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Abstract

Bi-continuous jammed emulsion (bijel) membrane reactors, integrating simultaneous

reaction and separation, offer a promising avenue for enhancing membrane reactor

processes. In this study, we present a comprehensive macroscopic-scale physico-

chemical model for tubular bijel membrane reactors and a numerical solution strategy

for solving the governing partial differential equations. The model captures the

co-continuous network of two immiscible phases stabilized by nanoparticles at the

liquid–liquid interface. We present the derivation of model equations and an efficient

numerical solution strategy. The model is validated with experimental results from a

conventional enzymatic biphasic membrane reactor for oleuropein hydrolysis, already

reported in the literature. Simulation results indicate accurate prediction of reactor

behavior, highlighting the potential superiority of bijel membrane reactors over cur-

rent technologies. This research contributes a valuable tool for scale-up, design, and

optimization of bijel membrane reactors, filling a critical gap in this emerging field.
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1 | INTRODUCTION

Membrane reactors have shown immense potential in chemical indus-

tries, because they allow for the simultaneous occurrence of reactions

and separation in one single unit. The use of such technology usually

leads to consumption of less energy and to a smaller processing unit.1

An application of these reactors is in enzymatic bioconversion, in which

raw materials are converted to valuable products, or toxic materials are

decomposed into benign compounds. As such, they have been used in

the pharmaceutical, food, and waste treatment industries.2 The idea of

performing enzymatic-based reactions in membrane reactors has been

extensively studied and also has been successfully translated to com-

mercial processes.3–6 The basic idea in these reactors is the immobiliza-

tion of enzymes in the sponge layer of the membrane where there is a

large area for the enzymatic reactions. Studies have shown that the

immobilization can enhance the enzyme activity.2,3,7,8

An enzyme membrane reactor can be monophasic or biphasic. In

a monophasic enzyme reactor, both reactants and products are either

in an aqueous or in an oily phase, while the membrane provides a

zone for reactions to occur and acts as a filter. In fact, in a monophasic

enzyme reactor, as the substrate passes through the membrane, both

diffusion and convective flow occurs in the reaction zone, leading to

effective product removal and improved reactor performance.9 Prod-

uct removal from the reaction area, especially in the cases where

product inhibition can occur, is crucial. On the other hand, in a

biphasic enzyme membrane reactor, reactants and products are not in

the same phase. Aqueous and oily phases flow in the shell and lumen

sides of the membrane. These two immiscible streams deliver reac-

tants to and remove products from the spongy layer of the mem-

brane. These reactors have been used in applications such as

esterification and hydrolysis.10–12 In conventional biphasic membrane

reactors, based on the hydrophilic or hydrophobic properties of the
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membrane matrix, a hydrophilic-hydrophobic interface is formed, and

entire enzymes are immobilized in this region known as the enzymatic

gel layer.3 Although the enzyme immobilization does not affect the

enzyme activity, in biphasic membrane reactors enzyme activity

decreases with increased gel layer thickness because of a rise in the

diffusion resistance and the deformation of the molecular structure.3

When the reaction kinetics involve product inhibition, the reactant

conversion decreases because of the diffusion resistance in the

enzyme gel layer. For example, in reference 4 it was shown that in a

membrane reactor, by increasing the residence time the reaction rate

initially increases and then decreases.

Bi-continuous interfacially jammed emulsion gel (bijel) membrane

reactors can be used to address the problem of thick enzymatic gel

layers. Bijel is a medium consisting of two immiscible liquids (typically

an oily and an aqueous phase) that are stabilized by a layer of particles

or surfactants at the interface between them. In fact, bijels provide a

robust micro-interface for forming a co-continuous network of two

immiscible phases throughout the material. Because of these character-

istics, bijels are good reaction media for biphasic reactions. A recent

experimental study of a bijel membrane as a membrane reactor for

biphasic enzymatic reactions showed promising results.13 The basic idea

is to use a bijel as the reacting media instead of the sponge layer of a

hollow fiber membrane, allowing the membrane to act as a mechanical

support for the bijel. An enzyme is immobilized on the surface of

particles, creating an interface between two immiscible phases. Two

co-continuous flow networks of reactants and products in the oily and

aqueous phases are formed throughout the bijel. This approach allevi-

ates the problems of product inhibition and loss of enzyme activity that

occur in conventional membrane reactors, leading to a higher conver-

sion. Furthermore, the bijel provides a larger interfacial area per unit

volume in comparison to a conventional membrane matrix for biphasic

reactions. Despite their promising characteristics, bijel membrane reac-

tors are in the initial stages of development. Two major challenges are

the feasibility and reliability of bijel fabrication. Recent efforts to

address these challenges include the fabrication of bijel membranes via

solvent transfer-induced separation.14–19

While the area of mathematical modeling of monophasic and

biphasic membrane reactors is mature,20,21 little attention has been

given to the mathematical modeling of bijel membrane reactors.

Comprehensive mathematical models including momentum, heat

transfer, and mass transfer and interfacial thermodynamic equilibrium

equations for different types of membranes have been presented.20,21

The momentum equations for single-phase membrane reactors can be

simplified to the Darcy equation, which makes the overall mathemati-

cal model more computationally tractable. For biphasic membrane

reactors, in which two miscible phases flow within a membrane, in

general mathematical models should account for two-phase flow

in porous media.22,23

Nagy et al.9 used a mathematical model for single-phase flow in a

porous medium to describe a conventional membrane reactor with

a biphasic reaction, and validated the model with experimental data

reported in reference 4. However, due to the presence of both

aqueous and oily phases in the membrane voids of a biphasic conven-

tional membrane reactor, a more complex model that accounts for

saturation and capillary pressure was needed.23 Furthermore, Nagy

et al.9 assumed that the reaction product is removed from the reac-

tion sites instantaneously; the reaction rate is not decreased by prod-

uct inhibition. As at high residence times there is no aqueous flow

within the membrane, instantaneous removal of the product from

reaction sites is unlikely. This assumption of no product inhibition led

to poor accuracy of the reported model at high residence time. As

their results show, in the case of a highly hydrophobic or highly hydro-

philic membrane, a single-phase flow model can predict the behavior

of the biphasic membrane with good accuracy. As in a bijel membrane

reactor the oily and aqueous phases flow in separate and connected

intertwined channel, models of single-phase flow in porous media can

be used to model bijel membrane reactors.

In this work, we present a macroscopic-scale mathematical model

for tubular bijel reactors. As the model involves coupled partial differ-

ential equations that are difficult to solve with available commercial

software products, a solution strategy for solving coupled partial dif-

ferential equations in cylindrical coordinates is proposed. This strategy

is based on the control volume approach presented for the cartesian

coordinates in reference 24. We also address the issue of the low

accuracy of the upwind strategy for solving coupled partial differential

equations involving velocity terms in cylindrical coordinates. In view

of the increasing interest in process intensification in many industries

including pharmaceutical, food, and water treatment, bijel membrane

reactors have the potential to revolutionize the conventional biphasic

membrane reactors and thus contribute to process intensification.

Considering this potential and the application of process models in

the process scale-up, design, and optimization, this study of the math-

ematical modeling of bijel membrane reactors is timely.

The focus of this work is on the development and validation of a

physicochemical process model of a class of bijel membrane reactors.

Section 2 describes various parts of a bijel membrane reactor and the

derivation of the mathematical model and appropriate boundary con-

ditions. Section 3 proposes a numerical solution strategy to solve the

model equations. Section 4 considers a case study and evaluates

the predictions of the developed model. Section 5 uses the model to

gain insights into the effect of different design parameters and oper-

ating parameters on the performance of the reactor. Finally, Section 6

provides some concluding remarks.

2 | PROCESS DESCRIPTION

Pickering emulsions have shown immense potential for biphasic

reactions.25–27 They provide a biphasic medium for reaction and sepa-

ration. However, reaction and separation in a continuous manner is

not possible in these systems, because the delivery of reactants to

and the removal of products from reaction sites cannot be achieved

simultaneously.15 Bijels can be considered as a type of Pickering

emulsions, but unlike Pickering emulsions that have continuous and
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isolated phases, they contain co-continuous phases. In recent years,

the feasibility and reliability of bijel manufacturing have been stud-

ied.16,17,19 A bijel is a structure that contains co-continuous subregions

of oily and aqueous phases throughout the medium. In other words, a

bijel can be considered as a porous medium containing oily and aqueous

phases in separate intertwined microchannels. Figure 1 depicts a sche-

matic of the structure of a bijel and a Pickering emulsion system.

A promising structure design is to coat a membrane surface by a

bijel,28 so that the membrane acts as a support for the bijel as reac-

tions occur inside the bijel. Figure 2 shows a schematic of a bijel mem-

brane reactor that uses this structure. It should be noted that a bijel

can be used as a membrane reactor without a conventional membrane

support too. However, a membrane support increases the mechanical

stability of the structure.28

Although experimental studies demonstrated that bijel membrane

reactors with enzymatic biphasic reactions outperform conventional

membrane reactors with the same,28 no study on the mathematical

modeling of the former reactors has been reported.

To derive a macroscopic-scale mathematical model of the bijel

reactor shown in Figure 2, we divide the reactor into the following

four regions (see also Figure 2):

• Region 1: lumen side;

• Region 2: shell side;

• Region 3: support layer (porous membrane);

• Region 4: bijel layer.

For the four regions, assuming Newtonian incompressible fluids,

laminar flows, and isothermal conditions, total mass, momentum, and

component mass balances lead to29:

r:
*
v ¼ 0, ð1Þ

ρ
D
*
v

Dt
¼ �rpþμr2*vþρ

*
g, ð2Þ

Dci
Dt

¼ Dir2ciþRi, ð3Þ

where D
Dt and r denote the material derivative and gradient operator,

respectively. ρ,
*
v,p,andμ represent the fluid density, velocity, pres-

sure, and viscosity, respectively. ci is the concentration of compo-

nent i.

2.1 | Mathematical modeling of the lumen and
shell sides

Based on the geometrical and physical features of the system, by

using the same approach as in references 9, 20, 30, further

F IGURE 1 A conventional Pickering emulsions biphasic system
(top) versus a bijel system (bottom).

F IGURE 2 Schematic of a bijel membrane reactor.28
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simplifications can be made. Because the channel diameters are small

(in the range of 0:2–1:0mm) and the fluid velocities are low (in the

range of 1–300mm=s), Reynolds numbers are very low (0:5–100).9

Thus, inertia-related terms in the momentum equation can be

ignored. Based on the hydraulic permeability of bijel19 and con-

ventional hollow fiber membranes, the traverse velocity should

be in the order of 10�4 to 10�7 m=s, and the axial velocity in the

order of 10�3 to 10�1 m=s:9 Given the external and internal radii and

the length of a typical conventional membrane, it can be concluded

that the Peclet number in the axial direction is on the order of 104,

and in the radial direction in the order of 10�3:20 As a result, in the

axial direction of the lumen and shell sides flow, diffusion-related

terms can be ignored, and in the radial direction, mass-transfer

convective-related terms can be ignored. Furthermore, we assume

steady state conditions. Based on these assumptions and the absence

of reactions in these two regions, the definition of the material deriva-

tive, and the continuity equation (Equation (1)), Equations (2) and (3)

simplify to:

1
r
∂

∂r
rvlr
� �þ ∂vlz

∂z
¼0, ð4Þ

∂Pl

∂r
¼0)Pl ¼Pl zð Þ, ð5Þ

∂Pl

∂z
¼ μl

∂2vlz
∂r2

þ1
r
∂vlz
∂r

 !
, ð6Þ

∂ vlzc
l
i

� �
∂z

¼Dl
i

∂2cli
∂r2

þ1
r
∂cli
∂r

 !
, ð7Þ

where vlr and vlz are the radial and axial components of the velocity

and l denotes lumen or shell sides.

2.2 | Mathematical modeling of the bijel layer

As discussed in Section 2.1, a bijel can be considered as two separate

co-continuous phases throughout the medium as shown in Figure 1.

In other words, from the aqueous or oily phase viewpoint, the bijel

can be modeled as a reacting single-phase flow in a porous medium. It

has been assumed that no swelling occurs in the bijel structure due to

the diffusion and reaction, the aqueous and oily fractions are con-

stant, and the phases are continuous throughout the region. Like flow

in a porous medium, superficial and intrinsic velocities can be defined

for each phase, and these two velocities are related to each other

according to:

*
u

l ¼ εl
*
U

l
, ð8Þ

where ul and Ul denote superficial and intrinsic velocities of phase l

(aqueous or oily), respectively, and εl is the volume fraction of phase l

of the bijel. Using Equation (8) and applying the same approach for

mathematical modeling of membrane matrices in reference 21 to this

case, Equations (1)–(3) become:

∂ εlρl
� �
∂t

þr: εlρl
*
U

l
� �

¼0, ð9Þ

∂ εlρl
*
U

l
� �

∂t
þr: εlρl

*
U

l*
U

l
� �

¼�rpþμlr2 εl
*
U

l
� �

þ εlρl
*
g� εl

*
F, ð10Þ

∂ cli
� �
∂t

þr: εlcli
*
U

l
� �

¼Dl
ir2 cli
� �þRi , ð11Þ

where
*
F represents additional momentum losses due to the flow in

intertwining microchannels in the medium and is defined as follows31:

*
F¼ f1

*
U

lþ f2
*
U

l *
U

l
��� ���, ð12Þ

where f1 and f2 are model parameters and can be calculated analyti-

cally and/or experimentally.31 Ri is the rate of consumption or genera-

tion of component i. Equations (9)–(11) describe the bijel under

constant temperature assumption. Dl
i is the diffusivity of component i

in the bijel, which is calculated using3:

Dl
i ¼

Diεl

τl
, ð13Þ

where τl is the tortuosity of the bijel with respect to phase l, and Di is

the diffusivity of component i in the solution.

The bijel structure is complex, as it involves the transport of two

co-continuous phases in separate intertwining regions. Although

Equations (9)–(11) provide a comprehensive description of the bijel,

their solution is computationally demanding. Also,
*
F, which is an

extension of Darcy's law (Equation 12), contains empirical coefficients,

which add to the uncertainty of the model. Thus, further simplification

can be made.

Based on the work presented in reference 19, the bijel can be

considered as an isotropic porous medium with a definite permeabil-

ity for each phase. As a result, by applying Darcy's law and the

steady-state assumption, the following simpler equations are

obtained:

*
u

l ¼�Kl

μl
rp, ð14Þ

∂2P
∂r2

þ1
r
∂P
∂r

þ ∂2P
∂z2

¼0, ð15Þ

1
r
∂

∂r
rulrci
� �þ ∂

∂z
ulzci
� �¼Dl

i
∂2ci
∂r2

þ1
r
∂ci
∂r

þ ∂2ci
∂z2

 !
þRi, ð16Þ

where Kl is the permeability of phase l in the bijel.
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2.2.1 | Reaction kinetics

Many of the enzymatic reactions can be modeled based on the

Michaelis–Menten kinetics model.32 In many cases, the kinetics model

should contain product inhibition terms to represent realistic cases.33

Product inhibition has a negative effect on the conversion of the reac-

tants, and as the concentrations of the products increase (higher con-

version), the negative effect increases. In the case of biphasic

reactions, it can be assumed that an unstable biphasic equilibrium

layer forms around the enzymes, and the reactant and product con-

centrations in this layer are proportional to their concentrations in

bulk phases.32 In conventional membrane reactors, a sponge layer of

immobilized enzymes with two-phase flow forms, and the concentra-

tion of products in the sponge layer affects the reaction conversion.

Experimental studies showed that as the residence time increases, the

conversion in a membrane reactor increases and reaches a plateau

(in which any further increase in the residence time does not increase

the conversion).4 However, in a bijel membrane reactor, because two

immiscible phases have separate channels for co-continuous flow, and

enzymes are usually immobilized on the surface of particles that

makes the interface between two immiscible phases, the products can

freely flow from the reaction site.13 As a result, less product inhibition

occurs in the bijel, leading to a higher conversion at the plateau. Thus,

it is reasonable to assume that equations representing enzymatic reac-

tions in a bijel system should not contain the product inhibition term.

Figure 1 depicts the difference between a conventional biphasic sys-

tem and a bijel system.

Here, we use the Michaelis–Menten kinetics model:

Ri ¼ Rmc

kmþcþ km
kI
cp
, ð17Þ

where Rm and km are Michelis-Menten parameters, km is a function of

the total specific interfacial area for the reaction,34 and kI is the inhibi-

tion coefficient. Consequently, based on the described structures, it is

expected that km be lower for bijel membrane reactors than for mem-

brane reactors. Furthermore, kI is infinite for bijel membrane reactors,

while it is finite for conventional membrane reactors. Rm is the maxi-

mum value of the reaction rate and is proportional to the active

enzyme concentration.34 The solid matrix which is available for the

enzyme immobilization in the bijel is formed from many spherical

jammed nanoparticles. The importance of this is twofold—higher

surface area for enzyme immobilization and more importantly higher

oil–water interface area. While it is true that the surface area per se is

not particularly high, a bijel allows for increasing the interfacial area

(from 2D to 3D). Thus, bijels provide a higher surface area in compari-

son to the solid matrix of conventional membranes. Furthermore, in a

bijel, the enzyme can be immobilized on both sides of the nanoparti-

cles (oily and aqueous sides). A quantitative microstructural compari-

son of bijels revealed that bijel benefits from uniform pore-size

distributions for both oily and aqueous domains, which results in

attractive transport pathways in both oily and aqueous domains.35 As

a result, bijels are expected to have a larger active surface area for

enzyme immobilization and reaction, in comparison to the conven-

tional membrane matrix for biphasic reactions. Furthermore, in a bijel,

a microstructural analysis of the bijel on the other hand, bijels show a

more continuous and engineered surface area in comparison to con-

ventional porous media.36 Consequently, it is expected that the value

of Rm be higher for a bijel membrane reactor than for a conventional

membrane reactor.

2.3 | Mathematical modeling of the support layer

As mentioned earlier, the support layer (porous membrane) acts as a

mechanical support in the bijel membrane reactor. As can be seen in

Figure 2, in a bijel membrane reactor, the porous membrane contains

a single phase in which no reaction occurs. However, the porous

membrane can be eliminated from the structure, if the bijel itself has

sufficient mechanical strength.15 As a result, the same equations in

(14)–(16) can be applied to this region, but the reaction term should

be set to zero.

2.4 | Interface of regions

As mentioned in Section 2, in a bijel membrane reactor three or four

regions depending on the presence or absence of the membrane support

can be considered. It can be shown that the concentration of different

species on the boundaries of these regions can be related to each other

by a partition coefficient. The following equation describes the equilib-

rium between two adjacent regions in a bijel membrane reactor:

cαi ¼K
α,β
i cβi , ð18Þ

where K
α,β
i is the partition coefficient between α and β regions, α

denotes the lumen or shell region, β represents the bijel region, and cαi
and cβi denote the concentrations of component i on the α and β sides

of the interface. The partition coefficient can be estimated as the frac-

tion of aqueous or oily domains at the bijel surface. These fractions

are determined from a phase diagram that has critical points in differ-

ent locations, which depend on the desired composition (water/oil

ratio). The bijel side of the interfaces between the bijel and the shell

side and between the bijel and the lumen side can be divided into oily

and aqueous domains. Thus, the partition coefficient can be estimated

as the ratio of aqueous/oily domain area to the total surface area. We

call the ratio of the surface area that is covered by the oily

(or aqueous) phase to the total surface area of the bijel interface as

the bijel surface oily (or aqueous) domain fraction.

2.5 | Boundary conditions

Equations (4)–(7) and (14)–(17) are the model equations that need to

be solved using appropriate boundary conditions. As mentioned in

Section 2.2, the bijel can be viewed as a porous medium with respect
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to each phase. The main challenge is that there are two distinct regions

on the boundary of a porous media with a continuous region. One

region is saturated with the liquid phase, and in this region, velocity and

surface tension continuities hold. However, the other region is the

porous matrix, and in this region the no-slip condition holds. Empirical

boundary conditions have been proposed to handle these challenges.31

In the current work, for the interface between the bijel and the

continuous phase, the continuity of the tangential component of stress

on the boundaries is assumed to hold. Additionally, it is assumed that

the inlet mass flow rate, mass fractions of components, and the outlet

pressure of shell and lumen flows are known. For the concentration

boundary conditions, mass conservation equations on interfaces have

been used. Table 1 summarizes all boundary conditions, where sub-

scripts in and out denote the inlet and outlet conditions, and super-

scripts α and β represent the two sides of the interface.

It should be noted that at the interface of the bijel and the shell

side, there are two types of interfaces; that is, the oil–aqueous and oil–

oil interfaces (Figure 2). At the oil–aqueous interfaces, we assume the

continuity of tangential and normal stresses. The continuity of tangen-

tial stress supports the continuous removal of the immiscible phase,

which is coming from the bijel layer into the shell or lumen side. By

approximating the capillary pressure equal to zero, which is a reasonable

approximation (because of the continuous removal of the immiscible

phase), the continuity of normal stresses results in the equality of pres-

sure at the interface. Thus, in the cases where there is a pressure differ-

ence between the lumen and shell sides, a continuous radial flow

through the bijel membrane is possible. However, this is not the regime

in which bijel reactive separation should be run in.

3 | NUMERICAL SOLUTION APPROACH

To solve the model equations with the boundary conditions in

Table 1, we apply the control volume method described in reference

37. To achieve this, the space is discretized as shown in Figure 3. φ

and φ represent a field variable (e.g., concentration, velocity, etc.)

inside and on the boundaries of the cells, respectively. Here,

j¼1,…,Nz and k¼1,…,Nr , where Nz andNr are the number of cells in

the z and r directions, respectively. Figure 4 shows the discretization

approach in the cylindrical coordinates.

Based on the regions defined in Section 2, the discretized equa-

tions are presented in the next sections.

3.1 | Shell and lumen regions

As mentioned in Section 2.1, Equations (5)–(8) describe the system in

these regions. Using the boundary conditions in Table 1, for the shell

side, Equations (5) and (7) can be solved analytically as follows:

vz ¼ 1
4μ

dP
dz

r2�R2
� �

, ð19Þ

vr ¼ 1
16μ

d2P
dz2

2R2r� r3
� �

, ð20Þ

where R is the radius of the shell.

For the lumen side, one can write:

vz ¼ 1
4μ

dP
dz

r2�R2
0

� �
, ð21Þ

vr ¼ 1
16μ

d2P
dz2

2R2
0r� r3

� �
þR0

r
ur � 1

16μ
d2P
dz2

R3

 !
, ð22Þ

where R0 is the lumen radius, and ur ¼ LpΔPr: ΔPr is the transmem-

brane pressure drop, and Lp is the hydraulic permeability:

Lp ¼ Kl

μlΔR
:

Here, ΔR is the membrane thickness. Noting Equations (19)–(22), the

velocity terms inside the region can be calculated. A finite volume

form of Equation (7) for the jkth cell (Figure 4) is:

TABLE 1 Boundary conditions.

Position
Momentum
equation Mass conservation

Shell and lumen side

flows at inlet

vz ¼ vin
vr ¼0

ci ¼ ciin

Shell and tube side flows

at outlet

P¼ Pout

Lumen side flow at the

center

vr ¼0
∂vz
∂r ¼0

∂ci
∂r ¼0

Shell side flow at the

wall

vr ¼0

vz ¼0

∂ci
∂r ¼0
∂ci
∂z ¼0

Interfaces between bijel

and

shell or lumen side flows

Pj ¼ P

vr ¼ ur

cαi ¼K
α,β
i cβi

vrcαi �Dα
i
∂cα

i
∂r ¼ uβr c

β
i �Dβ

i
∂cβ

i
∂r

F IGURE 3 Planar representation of the spatial discretization in
this work; the jkth cell.
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civzð Þ2j�1,2k� civzð Þ2jþ1,2k

Δz
Δ r2
� �
2

þDir2k�1
cið Þj,k� cið Þj,k�1

Δr

�Dir2kþ1
cið Þj,kþ1� cið Þj,k

Δr
¼0, ð23Þ

where Δr and Δz are the control volume (cell) dimensions. We use the

upwind scheme proposed in reference 37 to describe the concentra-

tion of component i on the boundary of two adjacent cells:

cið Þ 2jþ1ð Þ, 2kð Þ ¼
cið Þj,k , vz >0

cið Þjþ1,k ,vz <0
,

(
ð24Þ

Since the accuracy of the upwind scheme is low, a small discretization

interval size should be used. To address this issue, the exact (analyti-

cal) solution in the z direction obtained for the case of no diffusion is

used to obtain an estimate of the functional form of the dependence

of cið Þ2jþ1,2k on cið Þj,k and cið Þjþ1,k :

∂ vzcið Þ
∂z

¼0)

vzcið Þ2jþ1,2k ¼
vzcið Þjþ1,k� vzcið Þj,k

Δz
z2jþ1� zj
� �þ vzcið Þj,k: ð25Þ

Using Equations (19)–(25), Equation (7) for the lumen and shell

regions' cells takes the following linear form:

aj,k cið Þj,k ¼ ajþ1,k cið Þjþ1,kþaj�1,k cið Þj�1,kþaj,kþ1 cið Þj,kþ1þaj,k�1 cið Þj,k�1þb,

ð26Þ

where aM,N,aMþ1,N,aM�1,N, aM,Nþ1, and b are positive constants.

3.2 | Bijel and support layer regions

Because of the low axial pressure drop and the high momentum

loss in the bijel (membrane matrix) due to flow in intertwined

channels, the axial velocity can be neglected in this region. Thus,

one can write:

ur ¼ LpΔPr , ð27Þ

uz ¼0: ð28Þ

The basic idea behind the developed model in Section 2.2 is that each

phase is continuous. Without the loss of generality, we consider

Equation (16) for the aqueous phase. By integrating Equation (16)

over the control volume (Figure 4), one can write:

�Di
cið Þj,k� cið Þj�1,k

Δz
þDi

cið Þjþ1,k� cið Þj,k
Δz

� �
Δ r2
� �
2

þ �Dir2k�1
cið Þj,k� cið Þj,k�1

Δr
þ rurcið Þ2j,2k�1

� �
Δz

� �Dir2kþ1
cið Þj,kþ1� cið Þj,k

Δr
þ rurcið Þ2j,2kþ1

� �
ΔzþRi

Δ r2
� �
2

Δz

¼0, ð29Þ

The problem with Equation (29) is that the general form of the reac-

tion term, Ri , is nonlinear. As proposed in reference 37, this term

should be linearized as follows:

Ri ¼R�
i þ

∂Ri

∂ci

� ��
ci�c�i
� �

, ð30Þ

where c�i is the value of ci in the previous step of calculation, and

superscript � on a term indicates that the term is calculated based on

c�i . As mentioned in Section 3.1, the values of ci between nodes

(boundary nodes) should be defined. We can use the upwind

F IGURE 4 Cylindrical representation of the spatial discretization
in this work (top: the radial view; bottom: the axial view).
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approach, or we can develop an equation for ci , if higher accuracy is

desired. Using a similar approach as in Equation (25), for the r direc-

tion, one can write:

Di

r
∂

∂r
rur
Di

ci� r
∂ci
∂r

� �
¼0: ð31Þ

Let Per ¼ rur
Di

which Per is the Peclet number in the r direction.

Based on the solution of Equation (31) (ci / rPer ), one can write:

cið Þ2k�1 ¼
rPer2k�1� rPerk�1

rPer2k�1� rPerk

cið Þj,k�1� cið Þj,k
� �

þ cið Þj,k�1: ð32Þ

By using the upwind approach or Equation (32) and the lineariza-

tion reaction term in (30), Equation (29) can be written in the form of

Equation (26). This discretization converts the bijel membrane reactor

equations into a set of linear equations in the form of (26), which can

be solved iteratively.

4 | CASE STUDY

An experimental study by Cha et al.13 showed that bijels can acceler-

ate enzymatic reactions and can enable continuous reactive separa-

tions in enzymatic membrane reactors. Although this investigation

showed promising results, there is very little experimental data from

enzymatic bijel membrane reactors for model validation. The model

developed in this work assumed that the oily and aqueous phases

flow in channels separated by nanoparticles in the bijel; that is, there

is no direct contact between the two phases. However, in a conven-

tional biphasic membrane reactor, the void volume is occupied by

both immiscible phases, and there is a two-phase flow in the mem-

brane, the modeling of which requires considering saturation and cap-

illary pressure.23 Conversely, if the membrane matrix is highly

hydrophobic or highly hydrophilic, then the void volume of the mem-

brane is dominated by one phase, and thus, our model can predict the

membrane behavior satisfactorily (especially when diffusion is

dominant).

To validate our model, we consider the conventional biphasic

membrane reactor containing immobilized β-glucosidase for the

hydrolysis of oleuropein studied in reference 4, in which the effect of

transmembrane flow velocity on the transmembrane reactor conver-

sion was investigated experimentally. We evaluate the accuracy of

our model predictions by comparing the model predictions with the

experimental results reported in reference 4. Nagy et al.9 studied

mathematical modeling of this same membrane reactor. However, as

they did not consider product inhibition in their model, and their

model is lumped, their model predictions are not accurate at high resi-

dence times. Furthermore, although their model predicts the trend of

transmembrane conversion versus transmembrane velocity, their

model cannot predict that the conversion reaches a plateau as the

transmembrane velocity decreased. Herein, we account for spatial

concentration distributions and product inhibition in the model,

improving the accuracy of the model especially at high residence

times.

Mazzei et al.'s experimentally studied the hydrolysis of oleuropein

using immobilized β-glucosidase as the enzyme.4 Figure 5 depicts a

schematic of their membrane structure. Inside the membrane, the fol-

lowing enzymatic reaction occurs:

OleuropeinþWater!AlgyconþGlucose, ð33Þ

which is described by the Michaelis–Menten model of Equation (17).

In reference 4, oleuropein was fed to the membrane module in the

shell side as the substrate, and the hydrophobic product, Algycon, was

extracted by an organic phase flowing in the lumen side. The reaction

took place inside the membrane sponge matrix in which the enzyme

was immobilized on it. The local transmembrane conversion is

defined by:

Conversion¼Ci re,zð Þ�Ci r0,zð Þ
Ci re,zð Þ , ð34Þ

where Ci denotes the reactant concentration.

As the axial pressure drop in a membrane reactor is small30 and

the momentum loss in the membrane matrix is negligible, the axial

velocity in Equation (16) can be ignored. Furthermore, based on

Equation (14), the transmembrane velocity (Ur ) is proportional to the

transmembrane pressure drop. Assuming small pressure drops in the

axial direction implies that Ur is constant in the axial direction. Conse-

quently, Equations (14)–(16) can be used to describe the membrane

region.

F IGURE 5 Schematic of the membrane reactor used in
reference 4.
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The membrane module contains four hollow fiber membranes

with a total void volume of 0:54cm3. The external and internal diame-

ters of the hollow fiber membranes are 1:08�10�3 m and

1:75�10�3 m. Thus, the membrane matrix thickness is 3:55�10�4 m.

In reference 4, a value for the pitch between hollow fibers has not

been reported and as a result, we consider the shell diameter as an

unknown model parameter, which will be estimated from the reported

measurements. The substrate-containing phase enters the shell side

with an axial velocity of 0:35m=s and the inlet concentration of oleur-

opein is 2:5mol=m3. An oily phase named limonene is passed through

the lumen side with an axial velocity of 0:01m=s. In reference 5,

based on a comprehensive experimental kinetics study, the following

Michaelis–Menten model parameter values have been reported:

Rm ¼9:7�10�2 mol= m3 s
� �

and km ¼3:8mol=m3. A value of

0:019mol=m3 estimated from the experimental data reported in refer-

ence 4 has been reported for kI in reference 9. Also, the value of the

diffusion coefficient of the substrate has been calculated in reference

9 as 3:7�10�10 m2=s using the Stokes-Einstein equation. The parti-

tion coefficient can be estimated as the fraction of oily and aqueous

domains on the surface of the membrane.

4.1 | Model validation

The model equations are solved using the solution strategy described

in Section 3. We consider 40 nodes in z direction and 30 nodes for

each region in r direction (90 nodes in total for the z direction) to dis-

cretize the equations. We also increase the number of nodes to 60

and 90 for z and r directions, respectively, to evaluate the dependency

of the numerical results on the mesh size.

Mazzei et al.4 studied the effect of transmembrane pressure

drop on the conversion. They defined the transmembrane

resident time based on the volume of the membrane reactor

and permeate flow rate to explain the effect of transmembrane

pressure drop. They performed experimental studies at

0:007,0:006,0:005,0:004,0:003,and0:0011cm3=s permeate flow

rates that are equivalent to 75,90,116,140,180,and426s resident

times. Based on the reported total void volume of the membrane

module, 0:54cm3, the porosity of each hollow fiber is ε¼0:86. Using

these values, one can calculate the transmembrane velocities at ro:

7:7,6:6,5:5,4:3,3:2,and1:1�10�6 m=s, respectively, where r0 is the

membrane lumen radius. As mentioned earlier, the values of partition

coefficients are considered as the pore fraction on the surfaces of the

membrane, that is, K¼0:86.

Because the shell diameter has not been reported in reference 4,

we considered it as an adjustable (unknown) parameter to be esti-

mated. The best results were obtained for the shell diameter equal to

1:00�10�4 m. Using the reported maximum value of reaction rate for

the membrane reactor in reference 5, the presented model in current

work predictions of the conversion did not agree with the measured

conversions reported in reference 4. The same conversion versus resi-

dent time trend was observed, but conversion values were lower,

which can be attributed to the difference between the immobilized

enzyme concentration inside the membrane in references 5 and 4.

As a result, we use the reported maximum value of reaction rate for

the free enzyme case in reference 5 (Rm ¼9:7mmol=m3 s). As men-

tioned earlier, because enzyme immobilization can enhance the

enzyme activity,2,7 this value for Rm is reasonable. Because of product

removal in the membrane reactor during the reaction, it is expected

that the product inhibition be lower for the membrane reactor in com-

parison to a stirred tank reactor. However, as mentioned earlier, it

cannot be avoided completely. Thus, we consider the product inhibi-

tion coefficient as another unknown model parameter to be esti-

mated. The estimation led to a value of 5mol=m3 for kI, which is

much higher than the calculated value for product inhibition for a stir-

red tank reactor (0:019mol=m3) reported in reference 9, but it shows

that product inhibition should be considered in biphasic membrane

reactors.

Figure 6 compares the model predicted and measured values of

the average transmembrane conversion. This average conversion

was obtained by calculating the mean of the local conversion, given

by Equation (34), along the length. In this and next figures, we sim-

ply refer to this average conversion as transmembrane conversion.

It shows that the model has good prediction accuracy, especially

for high residence time. The model predicts that by increasing the

residence time, reactant conversion in the membrane reactor

increases until it reaches a maximum value. After that, any further

increase in the residence time does not lead to any increase in the

conversion. On the other hand, at low residence times, the model

prediction accuracy is lower, which is not surprising. As we increase

the transmembrane velocity (lowering the residence time), the con-

vection mechanism inside the membrane becomes more important.

However, to reduce the uncertainty and computational load of the

model, we simplify the flow equation into Equation (27). Further-

more, the assumption behind Equations (9)–(11) is that two phases

are co-continuous. While, as the transmembrane velocity is

increased, one phase dominates the membrane region. Thus, the

prediction accuracy of the model for membrane reactors decreases

with increased transmembrane velocity. As membrane reactors

usually work at high conversions, this model can be used reliably in

0.0

0.2

0.4

0.6

0.8

0 200 400 600 800 1000

T
r
a
n
s
m
e
m
b
r
a
n
e
 

C
o
n
v
e
r
s
i
o
n

Residence Time (s)

Model
Prediction

F IGURE 6 Conversion versus residence time in the membrane
reactor. The data points represent the experimental measurements,
and the solid line denotes the model prediction.
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the design and optimization of membrane reactors at these

conversions.

Note that in a bijel membrane reactor, the porous membrane acts

just as a support for the bijel and contains only one phase, and the

bijel has co-continuous conditions. Thus, the accuracy of this bijel

membrane reactor model at high transmembrane velocities is

expected to be satisfactory.

5 | RESULTS AND DISCUSSION

5.1 | Bijel versus conventional biphasic membrane
reactor

In reference 9, a similar mathematical model to the one presented

herein was used to describe a conventional membrane reactor with a

biphasic reaction, and experimental data reported in reference 4 was

used to validate the model. The model in reference 9 was developed

for single-phase flow in a porous medium. As stated earlier, the model

can predict with good accuracy, if the membrane is highly hydropho-

bic or hydrophilic. However, in a biphasic conventional membrane

reactor the void volume is occupied by both aqueous and oily phases,

necessitating a more complex model that accounts for saturation and

capillary pressure concepts.23 Thus, both the model presented herein

and the model in reference 9 should be able to predict the experimen-

tal results in reference 4 adequately well.

In their modeling of a biphasic membrane reactor, Nagy et al.9

assumed that the product inhibition does not occur (i.e., kI ¼∞), which

led to the poor accuracy of their model at high residence times. In a

biphasic membrane reactor, there is no flow within the membrane,

and thus the oily product of the reaction is not removed from the

reaction sites instantaneously, leading to production inhibition. In our

work, kI was estimated to be 5mol=m3.

In the case of the bijel membrane reactor considered in this work,

the reaction occurs on the surface of nanoparticles on which an

enzyme is immobilized. The nanoparticles separate the oily phase

from the aqueous phase. The mass transfer between the two phases

occurs through the tiny pores between the nanoparticles, which in

general may limit the separation rate. We assume that the size of the

product molecules to be smaller than the space between nanoparti-

cles, allowing for easy transport of the product to the oily phases and

instantaneous removal of the product from the reaction sites. Because

of the high specific surface area of nanoparticles at the interface, the

enzyme concentration is likely to be higher in a bijel in comparison to

a membrane matrix. Unlike in a biphasic membrane reactor in which

only a fraction of the membrane thickness should be considered as a

reacting medium, in a bijel reactor the reactant can penetrate the

entire thickness of the membrane homogeneously, and thus the whole

thickness of the medium is available for the reaction.

We use the model to compare reactant conversion in a bijel mem-

brane reactor with that of the conventional membrane reactor simu-

lated in Section 4.1. We assume that in the bijel membrane reactor,

product inhibition does not occur. All the other parameters, including

dimensions, residence times, kinetics parameters, partition coeffi-

cients, and operational conditions are the same. Figure 7 depicts the

results. The model predicts that conversion in the bijel membrane

reactor is higher than that in the membrane reactor, which is in agree-

ment with the experimental results reported in reference 28. It should

be noted that we considered only the effect of product inhibition.

Based on the results of the simulation, the bijel can increase reactant

conversion in conventional membrane reactors by about 20%, which

is of importance in terms of process intensification.

Figure 7 indicates that as the pressure difference across the

membranes decreases (as the residence time increases), the trans-

membrane conversion increases. Note that high pressure drops

result in the impurity of the immiscible phase in the lumen or shell

side (based on the direction of the pressure drop), which may not be

desirable.

5.2 | Bijel membrane reactor analyses

5.2.1 | Effect of design specifications

Based on the simulation results presented in Figure 7, the transmem-

brane conversion in a bijel membrane reactor depends on the trans-

membrane velocity (transmembrane resident time). As the maximum

conversion occurs at low transmembrane velocities, we consider the

transmembrane velocity at r0 to be 1:0�10�7 m=s and study the

effect of design parameters on the maximum conversion in the bijel

membrane reactor.

Based on references 18, 19, the internal microstructure of the

bijel can be tuned during manufacturing, leading to different macro-

scopic properties such as permeability, tortuosity, and surface area.

Better understanding of the dependence of these properties on the

internal microstructure of the bijel requires experimental and/or

microscopic modeling that is out of the scope of the current study.

However, in the “Interface of regions” section, we have proposed a

model that can be used to study the macroscopic effects of

a microstructure-related parameter on the performance of the

reactor.
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F IGURE 7 Comparison of the conversion in a bijel membrane
reactor with that in a conventional membrane reactor.
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5.2.2 | Effect of the bijel surface oily and aqueous
domain fractions

Partition coefficients strongly affect the performance of bijel membrane

reactors. As mentioned in Section 2.5, the aqueous and oily phase

domain fractions on the surface of the bijel membrane dictate the equi-

librium concentrations of species in the bijel region. We describe these

equilibrium concentrations using Equation (18), where the equilibrium

constants Kα,β
i are the aqueous and oily phase domain fractions. As the

surface domain fractions of a bijel can be adjusted during the fabrica-

tion of the bijel,13,16,19 it can be considered a process design parameter.

Here, we study the effect of the aqueous phase partition coeffi-

cient on the transmembrane conversion. To achieve this end, we vary

the aqueous phase partition coefficient in the range of 0:2–0:9

(equivalent to 20%–90% of the aqueous domain fraction). As

Figure 8 shows, the transmembrane conversion is strongly affected by

the reactant-side (aqueous phase in this case) partition coefficient. At

low partition coefficients, which is equivalent to low aqueous domain

fractions on the shell surface, the concentration of reactant is low at

the boundary. Because the mass transfer inside a bijel is mainly via dif-

fusion, the reactant concentration is low in the whole domain of the

bijel, which leads to low reaction rates. As the aqueous domain frac-

tion increases, the reactant concentration increases in the bijel, which

results in a higher reaction rate and transmembrane conversion. This

indicates that the surface domain fractions of a bijel should be tuned

during the fabrication process based on the reactions that will occur

in the bijel membrane. This indicates that the surface domain fractions

of a bijel should be tuned during the fabrication process based on the

reactions that will occur in the bijel membrane.

5.2.3 | Effect of bijel thickness

We study the effect bijel thickness on the transmembrane conversion

over a bijel thickness range of 8:4�10�5 m to 6:7�10�4 m. The

lumen diameter is considered to be 1:08�10�3 m. As Figure 9 shows,

the transmembrane conversion increases as the bijel thickness

increases in a limited range of relative thickness, which is not surpris-

ing. By increasing the thickness, the volume of the reacting region

increases, and therefore the conversion increases. The conversion pla-

teau at high bijel thicknesses can be explained based on the available

surface area on the shell side. By increasing the thickness of bijel, the

shell surface area to reactor volume ratio decreases. As a result, by

increasing the membrane thickness, the reactant flow to reactor vol-

ume ratio decreases, and the rate of increase in transmembrane con-

version decreases. Thus, the bijel membrane thickness can be

considered as a design parameter for optimization purposes.

5.2.4 | Effect of the lumen diameter

We study the effect of the lumen diameter on the transmembrane

conversion over a lumen diameter range of 1:35�10�4 m to

2:70�10�3 m. The bijel membrane thickness is considered to be

3:35�10�4 m. Figure 10 shows that by increasing the lumen radius in

a wide range, the transmembrane conversion increases. Because the

bijel thickness is constant, by increasing the lumen radius the volume
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F IGURE 8 Effect of the aqueous phase partition coefficient on
the transmembrane conversion.
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F IGURE 9 Effect of bijel thickness on the transmembrane
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F IGURE 10 Effect of the lumen radius on the transmembrane
conversion.
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of the reacting region increases. As a result, the transmembrane con-

version increases. The lower increase of conversion with increased

lumen radius at high lumen radiuses is due to the fact that at high vol-

umes, the reactant flow to reactor volume ratio is low, and thus, the

conversion increases less with increased lumen radius. This study indi-

cates that the lumen radius can also be considered as a design param-

eter for bijel membrane reactors.

As Figures 9 and 10 show, the performance of the bijel membrane

reactor is affected by both the lumen radius and the bijel thickness.

Figure 11 is a 3D graph that depicts how these important variables

affect the performance of the bijel reactor. As seen in this figure, the

bijel thickness has a stronger effect on the bijel reactor performance

than the lumen radius. This implies that the lumen radius should be

set based on the feasibility of the bijel manufacturing process, and the

bijel thickness should be considered as a decision variable to achieve

desirable performance.

5.2.5 | Effect of reactor length

We study the effect of the reactor length on the transmembrane

conversion over a reactor length range of 2:1�10�2 m to

5:25�10�1 m. Figure 12 shows that the transmembrane conversion

does not change substantially over the reactor length range. By

increasing the reactor length, the concentration of the reactant at the

end of the reactor decreases. As a result, at the end section of the

bijel, there is a slight decrease in the reactant concentration (slight

increase in the transmembrane conversion). It should be noted that a

high axial velocity of 0.35m/s was considered for the reactant flow

on the shell side. Consequently, the reactant concentration does not

change appreciably over the range of reactor length. If we decrease

the axial velocity of the reactant, the effect of reactor length would

be more significant.

5.2.6 | Effect of operation conditions

The transmembrane pressure drop, reactant inlet concentration,

and shell side flow velocity are the operating conditions in the

system. It should be noted that in an enzymatic reaction, pH and

temperature are also important operational parameters. How-

ever, pH and temperature are usually kept constant using tight

temperature and pH control. The effect of transmembrane pres-

sure drop was studied in Section 5.1. Like in Section 5.2. we

assume a transmembrane velocity at r0 of 1:0�10�7 m=s in this

section.

5.2.7 | Effect of reactant inlet concentration

We study the effect of the reactant inlet concentration over a con-

centration range of 0:25 to 25mol=m3. As Figures 13 and 14 depict,

by increasing the inlet concentration, the transmembrane conversion

decreases, but the product concentration increases. Based on the

Michaelis–Menten model, at low reactant concentrations, the reaction

can be considered as a first-order reaction, but at high concentrations,

the order is zero. Thus, the reactant inlet concentration is an effective

operating parameter to optimize the reactor performance.

5.2.8 | Effect of shell-side flow axial velocity

The effect of the shell-side flow axial velocity on the transmembrane

conversion is studied by over the axial velocity range of

0:035– 1:75m=s. Figure 15 shows that the shell-side axial velocity

has a negligible effect on the transmembrane conversion, which is

not surprising. The main mechanism for the mass transfer from the

shell-side flow to the bijel is diffusion. For low axial velocities,

F IGURE 11 3D view of the effect of the lumen radius and the
bijel thickness on the.
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F IGURE 12 Effect of bijel membrane reactor length on the
transmembrane conversion.
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because of higher axial residence time, the concentration of reac-

tant is lower near the outlet. As a result, the transmembrane con-

version in the bijel near the end of the reactor decreases very

slightly. Thus, the shell-side flow axial velocity is not a good opti-

mization parameter.

Both the reactor length and the axial velocity in the shell side

strongly affect the residence time of the shell-side stream, as the

transmembrane conversion was obtained by averaging the local

transmembrane conversion. The 3D plot in Figure 16 shows how

these variables affect the transmembrane conversion. Equation (18)

describes the dependence of the concentration of the reactant on

the outer surface of the bijel on the concentration of the reactant

in the shell side. By decreasing the shell-side velocity or increasing

the length of the reactor, the shell-side reactant concentration

near the outlet of the reactor decreases. As a result, based on

Equation (18), the reactant concentration decreases in the bijel

medium at the end of the reactor, and based on Equation (17) the

reaction rate decreases. Consequently, there is a decrease in the

transmembrane conversion.

6 | SUMMARY AND CONCLUSIONS

This study provided a mathematical framework for the develop-

ment of process models for bijel membrane reactors. An efficient

numerical solution strategy to solve the model equations was

proposed. The case study showed that the developed model can

predict the behavior of a real biphasic membrane reactor accu-

rately. It was assumed that phases are co-continuous in the

membrane region, which is a valid assumption, given the bijel

structure. The simulation results show how the process design

and operation parameters of a bijel membrane reactor should be

adjusted to improve the performance of the reactor. The simula-

tion study showed the strong effects of the aqueous and oily

phase bijel surface domain fractions on the performance of the

bijel reactor. This points to the importance of tuning these prop-

erties during bijel manufacturing. As the bijel membrane reactor

technology is in its infancy, developing a mathematical model

and providing a suitable solution method for solving the model

equations are timely. The developed mathematical framework

has applications in the scale-up, design, optimization, and control

of bijel membrane reactors.
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