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The recent observation of fractional quantum anomalous Hall (FQAH) states in tunable moiré materials
encourages study of several new phenomena that may be uniquely accessible in these platforms. Here, we show
that an isolated localized anyon of the FQAH state will nucleate a “halo” of charge-density-wave (CDW) order
around it. We demonstrate this effect using a recently proposed quantum Ginzburg-Landau theory that describes
the interplay between the topological order of the FQAH state and the broken-symmetry order of a CDW. The
spatial extent of the CDW order will, in general, be larger than the length scale at which the fractional charge of
the anyon is localized. The strength and the decay length of the CDW order around anyons induced by doping or
the magnetic field differ qualitatively from those nucleated by a random potential. Our results leverage a precise
mathematical analogy to earlier studies of the superfluid-CDW competition of a system of lattice bosons which
has been used to interpret the observed CDW halos around vortices in high-7;. superconductors. We show that
measurement of these patches of CDW order can give an indirect route to measuring the fractional charge of the
anyon. Such a measurement may be possible by scanning tunneling microscopy in moiré systems.
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I. INTRODUCTION

The (fractional) quantum Hall effect usually occurs in the
setting of two-dimensional electron gases subject to a strong
magnetic field. It has been clear for some time now that quan-
tum Hall physics can be realized without a magnetic field if
electrons either completely or partially fill [1-8] a Chern band
in a lattice system. When the required time-reversal symmetry
breaking occurs spontaneously, the resulting phases have been
dubbed (fractional) quantum anomalous Hall states. In the
last few months, fractional quantum anomalous Hall (FQAH)
states have been discovered in two different two-dimensional
moiré heterostructures [9-12], following directions suggested
by a number of theoretical studies [13-22].

These FQAH states compete with a number of other states
of matter. At the lattice fillings p/(2p + 1) (for p an inte-
ger), where current experiments see an FQAH state, a natural
competing insulating state is a commensurate charge-density-
wave (CDW) insulator. Indeed it has been possible to tune
out of the FQAH phase into insulating phases with large
longitudinal (and small Hall) resistivity using a perpendic-
ular displacement field. The competition or intertwinement
between the FQAH and CDW potentially manifests itself in
ways that are unique to the lattice setting and are absent in
the continuum realization of quantum Hall physics studied
experimentally over the previous decades.

Recent theoretical work [23], which we briefly review be-
low, has derived a quantum Ginzburg-Landau (q-GL) theory
to describe the competition or intertwinement between the
FQAH and CDW state and used it to address possible phase
transitions (and phases proximate to the FQAH state). Much
like in other instances of the use of such theories, we can use
the q-GL theory to address many other questions pertinent to
the interplay between FQAH and CDW physics.
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In this paper we show that, in the FQAH phase, a localized
anyon nucleates around it a halo where there is CDW ordering.
The size of the halo region is determined by the “distance” to
the fully ordered CDW phase in the phase diagram (assuming
the FQAH-CDW transition is at least approximately second
order). In a device where a finite (but low) density of anyons
is present, perhaps due to a small doping away from the filling
p/(2p + 1), there will be a corresponding finite density of
CDW patches. If the interanyon separation is larger than the
halo size (which is guaranteed at sufficiently small doping),
then the CDW patches will be well separated from each other.
A schematic depiction is in Fig. 1.

Such CDW patches may, in principle, be imaged through
future STM experiments. We point out that such an imaging
can be an indirect measure of the anyon charge. For instance,
at filling v = § + 8, suppose the anyons that are induced by
the doping have a charge ¢* (for odd denominator states, g*
will be a multiple of é). Then there will be §/¢g* CDW patches
per unit cell. Thus, the ratio of CDW patch density to the
doping density within the FQAH plateau directly gives the
fractional charge g* of the anyon.

The phenomenon of CDW order nucleating in a halo
around the anyon is analogous to the observation of CDW
order in a halo around a vortex core in cuprate supercon-
ductors [24]. In the latter system too, this arises due to a
competition between superconducting and CDW orderings.
This competition was discussed theoretically in simplified
models of bosonic Cooper pairs at fractional lattice density in
a series of papers [25,26]. The resulting q-LG theories for the
superfluid-CDW Mott transition of bosons at fractional lattice
filling enable addressing the physics of the vortex structure
in the superfluid state and the nucleation of CDW order once
the superfluid order parameter is suppressed near the vortex
core [26].

©2024 American Physical Society
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FIG. 1. (a) The charge density pattern around an anyon “core.”
The gray scale is correlated with the intensity of the CDW order
which decays exponentially in space. The lower panel shows the
FQAH phase with a finite density of anyons (big disks), where the
anyon fractional charge (red small disks) is more localized than
the surrounding CDW halo. (b) (Top to bottom) Schematic plot of
the anyon charge density, the charge density wave, and the composite
boson density. The spatial region where the fractional charge of the
anyon is localized is related to the quantum zero point motion of the
vortex (of the composite boson superfluid) while the induced CDW
order decays at a “coherence” scale & related to the distance to the
critical point. The composite boson density is depleted at the same
coherence length scale.

The g-LG theory for the FQAH-CDW competition in
our previous work is a modification of the q-LG theory for
the superfluid-CDW competition of bosons on a lattice. To
explain this connection, we recall that, in the usual Landau
level setting, there is a Ginzburg-Landau description [27,28]
of the fractional quantum Hall system in terms of “composite
bosons” (electrons with an odd number of attached vortices)
coupled to emergent gauge fields with a Chern-Simons action.
In this description, the quantum Hall phase is a condensate (a
“superfluid”’) of composite bosons. The theory of Ref. [23]
described the FQAH state at any lattice filling in a generaliza-
tion of this standard composite boson picture. The composite
bosons are at the same lattice filling as the electron. Con-
densing the composite boson gives the FQAH phase while a
CDW Mott insulator of these composite bosons is a possible
proximate electronic CDW insulator. Thus, there is a close
relationship between the theory of the FQAH-CDW competi-
tion and that of the superfluid-CDW competition, though the
physical interpretation is different.

Interestingly for our purposes, the vortices of the compos-
ite boson condensate are precisely the fractionally charged
anyons of the FQAH state. Thus, the earlier discussion [26] of
the nucleation of CDW around vortices in the superfluid phase
of bosons on a lattice can be essentially taken over directly to
reach the conclusions outlined above on CDW halos around
anyons in the FQAH state. We also study defects in the CDW
ordered phase and show that, apart from having fractional
charge, there are circulating electrical currents in their vicinity
that reflect the proximate FQAH phase.

In the rest of this paper we flesh out the details of these
introductory remarks.

II. QUANTUM GINZBURG-LANDAU THEORY
FOR FQAH-CDW COMPETITION

To be concrete, we specialize to lattice filling v = —%
where the most prominent FQAH state is seen in twisted
MoTe,. It is convenient to go to a hole picture and describe
this FQAH state as having the same topological order as the
Laughlin state of holes at 1/3 filling. The phase transition out
of the quantum Hall phase can be thought of as a superfluid-
insulator transition of (generalized) composite bosons ® at a
lattice filling of 1/3. The theory is conveniently described [23]
in terms of vortices ®,; (with I = 1, 2, and 3) of the composite
boson field, with the Lagrangian [23]

3
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L= IZZ; 18y, — i, )Doy> + Lo+ - — Joode + —Ada,
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The ellipses represent terms consistent with the translation
and C; symmetries of the lattice. The « is a dynamical U(1)
gauge field and A is a probe U (1) gauge field that can be
used to calculate the electromagnetic response. We omitted
an additional term 1/(4w)AdA describing an integer quantum
anomalous Hall effect of the filled Chern band, which does not
affect the main discussion. In the following part we primarily
work in the picture of the vortices @, unless specifically noted
otherwise.

The symmetry actions of translations and Cs (the subscript
I + 1 are defined modulo 3, i.e., I mod 3 + 1) [29] read as
follows:

Tl . CDU,I — (bv,1+17

T A q) i-(lgl)rt
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. iz .
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The allowed quartic terms for the dual vortex fields have the
following structure:

£4[(DU1] = Eu + £vv

3 2
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Ly = v(|Dyi 2 @] + (D1 P Du3]* + (D] D3 ),
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where the sign of v determines the nature of the symmetry-
breaking state when ®,;’s condense.

Clearly if the ®,;’s are all gapped, we get the Laughlin
1/3 state. If, however, the ®,’s condense, then the «-field
undergoes the Higgs effect and the quantum Hall effect is
destroyed. The low-energy long-wavelength response to the
probe A field is then given by a Maxwell action (with no
Chern-Simons term). Thus, we get a CDW insulating state,
where the nontrivial translation action on ®,; ensures that
translation symmetry is spontaneously broken. The pattern of
charge ordering in the CDW is determined by the structure of
the nonlinear terms in Eq. (1) [29].

Let R; and R; be the primitive vectors of the real space
moiré superlattice, and let b; and b, be the corresponding
reciprocal lattice vectors. The charge density operator at the
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wave vector 2%"b] + 23—"b2 can be written in terms of the low-
energy vortex fields as [where again the index j on the vortex
field is to be interpreted as (j — 1)mod 3 + 1]

Iomn(R) = S(m, n) Z CDZ,J‘(R)Qv,j-&-n(R)el(n_m)] ¥
j=123

- 2wm - 2mn
P(R) =Y pyn(R)e! 5 KI5 R,

m,n

3

where S(m, n) is a form factor unknown from the low-energy
properties of the vortex fields. It is straightforward to verify
that the vortex transformation in Eq. (2) determines that p,,,
sits at the correct wave vector.

Thus the theory in Eq. (1) enables discussion of the
competition between the FQAH and CDW phases within a
continuum field theory. It can thus be thought of as a quantum
Ginzburg-Landau theory that is suitable for discussing uni-
versal aspects of the physics. We can use it to study many
different aspects of the interplay between the two kinds of
orders, such as, e.g., their phase transition, and inhomogenous
situations involving interfaces between the FQAH and the
CDW. Here, however, we study the structure of the charged
anyon defects of the FQAH phase.

For simplicity, we assume that the charge-density-wave
order is obtained by condensing only one of the &, fields,
which happens when v > 0. The resulting CDW order pattern
is the simplest one for 1/3 filling on triangular lattices—with
a tripled unit cell shown in Fig. 1. Other condensation patterns
in Ref. [29] are allowed for different signs of v and u in L4,
though this does not affect the discussion below, with the only
difference being the detailed CDW pattern nucleated by an
anyon.

III. INTERTWINEMENT OF FQAH AND CDW PHASES

The FQAH state is formed by “condensing” the composite
bosons @, which is equivalent to considering a phase where
the vortex fields ®,; are gapped. A vortex defect, localized
at some spatial point, in the composite boson condensate is,
thus, a unit charged source for the « gauge field in Eq. (1). The
Chern-Simons term binds a magnetic flux of 27 /3 of « to the
localized ®,; defect. The coupling to the probe gauge field A
then tells us that this defect has charge 1/3 and is identified
with the 1/3 Laughlin quasiparticles.

The intertwinement of the two phases is manifested by
the defect of “order parameters” in one phase carrying quan-
tum numbers of the order parameters of the other phase. In
the FQAH phase, the defect of composite boson superfluid,
i.e., the vortices ®,, transforms in a projective representation
of the space group, which directly leads to the charge-
density-wave pattern, obtained when the vortices condense.
In particular, ®, obeys Ty T>T,"'T, ' = ¢>"/3 (the magnetic
translation due to 1/3 filling of the bosons). The CDW pattern
will have a minimal three-site unit cell to trivialize the mag-
netic translation of the vortices. Figure 1 shows a schematic
CDW nucleated around a vortex. The amplitude of the CDW,
denoted by the gray scale of the disks, decays exponentially
away from the vortex core. Hence, we arrive at a remarkable
conclusion: a localized e/3 anyon in the FQAH phase will

INAN/NIN
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FIG. 2. (a) Drawn is the defect in the CDW ordered phase where
a 1/3 charge deficit occurs. The dashed lines are the domain walls
of the CDW order parameter: the orders on two sides of the wall are
related by translation by one lattice constant along the domain wall
direction. The charge patterns in different domains are distinguished
by colors. Around the defect, the coarse-grained charge density p,
will deviate from the average 1/3 in the CDW phase. A circulating
current around the defect, i.e., an FQAH patch, will change the local
magnetization. (b) The defect is identified as a flux of the gauge field
o, with a spatial extent given by the penetration depth of the vortex
condensate.

nucleate CDW orders at its core, indicative of the symmetry-
breaking competing phase proximate to the FQAH.

On the other hand, in the CDW phase when &, condenses,
we can see traces of the FQAH in the defect of the CDW
order. In Fig. 2 we schematically show a defect of the CDW
order, which carries —1/3 or 2/3 excess charge upon care-
ful counting. From the field theory for the closely related
superfluid-insulator transition at this lattice filling, it has been
argued that the bosons will be fractionalized near the critical
point into three fundamental fields each carrying 1/3 of the
boson charge [26]. This is because a 2w dual “vortex” of
any &, field induces 27 /3 of da flux and hence carries 1/3
of boson charge. The same argument continues to hold in
our theory with the extra Chern-Simons term for «. As we
show below, the Chern-Simons term leads to the presence of
circulating electrical currents, which will lead to a change of
the local magnetization.

We identify the defect as a vortex in the ®,, superfluid. The
CDW pattern is described by a condensation of certain linear
combinations of ®,’s ([, ®,) = C(# 0). The domain wall of
between two CDW patterns, e.g., related by translation, cor-
responds to a phase rotation of the condensation. In the case
depicted in Fig. 2, there are three patterns and a Z3 domain
wall is formed between any two different patterns. A defect is
the intersection of three domain walls, which in the continuum
is a defect in the phase of the condensation, albeit on the lattice
the vorticity is concentrated at the domain walls.

An effective Lagrangian for the superfluid is as follows:

g
8w
where @, ~ ¢, and p; is the corresponding “superfluid den-

sity.”” The last term is the Maxwell term for the internal
gauge field o with e = —Vy (we fix the gauge to be time

s 3
Lopw = 2\(V0 — )P + —ada + S (=12 + ), (@)
2 4
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independent), and g” is a coupling constant with the dimension
of length. The equations of motion,

—&°V x b= —47p(VO —a) + 68 x 2,
3b &V .e

2 4nm
correspond to modified Maxwell equations due to the Chern-
Simons term, where (¢ x 2); = €;je;. We consider a 21 vortex
of @, located at the origin. Then V x V& = 27 62(r). We take
a curl for the first equation and substitute ¢ = —Vy to arrive
at the modified vortex equation

60[() b 1
2 _ 2
\Y <b—?> 2T ﬁé (r),
6b = g*Vay, (6)

, &)

where the penetration length A = |g|/+/47 p,. Using the sec-
ond equation and eliminating ¢ in the first equation, we
recover the usual London equation for a vortex in a BCS
superconductor, with a modified penetration length,

Lol ™
V2T )2 g4 :
As expected, the vortex in the @, condensate traps a flux of
b localized to the length scale A’ around it. From the modified

2
Ve
Gauss law 32 = &Y<

5 > it follows that a defect induces a radial
electric field e. Since du is coupled to the physical probe field
A, the physical current is given by J=2x2%Soa circulating
current appears around the defect of the CDW phase.

We see that the role of the Chern-Simons term is to lead
to a circulating electrical current near the defect core which
will lead to a change of the orbital magnetization compared
to the bulk regions far away from the defect. A heuristic
picture is that in the vicinity of the defect the CDW order
is suppressed and we instead nucleate a small bubble of the
FQAH phase. Thus, there is an interface created, at a scale of
the coherence length, between FQAH and CDW which then
leads to a circulating electric current. We thus see that the
e/3 Laughlin quasiparticles imprint on the defect of the CDW
order parameters |®,| in the CDW phase.

IV. DENSITY WAVE HALO AROUND ANYONS

We now study in more detail the spatial structure of an
anyon defect in the FQAH phase and the halo of charge
density modulation. This charge modulation pattern is indica-
tive of the CDW phase on the other side of the transition,
obtained, e.g., by tuning the displacement field in the dual-
gate moiré transition metal dichalcogenides (TMD) system.
This phenomenon is reminiscent of the modulation of the
local density of states found [24] near the vortex cores in
superconducting high-T, cuprates, which has been attributed
to the intertwinement with charge ordering in the underdoped
regime originating from proximity to the Mott insulator.

For our purposes it is sufficient to work with an approxi-
mate version of Eq. (1) where we retain only quadratic terms
in ®@,;. This will be legitimate so long as we are close enough
to the phase transition to warrant using a long-wavelength
theory but not so close as to require a full-blown solution of

the interacting field theory. In this regime, the effective action
for the vortex can be taken to have the form

3
S = /dzrdr D 1@ — i )Py |* + mP | Dy + La
=1

3 1

yp ada + 27_[Adot, ®)
with the transition tuned by the mass m (here m is real in
the FQAH). We have renormalized the spatial and temporal
scales to set the velocity v = 1. To leading order, we ignore
the fluctuation of «;. «g, however, is needed to account for
the vortex chemical potential, i.e., magnetic field effects, and
mediate vortex interactions.

We discuss three ways to induce the anyon defect in the
system: first, through an impurity potential; second, through
doping within the quantum Hall plateau; and third, by turning
on a small magnetic field.

Impurity pinning. A static impurity potential couples lin-
early to the charge density through the form

H; = /derWWn(r)pl1ln(r)~ (9)

Linear response theory gives an induced charge density wave
in terms of the impurity potential as [26]

(P (1)) = S(m, n)* / d*r'Tlo(r — ' Wou(r'),

3m e—2mr

472 Qmr)3?’

Hence, an impurity localized at some spatial position r( in-
duces a charge density wave that decays exponentially from
ro over a characteristic length & ~ 1/(2m) related to the dis-
tance to the critical point. This length scale can be viewed as
either the correlation length for CDW fluctuations or, equiva-
lently, the coherence length of the superfluid of the composite
bosons. Figure 1(a) schematically shows the CDW modula-
tion with a tripled unit cell induced by an impurity (blue disk).
The detailed modulation pattern depends on microscopic de-
tails of the impurity and energetics, etc.

As an impurity weakens the composite boson superfluidity,
it is likely for the impurity site to overlap with a vortex core.
An important difference from the analogous discussion of
Ref. [26] is that the vortex carries an e/3 physical electrical
charge. Hence, the impurity potential will couple directly to
the vortex density as a chemical potential —|ux|. When the
impurity strength is strong enough to overcome the vortex
energy gap (|u| > m), an anyon is nucleated at the impurity
location. In the case considered in Ref. [26], as the vortex
does not carry a charge, the impurity potential mainly only
couples to the CDW order p,, with nonzero momenta. In
contrast here, the impurity can also act directly as a chemical
potential for the vortex, which is similar to the case of a
nonzero magnetic field in Ref. [26].

To investigate the spatial profile of the pinned anyon, we
approximate the impurity potential close to its minimum in
space by a harmonic expansion:

IMy(r) ~ — as r — oo. (10)

iag(F) = —p + mo’r*  (u > 0). (11)
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We work in the limit |ieyg — m| < m and ignore the vacuum
fluctuations of vortex-antivortex pairs. We can then perform
an expansion to the lowest order of t derivative and |ictg — m|.
Following the procedure of Ref. [26], define ®,; = J#To%

and the low-energy action reads
3‘1’/ 19w
d*rd v —
/ " TZ|: ot T 2m
1
+<m /L+2ma)r)|\ll,| :| (12)

This describes a system of harmonic oscillators. The main
effect of the Chern-Simons term for « is that the vortex carries
a charge and hence its density couples directly to the impu-
rity potential, which was accounted for in deriving Eq. (12).
Hence, the anyon wave function should assume the form

mar?
2 b

with a decay length of ~— F (a characteristic length describ-

ing the quantum zero-point motion of the vortex).

Note that for the strong impurity potential, near the im-
purity potential minima, the CDW order p,,, obtained from
linear response and one-loop expansion in Eq. (10) does not
hold anymore. It is only valid away from the deep potential
minima, as shown in the middle panel of Fig. 1(b).

In summary, as one tunes close to the transition and m —
0, the decay length of the CDW order 1/m is much larger
than the spatial extent of the anyon wave function, ~1//mao.
Figure 1(b) shows the profile of the composite boson conden-
sate, the charge modulation, and the localized anyon, with two
characteristic length scales: 1/m and ~1//mw.

Doping or weak magnetic field. The vortex, identified with
the Laughlin quasiparticle, can also be induced by slightly
doping the system or turning on an out-of-plane magnetic
field. The incompressible state in the density-magnetic-field
n-B plane traces a line with slope proportional to Hall conduc-
tivity (as per the Strada formula). Doping or turning on B away
from this incompressible line will create anyon excitations
above the ground state, given the robustness of the fractional
quantum Hall plateau.

If a vortex @, that carries e¢/3 is the lowest-energy excita-
tion, doping of § electrons per unit cell will induce an anyon
density of 3§ per unit cell and associated CDW patches. It
is also possible, depending on microscopic details, that an
anyon with 2e/3 is the lowest-energy excitation carrying elec-
tric charge [30]. Then doping § charge per unit cell induces
36 /2 patches of quasiparticle excitations and associated CDW
halos. When doping § electrons induces 3§ or 35/2 patches
of CDW halos, this indicates fractionalized particles in the
system.

On the vortex side, the doping of electrons leads to the
magnetic field V x a(r) = 35f(r) felt by vortex &,’s. The
vortex action is supplemented with the term «Sf(r) in
Eq. (8) from the self Chern-Simons term of «, which in-
duces a nonzero chemical potential . The 6 f(r) profile
hence should be determined self-consistently. A vortex lat-
tice with the CDW pattern p,, is hence formed, coexisting

Wanyon X €XP (—

with the FQAH phase. At low anyon or vortex density, we
consider a single vortex near the origin in a potential oo (r) =
ag¥emal () 4 glatice (1) with contributions from both external
fields and impurities, as well as other vortex excitations in the
vortex lattice. The potential from other vortices mediates a
“Coulomb” interaction among vortices.

As in the discussion for impurities, we expand the potential
around its minima as in Eq. (11), although now, a magnetic
field 6 f(r) is also present. The ground state in this potential
is given by three harmonic oscillator modes with a Gaussian
form. W o e’/ 2 where w, depends on the coefficient in
a harmonic approximation of the «(r) potential, as well as
the magnetic field §f(r). Reference [26] showed the charge
density modulation to be independent of the pinning poten-
tial of the vortex lattice, unlike the case of impurity pinning
where o, « V.. Essentially this is because vortex excita-
tions already form a vortex lattice and the V,,,, associated with
spatially oscillating potential acts as off-diagonal perturbation
within the degenerate three-vortex species ®,’s space. The
resulting p,,, is given by degenerate perturbation theory with
the effective Hamiltonian within the degenerate space depend-
ing on V,,, and form factors in Eq. (3). The eigenvectors
depend on V,,, though its amplitude depends on the harmonic
oscillator wave function solved from Eq. (12), not the overall
scale of V,,,,,. The profile of the modulation around each vortex
core, from Eq. (3), is thus given by a product of the harmonic
oscillator wave functions for ®,’s, i.e., is of the Gaussian form
e~ The anyon localized around each vortex is again of
the size 1//maw,.

In the FQAH phase, magnetic field flux will nucleate
anyons from the quantum Hall response. The case for small
magnetic field is similar to doping where CDW order forms
with the vortex lattice.

For impurity pinning the charge density wave nucleated
near the vortex core p,,, x V,,, is much weaker than those
induced by doping or the magnetic field. Thus, the dominant
CDW patches will be those around localized anyons with a
much weaker background of CDW order induced by a weak
random potential. Note that Ref. [31] considered an alternative
scenario where commensurate CDW coexists with the FQAH
and proposed a direct transition to a trivial CDW insulator.
In that scenario, we do not expect anyons to further induce
charge modulations.

Proximate CDW with neutral topological order. At lattice
filling 2/3, Ref. [23] also proposed another proximate CDW
insulator with coexisting neutral topological order. The result-
ing q-GL theory reads

3

L ZZ |(au - ia/l. - iﬁ/t)q)vl|2 + Ly

I=1

- iozdoz—}—L,Bdﬁ—i—LAd(oz—i—ﬂ), (13)
4 4r 2

where o and B are both dynamical U (1) gauge fields. Con-
densing the ®,’s locks & = —f, leading to a CDW insulator
coexisting with a neutral topological sector described by
U (1), Chern-Simons terms.

If this scenario is realized, in the FQAH phase, a vortex @,
will carry 2/3 units of electric charge instead of 1/3 charge.
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All the discussion in the paper can otherwise be applied to
this q-LG theory—essentially the CDW halo around anyons
from intertwinement of two phases is predicted by both the-
ories. Unfortunately this also means that this probe cannot
distinguish the two scenarios. The clear way to achieve this
would be a combined measurement of electric and thermal
Hall conductivity [23].

We emphasize again that the key for the CDW halo to be
nucleated around vortices is the fractional momentum carried
by the vortex. This is true regardless of whether the vortex
carries an electric charge or not. It is conceivable that, in
other critical transitions from a topological ordered phase to
CDW described by similar q-GL theories, a neutral anyon will
nucleate a CDW halo.

V. SUMMARY AND EXPERIMENTAL PROBES

A natural competitor to FQAH ordering at rational frac-
tional filling of a Chern band is a CDW insulator. Indeed
numerical calculations often find that these two states are
close in energy. In the context of moiré systems like twisted
MoTe, or pentalayer thombohedral graphene, phase transi-
tions between FQAH and a CDW insulator can be driven
by small changes in the displacement field. Thus, it is only
natural that, when FQAH order is suppressed in some local
region of space, CDW order rears its head. A simple way to
suppress the FQAH locally is to introduce an anyon defect.
The quantum Ginzburg-Landau theory of Ref. [23] enables a
theoretical treatment of this effect, as we have demonstrated in
this paper. Note that our discussion from the low-energy the-
ory concerns the long-wavelength physics. The decay length
of the halo, the anyon size, etc., are much larger than the UV
length scales, such as the moir€ lattice vectors.

The best experimental probe of the nucleation of den-
sity wave order around anyon defects is through scanning
tunneling microscopy (STM). However, the delicate charge
modulation pattern in the FQAH layer and the requirement
of high spatial resolution might make it challenging to observe
the effects we predict. In Ref. [32], the charge ordering pattern
associated with commensurate Wigner crystals in some moiré
TMDs was imaged using a novel technique where a graphene
sensor layer, separated by a thin hBN, is placed on top of
the TMD bilayers. The charge modulation of the TMD layer
induces associated charge modulation in the graphene layer.
Coupling the tip of an STM to the graphene sensing layer then
enables observation of this induced charge modulation. This
procedure results in a small perturbation to the TMD system

while achieving high spatial resolution. Such a measurement
technique is a promising setup to probe the density wave halo
around the anyons in FQAH phases.

Our results potentially also apply to a twisted bilayer
graphene/hBN system where a CDW state occurs at zero
magnetic field and is replaced by a fractional Chern insulator
in a small magnetic field [33] at a fractional filling of the moiré
lattice. Thus, clearly there is a close competition between
FCI and CDW in this system as well. A small doping of the
fractional Chern insulator will induce anyons with CDW halos
as an indication of the intertwinement we have discussed.

The twisted TMD or twisted bilayer graphene/hBN system
will presumably be better suited for this probe than pentalayer
graphene, as the FQAH phase occurs at much smaller dis-
placement fields which can presumably also be obtained using
the sensor layer as a top gate. Recent theoretical work [34-36]
proposes other thombohedral graphene multilayers as possi-
ble platforms for FQAH physics, and some of these may also
offer opportunities to explore the physics discussed in this
paper.

We also note that the extended CDW halo around anyons
will complicate coherent physical braiding processes that one
might want to do to probe their statistics (as the moving the
anyons around will require also moving the large region of
CDW order).

Finally should a CDW order be observed at some fraction
(for, e.g., at 1/3 filling in twisted MoTe,, or by tuning the
displacement field at other fillings), it may be interesting to
study the fractionally charged defects of the CDW order. As
we discussed, these defects will have an orbital magnetization
that reflects the proximity to the FQAH phase. This local
change of orbital magnetization compared to the region away
from defects may potentially be detected using a scanning
nano-SQUID [37] probe.
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