncated for all x, y ∈ C. We let �≤n ⊂ � be the full
subcategory spanned by the objects [m] with 0 ≤ m ≤ n and record the following
fundamental property of the category �.

Proposition A.1 Let n ≥ −1 be an integer, and let C be an n-category.

(1) If C admits finite colimits, then it admits geometric realizations, and for every
simplicial object X : �op → C, the canonical map

lim−→�
op
≤n

X |�op
≤n

lim−→�op X

is an equivalence.
(2) If C admits finite limits, then it admits totalizations, and for every cosimplicial

object X : � → C, the canonical map

lim←−�
X lim←−�≤n

X |�≤n

is an equivalence.

Proof An ∞-category C is an n-category if and only if its opposite ∞-category Cop is
an n-category, so the statements (1) and (2) are equivalent.Wewill prove (1), following
[17, Lemma 14.8]. By passing to a larger universe, if necessary, we may assume that
C is small. By [21, Theorem 5.5.1.1], the ∞-categoryD � Ind(C) is presentable, and
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the Yoneda embedding

C
j

D � Ind(C)

is fully faithful; see [21, Remark 5.3.5.2]. The ∞-category D is again an n-category,
because the full subcategory τ≤n−1S ⊂ S spanned by the (n − 1)-truncated anima is
closed under filtered colimits, and the Yoneda embedding j : C → D preserves finite
colimits by [21, Proposition 5.3.5.14]. So it preserves �

op
≤n-indexed colimits, since

�
op
≤n is lim−→-equivalent to a finite ∞-category by [18, Lemma 1.2.4.17].
We now claim that it suffices to prove the result for D. Indeed, suppose that for a

diagram X : �op → C, the induced map

lim−→�
op
≤n

( j ◦ X)|�op
≤n

lim−→�op( j ◦ X)

is an equivalence. The left-hand side is in the essential image of j , by the assumption
that C admits finite colimits, and therefore, so is the right-hand side. Since j is fully
faithful, we conclude that X : �op → C admits a colimit and that, in the diagram

j(lim−→�
op
≤n

X |�op
≤n

) j(lim−→�op X)

lim−→�
op
≤n

( j ◦ X)|�op
≤n

lim−→�op( j ◦ X),

the vertical maps are equivalences. Hence, the top horizontal map is an equivalence,
and since j is fully faithful, so is the map

lim−→�
op
≤n

X |�op
≤n

lim−→�op X

as desired. This proves the claim.
Finally, since D is an n-category, the localization

P(C)
L

Ind(C) � D
ι

factors uniquely through a localization

τ≤n−1P(C)
L ′

D
ι′
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of the (n − 1)-truncation of P(C). Hence, it suffices to prove that for every simplicial
object Y : �op → P(C) in the ∞-topos P(C), the canonical map

lim−→�
op
≤n

Y |�op
≤n

lim−→�op Y

is n-connective. But we may identify this map with the map

lim−→�
op
≤n

i∗(Y ) � lim−→�op i!i∗(Y ) lim−→�op Y

induced by the counit of the adjunction given by left Kan extension and restriction
along the inclusion i : �

op
≤n → �op, and [21, Proposition 6.5.3.10] shows that this map

is n-connective, because i is fully faithful. ��

Appendix B: Conservativity and Limits

The following result is certainly well known, but we have not been able to find a
suitable reference, so we take this opportunity to give the proof here.

Lemma B.1 If C : K op → Cat∞ is a diagram of ∞-categories indexed by a small
simplicial set K op, then the restriction

limK op C
i∗ ∏

k∈K0
C(k)

along the inclusion i : K0 → K of the set of vertices is a conservative functor.

Proof We use the description of limits in Cat∞ in terms of marked simplicial sets
developed in [21, Chapter 3]. So let p : X → K be a cartesian fibration of simplicial
sets classified by C : K op → Cat∞, and let p′ : X ′ → K0 be the base-change of p
along i in the 1-category of simplicial sets. It follows from [21, Corollary 3.3.3.2] that
we may identify the map in the statement with the restriction map

Map�
K (K �, X �)

i∗
Map�

K0
(K �

0, X
′�)

from the simplicial set of cartesian sections of p to that of cartesian sections of p′. An
edge in the domain is a map σ : (�1)� × K � → X � of marked simplicial sets over K �,
and its image in the target is the map i∗(σ ) : (�1)� × K �

0 → X ′� obtained from σ by
restriction along i . By [21, Remark 3.1.3.1], the edge σ is invertible if and only if it
factors through (�1)� × K � → (�1)� × K �. Similarly, the edge i∗(σ ) is invertible if
and only if it factors through (�1)� × K �

0 → (�1)� × K �
0.

We now assume that i∗(σ ) is invertible and prove that σ is invertible. An edge in
�1 × K is a pair (a, b) of an edge a in �1 and an edge b in K , and we must show
that σ : �1 × K → X maps all such edges to p-cartesian edges in X . We already
know that σ maps all edges (a, b) with a degenerate to p-cartesian edges in X , and
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the assumption that i∗(σ ) is invertible implies that σ also maps all edges (a, b) with
b degenerate to p-cartesian edges in X . So σ maps all edges (a, b), where either a or
b or both are degenerate, to p-cartesian edges in X . But every edge in �1 × K is a
composition of edges of this kind, and by [21, Proposition 2.4.1.7], a composition of
two p-cartesian edges in X is again a p-cartesian edge in X . So we conclude that σ

maps all edges in �1 × K to p-cartesian edges in X . ��

References

1. Artin, M., Grothendieck, A., Verdier, J.L.: Théorie des topos et cohomologie étale des schémas. Tome
1: Théorie des topos, Séminaire de Géometrie Algébrique du Bois-Marie 1963–1964 (SGA 4), Lecture
Notes in Math., vol. 269. Springer, New York (1972)

2. Baker, A., Richter, B.: Realizability of algebraicGalois extensions by strictly commutative ring spectra.
Trans. Am. Math. Soc. 359(2), 827–857 (2007)

3. Balmer, P.: Spectra, spectra, spectra—tensor triangular spectra versus Zariski spectra of endomorphism
rings. Algebr. Geom. Topol. 10(3), 1521–1563 (2010)

4. Benson, D., Iyengar, S.B., Krause, H.: Local cohomology and support for triangulated categories. Ann.
Sci. Éc. Norm. Supér. 41(4), 575–621 (2008)

5. Bourbaki, N.: Algebra I. Chapters 1–3. Translated from the French. Reprint of the 1989 English
translation, Elements of Mathematics. Springer, Berlin (1998)

6. Bruns, W., Herzog, J.: Cohen–Macaulay rings, Cambridge Studies in Advanced Mathematics, vol. 39.
Cambridge University Press, Cambridge (1993)

7. Davies, J.: A graded Lazard’s theorem. https://drive.google.com/open?id=1a_3mnra5ewLRP1FVa
9Yr1qxfUJ-rgQVQ (2019)

8. Demazure, M., Gabriel, P.: Groupes algébriques. Tome I: Géométrie algébrique, généralités, groupes
commutatifs. Avec un appendice Corps de classes local par Michiel Hazewinkel. Masson & Cie,
Éditeur, Paris; North-Holland Publishing Co., Amsterdam (1970)

9. Francis, J.: The tangent complex and Hochschild cohomology of En -rings. Compos. Math. 149(3),
430–480 (2013)

10. Friedlander, E.M., Mazur, B.: Filtrations on the homology of algebraic varieties. With an appendix by
Daniel Quillen. Mem. Am. Math. Soc. 110(529), x+110 pp. (1994)

11. Gillam, W.D.: Localization of ringed spaces. arXiv:1103.2139 (2011)
12. Goerss, P., Hopkins, M.J.: Moduli spaces of commutative ring spectra. In: Structured Ring Spectra.

LondonMath. Soc. Lecture Note Ser., vol. 315, pp. 151–200. Cambridge University Press, Cambridge
(2004)

13. Grothendieck, A.: Éléments de géométrie algébrique. I. Le langage des schémas. Inst. Hautes Études
Sci. Publ. Math. 4, 228 (1960)

14. Hakim,M.: Topos annelés et schémas relatifs, Ergebnisse derMathematik und ihrer Grenzgebiete, vol.
64. Springer, Berlin (1972)
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