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A B S T R A C T

The general aim of the research was to conduct a rare test of the efficacy of hypothetical learning 
progressions (HLPs) and a basic assumption of basing instruction on HLPs, namely teaching each 
successive  level  is  more  efficacious  than  skipping  lower  levels  and  teaching  the  target  level 
directly. The specific aim was evaluating whether counting-based cardinality concepts unfold in a 
stepwise manner. The research involved a pretest—delayed-posttest design with random 
assignment of 14 preschoolers to two conditions. The experimental intervention was based on an 
HLP  for  cardinality  development  (first  promoting  levels  that  presumably  support  and  are 
necessary  for  the  target  level  and  then  the  target  knowledge).  The  active-control  treatment 
entailed  a  Teach-to-Target  approach  (first  promoting  irrelevant  cardinality  knowledge  about 
recognizing written numbers and then directly teaching the same target-level goals with the same 
explicit instruction and similar games). A mix of quantitative and qualitative analyses indicated 
HLP participants performed significantly and substantially better than Teach-to-Target partici-
pants on target-level concept and skill measures. Moreover, the former tended to make sensible 
errors, whereas the latter generally responded cluelessly.

1. Introduction

A learning progression (LP) involves a theoretically- and research-based sequence of knowledge levels. A hypothetical LP (HLP) 
refers to a provisional and relatively fine-grained LP used to guide instruction (Lehrer & Schauble, 2015; see, e.g., the progression 
detailed in Table 1). A hypothetical learning trajectory (HLT) is a special kind of HLP, because in addition to a fine-grained LP, it 
includes instructional goals and theoretically and empirically based instructional tasks for achieving each level of an HLP (Lobato & 
Walters, 2017; e.g., see the instructional details of the experimental condition in Appendix C of the Supplementary materials). As our 
discussions of the theoretical basis (e.g., assumptions), existing research, and applications to curriculum and instruction apply to both 
HLPs and HLTs, we use the general term HLP.

Although reformers have hailed HLPs as an important tool in improving mathematics education, direct research on their as-
sumptions and efficacy is limited (Frye et al., 2013; Lobato & Walters; Shavelson & Karplus, 2012). The general aim of the present 
research was to contribute to the small and contradictory evidence supporting HLPs by rigorously evaluating a basic assumption for 
their use. This general aim was evaluated in the context of the specific aim of appraising whether key counting-based cardinality 
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concepts unfold in a stepwise manner.

2. General issue: is a basic assumption of HLP-based instruction valid?

2.1. Purported value of HLPs

Proponents of the traditional, didactic “Teach-to-Target” approach argue that immediately teaching the target level by explicitly 
providing definitions and procedures and drilling targeted knowledge is more efficient and mathematically rigorous than slowly 
moving through a series of levels, especially if it involves discovery learning (see Bereiter, 1986; Clark et al., 2012; Kirschner et al., 
2006; Rosenshine, 2009, 2012; Wu, 2011). For instance, students presumably learn accurate target-level and lower-level knowledge in 
less time. An example of this approach is the “worked examples” method—explicitly describing and illustrating how to solve a new 
type of problem, including the conceptual rationale for each step (Clark et al., 2006; Renkl, 2005; Schwonke et al., 2009). Such in-
struction too often is implemented with little consideration for building on prior knowledge and results in little or no understanding of 
conceptual prerequisites for target instruction or the target knowledge itself (Baroody & Pellegrino, 2023; Clements et al., 2021, 2023).

Those interested in educational reform have long recommended gradually building on prior knowledge as a means for overcoming 
the limitations of rote memorization engendered by traditional, didactic instruction. For example, in “Talk to Teachers,” the eminent 
psychologist William James (1958) advocated promoting meaningful memorization: “Effort should not be so much to impress and 
retain [new information] as to connect it with something already there” (pp. 101–102). Similarly, Piaget (1964, p. 18) argued that “the 
fundamental relation from the point of view of pedagogical … application” is not associations, but assimilation: “the integration of any 
sort of reality into [an existing] structure.” Since the late 20th century, reformers have become increasingly interested in supporting 
such connections by developing, promoting, and using HLPs—building on a sequence of prior knowledge levels (Resnick & Ford, 1981; 
Shavelson & Karplus, 2012; Vygotsky, 1934/1986).

HLPs are deemed valuable because they can highlight developmentally appropriate and important goals and help focus instruc-
tional efforts on them. They also underscore how children typically develop, the need to consider what they must already know to 
make progress, and what level of instruction is within their comprehension (cf. Vygotsky’s Zone of Proximal Development). HLPs, 

Table 1 
A possible HLP of key aspects of pre-counting and counting-based cardinal number knowledge and possible operational definitions.

Possible HLP Level Possible Task

Levels 1A & 1B. Pre-counting (subitizing-based) number recognition & set creation: 

Subitizing entails recognizing, without counting, the total number of items in a 
collection and labeling it with an appropriate number word (Kaufman et al., 
1949). Such small-number recognition (Level 1A) serves as a scaffold for 
constructing subsequent levels (Benoit et al., 2004; Schaeffer et al., 1974; Von 
Glasersfeld, 1982). For instance, without counting, it may enable children to 
“see” when they have put out a requested number of objects from a larger pile 
of objects (Level 1B).

Number recognition (Level 1A): reliably indicate the total of small sets on a 
how-many task without counting. 
Set creation (Level 1B): reliably produce a small set on a give-n task (e.g., 
“give-me three blocks”) without counting.

Transition to meaningful counting: Children often learn to count in a one-to-one 
fashion by rote—without realizing its purpose is to determine the total number 
of items in a collection. Fuson (1988) observed that, frequently, they 
subsequently learned to recognize that repeating the last number word used in 
the counting process is an acceptable response to a how-many question. Put 
differently, they learn a non-meaningful “last-word rule,” which creates the 
appearance of knowing how many.

Last-word rule: reliably responds with the last number word used in counting 
a set on a how-many task (without understanding it represents the total)

Level 2. Meaningful counting: In time, they construct the basis of meaningful object 
counting namely, the cardinality principle (CP): the understanding that the 
last number-word used in the counting process has special significance 
because it represents the total number of items in a collection (Level 2). Fuson 
(1988) called the CP the “count-cardinal transition,” because a count serves to 
determine the cardinal value of a collection. Modeling the CP with small 
subitizable collections can facilitate discovering the CP—literally help 
children see that the last number word in a count matches a collection’s total 
number (Paliwal & Baroody, 2020).

CP or count-cardinal transition: reliably responds with the last number word 
used in counting a set on a how-many task (with the understanding it 
represents the total—as independently confirmed by a task the last-word rule 
cannot be used)

Level 3. CP Applications (Cardinal-Number Constancy Concepts): Subitizing 
experiences and an understanding of the CP underlies constancy concepts (
Fuson, 1988; Schaeffer et al., 1974) such as counting-based conservation of 
cardinal identity: recognizing that a counting-generated cardinal label is still 
applicable even if the appearance of a collection is changed.

CP application: reliably count a larger set (e.g., 6 blocks), indicate the total, 
and after the blocks are re-arranged indicate the same total.

Level 4. Counting-out fluency and understanding: Fuson (1988) hypothesized the CP 
serves as a developmental prerequisite for the concept she called the 
“cardinal-count transition”: understanding that the cardinal label of a 
collection determines what the last number word would be if the collection 
was counted. The latter concept, which entails a (counting-based) 
word-to-quantity mapping, is the inverse of the former, which involves a 
(counting-based) quantity-to-word mapping.

Counting-out fluency: reliably counting out a requested number of items 
(beyond the subitizing range). 
Counting-out understanding (cardinal-count transition): reliably indicate that, 
for example, "give six items," the counting-out process should stop when the 
count reaches “six.”
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Table 2 
A description of the testing tasks.

Number: Name (Cardinality Level) Materials Procedure Scoring

Task #1: 
Verbal counting

iPad A child was encouraged to 
verbally count as an avatar 
pointed to each of 10 blocks.

The child’s high count was the last 
correctly stated number before an 
error and determined the number of 
blocks that remained in the child’s 
tower after the tower was shaken. It 
was compared to an avatar’s tower, 
which always had fewer blocks.

Task #2: 
Subitizing-based 
how many 
(Level 1A)

iPad The task involved 1–4 fish 
swimming across a screen for 2 s. 
A child was asked: “How many 
fish did you see?” For each 
number 1–4, there were up to 
three trials. If the child was 
incorrect or correct on the first 
two trials of a number, testing 
stopped for that number. If the 
child was correct on only one of 
the first two trials, a make-up or 
tie-breaking trial was 
administered.

For each number 1–4, the criterion 
of success was two correct responses 
and no more than one overuse of the 
number word (e.g., for n = 2, 
labeling a collection of three as 
“two”). The minimum criterion for 
inclusion in the study was a 1- 
knower (successfully identifying 1) 
and at least transitioning to the 2- 
knower level (i.e., used “two” to 
label collections of two or more—to 
indicate “more than one”).

Task #3A & #3B: 
Give 3 and 4, respectively—subitizing- 
based set creation 
(Level 1B)

Six bean bags of one color and six 
of another; cardboard box (which 
served as a target)

To demonstrate the procedure, a 
child was asked to give the trainer 
2 bean bags from a pile of six bean 
bags so that the tester could take 
her turn. The child was asked to 
take n bean bags from a pile of 
differently colored bean bags 
(Test Trial 1). A second game 
created an opportunity Test Trials 
2 and 3.

For each number, a child’s 
diagnostic score could range from 
0 to 3 correct responses. In (the 
rare) cases where a child put out or 
counted all the bean bags initially 
but was correct after prompted, the 
trial was scored as correct.

Task #4A: 
Counting-based how-many with linear 
arrays: CP-based one-to-one counting that 
minimizes the procedural demand of 
keeping track (Level 2) or last-word-rule- 
based) one-to-one counting (transition to 
Level 2) 

iPad displays of linear arrays of 
stars ½-in. apart. The practice 
trial involved a display of 2 stars; 
Trial 1, 5 stars; 
Trial 2, 7 stars; and 
Trial 3, 6 stars.

After the practice trial was 
administered, the three test trials 
were then administered in the 
order. 
For Step 1 (assessment of one-to- 
one counting), a child was asked 
to count a row of stars. 
For Step 2 (assessment of CP or 
last-word rule): After an avatar 
hid the stars, the child was asked 
how many stars are hidden.

Scoring for Step 1 (one-to-one 
counting): For each trial, the child 
was scored for diagnostic purposes 
as (a) correct, (b) made one or two 
minor counting errors but honored 
the one-to-one principle, or (c) 
incorrect. A minor counting error 
could involve a single (a) sequence 
error (e.g., counting a collection of 
six with “one, two, three, four, five, 
eight”), (b) one-to-one 
correspondence error (e.g., pointing 
to the fourth item of a collection of 
six but failing to tag it with a 
number word and ending the count 
with “five”), or (c) keeping-track 
error (e.g., skipping over the fourth 
item and counting a collection of six 
as “five” or losing track of which 
items had already been count and 
recounting an item a second time 
and counting a collection of five 
items as “six”). For screening 
purposes, children were considered 
to understand the one-to-one 
counting principle if they were 
correct or honored the principle on 
most trials for Tasks 4A and 4B. 
Scoring for Step 2 (CP): Correct 
(scored as 1) was defined as a 
response to the how-many question 
that matched the last number used 
in a count that honored the one-to- 
one counting principle (i.e., was 
either accurate or involved only one 
or two minor slips). Incorrect 
(scored as 0) was defined as 
responding otherwise, including 

(continued on next page) 
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Table 2 (continued) 

Number: Name (Cardinality Level) Materials Procedure Scoring

simply repeating the original count 
or attempting to count a mental 
image of the items. Scores for Task 
4A or 4B could range from 0 to 3 
correct; scores for Task 4A and 4B 
combined, 0 to 6. For screening 
purposes, a child with a combined 
CP score of more than three correct 
was excluded from study.

Task #4B:Counting-based how-many task with 
haphazard arrays:CP-based one-to-one 
counting that minimizes the procedural 
demand of keeping track (Level 2: 
meaningful 1-to-1 counting) or last-word- 
rule-based) one-to-one counting 
(transition to Level 2)

Red (poker) chips, 1.5-in. in 
diameter, were secured to a mat 
using Velcro to ensure each child 
saw the same haphazard 
arrangement about 1.5 in. apart 
(on average). The Practice Trial 
involved 3 chips. Test Trials 1, 2, 
and 3 involved 6, 5, and 7 chips, 
respectively.

Identical to Task 4A, except that 
the word ‘chips’ was substituted 
for ‘stars.’

Identical to Task 4A.

Task #5: 
Application of the CP without the “key 
words” “how many?” to avoid invoking the 
last-word rule 
(Level 2)

Seven 1- × 1-in. white plastic 
blocks and a screen.

After a practice trial, three test 
trials (n = 6, 7, 5) were 
administered using the 
instructions: “I’m hiding some 
blocks behind the screen. The clue 
is [tester verbally counts to n]. 
Can you guess the number of 
blocks I’ve hidden?” No feedback 
was given on test trials.

A correct response entailed stating 
the cardinal value of the collection. 
Repeating the count, stating a 
number other than the cardinal 
value, responding “I don’t know,” 
or making an irrelevant response 
was scored as incorrect. One point 
was awarded for each correct 
response; scores could range from 
0 to 3.

Task #6A & #6B: 
Give-n with 
5 to 7 items—knowledge about the 
counting-out procedure and the cardinal- 
count transition, which provides an 
understanding of why the specified 
number indicates when to stop 
(Level 4: meaningful counting-out)

iPad for virtual displays of items 
to be counted out (6A) or cookie 
monster muppet and chips (6B).

To introduce the practice trial, a 
child was asked to give Cookie 
Monster three items. The test 
trials involved request to give five 
donuts, six cookies, and seven 
pieces of pizza for Task 6A and 
take five, seven, and six cookies 
(chips) for Task 6B. If a child 
responded incorrectly on a trial, 
the child was given a second 
chance.

Credit (1 point) for was awarded on 
a trial if the child (a) correctly 
counted out the requested amount 
or (b) made a spontaneous 
correction (e.g., asked to give six 
cookies, initially violated the 
concept by counting out ten 
cookies, said “oops” [recognized the 
violation], counted six of the 
cookies, and pushed the rest back 
[correctly applied the concept]). 
Partial credit (0.5 points) was 
granted if a child made a minor 
counting error but otherwise 
followed the procedure that 
honored the cardinal-count 
concept: 
• was within one of the requested 

number if the child used the 
standard count sequence);

• ended the verbal count with the 
requested number); and

• stopped the counting-out process 
at the requested number.

Partial credit (0.5 points) was also 
awarded for correctly counting out 
the requested number on a make-up 
trial. Scores on Task 6A (or 6B) 
could range from 0 to 3; scores for 
Task 6A and 6B combined, 0 to 6. 
There was 91.1 % inter-rater 
agreement for assigning a numeri-
cal score (0, 0.5, or 1) to Task 6A 
and 6B trials; there was an 88.8 % 
agreement for assigning a particular 
strategy used on a trial. All dis-
agreements were easily resolved by 
a follow-up discussion. For 
screening purposes, a child with a 
combined score of more than three 
was excluded from study, because 

(continued on next page) 
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then, spotlight the need for formative assessment—testing done before or during instruction to gauge a student’s existing knowledge 
and thinking so as to tailor instruction to promote progress (assessment for learning)—as opposed to summative assessment—testing 
done after instruction to mastery of the instruction’s aims (assessment of learning). Put differently, formative assessment serves to 
determine a child’s existing developmental level, so that instruction can build on this knowledge to meaningfully and effectively teach 
the next level. For these reasons and more, researchers, educators, and policy makers have recommended HLPs as a useful tool for 
teachers in helping them to understand, promote, and assess children’s mathematical learning (Baroody, 2016a, 2016b; Baroody & 
Pellegrino, 2023; Frye et al., 2013; Maloney et al., 2014; Sarama & Clements, 2009; Simon, 1995).

HLPs may be particularly important for early childhood mathematics education for several related reasons. One is that early 
childhood educators too often have minimal, if any, training on mathematics development and education (Institute of Medicine (IOM) 
and National Research Council (NRC), 2015). As a result, they frequently underestimate young children’s (informal) mathematical 
knowledge, mechanically teach the lessons specified in a curriculum guide or textbook, and focus on basic numeracy content, which 
many, or even most, children have already learned (Engel et al., 2013; Kilday et al., 2012). Indeed, because of a negative disposition 
towards mathematics instructions, many early childhood teachers do not set any mathematical goals, use any mathematical curric-
ulum or resources, and rely on (hit-or-miss) opportunities that emerge from children’s play or routine activities (Balfanz, 1999; Li et al., 
2015). The pedagogical knowledge and learning expectations of teachers of academically at-risk children are particularly unlikely to 
foster numeracy (Ferguson, 1998; Lee & Ginsburg, 2007).

2.2. Existing evidence

Although HLPs are often recommended as a valuable educational tool, little direct and rigorous empirical evidence has evaluated 
their underlying assumptions and efficacy. Most research in this area has focused on empirically validating the developmental levels of 
LPs by using a cross-sectional methodology or tracking the progress of individuals over time. Although research has shown in-
terventions that have HLPs as a component are efficacious in promoting numeracy in realistic school settings, this research confounded 
the use of HLPs with other factors, such as specific instructional activities or professional development (Frye et al., 2013). Thus, little or 
no prior research directly or systematically examined the unique contribution or assumptions of HLP-based instruction (Frye et al., 
2013; Lobato & Walters, 2017).

To address these gaps in the research, the authors designed a series of 10 experiments to examine the unique contributions of HLPs 
to mathematics learning (see Baroody et al., 2023, for a summary of these experiments). Two assumptions at the core of the HLP 
instructional approach were rigorously tested.

1.  Progressively teaching one level above a child’s existing level on an HLP is more efficacious than skipping a level and directly 
teaching to the level.

2.  Presenting instructional activities in the developmental order hypothesized by an HLP is more efficacious than instruction using the 
same not so ordered activities.

The present research focused on evaluating the first assumption.
To test Assumption 1, six experiments served to compare HLP-based and Teach-to-Target (skip-level) instruction. Half of these 

comparisons significantly favored the former: Clements et al. (2019) involved shape composition and Clements et al. (2020) and 
Clements et al. (2021) focused on early arithmetic. A possible limitation of Clements et al. (2021) experiment, though, was a testing 
effect due to checking experimental, but not skip-level, participants’ progress during the training. The other three (unpublished) 
experiments—the first two involving cardinality and other aspects of numeracy and the third focused exclusively on cardinality 
(effectively the pilot study for the present research)—showed no statistically significant difference between the interventions.

Initial efforts to test Assumption 1 in the domain of cardinality were not successful in no small part because they involved a novel 
variation of a true experiment, which took trial and error to hone. To test whether the effect of the target cardinality instruction 

Table 2 (continued) 

Number: Name (Cardinality Level) Materials Procedure Scoring

such children had achieved the 
target level or were well on their 
way to doing so.

Task #7: 
Stop at n 
with 5–7 items—a direct measure of the 
cardinal-count transition 
(conceptual basis of Level 4)

Cookie Monster muppet; 10 
blocks

A trial began with the tester 
telling Cookie Monster to give the 
tester n blocks. The first and 
second trial involved asking for 6 
and 7 blocks, respectively. For 
each trial, the Muppet counted all 
10 blocks UNLESS stopped by the 
child. The first make-up trial 
involved a request for 5; the 
second, a request for 8.

1 point was awarded for stopping 
the counting-out process at 
requested number on an initial test 
trial; 
0.5 point was awarded for doing so 
on a make-up trial; and 
0 points were scored otherwise. 
Scores could range from 0 to 2. 
There was a 100 % inter-rater 
agreement on the straightforward 
scoring of the task.
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depended on whether or how students were prepared beforehand, participants in the HLP-based received instruction hypothesized to 
support the target instruction; the latter received cardinality instruction not related to the target instruction; and both conditions 
received the same final step of cardinality instruction. With this design, differences in outcomes between the conditions could be 
attributed to the differences in previous parts of the interventions. The issues encountered with this design and other methodological 
limitations and the methodological refinements of the present research are discussed in the last paragraph of Section 3.

3. Specific issue: should cardinality development be fostered in steps or directly?

Discussed next is a more detailed theoretical rationale for our three previous (unsuccessful) cardinality studies and the present 
cardinality study and additional evidence bearing on different hypotheses of cardinality development.

3.1. Different perspectives on cardinality development

Some researchers hypothesize that the knowledge to successfully count out a requested number of items must build on earlier levels 
of cardinality knowledge and requires HLP-based instruction (Baroody & Lai, 2022; Frye et al., 2013; Fuson, 1988). Others presume a 
single level of counting-based cardinality knowledge (Brousseau, 1997; Sarnecka & Carey, 2008).

3.1.1. Stepwise cardinality development

A possible HLP for the stepwise development of cardinality knowledge is described in Table 1. Briefly, the pre-counting competence 
of subitizing-based number recognition—quickly identifying the total of a small set and labeling it with a number word (Level 1A)— 
provides a basis for creating small sets of a specified number (Level 1B) and facilitates the achievement of higher levels. Meaningful 
object counting (Level 2) requires learning the cardinality principle (CP) or what Fuson (1988) calls the “count-cardinal transition”: 
understanding that the last number-word used in the counting process has special significance because it represents the total number of 
items in a collection. Levels 1 and 2 provide a basis for constructing Level 3 (cardinal constancy concepts) and Level 4 (counting-out 
and its underlying conceptual basis). Fuson hypothesizes that the conceptual basis for counting out is the inverse of the CP, namely the 

Table 3 
Summary of the timing of the testing and training and the tasks used for the pretest and posttest.

PRETESTING (4 sessions over 3 weeks)
Session 1 Session 2 Session 3 Session 4
iPad familiarization (2 games) Task 3A (give 2) Task 3B (give 3) Task 3C (give 4)
Task 1 (verbal counting) Task 4A (how many) Task 4B (how many) Task 5 (CP app)
Task 2 (subitizing) Task 6A (give 5–7) Tasks 6B (give 5–7) Task 7 (stop at n)

HLP AND TEACH-TO-TARGET INTERVENTIONS 
(12 sessions [about 20 min each] over 6 weeks)

(DELAYED) POSTTESTING (2 weeks after the interventions ended; 2 sessions over 2 weeks)
Session 1 Session 2
Warm-up: Task 3B (give 3) Warm-up: Task 3C (give 4)
Task 6A (give 5–7) Tasks 6B (give 5–7)
- Task 7 (stop at n)

Table 4 
Pretest and posttest results by task and condition.

Time point Pretest Delayed posttest

Task 
Minimum – maximum 
score 
Level

1-1 counting (Task 4) 0–6 
Level 2

CP: 
How 
many 
(Task 4) 
0–6 
Level 2

CP 
application 
(Task 5) 
0–3 
Level 2

Set production 
(Give n)

Stop at n 
(Task 7) 
0–2 
Level 4

Set production 
(Give n)

Stop at n 
(Task 7) 
0–2 
Level 4

n = 3 & 4 
(Task 3) 
0–6 
Level 1B

n = 5–7 
(Task 
6) 
0–6 
Level 4

n = 5–7 
(Task 6) 
0–6 
Level 4

HLP Mean 
(S.D.)

4.286 
(1.629)

0.143 
(0.378)

0.357 
(0.748)

1.286 
(1.380)

0.357 
(0.627)

0.071 
(0.189)

3.714 
(2.068)

1.143 
(0.748)

Teach-to-Target 
Mean (S.D.)

4.642 
(1.215)

0.571 
(0.787)

0.500 
(0.866)

0.429 
(0.787)

0.214 
(0.567)

0 
(0)

0.143 
(0.350)

0.125 
(0.354)

U-value 22.5 17 24 15.5 17.5 21 4 3.5
z-score − 0.192 − 0.894 0.000 1.086 0.831 0.383 2.556 2.619
p (2-tailed) .849 .373 1.000 .276 .407 .704 .010* .009*
Cohen’s d − 0.248 − 0.691 − 0.177 0.763 0.239 0.531 2.196 1.740

* p < .05.
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“cardinal-count transition”): understanding that the cardinal label of a collection indicates what the last number word would be if it 
were counted. When asked to count out a specified number of items, many children initially do not stop the counting-out process at the 
requested number but simply count all the items available (Resnick & Ford, 1981). Fuson hypothesizes that the cardinal-count concept 
provides the rationale for monitoring the counting-out process and stopping it at the requested number. In brief, the key implication of 
the HLP in Table 1 for the present study is that the CP—the conceptual basis for Level 2 (meaningful one-to-one counting)—is 
necessary, but not sufficient, for learning the cardinal-count transition—the conceptual basis for Level 4 (meaningfully learning the 
counting-out procedure).

3.1.2. Single-step cardinality development

Brousseau’s (1997) recommends an integrated approach to whole-number instruction—fostering meaningful one-to-one counting 
and counting-out simultaneously.  On his view, a number  problem  should  bridge counting  a collection (Level 2  in Table 1)  and 
counting-out an equivalent collection with different items (Level 4) by establishing a one-to-one correspondence between the two 
collections to verify the validity of the counting-out effort (Dorier, 2015).

In a similar vein, Sarnecka and Carey (2008) propose that meaningful one-to-one counting and counting out have the same con-
ceptual basis, namely the CP, and all emerge together in a single developmental level. Citing Le Corre et al.’s (2006) evidence, they 
conclude that the earlier success on a how-many (one-to-one counting) task than on the give-n task (counting out a specified number of 
items beyond the subitizing range) is not due (in part) to the count-cardinal transition developing before the cardinal-count transition, 
as hypothesized by Fuson (1988). Instead, Sarnecka and Carey attribute the performance gap between the how-many and give-n tasks 
wholly to what Fuson (1988) called the “last-word rule” learned by rote: Respond with last number used in the counting process when 
asked, “How many?”  This rule is effectively a transitional phase to the CP in that children recognize the last word used in the 
one-to-counting process has special significance because it seems to satisfy adults who ask the “how many?” However, children still do 
not understand the purpose of counting or that the last number word represents to the total number (cardinal value) of a counted 
collection. In brief, on Sarnecka and Carey’s single-step, single-concept view, both meaningful one-to-one counting and counting out 
require children to induce only one concept, namely cardinality principle, the CP—its inverse (the cardinal-count transition), is an 
unnecessary construct (Barbara W. Sarnecka, personal communication, April 1, 2024).

3.2. Existing evidence and its limitations

The evidence supporting the HLP in Table 1 generally and Fuson’s (1988) hypothesis that the CP (Level 2) develops before and is a 
necessary condition for the cardinal-count concept (Level 4) specifically is sparse and inconsistent (Baroody & Lai, 2022).

3.2.1. Support for stepwise development

Fuson (1988; Study 8.2.2) used a how-many task in combination with a follow-up task to distinguish between children who knew 
the last-word rule and the CP and a prediction task to directly gauge understanding of the cardinal-count concept. The latter involved, 
for instance, presenting a collection of six butterfly stickers and asking, “If you count the butterflies, what will you say for the last 
butterfly?” Fuson found that only the four preschoolers who appeared to know or discover the CP consistently demonstrated an un-
derstanding of the cardinal-count concept, whereas the remaining 22, who were last-word responders or had been taught the last-word 
rule, failed to do so. Though Fuson’s evidence is consistent with her hypothesis, it is not conclusive. The results do not preclude the 
alternative conclusion that the CP and cardinal-count concepts emerge simultaneously (i.e., co-evolve after children construct the 

Table 5 
Proportion of posttest responses on give-n task from most accurate to least accurate by condition.

Condition Attempts Correct Minor error End-with-n error Multiple counting-out errors Counted out all Put out (without counting)

some 
items

all available items

HLP 52 .4808 .0577 .1538 .1346 .0962 .0192 .0577
Teach-to-Target 70 .0000 .0286 .1000 .2286 .0571 .3000 .2857

1Includes two test trials per child and make-up trials if the child was incorrect on a test trial.

Table 6 
Proportion of posttest responses on the stop-at-n task from most accurate to least accurate by condition.

Condition Total trials 
attempteda

Most accurate <==================> Least Accurate

Stopped count 
at n (requested 

number)

Off by 1 Off by > 2 No effort 
to stop count

HLP 22 .45 .18 .27 .09
Teach-to-Target 28 .00 .11 .68 .21

a Includes two test trials per child and make-up trials if the child was incorrect on a test trial.
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last-word rule). Moreover, as Fuson observed, the wording of the prediction (cardinal-count) task may have been confusing to some 
children.

Using latent variable modeling of 3- and 4-year-olds’ performance on the how-many (set-to-word) and give-n (word-to-set) tasks 
with sets of one to eight items, Mou et al. (2021) found that the best-fitting model was a bi-factor model indicating that the two tasks, 
though related, reflect distinct conceptual knowledge. O’Rear et al. (2024) replicated these results with somewhat older children. 
Although both sets of results are consistent with Fuson’s (1988) hypothesis that the cardinal-count concept requires understanding of 
the CP, neither entailed distinguishing among accurate responses on the how-many task due to subitizing, a last-word rule, or the CP. 
Additionally, in the case of Mou et al. (2021), success on the how-many task was defined as accurately counting a collection, but 
accurate one-to-one counting emerges before CP understanding (Schaeffer et al., 1974).

Baroody and Lai (2022) found evidence that knowledge of the CP (as assessed by a combination of results on the how-many task 
and an CP-application task) emerged before success on the give-n task. This research, however, did not involve a direct measure of the 
cardinal-count transition and performance factors required by the give-n task may have underestimated the concept.

3.2.2. Support for single-step development

To date, Brousseau’s (1997) recommendation of integrated whole-number instruction does not appear to have been formally and 
rigorously evaluated  using  experiments. Le Corre  et al.’s (2006) evidence  cited  by Sarnecka and Carey  (2008) to support their 
single-step, single-concept hypothesis does not clearly do so. Le Corre et al. presented a card with one to seven stickers and asked, 
“What’s on this card?” (the WOC task) instead of a how-many task to gauge the CP, because the latter may be unclear, confusing, or 
misleading to young children and underestimate CP knowledge (e.g., Gelman, 1993). As the results of the WOC and give-n tasks did not 
differ significantly, LeCorre et al. concluded the tasks provide “overwhelmingly consistent pictures of what children understand about 
how counting represents number” (p. 151). In fact, four of the 19 children who were identified as CP-knowers on the WOC task were 
identified as non-CP-knowers on the give-n task, and the nonsignificant results may have simply been due to a lack of power (see 
Baroody & Lai, 2022, and Baroody et al., 2023, for a detailed analysis). Moreover, these results indicate that in more than a fifth of the 
cases, understanding the CP was not sufficient for success on give-n task with numbers beyond the subitizing range and the difference 
in performance cannot be attributed to simply knowing the last-word rule.

Consistent with Sarnecka and Carey’s (2008) single-step, single concept view, Paliwal and Baroody (2020) found that learning the 
CP can promote learning of the counting-out procedure without instruction on the cardinal-count concept or the procedure itself. 
However, the results can also be explained by the stepwise-development hypothesis as transfer: Learning the CP promoted learning of 
its inverse (the cardinal-count transition) and the counting-out procedure. Moreover, as the results of Baroody and Lai (2022) and Le 
Corre et al. (2006) indicate, not all children who understand the CP are successful on the give-n task.

Although the authors’ three unsuccessful efforts to support Assumption 1 likewise appear to support the undifferentiated view of 
cardinality  development  and  contradict  Fuson’s  (1988)  hypothesis  of  stepwise  cardinality  development,  these  experiments  had 
methodological limitations. A post-mortem of first unsuccessful cardinality experiment revealed that non-significant difference be-
tween the HLP-based and the Teach-to-Target interventions may have partly been due to insufficiently distinct instruction. Specif-
ically, target-level (Level-4) activities from the Building Blocks curriculum used for both interventions involved lower-level (Level-2) 
competencies as well. A lack of fidelity to both the HLP and Teach-to-Target instructional protocols may have plagued both the first 
and second unsuccessful cardinality experiments. For example, the trainers did what naturally educators do, which was they help a 
child with both Level-2 and -4 competencies regardless of a child’s assignment (by, e.g., unintentional facial expression or gestures). An 
imprecise measure of the cardinal-count concept may have obscured the results of all three previous cardinality experiments. Spe-
cifically, a give-n task was used as the dependent measure and this task confounds conceptual understanding of the cardinal-count 
transition with procedural fluency. Finally, participants selection appeared to be a factor in all three experiments. For example, in 
the third unsuccessful cardinality experiment, the length of the training was insufficient to help a child in the experimental condition 
who could not achieve the Level 1 competencies of subitizing one or two, and several children in the Teach-to-Target condition already 
had achieved some success with counting-out.

4. Aims of the present study and its design rationale

The present research served to directly test Assumption 1 by testing the hypothesis: Instruction is more efficacious if it builds 
successively on children’s cardinal knowledge than if counting out a specified number of items and its conceptual rationale (Level 4 in 
Table 1) is taught directly. The domain of counting and cardinality knowledge was chosen as the context for testing Assumption 1, and 
counting out a specified number of items with understanding was chosen as the target level for three reasons:

1.  Counting and cardinality knowledge is a foundation for learning a variety of informal and formal mathematical knowledge (Council 
of Chief State School Officers, 2010). Furthermore, the target knowledge has long been recognized as a basic competence important 
for everyday life and success with school mathematics (Resnick & Ford, 1981). For example, Geary et al. (2018) found that the age 
children achieved Level 4 is more strongly related to mathematical development and school readiness than reading achievement, 
controlling for intelligence and executive function.

2.  An evaluation of Assumption 1 (or 2) with an HLP in which an earlier level is a necessary condition for a later one is more likely to 
provide clearcut and significant support than that with an HLP in which an earlier level is merely a facilitative one (Baroody et al., 
2023). In the later case, even if more children in the HLP condition achieve the target knowledge, some in the control condition may 
also achieve it because the experimental HLP training, though helpful, is not indispensable. This may prevent achieving statistical 
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significance or even practical significance (as measured by effect size) and may help to account for our first two unsuccessful efforts 
to corroborate Assumption 1 (and several unsuccessful efforts to corroborate Assumption 2).

3.  The three successful efforts to test Assumption 1 involved domains other than cardinality (Clements et al., 2020; Clements et al., 
2019; Clements et al., 2021). Examining the domain of cardinality might serve to increase the generalizability of previous results.

The design of the present research avoided the methodological limitation of a prior HLP efficacy study (Clements et al., 2021) by 
ensuring that both the HLP and Teach-to-Target groups had the same exposure to testing on the dependent measures. It also avoided 
methodological pitfalls of prior cardinality studies, including the authors’ three previous unsuccessful efforts to corroborate Fuson’s 
(1988) hypothesis. Particularly important refinements over one or more previous efforts were—

1.  Including a means of gauging whether correct responses on the how-many task were meaningful (i.e., the product of the CP) or not 
(i.e., due to the last-word rule).

2.  Using a direct measure of cardinal-count transition (as well as the give-n task, which assesses both conceptual and procedural 
knowledge).

3.  Excluding children who were not developmentally ready for the experimental intervention (i.e., who could not reliably recognize 
and label sets of 1).

4.  Excluding children who had already achieved Level 2 or 4 to better test the hypothesis of whether skipping a level makes a 
difference.

5.  Carefully constructing the Teach-to-Target training—including the target (Level-4) training–to avoid Level-2 (CP) instruction.

5. Method

5.1. Participants

Children were recruited from 10 morning and afternoon classes of a public preschool program, serving a predominantly working- 
and middle-class community in a mid-sized, midwestern U.S. city. Pretesting identified 14 eligible participants—children with (some) 
Level 1 knowledge but who had not achieved (a) Level 2 (i.e., one-to-one counting with CP understanding) or (b) the Level-4 target 
instruction (the cardinal-count transition and accurate counting-out of larger numbers). (See Appendix A in the Electronic Supple-
mental Materials for details regarding the selection criteria, their rationale, and resulting attrition.) Four of the seven participants in 
HLP group who completed the study were girls (M = 4.44 years, SD = 0.66 years, range = 3.51–5.03 years); four of the seven par-
ticipants in the Teach-to-Target group were girls (M = 3.83 years, SD = 0.55 years, range = 3.23–4.76 years). The ethnic background of 
the HLP group was 1 Caucasian, 5 African American, and 1 Hispanic; the Teach-to-Target group, 2 Caucasian and 5 African American).

5.2. Tasks

The pretest consisted of game-based tasks designed to assess seven constructs. Pretesting served to identify a participant’s level of 
verbal-based cardinality development for screening and diagnostic purposes. The posttest employed two of these tasks—counting-out 
5 to 7 (Task 6) and stop at n (Task 7) as the dependent measure for procedural fluency and conceptual understanding, respectively. 
Procedural fluency—the meaningful and effective use of a routine—requires the integration of procedural and conceptual knowledge 
(Kilpatrick et al., 2001). In the case of counting out a specified number of items, procedural knowledge includes knowing how to 
implement one-to-one counting and a keeping-track strategy (a means of identifying which items have already been counted out and 
which have not), and conceptual knowledge entails understanding the cardinal-count transition (comprehension of why the number 
specified in a give-n task indicates when to stop the counting-out process). The stop-at-n task directly measures the cardinal-count 
transition without the procedural demands of the give-n task. See Table 2 for a description of the tasks and Appendix B in the Sup-
plemental materials for additional task details, including probes/prompts.

5.3. Interventions

Both the HLP and Teach-to-Target interventions initially focused on the identical preliminary training—review or remedial training 
of subitizing-based number recognition and putting out up to four requested items (Levels 1A and 1B, respectively). In subsequent 
sessions,  remedial  subitizing  efforts  continued  as  needed  for  HLP  participants  only.  This  was  done  to  mimic  the  fundamental 
assumption of HLP-based instruction that meaningful instruction should build on solid prior knowledge and the common Teach-to- 
Target practice of not doing so. Specially, Paliwal and Baroody (2020) found that the ability to subitize up to four can facilitate the 
impact of modeling the CP, which was an aspect of the HLP training but not the Teach-to-Target training. Moreover, we wanted to 
partially mimic HLP-based instruction that involves mastering an earlier level before starting on a higher level. Fully implementing this 
characteristic was not practical because of time constraints and the need to avoid providing the HLP group more instructional time 
than the Teach-to-Target group (i.e., creating a dosage confound). Even when earlier knowledge is taught in the Teach-to-Target 
approach, instruction is typically done in a lock-step manner and instruction moves on to subsequent instruction before all children 
have mastered more basic knowledge.

The HLP intervention next focused on the proposed developmental prerequisite, the CP (Level 2; Sessions 3–6), and—to consolidate 
Level-2 learning—applications of the concept (Level 3; Sessions 7 & 8). For example, the Hidden Chips game involved having a child 
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count a collection of chips, the trainer covering the chips and asking the how-many question, and the child applying the CP. Feedback 
was provided by uncovering the collection and either announcing “correct” or modeling the concept. Meanwhile, the Teach-to-Target 
intervention focused on a different, but educationally valuable, aspect of cardinality: recognizing the written numbers 0 to 9 (i.e., 
connecting written numbers to verbal number knowledge) and relating the symbols 1 to 5 to quantities. Whereas HLP children counted 
dots to determine a cardinal number, Teach-to-Target participants did so by reading a written numeral.

Both interventions had the same Level-4 goals and the same dosage of the target-level instruction (Sessions 9–12): the cardinal- 
count  transition  and  how  to  use  it  to  count-out  a  collection.  The  two  interventions  involved  identical  and  explicit  conceptual 
training on the cardinal-count transition. This was in the form of an error-detection activity (Good or Bad Counter Outer) in which a 
trainer modeled correct and incorrect applications of the cardinal-count transition and counting out a specified number. A participants 
indicated whether a muppet had counted out items correctly or not. Explicit feedback for correct modeling included, for instance, “Yes, 
Cookie Monster you were supposed to count out six cookies, and you stopped counting out at ‘six’ cookies.” Explicit feedback for 
modeling the common error of counting out all 10 items available was, for example, “Wrong Cookie Monster; you were supposed to 
count out six cookies, but you did not stop counting at ‘six.’ Next time stop counting when get to the number you’re asked to give.”

Practice counting out involved the same instructional games but were implemented differently to avoid providing Teach-to-Target 
participants Level-2 instruction. For example, both interventions involved the practice game Animal Spots. To determine total number 
of spots (pegs) for a leopard, HLP children drew a dot card, counted the dots on it to determine the total (applied the CP), and then took 
the number of pegs counted (applied the cardinal-count transition). Children in the Teach-to-Target intervention drew a number card, 
read (or was helped to read) the written number on the card, and retrieved number of pegs read. See Appendix C in the Supplemental 
materials for details regarding the interventions.

The five measures to ensure fidelity are delineated in Exhibit C.5 of Appendix C in the Supplementary materials. In terms of 
implementation fidelity, the HLP participants completed 94 % of the 48 Level-1 (Session 1 & 2) prescribed activities, 99 % of the 159 
Level-2 and -3 (Session 3–8) activities, and 100 % of the 152 Level-4 (Session 9–12) activities. The Teach-to-Target participants 
completed 100 %, 95 %, and 100 % of their Level-1, Session 3–8, and Level-4 activities.

5.4. Design and procedures

Eligible children were randomly assigned to the HLP intervention or Teach-to-Target condition. The Teach-to-Target intervention 
served as an active control (a comparison group that receives a treatment different from that of the experimental condition) and was 
implemented simultaneously with the HLP intervention. Random assignment and an active control served to counter various threats to 
internal validity, including a history effect, novelty effect, and dosage of cardinality training overall and the target cardinality training 
particularly.

All testing and training were individually administered by one of two project staff (the senior author and an assistant) in one of two 
project-designated rooms within a short walking distance from a child’s classroom. Both trainers were keenly aware of treating 
participants in both conditions equally and consciously tried to deliver each with fidelity and—as positive assent had to be secured for 
every session—with an enthusiastic and a positive manner. To further ensure the high quality of both interventions, every session was 
observed by one of two other assistants who recorded fidelity and intervened should a question or probe be missed. The timing of 
testing and training, as well the tasks used for the pretest and posttest are summarized in Table 3. Post-testing was done two weeks after 
the completion of training to assess retention of target-level learning.

5.5. Data analyses

As the assumptions of a parametric test were not met, a non-parametric test (Mann-Whitney U Test) was used to compare the pretest 
and posttest scores within a group and posttest results of the two conditions on the dependent variables. As the pretest scores on the 
two dependent variables were 0 or nearly so, the two groups had equivalent baselines for these measures. Qualitative analyses of 
strategies and errors supplemented the quantitative analyses.

6. Results and discussion

6.1. Pretest and session-1 and -2 training performance

Participants from both conditions exhibited similar developmental competencies on the pretest. One HLP child could verbally 
count to four; one Teach-to-Target child could count to six and another to nine. All other children could count to ten. Two Teach-to- 
Target participants used “two” to indicate “many,” and three HLP children could subitize to four. All other children were 2-knowers. 
Similarly, the training logs revealed that only one HLP child (50 % correct) and one Teach-to-Target child (64 % correct) failed to 
correctly subitize 1 on at least two-thirds of the opportunities in Training Sessions 1 and 2. One HLP and two Teach-to-Target children 
qualified as 1-knowers. Three HLP and two Teach-to-Target participants met the criterion for 2-knower, and another Teach-to-Target 
child nearly did so (60 % correct on trials of 2). Two HLP children and one Teach-to-Target child qualified as a 3-knower.

Although the Teach-to-Target participants had a somewhat higher one-to-one counting accuracy rate, all children appeared to 
know and generally apply the one-to-one counting principle (e.g., five HLP and five Teach-to-Target children were accurate on at least 
4.5 of 6 trials). As Table 4 shows, participants initially exhibited little or no success on any of the other measures, including Task 6 (give 
5–7) and Task 7 (stop at n), which subsequently served as the dependent measures. As expected, the HLP and Teach-to-Target groups 
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did not differ significantly on any pretest measure, and participants in both groups were ready to achieve meaningful 1-to-1 counting 
(Level 2).

6.2. Delayed posttest and session-9 to -12 training performance

Posttest performance on the counting-out or give-n task (Task 6) and the stop-at-n task (Task 7) were strongly correlated (r[12] =
.81, p < .001), supporting the validity of the latter. Among children who were unsuccessful on all stop-at-n trials (n = 8) or who were 
correct on only a single make-up trial (n = 1), seven were unsuccessful on all give-n trials. All five children who were successful on half 
or more of the stop-at-n trials were correct on half or more of the give-n trials. These results indicate that procedural fluency and 
conceptual understanding are closely related and that non-success on the counting-out (large-n give-n) task is typically linked to a 
conceptual issue, not merely a performance failure.

As shown in Table 4, the HLP intervention had a significantly and (as indicated by large effect sizes) substantially greater impact 
than the Teach-to-Target instruction on the procedural fluency (Task 6) and conceptual understanding (Task 7). Although both groups 
received similar Level-4 instruction and the essentially the same dosage of target instruction, only the HLP group—which first received 
sustained remedial training on subitizing to four (Level 1), the hypothesized developmental prerequisite CP (Level 2), and CP ap-
plications (Level 3)—generally benefitted in a substantive manner. Six of seven HLP, but none of seven of the Teach-to-Target, par-
ticipants  were  successful  on  half  or  more  of  the  give-5-to-7  trials  (Task  6),  which  is  hypothesized  by  Fuson  (1988)  to  require 
understanding of the cardinal-count transition (p = .005, one-tailed, Fisher Exact test). Five of seven HLP participants but only one of 
seven Teach-to-Target children were successful on half or more of the stop-n task, which directly measures the cardinal-count tran-
sition. Though not significant (p = .103, one-tailed, Fisher Exact test) due to low power, the difference yields a strong effect size (Odds 
Ratio = 15; Yule’s Q = + 0.875).

As Table 5 shows, the quality of HLP participants’ responses on the procedural-fluency dependent measure (give-n task) was clearly 
superior to that of Teach-to-Target children. The former accurately counted out the requested number nearly half the time, whereas 
Teach-to-Target children did so none of the time.

The classic end-with-n error (counting out all the items but labeling or relabeling the last item with the requested number) was the 
most frequent error made by the HLP participants but somewhat less prevalent among Teach-to-Target children. For example, asked to 
give Cookie Monster six cookies, one child counted out all 10 available but labeled the tenth cookie “six,” not “ten.” The poorest 
performing child from the HLP group accounted for three-fourths of such errors by the group; two children accounted for 86 % of such 
errors made by the Teach-to-Target group. Such end-with-n error is consistent with the children learning that the requested number is 
important and should be remembered but not with understanding the cardinal-count transition: The requested number specifies when 
to stop the counting-out process. The end-with-n error, then, is analogous to the last-word rule in that both reflect partial learning of a 
cardinality concept by rote and a transition to a full understanding of it.

The HLP participants made relatively few of the four most serious counting-out errors (the last four columns of Table 5), whereas 
Teach-to-Target participants frequently did so. Simply counting out all the items was relatively rare in both groups. After doing so, one 
Teach-to-Target child noted, “That’s five,” indicating she remembered the requested amount but did not understand its implications 
for her counting effort. For the other most serious errors—major counting-out errors, putting out (e.g., simply grabbing) a subset of 
items, and putting out all the items—the rate for Teach-to-Target participant was much greater than that for the HLP children. Indeed, 
the grabbing and putting-out-all errors accounted for more than half the responses of the former. For three Teach-to-Target children 
(but no HLP participants), putting-out errors accounted for nearly all their responses. This is consistent with these children not 
benefitting from the modeling and practice of the counting-out procedure because they did not understand the conceptual basis for the 
procedure (the cardinal-count transition).

As Table 6 shows, the quality of HLP participants’ responses on the conceptual dependent measure (stop-at-n task) was also clearly 
superior to that of Teach-to-Target children. The former accurately stopped a count at the requested number almost half of the time, 
whereas the latter never did. Furthermore, HLP participants were off by 1 on almost a fifth of all their responses, compared to Teach-to- 
Target children’s a tenth of a time. Off-by-1 errors may have been due to a competence or performance failure. Regarding the latter, 
some children in their excitement and anticipation to help the Muppet may have precipitously and accidentally stopped the count one 
number before reaching the target number. Other children may have been slow in stopping the count at the requested amount, because 
applying the newly learned cardinal-count concept was not yet automatic. In contrast, Teach-to-Target participants often responded 
cluelessly and made more than twice as many of highly inaccurate errors as did HLP participants. Specifically, three of the seven Teach- 
to-Target children responded haphazardly on all trials, two did so on most trials, and two never stopped the count at the requested 
number on most trials.

Performance on the dependent measures paralleled performance on a (Session-7 to -11) training task designed to foster Level-2 
understanding and supports the hypothesis that the CP is a prerequisite for a cardinal-count transition and successful counting-out 
performance on the give-n task. The one HLP participant who was unsuccessful on both the conceptual (stop-at-n) task and the 
procedural-fluency (give-5-to-7) task was successful on only 10% of the how-many questions of the Hidden-Chips training task. The 
negligible success on this training task indicated she did not learn the CP (or even a last-word rule). A second HLP participant who had 
modest success on both dependent measures had struggled on this CP training task (i.e., correctly responded to only 50% of the how- 
many questions overall). The remaining five HLP children, including two with a strong performance on one dependent measure and 
two with a strong performance on both measures, successfully answered the how-many questions at least two-thirds of the time overall 
during the training. Over the last three sessions, one of these five was correct 67%; one, 80%; and three, 100% of the time.
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7. Conclusions

7.1. The value of HLP-based (cardinality) instruction

Like Clements et al. (2019, 2020, 2021), the present results support Assumption #1—progressively teaching one level above a 
child’s existing level on an HLP is more efficacious than skipping levels and directly teaching the target level. The present results are 
the first to extend the applicability of this assumption to the domain of early verbal-based cardinality development. Although all 
participants in both conditions began the study at a similar developmental level, the similar Level-4 target training had a positive 
impact on all but one of the seven HLP participants and none of the seven Teach-to-Target participants. The key difference was that the 
HLP participants received training on the hypothesized precursors and conceptual prerequisite for the target-level instruction (the 
counting-out procedure and its underlying rationale the cardinal-count transition) but the Teach-to-Target participants did not.

The present results support reform efforts that encourage using formative assessment in conjunction with a HLP in several ways, 
especially in cases where an earlier level is a necessary condition for a later one (Baroody & Pellegrino, 2023). One is the need to 
identify a student’s current developmental level and teach one level beyond it so that planned or targeted instruction is within a child’s 
zone of proximal development. Another is to ensure that, if planned or targeted instruction is several levels beyond a child’s current 
level, the intermediate developmental levels—particularly concepts necessary to understand concepts and procedures at later lev-
els—are identified and consolidated before beginning the target instruction.

7.2. The count-cardinal concept (CP) as necessary for the cardinal-count concept

Consistent with other research that support Fuson’s hypothesis (e.g., Baroody & Lai, 2022; Fuson, 1988), the present results fit 
(almost) perfectly the expected outcome if the CP (a conceptual basis for Level 2) is a necessary condition for fluently counting-out a 
requested  number  of  items  and  its  conceptual  basis,  namely  the  cardinal-count  transition  (Level  4).  The  six  HLP  children  who 
benefitted from the Level-2 (CP) training had at least some success on the procedural-fluency measure, and five were successful on half 
or more of the conceptual trials. Moreover, when wrong, these participants tended to make minor errors indicative of a performance 
failure due to task demands rather than a lack of conceptual understanding. Put differently, all but one HLP participant was well on the 
way to at least approximating (a) procedural fluency with counting out and (b) understanding its conceptual basis.

In stark contrast, the HLP child who apparently did not construct the requisite Level-2 knowledge and all seven Teach-to-Target 
participants who did not have CP training failed to achieve even a modest approximation of counting-out fluency—as evidenced by 
their almost complete lack of success on the give-n task, negligible proportion of close errors, and considerable frequency of major 
errors. Such ineffective responses are indicative of a lack of conceptual understanding—a conclusion supported by an almost complete 
lack of success on the stop-at-n task (a direct measure of cardinal-count transition). Unlike the six HLP children who made progress, 
these eight participants benefitted negligibly, if at all, from modeling the counting-out procedure and its conceptual rationale (e.g., 
remember the requested number and stop counting out when it is reached), because they did not have a basis for assimilating this 
Level-4 instruction. In brief, without understanding the CP, learning its inverse (the cardinal-count transition) and the procedure it 
informs was beyond their reach.

7.3. Limitations and future directions

It could be argued that the HLP condition in present research does not fully embody an HLP-instructional approach as envisioned in 
Realistic Mathematics Education (Streefland, 1991) and the Building Blocks curricula. For example, HLP children were not (as nor-
mally done with HLP-based instruction) tested for mastery of a level before proceeding onto the next level. However, the focus of the 
research (rigorously evaluating the efficacy and an assumption of HLP-based instruction) required a controlled set of teaching stra-
tegies to eliminate alternative hypotheses such as dosage. Even so, the diluted HLP-based instruction provided was clearly superior to 
the Teach-to-Target intervention.

It could be questioned whether research about the value and assumptions of HLP-based instruction is even needed, because the 
results seem obvious. However, the present study is only the fifth of our 10 experiments that evaluated the efficacy of HLP-based 
instruction and the first of four that examined cardinality development to achieve statistical significance (see Baroody et al., 2023, 
for a review). Aside from the methodological considerations required and the difficulty of achieving treatment fidelity, a hard-learned 
lesson of our research project on HLP-based instruction is that the value of such an approach for different topics and whether levels 
(and how many) can be skipped is not obvious. It depends on such factors as: (a) the nature of the relation between successive levels, 
(b) the degree to which successive levels differ, and (c) the number of paths to target knowledge. Following an HLP is usually essential 
when it entails necessary prerequisites. However, it may be only highly to mildly helpful when it entails facilitative precursors and—as 
Lesh and Yoon (2004) noted—not particularly helpful when knowledge is constructed as a web. Even if an HLP involves a level 
necessary for a subsequent level, it does not preclude skipping a level if the latter level is not much of a conceptual leap from the 
former, if there is an alternative path to the target that merely involves facilitative relations, or if an instructional intervention has the 
efficacy to teach two levels simultaneously.

A possible limitation of the present research was that the trainers and testers knew the purpose of the research and assignment of 
the participants. Thus, unconscious bias cannot be discounted. Another limitation is that the original plan to work with a sample twice 
the size of that of the present study was interrupted by the State’s stay-at-home order due to the COVID-19 pandemic. So, it could be 
argued that generalizing or otherwise drawing conclusions from only seven children who were exposed to the experimental treatment 

A.J. Baroody et al.                                                                                                                                                                                                    



Journal of Mathematical Behavior 76 (2024) 101178

13

and seven who were not cannot be justified. The small sample is not a threat, though, to internal validity—a plausible alternative 
explanation for the conclusion that teaching successive levels of the cardinality HLP is more efficacious than teaching Level 4 by direct 
transmission. Indeed, despite a relatively small sample of 14, the underpowered experiment produced a statistically significant dif-
ference favoring the HLP intervention on both dependent measures.

Slavin and Smith (2009) caution about drawing inferences from even the large effect sizes of small-n studies, because such studies 
produce less reliable and replicable estimates of program impact than do large-n studies. They further note that the most important 
source of this greater variability may be what Cronbach et al. (1980) call “superrealization”—high implementation fidelity due to 
better monitoring and more input by experimenters than would be available at scale. Moreover, the sample was drawn from a public 
preschool for children potentially at-risk defined by the school’s admission criteria as eligible for free or reduced lunch, medical 
reasons (e.g., low birth weight), or ethnic background. Thus, the present study has limited external validity and needs to be replicated 
with a larger, more representative sample.

The present research was designed to test Assumption 1 and Fuson’s (1988) hypothesis directly and rigorously but not Sarnecka and 
Carey’s (2008) single-step, single-concept hypothesis or Brousseau’s (1997) perspective. Sarnecka and Carey could argue that the HLP 
participants significantly and substantially outperformed the Teach-to-Target children because the former received training on the CP, 
which is the basis for both meaningful one-to-one counting and counting out, and the latter did not. Moreover, on their view, the target 
training on the irrelevant cardinal-count transition would not be expected to help either group.

Left open, then, are two questions:

• Which is more efficacious for fostering fluency with counting out collections beyond the subitizing range, CP training alone 
(Sarnecka and Carey’s view) or CP training and then training involving the cardinal-count transition and counting-out procedure 
(Fuson’s, 1988, view)?

• How do children go from knowing the CP, which applies to counting a collection to determine its a total (situations involving set-to- 
number mapping) to knowing when to stop the counting-out process (situations involving number-to-set mapping)?

The latter question is not addressed by Sarnecka and Carey’s theorizing or research. Interestingly, many children who know the CP 
respond to the give-n task by counting out a collection, then counting the collection to check, and finally adjusting their response up or 
down (Barbara W. Sarnecka, personal communication, April 1, 2024). Counting out an approximate number of items, counting the 
results, and adding to or taking away from the result to match the cardinal number requested may be the only strategy open to children 
who understand the CP but not the cardinal-count transition and, thus, have no way of knowing when to stop the counting-out process. 
Reflecting on how to circumvent such a cumbersome strategy may prompt children to consider where exactly in the counting-out 
process they should stop to create a collection that if counted would result in the requested number (i.e., induce the cardinal-count 
transition). After all, it would make sense that counting a collection to determine its total (a set-to-number mapping) would require 
one concept (the CP) and that counting out a specified number (a number-to-set mapping) would require the inverse concept (cardinal- 
count transition). This account also explains why children fluent in creating collections typically do not count the collection to check 
the counting-out process.

It could be argued that, from Brousseau’s (1997) perspective, an alternative explanation for the results was the HLP training 
involved instruction that bridged counting a collection, counting-out an equivalent collection with different items, and establishing a 
one-to-one correspondence between the two collections, and the Teach-to-Target training did not. For example, the HLP version of the 
Animal Spots game involved counting a collection of dots, and then counting out an equivalent collection of pegs but Teach-to-Target 
version did not. HLP, but not Teach-to-Target, participants then had an opportunity to mentally create a one-to-one link between the 
dots and pegs or—using the pegs as a bridge—between the dots and holes in an animal board. However, it seems unlikely that pre-
schoolers would be able to visualize or imagine a one-to-one correspondence between the previously counted dots and the counted-out 
pegs, let alone between the dots and holes. Without one-to-one correspondence to check the validity of counting-out efforts, Brous-
seau’s perspective predicts that neither the Teach-to-Target nor the HLP target training should have been successful. The success of 
HLP training indicate that establishing a one-to-one correspondence between a counted collection and one that is counted out is not a 
necessary condition for learning the cardinal-count transition and the skill of counting-out a collection but that the CP and accurate 
one-to-one counting are. In brief, the present results are consistent with Fuson’s (1988) sequential hypothesis but inconsistent with 
Brousseau’s simultaneous-teaching recommendation.

Even so, for children who have already constructed the CP, Brousseau (1997) view raises the interesting instructional possibility 
that establishing a one-to-one correspondence between a counted collection and one that is counted out might facilitate the con-
struction of the cardinal-count transition and fluency with counting-out. For example, a teacher could have a child could count n dots 
on a card (How many dots?”), count out n items (“Okay, take six pegs”), and finally check whether the latter is correct via matching 
(placing the pegs on the dots on the card). Whether such a teaching approach is significantly more efficacious than the HLP inter-
vention used in the present study needs to be evaluated.

7.4. Summary

A novel variation of an experimental design was employed to test a key assumption for using hypothetical learning progressions 
(HLP) to improve mathematics instruction: Teaching each successive level of a progression is more efficacious than skipping lower 
levels and teaching the target level directly. The present evaluation of this assumption entailed teaching different aspects of cardinality 
knowledge  to  HLP  and  Teach-to-Target  participants,  namely  the  prerequisite  cardinality  knowledge  for  understanding  and 
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implementing the target knowledge of counting-out a specified number of items and the unrelated cardinality knowledge of reading 
written numbers, respectively. Both groups received basically the same target instruction, namely explicit instruction on the con-
ceptual basis and procedure for counting-out. Quantitative and qualitative analyses of the results clearly indicated teaching the same 
thing in the same way did not produce the same result when prior instruction differs–when (necessary) prerequisite knowledge is 
considered and ensured (as in the HLP approach) or not (as in the Teach-to-Target approach). Specifically, adhering to Piaget’s 
principle of assimilation (the HLP approach) resulted in an appreciable understanding of the conceptual rationale for counting-out and 
procedural fluency with the skill but violating the principle (the Teach-to-Target approach) did not. Adherence to the principle 
entailed assessing what level a child was at on the cardinality HLP and fostering the intermediate levels in the progression before 
attempting to teach the target level. In brief, the pattern of results supports the logic of using HLPs and formative assessment and does 
so in a new way.
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