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A B S T R A C T

Decentralized traffic signal control methods, such as max-pressure (MP) control or back-pressure
(BP) control, have gained increasing attention in recent years. MP control, in particular,
boasts mathematically-proven network throughput properties, enabling it to optimize network
throughput and stabilize vehicle queue lengths whenever possible. Urban traffic volume is
dynamic and features a non-uniform distribution throughout the network. Specifically, heavier
traffic is often observed along arterial corridors or major origin–destination streams, such
as those in central business districts (CBD), while less traffic is found on sub-arterial roads.
To address these issues, many existing signal plans incorporate coordinated signal timing.
Numerous previous studies have formulated signal coordination optimization as mixed-integer
programming problems, with most belonging to centralized traffic signal controller categories.
However, centralized approaches do not scale well to larger city networks. In this paper, we
introduce a novel max-pressure signal control approach called Smoothing-MP, which considers
signal coordination in urban networks to achieve both maximum vehicle stability and reduced
travel time and delay along specific urban corridors, without altering the original stable region
proposed by Varaiya (2013). This study represents a pioneering effort in modifying max-pressure
control to incorporate signal coordination. Crucially, this policy retains the decentralized
characteristic of the original max-pressure control, relying exclusively on local information
sourced from upstream and downstream intersections. To evaluate the proposed Smoothing-MP
control, we executed simulation studies on two different types of networks, the Downtown
Austin Network and a Grid Network. The results unequivocally show that Smoothing-MP
matches the maximum throughput of the original MP control. Moreover, it significantly reduces
both travel time and delay along coordinated corridors. This dual accomplishment underscores
the efficacy and potential advantages of the Smoothing-MP control approach.

1. Introduction

Traffic signal lights have been in use for over 100 years since the first colored traffic light was introduced in England in the
9th century (Webster, 1958). The goals of installing traffic signal controls include providing orderly vehicle movements, reducing
onflicts, increasing traffic capacity at intersections, assigning right-of-way to increase driver confidence, reducing congestion, and
ore. Currently, there are two main types of traffic signal controllers widely used in cities. The first is fixed-time control, which
equires historical traffic information to create signal timing plans. The other is actuated or adaptive signal controllers, which
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rely on sensors such as loop detectors and video detectors. However, as traffic volumes increase, traffic systems require more
advanced traffic signal controllers, particularly network-level traffic signal controllers for urban traffic networks. Most existing traffic
signal controllers are centralized, meaning that signals across a network are controlled together. A consequence of that approach
is that the computation time increase drastically as the network size increases. Therefore, traffic signal researchers have begun
to focus on decentralized traffic signal controllers. Max-pressure (MP) control, also known as back-pressure (BP) control, is one
such decentralized traffic signal control policy that has gained attention since (Varaiya, 2013) first proposed it for traffic signal
control. It is worth noting that Tassiulas and Ephremides (1990) initially proposed the MP policy in communication and power
ystems before (Varaiya, 2013) introduced it into traffic signal control. MP control has two main advantages: provable maximum
hroughput for demand that can be served by any other signal control, and a well-designed decentralized structure. This means that
P control’s decision-making relies only on information from upstream and downstream, allowing for excellent scalability.
Traffic patterns are not uniformly distributed throughout city networks. For example, in New York City, the most congested

treet is the Brooklyn-Queens Expressway, which experiences more daily congestion than other roads. Urban and traffic planners
ecognize that arterial corridors attract a significant portion of traffic demand in urban areas due to mixed land-use development,
hich includes business centers, parking lots, shopping malls, and sports and recreational areas. Therefore, arterial corridors
equire proper signal timing to reduce the number of stops and vehicle delays, providing smooth operation for vehicles traveling
hrough these corridors. Traffic operational efficiency is vital for arterial corridors. Along arterial corridors, numerous continuous
ignalized intersections exist. If traffic lights can coordinate with one another to provide continuous green lights for vehicles
raveling at appropriate speeds, the average number of stops and delays can be significantly reduced. This concept is called signal
oordination (Feng, 2015).
Numerous previous research papers have demonstrated that traffic systems can benefit from proper signal coordination design

trategies (Ma et al., 2018b; Yao et al., 2019; Yue, 2020). National Academies of Sciences, Engineering, and Medicine et al. (2015)
tated that the purpose of coordinating traffic signals is to facilitate smooth traffic flow along streets and highways, ultimately
educing travel times, stops, and delays. In recent decades, the field of signal coordination has evolved significantly, moving beyond
raditional methods to more sophisticated approaches. Early systems, such as MAXBAND, proposed by Little et al. (1981), played a
oundational role in optimizing bandwidth along arterial corridors. However, these methods, including TRANSYT (Traffic Network
tudy Tools), faced limitations in complex traffic scenarios, as noted in studies like (Zhang et al., 2016; Arsava et al., 2018; Ma et al.,
018b; Zhang et al., 2015). To address these challenges, researchers have introduced advanced methods. For instance, MULTIBAND
y Gartner et al. (1991) and AM-BAND by Zhang et al. (2015) offered more adaptable bandwidth coordination, while PM-BAND
y Ma et al. (2018b) and OD-NETBAND by Arsava et al. (2018) integrated specific traffic elements like transit vehicles and major
rigin–destination flows. Despite these advancements, most research has remained focused on single arterial corridors. There is a
rowing recognition, as highlighted by Yan et al. (2019) and Zhang et al. (2016), of the need to expand signal coordination to
etwork and area-wide levels. This shift is crucial, especially since existing policies, often framed as mixed-integer programs, lack
calability for larger city networks.
The MP control, a well-designed decentralized signal controller with provable maximum throughput, has attracted our attention.

owever, it has some limitations, such as activating signals in an arbitrary order (Levin et al., 2020). Some researchers have
ttempted to enhance the original MP control by designing a cyclic structure, as seen in papers such as (Le et al., 2015; Levin et al.,
020). Other studies suggest that travel time or travel delay-based pressure calculations are more accurate and easier to implement
n practical situations than the original queue-length based pressure calculation (Mercader et al., 2020; Liu and Gayah, 2022). MP
ontrol was modified for transit signal priority (Xu et al., 2022a) and pedestrian access (Xu et al., 2024a). However, no research
as yet integrated both MP control and signal coordination. It is important to note that MP control also falls under the category of
ctuated or adaptive signal control, as it relies on traffic sensors installed on upstream and downstream roads. Furthermore, Das et al.
2022) indicates that coordination can be integrated with both fixed-time and actuated traffic signal control. Actuated coordination
ffers more advantages compared to fixed-time coordination due to its ability to respond to dynamic traffic demand on a cycle-
y-cycle basis. This insight has inspired us to investigate the potential benefits of combining MP control and signal coordination
o develop a novel, network-level friendly, signal-coordinated strategy. Most importantly, feedback from Hennepin County and
innesota Department of Transportation engineers repeatedly included a desire to add coordination into MP control. If MP control
acks coordination, then MP control could be a step backwards compared to current traffic signal timings.
Researcher may claim that, MP control is only proven to be a system stabilizer, i.e. it serves all demand whenever any other

ontrol could serve it, and it does not achieve any optimality in terms of the delay of traffic. Consequently, we are not surprised
hat network control with optimization formulations could outperform MP control in delay, such as Su et al. (2021)’s research.
owever, The downside of optimization formulations is that the problem is inherently stochastic due to turning proportions and
ntering vehicles, but the Markov decision process cannot be solved to optimality due to the curse of dimensionality as stated by Su
t al. (2021). Therefore it is not clear whether their approach or others achieve the same level of stability as MP control. Our goal
s to balance the two approaches: find a control that has the same stability properties as MP control but has better delay than prior
P control work by integrating standard signal timing practice.
The contributions of this paper are as follows: (1) We modify (Varaiya, 2013)’s max-pressure control policy to include signal

oordination for the first time to develop Smoothing-MP. (2) We analytically prove the max-pressure control policy including signal
oordination can also achieve maximum throughput at the network level without changing the stable region of the original MP
ontrol (Varaiya, 2013). (3) We implement our simulation using the Downtown Austin Network and a Grid Network with selected
oordinated corridors.
2



Transportation Research Part C 166 (2024) 104760T. Xu et al.

a

The remainder of this paper is organized as follows: Section 2 summarizes the related research about signal coordination methods

nd MP control policies. Section 3 formulates the network model with signal coordination, vehicle queueing model, stable network
definition, and stable region. These contents are prerequisites for proving maximum stability for the MP control, Smoothing-MP.
Section 4 proposed the Smoothing-MP and stability analysis. Section 5 presents the simulation results and we conclude in Section 6.

2. Literature review

In this section, we first review related papers focusing on traffic signal coordination. Then we review the existing literature on
max-pressure (MP) signal control and back-pressure (BP) signal control.

2.1. Traffic signal coordination

Traffic engineers have observed that by implementing appropriate signal timing at a series of signalized intersections, it is possible
for vehicles to travel through the entire stretch without having to stop, as long as they maintain a suitable speed. This is now
the concept of signal coordination (Feng, 2015). Some past research showed that the efficiency of urban traffic systems can be
improved significantly through proper signal coordination strategies (Ma et al., 2016; Yao et al., 2019; Girault et al., 2016). For
instance, Girault et al. (2016) provided a comprehensive analysis of signal coordination strategies on the macroscopic fundamental
diagram of urban traffic. They leveraged seven signal coordination strategies under four kinds of demand patterns to figure out the
impacts of signal coordination. The results showed that good signal coordination strategies have positive impacts on the macroscopic
fundamental diagram. Ma et al. (2018a) claimed that signal coordination is one of the most economical ways to reduce urban traffic
congestion.

In the field of signal coordination, traditional strategies are generally classified into two main categories: those aiming to
maximize bandwidth along corridors, and those focusing on minimizing performance indices like the number of stops and vehicle
delays. Historically, the MAXBAND method, introduced by Little et al. (1981), was a pioneering approach in the bandwidth
maximization category. It was designed to optimize the green wave bandwidth along arterials using a branch and bound method.
Despite its initial contributions, MAXBAND faced limitations, particularly in uniform bandwidth allocation and performance in
extended arterials or network-level applications. This led to the development of enhanced methods, such as MULTIBAND by Gartner
et al. (1991), which offered variable bandwidth progressions tailored to different traffic patterns, and adaptations like MaxBandLA
and MaxBandGN by Zhang et al. (2016) for long arterials and grid networks. Further advancements include OD-NETBAND by Arsava
et al. (2018) and PM-BAND by Ma et al. (2018b), addressing specific needs like major origin–destination flows and integrating
transit vehicles within signal optimization frameworks. Conversely, in the category of minimizing performance indices, TRANSYT,
developed by Dennis Robertson in the 1960s (Robertson, 1969), stands out. It optimizes cycle length, green splits, and offsets across
network intersections. Notable improvements to this method include the time-dependent TRANSYT model by Wong et al. (2002) for
dynamic traffic patterns, and the integration of TRANSYT with GIS systems for enhanced data handling, as proposed by de Oliveira
and Ribeiro (2001).

Some researchers started to give more attention to future traffic environments and emergency technologies with signal
coordination. Specifically, with the emergence of advanced sensors and mobile phone data, some research started focusing on
developing data-driven methods to achieve signal coordination (Yao et al., 2019). For instance, Hu and Liu (2013) proposed a
data-driven approach to optimize offsets for vehicle-actuated coordinated traffic signals, using the massive amount of signal status
and vehicle actuation data collected from the field. The proposal was tested on a realistic scenario, a major arterial in Minnesota,
USA. The result showed that the proposed method can reduce travel delays significantly. DiDi Chuxing also provided a huge set
of trajectory data (Pian et al., 2020), which can provide more accurate traffic performance measures than traditional sensors. Due
to the complexity of signal optimization and coordination problems, traffic signal researchers started looking at cloud computing.
For instance, Zhang and Zhou (2018) proposed a coarse-grained parallel adaptive genetic algorithm (CPAGA) for the optimization
of distributed coordination control, which considered the optimization of cycles, offsets, and green ratios on the cloud computing
platform. The results demonstrated their proposed algorithm will not fall into a local optimum and finds a solution quickly. Learning-
based methods are also becoming popular in solving transportation problems (Wei et al., 2021). Liu et al. (2021) proposed a
multi-agent signal coordination framework based on reinforcement learning to achieve global optimal in the large-scale traffic
network. Their proposed method is more scalable in practice. The future connected and autonomous vehicles (CAVs) environment
is exciting for transportation participants (Fagnant and Kockelman, 2015). Signal control researchers also studied the opportunity
brought by CAVs (Guo et al., 2019). Qi et al. (2020) invested in signalized intersection coordination design under mixed traffic
flow conditions, which included human-driven vehicles and connected and autonomous vehicles. Das et al. (2022) proposed a
priority-based traffic signal coordination system, which is able to consider multi-model traffic priority and vehicle actuation under
the connected vehicle environment. The signal optimization model was formulated as a mixed-integer program and they tested the
proposed signal control method in Anthem, Arizona, and in Portland, Oregon with satisfactory performance.

Furthermore, researchers also have a great interest in considering environmental impacts with signal coordination. Zhou
et al. (2021) integrated emission reduction into signal coordination optimization problem. They formulated a bi-level multi-target
optimization problem, which is able to achieve smooth traffic operation and minimize total emissions in the road network. Lv and
Zhang (2012) aimed to investigate the impacts of signal coordination on traffic emissions, and the coordination quality is quantified
by the platoon ratio, which is calculated by the ratio of flow rate during green to the average flow rate in the entire cycle.

However, most of these papers tried to model traffic signal coordination problems as mixed-integer programs, which are
computationally difficult to solve at the network level. Although some papers try to provide a decentralized method to make signal
coordination more scalable, they did not provide a rigorous mathematical proof of the maximum throughput of their signal control
policy.
3
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2.2. Max-pressure signal control

Max-pressure (MP) signal control, also known as back-pressure (BP) signal control, is one type of decentralized signal con-
rol method. Initially, MP control was developed for scheduling methods in communication and power systems (Tassiulas and
phremides, 1990). Later on, Varaiya (2013) brought the idea into signal control for the first time, and proved that the proposed
P signal control can stabilize the traffic network whenever possible. In Varaiya (2013)’s study, the traffic state was based on the
ink occupancy.
Practicality is important for checking whether a signal system can be put into use effectively. Varaiya (2013)’s original MP

as a non-cyclical phase selection, which means it activates phases in arbitrary order to serve the movement with the highest
ressure. However, the non-cyclical phase selection is not acceptable in practice since the phase order is confusing for drivers. To
vercome these limitations, some research proposed cyclic-based MP signal controls (Le et al., 2015; Levin et al., 2020; Ma et al.,
2020; Anderson et al., 2018). Le et al. (2015)’s cyclic-based MP signal control has a fixed cycle time and phases with varying phase
durations. Anderson et al. (2018) also provided a cyclic-based MP controller which was inspired by the case of traffic signals usually
updating green splits based on ‘‘cycle times’’ of 60–120 s, and simulated it of an arterial network. Later on, Ma et al. (2020) provided
one kind of MP-based optimization method that combines fixed-phases sequences for oversaturated traffic conditions for the first
time. Levin et al. (2020) provided a more flexible cyclic-based MP control with varying cycle durations in the form of a model
predictive control with one cycle lookahead. Afterwards, Barman and Levin (2022) provided a novel semi-cyclic MP controller that
ddressed the limitations of non-cyclic MP controllers of more gridlock and longer waiting times, and the limitations of cyclic MP
ontrollers such as higher loss time. The complexity of participants in urban transportation, including pedestrians, necessitates the
onsideration of traffic safety (Li et al., 2023; Xu, 2023). Consequently, researchers have begun to explore multimodal transportation
ystems. Xu et al. (2022a) modified MP control for public transit signal priority, and Xu et al. (2024a) incorporated pedestrian access.
However, budget limitations and the cost-benefit ratio make it impractical to install MP at all intersections. To solve this

problem, Barman and Levin (2023) developed a method to find the best intersections to install the MP controllers, and provided
tability analysis under limited deployment. Some research mentioned that it is more practical to estimate travel time information
han vehicle queue length in reality. Therefore (Mercader et al., 2020) proposed a travel-time based MP controller and conducted
experiments at an intersection in Jerusalem. Their results showed the applicability of travel-time-based MP and mentioned that the
travel-time-based MP controller can still inherent capacity-aware properties.

The maximum stability proof is important since it establishes the maximum throughput property of MP control (Varaiya, 2013;
Gregoire et al., 2014; Xiao et al., 2015b,a). However, since it is complex to provide a rigorous proof of stability, some MP research
did not provide a stability proof. For instance, Sun and Yin (2018) constructed VISSIM simulations based on realistic scenarios at
Newberry Road in Gainesville, FL. Their results showed that Varaiya (2013)’s non-cyclic MP control will have better performance
than cyclic-based MP, and non-cyclic MP signal control performed better than the current coordinated actuated traffic signal
controller. Mercader et al. (2020) provided a real-world experiment testing the proposed travel-time MP controller, but they did
not provide the maximum stability proof. Chang et al. (2020) proposed a cyber–physical oriented traffic signal control that can
improve the utilization of the MP control policy by preventing the frequent change of signal phases. Yu et al. (2021) leveraged the
double queue model in pressure-based signal control and named it as a novel double pressure (DP) signal control to capture traffic
dynamics. Experiments in two different networks showed that the proposed DP signal control can improve network travel time and
queue stability. Dixit et al. (2020) leveraged crowdsourced delay data as the input for MP signal timing.

With the emergence of artificial intelligence technology, connected and autonomous vehicles can also be integrated into MP
controllers. Liu and Gayah (2022) proposed a novel delay-based MP controller since the authors consider travel delay to be a more
reasonable index than travel time or queue length. Rey and Levin (2019) also introduced the concept of the blue phase into the MP
controller, which can coordinate autonomous vehicles at the network and achieve maximum throughput at the same time. With the
emergency of artificial intelligence technology, many researchers tried to leverage reinforcement learning (RL) knowledge to MP
control (Wei et al., 2019; Maipradit et al., 2021; Boukerche et al., 2021; Wang et al., 2022). Some research has begun to leverage
MP control policies in vehicle dispatching to maximize throughput for shared autonomous vehicle operations in urban networks (Xu
et al., 2021, 2024b; Robbennolt and Levin, 2023; Levin, 2022).

Some research combined route choice with signal control since user equilibrium route choice may reduce network through-
put (Smith et al., 2019). Chen (2021) studied user equilibrium with the MP controller to figure out how the route choice behavior
impacts the performance of the signal controller. Integrating route guidance or route control in MP controller can achieve dynamic
traffic management. Taale et al. (2015) integrated signal control and route guidance based on the MP control and found that using
travel time as a pressure variable performs better than using average density as a pressure variable. Zaidi et al. (2016) integrated
fixed time and adaptive routing into a multi-commodity version of MP control policy and demonstrated that the proposed multi-
commodity MP has significantly improved over the previous single-commodity MP. Smith et al. (2019) showed that user equilibrium
route choice could cause the MP controller to fail to achieve maximum throughput.

In addition, the original MP signal control (Varaiya, 2013) is based on the point-queue model (Vickrey, 1969; Zhang et al.,
2013), which is unrealistic. Therefore, researchers started focusing on MP controls that can consider the spatial distribution of traffic
dynamics over the road. For example, Li and Jabari (2019) proposed a position-weighted back-pressure signal (PWBP) control policy
based on a more accurate model of traffic flow. However, their proposed method is difficult to implement in practice since we cannot
obtain accurate density information over every continuous space of a link. Therefore, Xu et al. (2022b) proposed an approximate
position-weighted back-pressure (APWBP) traffic signal control policy, which employs kinematic wave theory to estimate traffic
4
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Table 1
Notation.
 Set of movements
 Set of nodes
 Set of links
𝛤 +
𝑗 Set of outgoing links
𝛤 −
𝑗 Set of incoming links
𝑥𝑖𝑗 (𝑡) Number of vehicles of the movement from link 𝑖 to link 𝑗 at time step 𝑡
𝑟𝑖𝑗 (𝑡) Proportion of vehicles entering 𝑖 that will next move to 𝑗.
𝑤𝑖𝑗 (𝑡) Weight of vehicle turning movement from link 𝑖 to link 𝑗 at time step 𝑡
𝑑𝑖(𝑡) Vehicle demand at entry link 𝑖
𝑠𝑖𝑗 (𝑡) Actuation of turning movement from link 𝑖 to link 𝑗 at time step 𝑡
𝜉𝑖𝑗 weight placed on coordination associated with turning movement (𝑖, 𝑗)
𝑐𝑖𝑗 (𝑡) signal coordination indicator associated with turning movement (𝑖, 𝑗) at time step 𝑡
𝑦𝑖𝑗 (𝑡) Signal control vehicle flow from link 𝑖 to link 𝑗 at time step 𝑡
𝑄𝑖𝑗 Capacity of turning movement for private vehicles from link 𝑖 to link 𝑗
𝑓𝑖 Average vehicle traffic volume of link 𝑖.
𝑀 the number of total movements of vehicles.

still maximize the network vehicle throughput and stabilize vehicle queueing length whenever possible. Furthermore, the proposed
APWBP controller can capture traffic density dynamics along the link and stabilize the network at the same level as the PWBP
controller. Noaeen et al. (2021) also introduced a decentralized network-level traffic signal control named DESRA, which leverages
a shockwave queue length estimation model while can capture the queueing spillback. However, there is no existing research that
combines MP signal timing with signal coordination to smooth traffic in the urban network.

3. Max pressure control with coordination

3.1. Math notations

See Table 1.

3.2. Road network model

Consider an urban network  = ( ,) with nodes  and links . The link set  is divided into three subsets: the entry link set
e, the internal link set i, and the exit link set o. The entry and exit links are not realistic links; they are used for loading and
removing vehicles. Entry links represent the points where vehicles can enter the network, while exit links are the sink links where
vehicles leave the network once they reach their destination nodes. The internal links i connect the intersections located inside
he vehicle network. All links are modeled are point queues. Let  be the set of all turning movements in the network. We use 𝛤+

𝑖
and 𝛤+

𝑗 to represent the sets of outgoing links and incoming links of nodes (intersections), respectively. One turning movement is
a combination of two links, such as (𝑖, 𝑗) and (𝑗, 𝑘). Let 𝑥𝑖𝑗 (𝑡) be the number of vehicles on link 𝑖 waiting to move to link 𝑗 at time
𝑡. Let 𝑑𝑖(𝑡) be the demand of vehicles entering the network on link 𝑖 ∈ e at time 𝑡, which are independent identically distributed
random variables with an average value of 𝑑𝑖. Let 𝑑𝑖 be the maximum value of demand. Turning proportion 𝑟𝑗𝑘(𝑡) is the proportion of
vehicles entering link 𝑗 that will next move to link 𝑘 at time 𝑡, which are independent identically distributed random variables with
mean 𝑟̄𝑗𝑘. Usually, the turning proportions can be obtained from historical travel data. 𝑄𝑖𝑗 is the capacity of the turning movement
from link 𝑖 to link 𝑗.

3.3. Vehicle queueing model

We use the store-and-forward model of Varaiya (2013) to track the queue propagation in the network under discretized time.
For internal links, the queue evolution can be represented by the following equations:

𝑥𝑖𝑗 (𝑡 + 1) = 𝑥𝑖𝑗 (𝑡) − 𝑦𝑖𝑗 (𝑡) +
∑

ℎ∈
𝑦ℎ𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) (1)

where 𝑦𝑖𝑗 (𝑡) is the signal controlled flow that start from link 𝑖 then travels to link 𝑗 at time step 𝑡. Vehicle flow conservation also
applies to entry links with the following equation:

𝑥𝑖𝑗 (𝑡 + 1) = 𝑥𝑖𝑗 (𝑡) − 𝑦𝑖𝑗 (𝑡) + 𝑑𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) (2)

Therefore, the vehicle queue length state 𝐱(𝑡) can be formulated as a stochastic Markov chain since both vehicle demand 𝐝(𝑡) and
turning proportion 𝐫(𝑡) are independent, identically distributed random variables.

The activation of vehicle turning movement (𝑖, 𝑗) is denoted by 𝑠𝑖𝑗 (𝑡) ∈ {0, 1}, which indicates a red light or green light. The
value of 𝑦𝑖𝑗 (𝑡) is determined by the following equation:

𝑦𝑖𝑗 (𝑡) = min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

(3)

where 𝑄𝑖𝑗 is the capacity of the turning movement from link 𝑖 to link 𝑗. Specifically, 𝑄𝑖𝑗 = min(𝑄𝑖, 𝑄𝑗 ), is the maximum flow of
5

vehicle movement (𝑖, 𝑗). Note that capacity is the maximum road throughput, which we assume to be constant for each link.
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3.4. Feasible signal control including signal coordination

The activation of turning movement (𝑖, 𝑗) for vehicles is denoted by 𝑠𝑖𝑗 (𝑡) ∈ 0, 1. 𝑠𝑖𝑗 (𝑡) = 1 indicates that movement (𝑖, 𝑗) has a
reen light, while 𝑠𝑖𝑗 (𝑡) = 0 signifies a red light for movement (𝑖, 𝑗). We define 𝑆𝑛(𝑡) as the intersection matrix for intersection 𝑛,
hich encompasses the vehicle movements. The intersection control sequence 𝑆𝑛 is defined as 𝑆𝑛(𝑡), for all 𝑡 ∈ 𝑇 . Let  be the set
ontaining all feasible network control matrices for all intersections, and let 𝑛 be the set of all feasible intersection matrices for
ntersection 𝑛. We denote the convex hull of all feasible signal control matrices as 𝐶𝑜𝑛𝑣().
For any given intersection control sequence, the long-term average time used for serving vehicle movement (𝑖, 𝑗) can be calculated

sing Eq. (4). Let 𝐬̄ and 𝐬(𝑡) be the vectors of 𝑠̄𝑖𝑗 and 𝑠𝑖𝑗 (𝑡), respectively:

𝑠̄𝑖𝑗 = lim
𝑇→∞

1
𝑇

𝑇
∑

𝑡=1
𝑠𝑖𝑗 (𝑡) (4)

The convex hull of all feasible signal control matrices  is given by the following equation:

𝐶𝑜𝑛𝑣() =

{

∑

𝑠∈
𝜆𝑠𝑆

|

|

|

|

𝜆𝑠𝑆 ≤ 0,
∑

𝑠∈
𝜆𝑠 = 1

}

(5)

𝐶𝑜𝑛𝑣(), is the set of average controls calculated by Eq. (4). After that, we can give Proposition 1 to relate 𝐬(𝑡) to 𝐬̄.

Proposition 1. If 𝐬(𝑡) ∈  then there exists a 𝐬̄ ∈ 𝐶𝑜𝑛𝑣() such that

𝐬̄ = lim
𝑇→∞

1
𝑇

𝑇
∑

𝑡=1
𝐬(𝑡) (6)

roof. First, we prove that 𝐬̄ is in 𝐶𝑜𝑛𝑣(). Let us define 𝜆𝐬 is the proportion of time steps with 𝐬 = 𝐬(𝑡). Then we can define the
indicator function as

I(𝐬(𝑡) = 𝐬)
{

1 if 𝐬(𝑡) = 𝐬
0 if 𝐬(𝑡) ≠ 𝐬

(7)

Then we have

𝐬̄ =
∑

𝐬∈
𝜆𝐬𝐬 (8)

= lim
𝑇→∞

1
𝑇

𝑇
∑

𝑡=1

∑

𝐬∈
𝑇𝜆𝐬𝐬 (9)

= lim
𝑇→∞

1
𝑇

𝑇
∑

𝑡=1

∑

𝐬
I(𝐬(𝑡) = 𝐬)𝐬 (10)

= lim
𝑇→∞

1
𝑇

𝑇
∑

𝑡=1
𝐬(𝑡) □ (11)

3.5. Max-pressure control policy that includes signal coordination

To incorporate signal coordination into the max-pressure control, we define 𝑐𝑖𝑗 (𝑡) as the coordination indicator associated with
movement (𝑖, 𝑗) at time 𝑡. Define  to be the set of coordinated corridors. Each corridor 𝐶 ∈  is a subset of links (i.e., 𝐶 ⊆ ) that
re intended to be coordinated. Specifically, 𝑐𝑗𝑘(𝑡 + 1) = 𝑠𝑖𝑗 (𝑡) for (𝑖, 𝑗, 𝑘) ∈ 𝐶 for some corridor 𝐶, with 𝑐𝑖𝑗 (𝑡) ∈ {0, 1}. Thus, if (𝑖, 𝑗)
as a green light at time step 𝑡, then (𝑗, 𝑘) has a coordination indicator for a green light at time step 𝑡+ 1. Overall, we can obtain a
easible signal control 𝑠𝑖𝑗 (𝑡) that includes signal coordination.
Now we define the MP control. This study modifies the original MP control policy of Varaiya (2013) to create the max-

pressure signal control policy that considering signal coordination (Smoothing-MP). The weight calculation is the same as previous
papers (Varaiya, 2013; Levin et al., 2020; Xu et al., 2022a):

𝑤𝑖𝑗 (𝑡) = 𝑥𝑖𝑗 (𝑡) −
∑

𝑘∈𝛤+
𝑗

𝑟𝑗𝑘(𝑡)𝑥𝑗𝑘(𝑡) (12)

After we calculate the weight for each movement, a mixed-integer linear program is used to calculate the intersection control.
The modified MP control policy considering signal coordination tries to maximize the total pressure of vehicles. 𝑠⋆𝑖𝑗 (𝑡) denotes the
max-pressure signal control in the transportation network when considering signal coordination, which is

𝑠⋆𝑖𝑗 (𝑡) = argmax
[

∑

𝑠𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) + 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡)

]

(13)
6

𝑠∈ (𝑖,𝑗)∈
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Note that 𝜉𝑖𝑗 is the weight placed on coordination, where 𝜉𝑖𝑗 ≥ 0. Without such a bound, assigning an excessively large value
to 𝜉𝑖𝑗 could result in perpetual prioritization of one direction, effectively preventing vehicles from the conflicting direction from
proceeding. The upper bound should be judiciously determined in relation to the traffic movement capacity, represented by 𝑄𝑖𝑗 .
For instance, in a situation where the upstream is operating at full capacity and the downstream is unoccupied, the upper limit of
𝜉𝑖𝑗 should correspond to 𝑄2

𝑖𝑗 when 𝑥𝑖𝑗 (𝑡), the traffic density at time 𝑡, meets movement capacity.
Furthermore, the traditional concept of signal coordination focuses on synchronizing traffic lights along arterial corridors to

provide continuous green lights, thereby reducing the average number of stops and delays. In our research, the function 𝑐𝑖𝑗 (𝑡) is
formulated to achieve a similar ‘coordinate’ target. Specifically, we propose 𝑐𝑗𝑘(𝑡+1) = 𝑠𝑖𝑗 (𝑡), implying that for every link 𝑖, 𝑗, 𝑘 in a
coordinated corridor, the downstream traffic light will be influenced by the previous time step and the upstream traffic light. This
mechanism aims to establish a form of ‘priority’ to minimize stops and delays.

The extent of coordination depends on the flow from 𝑖 to 𝑗 to 𝑘, as well as the value of 𝜉𝑖𝑗 . This setup closely aligns with the
principle of signal coordination, as downstream traffic lights are coordinated or affected by upstream traffic to coordinate flow
along a chosen corridor. Therefore, while our work indeed encompasses aspects of network-wide traffic control, the methodology
and objectives also resonate with the concept of signal coordination, particularly in the context of managing traffic flow along
specific corridors.

To compare the modified max-pressure signal control policy, Smoothing-MP, with both (Varaiya, 2013)’s original max pressure
control and the average signal control, we propose the following Lemma:

Lemma 1. If the modified max-pressure signal control policy, Smoothing-MP, is used and 𝐝̄ ∈ 0, then we have the following inequality
with average signal control 𝑠̄𝑖𝑗 satisfying Eq. (22):

E
⎡

⎢

⎢

⎣

∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) + 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
⎤

⎥

⎥

⎦

≥ E
⎡

⎢

⎢

⎣

∑

(𝑖,𝑗)∈2

𝑠̄𝑖𝑗𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
⎤

⎥

⎥

⎦

(14)

Proof. First, we have the following inequality based on definition of MP control. For all 𝑠𝑖𝑗 (𝑡) ∈ :
∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) ≥
∑

(𝑖,𝑗)∈2

𝑠𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) (15)

After we include signal coordination, we have the following inequality, since both 𝜉𝑖𝑗 and 𝑐𝑖𝑗 (𝑡) are non-negative:
∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) + 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡) ≥
∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) (16)

Then we have
∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) + 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡) ≥
∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) ≥
∑

(𝑖,𝑗)∈2

𝑠𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) (17)

Then calculating the expected value of Eq. (15) when given the vehicle queue length 𝐱(𝑡), and taking the expected value. Because
there exists an 𝑠𝑖𝑗 (𝑡) with E[𝑠𝑖𝑗 (𝑡)] = 𝑠̄𝑖𝑗 by Proposition 1, we have following inequality:

E
⎡

⎢

⎢

⎣

∑

(𝑖,𝑗)∈2

𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡) + 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
⎤

⎥

⎥

⎦

≥ E
⎡

⎢

⎢

⎣

∑

(𝑖,𝑗)∈2

𝑠̄𝑖𝑗𝑄𝑖𝑗𝑤𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
⎤

⎥

⎥

⎦

□ (18)

4. Stability analysis

One major advantage of MP control is its mathematically proven network stability. Therefore, it is crucial to provide the stability
analysis for the modified MP control, Smoothing-MP.

4.1. Stable network

We can mathematically define stability as follows:

Definition 1. The network is strongly stable if the number of vehicles in the network is bounded in expectation, i.e. there exists
a 𝜅 <∞ such that

lim
𝑇→∞

sup

⎧

⎪

⎨

⎪

⎩

1
𝑇

𝑇
∑

𝑡=1

∑

(𝑖,𝑗)∈2

E{𝑥𝑖𝑗 (𝑡)}
⎫

⎪

⎬

⎪

⎭

≤ 𝜅 (19)

Stability means the ability/capacity of network-level signal controls to serve all demand in the transportation network. If a
etwork is stable, the total expected queue length will remain bounded in the long run. It is easy for us to find a large demand
ate such that no traffic control policy can serve it, such as a very large demand that exceeds the turning movement capacity 𝑄𝑖𝑗 .
Therefore, to prove the maximum-stability property of a signal control policy, we need to define the network stable region.
7
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4.2. Stable region

The primary objective of MP control is to stabilize any vehicle demand that could be stabilized by any other signal control.
o prove the maximum stability property, we must analytically define the set of vehicle demands that can be stabilized. Since the
emand is stochastic, the stable region is defined in terms of the average demand rates 𝐝̄.
Let 𝐟 be the average volume of vehicles on link 𝑖. For entry links, we have the following relationship between the average volume

f vehicles and demand:

𝑓𝑖 = 𝑑𝑖 (20)

For internal links of vehicles, 𝑓𝑖 can be determined by conservation of flow, which means the total flow on the downstream link
s determined from all flow on the upstream link moving to the downstream link:

𝑓𝑗 =
∑

𝑖∈
𝑓𝑖 𝑟̄𝑖𝑗 (21)

By Proposition 1 of Varaiya (2013), for every demand rate 𝐝̄ and turning proportions 𝐫̄, there exists a unique average flow vector
. In this study, the network can be stabilized if the average vehicle flow can still be served by some traffic signals, considering the
ignal coordination. That is, there must exist an average signal activation 𝐬̄ ∈ 𝐒 that can serve the demand. It is crucial to mention
hat the stable region in this study is the same as the stable region in Varaiya (2013), since we aim to prove that our proposed
ignal control policy can still achieve maximum throughput.

𝑓𝑖 𝑟̄𝑖𝑗 ≤ 𝑠̄𝑖𝑗𝑄𝑖𝑗 (22)

here 𝑠̄𝑖𝑗 can be obtained from Eq. (4).
Let  be the set of all feasible demand vectors of vehicles 𝐝̄. Let 0 be the interior of , where constraints (22) hold with strict

nequality. Then there exists an 𝜖 > 0 such that

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠̄𝑖𝑗𝑄𝑖𝑗 ≤ −𝜖 (23)

If the network is unstable, at least one link has a flow greater than the traffic signal control policy can serve. Or we can say, If
̄ ∉ , then it is impossible to find a stabilizing control (Varaiya, 2013).

.3. Stability analysis for Smoothing-MP

emma 2. If Smoothing-MP is used and 𝐝̄ ∈ 0, there exists a Lyapunov function 𝜈(𝑡) ≥ 0 and constants 𝜅 > 0, 𝜖 > 0 such that

E [ 𝜈(𝑡 + 1) − 𝜈(𝑡)| 𝐱(𝑡)] ≤ 𝜅 − 𝜂|𝐱(𝑡)| (24)

roof. To calculate the queue length at time 𝑡 + 1, we apply the vehicle queueing models shown in Eq. (1)–(3). Then, let 𝛿𝑖𝑗 (𝑡) be
he difference of the queueing length of vehicles between time steps 𝑡 and time steps 𝑡 + 1.

𝛿𝑖𝑗 (𝑡) = 𝑥𝑖𝑗 (𝑡 + 1) − 𝑥𝑖𝑗 (𝑡) (25)

= −𝑦𝑖𝑗 (𝑡) +
∑

ℎ∈
𝑦ℎ𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) (26)

= −min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+
∑

ℎ∈−
𝑖

min
{

𝑄ℎ𝑖𝑠𝑖𝑗 (𝑡), 𝑥ℎ𝑖(𝑡)
}

× 𝑟𝑖𝑗 (𝑡) ∀𝑖 ∈ i, 𝑗 ∈ 𝛤+
𝑖 (27)

For entry links, we have

𝛿𝑖𝑗 (𝑡) = 𝑥𝑖𝑗 (𝑡 + 1) − 𝑥𝑖𝑗 (𝑡) = −𝑦𝑖𝑗 (𝑡) + 𝑑𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) = −min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+ 𝑑𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) ∀𝑖 ∈ e, 𝑗 ∈ 𝛤+
𝑖 (28)

Let 𝐱(𝑡) be the matrix including all queue length of private vehicles. Hence we consider the Lyapunov function 𝜈(𝑡):

𝜈(𝑡) =
|

|

|

|

|

𝐱(𝑡)
|

|

|

|

|

2

=
∑

(𝑖,𝑗)∈2

(𝑥𝑖𝑗 (𝑡))2 (29)

hen we expand the difference 𝜈1(𝑡 + 1) − 𝜈1(𝑡):

𝜈(𝑡 + 1) − 𝜈(𝑡) = |

|

|

𝐱(𝑡 + 1)||
|

2
− |

|

|

𝐱(𝑡)||
|

2
= |

|

|

𝐱(𝑡) + 𝜹(𝑡)||
|

2
− |

|

|

𝐱(𝑡)||
|

2
= 2𝐱(𝑡)T𝜹(𝑡) + |

|

|

𝜹(𝑡)||
|

2
(30)

The first term of Eq. (30) can be rewritten as:

2𝐱(𝑡)T𝜹(𝑡) = − 2𝑥𝑖𝑗 (𝑡)
∑

𝑖∈

∑

𝑗∈𝛤+
𝑖

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+ 2
∑

−

∑ ∑

+
𝑥𝑖𝑗 (𝑡) min

{

𝑄ℎ𝑖𝑠ℎ𝑖(𝑡), 𝑥ℎ𝑖(𝑡)
}

𝑟𝑖𝑗 (𝑡)
8
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+ 2
∑

𝑖∈e

∑

𝑗∈𝛤+
𝑖

(−min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+ 𝑑𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡)) (31)

=2
∑

𝑖∈i∪e

∑

𝑗∈𝛤+
𝑖

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

(

−𝑥𝑖𝑗 (𝑡) +
∑

𝑘∈𝛤+
𝑖

𝑟𝑗𝑘(𝑡)𝑥𝑗𝑘(𝑡)

)

+ 2
∑

𝑖∈e

∑

𝑗∈𝛤+
𝑖

𝑑𝑖(𝑡) × 𝑟𝑖𝑗 (𝑡) × 𝑥𝑖𝑗 (𝑡) (32)

We replace the turning proportion 𝑟𝑖𝑗 (𝑡) with average value 𝑟̄𝑖𝑗 , since E[𝑟𝑖𝑗 (𝑡)] =
∑

𝑖,𝑗∈ 𝑟̄𝑖𝑗 . Therefore we have the following equation:

E[𝐱(𝑡)T𝜹(𝑡)|𝐱(𝑡)] =
∑

𝑖∈i∪e

∑

𝑗∈𝛤+
𝑖

E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

× (−𝑥𝑖𝑗 (𝑡))
|

|

|

|

𝐱(𝑡)
]

+
∑

𝑖∈i∪e

∑

𝑗∈𝛤+
𝑖

E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
]

×

(

∑

𝑘∈𝛤+
𝑖

𝑟̄𝑗𝑘𝑥𝑗𝑘(𝑡)

)

+
∑

𝑖∈e

∑

𝑗∈𝛤+
𝑖

E
[

𝑑𝑖(𝑡)𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
]

(33)

hen we obtain

E[𝐱(𝑡)T𝜹(𝑡)|𝐱(𝑡)] =
∑

𝑖∈i∪e

E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
]

×
(

−𝑥𝑖𝑗 (𝑡) +
∑

𝑘∈𝛤+
𝑖

𝑟̄𝑗𝑘𝑥𝑗𝑘(𝑡)
)

+
∑

𝑖∈e

𝑑𝑖 𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡) (34)

Based on Eqs. (4)–(34) and the definition of pressure term (12), we obtain

E[𝐱(𝑡)T𝜹(𝑡)|𝐱(𝑡)] =
∑

𝑖∈i∪e

E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
]

× (−𝑤𝑖𝑗 (𝑡)) +
∑

𝑖∈e

𝑑𝑖 𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡) (35)

he last term of Eq. (35) can be rewritten as follows based on Eqs. (20), (21), and (12):
∑

𝑖∈e

𝑑𝑖 𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡) =
∑

𝑖∈e

𝑓𝑖𝑗𝑥𝑖𝑗 (𝑡) (36)

=
∑

𝑖∈e∪e

𝑓𝑖 𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡) −
∑

𝑖∈i

𝑓𝑗 𝑟̄𝑗𝑘𝑥𝑗𝑘(𝑡) (37)

=
∑

𝑖∈e∪e

𝑓𝑖 𝑟̄𝑖𝑗𝑥𝑖𝑗 (𝑡) −
∑

𝑗∈𝛤+
𝑖

[

𝑓𝑖 𝑟̄𝑖𝑗
]
∑

𝑘∈𝛤+
𝑖

𝑟̄𝑗𝑘𝑥𝑗𝑘(𝑡) (38)

=
∑

𝑖∈i∪e

𝑓𝑖 𝑟̄𝑖𝑗
(

𝑤𝑖𝑗 (𝑡)
)

(39)

Combining Eqs. (35) and (39) yields

E[𝐱(𝑡)T𝜹(𝑡)|𝐱(𝑡)] =
∑

𝑖∈i∪e

(

𝑓𝑖 𝑟̄𝑖𝑗 − E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
])

𝑤𝑖𝑗 (𝑡) (40)

=
∑

𝑖∈i∪e

(

𝑓𝑖 𝑟̄𝑖𝑗 −𝑄𝑖𝑗𝑠⋆𝑖𝑗 (𝑡)
)

𝑤𝑖𝑗 (𝑡)

+
∑

𝑖∈i∪e

(

𝑄𝑖𝑗𝑠
⋆
𝑖𝑗 (𝑡) − E

[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
])

𝑤𝑖𝑗 (𝑡) (41)

For the second term of Eq. (41), if 𝑥𝑖𝑗 (𝑡) ≥ 𝑄𝑖𝑗 , then we have E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
]

= 𝑄𝑖𝑗𝑠⋆𝑖𝑗 (𝑡). Therefore, the second term of Eq. (41) equals zero. If 𝑥𝑖𝑗 (𝑡) < 𝑄𝑖𝑗 and 𝑠𝑖𝑗 (𝑡) ≠ 0, then we have

E
[

min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
} |

|

|

|

𝐱(𝑡)
]

= E
[

𝑥𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
]

. Therefore, we obtain the following inequality
(

𝑄𝑖𝑗𝑠
⋆
𝑖𝑗 (𝑡) − E

[

𝑥𝑖𝑗 (𝑡)
|

|

|

|

𝐱(𝑡)
])

𝑤𝑖𝑗 (𝑡) ≤ 𝑄𝑖𝑗𝑥𝑖𝑗 (𝑡) ≤ (𝑄𝑖𝑗 )2 (42)

Hence, the second term of Eq. (41) equals zero or is bounded by ∑

𝑖∈i∪e
(𝑄𝑖𝑗 )2.

The modified MP control 𝑠⋆𝑖𝑗 (𝑡) is chosen from the feasible signal control set , and 𝑠⋆𝑖𝑗 (𝑡) seeks to maximize the objective (13).
According to Lemma 1, we following inequality:

E

[

∑

[

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗
]

𝑤𝑖𝑗 (𝑡) − 𝜉𝑖𝑗𝑐𝑖𝑗 (𝑡)
|

|

|

𝑤𝑖𝑗 (𝑡)

]

≤ E

[

∑

[

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗
]

𝑤𝑖𝑗 (𝑡)
|

|

|

𝑤𝑖𝑗 (𝑡)

]

(43)
9

𝑖∈i∪e
| 𝑖∈i∪e

|
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and

E

[

∑

𝑖∈i∪e

[

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠⋆𝑖𝑗 (𝑡)𝑄𝑖𝑗
]

𝑤𝑖𝑗 (𝑡)
|

|

|

|

𝑤𝑖𝑗 (𝑡)

]

≤ E

[

∑

𝑖∈i∪e

[

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠̄𝑖𝑗𝑄𝑖𝑗
]

𝑤𝑖𝑗 (𝑡)
|

|

|

|

𝑤𝑖𝑗 (𝑡)

]

(44)

Therefore, for some feasible signal controls 𝑠𝑖𝑗 (𝑡) satisfying the stable region, we obtain 𝑠̄𝑖𝑗 based on Eq. (4). We have the following
elationship for the first term of Eq. (41) based on Eq. (23) when 𝐝̄ ∈ 0:

∑

𝑖∈i∪e

[

𝑓𝑖 𝑟̄𝑖𝑗 − 𝑠̄𝑖𝑗𝑄𝑖𝑗
]

𝑤𝑖𝑗 (𝑡) ≤ −𝜖
∑

𝑖𝑗
max

{

𝑤𝑖𝑗 , 0
}

≤ −𝜖|𝑤𝑖𝑗 | (45)

We know that the pressure 𝐰(𝑡) is a linear function of the queue length of vehicles. So we can find 𝛽 > 0 to satisfy ∑

(𝑖,𝑗)∈2 𝑤𝑖𝑗 ≥
|𝐱|. Then we have

−𝜖|𝑤𝑖𝑗 | ≤ −𝜖𝛽|𝐱| ≤
∑

𝑖∈i∪e

(𝑄𝑖𝑗 )2 − 𝜖𝛽|𝐱| (46)

Eq. (24) satisfies the following relationship based on Eqs. (44) and (45). For 𝛿𝑖𝑗 (𝑡)

|

|

|

𝛿𝑖𝑗 (𝑡)
|

|

|

=
|

|

|

|

|

|

−min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+
∑

ℎ∈−
𝑖

min
{

𝑄ℎ𝑖𝑠𝑖𝑗 (𝑡), 𝑥ℎ𝑖(𝑡)
}

× 𝑟𝑖𝑗 (𝑡)
|

|

|

|

|

|

∀𝑖 ∈ i, 𝑗 ∈ 𝛤+
𝑖 (47)

≤ max

⎧

⎪

⎨

⎪

⎩

𝑄𝑖𝑗 ,
∑

ℎ∈−
𝑖

𝑄𝑖𝑗

⎫

⎪

⎬

⎪

⎭

(48)

Then we have
|

|

|

𝛿𝑖𝑗 (𝑡)
|

|

|

= |

|

|

−min
{

𝑄𝑖𝑗𝑠𝑖𝑗 (𝑡), 𝑥𝑖𝑗 (𝑡)
}

+ 𝑑𝑖(𝑡) × 𝑟𝑖𝑗
|

|

|

≤ max
{

𝑄𝑖𝑗 , 𝑑𝑖𝑗
}

∀𝑖 ∈ e, 𝑗 ∈ 𝛤+
𝑖 (49)

Define 𝜓 follows:

𝜓 = max

⎧

⎪

⎨

⎪

⎩

𝑄𝑖𝑗 ,
∑

ℎ∈−
𝑖

𝑄𝑖𝑗 , 𝑑𝑖𝑗

⎫

⎪

⎬

⎪

⎭

(50)

Because the number of total movements of vehicles is M, we have the following inequality:
|

|

|

𝛿𝑖𝑗 (𝑡)
|

|

|

2
≤𝑀 × 𝜓2 (51)

Since 𝛿𝑖𝑗 (𝑡) is upper-bounded by max
{

𝑄𝑖𝑗 ,
∑

ℎ∈−
𝑖
𝑄𝑖𝑗

}

, we can use Eq. (46), along with Eqs. (48)–(51), to derive the following:

|

|

|

𝐱(𝑡 + 1)||
|

2
− |

|

|

𝐱(𝑡)||
|

2
= 2𝐱(𝑡)T𝜹 + |

|

|

𝜹||
|

2

≤ 2
(

∑

𝑖∈i∪e

(𝑄𝑖𝑗 )2 − 𝜖𝛽|𝐱(𝑡)|
)

+𝑀𝜓2 (52)

= 𝜅 − 𝜂|𝐱(𝑡)| (53)

where 𝜅 = 2
∑

𝑖∈i∪e
(𝑄𝑖𝑗 )2 +𝑀𝜓2 and 𝜖𝛽 = 𝜂. □

Proposition 2. Smoothing-MP is stabilizing when 𝐝̄ ∈ 0.

Proof. Inequality (24) holds from Lemma 2. Taking expectations, summing over 𝑡 = 1,… , 𝑇 , and transferring the position of terms
gives the following inequality:

E [ 𝜈(𝑇 + 1) − 𝜈(1)| 𝐱(𝑡)] ≤ 𝜅𝑇 − 𝜖
𝑇
∑

𝑡=1
|𝐱(𝑡)| (54)

Then we have

𝜖 1
𝑇

𝑇
∑

𝑡=1
E [|𝐱(𝑡)|] ≤ 𝜅 − 1

𝑇
E [𝜈(𝑇 + 1)] + 1

𝑇
E [𝜈(1)] ≤ 𝜅 + 1

𝑇
E [𝜈(1)] (55)

hich implies that Definition 1 is satisfied. □

Moreover, we need to mention that stability is not impacted by the initial condition. Let us move 𝜖 in to the right hand side and
ake the limit as 𝑇 goes to infinity. Then the 1

𝑇 E [𝜈(1)] term approaches zero, which yields the following inequality which implies
Definition 1 is satisfied:

lim 1
𝑇
∑

E [|𝐱(𝑡)|] ≤ 𝜅 (56)
10

𝑇→∞ 𝑇 𝑡=1 𝜖
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Fig. 1. Grid network with signal coordination corridor.

Since 𝐝̄ ∈ 0 and Definition 1 is satisfied, the network achieves maximum stability under the use of Smoothing-MP.

5. Multi-scenario simulation and numerical results

To evaluate the performance of the proposed Smoothing-MP control, we conducted simulations on two distinct networks: the
Downtown Austin Network and a Grid Network. These test networks were chosen to ensure a robust and comprehensive assessment
of the new method. The simulations were implemented using the microscopic traffic simulation tool, SUMO, interfaced with
Python (Lopez et al., 2018). The locations of signal coordination corridors within the Downtown Austin Network and a Grid Network
(GridNet) are illustrated in Figs. 1 and 2, respectively. The Downtown Austin Network consists of 546 nodes and 1247 links, and the
network profile could be found through the authors’ previous studies (Levin et al., 2020). This Grid Network consists of 12 nodes
and 72 links. The empirical results, presented subsequently, offer a comparative evaluation between the proposed Smoothing-MP
and the established MP control (Varaiya, 2013). It is worth noting that, apart from the controllers on the coordination corridors in
both networks, all other signal controls adhere to the original MP control strategy.

5.1. Stability comparison

This section focuses on verifying the stability of the network as per Definition 1. To this end, we conduct simulations to observe
the total number of vehicles within the network and monitor whether it increases over time under various vehicle demand level
settings.

Fig. 3 presents the average number of waiting vehicles within the Grid Network (GridNet). It reveals a striking consistency in the
average number of waiting vehicles across different vehicle demand and coordination weight (𝜉 value) settings. The maximum stable
region, identified across coordination weight settings (2000, 10000, 20000), lies within the range of 2400 to 2560 vehicles per hour,
a value identical to that of the Original MP control. Similar observations can be made from the Austin Network results displayed
in Fig. 4. Here, too, the average number of waiting vehicles remains approximately the same under varying vehicle demand and
coordination weight (𝜉 value) settings. The maximum stable region for the different coordination weight settings (2000, 10000,
20000) is around 13530 vehicles per hour, aligning with the Original MP control. These findings lead us to conclude that the
Smoothing-MP exhibits a stable region analogous to that of the Original MP control, corroborating the definition of the stable
region discussed in Section 4.2.

.2. Average speed

The goal of signal coordination is to improve the average speed along corridors. In the context of the Grid Network we use
ig. 5(a) demonstrates that the average speed along the corridor under the Original MP control surpasses that under the Smoothing-
P control for vehicle demand levels ranging from 800 to 3840 vehicles per hour. Conversely, Fig. 5(b) illustrates that the average
11
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Fig. 2. Austin network with signal coordination corridor.

speed along the corridor’s conflict direction is lower under the Original MP control than under the Smoothing-MP control within
the same vehicle demand range.

For the Austin Network, similar patterns can be discerned, as depicted in Figs. 6(a) and 6(b). The former reveals that the average
speed along the corridor under the Original MP control exceeds that under the Smoothing-MP control for vehicle demand ranging
from 11070 to 15990 vehicles per hour. Meanwhile, the latter indicates that the average speed along the corridor conflict direction
is reduced under the Original MP control compared to the Smoothing-MP control within the same vehicle demand range.

Both Figs. 5 and 6 consolidate the observation that vehicle travel speed along corridors can be increased under the Smoothing-MP
controller. However, this augmentation comes at the expense of reduced average speed along corresponding conflict directions.

The influence of signal coordination weight value on the average speed dynamics along corridors and their conflict directions
is another significant aspect to examine. Fig. 7(a) within the context of the Grid Network indicates that, given various vehicle
demands, the average speed tends to increase in correlation with the signal coordination weight value along the corridor directions.
In contrast, Fig. 7(b) shows that the average speed decreases as the signal coordination weight value increases along the corridor
onflict directions.
Analogous patterns are observed for the Austin Network, as depicted in Figs. 8(a) and 8(b). As such, we can infer that higher

signal coordination weight values are associated with increased average speeds along corridor directions, while a contrary pattern is
evident along the corridor conflict directions. Please note that, Figs. 8(a) and 8(b) illustrate a comparison of the average speed metric
for road links along the comparison of the average speed metric for road links along the coordinated corridor (from North to South
and South to North) and their adjacent conflicting road links (corridor conflict directions from East to West and West to East). This
metric is not intended to indicate stability but rather to assess the operational efficiency of the coordinated corridor relative to its
intersecting routes. It is important to distinguish that stability—reflected in our study as the average number of queuing vehicles—is
a network-level metric used to ascertain the overall stability of the traffic network, which are shown in Figs. 3 and 4.

In addition, we present a time-series plot of the average vehicle speed along the corridor for each simulation time in Fig. 9.
Analysis of these findings suggests that the implementation of the Smoothing-MP algorithm along signal coordination corridors
results in more stable and higher average vehicle speed dynamics, which approximate free flow speed. In contrast, the Original MP
control produces significantly more fluctuation in the average vehicle speed along the corridor, indicating less stability than when
the Smoothing-MP control is employed.

5.3. Average delay

Average delay is a widely accepted metric in traffic signal studies (Liu and Gayah, 2022; Wang et al., 2022; Xu et al., 2024a,
2022b). Consequently, we present the average delay values along the corridors and their corresponding conflict directions. For the
Grid Network’s corridor direction, the average delay tends to increase with vehicle demand. Moreover, the average delay under the
12
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Fig. 3. Stability analysis (Grid Network).

riginal MP control significantly exceeds that under the Smoothing-MP with varying weight values, as shown in Fig. 10(a). However,
or the corridor’s conflict direction in the Grid Network, the average delay under the Original MP control is lower than under the
moothing-MP with different weight values for vehicle demands of 800, 1600, 2400, 3200, and 3760 vehicles per hour. When
ehicle demand equals 3680 and 3840 vehicles per hour, the average delay for both Original MP and Smoothing-MP is comparably
igh, possibly due to vehicle demand exceeding the stable demand region within the Grid Network. In such circumstances, the
rid Network becomes highly congested, leading to minimal differences between the two controllers along the conflict direction,
s depicted in Fig. 10(b).
For the Austin Network, a similar pattern emerges, with the average delay under the Original MP control being considerably

igher than that under the Smoothing-MP along the signal coordinated corridor direction, as depicted in Fig. 12(a). Conversely,
in the corridor conflict direction, the average delay under the Original MP control remains higher than under the Smoothing-MP
control, as shown in Fig. 12(b). Overall, both the Grid Network and the Austin Network exhibit analogous patterns concerning the
metric of average delay.

For a more comprehensive understanding, we evaluated the average delay experienced by each vehicle traveling in the direction
of signal coordination as well as in the conflicting direction for both the Grid Network and the Austin Network. The results are
presented in Figs. 11 and 13. It is important to note that the average delay per vehicle is a metric evaluated at an individual vehicle
level. The data presented in both figures indicate that the Smoothing-MP control system prioritizes the coordination direction,
evidenced by reduced delays for the signal coordination corridor direction and increased delays for the signal coordination conflict
direction.
13
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Fig. 4. Stability analysis (Austin Network)
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Fig. 5. Average speed comparison (Grid Network).

Fig. 6. Average speed comparison (Austin Network).
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Fig. 7. Average speed dynamic comparison (Grid Network).

Fig. 8. Average speed dynamic comparison (Austin Network).
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Fig. 9. Speed dynamics.

Fig. 10. Average delay comparison (Grid Network).
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Fig. 11. Average delay per vehicle comparison (Grid Network).

Fig. 12. Average delay comparison (Austin Network).
18



Transportation Research Part C 166 (2024) 104760T. Xu et al.

c
e

Fig. 13. Average delay per vehicle comparison (Austin Network).

5.4. Average fuel consumption

Fuel consumption is a pivotal metric in assessing the efficiency of signal control systems. In our study, we meticulously simulate
fuel consumption for vehicles traversing specific corridors and their intersecting routes within both the Grid Network and the Austin
Network, across various levels of vehicle demand. To achieve this, we employ the Passenger Car and Heavy-Duty Emission Model
(PHEM), an advanced instantaneous vehicle emission model that has been developed for precision in emission factor estimation,
as documented by Hausberger (2003). PHEM provides the foundation for the emission factors presented in the Handbook Emission
Factors for Road Transport (HBEFA) (Notter et al., 2021).

Our model for fuel consumption is derived from a continuous model found within the HBEFA database, which meticulously
onsiders variables such as vehicle speed, acceleration, and the specific engine technology at play. This nuanced approach is fully
mbraced and operationalized within the SUMO simulation environment, as highlighted in studies by Krajzewicz et al. (2012)
and Salles et al. (2020). SUMO’s capability to implement the pollutant emission model means that we can accurately track and record
the emissions and fuel consumption data for each vehicle throughout its journey. Furthermore, SUMO enables the aggregation and
recording of emissions data at the lane or edge level over specified time intervals, ensuring a detailed and comprehensive analysis
of fuel consumption patterns (Krajzewicz et al., 2012).

An examination of both Figs. 14 and 16 elucidates a decline in vehicle fuel consumption corresponding to an increase in the
signal coordination weight along the coordinated corridor directions, the unit is mg per second. In stark contrast, an increasing trend
is noticeable as the signal coordination weight intensifies along the conflict directions of the signal coordination corridor, observed
across different vehicular demand levels (see Figs. 15 and 17).

6. Conclusions

To our understanding, there exists a gap in current research in the integration of max-pressure (MP) signal timing with
signal coordination. Addressing this, our study proposes a pioneering application of MP signal control, which incorporates signal
coordination along the corridor for the first time, aimed at smoothing traffic. Moreover, we present a meticulous proof showcasing
that our innovative Smoothing-MP approach can maintain maximum stability properties, even while introducing signal coordination.
This fresh perspective has the potential to broaden the practical utility of MP control, particularly considering that real-world traffic
seldom exhibits uniform distribution across the network.

Numerical results from both the Grid Network and the Downtown Austin Network suggest that the stable region remains
19
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Fig. 14. Average fuel consumption analysis along corridor direction (Grid Network).

speeds under Smoothing-MP compared to the Original MP control, while the contrary is true for corridor conflict directions. Based
on speed dynamics illustrated in Figs. 7(a) to 9, we deduce that higher signal coordination weights yield higher average speeds
along corridors, while speed dynamics display a reversed pattern at corridor conflict directions. Regarding average delay, corridor
directions experience lower average delays under Smoothing-MP compared to the Original MP control, whereas corridor conflict
directions register higher average speeds under Smoothing-MP compared to the Original MP control.
20
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Fig. 15. Average fuel consumption analysis corridor conflict direction (Grid Network).

Both sets of results indicate that Smoothing-MP prioritizes signal coordination direction over conflict directions. The higher the
eight, the greater the level of priority. However, the network-level average number of waiting vehicles and average travel time
emain consistent, regardless of the consideration of signal coordination.

Future work includes numerous potential extensions. For instance, integrating Connected and Autonomous Vehicles (CAVs) into
he Smoothing-MP control could provide more accurate speed and travel time information, thereby improving signal timing. Another
21
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Fig. 16. Average fuel consumption analysis along corridor direction (Austin Network).

intriguing challenge and topic for future study would be the integration of multimodal traffic and signal coordination within the
MP control framework.
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Fig. 17. Average fuel consumption analysis corridor conflict direction (Austin Network).
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