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ABSTRACT 
A Landau-Devonshire thermodynamic energy density function for wurtzite aluminum scandium 
nitride (Al1-xScxN) solid solution is developed. It is parametrized using available experimental 
and theoretical data, enabling the accurate reproduction of composition-dependent ferroelectric 
properties, such as spontaneous polarization, dielectric permittivity, and piezoelectric constants, 
for both bulk and thin films. The maximum concentration of Sc for the wurtzite structure to 
remain ferroelectric is found to be 61 at%. A detailed analysis of Al1-xScxN thin films reveals 
that the ferroelectric phase transition and properties are insensitive to substrate strain. This study 
lays the foundation for quantitative modeling of novel ferroelectric wurtzite solid solutions. 
 
1. INTRODUCTION 
Recent demonstrations of wurtzite ferroelectrics based on AlN1 and ZnO2 have focused on 
their large remanent polarization (~ 100 μC cm-2), which provide an increased memory window 
for neuromorphic computing applications. Structurally, the wurtzite crystal structure (space 
group P63mc) exhibits an intrinsic spontaneous polarization along its c-axis, which is very 
difficult to reversibly switch through application of an electric field3. Substitutional alloying of 
non-ferroelectric rocksalt phases such as ScN in AlN1 and MgO in ZnO2 are thought to increase 
their structural disorder to facilitate polarization switching, and have been observed to 
significantly improve ferroelectric properties, including large remanent polarizations (~100 μC 
cm-2) and an almost ideal square-like hysteresis1. 

The ferroelectric properties of wurtzite-rocksalt alloys such as AlScN are of great interest due to 
their potential integration with semiconductor technologies. Aluminum scandium nitride (Al1-

xScxN), for example, offers a seamless fit with GaN technology and holds promise for 
potential CMOS back-end-of-line integration4. Furthermore, the material’s scalability down to 
5 nm 5 positions ferroelectric Al1-xScxN as an ideal candidate for the next generation of three-
dimensional computing architecture, which could operate at low voltages and achieve higher 
memory densities. Such advancements promise faster computing speed and substantial energy 
savings. While these properties have implications for wide-ranging device applications from 
non-volatile memory to MEMS technologies, there are many remaining questions about 
ferroelectric behavior in wurtzite materials. 
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The absence of a reliable thermodynamic description under electric fields and strain is a 
significant challenge towards understanding the dynamics of ferroelectric switching in wurtzite 
ferroelectrics. The phase stability of Al1-xScxN shows a complex dependence on Sc 
concentration. First, there is a structural transition from wurtzite to rocksalt at 30~40 at% Sc6,7. 
Second, there exists a limited composition range within which the wurtzite solid solution phase 
remains ferroelectric. On the wurtzite-rich region, the material typically becomes very difficult to 
switch due to the dielectric breakdown under a high field, and on the rocksalt-rich region, there 
can be structural instabilities such as compositional segregation or phase separation7. 
Determining this composition range typically requires a combination of extensive experimental 
work and first-principles calculations8,9.  
In this work, we develop a thermodynamic energy density function for wurtzite ferroelectric Al1-

xScxN single crystals. Utilizing this thermodynamic energy density function, we aim to bridge 
the knowledge gap concerning the influence of composition and strain on ferroelectric 
properties, i.e., the couplings among chemical, mechanical, and ferroelectric orders. This 
research does not only fill a crucial theoretical gap but also sets a foundation for developing 
thermodynamic energy density functions for a broader class of wurtzite-type ferroelectrics.  
 
2. THERMODYNAMIC ENERGY DENSITY FUNCTION 
We consider the simple case of a single substitutional alloying component of Sc on the Al 
sublattice, and the amount of Sc is described by the composition 𝑥. We adopted a six-order 
polynomial expression for the Landau-Devonshire energy density function. Using the high 
temperature paraelectric state as the reference, the free energy density of the ferroelectric state as 
a function of composition 𝑥, ferroelectric polarization 𝑃𝑖, and strain 𝜀𝑖𝑗 is expressed by 

𝑓(𝜀, 𝑃) = 𝛼𝑖𝑗(𝑥)𝑃𝑖𝑃𝑗 + 𝛾𝑖𝑗𝑘𝑙𝑃𝑖𝑃𝑗𝑃𝑘𝑃𝑙 + 𝜔𝑖𝑗𝑘𝑙𝑚𝑛𝑃𝑖𝑃𝑗𝑃𝑘𝑃𝑙𝑃𝑚𝑃𝑛 +
1

2
𝑐𝑖𝑗𝑘𝑙(𝜀𝑖𝑗 − 𝜀𝑖𝑗

0 )(𝜀𝑘𝑙 − 𝜀𝑘𝑙
0 )       
(1) 

where 𝛼𝑖𝑗, 𝛾𝑖𝑗𝑘𝑙, and 𝜔𝑖𝑗𝑘𝑙𝑚𝑛 are the Landau expansion coefficients measured under the stress-
free boundary conditions, 𝑐𝑖𝑗𝑘𝑙 represents elastic stiffness tensor, and 𝜀𝑖𝑗0  denotes the eigenstrain 
or spontaneous strain which is related to the spontaneous polarization. Under the stress-free 
condition, 𝜎𝑖𝑗 = 0, the spontaneous strain is determined by the relative lattice parameter 
differences between the ferroelectric state and the paraelectric state both under the stress-free 
conditions and related to the spontaneous polarization through the electrostrictive effect, i.e.,  

𝜀𝑖𝑗
0 = 𝑄𝑖𝑗𝑘𝑙𝑃𝑘𝑃𝑙                                                                          (2)  

where 𝑄𝑖𝑗𝑘𝑙 is the electrostrictive tensor.  
We chose the layered hexagonal structure (space group P63/mmc) as the unpolarized high 
symmetry centrosymmetric reference structure10 because it is the intermediate structure when 
polarization vanishes during the switching between two wurtzite polar states (Fig. 1). 
Accordingly, the eigenstrain 𝜀𝑖𝑗0  can also be deduced from the stress-free lattice constants (a and 
c) of the layered hexagonal structure and wurtzite structure, as shown below: 
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with subscripts 𝑊 and 𝐻 indicating wurtzite and layered hexagonal structures, respectively.  
Given that there are no spontaneous polarization components along the a- and b-axes in wurtzite 
structures (𝑃1 = 𝑃2 = 0, 𝑃3 ≠ 0), the stress-free free energy density is simplified to 

𝑓(𝑥, 𝑃3) =
1

2
𝛼(𝑥)𝑃3

2 +
1

4
𝛾𝑃3

4 +
1

6
𝜔𝑃3

6                                                     (4) 
where all the coefficients are considered composition-independent except for 𝛼, which is 
assumed to vary linearly with Sc concentration 𝑥, such that 𝛼 = 𝛼0(𝑥 − 𝑥𝑐), where 𝑥𝑐 is the 
critical concentration. This linear dependency is analogous to the temperature-induced 
ferroelectric phase transition in the conventional Landau-Devonshire model of ferroelectrics, 
where the coefficient of second-order term is linearly dependent on temperature, i.e., 𝛼 =
𝛼𝑇(𝑇 − 𝑇0). However, given the Curie temperature (𝑇0) of Al1-xScxN exceeds 1000 °C11, small 
temperature variations at ambient conditions have a minimal impact on the its properties. 
Therefore, the temperature effect is not considered in this work since we focus on room 
temperature applications.  
 

 
Figure 1. Free energy as a function of polarization of Al1-xScxN. The structures associated with 

respective polarization states are displayed schematically. a and c are lattice parameters, and u is 
the internal structure parameter. The layered hexagonal structure corresponds to the non-polar 

state. 
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The coefficients obtained are listed in Table 1. Values for 𝛼, 𝛾, and 𝜔 were determined using the 
properties of pure AlN, including dielectric constant12, spontaneous polarization10, and the free 
energy difference between wurtzite and layered hexagonal structures12. The critical concentration 
above which the material ceases to be ferroelectric, 𝑥𝑐, was derived using the polarization values 
calculated from first-principles calculations8,13–15. The elastic stiffness constants and the 
electrostrictive constants, applicable to 𝑥 ≤  0.5, were from literature16 and fitting17, respectively. 
 

Table 1. Coefficients of the Landau-Devonshire Potential 
Coefficient Value Unit 

𝛼0 5.50378 GJ m C-2 
𝛾 0.149031 GJ m5 C-4 
𝜔 0.928609 GJ m9 C-6 
𝑥𝑐 0.6115 1 
𝑐11 285.12𝑥 + 396(1 − 𝑥) − 238.39𝑥(1 − 𝑥) GPa 
𝑐12 180.75𝑥 + 137(1 − 𝑥) + 11.23𝑥(1 − 𝑥) GPa 
𝑐13 141.7𝑥 + 108(1 − 𝑥) + 51.59𝑥(1 − 𝑥) GPa 
𝑐33 −155.17𝑥 + 373(1 − 𝑥) + 95.49𝑥(1 − 𝑥) GPa 
𝑐44 176.44𝑥 + 116(1 − 𝑥) − 158.8𝑥(1 − 𝑥) GPa 
𝑐66 52.19𝑥 + 129.5(1 − 𝑥) − 124.81𝑥(1 − 𝑥) GPa 
𝑄13 −0.00869634 − 0.0330153𝑥 + 0.12487𝑥2 − 0.335742𝑥3 m4 C-2 
𝑄33 0.0203677 + 0.101335𝑥 − 0.389369𝑥2 + 1.07336𝑥3 m4 C-2 

Note: 𝑐66 = (𝑐11 − 𝑐12)/2  
 
3. PROPERTIES OF STRESS-FREE SINGLE CRYSTALS 
By minimizing the stress-free density function with respect to the ferroelectric polarization under 
zero electric field and zero stress, we obtain the magnitudes of ferroelectric spontaneous 
polarization 𝑃𝑠𝑝, 

𝑃𝑠𝑝 = 𝑃3 = (
−𝛾±√𝛾2−4𝛼𝜔

2𝜔
)

1

2

                                                       (5) 

Fig. 2(a) shows the variation of spontaneous polarization as a function of Sc concentration in the 
AlxSc1-xN solid solution. As 𝛼, 𝛾, and 𝜔 are all positive, the ferroelectric transition occurring at 
𝑥𝑐 is second order, as indicated by the continuous decrease of 𝑃𝑠𝑝 to zero at 𝑥𝑐. 
The relative permittivity (dielectric constant, 𝜖𝑟), obtained by the second derivative of the free 
energy density function with respect to 𝑃3, is expressed as 

𝜖𝑟 = 1 + 𝜒33 = {
1 + (𝛼𝜅0)

−1                         𝑥 > 𝑥𝑐, Non − ferroelectric state 

1 − (4𝛼 + 2𝛾𝑃𝑠𝑝
2 )
−1
𝜅0
−1    𝑥 < 𝑥𝑐 , Ferroelectric state              

            (6) 

where 𝜅0 is the vacuum permittivity, and 𝜒33 is the reciprocal dielectric susceptibility component 
along c-axis. Fig. 2(b) plots the relative permittivity as a function of Sc concentration, revealing 
a divergence at 𝑥𝑐. To the left of plot (𝑥 < 𝑥𝑐), the ferroelectric phase is stable. The curve to the 
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right of 𝑥𝑐 represents the relative permittivity of the non-ferroelectric phase. The divergence of 
the relative permittivity here is similar to the behavior of conventional ferroelectric materials at 
their Curie temperatures, which can be explained by the flattening of the overall energy 
landscape18. Experimental confirmation is needed to validate this predicted dielectric anomaly. 
Combining relative permittivity, spontaneous polarization and electrostrictive coefficient, the 
piezoelectric constant can be calculated using the following expressions, 

𝑑31 = 𝑑32 = 2𝜅0𝜒33𝑄31𝑃3                                                             (7a) 
𝑑33 = 2𝜅0𝜒33𝑄33𝑃3                                                                 (7b) 

Fig. 2(c) depicts the dependency of piezoelectric constant d31 and d33 on Sc concentration. The 
magnitudes of both piezoelectric constant components increase with Sc concentration. Since the 
piezoelectric constants are proportional to the corresponding relative permittivity, the 
piezoelectric constants also increase dramatically as the Sc concentration approaches the critical 
concentration 𝑥𝑐. Hence, piezoelectric coefficients are expected to reach maxima around 𝑥𝑐 as 
well. The piezoelectric constants calculated by Caro et al 19 are plotted for comparison, which 
show a similar trend as a function of Sc concentration.  
Using Eq. (2), the spontaneous strain for Al1-xScxN can be calculated by, 

 

𝜀11
0 = 𝜀22

0 = 𝑄13𝑃3
2, 𝜀33

0 = 𝑄33𝑃3
2                                                                (8) 

 
Fig. 3(a) shows the spontaneous strain components 𝜀110  and 𝜀330  as functions of Sc concentration. 
Both components increase with Sc concentration. By combing Eq. (3) and (8), the lattice 
parameters for the reference layered hexagonal structure are calculated using the following 
derived relationship, 
 

𝑎𝐻 = [2𝑄13 (
−𝛾±√𝛾2−4𝛼𝜔

2𝜔
) + 1]

−1/2

𝑎𝑊                                           (9a) 

𝑐𝐻 = [2𝑄33 (
−𝛾±√𝛾2−4𝛼𝜔

2𝜔
) + 1]

−1/2

𝑐𝑊                                            (9b) 

 
These lattice parameters are compared to those of wurtzite structures in Fig. 3(b). Since the 
lattice parameters of reference layered hexagonal structure are crucial for evaluating external 
strain, such as the epitaxial strain from the substrate for the thin film form, we fitted their 
dependence on Sc concentration using a third-order polynomial. Table 2 enumerates the lattice 
parameters for both the wurtzite16 and the layered hexagonal structures as functions of Sc 
concentration 𝑥, for the range of 0 < 𝑥 < 0.5. 
 

Table 2. Lattice Parameters of the Wurtzite Structure and the Layered Hexagonal Structure as 
Functions of Sc Concentration x (0 < 𝑥 < 0.5). 

 Lattice parameter (Å) 
aW

16 3.741𝑥 + 3.11(1 − 𝑥) − 0.242𝑥(1 − 𝑥) 
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cW
16 4.245𝑥 + 4.994(1 − 𝑥) + 1.114𝑥(1 − 𝑥) 

aH 3.16412 + 0.415497𝑥 + 0.349071𝑥2 + 0.0514072𝑥3 
cH 4.80236 + 0.259264𝑥 − 1.74924𝑥2 + 0.267878𝑥3 

 

 
Figure 2. Ferroelectric properties of stress-free wurtzite Al1-xScxN single crystals as functions of 

Sc concentration. (a) Spontaneous polarization. Symbols are taken from Furuta8, Noor-A-
Alam13, Wang15, and Clima14. (b) Relative permittivity. The dashed line indicates the critical 

concentration xc. (c) Piezoelectric coefficients. The dashed lines are from Caro et al 19. 
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Figure 3. (a) Spontaneous strain of wurtzite Al1-xScxN single crystals as a function of Sc 

concentration. (b) Lattice constant of wurtzite and reference layered hexagonal Al1-xScxN single 
crystals as a function of Sc concentration. Symbols are taken from Akiyama et al’s20 and 

Ambacher et al’s16 experiments.  
 

4. EFFECTS OF STRAIN ON THE PROPERTIES OF AL1-XSCXN THIN FILM 
As the applications of Al1-xScxN are centered around the scaling of ferroelectric memory devices 
and electromechanical sensors and actuators for MEMS devices, existing Al1-xScxN growth has 
largely been focused on thin films. In this section, we apply the developed thermodynamic 
energy density function to explore the properties of Al1-xScxN in thin film form. 
Under the biaxial thin film boundary condition21, we have 

𝜀11 = 𝜀22 = 𝜀𝑆, 𝜀12 = 𝜀21 = 0, 𝜎13 = 𝜎23 = 𝜎31 = 𝜎32 = 𝜎33 = 0                       (10) 
Solving Eq. (10) gives us 

𝜎11 = 𝜎22 = (𝑐11 + 𝑐12 −
2𝑐13
2

𝑐33
) (𝜀𝑆 − 𝜀1

0)                                               (11) 

Thus, the expression for total energy density becomes 

𝑓 =
1

2
𝛼′𝑃3

2 +
1

4
𝛾′𝑃3

4 +
1

6
𝜔𝑃3

6 + (𝑐11 + 𝑐12 −
2𝑐13
2

𝑐33
) 𝜀𝑆

2                                (12) 
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where 𝛼′ = 𝛼 − 4(𝑐11 + 𝑐12 −
2𝑐13
2

𝑐33
) 𝜀𝑆𝑄1133, and 𝛾′ = 𝛾 + 4(𝑐11 + 𝑐12 −

2𝑐13
2

𝑐33
)𝑄1133

2 . Hence, 

the critical Sc concentration as a function of substrate strain 𝜀𝑆 is given by 

𝑥𝑐
′ = 𝑥𝑐 + 4(𝑐11 + 𝑐12 −

2𝑐13
2

𝑐33
)
𝑄1133

𝛼0
𝜀𝑆                                             (13) 

The ferroelectric phase diagram of wurtzite Al1-xScxN is constructed with Sc concentration and 
biaxial substrate strain 𝜀𝑆 as variables. As shown in Fig. 4, the phase boundary between 
ferroelectric and non-ferroelectric wurtzite shifts slightly at around x ~ 0.6 Sc concentration and 
is moderately affected by the substrate strains up to 10% compressive strain. It should be noted 
that the calculated ferroelectric phase diagram is based on the extrapolation of elastic stiffness 
constants and electrostrictive coefficient, which are valid up to an Sc concentration of 𝑥 < 0.5. 
In addition, a rocksalt phase may also appear at 30~40 at% Sc regions6,7, which is not considered 
in the current thermodynamic potential but could potentially be addressed using the CALPHAD 
model22. Future experimental work is needed to verify this phase diagram for Al1-xScxN wurtzite 
ferroelectric thin films.  
 

 
Figure 4. The substrate strain-composition phase diagram for Al1-xScxN wurtzite ferroelectric 

thin films. 
 
With the renormalized Landau expansion coefficients 𝛼′ and 𝛾′ under the thin film boundary 
condition, the combined effects of biaxial substrate strain and Sc concentration on the 
spontaneous polarization, relative permittivity, and piezoelectric constant are evaluated using Eq. 
(12). As the strain states of the grown thin films are mostly unavailable, we calculated the thin 
film properties for substrate strains ranging from -8.0% to 0%.  As shown in Fig. 5, the 
calculated spontaneous polarization, relative permittivity, and piezoelectric constant are in good 
agreement with thin film experimental data1,8,13–15,23–26, although they were not used for the 
fitting of the energy density function. The Sc concentration strongly affects the spontaneous 
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polarization, relative permittivity, and piezoelectric constant. The biaxial substrate strain does 
not show a strong influence on ferroelectric properties, especially the relative permittivity and 
the piezoelectric coefficients, in contrast to many perovskite ferroelectric thin films27,28. This 
limited influence is primarily attributed to the significantly larger magnitude of the second-order 
Landau coefficient 𝛼, which is approximately two orders of magnitude greater than that of well-
known perovskite ferroelectrics, such as BaTiO3

29,30. Therefore, the strain effect intensifies only 
as 𝑥 approaches 𝑥𝑐, where the magnitude of 𝛼 dramatically decreases. Both relative permittivity 
and piezoelectric constants show sharp increases as x approaches xc, with their maxima occurring 
at lower substrate strains. Increased, compressive substrate strain tends to level out the variations 
in both relative permittivity and piezoelectric coefficients. 

 
Figure 5. The properties of Al1-xScxN wurtzite ferroelectric thin films. (a) Spontaneous 

polarization as a function of Sc concentration. Symbols are taken from Fichtner 1 and Yasuoka23. 
(b) Relative permittivity as a function of Sc concentration. Symbols are taken from Akiyama31, 
Kurz32, Wingqvist33, Yanagitan34, Zhu3 and Wolff35.  (c) Piezoelectric constants as a function of 
Sc concentration. Symbols are taken from Umeda24, Mayrhofer25, and Akiyama26. (d) Relative 

permittivity as a function of biaxial strain. All the solid and dashed lines are from our 
calculations. The line colors in (a-c) indicate different substrate strains, i.e., -8.0% (red), -6.0% 

(blue), -4.0% (orange), -2.0% (green), and 0 (purple), as indicated in (a).  
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5. CONCLUSIONS  
In this work, we developed a Landau-Devonshire free energy density function for aluminum 
scandium nitride Al1-xScxN using a layered hexagonal structure as the high-symmetry 
centrosymmetric reference state. By assuming that the second-order Landau coefficient is 
linearly dependent on the Sc concentration, the energy function accounts for the compositional 
effects on the total free energy. The parameters of the thermodynamic energy function are fitted 
to existing experimental and theoretical data. With composition-dependent elastic stiffness 
constants and electrostrictive coefficients, the free energy density function accurately reproduces 
the ferroelectric properties, including spontaneous polarization, relative permittivity, and 
piezoelectric coefficients. A divergence in the relative permittivity was observed at the critical 
composition where the ferroelectric transition occurs. We analyzed Al1-xScxN thin films 
considering the effects of biaxial substrate strain and found that the strain has a minimal effect on 
the critical composition or the phase boundary between ferroelectric and non-ferroelectric 
wurtzite phases. This work demonstrates the feasibility of applying this composition-dependent 
Landau-Devonshire energy function to describe novel wurtzite-type ferroelectric solid solutions. 
This developed Landau-Devonshire energy function provides a starting point to quantitatively 
model Al1-xScxN and can be further implemented in more complicated models such as the phase-
field, allowing for the potential quantitative study of inhomogeneous ferroelectric switching and 
finite size effects which will stimulate the advancement and incorporation of these promising 
materials in microelectronic devices. 
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