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Abstract: Decentralized traffic signal controls, such as max-pressure (MP) control, also known as back-pressure (BP) control, have received
increased attention recently. MP signal control has been analytically proven to maximize the network throughput and stabilize vehicle queue
lengths whenever possible. However, previous work on MP signal control with cyclic and noncyclic phases did not include pedestrian access,
which may increase pedestrians’ travel time, and delay or even encourage some dangerous behaviors like jaywalking. Because the movement
of pedestrians is a nonnegligible factor in traffic management, and many urban planning researchers have found that walking space and
walking continuously have significant health, safety, and environmental impacts, a pedestrian-friendly MP signal control policy is needed.
Here, we propose a novel pedestrian-friendly MP signal control, Ped-MP, that considers pedestrian access in an urban network to achieve both
maximum stability for private vehicles and a comfortable, safe walking experience. This study modifies the original MP control to include
pedestrians’ access for the first time. Furthermore, this policy still inherits the decentralized property of original MP control, which means it
only relies on the local information of individual intersections. Simulation studies are implemented on a popular benchmark network, the
Sioux Falls network, with added pedestrians network. The results indicate that, although considering pedestrians’ access may reduce the
stable region for vehicles, the pedestrians’ travel time and delay can be reduced significantly.DOI: 10.1061/JTEPBS.TEENG-7956.© 2024
American Society of Civil Engineers.

Introduction

Intersections controlled by traffic signals are a major bottleneck for
traffic in many urban road networks. Consequently, effective timing
of traffic signals is highly important for improving traffic flow and
reducing vehicle pollutants in cities (Liang et al. 2023; Ma et al.
2021). Decentralized traffic signal controls, such as back-pressure
based (BP-based) control, also known as max-pressure (MP) con-
trol, have received increased attention recently (Wuthishuwong and
Traechtler 2013; Varaiya 2013; Levin et al. 2020; Xu et al. 2022b;
Xu 2023). To avoid duplicated definitions and confusion, we use
MP control to refer to back-pressure (BP) control and max-pressure
(MP) control in the remainder of the paper. One important prop-
erty of MP control is that it is proven to serve all demand when-
ever possible. MP control is also decentralized, which means the
network-level optimal solution can be found by a local traffic signal
controller only using the traffic information from upstream and
downstream links (Varaiya 2013; Tassiulas and Ephremides 1990).
However, most past MP signal controls with cyclic and noncyclic
phases do not include access for multimodal traffic, and thus are not
designed for the complex multimodal traffic dynamics in urban
areas.

Multimodal traffic is very common in metropolises such as New
York City, Chicago, etc., and traffic researchers have therefore fo-
cused on multimodal traffic signal timing for decades (He et al.
2012, 2014). Some studies focus on providing better traffic signal
timing with pedestrian crossings, given that walking is becoming
more and more popular due to the concerns of transportation envi-
ronmental impacts and increasing travel demand in urban areas (Ma
et al. 2015; Zhang et al. 2018; Akyol et al. 2020; Liang et al. 2023).
From the perspective of safety, integrating pedestrians’ access in
signal timing is nonnegligible. DOT (2019) show that there were
a total of 6,283 pedestrian fatalities in the United States in 2018,
which represents more than a 3% increase from 2017 and the most
fatalities since 1990. The risk of pedestrian injuries or fatalities is a
significant problem in our transportation systems, which is espe-
cially elevated at intersections where vehicle–pedestrian interactions
occur (Li et al. 2023a). Therefore, it is important to consider pedes-
trian access at intersections, especially for the disabled, children, and
elderly (Leden et al. 2006; Cafiso et al. 2011; Khosravi et al. 2018).
From the point of sustainability and urban planning, promoting
walking can result in health benefits (Heinrichs and Jarass 2020;
Tang et al. 2021; Park and Garcia 2020). As the critical point to
walking accessibility, crosswalks at the intersection provide the con-
nections between sidewalks. Safety and continuous walking space
encourage citizens towalkmore, which further promotes sustainable
development for metropolises. Therefore, we are motivated to find a
better signal timing method to provide more friendly signal strate-
gies for pedestrians and serve more vehicles in the urban area.

Many past studies considered public transit and pedestrians in
traffic signal optimization problems, and their proposed methods
could, to some extent, reduce bus and pedestrian travel time, queue
length, and delay. Most of these papers modeled traffic optimiza-
tion as mixed-integer programming and simulated on a signal
intersection or a signal urban corridor, which ignored network-
level performance. Furthermore, because most of them belong to
centralized signal control (Manolis et al. 2018), these traffic con-
trollers would coordinate adjacent intersections to achieve better
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performance but they are hard to implement in urban networks due
to high computation time.

MP signal control, often referred to as BP control, stands out as
a decentralized signal control method with numerous advantages
over traditional approaches. It not only ensures the highest achiev-
able throughput but also operates within a decentralized framework,
facilitating independent decision making at each intersection based
on localized traffic conditions. Moreover, when serving equal de-
mand levels, MP control typically results in shorter vehicle queues
and fewer delays compared to many other control strategies, leading
to enhanced vehicular flow, diminished congestion, and improved
overall traffic system efficiency. Additionally, MP control is notably
adaptive, dynamically adjusting its strategies in response to real-time
traffic patterns. While most distributed signal controls, including MP
signal control, attempt to address the network implementation chal-
lenge predominantly in vehicle-only scenarios, Chen et al. (2020)
considered pedestrian access, albeit in the context of autonomous
intersection control, not traffic signals. As a result, the integration
of MP control with pedestrian access in a predominantly human-
driven vehicle environment remains an open research question.
Furthermore, integrating pedestrian access into MP control is chal-
lenging: First, after integrating pedestrian access, phase timings and
turning movement selection will not be purely determined by “pres-
sure” but should measure pedestrian waiting time or waiting queue
lengths, which requires significant modification to the signal con-
troller. Second, estimating pedestrian queue lengths at crosswalks
near intersections presents challenges due to sensor limitations.
While vehicle queues can be accurately gauged using loop detec-
tors, similar sensors specifically designed for pedestrians at inter-
sections are lacking. Modern image-processing technologies are
capable of providing reasonably accurate assessments of pedestrian
queue lengths. Such advancements may pave the way for a more
refined Ped-MP in the future. However, these sensors are not widely
used and have significant financial implications, both in terms of
initial investment and ongoing maintenance costs, especially when
implemented at the network level. Third, behaviors of pedestrians
and vehicles are different—i.e., a small number of pedestrians may
have unpredictable risks to the intersections, and capacity con-
straints for pedestrians are often large enough to be inactive. Fourth,
most previous studies lack sufficient pedestrian activation data to
fully understand pedestrian queue lengths at most intersections,
and it is also hard for the MP to get pedestrian queue length data.
Therefore, we provide a reasonable way that tracks pedestrian wait-
ing time and the activation of crosswalks around the intersection
as input to the MP controller. Consequently, we modify Varaiya’s
(2013) MP policy to ensure the maximum throughput of vehicles
and with bounded waiting times for pedestrians for the first time,
which can reasonably balance network-level vehicle stability and
pedestrians’ access.

There are four main contributions of this work. (1) We modify
Varaiya’s (2013) MP control policy to include pedestrian access.
(2) We design dynamic queueing models for vehicles and pedes-
trians. (3) We formulate a conflict region constructor, which is in-
spired by autonomous intersection control, for the proposed MP
policy, to model the conflicts between vehicles and pedestrians.
Our proposed conflict region logic can be implemented for some
irregular networks and intersections. (4) We analytically prove the
MP control policy considering pedestrians can also achieve maxi-
mum throughput at the network level.

The remainder of this paper is organized as follows. We first
summarize the related research about MP control. We then formu-
late the network model with pedestrian access, vehicle queueing
model, pedestrian queue model, stable network definition, and sta-
ble region. These contents are prerequisites for proving maximum

stability for MP control. We also propose the Ped-MP and stability
analysis. We present the simulation results and, finally, we con-
clude and discuss experimental results.

Literature Review

In this section, we first review related papers focusing on traffic
signals that include pedestrian access. Then we review the existing
literature on MP signal control and BP signal control.

Traffic Signal Control Including Pedestrian Access

It is worth mentioning that, compared with vehicle traffic, pedes-
trian traffic is far more complex and random (Ma et al. 2015; He
et al. 2012, 2014), especially at intersections. For instance, pedes-
trians have random routes around intersections and may expose
themselves to vehicles. Researchers have been focusing on pedes-
trians’ movements for a long time, with some of them focusing on
providing convenient infrastructure for children, the elderly, and the
disabled, who have lower walking speeds (Leden et al. 2006;
Cafiso et al. 2011; Khosravi et al. 2018). Some researchers wanted
to provide better walking spaces in the cities from the perspective of
urban planners (Hooper et al. 2018). A walkable city (city with
enough walking spaces) has many benefits, such as social, environ-
mental, and economic benefits. Specifically, a city that has better
walking space can encourage residents to embrace walking rather
than driving a vehicle, which fosters community connections and
reduces greenhouse gas emissions. Recently, many urban planners
who focus on public spaces proposed that we should balance street
space for pedestrians and vehicles. They proposed three ways to
balance street space: (1) improving pedestrian flow, (2) providing
space for pedestrian amenities, and (3) making it easier to cross
the street. The first and third points are determined by the traffic
signal controller. Akyol et al. (2020) proposed an adaption of the
original split, cycle, and offset optimization technique (SCOOT)
to accommodate vehicle and pedestrians traffic. Using simulations
in PTV-VISSIM, they found that a tradeoff exists between pedes-
trian travel time and vehicle delay.Ma et al. (2015) established quan-
titative standards, which consider safety and efficiency tradeoff
factors for selecting pedestrian phases for signalized intersections,
and results showed that their technology can select pedestrian phases
properly. Zhang et al. (2018) provided a traffic light scheduling
model for a pedestrian–vehicle mixed-flow traffic environment.
The proposed model is a mixed-integer linear program that can
achieve a good balance between pedestrian demand and vehicle de-
mand. Zhang et al. (2019) also formulated a more realistic model,
the pedestrian-safety-aware traffic light strategy, in which pedestrian
arrival flow and leaving flow are separately described. Based on a
genetic algorithm (GA) and the harmony search, their model per-
formed better than traditional adaptive signal control methods.

Some researchers started to pay more attention to future traffic
environments with pedestrian access. Xu et al. (2022a) pointed out
that, although vision technologies can be applied to intersection
control that integrates pedestrian access, the movement of pedes-
trians is hard to determine. To solve this problem, they suggested
that 6G localization and tracking services offer traffic engineers
new opportunities, and proposed a traffic signal control policy for
pedestrians and vehicles under 6G future technology. He et al.
(2012) leveraged the advantage of online data to identify the ve-
hicle platoon and combine the request from special vehicles (public
transit) to formulate a mathematical programming problem to pre-
dict future signal states. Although they did mention pedestrian ac-
cess, they modeled requests for special vehicles by replacing with
pedestrian crossing requests. Later on, He et al. (2014) proposed a
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multimodel traffic signal control policy including signal actuation
and coordination, which includes pedestrian access. They built sim-
ulations on a corridor and found that their method can reduce pe-
destrian delay and average passenger delay. However, most of these
studies tried to model traffic signal optimization problems as
mixed-integer programs, which are computationally difficult to im-
plement at the network level.

MP Signal Control

MP signal control, also known as BP signal control, is one type
of decentralized signal control method. MP was proposed for
scheduling in communication and power systems (Tassiulas and
Ephremides 1990). Varaiya (2013) converted it into a traffic signal
control and proved that the proposed MP signal controller can
ensure that the transportation network is stable whenever possible.
They modeled the traffic state based on the vehicle queue lengths.
Many other papers extended the research of Varaiya (2013).
Gregoire et al. (2014a) proposed a BP traffic signal control and
proved it can achieve stability based on Lyapunov drift with
corresponding simulation results. Later, Gregoire et al. (2014b)
developed another BP traffic signal control that considers road
capacity, which can better handle congestion in the network.

Due to the complexity of the proof of maximum stability, many
past studies did not characterize the stable demand region and pro-
vide a rigorous proof of stability (Sun and Yin 2018; Chang et al.
2020; Yu et al. 2021). For example, Sun and Yin (2018) compared
the noncyclic MP (Varaiya 2013) signal controller, cyclic MP
signal controller, and coordinated actuated traffic signal controller
with simulation in VISSIM based on realistic scenarios. Their re-
sults showed that the cyclic-based MP signal control had worse
performance than noncyclic MP signal control, and noncyclic MP
signal control achieves better performance than the coordinated ac-
tuated traffic signal controller currently in use. Some researchers
tried to modify the original MP traffic control, which models traffic
dynamics as vehicles’ queue length. For instance, Mercader et al.
(2020) proposed a novel travel-time based MP traffic control. Dixit
et al. (2020) proposed an MP signal control with signal timing
based on crowd-sourced delay data. Although these works gave
us inspiration for implementation and modification of MP signal
controls, they lacked a proof of the maximum stability property.

To encourage the practical implementation of MP signal control,
many studies provided modified structures for MP signal control.
Le et al. (2015) and Levin et al. (2020) proposed cyclic-based MP
signal controls, as the original MP signal control (Varaiya 2013)
activates phases in arbitrary order and may cause a long waiting
time for vehicles in the low-demand direction, and provided rigor-
ous proofs of stability. To test the performance of cyclic-based MP
signal control, Barman and Levin (2022) provided a performance
evaluation with modified cyclic-based MP signal control in two
realistic corridors, showing that the modified cyclic-based MP sig-
nal control can reduce vehicle delay compared with current signal
control in Minneapolis, Minnesota. Some researchers wanted to
leverage emergency connected and autonomous vehicle technolo-
gies (Tu et al. 2019; Xu et al. 2021; Ma and Wang 2021; Ma et al.
2022; Xu et al. 2023). For instance, Liu and Gayah (2022) proposed
a novel delay-based MP controller, where their delay is defined as
the total vehicles’ stopped time in a road link. Their proposed MP
signal control method can achieve better delay performance when
connected and autonomous vehicles are more widely available.
Rey and Levin (2019) also introduced the concept of the blue phase
to switch between traffic signals and autonomous intersection
management while retaining maximum throughput. In addition,
the original MP signal control (Varaiya 2013) is based on the

point-queue model (Vickrey 1969; Zhang et al. 2013), which is unre-
alistic. Therefore, some researchers started developing MP signal
controllers that can capture the spatial distribution of traffic dynam-
ics over road links for more accurate MP signal timing. For exam-
ple, Li and Jabari (2019) proposed a position-weighted BP signal
control policy based on a more accurate model of traffic flow. How-
ever, their proposed method is hard to implement in reality, because
we cannot obtain accurate density information over every continu-
ous space of a link. Xu et al. (2022c) proposed an approximated
method to obtain density information. With the emergence of ar-
tificial intelligence, many researchers tried to leverage reinforce-
ment learning (RL) knowledge to MP control (Wei et al. 2019;
Yang et al. 2019; Maipradit et al. 2021; Yang et al. 2019; Ke et al.
2020; Wang et al. 2022; Zheng et al. 2023). Chen et al. (2020) was
the first paper that incorporated pedestrians and MP-based signal
control, but their proposed method was only suitable for the envi-
ronment of fully autonomous vehicles (non-signal structure) and
the simulation was implemented on a grid-based network without
considering realistic pedestrian phase design. Considering the
aforementioned research and the demand for pedestrians’ intersec-
tion access, we extend the MP policy to consider the access of
pedestrians in a realistic network.

Problem Formulation

Road Network Model with Pedestrian Access

Consider an urban network G ¼ ðN ;AÞwith nodesN and linksA.
We separate the urban network into the vehicle network Gv ¼
ðN v;AvÞ and the pedestrian network Gp ¼ ðN p;ApÞ, because
vehicles move along the road and pedestrians move through the
sidewalks and crosswalks, and they will interact with each other at
intersections. Nodes represent intersection locations. Nodes N are
divided into vehicle nodes (intersections) N v and pedestrian nodes
(intersections) N p. The link set A is divided into three subsets,
which are the entry link set Ae, the internal link set Ai, and the
exit link set Ao. Specifically, entry link set Ae can be divided into
pedestrian entry links Ap

e and vehicle entry links Av
e; internal link

setAi are composed of vehicle internal links andAv
i and pedestrian

internal links Ap
i ; and exit link set Ae are composed of vehicle exit

links andAv
e and pedestrian exit linksA

p
e. Note that entry links and

exit links are not realistic links, which are used for loading and
removing vehicles and pedestrians. Entry links are the those
where pedestrians and vehicles can enter the network, which are
modeled as point queues. Exit links are the sink links where pe-
destrians and vehicles leave the network once they reach their des-
tination nodes.

For the vehicle network Gv ¼ ðN v;AvÞ, internal links Av
i con-

nect the intersections located inside the vehicle network. We define
M be the set of all turning movements in the network. We use Γþ

i
and Γþ

j to represent the sets of outgoing links and incoming links of
nodes (intersections), respectively. One turning movement is a
combination of two links. For instance, ði; jÞ and ðj; kÞ are two
movements, respectively. Let xvijðtÞ be the number of vehicles
on link i waiting to move to link j. Let dvi ðtÞ be the vehicles’ de-
mand entering the network on link i ∈ Ae at time t, which are an
independent identically distributed random variable with average
value dvi . Turning proportion rvjkðtÞ is the proportion of vehicles
entering link j that will next move to link k at time t, which are
independent identically distributed random variables with mean
rvij. Usually, the turning proportions can be obtained from historical
travel data. We separate the vehicle queues on the link by turning
movements, as in previous work (Varaiya 2013).
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For the pedestrians network Gp ¼ ðN p;ApÞ, the pedestrian links
represent the sidewalks and crosswalks. Note that pedestrian nodes
(intersections) N p are not the physical intersections, but rather the
nodes to connect sidewalks and crosswalks. Let xpijðtÞ be the num-
ber of pedestrians on link i waiting to move to link j. Let dpi ðtÞ be
the pedestrian demand entering the network on link i ∈ Ae, which
are independent identically distributed random variables with aver-
age value dpi . Turning proportion r

p
ijðtÞ determines the proportion of

pedestrians entering link i that will next move to link j, which are
also independent identically distributed random variables with
mean rpij. Turning proportion rpijðtÞ determines the proportion of
pedestrians entering i that will next move to j, which are indepen-
dent identically distributed random variables with mean rpij. To fo-
cus on the impacts of signal control for pedestrians, we set the
speed for pedestrians as constant and the capacity as infinite, which
is similar to the point queue model for pedestrian propagation.

To model the vehicle and pedestrian conflicts, we use αb
ij to in-

dicate whether the vehicle turning movements ði; jÞ conflict with
pedestrians’ movement when pedestrians want to move across
the crosswalk b. For vehicles moving through the intersections, the
capacity of the conflict region is Qc, which is determined by the
capacities of turning movements, Qc ¼ maxði;jÞjc∈Cij

fQijg. The to-
tal number of vehicles driving through one conflict region per time
is bounded by the capacity of the conflict region. Additional details
can be found in Fig. 1.

Vehicle Queueing Model

To calculate the vehicle queueing propagation in the network under
discretized time, we use the store-and-forward model of Varaiya
(2013). The evolution of vehicle queueing along an internal link
can be mathematically expressed through Eq. (1), which is eluci-
dated in Fig. 2. As depicted in the figure, two vehicles transition
from link k2 and k3 (upstream) to the downstream link i. Mean-
while, one vehicle moves from link i to link j. Thus, at time t,
the queueing state is denoted by xijðtÞ ¼ 3. Factoring in these
movements, the queueing state at the subsequent time instance,
xijðtþ 1Þ, is computed as 3 − 1þ 2 ¼ 4

xvijðtþ 1Þ ¼ xvijðtÞ − yvijðtÞ þ
X

ði;j;hÞ∈ðAvÞ3
yvhiðtÞ × rvijðtÞ ð1Þ

where yvijðtÞ = signal controlled flow that starts from link i and then
travels to link j. Vehicle flow conservation also applies to entry
links with the following equation:

xvijðtþ 1Þ ¼ xvijðtÞ − yvijðtÞ þ dvi ðtÞ × rvijðtÞ ð2Þ

The activation of vehicle turning movement ði; jÞ is denoted by
sijðtÞ ∈ f0; 1g. The value of yvijðtÞ is determined by the following
equation:

yvijðtÞ ¼ minfQv
ijsijðtÞ; xvijðtÞg ð3Þ

where Qv
ij = capacity of turning movement from link i to link j.

Specifically, Qv
ij ¼ minðQv

i ;Q
v
jÞ is the maximum flow of vehicle

Fig. 1. Network with pedestrian access.

Fig. 2. Vehicle queueing model explanation.
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movement ði; jÞ. Note that capacity is the maximum road through-
put, which we assume to be constant for each link.

Pedestrian Queueing Model

To track the propagation of pedestrians queueing in the network,
we construct a store-and-forward queueing model, which is also
inspired by Varaiya (2013)

xpijðtþ 1Þ ¼ xpijðtÞ − ypijðtÞ þ
X

ði;j;hÞ∈ðApÞ3
yphiðtÞ × rpijðtÞ ð4Þ

where yPijðtÞ = flow of pedestrians from i to j at time t, which is
controlled by intersection signal. Flow conservation also applies to
entry links of pedestrians, but entering flow is determined by the
demand dPi ðtÞ

xpijðtþ 1Þ ¼ xpijðtÞ − ypijðtÞ þ dpi ðtÞ × rpijðtÞ ð5Þ

We assume that for entry link i ∈ Ap
e, d

p
i ðtÞ are independent

identically distributed random variables with mean dpi . We further
assume dpi ðtÞ has maximum value ~dpi . Note that Varaiya (2013) did
not consider pedestrian access, but we will include the phases
that consider pedestrian and vehicle access for the intersection
controls. There should be some feasible control that can accommo-
date pedestrian movements without conflict with vehicles, which
will be introduced in the section “Feasible Signal Control Including
Pedestrian Access.” Furthermore, it is worthy to mention that pe-
destrians could originate from any node. We provide entry links to
make it clear that there are processes or mechanisms to load pedes-
trian demand into the network. The value of ypijðtÞ is denoted by the
following equation:

ypijðtÞ ¼ minfQp
ijsijðtÞ; xpijðtÞg ð6Þ

Specifically, we assume that pedestrians could move at the
capacity of the pedestrian movement from link i to link j if they
can move. We use smbðtÞ to denote whether crosswalks are acti-
vated or not as described in the section “Feasible Signal Control
Including Pedestrian Access.”Based on the conflict logic, pedestrians
can move when they do not have conflicts with vehicles, or when
crosswalks are forced to activate for pedestrian cross-movements.

Feasible Signal Control Including Pedestrian Access

The activation of turning movement ði; jÞ for vehicles and pedes-
trians is denoted by sijðtÞ ∈ f0; 1g; sijðtÞ ¼ 1 means movement
ði; jÞ gets a green light, and sijðtÞ ¼ 0 means that movement ði; jÞ
gets a red light. Note that when pedestrian movements do not

conflict with vehicle movements, pedestrians can still walk
across the intersection. Specifically, we define pedestrian cross-
movements (walking through the crosswalks) as ðm; nÞ, which
are a subset of all pedestrian movements ði; jÞ (including cross-
movements and sidewalk-movements).

Let SnðtÞ be an intersection matrix for intersection n that include
the movement of pedestrians and vehicles. We can define the in-
tersection control sequence Sn ¼ fSnðtÞ; t ∈ Tg. Let S be a set that
includes all feasible network control matrices for all intersections,
and let Sn be the set of all feasible intersection matrices for inter-
section n. We denote the convex hull of all feasible signal control
matrices as ConvðSÞ. Because we need to consider pedestrian ac-
cess, Fig. 3 shows a detailed explanation of feasible signal control
including pedestrian access. Pedestrians can walk through cross-
walks (crosswalks are activated) when they do not have conflicts
with the vehicle movements. Note that in this paper, vehicle move-
ments are determined by signal phase, in contrast with Chen et al.
(2020), who used autonomous intersection management, which
lacked signal phases.

To consider pedestrian access in the signal control, we define the
activation indicator for the pedestrian cross-movement ðm; bÞ as
smbðtÞ. We keep track of pedestrian waiting time by ϕmbðtÞ,
as follows:

ϕmbðtþ 1Þ ¼
�
ϕmbðtÞ þ 1 smbðtÞ ¼ 0

0 smbðtÞ ¼ 1
ð7Þ

We set a maximum tolerance time, ϕ̂mb, which should be tested
under different value settings, and we assume this number is exog-
enous and does not vary with time.

The pedestrian waiting time for cross-movement ðm; bÞ at time
step t is denoted as ϕmbðtÞ. When the difference between pedestrian
waiting time and maximum tolerance time is larger than zero,
smbðtÞ is forced to be set to 1 to activate the crosswalk for ðm; bÞ.
The following equation gives a constant on the activation of pedes-
trian cross-movement ðm; bÞ based on the tolerance time:

ð1 − smbðtÞÞðϕmbðtÞ − ϕ̂mbÞ ≤ 0 ð8Þ

In consequence, we are forced to activate the crosswalk at once
every ϕ̂mb time steps.

When the pedestrian waiting time is less than the maximum tol-
erance time, smbðtÞ could be 0 or 1, but this should depend on
whether it conflicts with vehicles. The following equation repre-
sents the relationship between vehicles and pedestrians:

smbðtÞ ≤ 1 − sijðtÞαb
ij ð9Þ

Fig. 3. Traffic signal design with pedestrian access.
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where αb
ij ∈ f0; 1g indicates whether vehicle movement ði; jÞ

intersects with crosswalk b.
Overall, we are able to obtain feasible signal control sijðtÞ that

includes pedestrian movements and vehicle movements. For any
given intersection control sequence, the long-term average time
used for serving vehicle movement ði; jÞ, including pedestrian ac-
cess, can be calculated by Eq. (10), which is average signal control.
Let s and sðtÞ be the vectors of sij and sijðtÞ, respectively

sij ¼ lim
T→∞

1

T

XT
t¼1

sijðtÞ ð10Þ

The convex hull of all feasible signal control matrices S is given
by the following equation:

ConvðSÞ ¼
�X

s∈S
λsSjλsS ≤ 0;

X
λs ¼ 1

�
ð11Þ

Then we can find a set S ⊂ convðSÞ, which is the set of average
control calculated by Eq. (10) where sðtÞ satisfies pedestrian access
constraints of Eqs. (7)–(9). The category of signal controls includes
several types in this research: feasible signal control, average signal
control, and Ped-MP. Feasible signal control pertains to traffic
signal strategies viable in real-world settings, incorporating both
fixed-time and adaptive signal controls. Notably, certain scenarios,
like the simultaneous activation of conflicting movements, are
deemed infeasible. Conversely, average signal control provides
a long-term averaged perspective on the time allocated for
movements between links i and j, offering an averaged insight for
specific traffic participants but not always guaranteeing feasibility.
Ped-MP, designed with pedestrian nuances in mind, stands as a
max-pressure signal control under the umbrella of feasible controls.
For vehicular traffic between links i and j, it aligns with the average
signal control specific to vehicles, whereas for pedestrian traffic, it
reflects the average signal control exclusive to their movements.
After that, we can give Proposition 1, which is needed for the proof
of stability.

Proposition 1: If sðtÞ ∈ S and sðtÞ satisfy pedestrian access
constraints (7)–(9), then there exists a s ∈ S such that

s ¼ lim
T→∞

1

T

XT
t¼1

sðtÞ ð12Þ

Proof: First, we prove that s is in the convex hull of S. For any
T, Let T × λs be the duration of time steps so that sðtÞ ¼ s. Given
that sðtÞ ∈ S and sðtÞ satisfy constraints (7)–(9),

P
sTλs ¼ T.

Thus, λs represents the proportion of time spent in each phase s.
The summation across all phases is given by

P
sλs ¼ 1. Therefore,

we define the indicator function as

IðsðtÞ ¼ sÞ
�
1 if sðtÞ ¼ s

0 if sðtÞ ≠ s
ð13Þ

Then we have

s ¼ lim
T→∞

1

T

XT
t¼1

sðtÞ ð14Þ

¼ lim
T→∞

1

T

XT
t¼1

X
s

IðsðtÞ ¼ sÞs ð15Þ

¼ lim
T→∞

1

T

XT
t¼1

X
s∈S

Tλss ð16Þ

¼
X
s∈S

λss ð17Þ

Because s ∈ S, there exists a λs satisfying
P

s∈Sλs ¼ 1 such
that

s ¼
X
s∈S

λss ð18Þ

Stable Network

Stability means the ability/capacity of network-level signal controls
to serve all demand in the transportation network. We should clarify
that, while this research seeks to adapt the original MP control to
accommodate pedestrian access, the stability definition remains
consistent with the concept presented by Varaiya (2013). Specifi-
cally, our focus remains on the stability of vehicles rather than
pedestrians. However, we do ensure pedestrian movement by acti-
vating pedestrian phases after a predetermined duration, denoted as
ϕ̂mb. This approach is further elucidated in the Section “Feasible
Signal Control Including Pedestrian Access.” Hence, we define
the stability of the network mathematically as follows when the
signal control included pedestrian access:

Definition 1: The network is strongly stable if the number of
vehicles in the network is bounded in expectation, i.e., there exists a
κ < ∞ such that

lim
T→∞ sup

�
1

T

XT
t¼1

X
ði;jÞ∈A2

EfxvijðtÞg
�

≤ κ ð19Þ

Because we can easily find a large demand rate such that no
traffic control policy can serve it, it is essential to define the net-
work stable region to prove maximum stability.

Stable Region

MP control aims to stabilize any vehicle demand that could be sta-
bilized by any other signal control. To prove the maximum stability
property, we must define analytically the set of vehicle demands
that could be stabilized. In reality, the demand for vehicles is
stochastic and the stable region is defined in terms of the average
demand rates dv to help us prove the maximum stability. Let fv be
the average volume of vehicles on link i. For entry links, we have
the following relationship:

fvi ¼ dvi ð20Þ

For internal links of vehicles, fvi can be determined by conser-
vation of flow, which means the total flow on the downstream link
is determined by the aggregation of from all connected upstream
flow. This cumulative flow considers the proportion of vehicles
transition from each upstream link to the downstream one:

fvj ¼
X
i∈Av

fvi r
v
ij ð21Þ

By Proposition 1 of Varaiya (2013), for every demand rate dv

and turning proportions rv, there exists an unique average flow vec-
tor fv. In this study, the network can be stabilized if the average
vehicle flow can still be served by some traffic signals considering
the access of pedestrian movements. That is, there must exist an
average signal activation s ∈ S. It is crucial to mention that the size
of the stable region in this study is smaller compared with Varaiya’s
(2013) stable region, since the feasible signal phases for vehicles
will be restricted by the access of pedestrian’s movements by
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constraints Eqs. (7)–(9). Specifically, s in Varaiya (2013) are used
for vehicles only, but s in this research are forced to close for the
activation of pedestrians movement at least every ϕ̂mb time steps

fvi r
v
ij ≤ sijQv

ij ð22Þ

where sij can be obtained from Eq. (10), based on some feasible
signal control that follows pedestrian access constraints Eqs. (7)–(9).

Let D be the set of all feasible demand vectors of vehicles dv,
which satisfy constraints Eqs. (20)–(22). Let D0 be the interior of
D, where constraint Eq. (22) holds with strict inequality. Then,
there exists an ϵ > 0 such that

fvi r
v
ij − sijQv

ij ≤ −ϵ ð23Þ

Proposition 2: If d ∈= D0, then it is impossible to find a stabi-
lizing control.

Proof: If the network is unstable, the vehicle’s movement flow
is greater than the traffic signal control policy that can serve. Given
that dv, ∀sij ∈ S, there exists a θ > 0 and at least one turning
movement ði; jÞ satisfying fvj r

v
ij ≥ sijQv

ij þ θ.
Based on Eq. (1), we have

xvijðtþ 1Þ − xvijðtÞ ¼
X

ði;j;hÞ∈ðAvÞ3
yvhiðtÞ × rvijðtÞ − yvijðtÞ ð24Þ

Based on Eq. (24), we can obtain the following relationship:

E

"Xτ−1
t¼0

X
ði;jÞ∈Av2

ðxvijðtþ 1Þ − xvijðtÞÞ
#
¼ E

" X
ði;jÞ∈Av2

ðxvijðτÞ − xvijð0ÞÞ
#

ð25Þ

¼ E

"Xτ−1
t¼0

X
ði;j;hÞ∈ðAvÞ3

ðyvhiðtÞrvijðtÞ − yvijðtÞÞ
#

ð26Þ

¼ E

" X
ðði;jÞ∈Av2

ðfvjrvij − sijQv
ijÞ
#

ð27Þ

≥E½τθÞ� ¼ τθ ð28Þ

Moving xvijð0Þ to the right hand side, we obtain

E

" X
ði;jÞ∈Av2

xvijðτÞ
#
≥ θτ þ E

" X
ði;jÞ∈Av2

xvijð0Þ
#

ð29Þ

or equivalently

E½jxvðτÞj� ≥ θτ þ E½jxvð0Þj� ð30Þ

From Eq. (30), we obtain

lim
T→∞E

�
1

T

XT
t¼1

jxvðtÞj
�

≥ lim
T→∞E

�
1

T

XT
t¼1

½θtþ E½jxvð0Þj��
�

¼ lim
T→∞E

�
1

T

XT
t¼1

ðθtÞ
�
þ lim

T→∞E

�
1

T

XT
t¼1

½jxvð0Þj�
�
¼ ∞ ð31Þ

which violates Eq. (19).

Stability Analysis Based on Average Signal Control

Now, we need to prove that the average signal control, including
pedestrian access, will stabilize any demand vectors d ∈ D0. It is a
prerequisite for the MP control to achieve maximum stability, be-
cause, if there exists no average signal control including pedestrian
access, that can stabilize any demand vectors d ∈ D0, MP control
cannot stabilize the network either. In addition, any demand d ∈= D
cannot be stabilized by Proposition 2, and this essentially proves
that the average signal control can achieve stability. The only ex-
cluded demand is on the boundary of D, for which the Markov
chain can be shown to be null recurrent but not positive recurrent.
Note that we only consider the stability of vehicles because pedes-
trians can move once the tolerance time is reached.

Lemma 1: When d ∈ D0, there exists a Lyapunov function
νðtÞ ≥ 0 and constants κ < ∞, ϵ > 0 such that

E½νðtþ 1Þ − νðtÞjxðtÞ� ≤ κ − ϵjxðtÞj ð32Þ
Proof: To calculate the queue length at time tþ 1, we apply the

vehicle queueing models shown in Eqs. (1)–(6). Then, let δijðtÞ be
the difference of the queueing length of vehicles between time steps
t and time steps tþ 1

δijðtÞ ¼ xvijðtþ 1Þ − xvijðtÞ
¼ −minfQv

ijsijðtÞ; xvijðtÞg
þ
X
h∈A−

i

minfQv
hisijðtÞ; xvhiðtÞg × rvijðtÞ ∀ i ∈ Ai; j ∈ Γþ

i

ð33Þ
δijðtÞ ¼ xvijðtþ 1Þ− xvijðtÞ

¼ −minfQv
ijsijðtÞ;xvijðtÞgþ dvi ðtÞ× rvijðtÞ ∀ i ∈Ae; j ∈ Γþ

i

ð34Þ
Let xvðtÞ be the matrix including all queue length of private

vehicles. Hence, we consider the Lyapunov function νðtÞ as
follows:

νðtÞ ¼ jxvðtÞj2 ¼
X

ði;jÞ∈A2

ðxvijðtÞÞ2 ð35Þ

Then, we expand the difference ν1ðtþ 1Þ − ν1ðtÞ as follows:
νðtþ 1Þ − νðtÞ ¼ jxvðtþ 1Þj2 − jxvðtÞj2

¼ jxvðtÞ þ δðtÞj2 − jxvðtÞj2
¼ 2xvðtÞTδðtÞ þ jδðtÞj2 ð36Þ

The first term of Eq. (36) can be rewritten as

2xvðtÞTδðtÞ ¼ −2xvijðtÞ
X
i∈A

X
j∈Γþ

i

minfQv
ijsijðtÞ;xvijðtÞg

þ 2
X
h∈Γ−

i

X
i∈A

X
j∈Γþ

i

xvijðtÞminfQv
hishiðtÞ;xvhiðtÞgrvijðtÞ

þ 2
X
i∈Ae

X
j∈Γþ

i

ð−minfQv
ijsijðtÞ;xvijðtÞgþ dvi ðtÞ× rvijðtÞÞ

ð37Þ

¼ 2
X

i∈Ai∪Ae

X
j∈Γþ

i

minfQv
ijsijðtÞ; xvijðtÞg

�
−xvijðtÞ þ

X
k∈Γþ

i

rvjkðtÞxvjkðtÞ
�

þ 2
X
i∈Ae

X
j∈Γþ

i

dvi ðtÞ × rvijðtÞ × xvijðtÞ ð38Þ
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We replace the turning proportion rvijðtÞ with average value
rvij, since

lim
T→∞

1

T

XT
t¼1

X
ði;jÞ∈A2

rvijðtÞ ¼
X
i;j∈A

rvij

and rvijðtÞ is a random variable. Therefore, we have the following
equation:

E½xvðtÞTδðtÞjxvðtÞ�
¼

X
i∈Ai∪Ae

X
j∈Γþ

i

E½minfQv
ijsijðtÞ; xvijðtÞg × ð−xvijðtÞÞjxvðtÞ�

þ
X

i∈Ai∪Ae

X
j∈Γþ

i

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ�

×

�X
k∈Γþ

i

rvjkx
v
jkðtÞ

�
þ
X
i∈Ae

X
j∈Γþ

i

E½dvi ðtÞrvijxvijðtÞjxvðtÞ� ð39Þ

Then, we obtain

E½xvðtÞTδðtÞjxvðtÞ�
¼

X
i∈Ai∪Ae

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ�

×

�
−xvijðtÞ þ

X
k∈Γþ

i

rvjkx
v
jkðtÞ

�
þ
X
i∈Ae

dvi r
v
ijx

v
ijðtÞ ð40Þ

For the last term of Eq. (40),
P

i∈Ae
dvi r

v
ijx

v
ijðtÞ, we haveX

i∈Ae

dvi r
v
ijx

v
ijðtÞ ¼

X
i∈Ae

fvi r
v
ijx

v
ijðtÞ ¼

X
i∈Ae

fvijx
v
ijðtÞ ð41Þ

¼
X

i∈Ai∪Ae

fvi r
v
ijx

v
ijðtÞ −

X
j∈Ai

fvj r
v
jkx

v
jkðtÞ ð42Þ

¼
X

i∈Ai∪Ae

fvi r
v
ijx

v
ijðtÞ −

X
j∈Γþ

i

� X
i∈Ai∪Ae

fvi r
v
ij

�X
K

rvjkx
v
jkðtÞ ð43Þ

¼
X

i∈Ai∪Ae

fvi r
v
ij

�
xvijðtÞ −

X
k

rvjkx
v
jkðtÞ

�
ð44Þ

By Proposition 1, there exists some s ∈ ConvðSÞ such that
E½sijðtÞ� ¼ sij. Then, we have

E½xvðtÞTδðtÞjxvðtÞ�
¼

X
i∈Ai∪Ae

ðfvi rvij − E½minfQv
ijsijðtÞ; xvðtÞgjxvðtÞ�Þ

×

�
xvijðtÞ −

X
k∈Γþ

j

rvjkx
v
jkðtÞ

�
ð45Þ

¼
X

i∈Ai∪Ae

ðfvi rvij − sijQv
ijÞ
�
xvijðtÞ −

X
k∈Γþ

j

rvjkx
v
jkðtÞ

�

þ
X

i∈Ai∪Ae

ðsijQv
ij − E½minfQv

ijsijðtÞ; xvijðtÞgjxvðtÞ�Þ

×

�
xvijðtÞ −

X
k∈Γþ

j

rvjkx
v
jkðtÞ

�
ð46Þ

For the second term of Eq. (46), if xvijðtÞ ≥ Qv
ij, we have

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ� ¼ Qv

ijsij. Therefore, the second

term of Eq. (46) equals zero. If xvijðtÞ < Qv
ij, then we have

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ� ¼ E½xvijðtÞjxvðtÞ�, which results in

X
i∈Ai∪Ae

ðsijQv
ij − E½xvijðtÞjxvðtÞ�Þ

�
xvijðtÞ −

X
k∈Γþ

j

rvjkx
v
jkðtÞ

�

≤ X
i∈Ai∪Ae

sijQv
ijx

v
ijðtÞ ≤

X
i∈Ai∪Ae

ðQv
ijÞ2 ð47Þ

Therefore, the second term of Eq. (46) equals zero or is bounded
by
P

i∈Ai∪Ae
ðQv

ijÞ2. Moving on, we focus on the first term of
Eq. (46). Based on the inequality Eq. (23), we have

X
i∈Ai∪Ae

ðfvi rvij − sijQv
ijÞ
�
xvijðtÞ −

X
k∈Γþ

j

rvjkx
v
jkðtÞ

�

≤ X
i∈Ai∪Ae

ðfvi rvij − sijQv
ijÞðxvijðtÞÞ ≤ −ϵjxvðtÞj ð48Þ

Eq. (32) satisfies the following relationship based on Eqs. (47)
and (48). For δijðtÞ

jδijðtÞj ¼
���� −minfQv

ijsijðtÞ; xvijðtÞg

þ
X
h∈A−

i

minfQv
hisijðtÞ; xvhiðtÞg × rvijðtÞ

����
∀ i ∈ Ai; j ∈ Γþ

i ð49Þ

≤max

�
Qv

ij;
X
h∈A−

i

Qv
ij

�
ð50Þ

Let d̂ij be the maximum value of demand. Then, we have

jδijðtÞj ¼ j −minfQv
ijsijðtÞ; xvijðtÞg þ dvi ðtÞ × rvijj ≤ maxfQv

ij; d̂ijg
∀ i ∈ Ae; j ∈ Γþ

i ð51Þ

Define ψ as the maximum value amongQv
ij,
P

h∈A−
i
Qv

ij, and d̂ij,
that is

ψ ¼ max

�
Qv

ij;
X
h∈A−

i

Qv
ij; d̂ij

�
ð52Þ

Because the total movement of private vehicles is M, we have
the following inequality:

jδijðtÞj2 ≤ M × ψ2 ð53Þ

From Eqs. (48) and (53), we have

jxvðtþ 1Þj2 − jxvðtÞj2 ¼ 2xvðtÞTδðtÞ þ jδðtÞj2

≤ 2

 X
i∈Ai∪Ae

ðQv
ijÞ2 − ϵjxvðtÞj

!
þMψ2

ð54Þ

¼ κ − ϵjxvðtÞj ð55Þ

where κ ¼ 2
P

i∈Ai∪Ae
ðQv

ijÞ2 þMψ2.
Based on the above procedure, we find that we do know the

lower and upper bounds of sij to prove stability. However, we need
the long-time average signal activated time sij used for serving
turning movement ði; jÞ while providing pedestrian access.
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Proposition 3: When the average signal sij, which is con-
strained by the stable region definition, is used, and there exists
dv ∈ D0, the transportation network is stable.

Proof: Inequality (32) holds from Lemma 1. Taking expect-
ations and summing over t ¼ 1; : : : ;T gives the following
inequality:

E½νðT þ 1Þ − νð1ÞjxvðtÞ� ≤ κT − ϵ
XT
t¼1

jxPðtÞj ð56Þ

Then, we have

ϵ
1

T

XT
t¼1

E½jxvðtÞj� ≤ κ − 1

T
E½νðT þ 1Þ� þ 1

T
E½νð1Þ�

≤ κþ 1

T
E½νð1Þ� ð57Þ

which implies that Definition 1 is satisfied.
Moreover, we need to mention that stability is not impacted by

the initial condition. Let us move ϵ in to the right-hand side and take
the limit as T goes to infinity. Then, the ð1=TÞE½νð1Þ� term equals
zero, which yields the following inequality:

lim
T→∞

1

T

XT
t¼1

E½jxvðtÞj� ≤ κ
ϵ

ð58Þ

MP Control Policy

MP Control Policy Considering Pedestrian Access

Now, we reach MP control. We have established that average signal
controls accommodating pedestrian access can stabilize the net-
work. Building on this foundation, we aim to demonstrate that
the max-pressure (MP) control strategy, when it factors in pedes-
trian crossings, can also attain maximum stability. This study modi-
fies the original MP control policy of Varaiya (2013) to create the
pedestrian-friendly max-pressure signal control policy, Ped-MP.
The weight calculation is the same as previous papers (Varaiya
2013; Chen et al. 2020; Levin et al. 2019, 2020)

wv
ijðtÞ ¼ xvijðtÞ −

X
k∈Γþ

j

rvjkðtÞxvjkðtÞ ð59Þ

After we calculate the weight for each movement, a mixed-
integer linear program is used to calculate the intersection control.
In this program, we use αb

ij to indicate whether the vehicles’ move-
ments have conflicts with pedestrians. The capacity of conflict
region c is Qc, which is determined by the capacities of turning
movements, Qc ¼ maxði;jÞjc∈Cij

fQijg.
The modified MP control policy considering pedestrian access

tries to maximize the total pressure of vehicles. Here, s�ijðtÞ denotes
the MP signal control at intersection n in the transportation network
considering pedestrian access, which is

s�ijðtÞ ¼ argmaxs∈S

" X
ði;jÞ∈M

sijðtÞQv
ijw

v
ijðtÞ

#
ð60Þ

which should obey constraints Eqs. (61a)–(61j). We include pedes-
trian access constraints Eqs. (8) and (9) in this part as constraints
Eqs. (61b) and (61c) for the convenience of readers. To be specific,
constraint Eq. (61b) indicates the MP control will consider the pe-
destrians’waiting time. The maximum tolerance time, which is ϕ̂mb

in the simulation, should be tested under different value settings,
and we assume this number should not change by time (input
parameter for simulation). However, a short tolerance time will re-
duce the stable region of a vehicle significantly, so it should depend
on the demand of vehicles and pedestrians in the real world. The
pedestrians’ waiting time for cross-movement ðm; bÞ at time step t
is denoted as ϕmbðtÞ (section “Feasible Signal Control Including
Pedestrian Access”). When the difference between the pedestrians’
waiting time and the maximum tolerance time is large than zero,
smbðtÞ is forced to equal 1, which means, when the pedestrians have
been waiting for a long time, we activate the movement for the pe-
destrians. When the difference between pedestrians’ waiting time
and the maximum tolerance time is less than or equal to zero, smbðtÞ
could be 0 or 1, but this should depend on whether it conflicts with
vehicles or not. Constraint Eq. (61c) represents the relationship
with vehicle movements and pedestrians’ movements, where αb

ij ∈
f0; 1g indicates whether vehicle movements ði; jÞ intersect with
crosswalk b. For instance, when vehicle movement ði; jÞ is acti-
vated, if it intersects with crosswalk b, then smbðtÞ is forced to
be zero. However, if movement ði; jÞ does not conflict with cross-
walk b, then smbðtÞ could be 0 or 1. Constraint Eq. (61d) corre-
sponds with Eq. (3), stipulating that the number of vehicles
moving from link i to link j equates to the lesser of two values:
the product of the movement’s capacity and the signal control in-
dicator, or the queue length for the movement. This ensures that
vehicle flow does not exceed the designated capacity or available
space in the queue. Constraint Eq. (61f) indicates the pedestrian
flow from m to b is not permitted unless smbðtÞ ¼ 1

max
X

ði;jÞ∈M2

sijðtÞQv
ijw

v
ijðtÞ ð61aÞ

s:t: ð1 − smbðtÞÞðϕmbðtÞ − ϕ̂mbÞ ≤ 0 ∀ b ∈ Z; ;m ∈ Γ−
i ð61bÞ

smbðtÞ ≤ 1 − sijðtÞαb
ij ∀ ði; jÞ ∈ M; ∀ b ∈ Z; ;m ∈ Γ−

i

ð61cÞ
X

ði;jÞ∈M
yvijðtÞð1 − αb

ijÞ ≤ Qc ∀ ði; jÞ ∈ M; ∀ b ∈ Z;

∀ c ∈ C; ;m ∈ Γ−
i ð61dÞ

yvijðtÞ ¼ minfQv
ijsijðtÞ; xvijðtÞg ∀ ði; jÞ ∈ M ð61eÞ

ypmbðtÞ ∈ f0; xpmbðtÞg ∀ ðbÞ ∈ Z; ;m ∈ Γ−
i ð61fÞ

sijðtÞ ∈ f0; 1g ∀ ði; jÞ ∈ M ð61gÞ

smbðtÞ ∈ f0; 1g ∀ ðbÞ ∈ Z;m ∈ Γ−
i ð61hÞ

αb
ij ∈ f0; 1g ∀ ði; jÞ ∈ M; ∀ b ∈ Z; ;m ∈ Γ−

i ð61iÞ

xvijðtÞ; xpmbðtÞ ≥ 0 ∀ ði; jÞ ∈ M; ∀ b ∈ Z;m ∈ Γ−
i ð61jÞ

Lemma 2: If the modified max-pressure signal control policy,
Ped-MP, is used and d ∈ D0, then we have the following inequality
with average signal control sij including pedestrian access:

E

" X
ði;jÞ∈M2

s�ijðtÞQv
ijw

v
ijðtÞjxvðtÞ

#
≥ E

" X
ði;jÞ∈M2

sijQv
ijw

v
ijðtÞjxvðtÞ

#

ð62Þ
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Proof: First, we have the following inequality based on defi-
nition of MP control. Given that s�ijðtÞ, sijðtÞ are some feasible sig-
nal controls and satisfy constraints Eqs. (61b) and (61c), and s�ijðtÞ
maximizes objective Eq. (61a), we haveX

ði;jÞ∈M2

s�ijðtÞQv
ijw

v
ijðtÞ ≥

X
ði;jÞ∈M2

sijðtÞQv
ijw

v
ijðtÞ ð63Þ

Then, calculating the expected value of the above equation
when given the private vehicle queue length xvðtÞ, we have

E

" X
ði;jÞ∈M2

s�ijðtÞQv
ijw

v
ijðtÞjxvðtÞ

#
≥ E

" X
ði;jÞ∈M2

sijðtÞQv
ijw

v
ijðtÞjxvðtÞ

#

ð64Þ

Because s�ijðtÞ ¼ argmaxs∈S
P

ði;jÞ∈M2sijðtÞQv
ijw

v
ijðtÞ based on

Eq. (10) where sijðtÞ satisfies constraint Eqs. (61b) and (61c),
we rewrite Eq. (62) as

E

" X
ði;jÞ∈M2

s�ijðtÞQv
ijw

v
ijðtÞjxvðtÞ

#
≥ E

" X
ði;jÞ∈M2

sijQv
ijw

v
ijðtÞjxvðtÞ

#

ð65Þ

Stability Analysis Based on Ped-MP

Lemma 3: If the modified max-pressure control policy, Ped-MP,
is used, and d ∈ D0, there exists a Lyapunov function νðtÞ ≥ 0 and
constants κ > 0, ϵ > 0 such that

E½νðtþ 1Þ − νðtÞjxvðtÞ� ≤ κ − ηjxvðtÞj ð66Þ

Proof: Based on Eqs. (10)–(40) and the definition of pressure
term Eq. (59), we obtain

E½xvðtÞTδðtÞjxvðtÞ� ¼
X

i∈Ai∪Ae

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ�

× ð−wv
ijðtÞÞ þ

X
i∈Ae

dvi r
v
ijx

v
ijðtÞ ð67Þ

The last term of Eq. (67) can be rewritten as follows based on
Eqs. (20), (21), and (59), as follows:X

i∈Ae

dvi r
v
ijx

v
ijðtÞ ¼

X
i∈Ae

fvijx
v
ijðtÞ ð68Þ

¼
X

i∈Ae∪Ae

fvi r
v
ijx

v
ijðtÞ −

X
i∈Ai

fvj r
v
jkx

v
jkðtÞ ð69Þ

¼
X

i∈Ae∪Ae

fvi r
v
ijx

v
ijðtÞ −

X
j∈Γþ

i

½fvi rvij�
X
k

rvjkx
v
jkðtÞ ð70Þ

¼
X

i∈Ai∪Ae

fvi r
v
ijðwv

ijðtÞÞ ð71Þ

Combining Eqs. (66) and (71) yields

E½xvðtÞTδðtÞjxvðtÞ�
¼

X
i∈Ai∪Ae

ðfvi rvij − E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ�Þwv

ijðtÞ ð72Þ

¼
X

i∈Ai∪Ae

ðfvi rvij −Qv
ijsijÞwv

ijðtÞ

þ
X

i∈Ai∪Ae

ðQv
ijsij − E½minfQv

ijsijðtÞ; xvijðtÞgjxvðtÞ�Þwv
ijðtÞ ð73Þ

For the second term of Eq. (73), if xvijðtÞ ≥ Qv
ij, then we have

E½minfQv
ijsijðtÞ; xvijðtÞgjxvðtÞ� ¼ Qv

ijsij. Therefore, the second
term of Eq. (73) equals zero. If xvijðtÞ < Qv

ij, then we have
E½minfQv

ijsijðtÞ;xvijðtÞgjxvðtÞ� ¼ E½xvijðtÞjxvðtÞ�. Therefore, we
obtain the following:

ðQv
ijsij − E½xvijðtÞjxvðtÞ�Þwv

ijðtÞ ≤ Qv
ijx

v
ijðtÞ ≤ ðQv

ijÞ2 ð74Þ

Hence, the second term of Eq. (73) equals zero or bounded
by
P

i∈Ai∪Ae
ðQv

ijÞ2.
The modified MP signal control s�ijðtÞ is chosen from the fea-

sible signal control set S satisfying pedestrian access, and s�ijðtÞ
seeks to maximize the objective of Eq. (61a). According to
Lemma 2, we have

E

" X
i∈Ai∪Ae

½fvi rvij − s�ijðtÞQv
ij�wv

ijðtÞjwv
ijðtÞ

#

≤ E

" X
i∈Ai∪Ae

½fvi rvij − sijQv
ij�wv

ijðtÞjwv
ijðtÞ

#
ð75Þ

Therefore, for some feasible signal controls sijðtÞ satisfying the
stable region and integrated pedestrian phases, we obtain sij based
on Eq. (10). We have

X
i∈Ai∪Ae

½fvi rvij − sijQv
ij�wv

ijðtÞ ≤ −ϵX
ij

maxfwv
ij; 0g ≤ −ϵjwv

ijj

ð76Þ

We know that the pressure wðtÞ is a linear function of the
queue length of vehicles. So, we can find β > 0 to satisfyP

ði;jÞ∈M2wv
ij ≥ βjxvj. Then, we have

−ϵjwv
ijj ≤ −ϵβjxvj ≤ X

i∈Ai∪Ae

ðQv
ijÞ2 − ϵβjxvj ð77Þ

where δijðtÞ is upper-bounded by maxfQv
ij;
P

h∈A−
i
Qv

ijg, which is
the same as Eq. (50). Based on Eq. (77), and Eqs. (50)–(56), we
obtain

jxvðtþ 1Þj2 − jxvðtÞj2 ¼ 2xvðtÞTδþ jδj2

≤ 2

� X
i∈Ai∪Ae

ðQv
ijÞ2 − ϵβjxvðtÞj

�
þMψ2

ð78Þ

¼ κ − ηjxvðtÞj ð79Þ

where κ ¼ 2
P

i∈Ai∪Ae
ðQv

ijÞ2 þMψ2 and ϵβ ¼ ψ.
Proposition 4: Ped-MP is stabilizing when dv ∈ D0.
Proof: The proof is analogous to Proposition 3. Inequality

Eq. (66) holds from Lemma 3. Taking expectations, summing over
t ¼ 1; : : : ;T, and transferring the position of terms gives the
following inequality:
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η
1

T

XT
t¼1

E½jxvðtÞj� ≤ κ − 1

T
E½νðT þ 1Þ� þ 1

T
E½νð1Þ�

≤ κþ 1

T
E½νð1Þ� ð80Þ

which satisfies Definition 1 for stability.

Multiple-Scenario Simulation and Numerical Results

To test the performance of the proposed Ped-MP, we set up sim-
ulations on the Sioux Falls network considering pedestrian access.
Fig. 4 illustrates the pedestrian network based on the Sioux Falls
network. There are 24 intersections and 72 links for vehicles, and
93 crosswalks for pedestrians in the Sioux Falls network. Hourly
demand for the Sioux Falls network file is 15,025 vehicles=h. We
randomly generate pedestrians at each pedestrian node, and their
destination is another pedestrian node. The simulation is built in
Java with IBM CPLEX optimization solver. We set the simulation
duration at 4 h to ensure it is long enough to evaluate network

stability. The main purpose of the simulation is to demonstrate sta-
bility performance when including pedestrian access.

Stable and Unstable Networks

Here, we compare the stability performance based on stable net-
work definition, Definition 1. We test different demand under the
same tolerance time. Fig. 5 shows the results for stable network and
unstable network. When demand is within the stable region, the
average queue length will remain bounded, while when demand
is outside of stable region, the average queue length will increase
with simulation running.

Stability Comparison

First, we demonstrate that the proposed Ped-MP can still achieve
maximum throughput when considering pedestrian access. Fig. 6
shows the average queue length for a current fixed-time signal con-
trol with pedestrian access compared with Ped-MP with 120-s tol-
erance time. When we load 5,000 vehicles=h into the network, the
average queue length for fixed-time controller increases to infinity,

Sidewalk
Crosswalk

Pedestrian node

Fig. 4. Sioux Falls network with pedestrian access.

Fig. 5. Stable and unstable network. Fig. 6. Comparison between Ped-MP and fixed time controller.
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but Ped-MP can still stabilize the network while including pedes-
trian access, which is consistent with Proposition 4.

After considering pedestrian access, we have to occupy some
signal timing that could be used for vehicles. It would be interesting
to check the throughput loss after considering pedestrian access
with difference tolerance time. Therefore, we simulate Ped-MP
with 30-s, 60-s, 90-s, and 120-s tolerance under different vehicle
demand to find the maximum stable region for each Ped-MP con-
troller and throughput loss. Figs. 7(a–d) show that higher tolerance
times for pedestrians increase the stable region for vehicles. In
Fig. 7(a), the stable region for Ped-MP with a 30-s tolerance setting
is approximately 3,000 vehicles=h. For demands exceeding this

threshold, we observe an escalation in the average queue length
as the simulation progresses. Similarly, for Fig. 7(b), the stable
threshold is about 4,000 vehicles=h given a 60-s tolerance setting.
When demands surpass this, a noticeable rise occurs in the average
queue length with ongoing simulation time. In Fig. 7(c), with a 90-s
tolerance setting, the stable region is around 5,000 vehicles=h.
Beyond this demand, the average queue length exhibits growth.
Last, Fig. 7(d) indicates that the stable region is approximately
5,750 vehicles per hour for Ped-MP with a 120-s tolerance. Once
again, for demands beyond this limit, the average queue length
demonstrates an upward trend as the simulation continues. There-
fore, we can see the throughput loss lower tolerance times.

Fig. 7. Throughput loss analysis: (a) Ped-MP with 30 s tolerance time under different demand; (b) Ped-MP with 60 s tolerance time under different
demand; (c) Ped-MP with 90 s tolerance time under different demand; and (d) Ped-MP with 1,200 s tolerance time under different demand.
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Vehicle Delay

Vehicle delay is one of the most important indicators to evaluate the
signal control performance,which has been used in recentMPcontrol
research (Li and Jabari 2019;Wang et al. 2022; Xu et al. 2022a, b, c).
Here, we provide average vehicle delay dynamics under different pe-
destrian tolerance times (30, 60, 90, and 120 s) and different vehicle
demand settings (1,000, 3,000, and 5,000 vehicles=h) to determine
how these factors influence vehicle delay. Fig. 8 shows that under
different demand, average vehicle delay is lowest with the original
MP control proposed by Varaiya (2013), and when tolerance times
increase the vehicle delay decreases, because vehicles havemore time
to use intersections. Specifically, when demand is larger, for example,
5,000 vehicles=h as in Fig. 8(c), vehicle delay for Ped-MP with 30-s

tolerance time will increase arbitrary large value, but for other toler-
ance times, vehicle delay fluctuates around a constant.

In Fig. 9, we elucidate the relationship between vehicle delay
and demand across various tolerance time settings. This figure il-
lustrates a pronounced impact of tolerance time on vehicle delay:
As the tolerance time decreases, the vehicle delay increases.
Furthermore, the sensitivity of vehicle delay to changes in demand
also escalates with shorter tolerance times. For instance, an increase
in demand does not significantly alter the vehicle delay when the
tolerance times are set at 90 s, 120 s, or under the original MP con-
trol. In stark contrast, for tolerance times of 30 and 60 s, we observe
a dramatic surge in vehicle delay as demand rises from 1,000 to
5,000 vehicles=h.

Fig. 8. Average vehicle delay: (a) 1,000 vehicles hourly demand; (b) 3,000 vehicles hourly demand; and (c) 5,000 vehicles hourly demand.
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Impacts on Pedestrians

One of the major goals of this work is to provide a pedestrian-
friendly MP control, which means we can bound pedestrian wait-
ing times around intersections. Therefore, we want to check how
Ped-MP impacts pedestrians. We provide average pedestrian delays
for exploration. We simulate with 3,000 vehicles=h demand, which
is in the stable region for all Ped-MP controllers under different
tolerance times. Pedestrians are generated around average intersec-
tions every time they step into the network, and they have a random
path, which means some of them will walk through the crosswalks
and some will walk through sidewalks. Under these simulation
scenarios, we add many pedestrians around each signal intersec-
tion to have a significantly high pedestrian demand. In this way,
we provide a persuasive way to check how Ped-MP performs.

Fig. 10 provides detailed results. Unsurprisingly, the original MP
control, which was proposed by Varaiya (2013), is not “friendly”
to pedestrians. The delay of pedestrians increases quickly to a sig-
nificantly higher value compared with all Ped-MP under different
tolerance times. Also, the higher the tolerance time, the higher
the pedestrian delay. For the 30-s tolerance time, the average de-
lay for pedestrians fluctuates around 20 s. For the 60-s tolerance
time, the average pedestrian delay fluctuates around 35 s, and for
90- and 120-s tolerance time, the average delay is around 45 s and
55 s, respectively. These results demonstrate that it is important
to consider pedestrian access if we want to provide a more prac-
tical MP controller in the future, because there are large pedestrian
cross demands in cities, especially in central business districts,
and our proposed Ped-MP achieves good results on pedestrian
delay.

Fig. 9. Delay-demand-tolerance time.

Fig. 10. Impacts on pedestrian delay.
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Conclusions

Most previous studies about MP control policy only consider the
vehicle network. There are only two previous studies that tried to
include multiple modes in MP control (Chen et al. 2020; Xu et al.
2022b). To boost the scope of application of MP control, we pro-
posed a pedestrian-friendly max-pressure signal controller, Ped-MP,
for the first time. Moreover, we built a pedestrian network based on
the Sioux Falls network, which makes our simulation more realistic
than previous studies. We also analytically proved that our novel
Ped-MP can still achieve maximum stability.

The numerical analysis conducted on the Sioux Falls network
indicates that a reduction in the tolerance time correlates with
decreased delays for pedestrians. It is not surprising that the per-
formance of vehicles is best under original MP control proposed
by Varaiya (2013), but these results demonstrate that we need to
sacrifice vehicle performance for pedestrian access. The lower
the tolerance time, the more throughput loss in network. However,
we find pedestrians have much less delay when we implement
Ped-MP, even when we have a large number of pedestrians in the
network, which means our proposed Ped-MP can provide more
walkable spaces in cities and bound pedestrian waiting time in
the cities. Overall, the proposed Ped-MP can serve as much vehicle
demand whenever possible while including pedestrian access,
which is more friendly to practical traffic operations.

In the future, there are still many extensions to consider. For
example, including the information, such as number of pedestrian
waiting for crossing, by advanced infrastructure sensors, will help
us provide more accurate information for MP signal timing con-
sider pedestrian access. Integrating adaptive cruise control into MP
control would be an interesting topic to explore (Li et al. 2023b). In
addition, the results will benefit more from the design of pedestrian
walking space, such as the design of crosswalks for pedestrian ac-
cess, especially for the disabled.
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Notation

The following symbols are used in this paper:
A = set of links (including vehicle links Av and pedestrian

links Ap);
dpi ðtÞ = pedestrian demand at entry link i;
dvi ðtÞ = vehicle demand at entry link i;

fvi = average vehicle traffic volume of link i;
M = set of movements (vehicle movements Mv, pedestrian

movement Mp);
N = set of nodes (including vehicle nodes N v and pedestrian

nodes N p);
Qc = capacity of conflict region;
Qv

ij = capacity of turning movement for private vehicles from
link i to link j;

rvijðtÞ = proportion of vehicles entering i that will next move to j;
rpijðtÞ = proportion of pedestrians entering i that will next move

to j;
sijðtÞ = actuation of turning movement from link i to link j at time

step t;
smbðtÞ = actuation of crosswalk from pedestrian link m to b at time

step t;
wv
ijðtÞ = weight of vehicle turning movement from link i to link j at

time step t;
xpijðtÞ = number of pedestrians of the movement from link i to link

j at time step t;
xvijðtÞ = number of vehicles of the movement from link i to link j

at time step t;
ypijðtÞ = signal control number of pedestrians from link i to link j

at time step t;
yvijðtÞ = signal control vehicle flow from link i to link j at time

step t;
αb
ij = 0–1 binary dummy variable (αb

ij ¼ 1 when vehicles have
conflict with crosswalk b);

λs = proportion of time spent in each phase s (
P

sλs ¼ 1);
Γþ
j = set of outgoing links; and

Γ−
j = set of incoming links.
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