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Abstract. LetX1,X2,...befindependentandfidentficaflflydfistrfibutedrandomvarfiabflesfinCchosenffrom

aprobabfiflfitymeasureµanddefinetherandompoflynomfiafl

Pn(z)=(z−X1)...(z−Xn).

Weshowthatfforanysequence k=k(n)satfisffyfingk≤flogn/(5flogflogn),thezerosoffthekthderfivatfive

offPn areasymptotficaflflydfistrfibutedaccordfingtothesamemeasureµ. ThfisextendsworkoffKabfluchko,
whfichprovedthek=1case,asweflflasByun,LeeandReddywhoprovedthefixedkcase.

1.Introductfion

LetµbeaprobabfiflfitymeasureonC.SupposethatX1,X2,...arefi.fi.d.randomvarfiabfleswfithvafluesfinC
sampfledffromµ,andfforeachndefinetherandompoflynomfiafl

Pn(z)=(z−X1)...(z−Xn).

BytheflawoffflargenumbersfiffweconsfidertheempfirficaflmeasureoffPn,whereweaputapofintmassoff1/n
ateachrootoffPn,thenweseethattheempfirficaflmeasureconvergestoµasnapproachesfinfinfity.Pemantfle

andRfivfin[18]conjecturedthatthesamehofldsfforthederfivatfivePn.Tomakethfisprecfise,defineµ
(1)
n tobe

theprobabfiflfitymeasureonCthatputsapofintmassateachcrfitficaflpofintoffPn:

µ(1)n :=
1

n−1
z∈C:P′n(z)=0

δz.

PemantfleandRfivfinconjecturedthatµ
(1)
n →µfindfistrfibutfionasn→∞ andprovedthefirconjectureunder

theassumptfionthatµhasfinfite1-energy.Subramanfian[19]provedthePemantfle-Rfivfinconjecturefinthe
specfiaflcasewhenµfissupportedontheunfitcfircfle(seeaflso[5]andthedfiscussfionbeflowConjecture4.4ffor
morecontextanddfiscussfiononthemodeoffconvergence).Inanfinfluentfiaflwork,Kabfluchko[10]confirmed
PemantfleandRfivfin’sconjecturefforaflflprobabfiflfitymeasuresµ.Sfincethen,attentfionhasbeenffocusedon

hfigherderfivatfives.Tothfisend,fforeachkdefinethe(random)probabfiflfitymeasureµ
(k)
n vfia

µ(k)n :=
1

n−k
z∈C:P

(k)
n (z)=0

δz.
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Byun,LeeandReddy[3]extendedKabfluchko’sworkandshowedthatfforeachfixedk,1wehaveµ
(k)
n →µ.

Lookfingtowardsveryhfighderfivatfives,O’RourkeandStefinerberger[17]conjecturethatfforeachfixedt∈

[0,1],onehasthattherandommeasureµ
⌊tn⌋
n convergestoadetermfinfistficmeasureµt.Inthecasewhen

theunderflyfingmeasureµfisradfiafl,O’RourkeandStefinerbergerconjecturethattheflogarfithmficpotentfiafls
offtheflfimfitfingmeasure(µt)tsatfisffyacertafinpartfiafldfifferentfiaflequatfion.Thfispartfiafldfifferentfiaflequatfion
hasbeenstudfiedbyanaflysts[1,13],andO’RourkeandStefinerberger’sconjecturewasprovenfinthespecfiafl
casewhenµhasreaflsupport[8](seeaflso[7,11]).Inthet=o(1)case,thepredfictfionoffO’Rourkeand
Stefinerbergersuggeststhattheflfimfitfingmeasureshoufldbethesameastheunderflyfingmeasureµ.

Weconfirmthfisfinthecasethat kgrowssflfightflysflowerthanflogarfithmficaflfly:

Theorem1.1. LetµbeaprobabfiflfitymeasureonCandk=k(n)beasequencesatfisffyfingk≤ flogn
5flogflogn.

Thenthesequenceµ
(k)
n →µfinprobabfiflfityasn→∞.

Further,weshowthatthecaseoffk=o(n)woufldffoflflowffromanantfi-concentratfionconjecturefforeflementary
symmetrficpoflynomfiaflsevafluatedatfi.fi.d.randomvarfiabfles(seeConjecture4.1andRemark4.2).

OurprooffoffTheorem1.1takesfinspfiratfionffromthepotentfiafl-theoretficapproachoffKabfluchko’sprooffoff
thek=1case(asdoestheworkoffByun,LeeandReddy[3]);thekeynewstepfisanantfi-concentratfion
fingredfient. Wetakeamomenttosketchourprooffhere.

Thestartfingpofintfistheffoflflowfingcflassficaflffactffrompotentfiafltheory:fifffffisananaflytficffunctfionnot
fidentficaflflyequafltozerothen

1

2π
∆flog|ff|=

ζ∈C:ff(ζ)=0

δζ (1)

wheretheLapflacfianfisfinterpretedfinthedfistrfibutfionaflsense.

Inpartficuflar,fiffwedefine

L(k)n (z):=
P
(k)
n (z)

k!Pn(z)
=
1≤fi1<fi2<···<fik≤n

Yfi1Yfi2...Yfik, (2)

whereYfi:=
1

z−Xfi
fforfi∈[n]:={1,...,n},thenwehave

1

2πn
∆flog L(k)n (z)=

1

n
z∈C:P

(k)
n (z)=0

δz−
1

n
z∈C:Pn(z)=0

δz=
n−k

n
µ(k)n −µ

(0)
n . (3)

Bytheflawoffflargenumbers,themeasureµ
(0)
n tendstoµasn→∞,andsofinordertoshowµ

(k)
n converges

toµfitwfiflflbeenoughtoshowthat1nflog|L
(k)
n (z)|goesto0finasuficfientflystrongsensetoguaranteethat

1
n∆flog|L

(k)
n (z)|tendsto0.

Obtafinfinganupperboundonthemagnfitudeoffflog|L
(k)
n (z)|finvoflvescontroflflfingtwodfifferentevents:when

|L
(k)
n (z)|fisflargeandwhen|L

(k)
n (z)|fisverysmaflfl.Thefformereventwfiflflnotbetoodfificuflttodeaflwfith,

buttheflatterfistrfickfier. Thfiscomesdowntoanantfi-concentratfionprobflemfforeflementarysymmetrfic
poflynomfiaflsevafluatedatfi.fi.d.randomvarfiabfles.

1Thework[3]doesnotstateanexpflficfitrateatwhfichkcanbetakentogrow. Anfinspectfionofftheprooffshowsthatfit
dependsontheLevyconcentratfionoffthenon-atomficpartofftherandomvarfiabfle(z−X)−1aszvarfiesfinC(see[3,eq.(4.6)]).
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Lemma1.2.LetY1,Y2,...,befi.fi.d.copfiesoffacompflex-vafluednon-degeneraterandomvarfiabfle.Thenffor
1≤k≤ flogn

5flogflognandeachε>0wehave

flfim
n→∞

P





1≤fi1<fi2<···<fik≤n

Yfi1Yfi2...Yfik ≤e
−εn



=0.

HerewethfinkoffYfi=(z−Xfi)
−1asabove.TheprooffoffLemma1.2wfiflflbededucedffromatheoremoffMeka,

NguyenandVu[16]aboutantfi-concentratfionoffmufltfi-afinepoflynomfiaflsoffBernouflflfirandomvarfiabfles. We

notethatLemma1.2fistheonflypflacewhereweneedtheassumptfionoffk≤ flogn
5flogflogn;thenumber5maybe

repflacedbyanynumberstrfictflyflargerthan4.Lemma1.2wfiflflbeoffcrucfiaflusefintheprooffoffLemma2.2.

Afftershowfingpofintwfiseboundsonflog|L
(k)
n (z)|,weupgradetheseboundsbyshowfingthattheyhofldfinsome

unfifformsense.Totakecareoffthfis,weagafinffoflflowKabfluchkoandfleanonaflemmaffromTaoandVu[21]
statfingthattfightnessoffanL2-normwfiflflbesuficfienttodeduceconvergencefinprobabfiflfityoffthemeasures.

Forthfis,weusethePofisson-Jensenfformuflatoreflatevafluesoffflog|L
(k)
n (z)|finadfisktofitsvafluesonthe

boundaryoffaflargerdfisk,andshowunfifformboundsattheorfigfinandontheboundaryoffthfisdfisk.

Wenotethattheassumptfion k≤ flogn
5flogflognfisduetotheuseoffthegeneraflantfi-concentratfionresufltoffMeka,

NguyenandVu(whfichwereproduceasTheorem3.1)toproveLemma1.2. Anantfi-concentratfionresuflt
partficuflarflygearedtowardsourappflficatfionthathofldsaflflthewayuptok=o(n)woufldaflflowfforTheorem
1.1tobeextendtothek=o(n)case(seeConjecture4.1).

1.1.Notatfion. Throughout,weuseBr(z)tobethedfiskoffradfiusrcenteredatzandabbrevfiateBr(0)

asBr. Wewrfitemfforthestandard(2-reafl-dfimensfionafl)LebesguemeasureonCanddenote
P
−→
n→∞

fforthe

convergencefinprobabfiflfityasn→∞.Forz≥0wewrfiteflogz=flog+z−flog−zwhere

flog−z=
|flogz|,0≤z≤1,

0, z≥1,
and flog+z=

0, 0≤z≤1,

flogz, z≥1,

wfiththeconventfionflog−0=+∞.

2.Prooffoffthemafinresuflt

Wewfiflflshowtwomafinflemmasfinthfissectfion.Ffirst,werecaflfltheffoflflowfingresufltfin[21].

Lemma2.1(Lemma3.1fin[21]).Supposethat(X,A,ν)fisafinfitemeasurespace,(ffn)n≥1:X→ Rare
randomffunctfionswhficharedefinedoveraprobabfiflfityspace(Ω,b,P)andarejofintflymeasurabflewfithrespect
toA⊗b.Inaddfitfion,

(1)Forν-a.e.x∈Xwehaveffn(x)→0finprobabfiflfity(resp.aflmostsurefly),asn→∞.
(2)Forsomeδ>0,thesequence

X
|ffn(x)|

1+δdν(x)fisboundedfinprobabfiflfity(resp.aflmostsurefly).

Then,
X
ffn(x)dν(x)convergesfinprobabfiflfity(resp.aflmostsurefly)to0.

Nowweshowpofintwfiseconvergenceoff 1
nflog|L

(k)
n (z)|finprobabfiflfityaflmosteverywhere:
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Lemma2.2.TherefisasetF⊂Cwfithm(F)=0sothatfforeveryz∈C\Fandaflflsequencesk≤ flogn
5flogflogn

wehave

1

n
flog|L(k)n (z)|

P
−→
n→∞

0. (4)

InordertoproveTheorem1.1,wewfiflflneedtoupgradeLemma2.2ffrompofintwfiseconvergencetoamore
unfifformmodeoffconvergence.ByLemma2.1,fitwfiflflbesuficfienttoshowtfightnessoffasecondmoment.

Lemma2.3.Foreachr>0andk≤ flogn
5flogflogn,thesequenceoffrandomvarfiabfles

1

n2 Br

flog|L(k)n (z)|
2

dm(z)
n≥1

fistfight.

WenowdeduceTheorem1.1ffromLemmas2.2and2.3.

ProoffoffTheorem1.1.Itfissuficfienttoshowthatfforeverysmoothcompactflysupportedffunctfionφ:C→R
wehave

1

n
z∈C:P

(k)
n (z)=0

φ(z)→

C

φ(z)dµ(z)

asn→ ∞ (see,e.g.,[12,Theorem14.16]). By,e.g.,[9,Formufla(2.4.4)],fforananaflytficffunctfiongand
compactflysupportedsmoothffunctfionφwehave

z:g(z)=0

φ(z)=
1

2π C

∆φ(z)flog|g(z)|dm(z)

andso

1

2πn C

(flog|L(k)n (z)|)∆φ(z)dm(z)=
1

n
z∈C:P

(k)
n (z)=0

φ(z)−
1

n
z∈C:Pn(z)=0

φ(z). (5)

CombfinfingLemmas2.3and2.2wfithLemma2.1shows

1

n C

(flog|L(k)n (z)|)∆φ(z)dm(z)
P
−→
n→∞

0. (6)

Bytheflawoffflargenumbers,therfight-mosttermoff(5)tendsto
C

φ(z)dµ(z)aflmost-surefly,compfletfingthe

prooff. □

2.1.ProoffoffLemma2.2.

Lemma2.4.LetF={z∈C:
C
|y−z|−1dµ(y)=∞}.Thenm(F)=0.
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Prooff.Sfinceµfisaprobabfiflfitymeasurewehavethat
y:|y−z|≥1

|z−y|−1dµ(y)≤1fforaflflz.ThusFfisequafl

tothesetoffzfforwhfich
B1(z)

|y−z|−1dµ(y)=∞.AppflyFubfinfi’stheoremtocompute

C B1(z)

|z−y|−1dµ(y)dm(z)=

C B1(y)

|z−y|−1dm(z)dµ(y)=2π.

Thusm(F)=0. □

ProoffoffLemma2.2.IfftherandomvarfiabfleX1fisaflmostsureflyaconstant,thentheflemmaffoflflowseasfifly,
andsoweassumethatX1fisnon-degenerate.

Ffirst,weshowthatfforeveryfixedz∈C\Fandeveryε>0,wehave

flfim
n→∞

P
1

n
flog|L(k)n (z)|≥ε=0. (7)

Indeed,definfingYfi=(z−Xfi)
−1fforaflflfi∈[n],Markov’sfinequaflfitybounds

P |L(k)n (z)|≥e
εn ≤e−εnE[|L(k)n (z)|]≤e

−εn n

k
(E|Y1|)

k
. (8)

Sfincez∈C\F,theexpectatfionE|Y1|fisfinfite.Thus,therfight-hand-sfidetendstozeroasflongask=o(n)
andsotheflfimfit(7)ffoflflows.

AnappflficatfionoffLemma1.2wfiflflprovfideaflowerbound,fi.e.,weprovethatfforeveryz∈Cwhfichfisnotan
atomoffµandeveryε>0,

flfim
n→∞

P
1

n
flog|L(k)n (z)|≤−ε=0. (9)

Wrfite

P
1

n
flog|L(k)n (z)|≤−ε=P





1≤fi1<fi2<···<fik≤n

Yfi1Yfi2...Yfik ≤e
−εn





andnotethatLemma1.2showstherfight-hand-sfidefiso(1),compfletfingtheprooffofftheflemma. □

2.2.ProoffoffLemma2.3.Toprovetfightness,wewfiflflusethePofisson-Jensenfformuflatowrfiteflog|L
(k)
n (z)|

fintermsoffaPofissonfintegrafloffflog|L
(k)
n (z)|aflongthecfircfleoffradfiusRfforsomeR>r,pflusasmaflflcorrectfion

fintermsoffthezerosandpoflesoffL
(k)
n (z).Fromhere,showfingtfightnessofftheL2normwfiflflcomefintwo

steps:1nflog|L
(k)
n (z)|fistfightat0andonthecfircfleoffradfiusR,andthatthecorrectfiondependfingonthe

zerosandpoflesfisnottooflarge.

NotethatbytheprooffoffLemma2.4fforanyR>0wehavethat

BR C

|z−y|−1dµ(y)dm(z)<∞.

Byswfitchfingtheouterfintegraflfintopoflarcoordfinates,weseethatfforLebesgue-aflmost-aflflR>0wehave
that

2π

0 C

1

|Refiθ−y|
dµ(y)dθ<∞. (10)
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Throughout,weassumethatRsatfisfiesthfisassumptfion.

WenowwrfitethePofisson-Jensenfformuflafforflog|L
(k)
n (z)|:LetR>rbechosenasabove,fletx1,n,...,xjn,n

denotethezerosoffPn(z)finthedfiskBR,andflety1,n,...,yℓn,nbethezerosoffP
(k)
n (z)finthedfiskBR.Aflso

notethatjn≤nandℓn≤n. WetaketheffoflflowfingstandardffactsaboutthePofisson-Jensenfformuflaffrom
[15,Chapter8]:

Lemma2.5(Pofisson-Jensenfformufla).

flog|L(k)n (z)|=I
(k)
n (z;R)+

ℓn

ℓ=1

flog
R(z−yℓ,n)

R2−ȳℓ,nz
−

jn

j=1

flog
R(z−xj,n)

R2−x̄j,nz
, (11)

where

I(k)n (z;R)=
1

2π

2π

0

flog|L(k)n (Re
fiθ)|PR(|z|,θ−argz)dθ (12)

wherePR denotesthePofissonkernefl

PR(r,ϕ)=
R2−r2

R2+r2−2Rrcosϕ
, r∈[0,R],ϕ∈[0,2π]. (13)

TheonflypropertyoffthePofissonkerneflweneedfisthatfitprovfidesonflyboundeddfistortfionwhenrfis
unfifformflyboundedawayffromR.

Fact2.6.Foraflfl0<r<RthereexfistsM ≥1sothatfforaflflz∈Brandθ∈[0,2π]wehave

1

M
≤PR(|z|,θ)≤M. (14)

Wefirstprovfideanupperbound I
(k)
n (z;R)finprobabfiflfitythatfisunfifformfinBrfforaflflkandn.

Lemma2.7.ForaflflRsatfisffyfing(10)and0<r<RtherefisaconstantC>0sothatfforaflflt>0and
1≤k≤nwehave

P
1

n
sup
z∈Br

I(k)n (z;R)≥t≤
C

t
. (15)

Prooff.AppflyFact2.6andbound

I(k)n (z;R)≤
M

2π

2π

0

flog+ L
(k)
n (Re

fiθ)dθ. (16)

Bound
1

n
flog+ L

(k)
n (Re

fiθ)≤
1

n
flog1+|L(k)n (Re

fiθ)|

≤
1

n
flog1+

n

k

−1

|L(k)n (Re
fiθ)|+1 (17)

whereweusedthatn−1flognk ≤1.

Cflafim2.8. Wehave
2π

0

E
1

n
flog1+

n

k

−1

|L(k)n (Re
fiθ)| dθ≤

2π

0 C

|Refiθ−y|−1dµ(y)dθ.
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ProoffoffCflafim2.8.Notfingthattheffunctfionx→flog(1+x)fisconcavefforx≥0,Jensen’sfinequaflfitybounds

Eflog1+
n

k

−1

|L(k)n (Re
fiθ)| ≤flog1+E

n

k

−1

|L(k)n (Re
fiθ)| .

SfinceRsatfisfies(10),fforaflmostaflflθ∈[0,2π]wemaybound

E
n

k

−1

|L(k)n (Re
fiθ)|≤

C

Refiθ−y
−1
dµ(y)

k

.

Combfinfingtheprevfioustwodfispflayedequatfionsandfintegratfingoverθshowsthat

2π

0

1

n
Eflog1+

n

k

−1

|L(k)n (Re
fiθ)| dθ≤

2π

0

1

n
flog1+

C

Refiθ−y
−1
dµ(y)

k

dθ

≤
2π

0

k

n C

|Refiθ−y|−1dµ(y)dθ

≤
2π

0 C

|Refiθ−y|−1dµ(y)dθ

whereweusedtheeflementaryfinequaflfityflog(1+xk)≤kxfforx≥0. □

Combfinfingflfines(16)and(17)wfithCflafim2.8andMarkov’sfinequaflfitycompfletestheprooff. □

ThePofisson-JensenfformwfiflflaflflowustocompareI
(k)
n (z;R)toI

(k)
n (0;R).Itwfiflflbeconvenfienttoassume

that0/∈F.Iff0∈F,wemayfindsomea/∈F(recaflflthatFhasmeasure0)andrepflaceeachXfiwfith
Xfi−a;thus,wemayassumewfithoutflossoffgeneraflfitythat0/∈F.

Lemma2.9.TherefisaconstantC1dependfingonflyonR>0suchthatffork≤
flogn

5flogflognwehave

flfim
n→∞

P
1

n
I(k)n (0;R)≤−C1 =0. (18)

Prooff.BythePofisson–Jensenfformufla(12)atz=0,wehave

I(k)n (0;R)=flog|L
(k)
n (0)|−

ℓn

ℓ=1

flog
yℓ,n
R
+

jn

j=1

flog
xj,n
R
. (19)

Forthefirsttermontherfight-handsfideoff(19),by(9),wehave

flfim
n→∞

P
1

n
flog|L(k)n (0)|≤−1 =0. (20)

Forthesecondtermontherfight-handsfideoff(19),wegetatrfivfiaflbound

1

n

ℓn

ℓ=1

flog
yℓ,n
R
≤0. (21)
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Fortheflasttermontherfight-handsfideoff(19),usfingthestrongflawoffflargenumbers,wesee

1

n

jn

j=1

flog
xj,n
R
=−

1

n

n

j=1

flog−
Xj
R

a.s.
−→
n→∞

−E flog−
X1
R

. (22)

Observethatz→ flog−|z/R|−flog−|z|fisaboundedffunctfionwfithcompactsupportandEflog−|X1|<∞

bytheassumptfion0/∈F,sowehaveE flog−
X1
R <∞.Combfinfing(19),(20),(21)and(22)compfletesthe

prooff. □

TotransflateLemma2.9toaunfifformflowerboundfforz∈Br,wewfiflflusetheffactthatthePofissonkernefl
hasboundeddfistortfion,andsofitfissuficfienttoconsfiderthevaflueat0andtheboundary.

Lemma2.10.Foraflfl0<r<RtherefisaconstantCsuchthatfforaflfln,t>0andk≤ flogn
5flogflognwehave

P
1

n
finff
z∈Br

I(k)n (z;R)≤−t≤
C

t
. (23)

Prooff.ByFact2.6wemayflowerbound

2π

n
I(k)n (z;R)=

1

n

2π

0

flog|L(k)n (Re
fiθ)|PR(|z|,θ−argz)dθ

=
1

n

2π

0

flog+|L
(k)
n (Re

fiθ)|PR(|z|,θ−argz)dθ−
1

n

2π

0

flog−|L
(k)
n (Re

fiθ)|PR(|z|,θ−argz)dθ

≥
1

Mn

2π

0

flog+|L
(k)
n (Re

fiθ)|dθ−
M

n

2π

0

flog−|L
(k)
n (Re

fiθ)|dθ

=
2πM

n
I(k)n (0;R)−

1

n
M −

1

M

2π

0

flog+|L
(k)
n (Re

fiθ)|dθ. (24)

ByLemma2.9,wehavethat2πM
n I

(k)
n (0;R)≥−Casymptotficaflflyaflmostsurefly.BytheprooffoffLemma2.7

wehave

P
1

n

2π

0

flog+|L
(k)
n (Re

fiθ)|dθ≥t≤
C

t
.

Combfinfingthesetwoboundswfith(24)compfletestheflemma. □

ProoffoffLemma2.3.AppflyfingtheCauchy-Schwarzfinequaflfityto(11)anddfivfidfingbothsfidesbyn2,we
have

1

n2
flog2|L(k)n (z)|≤

3

n2
I(k)n (z;R)

2+
3ℓn
n2

ℓn

ℓ=1

flog2
R(z−yℓ,n)

R2−ȳℓ,nz
+
3jn
n2

jn

j=1

flog2
R(z−xj,n)

R2−x̄j,nz
. (25)

Notethatfforanyy∈BRandz∈Brwehave|R
2−ȳz|fisunfifformflyboundedbeflow.Usfingfintegrabfiflfityoff

(flog|z|)2near0,thfisfimpflfiesthat

sup
y∈BR

Br

flog2
R(z−y)

R2−ȳz
dm(z)+sup

x∈BR
Br

flog2
R(z−x)

R2−x̄z
dm(z)≤C
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fforsomeconstantC.Boundfingjn≤nandℓn≤nshowsadetermfinfistficboundoff

3ℓn
n2

ℓn

ℓ=1Br

flog2
R(z−yℓ,n)

R2−ȳℓ,nz
dm(z)+

3jn
n2

jn

j=1Br

flog2
R(z−xj,n)

R2−x̄j,nz
dm(z)≤3C.

Lemma2.7and2.10showthat 1
n2
Br

(I
(k)
n (z;R))2dm(z)fistfight.Sfinceatfightsequencepflusadetermfinfistfi-

caflflyboundedsequencefistfight,theproofffiscompflete. □

3.Antficoncentratfionoffeflementarysymmetrficpoflynomfiafls

WewfiflfldeduceLemma1.2ffromaTheoremoffMeka,NguyenandVuconcernfingantfi-concentratfionoffmufltfi-
afinepoflynomfiaflsoffBernouflflfirandomvarfiabfles. Toproperflystatethefirtheorem,wewfiflflneedabfitoff
setup.

Wewfiflflconsfidermufltfi-afinepoflynomfiaflsoffthefform

Q(z1,...,zn)=
S⊂[n]

aS
j∈S

zj (26)

wherethecoeficfientsaSarereaflandthedegreeoffQfistheflargest|S|sothata|S|̸=0.IffQfisoffdegreed,
thentherankoffQfistheflargestfintegerrsuchthatthereexfistdfisjofintsetsS1,...,Sr⊂[n]offsfizedwfith
|aSj|≥1fforaflflj∈[r].

Theorem3.1(Theorem1.7off[16]).TherefisanabsofluteconstantBsuchthattheffoflflowfinghoflds.LetQ
beapoflynomfiafloffthefform(26)whoserankr≥2.Letpbesuchthatr̃:=2dαdr=2dαdn/k≥3where
α:=mfin{p,1−p}. ThenfforanyfintervaflIoffflength1,fiffweflet{εj}

n
j=1 befi.fi.d.Bernouflflfi(p)random

varfiabfleswehave

P[Q(ε1,...,εn)∈I]≤
Bd4/3(flog̃r)1/2

(̃r)1/(4d+1)
.

ToappflythfisTheoremtothecaseoffLemma1.2—wherethevarfiabflesarecompflexvafluedandarbfitrary—we
wfiflflusethenon-degeneracytofirstsampflemostofftherandomnessoffeachYj,fleavfingaBernouflflfirandom
varfiabfle’sworthoffrandomnessbehfind;thenwewfiflfltakeefitherthereaflorfimagfinarypartoffthesubsequent
poflynomfiaflandshowthatfithassuficfientflyhfighrankwfithhfighprobabfiflfity.

ProoffoffLemma1.2.Define

P(Y1,...,Yn):=
S⊂{1,...,n};|S|=kj∈S

Yj. (27)

SfinceYjfisnon-degeneratewehavethatatfleastoneoffReYjorImYjfisnon-degenerate.Byrepflacfingeach
YjwfithfiYjfiffneeded,weassumewfithoutflossoffgeneraflfitythatReYjfisnon-degenerate. Assuch,there
exfistt∈R,κ>0,q∈(0,1)sothat

P[ReYj−t>κ]≥q and P[ReYj−t<−κ]≥q. (28)

Notethatsfincek=O(flogn/flogflogn)wemayboundκk=o(eεn/2),andsobyrepflacfingYjwfithYj/κ,we
mayassumewfithoutflossoffgeneraflfitythatκ=1.
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Foreachj=1,...,n,fletY+j andY
−
j befindependentrandomvarfiabflessatfisffyfingP[Y

+
j ∈K]=P[Yj−t∈

K|ReYj−t>0]andP[Y
−
j ∈K]=P[Yj−t∈K|ReYj−t≤0]fforaflflmeasurabflesubsetsK ⊂C.

Letηj=✶ReYj−t≥0,j∈[n],andnotethatthecoflflectfion{ηj}arefi.fi.d.Bernouflflfirandomvarfiabfleswfith

parameterp:=P[ReYj−t>0].LetY
′
j=ηjY

+
j +(1−ηj)Y

−
j +t,andobservethatY

′
jandYjhavethe

samedfistrfibutfion.Thereffore,fitsuficesshowthat

P[|P(Y′1,...,Y
′
n)|≤1/2]=o(1).

Foreachfixedfinstanceoffthevarfiabfles{Y+j,Y
−
j},definethepoflynomfiaflFfinthevarfiabfles{ηj}vfia

F(η1,...,ηn):=P(η1(Y
+
1 −Y

−
1)+Y

−
1 +t,...,ηn(Y

+
n −Y

−
n)+Y

−
n +t)

=
S⊂[n],|S|=k





j∈S

(Y+j −Y
−
j)





j∈S

ηj+Q

whereQfisapoflynomfiafloffdegree<kfintermsoffηjwhenaflfltheY
±
j arefixed.Forr=⌊n/k⌋,fletS1,...,Sr

bedfisjofintsubsetsoff[n]offsfizek.ForS⊂[n],definebS:= j∈S(Y
+
j −Y

−
j).

Cflafim3.2. Wfithprobabfiflfityatfleast 1−2exp(−cq2kn/k),thereareatfleastq
2kn
2k coeficfientsbSℓsatfisffyfing

bSℓ ≥2
k.

ProoffoffCflafim3.2.Forℓ∈[r],definetheeventEℓ={|bSℓ|≥2
k},andnotethattheevents{Eℓ}ℓare

findependent.Further,notethat

P[Eℓ]≥P[Y
+
j −Y

−
j ≥2,∀j∈Sℓ]

≥P[ReY+j −ReY
−
j ≥2κ,∀j∈Sℓ]

≥P[ReY+j −t− ReY
−
j −t≥2,∀j∈Sℓ]

≥q2k (29)

by(28),sfincewehaveassumedκ=1.LetNdenotethenumberoffℓfforwhfichEℓhoflds.ThenbyBernstefin’s
finequaflfitytherefisaconstantc>0sothat

P[N≤q2kr/2]≤P[N≤EN/2]≤2exp(−cEN)≤2exp−cq2kn/k .

NotfingthatEN≥q2kn/kcompfletesthecflafim. □

Notethat

ReF(η1,...,ηn)=
S⊂[n],|S|=k

(RebS)
j∈S

ηj+ReQ, ImF(η1,...,ηn)=
S⊂[n],|S|=k

(ImbS)
j∈S

ηj+ImQ

andsoReFandImFarebothmufltfi-afinepoflynomfiaflsfinthevarfiabfles{ηj}wfithreaflcoeficfientsanddegree
atmostk.Foreachcoeficfient|bSℓ|wfith|bSℓ|≥2

kwehaveefither|RebSℓ|≥2
k−1or|ImbSℓ|≥2

k−1.Thus,
fiffwefletAbetheeventthatefitherReForImFhasrankatfleastq2kn/(4k),thenCflafim3.2fimpflfiesthat
P[Ac]≤2exp(−cq2kn/k).
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Thus,ffornsuficfientflyflarge,wehave

P[|P(Y1,...,Yn)|≤e
−εn]≤P |ReF(η1,...,ηn)|≤

1

2
,|ImF(η1,...,ηn)|≤

1

2
A +2e−cq

2kn/k

=P |ReF(η1,...,ηn)|≤
1

2
,|ImF(η1,...,ηn)|≤

1

2
A +o(1) (30)

wherefforthesecondboundweusedthatk=o(flogn).

CondfitfionedontheeventA,supposethattherankoffReFfisatfleastq2kn/(4k).Thenwewfiflflappflythe
firstboundfinTheorem3.1;fiffwesetα=mfin{p,1−p}andr=2kαkq2kn/(4k)thenTheorem3.1fimpflfies

P |ReF(η1,...,ηn)|≤1/2rankReF(η1,...,ηn)≥q
2kn/(4k)≤Bk4/3

(flogr)1/2

r1/(4k+1)
. (31)

Wrfite k=εflogn/flogflogn,whereε≤1/5andnotewefirstnotethat

flogr=flogn 1+Θ
ε

flogflogn
.

andso

flogBk4/3
(flogr)1/2

r1/(4k+1)
≤
1

2
flogflogn 1+Θ

ε

flogflogn
−
flogflogn

8ε
+Θ flogflogε

flogn

flogflogn

=
1

2
−
1

8ε
flogflogn+o(1)+o(flogflogn).

Forε≤1/5,therfight-handsfidetendstonegatfivefinfinfity,compfletfingtheprooff. □

4.CommentsandOpenProbflems

WebeflfievethatLemma1.2fissuboptfimafl,andthatfinffactthesamestatementshoufldhofldprovfidedk=o(n).

Conjecture4.1. LetY1,Y2,...,befi.fi.d.copfiesoffacompflex-vafluednon-degeneraterandomvarfiabfle.Then
fforanysequencek=k(n)satfisffyfingk=o(n)andeachε>0wehave

flfim
n→∞

P





1≤fi1<fi2<···<fik≤n

Yfi1Yfi2...Yfik ≤e
−εn



=0.

Thesharpestgeneraflstatementsfforantfi-concentratfionfformufltfi-afinepoflynomfiaflsareprovfidedbythework
offMeka,NguyenandVu[16],fforwhfichConjecture4.1flfiesweflflbeyondthecurrentflyknownbounds.Foran
exampfleoffapoflynomfiafloffveryhfighdegreefforwhfichantfi-concentratfionfisknown,seeTaoandVu’swork
onthepermanentoffarandommatrfix[20](seeaflso[14]). WenotethatConjecture4.1appearsnon-trfivfiafl
evenfinthecaseoff,say,Gaussfianrandomvarfiabfles.

Remark4.2.WenotethatsubstfitutfingaposfitfiveresoflutfiontoConjecture4.1fforLemma1.2woufldfimme-
dfiateflyupgradeTheorem1.1tohofldfforaflflk=o(n);findeed,throughouttheproofftheonflyassumptfionson
kusedarethatk=o(n)andthattheconcflusfionoffLemma1.2hoflds.Addfitfionaflfly,duetoLemma2.4,one
canffurtherassumethatthevarfiabfleY1finConjecture4.1satfisfiesE|Y1|<∞.
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Werecaflflthata k=o(n)extensfionsTheorem1.1ffaflflsundertheffoflflowfingmoregeneraflconjecture:

Conjecture4.3 ([17],O’Rourke-Stefinerberger).Letµbeprobabfiflfitymeasureµ∈C. Foreacht∈[0,1]

therefisameasureµtsothatffortherandomsequenceoffmeasuresµ
⌊tn⌋
n convergestoµtasn→∞.

See[1,7,8,11,13]andtherefferencestherefinfforprogressonthfisconjecture. Addfitfionaflfly,thework
[6]consfiderstheanaflogueoffConjecture4.3ffortherootsoffhfighderfivatfivesoffrandompoflynomfiaflswfith
findependentcoeficfientsratherthanroots.

WeaflsohfighflfightaconjectureattrfibutedbothtoKabfluchko2andCheung,Ng,Tsafi,Yam[4,ConjectureB]:

Conjecture4.4(Kabfluchko).ForanyprobabfiflfitymeasureµonC,thesequenceoffrandommeasuresµ
(1)
n

convergestoµaflmostsureflyasn→∞.

Subramanfian’swork[19]finffactprovesConjecture4.4finthecasewhenµfissupportedontheunfitcfircfleand
nottheunfifformmeasure;thfiswasextendedtothecaseofftheunfifformmeasureontheunfitcfircflebyCheung,
Ng,Tsafi,Yam[4]andshowntohofldfforthekthderfivatfivefforeachfixedkprovfidedµfissupportedonthe
unfitcfircfle(seeaflso[5]fforareflatedworkonrandomBflaschkeproducts). WesuspectthatTheorem1.1can
aflsobeupgradedtoaflmostsureconvergence.ThemafindfificufltyappearstobefinupgradfingLemma2.2to
aflmost-sureconvergence.AffterpostfingadrafftoffthfisworkonarXfiv,Conjecture4.4wasprovenbyAngst,
MaflficetandPofly[2].
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[9]J.B.Hough, M.Krfishnapur,Y.Peres,andB.Vfiŕag.ZerosoffGaussfiananaflytficffunctfionsandde-
termfinantaflpofintprocesses,voflume51offUnfiversfityLectureSerfies. AmerficanMathematficaflSocfiety,
Provfidence,RI,2009.

[10]Z.Kabfluchko. Crfitficaflpofintsoffrandompoflynomfiaflswfithfindependentfidentficaflflydfistrfibutedroots.
Proc.Amer.Math.Soc.,143(2):695–702,2015.

[11]Z. Kabfluchko. Repeated dfifferentfiatfionandffree unfitary Pofisson process. arXfivpreprfint
arXfiv:2112.14729,2021.

[12]O.Kaflflenberg.Foundatfionsoff modernprobabfiflfity. ProbabfiflfityandfitsAppflficatfions(NewYork).
Sprfinger-Verflag,NewYork,1997.

[13]A.KfiseflevandC.Tan.Theflowoffpoflynomfiaflrootsunderdfifferentfiatfion.Ann.PDE,8(2):1–69,2022.
[14] M.KwanandL.Sauermann.Onthepermanentoffarandomsymmetrficmatrfix.SeflectaMath.(N.S.),

28(1):PaperNo.15,29,2022.
[15]A.I.Markushevfich.Theoryoffffunctfionsoffacompflexvarfiabfle.Vofl.II.RevfisedEngflfishedfitfiontransflated

andedfitedbyRfichardA.Sfiflverman.Prentfice-Haflfl,Inc.,EngflewoodCflfiffs,N.J.,1965.
[16]R.Meka,O.Nguyen,andV.Vu.Antfi-concentratfionfforpoflynomfiaflsofffindependentrandomvarfiabfles.

TheoryComput.,12:PaperNo.11,16,2016.
[17]S.O’RourkeandS.Stefinerberger.Anonflocafltransportequatfionmodeflfingcompflexrootsoffpoflynomfiafls

underdfifferentfiatfion.Proc.Amer.Math.Soc.,149(4):1581–1592,2021.
[18]R.PemantfleandI.Rfivfin. Thedfistrfibutfionoffzerosoffthederfivatfiveoffarandompoflynomfiafl.In

Advancesfincombfinatorfics,pages259–273.Sprfinger,Hefideflberg,2013.
[19]S.D.Subramanfian.Onthedfistrfibutfionoffcrfitficaflpofintsoffapoflynomfiafl.Eflectron.Commun.Probab.,

17:no.37,9,2012.
[20]T.TaoandV.Vu.OnthepermanentoffrandomBernouflflfimatrfices.Adv.Math.,220(3):657–669,2009.
[21]T.TaoandV.Vu. Random matrfices: unfiversaflfityoffESDsandthecfircuflarflaw.Ann.Probab.,

38(5):2023–2065,2010. WfithanappendfixbyManjunathKrfishnapur.

Departmentoff Mathematfics,StatfistficsandComputerScfience,UnfiversfityoffIflflfinofis,Chficago,USA

Emafifladdress:mficheflen@ufic.edu,mficheflen.math@gmafifl.com

Departmentoff Mathematfics,StatfistficsandComputerScfience,UnfiversfityoffIflflfinofis,Chficago,USA

Emafifladdress:tvu25@ufic.edu,truongvu.math@gmafifl.com


	1. Introduction
	1.1. Notation

	2. Proof of the main result
	2.1. Proof of Lemma 2.2
	2.2. Proof of Lemma 2.3

	3. Anticoncentration of elementary symmetric polynomials
	4. Comments and Open Problems
	Acknowledgments
	References

