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Recent work has shown that it may be possible to detect gravitationally induced entanglement in tabletop
experiments in the not-too-distant future. However, there are at present no thoroughly developed models for
this type of experiment where the entangled particles are treated more fundamentally as excitations of a
relativistic quantum field, and with the measurements modeled using expectation values of field
observables. Here we propose a thought experiment where two particles are initially prepared in a
superposition of coherent states within a common three-dimensional (3D) harmonic trap. The particles then
develop entanglement through their mutual gravitational interaction, which can be probed through particle
position detection probabilities. The present work gives a nonrelativistic quantum mechanical analysis of
the gravitationally induced entanglement of this system, which we term the “gravitational harmonium” due
to its similarity to the harmonium model of approximate electron interactions in a helium atom; the
entanglement is operationally determined through the matter wave interference visibility. The present work
serves as the basis for a subsequent investigation, which models this system using quantum field theory,
providing further insights into the quantum nature of gravitationally induced entanglement through

relativistic corrections, together with an operational procedure to quantify the entanglement.
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I. INTRODUCTION

Quantum mechanics and general relativity are our two
most fundamental, experimentally tested, and predictive
theories. However, these theories are mutually incompat-
ible and no comparably successful theory unifying the two
has been formulated, while little experimental progress has
been made. Recently, Bose et al. [1] and Marletto and
Vedral [2] (BMV) proposed in-principle-realizable experi-
ments in which two particles could become entangled by
their mutual gravitational interaction [1,2]. Detection of
gravitationally induced entanglement would then provide
novel empirical evidence that might guide the development
of new theories aiming at resolving the tensions between
classical gravity and quantum mechanics.

The BMV proposals have inspired a great deal of interest
in the quantum information science community, with
ongoing discussions about the theoretical implications of
detecting gravitationally induced entanglement. Some
contend that a positive detection would provide definitive
evidence for the quantum nature of the gravitational
field [1-9]. Others have pointed out possible ways in which
a classical model of gravity could induce entanglement in
such an experiment [10-16]. Some have raised points about
how several of the principles of quantum information theory
used to assert that gravitationally induced entanglement
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necessitates quantum gravity, are not clearly satisfied in a
quantum field theoretic setting [17-20]. In response, there
have also been several investigations into what implications
can be drawn from gravitationally induced entanglement
without necessarily relying on such assumptions [21-25].
Several variations of a gravitationally induced entangle-
ment experiment have been proposed [26-33,35-40]. To
date, none of these proposed experiments have been
modeled using a fully quantum field theoretic description
of both gravity, the particles involved, and the measures of
entanglement generated between the latter. Such an ab initio
approach would allow one to explore what can be learned in
principle about the quantum nature of the gravitational field
from a gravitationally induced entanglement experiment in
terms of these more fundamental structures, such as
detecting the spin of the mediating boson with relativistic
effects taken into account [41]. In this work, we seek to
develop a model of a nonrelativistic gravitationally induced
entanglement thought experiment that adapts the BMV
proposal in such a way as to serve as the basis for such a
relativistic quantum field theoretic model in the future.
Our thought experiment considers two particles that are
located within a 3D harmonic trap. The initial condition is a
product state wherein each particle is prepared in a displaced
coherent state superposition along mutually orthogonal
axes. As the coherent state wave function components of
one of the particles evolve, they will overlap periodically,
producing interference fringes in the spatial probability
distribution for detecting the particle. The gravitationally
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FIG. 1.

Scheme of the thought experiment for generating and probing gravitationally induced entanglement between two massive

particles. Snapshots (a)—(e) show the coherent state position maxima of the two particles, each initially in a superposition state, at
subsequent times. When the particle wave function components in a given superposition state overlap, interference fringes develop in the
spatial dependence of the particle detection probability along the oscillation axis of the particle. The fringe visibility decreases over time,
corresponding to increasing entanglement between the two particles.

induced entanglement that develops between the two par-
ticles will cause the visibility of these fringes to decrease.
Figure 1 illustrates this scheme. We term this model the
“gravitational harmonium” after its similarity to a model for
approximating the helium electrons’ Coulombic trapping
potentials with harmonic potentials [42].!

The gravitational harmonium is readily suited for a full,
quantum field theoretic treatment. Under low energy labo-
ratory conditions, we can model such a thought experiment
by a massive real scalar field ¢ coupled to gravity through
the Einstein Hilbert action, expanded to second order in

Kk = /322G (with units 7 = ¢ = 1) [44,45]:

S[¢’ h/w] = SM[¢] + SE[h/w] + S1[¢’ h/w}- (1)

The action for the scalar field, ¢, contains a harmonic

potential that is spatially centered, e.g., at rectilinear coor-
dinate location r = 0 and given by

Suld]

1
—5 [ xladog 4 w1+ )L (@)
while the gravity and interaction actions are respectively

'While we view such a scheme as a thought experiment that
allows for a relativistic quantum field theoretic analysis, it does
resemble recent optical trapping schemes for massive particles
that share a similar goal: to probe gravitational entanglement in
quantum systems [43].

1
Selhy,) = / d'x <—§6ﬂh/‘”dﬂhw +0,h"¥h,,

1
—9,ho, +§whaﬂh> :

S = / d*x (gT’”’(qﬁ)

where T, (¢) is the scalar field energy-momentum tensor,
and U,,,,(¢) is a quadratic tensor in ¢ [45]. Decoherence
aspects of certain states within such a framework have been
considered in Ref. [46], and in a OD model [47]. We may then
describe the fringe visibility by using the expectation value of
the particle detection probability given in the Schrodinger
picture,

Tr[p(t) (v—l /V dx¢(x,0)>2]

_ oy /V dxdx'Trlp(1)p(x. 0)p(x, 0)],  (4)

2
b 5 U By ). (3

where p(t) is the density operator for a suitable evolving
quantum scalar field state and V is some small coordinate
averaging volume corresponding to the spatial region occu-
pied by the particle detector. In order to calculate these
expectation values we may employ a variety of methods,
such as the Dirac constraint quantization procedure, or the
closed time path formalism. These methods treat the issue of
gauge fixing differently, yielding complementary viewpoints
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for understanding how entanglement arises. This and other
unanticipated insights may result from such a fundamental,
operational quantum field theoretic description of a gravi-
tational entanglement experiment.

In Sec. II we solve the corresponding nonrelativistic
Schrodinger equation to derive the approximate time
evolution of the two-particle, initial superposition pair state
of this system as gravitational entanglement between the
two particles develops, with an accompanying fringe
visibility reduction in the spatial dependence of the single
particle detection probability; further details are given in
three appendices. As discussed above, this analysis will be
used as a reference for future work where the corresponding
quantum dynamics will be obtained within the above-
described quantum field theoretic description [48]; we hope
to gain new insights into how gravity induces quantum
entanglement by comparing the approximate nonrelativistic
model developed here with the more fundamental one
involving relativistic quantum fields. Section III considers
the effect that alternative, modified gravity interaction
potentials would have on the nonrelativistic quantum
mechanical model for entanglement generation and the
corresponding reduction in visibility. Section IV gives
some concluding remarks.

II. NRQM GRAVITATIONAL HARMONIUM

Consider two particles with identical mass m that are
confined to a harmonic trap with frequency w and interact-
ing through gravity. The nonrelativistic quantum dynamics
of this system is described by the Schrodinger equation
with Hamiltonian given by

Gm?

_p_% P% 2.2
b
ey — x|

1
—i———&——ma)zx% + -mwx; —

T 2m 2m 2 2 (5)

H

where x; and x, are the position coordinates of particles 1
and 2, respectively. This Hamiltonian is qualitatively
similar to that of the helium atom [with the substitution
Gm? — —e? in Eq. (5)], where the electrons’ Coulomb
confining potentials are approximately replaced by har-
monic confining potentials, and is known as “Hooke’s
atom” or the “harmonium” [42]. Because of this similarity,
we name this model the “gravitational harmonium.”
Hamiltonian (5) can be conveniently expressed in dimen-
sionless form with the position and time coordinate sub-
stitutions x; — /"%x;, t — wt, and H — H/hw, giving:

1 V240

H=—(p?+p3+x+x3) - , (6)
2! ? : ? ey — x|

5 . . .
where gy = G4/5;5. is a dimensionless parameter charac-

terizing the Newtonian gravitational interaction between
the two particles. In these scaled, dimensionless coordi-
nates, the Schrodinger equation is given as id,yy = Hy.

The initial state of our system is taken to be a product
state wherein particle 1 is in a superposition of coherent
states |ar;) displaced along the x axis direction [i.e.,
a; = (a,,0,0), with a;, # 0], while particle 2 is in a
superposition of coherent states |a,) displaced along the
orthogonal y axis direction [i.e., a, = (0, azy,O), with
ay, # 0] (Fig. 1):

ly) = N(lay) + la)) (laz,) + la))
= N(|ala’a2a> + ‘ala’a2b> + |a1b7a2a>

+ @y, o)), (7)

where N is a normalization factor. Here, the single particle
coherent states are each parameterized by a complex vector

a = ((x) + i(p))/+/2. For the initial state (7), both particles
subsequently remain undisplaced in the z-coordinate axis
direction and we therefore suppress further mention of the z
coordinate and treat x; and x, as two dimensional vectors
from now on; the coherent state parameter vectors & are then
given by a pair of x and y component complex numbers for
each particle [&t; = (a;,.0) and a, = (0, ay,)].

In order to determine the subsequent Schrodinger evo-
lution of the initial state in Eq. (7) with Hamiltonian (6), we
first consider the evolution of one of the individual coherent
state products |a;, a,) for particles 1 and 2 that make up the
superposition on the second line of Eq. (7). We can then
determine the full state evolution by linearity. It is con-
venient to work in terms of symmetric center of mass
(SCOM) coordinates given by

R:\}z(xﬁ—xz) and, r:;i(x]_xZ)’ (8)

with R referred to as the center of mass coordinate and r the
relative difference coordinate. In terms of these coordinates,
Hamiltonian (6) decomposes into the sum of the center of
mass and relative difference coordinate Hamiltonians:

1 1 90
H == 2 R2 _ 2 2 _J9 .
SR 3 (e -2)

The ket |a;,a,) can equivalently be described by coherent
state parameter vectors for the SCOM coordinates as follows:

1
ap=—(a; +a,) and, a,=—(a;—a). (10)

V2 V2

These parameter vectors are nonzero in both their x and y
components. From Eq. (9), the Hamiltonian is separable in
the SCOM coordinates, and the center of mass coordinate
evolves as a simple, 2D quantum harmonic oscillator.

In order to approximate the evolution of the relative
difference coordinate, we Taylor expand the potential terms
in our Hamiltonian to second order about the position
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expectation values. For coherent states, whose wave func-
tions are given by Gaussians of the form

y(r) =expil(r—(r)"Q(r—(r)+ @) (r— () +rl. (11)

the Gaussian parameters then evolve as follows [49]:

. oH . oH
F=— (P =—a, 12
Dy P
. 1 0’V
Q=-20%—~ , 13
25}’167, r=(r) ( )
y=iTrQ + L. (14)

Here, L is the system’s classical Lagrangian evaluated for
the solutions (r) and (p,), and V includes the harmonic and
gravitational potential terms. We consider initial coherent
state parameter values a; = (a,0) and @, = (0,ia) for
some real number a. This corresponds to the condition that
the average relative distance (r) between particles 1 and 2
remains fixed in the absence of their mutual gravitational
attraction (go = 0). Approximate solutions to Eqs. (12)—(14)
are derived in Appendix A, and their numerical validation is
given in Appendix C.

As an aside, it is interesting to note that the initial
product state |@;, @,) evolves into a state where particles 1
and 2 are entangled due to nonzero off-diagonal terms in €.
The entanglement entropy is approximately

9g51> 951>
S~ 1 —log 20 )1 15
640 2\ 12848 (13)

for ‘%’ < 1. This is in contrast to other gravitational
entanglement proposals, where the approximate time-
evolved state only develops entanglement due to the
different gravitationally induced relative phases between
various localized position state components resulting from
their initial spatial superpositions. Such entanglement
results in our method of approximation since it keeps track
of the motion of the particles’ expectation values subject to
the gravitational interaction between them. However, the
gravitationally induced relative phase terms will provide
the dominant contribution to the entanglement between the
two particles when we consider superpositions of spatially
localized states as we show in the following.

In order to isolate the entanglement arising from the
gravitationally induced relative phases, we only keep the
time-dependent phase contributions to each initial product
state component of the full superposition state that arise
from evaluating the action along the gravitationally per-
turbed two-particle trajectories:

o1, Q) + €50 |y, o) + €5

ly) = N(e5a A1, Q)

+ €50 |ayy,, 00)), (16)

where N is the normalization. The &S terms are given by the
differences between the action along the classical path for
particles subject to both the harmonic and gravitational
interactions and the action for the harmonic interaction
alone, where the initial conditions are given by the position
and momentum expectation values for the coherent product
state component the ¢/ phase terms are each multiplying.

We choose the following initial coherent state parameter
values related to the individual particle (not SCOM)
coordinates: @, = &, a1, = ae"™4 ay,, = ae™?, and
aypy = ae'™*, with a a real number [see Fig. 1(a)]. This
corresponds to components |@;,, @,,) and |a,,, a,,) both
being in the configuration described for the single coherent
product state component above where the particles’ relative
difference coordinate is constant in our approximation.
These two pairs are out of phase with each other by a phase
factor of z/4. This implies that the components |, @)
and |@;,, @,,) have coherent state parameter values for the
r, and r, components that are out of phase by £ /4, which
does not correspond exactly to the evolution considered for
the single component case above, but may be approximated
by the same methods as described in Appendix A. The
entanglement entropy for the state (16) is approximated in
Appendix B and we obtain

(@l o

where ¢ is an O(107") parameter defined in Appendix B.
Comparing the entropy (15) arising for the individual initial
two-particle product state components (7) with the relative
phase entanglement entropy (17), we see that the former
scales as a~® while the latter scales as 2. Recall that « is
chosen as a real number that can be interpreted as the initial
maximum displacement of the coherent state position space
wave function in units of the harmonic oscillator zero point
uncertainty. In any conceivable, realistic implementation,
we expect a 3> 1, so that the entanglement entropy for the
relative phase terms dominates over the entropy arising
for the single component terms. This justifies the approxi-
mation of keeping only the relative phase terms in the
time-evolved state for the purposes of determining the
gravitationally induced entanglement between the two
harmonically trapped particles.

While the growth of entanglement entropy as given by
Eq. (17) demonstrates that the evolving state [resulting
from the initial state (7)] develops genuine entanglement
between the two particles, the entanglement entropy is not
itself an observable; we still require a means for measuring
the entanglement. Consider the probability distribution
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for detecting particle 1 on the x axis. In terms of the
approximate evolved state (16), we have

|(x1 [w) 2= |N2{2[1 +Re(e/OSea35) {(ay [, ) )] 10 (1) [?
+2[1 —i—Re(e“ﬁSba_ﬁSbb) (@ |0t0)) 1w 1 (1)
+2Re[yr1 (61, (xp) (¢S 050) 05 =05m)
4 ¢(880a=6S,) (o |otay) + PLCAWET A (arq|ap))]}

(18)

where y,(x;) = (x;|a;,) etc. When the average positions
for vy, and w,;, overlap, which corresponds to their
classical paths crossing in configuration space, we have
|w1a] = [w1p|- The third term in the above expression will
then have spatially oscillatory terms:

Y1a¥Wp
1
= |y, 2exp|ivV2(Ima,,, —Ima,, <x ——Reaaxﬂ
[y 1a|” exp ( 1 1) | X1 NG 1
= |y, e, (19)

where here @ denotes the phase term in the middle
expression. These oscillatory terms appear as fringes modu-
lated by a Gaussian envelope, as indicated schematically in
Fig. 1. Expressing the probability distribution (18) in the
form |{x, |[w)|* =y + 2[Re u cos ®(x;) — Imy sin ®(x,)],
the extrema of the distribution occur at y + 2|u|. The fringe
visibility V, defined as the ratio of the difference between the
extrema to their sum, is given approximately as

2 1 2
V= |'u|z1——(i0t) (20)

a

for @ > 1; the constant c is the same as that appearing in
Eq. (17). Comparing Eq. (17) with Eq. (20), we can see that
the visibility scales monotonically with the entanglement
entropy (Fig. 2). As the entanglement entropy increases, the
reduced state for either particle behaves increasingly as an
effective classical mixture of coherent states and so the
quantum interference in the particle position detection
probability  distribution  decreases  correspondingly.
Therefore, the fringe visibility can be employed as an
operational measure of the entanglement entropy for
probing gravitationally induced entanglement in our har-
monic particle trap scheme. Using, for example, masses
m~ 107" kg and a separation distance ~10? pm as in
Ref. [1], and an optical trapping potential frequency @ ~
10? kHz as in Ref. [43], gives a value % ~ 107° which would
result in percentage level changes in the fringe visibility in
times of order one second.

Recently, a rather general quantum interferometric
identity was obtained that relates the concurrence (C),

Entanglement Entropy and Fringe Visibility
0.08

0.07 — St (Nits)
- 1y
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FIG. 2. Entanglement entropy S (units of nits, where
1 nit = ﬁ bits) for the reduced state of one of the particles
and the fringe visibility 1 — V for particle 1 as a function of the
scaled time parameter % 7.

visibility ()), and which-path information (“particleness”
‘P) as complementary measures for certifying the quantum
aspects of gravitational entanglement interactions [50]:

VI+ PP+ =1. (21)

For the entangled state considered in this work, and in
the limit of large a where we can treat the coherent
state component pairs as mutually orthogonal to a good
approximation, our state can be alternatively interpreted
as that arising for the two interferometer setup described
in Ref. [50], and using the forms for P, V, and C given
there. For our system state, we have: P ~ |(|e?5«|? +
| [2) — (| |2 + |eiSm|2)| = 0, V2 v 2]ei®Sa=i6Sh 4
e0Su=idS | g 1 — 1 (c 1)? and C2 o 2| iS00S
080 | 1 (“01)2, hence obeying the identity (21) to
-1 with which we calculate these

the leading order in «
measures.

III. ALTERNATIVE POTENTIALS

The method of approximating the evolution of the state
considered in this work is not unique to the Newtonian
gravitational potential; it can also be applied to other weak
interactions that are treated as perturbations to the harmonic
trap. Of potential interest is a Coulomb type potential
generalized to arbitrary dimensions or a Yukawa
potential [51]. Coulomb potentials of various dimensions
may be useful if practical applications of this proposal use
extended objects to effectively reduce the dimension of the
interaction. Yukawa potentials arise in theories with mas-
sive gravitons or in theories containing light scalar particles
such as dilatons, and both could be used as alternatives to
test for possible deviations from the inverse square law [52].
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(b) Coulomb

Value of the constant C given in the text which controls the scaling of entanglement entropy and fringe visibility for

(a) Yukawa potential with various values of the Yukawa mass 4, and (b) Coulomb potential with dimension, d = 2, 3, as a function of the

initial coherent state eigenvalue a, with gy = 1.

Here, we calculate the effect these different potentials
would have on the entanglement entropy or fringe visibility.

Changing the potential results in different values for the
first order corrections to the classical trajectories used in the
calculation of the entanglement entropy given by Eq. (17),
which in turn results in different forms for the 6S terms
that appear in the phase factors of the time evolved state.
Since the entanglement entropy and fringe visibility can be
expressed as functions of these &S terms, it suffices to
compute the modified forms of the latter. A new interaction
potential equates to changing the Kameltonian K in
Eq. (A6), which will result in a modification to the values

. 71 2 oK dt
M _271' 0 a¢x 0
:i 2,[_aKnxosin(t+¢xo)005(t+¢x0) dt  (22)
2” 0 ar r 0
-1 (20K L [270Ksin’(t
L { P Ny ) G0 e
2z Jo  Onelo 2z Jo or " 0

and similarly for the y components. Here, 77 and ¢ are the
Hamilton Jacobi coordinates for the classical harmonic
oscillator which are used in our approximation in
Appendix A. For the initial conditions considered above,
Le., oy =a,ay,, =ae”™* ay, =ae™?, and ay,, = ae™/4,
these modifications result in phase terms given by

1 oK
— 68, = |~a>——K 24
5Saa 5Shb <2a or ) r_at’ ( )
5Sab + 5Sba = 2(a2$1x - k)‘r:raht' (25)

Here, 6S,, and 6S,,, are evaluated along r = @ which is a
constant in the first order classical canonical perturbation
theory approximation. The terms 0S,, and 6S,, can be
evaluated along the trajectory for r in the ab component and
we only use the perturbation to ¢,, and not ¢, due to the
symmetries of the initial conditions. The expressions for the

entanglement entropy and fringe visibility can be recovered
from Egs. (17) and (20), but now with the constant %5"
replaced by

s oK
C=2(p, —K)|,_,, + <2K—aa—> (26)
“ r

r=a

We calculate this quantity for a Coulomb potential in
arbitrary dimension, i.e.

—gor*d d>2
K= { ot , (27)
gologr d=2
and for a Yukawa potential with
eHr
K = go (28)

’
r

where 4 is related to the mass of the mediating particle. The
values of C for the Yukawa potential with various values of
the mass u and for the Coulomb potential in various
dimensions d are shown in Fig. 3. These different values
of the parameter C would result in different scalings for the
entanglement entropy and fringe visibility. With precise
enough visibility measurements, such differences could
serve as a probe for possible new quantum modified gravity
theories through their resulting particle entanglement.

IV. CONCLUSION

Merging quantum mechanics and gravity is one of the
loftiest goals of modern physics. Recent work investigating
gravitationally induced quantum entanglement provides a
pathway to new insights into this problem.

In this paper, we have developed a thought experiment
model to detect gravitationally induced entanglement at the
level of nonrelativistic quantum mechanics, similar to other
proposals in the literature. Advantageously, our setup
readily lends itself to a more fundamental quantum field
theoretic description, to be presented in a subsequent work,
wherein the massive particles which become entangled
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through gravity are constructed out of scalar field quanta,
and the fringe visibility is modeled by an expectation value
of field observables.

This quantum field theoretic approach will allow us to go
beyond the predictions of our nonrelativistic quantum
mechanical model in several ways. First of all, we will be
able to systematically account for relativistic corrections to
our predicted measure of entanglement, corresponding to the
limit of a large harmonic oscillator trapping potential
frequency. Secondly, since different methods of carrying
out this approach, such as the closed time path formal-
ism [53,54], or the Dirac constraint quantization pro-
cedure [46,55], treat gauge fixing in different ways, we
may be able to more comprehensively understand gravita-
tional entanglement generation in these different approaches.
Aside from these insights, there may be other, less expected,
lessons to be learned. As mentioned in the introduction, the
description of gravitational entanglement in terms of non-
relativistic quantum mechanics is not sensitive to the spin
(i.e., helicity) of the mediating massless boson [41]; a
relativistic, quantum field theoretic approach that accounts
for retardation effects, such as the present proposed
approach, is required in order to reveal the distinguishing
helicity two, graviton nature of the entanglement.
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APPENDIX A: APPROXIMATE EVOLUTION
OF GAUSSIAN PARAMETERS

In order to find the solutions to Eqgs. (12)-(14), restated
here,

oH oH

B = ) = — Al
. 1 0’V
— _ 2 __
=20 (A2)
7 =iTrQ + L, (A3)

we introduce a bookkeeping parameter A into the
Hamiltonian (9), multiplying the gravitational potential
term

1
H:§<p3+r2—,19—r°>. (A4)

Thus we treat the gravitational term as a perturbation to the
harmonic oscillator, and at the end of the calculation take
A — 1; this procedure is validated a posteriori with the

relative magnitudes of the terms in the resulting perturba-
tion series being sufficiently small. For (r) and (p,), we use
classical canonical perturbation theory, moving to the
Hamilton-Jacobi coordinates of the 2D harmonic oscillator
given by
(r)=2nsin(t+4,). (r,)=/Zpsin(i+4,). (AS)
The Hamilton-Jacobi coordinates are those generated
by a canonical transformation where the unperturbed
Hamiltonian is zero and therefore these coordinates are
constants. However, the gravitational term remains and so
the transformed Hamiltonian (Kameltonian) in these coor-
dinates is given by

K = —x% [ sin® (1 + ) + ny sin® (¢ + )72, (A6)

We assume a perturbative solution and to first order the
equations of motion are given by

. oK
M1 = —3,
! a¢x 0
o /19 71x0 sin (t + ¢x0) cos (t + ¢x0)
— —50 . . ’
V2[00 (1 + ao) + 1y08i0% (1 + byo) ]/
(A7)
. oK
¢xl = a_
Mx 0
=1 Sinz(t + ¢x0)
- gO 2\/§ ) ) 3/2 ’
[nxOSHl (t + d)xO) + ny()Sln (t + ¢y0)}
(A8)

and similarly for the y components. The right-hand side
of these equations is periodic and we approximate the
solutions by their time averages over an oscillator period as
follows:

Ny1 = ﬁxlt
9ol

T 2\ 2%

2 M0 8i0 (7 + ¢hyo) cos (1 + o)
X 2 ) 32 dt,
0 [ﬂxo sin (t + d)xO) + Myo SI (t + ¢y0)]
(A9)

¢xl z¢x1t

., ot /2” sin (1+)?
42xJo  [n0sin® (14 o) +ny0sin? (1+ gy )P/
(A10)

dt,

and similarly for the y components. For initial conditions
given by a; = (,0) and a, = (0, ae'”/?) for some a > 0,
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the relative difference coordinate coherent state parameters
are a,, = % and a,, = —i%. This leads to the following

first order solutions:

(r,) = acos Kl H%H,

(ry) = ~asin Kl +/129—0({)3>t} (Al1)

Such a time average has the advantage that (r) = a is
constant.

We can only approximate €2 analytically for these
particular initial conditions where (r) = a is constant.
Assuming a solution of the form Q= Q,-+ 1Q; to
Eq. (13) for the initial conditions a; = (,0) and a, =
(0, ae’™?) this results in the following equations of motion:

Qy = —2Q2 1, (A12)
|
Q = —2(20Q + Q)
9 1 —3cos?[(1 + A22)1] 3cos (1 + Ay%) sin [(1 4 15%)1] (A13)
207 | 3cos [(1 +A4%)] sin [(1 + 4:%)1] 1= 3sin?[(1 + 12)1]
|

The initial condition for all coherent state parameters is I(ImQ)™! —(ImQ)~'Re Q
given by € = 7 1. This gives a solution to the equation for = . - ] :
Q,, which we then expand as a series in 4, but keep terms ReQ(ImQ) 2[ImQ +Re Q (Im Q)™ Re Q)]
where it appears in the phases of oscillating terms. We find (Al6)

that the solution has a lowest order term proportional to 7!,
This is due to the fact that we are taking an “improper”
series expansion by leaving in the phase terms. However if
we assume an approximate solution for € given by Q and
the =1 order term of Q, we find that this is also a solution
of the zeroth order equation of motion:

Lo (A14)

o="1+ 3 [e—i(2+z—‘§)l — [’ 1 ]’
where we have taken 4 — 1 and note that this expression is
still valid for @ > 1. The off-diagonal terms clearly make the
state nonseparable in the r, and r, coordinates, and upon
transforming back to the particle coordinates, the scaled
covariance matrix which we will denote €, is given by

i 1 i -1

Q, = Iy + 3 [e—i(2+/%)t — 2| .
2 16 i =1 i 1

-1 i I =i

(A15)

’

which implies that this is an entangled state between
particles 1 and 2.

Thus, gravity gives rise to entanglement without con-
sidering a superposition of coherent state products. In order
to quantify this entanglement, we evaluate the entangle-
ment entropy using the formalism for Gaussian states [56].
The Wigner function for this state is given by a Gaussian
distribution on phase space whose covariance matrix, in the
two particle phase space coordinates basis, is given by

(X1,X2,p1.p2), is

The symplectic eigenvalues, v;, of one of the subsystems
are obtained by determining the eigenvalues of i/, where
%, is the submatrix of the covariance matrix corresponding
to particle 1 and J is the symplectic form given by

0 1
J = {_1] O]' (A17)
The entanglement entropy is then given by
S= Zl(ui + 1) log F(Di + 1)}
—2 2
-5 = 11og |5 04 1)
()] o

where we sum over the symplectic eigenvalues for one of
the particles. The bottom expression here contains the

lowest order terms in a~!.

APPENDIX B: APPROXIMATE PHASE
DEPENDENT ENTANGLEMENT ENTROPIES

For initial conditions given by a,, = &, ayp, = ae™""/*,

Ay = ae'™?, and ay,, = ae'™*, we find the terms &S for
the various components by using the classical canonical
perturbation theory method described in appendix A to
solve for the classical paths. We then use these trajectories
to calculate the difference in action between the perturbed
and unperturbed (pure harmonic oscillator) solutions.
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We also take 4 — 1 here and find that our approximation
are still valid for @ > 1. The &S terms are given by

390
2a

o3 (o2 -w( )]

—cos(2t) + sin(2t)}
+ % <C/)+ C,l{cos[2< +C(/)g_g>[}
a a
—i—sin{Z( +C, >]}+C9ab>
a’ 90 . 90
0Spa :—4{cos [2(1+C¢a3>t} —sin {2(1+C¢a3)t]
—cos(2t) + sin(2¢) }
g 1 g
+ 01<C¢—§Ci{cos[2<l+6‘¢a—g)t]
. 90
sl (s8]} ren).
a

6Sua - 5Sbh

(B1)

(B2)

(B3)

2
pr = |N|2{|am><am| [2 126G cos (5SM 85, + “—)}

+ Joty ) (@ | | e

+ lagy) (@rql | e

2
X |ay,) (e 2+2e i )cos<65a oS —I—a—ﬂ}.
o) 1b| b 5

We shall denote the four outer product terms in the
curly brackets of this expression respectively as p,.s Pup>
Pa> and pp,. The eigenvalues of the density matrix o; are
given by

INI2

o; = Paa + Po» + 2Re( @(e=1)

pah)

+ ((pau _pbb) + 4{6 pauphb + |pab|
+ (paa +pbb)Re(ea (EMM_] pba)
— [Im(e™ "=V py ) P11, (B9)

where i = {1,2}. The coherent state components of
particle 1 are orthogonal to a good approximation for

where Cy, C;, Cyqp, and Cyy, are given respectively by

271 ¢ T
:_/ o'l +4) 32 (B4)
(sin?(¢) + cos? (¢ +1) /
1 [ sin(z) cos(r)
€=, BS
A on 0 (Sin2(t) + cos? (t+%))3/2 ( )

1+C,% r—*xm -1/2
Cpup = ¢ o’ /1+C¢i§ dt (sin2 (l‘ + %) + cosz(t)>
T 0

(B6)

1+C,% r—"x -1/2
Cypa = (’5”3/'”"’33) dt <sin2(t) + cos? <I+Z>> )
. p A

(B7)

The reduced density matrix for particle 1 is given by

V2

. a2 . 22
(85.:=053) { oi(0Sua—0Sps) 1 eaz(fg—l)( 1003w +5) | 61(551,;7—65;7“—75))]

. 2 . 2
—i(3Su=35m) 1 o—i(3S0a=55ha) 1 eaz(%_l)(e_l(ésaa_ésbb‘f’ﬁ) 1 e_l(ésnb_ésba_ﬁ))}

(B8)

a > 1. In this limit, the reduced state for particle 1 can be
written as

{2|a1a><ala| + (e!OSa=05m) 4 ¢1(050=050a) ) oty ,) (et

+ (71 08w=35m) 4 o=(08:a=351a)) |qr, )

X (@i, + 2leyp) (B10)
and the eigenvalues can be approximated as
! + (B11)
I =
2774

with
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|pab| ~ [2 + 2cos (5Sab - 5Sbb - 5Saa + 5Sba)}1/2
gof 12
=42+2cos |[(2C, + Cyup + Cypg = 3)

1 ot
~2=7(2Cs + Cyap + Cgpa = 3)° ( 2) . (B12)
The entanglement entropy is then approximately
S = —0| logal —Gzlogﬂz
1 gof
—(2C,+C Cypa — 3
6( 17 + gab + ) < a >
1 got
x < 1—1log E(ZC,/,—l—Cgab—l—Cg —-3)? o .
(B13)

This entanglement grows faster than that due to the
covariance terms in one component of our full state by a
factor of a*, which will be very large in any realistic
implementation, so our approximation where the local
entanglement terms are ignored is justified. Noting this,
we can further simplify the above expression by approxi-
mating C,,,, and Cgp, to find that they only have
corrections proportional to @~ which are negligible.
Therefore, we have

Cgab ~ Cgba

L[ g i (1 4% 27 B
N~ t 4= t ,
27[/) sin +4 + cos (B14)

giving the following expression for the entanglement

entropy:
() o]}

where ¢ =1 (2C, +2C,,;, — 3) % 0.1004.

APPENDIX C: NUMERICAL VALIDATION
OF ANALYTICAL APPROXIMATION
TO TIME EVOLUTION

In order to validate the analytical approximation to
the time evolved state of the gravitational harmonium
described above, we also numerically approximate the
time evolution of this state and compare the numerical
and analytical approximations. In order to do this we
choose a basis for our state space given by simultaneous
eigenstates of the two dimensional harmonic oscillator
Hamiltonian and the angular momentum operator, whose
position space wave functions are given by

(r,

n! 2 )
= () e e
T .

where [ > 0, and L! are the generalized Laguerre poly-
nomials [57]. The energy of these states is E,; =
2n + [ + 1 for a simple harmonic oscillator, in the absence
of gravity.

The gravitational potential term can be evaluated in this
basis with matrix elements given by

Vnmjl = < ’

= 200 (%) :

X/o e"erlLil(rZ)L{n(rz)dr
—1/2

- ZN' N+ DHLE ()2
X Lil(xi)Lf’n('xi)’

90 .
- lm, j)

N+z+1/2)

(€2)

where N > n, m, the x; are the zeros of Ll 12 , and the last

equality is found by Gauss-Laguerre quadrature. Therefore
the Hamiltonian for the gravitational harmonium has matrix
elements in this basis given by H,,,;;= (2n+1+1)5,,6;
Vomji- By evaluating a finite number of these bas1s
elements, we approximate the Hamiltonian on the subspace
spanned by the finite number of basis states corresponding
to these matrix elements. We then numerically diagonalize
this matrix and approximate the propagator on this sub-
space by U(t) = Pe~"E'PT, where P is the change of basis
matrix to the eigenbasis of H, and E is the diagonal matrix
of eigenvalues of H.

We act with this propagator on an initial state corre-
sponding to one component of our initial state considered
above, i.e., a product of coherent states of particles 1 and 2.
This corresponds to a coherent state of a 2D harmonic
oscillator in the separation coordinate we are considering
here. In this basis, coherent states are given by

la, B), = i <(n n!l) > 1 alptn, £1). (C3)

n, =0

The parameters a, f# correspond roughly to the semimajor
axis and eccentricity of the trajectory of the position
expectation value respectively, and the label & corresponds
to counterclockwise or clockwise rotation [57]. For the
component of our state corresponding to particles 1 and 2
having constant separation between position expectation
values, we find f = 0 and a is the same as considered in
previous sections.
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In order to determine if the numerically approximated
time evolved state validates our analytical approxima-
tion, we make use of a distance measure between states
given by

d(lw1): lw2)) = 1= Re(ylwa) (C4)

and evaluate the distance between our numerical
approximation and either the analytical approximation
of the gravitational harmonium, or a pure harmonic
oscillator without gravity, both projected onto the subspace
spanned by the basis elements we used here, i.e.,
dou(U(1)|a).e”|a(1))) and dsyo (U(1)|a)., a(1))), respec-
tively. We find that for 1 < @ < 10 and %0 = 107%, and ¢ up
to 1s (which corresponds to = 10° in units @™!) as in
Sec. II, we have dgy < dggo (see Fig. 4). This establishes
that our time evolved state is closer to that of our analytical
approximation of the gravitational harmonium than to the
evolving harmonic oscillator state with gravity neglected,
thus validating our approximation.

1021 .
— dgH e

10-41 -=== dsHo L

10—6.

10—8.

10—10_

10—12_
10° 10! 102 103 104 10°

t

FIG. 4. Distance measures dgyo and dgy for various values of
the parameters g, and a, with % =107 as a function of time
(in units @™"). With dgyo > dgy, we have that the numerical
approximation is closer to our analytical approximation than to a
pure harmonic oscillator as quantified by this distance measure.

[1] S. Bose, A. Mazumdar, G. W. Morley, H. Ulbricht, M.
Toros, M. Paternostro, A. A. Geraci, P. F. Barker, M. Kim,
and G. Milburn, Spin Entanglement Witness for Quantum
Gravity, Phys. Rev. Lett. 119, 240401 (2017).

[2] C. Marletto and V. Vedral, Gravitationally Induced
Entanglement between Two Massive Particles is Sufficient
Evidence of Quantum Effects in Gravity, Phys. Rev. Lett.
119, 240402 (2017).

[3] C. Marletto and V. Vedral, When can gravity path-entangle
two spatially superposed masses?, Phys. Rev. D 98, 046001
(2018).

[4] C. Marletto and V. Vedral, Answers to a few questions
regarding the BMV experiment, arXiv:1907.08994.

[5] M. Christodoulou and C. Rovelli, On the possibility of
laboratory evidence for quantum superposition of geom-
etries, Phys. Lett. B 792, 64 (2019).

[6] R.J. Marshman, A. Mazumdar, and S. Bose, Locality &
entanglement in table-top testing of the quantum nature of
linearized gravity, Phys. Rev. A 101, 052110 (2020).

[7]1 C. Marletto and V. Vedral, Witnessing nonclassicality
beyond quantum theory, Phys. Rev. D 102, 086012 (2020).

[8] T. D. Galley, F. Giacomini, and J. H. Selby, A no-go theorem
on the nature of the gravitational field beyond quantum
theory, Quantum 6, 779 (2022).

[9] D.L. Danielson, G. Satishchandran, and R.M. Wald,
Gravitationally mediated entanglement: Newtonian field
versus gravitons, Phys. Rev. D 105, 086001 (2022).

[10] M.J. W. Hall and M. Reginatto, On two recent proposals
for witnessing nonclassical gravity, J. Phys. A 51, 085303
(2018).

[11] M. Reginatto and M. J. W. Hall, Entanglement of quantum
fields via classical gravity, arXiv:1809.04989.

[12] C. Anastopoulos and B.-L. Hu, Comment on A spin entan-
glement witness for quantum gravity and on “Gravitationally
induced entanglement between two massive particles is
sufficient evidence of quantum effects in gravity,” arXiv:
1804.11315.

[13] E. Rydving, E. Aurell, and I. Pikovski, Do Gedanken
experiments compel quantization of gravity?, Phys. Rev. D
104, 086024 (2021).

[14] C. Anastopoulos, M. Lagouvardos, and K. Savvidou,
Gravitational effects in macroscopic quantum systems:
A first-principles analysis, Classical Quantum Gravity 38,
155012 (2021).

[15] Y. Ma, T. Guff, G. W. Morley, I. Pikovski, and M. S. Kim,
Limits on inference of gravitational entanglement, Phys.
Rev. Res. 4, 013024 (2022).

[16] V. Fragkos, M. Kopp, and I. Pikovski, On inference of
quantization from gravitationally induced entanglement,
AVS Quantum Sci. 4, 045601 (2022).

[17] N. Altamirano, P. Corona-Ugalde, R.B. Mann, and M.
Zych, Gravity is not a pairwise local classical channel,
Classical Quantum Gravity 35, 145005 (2018).

[18] C. Anastopoulos and N. Savvidou, Quantum information in
relativity: The challenge of QFT measurements, Entropy 24,
4 (2021).

[19] C. Anastopoulos, B.-L. Hu, and K. Savvidou, Quantum
field theory based quantum information: Measurements
and correlations, Ann. Phys. (Amsterdam) 450, 169239
(2023).

106018-11


https://doi.org/10.1103/PhysRevLett.119.240401
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevLett.119.240402
https://doi.org/10.1103/PhysRevD.98.046001
https://doi.org/10.1103/PhysRevD.98.046001
https://arXiv.org/abs/1907.08994
https://doi.org/10.1016/j.physletb.2019.03.015
https://doi.org/10.1103/PhysRevA.101.052110
https://doi.org/10.1103/PhysRevD.102.086012
https://doi.org/10.22331/q-2022-08-17-779
https://doi.org/10.1103/PhysRevD.105.086001
https://doi.org/10.1088/1751-8121/aaa734
https://doi.org/10.1088/1751-8121/aaa734
https://arXiv.org/abs/1809.04989
https://arXiv.org/abs/1804.11315
https://arXiv.org/abs/1804.11315
https://doi.org/10.1103/PhysRevD.104.086024
https://doi.org/10.1103/PhysRevD.104.086024
https://doi.org/10.1088/1361-6382/ac0bf9
https://doi.org/10.1088/1361-6382/ac0bf9
https://doi.org/10.1103/PhysRevResearch.4.013024
https://doi.org/10.1103/PhysRevResearch.4.013024
https://doi.org/10.1116/5.0101334
https://doi.org/10.1088/1361-6382/aac72f
https://doi.org/10.3390/e24010004
https://doi.org/10.3390/e24010004
https://doi.org/10.1016/j.aop.2023.169239
https://doi.org/10.1016/j.aop.2023.169239

JACKSON YANT and MILES BLENCOWE

PHYS. REV. D 107, 106018 (2023)

[20] C. Anastopoulos and B.-L. Hu, Gravity, quantum fields and
quantum information: Problems with classical channel and
stochastic theories, Entropy 24, 490 (2022).

[21] M. Christodoulou, A. Di Biagio, M. Aspelmeyer, C.
Brukner, C. Rovelli, and R. Howl, Locally Mediated
Entanglement through Gravity from First Principles, Phys.
Rev. Lett. 130, 100202 (2023).

[22] M. Christodoulou, A. Di Biagio, R. Howl, and C. Rovelli,
Gravity entanglement, quantum reference systems, degrees
of freedom, Classical Quantum Gravity 40, 047001 (2023).

[23] E. Martin-Martinez and T. R. Perche, What gravity mediated
entanglement can really tell us about quantum gravity,
arXiv:2208.09489.

[24] C.L. DeLisle, Quantum Information in Electromagnetism
and Gravity (University of British Columbia, 2022).

[25] K. Streltsov, J.S. Pedernales, and M. B. Plenio, On the
significance of interferometric revivals for the fundamental
description of gravity, Universe 8, 58 (2022).

[26] M. Carlesso, A. Bassi, M. Paternostro, and H. Ulbricht,
Testing the gravitational field generated by a quantum
superposition, New J. Phys. 21, 093052 (2019).

[27] H.C. Nguyen and F. Bernards, Entanglement dynamics of
two mesoscopic objects with gravitational interaction, Eur.
Phys. J. D 74, 69 (2020).

[28] J. Tilly, R. J. Marshman, A. Mazumdar, and S. Bose, Qudits
for witnessing quantum-gravity-induced entanglement of
masses under decoherence, Phys. Rev. A 104, 052416
(2021).

[29] T. Krisnanda, G.Y. Tham, M. Paternostro, and T. Paterek,
Observable quantum entanglement due to gravity, npj
Quantum Inf. 6, 12 (2020).

[30] T.W. van de Kamp, R.J. Marshman, S. Bose, and A.
Mazumdar, Quantum gravity witness via entanglement of
masses: Casimir screening, Phys. Rev. A 102, 062807
(2020).

[31] A. Matsumura and K. Yamamoto, Gravity-induced entan-
glement in optomechanical systems, Phys. Rev. D 102,
106021 (2020).

[32] H. Chevalier, A.J. Paige, and M. S. Kim, Witnessing the
nonclassical nature of gravity in the presence of unknown
interactions, Phys. Rev. A 102, 022428 (2020).

[33] D. Carney, H. Miiller, and J. M. Taylor, Using an atom
interferometer to infer gravitational entanglement genera-
tion, PRX Quantum 2, 030330 (2021), erratum [34].

[34] D. Carney, H. Miiller, and J. Taylor, Using an atom
interferometer to infer gravitational entanglement genera-
tion, PRX Quantum 2, 030330 (2021); 3, 010902(E) (2022).

[35] T. Feng and V. Vedral, Amplification of gravitationally
induced entanglement, Phys. Rev. D 106, 066013 (2022).

[36] R. Zhou, R.J. Marshman, S. Bose, and A. Mazumdar,
Catapulting towards massive and large spatial quantum
superposition, Phys. Rev. Res. 4, 043157 (2022).

[37] R.J. Marshman, A. Mazumdar, R. Folman, and S. Bose,
Constructing nano-object quantum superpositions with a
Stern-Gerlach interferometer, Phys. Rev. Res. 4, 023087
(2022).

[38] R. Zhou, R.J. Marshman, S. Bose, and A. Mazumdar,
Gravito-diamagnetic forces for mass independent large
spatial quantum superpositions, arXiv:2211.08435.

[39] M. Schut, J. Tilly, R.J. Marshman, S. Bose, and A.
Mazumdar, Improving resilience of quantum-gravity-
induced entanglement of masses to decoherence using three
superpositions, Phys. Rev. A 105, 032411 (2022).

[40] T. Guff, N. Boulle, and 1. Pikovski, Optimal fidelity
witnesses for gravitational entanglement, Phys. Rev. A
105, 022444 (2022).

[41] D. Carney, Newton, entanglement, and the graviton, Phys.
Rev. D 105, 024029 (2022).

[42] J. Cioslowski and K. Pernal, The ground state of harmo-
nium, J. Chem. Phys. 113, 8434 (2000).

[43] U. Deli¢, M. Reisenbauer, K. Dare, D. Grass, V. Vuleti¢, N.
Kiesel, and M. Aspelmeyer, Cooling of a levitated nano-
particle to the motional quantum ground state, Science 367,
892 (2020).

[44] J.F. Donoghue, General relativity as an effective field
theory: The leading quantum corrections, Phys. Rev. D
50, 3874 (1994).

[45] D. Arteaga, R. Parentani, and E. Verdaguer, Propagation in a
thermal graviton background, Phys. Rev. D 70, 044019
(2004).

[46] T. Oniga and C. H.-T. Wang, Quantum coherence, radiance,
and resistance of gravitational systems, Phys. Rev. D 96,
084014 (2017).

[47] Q. Xu and M. P. Blencowe, Zero-dimensional models for
gravitational and scalar QED decoherence, New J. Phys. 24,
113048 (2022).

[48] J. Yant and M. P. Blencowe (to be published).

[49] E.J. Heller, Timedependent approach to semiclassical
dynamics, J. Chem. Phys. 62, 1544 (1975).

[50] Y. Maleki and A. Maleki, Complementarity-entanglement
tradeoff in quantum gravity, Phys. Rev. D 105, 086024
(2022).

[51] P. Barker, S. Bose, R.J. Marshman, and A. Mazumdar,
Entanglement based tomography to probe new macroscopic
forces, Phys. Rev. D 106, L041901 (2022).

[52] V.M. Mostepanenko and G. L. Klimchitskaya, The state of
the art in constraining axion-to-nucleon coupling and non-
Newtonian gravity from laboratory experiments, Universe 6,
147 (2020).

[53] A. Campos and B. L. Hu, Nonequilibrium dynamics of a
thermal plasma in a gravitational field, Phys. Rev. D 58,
125021 (1998).

[54] E. A. Calzetta and B.-L. Hu, Nonequilibrium Quantum
Field Theory (Cambridge University Press, Cambridge,
England, 2008).

[55] T. Oniga and C.H.-T. Wang, Quantum gravitational
decoherence of light and matter, Phys. Rev. D 93, 044027
(2016).

[56] T.F. Demarie, Pedagogical introduction to the entropy of
entanglement for Gaussian states, arXiv:1209.2748.

[57] E. Colavita and S. Hacyan, Coherent states with elliptical
polarization, Phys. Lett. A 337, 183 (2005).

106018-12


https://doi.org/10.3390/e24040490
https://doi.org/10.1103/PhysRevLett.130.100202
https://doi.org/10.1103/PhysRevLett.130.100202
https://doi.org/10.1088/1361-6382/acb0aa
https://arXiv.org/abs/2208.09489
https://doi.org/10.3390/universe8020058
https://doi.org/10.1088/1367-2630/ab41c1
https://doi.org/10.1140/epjd/e2020-10077-8
https://doi.org/10.1140/epjd/e2020-10077-8
https://doi.org/10.1103/PhysRevA.104.052416
https://doi.org/10.1103/PhysRevA.104.052416
https://doi.org/10.1038/s41534-020-0243-y
https://doi.org/10.1038/s41534-020-0243-y
https://doi.org/10.1103/PhysRevA.102.062807
https://doi.org/10.1103/PhysRevA.102.062807
https://doi.org/10.1103/PhysRevD.102.106021
https://doi.org/10.1103/PhysRevD.102.106021
https://doi.org/10.1103/PhysRevA.102.022428
https://doi.org/10.1103/PRXQuantum.2.030330
https://doi.org/10.1103/PRXQuantum.2.030330
https://doi.org/10.1103/PRXQuantum.3.010902
https://doi.org/10.1103/PhysRevD.106.066013
https://doi.org/10.1103/PhysRevResearch.4.043157
https://doi.org/10.1103/PhysRevResearch.4.023087
https://doi.org/10.1103/PhysRevResearch.4.023087
https://arXiv.org/abs/2211.08435
https://doi.org/10.1103/PhysRevA.105.032411
https://doi.org/10.1103/PhysRevA.105.022444
https://doi.org/10.1103/PhysRevA.105.022444
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1103/PhysRevD.105.024029
https://doi.org/10.1063/1.1318767
https://doi.org/10.1126/science.aba3993
https://doi.org/10.1126/science.aba3993
https://doi.org/10.1103/PhysRevD.50.3874
https://doi.org/10.1103/PhysRevD.50.3874
https://doi.org/10.1103/PhysRevD.70.044019
https://doi.org/10.1103/PhysRevD.70.044019
https://doi.org/10.1103/PhysRevD.96.084014
https://doi.org/10.1103/PhysRevD.96.084014
https://doi.org/10.1088/1367-2630/aca427
https://doi.org/10.1088/1367-2630/aca427
https://doi.org/10.1063/1.430620
https://doi.org/10.1103/PhysRevD.105.086024
https://doi.org/10.1103/PhysRevD.105.086024
https://doi.org/10.1103/PhysRevD.106.L041901
https://doi.org/10.3390/universe6090147
https://doi.org/10.3390/universe6090147
https://doi.org/10.1103/PhysRevD.58.125021
https://doi.org/10.1103/PhysRevD.58.125021
https://doi.org/10.1103/PhysRevD.93.044027
https://doi.org/10.1103/PhysRevD.93.044027
https://arXiv.org/abs/1209.2748
https://doi.org/10.1016/j.physleta.2005.01.061

