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ABSTRACT

When a cubic lattice is confined by a surface layer, the effective thermoelastic properties can be tailored by the prestress produced by the
surface. The thermal expansion coefficient, temperature derivative of elasticity, and the equation of state (EOS) of the solid depend on the
potential of each bond and the lattice structure, which can be predicted by the recently developed singum model. This paper first uses a
granular lattice confined by a spherical shell to demonstrate singum modeling of the thermoelastic behavior of the cubic lattices and then
extends it to atomic crystal lattices by considering the surface tension and long-range interactions. Given the elasticity and the EOS of a
cubic crystal, the interatomic potential can be inversely derived. As the bond length changes with thermal expansion and pressure, the
singum model predicts the temperature- and pressure-dependent elasticity. Using the orientational average, isotropic elastic constants can
be obtained for polycrystals. The case study of copper (Cu) demonstrates the versatility of the model for different cubic lattices and predicts
the experimental results of pressure- and temperature-dependent elasticity. The singum model is general for different lattice types and EOS
forms and provides clear physical and mechanical meanings to correlate the interatomic potential, EOS, and elasticity in the closed-form
formulation, which is very useful in engineering design and analysis of metal structural members in fire, geothermal, and space applications
without the needs of large-scale numerical simulations.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0184120

I. INTRODUCTION

Most solid materials exhibit periodically distributed atoms in
the three-dimensional (3D) crystal lattice structures with inter-
atomic forces. A solid with a stable atom lattice exhibits a well-
defined elasticity given a certain temperature, which can be charac-
terized by various mechanical tests. The correlation between the
interatomic force or potential and the effective elasticity has been
investigated by the equivalence of the elastic energy and pair poten-
tials.1,2 Because the interactomic forces referred to the center–
center lines between atoms cannot fill the 3D continuous space, the
equivalence was setup under different assumptions, which often
lead to empirical or semi-empirical models. For example, the bulk
modulus has been described by the equation of state (EOS),3–5

while other elastic constants are simulated by interatomic
potentials.6–8 Recently, it was reported that external pressure can
generate dislocations that would change interatomic forces in the
diamond crystal lattice, and the transformation of gold crystal
lattice was also investigated under external thermal loading.9–11

Therefore, the thermoelastic properties of crystal lattices can be
related to the interatomic forces.

On the other hand, although molecular dynamics, density
functional theory, and ab initio models have been used to model
the effective elastic behavior of solids from the basic atomic
systems,3,12,13 it typically requires a number of parameters and high
computational costs to reach an accurate and stable prediction.
However, some discrepancies commonly exist depending on the
algorithms and parameter settings. An explicit formulation
between the elastic constants and the interatomic potential can
provide convenience in engineering design and analysis. There
exists a need to bridge the discrete atom system and the continuum
mechanics with the balance of the computational costs and accu-
racy.14 Particularly, a closed-form equation of elasticity will be of
significant interest in material and structural design.

For example, a metal material exhibits different mechanical
behavior at different pressures and temperatures. For geothermal
applications, a metal pipe in a geothermal borehole well is subjected
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to significant change of the temperature and pressure at different
depths.15,16 Its stiffness may change with the depth in the borehole
due to temperature and pressure variations. If the interatomic poten-
tial can be accurately described, it is possible to predict the pressure-
dependent thermoelastic properties in an analytical way, which can
be used in the design and analysis of the heat exchange system.
Similar needs also exist in deep foundation of infrastructure, oil well
drilling and operation, and space shuttle structures,17,18 which are
subjected to a large range of pressure and temperature variations.

The recent work19 of the singum model uses the Wigner–Seitz
(WS) cell20 of an atom in the crystal lattice as a continuum particle
to represent the atom. This allows to simulate an atomic particle
system with singular atomic forces using a fully connected contin-
uum system with stresses. Although a point force shows strong sin-
gularity, which commonly leads to infinite displacement or stress,
the isotropic stress–strain relationship was established with the aid
of the Fermi energy for bulk modulus by stress homogenization
over the surface and orientation.8 While the two independent iso-
tropic elastic constants can directly map to the two constants in the
interatomic potential given the crystal lattice characteristics, the
simple form of the Fermi energy still cannot capture the general
pressure–volume relation over a large range of deformation and
was proposed to be replaced by a polynomial form.2,8 Thus, it
cannot be generalized to cubic crystals because the singum poten-
tial with two constants cannot fit the three elastic constants.

However, the singum model does provide the exact solution
for the lattices with short-range interactions. For an example of a
physical truss system or granular materials, the bonds are repre-
sented by springs with a harmonic potential or Hertz’s contact
changing with particle’s center–center distance, respectively.17 The
singum model caught the physics and mechanics of the force trans-
fer through a lattice and indeed provided an explicit, analytical
form of elasticity with prestress in terms of the asymmetric and
anisotropic tensor for lattice materials including metamaterials and
composites.21,22 The improved singum model23 extended the for-
mulation from the infinitesimal deformation to finite deformation
for a face-centered cubic (FCC) lattice using the thermodynamic
equation of state (EOS). The EOS of solids provides much more
accurate description of the volume or density change of solids
under an increasing hydrostatic pressure over a large range4,5 for
the bulk modulus prediction. The Vinet EOS4 and Murnaghan–
Birch (MB) EOS24 have been widely used in the literature for the
high accuracy and concise form of equations, whereas the MB EOS
exhibits advantages with more parameters to fit experimental data
for tailorable accuracy of higher order EOS.23

This paper extends the recent work17,23 to thermoelastic mod-
eling of cubic crystals. The MB EOS is used to derive the inter-
atomic potential for general cubic crystals with FCC, body-centered
cubic (BCC), and simple cubic (SC) lattices. The long-range atomic
interactions are taken into account similarly to the embedded
energy.3 Given the elastic constants and the crystal lattice character-
istics with the EOS, we can predict the singum interatomic poten-
tial and, thus, the pressure-dependent elasticity with the stretch
ratio of the bond length in a closed-form expression. Although the
dynamic effect of the kinetic energy of atoms caused by tempera-
ture, which will be studied in future work, is not considered yet,
using the bond length changing with pressure and temperature, we

can predict the thermoelastic behavior given the thermal expansion
coefficient. Particularly, most engineering structural metals exhibit
isotropic properties with a polycrystalline structure. Orientational
average19,25,26 has been conducted, so that the two independent
elastic constants of an isotropic metal can be determined by the
interatomic potential for the single crystal.

In the remainder of the paper, Sec. II uses a granular lattice
confined by a spherical shell to demonstrate the thermoelastic behav-
ior of the cubic lattices with prestress and formulates the elasticity
and EOS in terms of the Hertz’s potential for FCC, BCC, and SC
granular lattices. Section III extends the singum model from granular
lattices to atomic crystal lattices by considering the surface tension
and long-range interactions. Given the EOS and elastic constants of
an atomic lattice, the interatomic potential can be inversely derived.
Therefore, the three elastic constants can be correlated with EOS and
the singum potential. For polycrystalline metals, the isotropic elastic
constants can be obtained by the orientational average. Section IV
demonstrates the applications of the singum model to common
metals using copper as an example, applies the singum model for
pressure- and temperature-dependent elastic modeling of the poly-
crystalline metals, and shows the versatile capability of the model
with some numerical results in comparison to some available experi-
mental data in the literature. The model has been applied to thermo-
elastic modeling of two other metals, namely, nickel and tungsten, in
the supplementary material (SM).

II. THERMOELASTIC MODELING OF A GRANULAR
LATTICE IN A SPHERICAL SHELL

In the recent paper,17 tailorable thermoelastic behavior of a
cubic lattice packaged by a boundary layer can be achieved by
changing the prestress. Negative thermal expansion and positive
temperature derivative of elastic modulus can be obtained by the
material design and predicted by the recently developed singum
model.19 This section uses granular lattices to demonstrate the
singum model and predict the effective thermoelastic behavior.

A. Overview of the singum model

Consider many small balls are filled in a large spherical shell
as illustrated in Fig. 1. Assuming that all the balls are identical
spheres with initial radius l0p , Young’s modulus E0, and Poisson’s
ratio ν0, the contact force between particles changes with the center
to center distance 2lp following the Hertz’s model can be

P ¼ 4γ l0p

� �2
1� λð Þ3=2, (1)

where λ ¼ lp=l0p is the stretch ratio and γ ¼ E0

3[1� ν0ð Þ2].
27 The small

balls are confined by a spherical shell with radius R, thickness t,
Young’s modulus E, and ν. Here, l0p , t � R. Although the cubic
lattice of small balls cannot perfectly fill the spherical shell because
the balls are so small, the boundary effect will be minimal, so that
the lattice can still be treated as a continuum overall. To create pre-
stress, the lattice of small balls is also in the form of large ball with
radius R0, but R0 . R. The misfit will produce compressive force in
the lattice and tension in the shell. When the effective elastic
behavior of the lattice is given, we can predict the final radius of
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the lattice R and calculate the prestress in the lattice and the shell.
Here, the stretch ratio of the bond can be defined as λ ¼ R=R0.
When the composite consisting of multiple balls enclosed by the
shell is subjected to a temperature change or a mechanical load, the
effective thermoelastic behavior will change with the prestress and
lattice structure.17

Given a cubic lattice in Fig. 2 with each center numbered as
the 0th point to set up the singum particle, there are N closest par-
ticles as the singum members, where N ¼ 12, 8, and 6 for FCC,
BCC, and SC, respectively, in Figs. 2(a)–2(c). As the lines from the
singum center to the other centers of the closest singums can be
treated as bonds, the singum model transfers the singular forces
and displacements of the bonds to the corresponding stress and
strain of the singum volume for the effective thermoelastic proper-
ties at the continuum level.

Each singum particle can be constructed as the WS cell by
enclosing surrounded planes, which is perpendicular to the bonds
as well as intersecting at their halves with the surface norm nI ,
where I ¼ 1, 2, . . . , N . The bond length between the 0th point and
any of the Nth points is initially 2l0p and the edge length of the con-
ventional cubic unit cell is denoted by a0, whereas 2lp and a repre-
sent the actual bond length and edge length, respectively, under the
prestressed state, so that the length change can also be represented
by the stretch ratio λ ¼ lp=l0p ¼ a=a0. As shown in Figs. 1(d)–1(f )

for FCC, BCC, and SC, respectively, a Cartesian coordinate X is set
up at the initial condition with bond length 2l0p , i.e., the Lagrangian
coordinates, while x are referred to the deformed state or the
Eulerian coordinates, during a homogeneous deformation in which
the lattice still maintains its periodic structure with planar surfaces
of the singum. Thus, the initial singums or the deformed singums
can completely fill the entire space without any of gaps or overlaps.
Furthermore, due to the central symmetry of the lattice, the singum
particles keep in equilibrium under the deformation, so that the
origins of x and X are both selected at the 0th point without any
loss of generality.

Since the lattice transfers force through the bonds between the
neighboring singum particles, the singum model is formulated
based on the following assumptions:

(1) The interaction between singum particles is governed by the
interatomic potential V λð Þ, where λ is the normalized inter-
atomic distance or stretch ratio. At the zero-force bond length,
λ ¼ 1, the hydrostatic deformation can be described by the
interatomic distance 2lp ¼ 2λl0p or λ ¼ lp=l0p .

(2) The interaction between two neighboring singums is through
the surface stress vector along their contact surface, whose

resultant force is equivalent to their interatomic force, i.e.,

Fj ¼ V,λ

2l0p
nj. Here, F and n denote the interatomic force and

bond directional norm vector, respectively.
(3) The surface layer or spherical shell confines the boundary of

the lattice and produce prestress to the singums, which is
similar to surface tension to liquid balloon. Therefore, the
force between singums can be tailored even when the unde-
formed lattice is free from the external loading.

(4) Only the contact force between singums is considered and the
long-range interatomic force beyond the bond length is not
directly considered, such as magnetic, electric, and gravitational
forces. This assumption can be released in later discussion.

Based on Assumption 3, the zero-force state of the singum at bond
length 2l0p in Fig. 2 shall be different from the undeformed state
because the boundary layer produces a prestress, similar to surface
tension, on the singum. Therefore, the undeformed state of the
lattice with the bond length 2lup can be indicated by xu. Note that
the resultant force on a singum from all neighboring singums is
still zero due to the symmetry of the forces, so that the singum can
maintain equilibrium. In the following discussion, the initial state
uses superscript 0 and the undeformed state superscript u.

B. Formulation of elasticity with Hertz’s contact
potential

Now at the initial state X, the lattice is represented by a
homogenous material consisting of singums, the mass conservation
defines the density of the material as

ρ0 ¼ Ma

v0s
, (2)

where Ma is the mass of the ball and v0s is the singum volume at
the zero-force bond length 2l0p for cubic lattices as expressed in
Table I.

FIG. 1. Schematic illustration of a granular lattice of small balls confined in a
spherical shell with prestress—the size of balls is enlarged for better
visualization.
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Since the potential of the singum particle V determines the
mechanical properties of the lattice, the inter-particle force chang-
ing with the center–center distance can be calibrated with the
experimental data, and various contact models have been studied
to estimate the forces for the particle interactions. One such model,
developed by Hertz in 1896,28 assumes frictionless contact and
linear elasticity under small strain conditions. When contact pres-
sures exceed the material’s yield strength, an elastic–plastic model
is utilized,29 taking into account energy dissipation. Considering
both elasticity and viscosity effects, the Kuwabara and Kono model
proves visco-elastic behaviors of particles.29,30 For tiny particles,
such as nanoparticles and powders, where adhesive forces cannot
be neglected, the JKR (Johnson–Kendall–Roberts) and DMT

(Derjaguin–Muller–Toporov) models are commonly applied to
address adhesive interactions.29,31–33 These models collectively
provide a versatile framework for approximating the diverse forces
governing particle interactions. While the singum model can utilize
any of these empirical functions, the Hertz potential is employed
with Eq. (1) for the singum particle interaction in this work.

As the singum particle deforms, the stress in the continuum
still satisfies the equilibrium equation in the absence of the body
force or inertia force as

σ ij,i ¼ 0, (3)

where σ ij is the stress tensor in a solid. The stress integral of the
singum caused by the neighboring singums can be written as23,34

Sij ¼
ð
vs

σ ij xð Þdx ¼ ΣN
I¼1x

I
i F

I
j , (4)

where xIi indicates the coordinate of the cutting point of the bond,
and the inter-particle force can be written in terms of the derivative
of the potential in Assumption 2. Although the stress cannot be
well-defined on singum particles, it can be measured on the

FIG. 2. The singum model of a cubic lattice: (a) an FCC lattice with a rhombic dodecahedron singum, (b) a BCC lattice with a truncated octahedral singum, (c) an SC
lattice with a cubic singum, (d) FCC singum, (e) BCC singum, and (f ) SC singum at the initial state with X and at the deformed state with x.

TABLE I. The lattice parameters and bulk moduli for cubic lattices.

Lattice FCC BCC SC

N 12 8 6

v0s 4
ffiffiffi
2

p
l0p

� �3 32
ffiffi
3

p
l0pð Þ3

9 8 l0p

� �3

k ¼ N λV,λλ�2V,λð Þ
18v0s

λV,λλ�2V,λ

6
ffiffi
2

p
l0pð Þ3

λV,λλ�2V,λ

8
ffiffi
3

p
l0pð Þ3

λV,λλ�2V,λ

24 l0pð Þ3
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singum through the average stress, namely, the singum stress,21

σ ij ¼
Sij
vs

¼ ΣN
I¼1x

I
i F

I
j

vs
, (5)

where vs ¼ λ3v0s is the current volume of the singum and N is the
number of the closest neighbors for each cubic lattice as tabulated
in Table I, and the variation of average stress can be obtained by
taking the variation of Eq. (5) as

δσ ij ¼ 1
vs
ΣN
I¼1 xIi F

I
j,kδxk þ FI

j δx
I
i � xIi F

I
j
δvs
vs

� �
: (6)

In addition to the stress, the singum strain is defined as the
average displacement gradient tensor of the singum uI , related to
the displacement of the cutting point of the bonds,

dij ¼
Ð
VS
u j,idx

Vs
¼

Ð
@VS

niujdx

Vs
¼

PN
I¼1 A

InIi u
I
j

Vs
, (7)

where AI , nI , and uI are the area, out-norm, and displacement of
each cutting surface or points of the singum.21 Notice that for
some lattices, the number of singum surfaces is higher than that of
the bonds: for example, BCC’s singum exhibits 14 surfaces and 8
bonds, so that the singum strain needs to be redefined according to
each cutting surface with the displacement at its center in Eq. (7)
instead of the cutting bonds. However, given a variation of singum
strain δdij due to the periodicity of the lattice, the Cauchy–Born
rule can be applied to each cutting point as

δuIj ¼ xIi δdij: (8)

For a displacement-controlled load, the singum strain is prescribed,
so Eq. (8) shall be used and Eq. (7) becomes a reference only. The
Eulerian strain variation caused by δu can be written as23

δεij ¼ δdij þ δd ji

2λ2
, (9)

where the higher order term of δdij is disregarded as the strain vari-
ation is infinitesimal.

Therefore, with the obtained stress variation and strain varia-
tion, the stiffness tensor Cijkl at the current state can be defined by
the relationship between them as follows:

δσ ij ¼ Cijklδεkl: (10)

Using nIi ¼ xIi
jxI j ¼

xIi
lp

and writing the summation of nIi n
I
j and

nIi n
I
j n

I
kn

I
l in terms of Kronecker Delta,23 one can find that δdij and

δd ji produce the same stress state and, thus, obtain

Cijkl ¼ c12δijδkl þ c11 � c12 � 2c44ð ÞδIKδijδkl þ c44 δikδ jl þ δ jkδil
� �

,

(11)

where c11 ¼ C1111, c12 ¼ C1122, and c44 ¼ C1212 following the Voigt
notation. They can be written in terms of the derivatives of V λð Þ

for FCC, BCC, and SC, respectively, as follows:

c11 ¼ λV,λλ þ V,λ

4
ffiffiffi
2

p
l0p
3 ;

λV,λλ þ 2V,λ

8
ffiffiffi
3

p
l0p
3 ;

λV,λλ

8l0p
3 ,

c12 ¼ λV,λλ � 5V,λ

8
ffiffiffi
2

p
l0p
3 ;

λV,λλ � 4V,λ

8
ffiffiffi
3

p
l0p
3 ; � V,λ

8l0p
3 ,

c44 ¼ λV,λλ þ 3V,λ

8
ffiffiffi
2

p
l0p
3 ;

λV,λλ þ 2V,λ

8
ffiffiffi
3

p
l0p
3 ;

V,λ

8l0p
3 :

(12)

Here, Mura’s extended index notation is used for δIKδijδkl as
follows:34

(1) Repeated lower case indices are summed up as usual index
notation; and

(2) Uppercase indices take on the same numbers as the corre-
sponding lower case ones but are not summed.

When multiple copper (Cu) balls in a thin spherical shell as shown
in Fig. 1 are subjected to a hydrostatic external load p, if the thin
shell produce a negligible resistance to the external load due to the
small thickness or stiffness, the load is fully transferred to the gran-
ular lattice that is constructed by those balls with the periodicity.
Due to the central symmetry, the lattice will exhibit a volume
change while maintaining its lattice structure, which can be
described by the stretch ratio λ with the bulk modulus k as plotted
in Fig. 3(a),

k ¼
2Nγ l0p

� �3
1� λð Þ1=2 4� λð Þ
9v0s

, (13)

where v0s and N can be chosen for granular lattice structures from
Table I. If the granular lattice is FCC, the equation of state (EOS)
of the lattice, the relationship between pressure p and volume vs,
can be plotted as Fig. 3(b) and given by the singum model as

p ¼ 4γ l0p

� �2
1� λð Þ3=2, (14)

where λ ¼ lp=l0p ¼ vs=v0s
� �1=3

, in which vs is the singum volume at
the corresponding pressure p, and the Hertz’s potential is derived
from Eq. (1) as

V ¼ �2
ðλ
1
Pl0pdλ ¼ 16

5
γ l0p

� �3
1� λð Þ52, (15)

where it uses V 0ð Þ ¼ 0 as the reference. Therefore, the derivatives
of V can be obtained as

V,λ λð Þ ¼ �8γ l0p

� �3
1� λð Þ32,

V,λλ λð Þ ¼ 12γ l0p

� �3
1� λð Þ12,

(16)

where γ ¼ E0

3[1� ν0ð Þ2] ¼ 47:37 GPa with E0 ¼ 124:7 GPa and ν0

= 0.35 for Cu. Likewise, if the granular lattice is BCC or SC, one

can also find its bulk modulus with the potentials using Table I.
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Note that the Hertz contact limits λ � 1 for compressive force
only. For adhesion of particles, the Derjaguin–Muller–Togoroov
(DMT) and Maugis models32,35 provide the sticking force changing
with the contact area. The adhesion force and force-separation law the
those models can be used to enrich the potential function in the adhe-
sion phase, so that the attraction force between particles can be con-
sidered. Therefore, a more versatile potential function V λð Þ can be
used in Eq. (15) to cover the adhesion. Although the present paper
used the Hertz potential only for granular materials, indeed, the for-
mulation can be extended to any form of potential functions, includ-
ing higher order contact models and common interatomic potentials.

C. The thermoelasticity of a copper shell filled with an
FCC lattice

In general, when identical multiple materials are assembled to
construct a certain structure without any stress, the structure
exhibits the same thermal expansion coefficient of the constituent
materials because it experiences an affine transformation with their
same shapes. However, when a prestress is applied to the structure,
the thermomechanical behaviors would change owing to the
induced configurational stress induced. While the recent work
demonstrated that it is possible to achieve zero or negative thermal
expansion coefficient and positive temperature derivative of the
elastic modulus for a spherical titanium shell filled with aluminum
granular lattices using the prestress caused by the material misfit,17

we consider a copper spherical shell having an internal radius Rs

filled with identical copper balls forming a granular FCC lattice
having an radius Rl : Rs � Rl . When the granular lattice is sealed by
the shell, the inherent difference in their radii gives rise to a
hydraulic prestress, denoted as σ l , which can be quantified through
the integration of the bulk modulus k of the granular lattice,

σ l ¼ 3
ðλ
1

k λð Þ
λ

dλ: (17)

Since the bulk moduli for cubic lattices are well defined in the
singum model as expressed in Table I, the membrane stress on the
shell σs is also obtained from the equilibrium condition,17

σs ¼ � σ lR
2t

(18)

where R is the final radius, and the membrane strain εs can be
solved as

εs ¼ 1� νs

Es

� �
σs ¼ R� Rs

R
, (19)

where νs and Es are Poisson’s ratio and Young’s modulus for the
shell. Given the initial radius at the initial temperature R T0ð Þ and
the final radius at different temperature R T1ð Þ, the effective thermal
expansion coefficient αeff of the prestressed granular lattice by the
enclosed shell would be

αeff ¼ R T1ð Þ � R T0ð Þ
R T0ð Þ T1 � T0ð Þ , (20)

with the stretch ratio λ ¼ R T1ð Þ=R T0ð Þ, and the effective tempera-
ture derivative of Young’s modulus Eeff

,T can be also obtained as

Eeff
,T ¼ E T1ð Þ � E T0ð Þ

T1 � T0
: (21)

where T1 shall be very close to T0 to obtain a convergent result.
Based on the previous discussion, we provide a case study to

show the prestress effect on the effective thermal expansion coeffi-
cient for the composite consisting of multiple copper balls enclosed
by a copper shell. Assuming that a small temperature variation is
introduced, the material properties such as thermal expansion

FIG. 3. Elastic behavior of granular Cu FCC lattice: (a) bulk modulus k as a function of λ; (b) hydrostatic pressure p as a function of the sigum volume vs.
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coefficient α, Young’s modulus E, and Poisson’s ratio ν are
considered as constant around 300 K. When copper exhibits
α ¼ 16:61� 10�6 K�1 at 300 K with the internal radius of the shell
Rs ¼ 100 mm and the copper ball radius l0p ¼ 5 mm,36 Figs. 4(a)
and 4(b) show αeff and Eeff

,T in terms of Rs and t, respectively.
Notice that the previous work17 demonstrated similar behaviors
with aluminum balls in a titanium shell.

If the internal radius of the shell is equal to the initial radius
of the lattice: Rs ¼ Rl ¼ 100 mm or λ ¼ 1, the effective thermal
expansion coefficient αeff converges to the intrinsic thermal expan-
sion coefficient, 16:61� 10�6 K�1. However, as Rs decreases from
the initial radius of 100 mm, αeff approaches to zero at Rs ¼ 99:9
and 99.7 mm for t ¼ 0:1 and 0.5 mm, respectively, and even nega-
tive αeff was shown with smaller Rs or further hydraulic prestress
due to higher mismatch between the shell and the lattice radii. This
represents that the prestress could significantly tailor material prop-
erties within 5% change of the lattice radius, and the tailorable
range could be also chosen with t, as thinner t shows wider range
of αeff : αeff ¼ �36:78 � 16:61� 10�6 K�1 with t ¼ 0:1 mm and
αeff ¼ �7:40–16:61� 10�6 K�1 with t ¼ 0:5 mm. The temperature
derivative of Young’s modulus also becomes positive. Therefore, we
can use copper to fabricate prestressed balls with the zero or nega-
tive thermal expansion coefficient and positive temperature deriva-
tive of stiffness, which can be used for design and fabrication of
particulate composites.37

Note that in the above analysis, the size effect of the balls
filled in the shell is not rigorously studied. Instead, the effective
elastic properties of the lattice is directly used in the analysis. In
actual experiments, given the confining spherical shell, with the
size of balls increases, the packing efficiency varies, and periodicity
of microstructure and force transfer will be weaker. Therefore, the
present singum prediction may exhibit errors due to the size
effect.38

III. SINGUM MODELING OF ATOMIC LATTICES OF
CUBIC CRYSTALS

Although atomic crystals exhibit different physics from granu-
lar lattices for the particle interactions and motions, if atoms are
simulated by small balls with an appropriately constructed inter-
atomic potential function, the singum model can predict the ther-
moelastic behaviors of the crystal lattices. When the number of
balls is large enough and the lattice orientation is not uniform due
to defects or non-uniformity of ball size/shape, the response tends
to isotropic elasticity with static interaction.39 As this section
extends the singum model from granular lattices to crystal lattices,
the two main aspects are considered: (1) the potential function of
interatomic bonds for the crystal lattice shall be different from the
Hertz’s contact potential of Eq. (1) for granular lattices; (2) the
interatomic force can be derived from the EOS and approximated
by experimental data.

A. Singum potential based on the EOS of crystals with
the short-range atomic interaction

Similarly to the granular lattices, when short-range atomic
interactions are considered, the effective elastic tensor can be
written in Eq. (12) for the three cubic lattices. Equation (14) pro-
vides the EOS of granular lattices with the Hertz’s potential func-
tion in Eq. (15). Therefore, the potential function and the EOS can
be correlated through the singum model. Although many inter-
atomic potential functions in the literature12,40 can be used to
predict the elastic behavior of crystals with the short-range atomic
interaction, if the EOS of the crystal is accurately characterized, we
can also use the singum model to derive the potential function as
well, which is called the singum potential.

The equation of state (EOS) of solids describes the volume or
density change of solids with a hydrostatic pressure over a large

FIG. 4. Thermomechanical behavior of a copper granular lattice in a copper shell with prestress: (a) effective thermal expansion coefficient αeff and (b) effective tempera-
ture derivative of Young’s modulus Eeff

,T as a function of internal radius of shell Rs with different shell thicknesses of t ¼ 0:1 and 0.5 mm.
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range4,5 at a certain temperature. Given a hydrostatic stress σmδij,
from the volumetric strain, we can calculate the bulk modulus as

k λð Þ ¼ c11 þ 2c12
3

¼ N λV,λλ � 2V,λð Þ
18v0s

, (22)

where v0s is the initial singum volume and N is the number of the
closest neighbors for each cubic lattice as tabulated in Table I.
Inversely, V λð Þ can be written in terms of k λð Þ by solving the
above ordinary differential equation (ODE) as

V λð Þ ¼ 18v0s
N

ðλ
1
λ2

ðλ
1
λ�3k λð Þdλþ C

	 

dλþ V 1ð Þ, (23)

where V 1ð Þ is the interatomic potential at λ ¼ 1, which can be dis-
regarded for elastic modeling because it has no effects; C is an inte-
gral constant to be determined subsequently, which is zero by
V,λjλ¼1 ¼ 0; and k λð Þ can be given by the EOS of the crystal over a
range of λ, which can be characterized at high pressures. In addi-
tion, Sec. III C provides EOS modeling, which uses a couple of
material parameters to describe the EOS and often provides high
accuracy. Therefore, once k λð Þ is given, the singum potential can be
obtained in Eq. (37) when short-range interactions are considered.

Mathematically, three elastic constants of c11, c12, and c44 for
the cubic symmetry should be independent for general cubic crys-
tals. However, the prediction of them in Eq. (12) depends on two
quantities of V,λ and λV,λλ only for each cubic symmetry.
Therefore, the three elastic constants are not truly independent.
Actually, when only short-range interatomic forces are considered,
the prediction is exact, which can be validated by a truss system
with elastic bars as the bonds.17,22 When measured c11, c12, and c44
are not consistent with the singum prediction, a numerical approxi-
mation should be used to minimize the difference. For crystal mate-
rials, long-range atomic interactions may change the stress of
singum and, therefore, create additional variation from the identi-
ties, which will be discussed and addressed subsequently.

B. Formulation of elasticity with long-range atomic
interactions

Given a crystal lattice configuration with an interatomic
potential, the singum model can predict the three elastic constants
from Eq. (12). The model can be straightforwardly extended from
the short-range interactions to long-range interactions by an
ergodic process, considering the interactions of all atoms. However,
the potential V is required for the numerical simulation. Following
Assumption 4, this study aims to obtain the closed-form solution,
so that only short-range interactions are directly considered,
whereas the long-range interactions will be approximately taken
into account similarly to the embedded energy.3

When a singum is embedded into the surrounding atoms, the
interactions among all other atoms and the interactions from non-
member atoms will also produce a stress to the singum, which can
be approximately isotropic. Instead of going through an ergodic
process, we introduce a hydrostatic stress σp

ij proportional to the
pressure p vsð Þ on the singum as a correction to the whole stress in

Eq. (5) as follows:

σp
ij ¼ sp vsð Þδij, (24)

where s is a constant to fit the material elastic behavior, so that the
change of σp

ij with external loading is determined by p vsð Þ.
Mathematically, s provides another independent parameter to fit
the three independent elastic constants while the singum model
with the short-range interactions exhibits two independent con-
stants. Obviously, when s ¼ 0, it recovers the short-range model.
Since vs is related to density by Eq. (2) due to the constant mass of
the singum, it can be also written as a function of density in paral-
lel to the embedded-atom method (EAM).3 Thus, p vsð Þ can be
given by the EOS of the crystal, which will be discussed
subsequently,

Given a displacement variation δuj xð Þ ¼ δdijxi, one can write
the volume variation δvs ¼ δdkkvs and, thus, obtain

δσp
ij ¼ s

dp
dvs

δvsδij ¼ s
dp
dvs

vsδdkkδij ¼ �sk λð Þλ2δεkkδij, (25)

where the bulk modulus k λð Þ is expressed as

k λð Þ ¼ c11 þ 2c12
3

, (26)

with the aid of Eq. (9). Therefore, the modified stiffness can be
written as

Cijkl ¼ Cijkl � sk λð Þλ2δijδkl , (27)

where the overbar (�) shows the relevant quantity considered by
the long-range atomic interactions to differentiate from Cijkl in
Eqs. (11) or (12) for FCC, BCC, and SC. Therefore, when V λð Þ, s,
and the EOS are given, the stiffness tensor can be explicitly
obtained by the above equation.

C. The equation of state of crystals

There are many analytic and semi-empirical forms of EOS in
the literature.5,41 The Vinet EOS42 and Murnaghan–Birch (MB)
EOS24 have been widely used for the simplicity and accuracy.
Although other forms of EOS can also be used for the singum
model, this paper focuses on these two and we found that the MB
EOS may provide more flexibility to fit the experimental results.
Because vs ¼ λ3v0s , one can rewrite p vsð Þ in form of p λð Þ equiva-
lently. The Vinet EOS is provided as follows:

p λð Þ ¼ 3k0 1� λð Þλ�2eη 1�λð Þ, (28)

where k0 being the bulk modulus at λ ¼ 1 and η ¼ 3
2 k00 � 1
� �

in
which k00 ¼ dk

dp jλ¼1. For general solids,
43 k00 .

5
3 and η . 1, we can

obtain

k λð Þ ¼ �v
dp
dv

¼ �v
dp
dλ

dλ
dv

¼ k0
2þ η� 1ð Þλ� ηλ2

λ2
eη 1�λð Þ, (29)
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where vs ¼ λ3v0s is the deformed volume of the singum under the
hydrostatic pressure. Note that the EOS is typically calibrated by
the compressive stress to a fairly high pressure while the tensile
stress or negative pressure is not considered. The EOS may not be
valid for extremely high pressure, and there is an applicable
minimal limit43 of vs=v0s in the range of 0.45 to 0.8, which is corre-
sponding to λmin in the range of 0.77 to 0.93. For λmin � λ � 1, the
coefficient of correlation with the experimental data of 29 kinds of
metals can mostly reach 99% or higher. On the other hand, there is
an extreme value for expansion,

λmax ¼
η� 1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η� 1ð Þ2 þ 8η

q
2η

, (30)

where kjλ¼λmax
¼ 0, which is not physical for solids anymore and

could be related to the phase change of materials.
Therefore, the Vinet EOS of k λð Þ could only be applicable

over the domain λmin , λ , λmax. From Eq. (30), λmax depends on
η in the range of 1,

ffiffiffi
2

p� �
. Unlike gas with 0 , λ , 1, the singum

potential will be defined over λmin , λ , λmax. Although the Vinet
EOS is used for general solids of λ [ 0:8, 1:2ð Þ, in most engineer-
ing applications the neighborhood range is indeed limited within
λ ¼ λu + 0:005, where λu ¼ lup=l

0
p is the bond length ratio at the

undeformed state.
The MB EOS was derived by thermodynamics in a series form

with tailorable accuracy to fit the experimental results, and it can
be written by truncating up to the fourth-order term as follows:23,24

p ¼ 3k0
2

λ�7 � λ�5
� �

1þ 3
4
η1 λ�2 � 1
� �þ 3

8
η2 λ�2 � 1
� �2	 


(31)

and

k λð Þ ¼ k0
2

7λ�7 � 5λ�5
� �

1þ 3
4
η1 λ�2 � 1
� �þ 3

8
η2 λ�2 � 1
� �2	 
�

þ 3
2

λ�9 � λ�7
� �

η1 þ η2 λ�2 � 1
� �� 
�

(32)

where η1 ¼ k00 � 4 and η2 ¼ k0k000 þ k020 � 7k00 þ 143
9 . Compared

with the Vinet EOS, the MB EOS exhibits more constants to fit the
experiments with the extension to higher order terms of strain.44 It
provides tailorable accuracy by keeping more or less terms. For
example, by setting k00 ¼ 4, k000 ¼ � 35

9k0
, the MB EOS can be reduced

to a very concise form with η1 ¼ η2 ¼ 0. In most applications, the
third-order MB EOS is used with η2 ¼ 0, in which Eq. (32) can be
rewritten as

k λð Þ ¼ k0
2

k00
4
� 1

� �
27

λ9
� 3k00

2
� 7

� �
7

λ7
þ 3k00

4
� 4

� �
5

λ5

	 

: (33)

Because the MB EOS is written in a polynomial form, it can
accommodate the modeling of materials with a larger range of
bond length change for ductile materials under negative pressures,
although it has not been experimentally studied yet.

Figure 5 shows comparison of bulk modulus change with λ
predicted by the Vinet EOS, the third-order MB EOS, the
Couchman–Reynolds EOS,43 and the Fermi energy19 under the
condition of k00 ¼ 3:0. Because the three EOS are based on k0 and
k00, they provide almost the same predictions at the neighborhood
of λ ¼ 1. The Vinet EOS and MB EOS provide very close predic-
tions when 0:9 , λ , 1:4. When λ � 1:2, they predict k ¼ 0,
which means the loss of the stability of the crystal structure and no
physical meaning for λ . 1:2 anymore. However, the Fermi energy
is independent of k00

8,19 and is not subject to the limits of λmin and
λmax,

19 so that it can mathematically provide an interatomic poten-
tial over the full range of 0, þ1ð Þ, although the accuracy is open
to question as it shows a large discrepancy from the other three
cases. Note that the range of λ . 1 is not validated by any experi-
ments yet.

Indeed, the bond length in a crystal cannot be compared with
the liquid or gas phase with a large range of λ, the coverage of the
singum interatomic potential shall be consistent with the EOS,
because it predicts the relation of stress–strain variation at the cor-
responding bond length or pressure. Therefore, this paper will
mainly focus on the range of λ [ 0:75, 1:25ð Þ in comparison to the
two forms of EOS. In addition, although most existing EOS func-
tions in the literature use the zero degree of temperature as the ref-
erence coordinate,45 this paper does not consider the kinetic energy
or dynamic effect of the atoms but use the zero-force bond length
l0p as the reference coordinate. Due to the surface energy, the unde-
formed state without external loading will be different from the ref-
erence state. Therefore, the parameters in the EOS will be different
from those in the literature using the undeformed state as the refer-
ence coordinate.

FIG. 5. The comparison of bulk modulus changing with λ predicted by the
Vinet EOS, the Murnaghan–Birch EOS, the Couchman–Reynolds EOS, and the
Fermi energy when k00 ¼ 3.
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IV. THE INTERATOMIC POTENTIAL BASED ON THE EOS
AND ELASTIC CONSTANTS

Although it is challenging to characterize the interatomic
potential directly, because the singum model provides an explicit
formulation to correlate the potential with the elastic behavior of
the crystal, one can use the elastic behavior, which can be physi-
cally characterized for the EOS of p λð Þ and three independent
elastic constants c11, c12, and c44 at the undeformed state, to
inversely derive the interatomic potential. Obviously, the inter-
atomic potential function will depend on the form of EOS. In the
following, we will derive the singum potential based on the Vinet
EOS and MB EOS, but the MB EOS-based potential is recom-
mended for the flexibility and stability.

A. The singum potential based on the EOS

Substituting Eq. (11) into (27), one can obtain

Cijkl ¼ c12 � sk λð Þλ2� �
δijδkl þ c11 � c12 � 2c44ð ÞδIKδijδkl

þ c44 δikδ jl þ δ jkδil
� �

, (34)

from which the three elastic constants can be rewritten in terms of
the derivatives of V λð Þ for FCC, BCC, and SC, respectively, as
follows:

c11¼λV,λλþV,λ

4
ffiffiffi
2

p
l0p
3 �sk λð Þλ2; λV,λλþ2V,λ

8
ffiffiffi
3

p
l0p
3 �sk λð Þλ2; λV,λλ

8l0p
3 �sk λð Þλ2

c12¼λV,λλ�5V,λ

8
ffiffiffi
2

p
l0p
3 �sk λð Þλ2; λV,λλ�4V,λ

8
ffiffiffi
3

p
l0p
3 �sk λð Þλ2; � V,λ

8l0p
3�sk λð Þλ2

c44¼λV,λλþ3V,λ

8
ffiffiffi
2

p
l0p
3 ;

λV,λλþ2V,λ

8
ffiffiffi
3

p
l0p
3 ;

V,λ

8l0p
3 :

(35)

Because k λð Þ is given by the EOS if any of the three elastic
constants can be given as a function of λ, one can derive V λð Þ
from the corresponding ordinary differential equation (ODE) in
Eq. (35). However, three constants in Eq. (35) shall be measured in
experiments by an infinitesimal test load considering the nonlinear
elastic nature,44 and the change of a single elastic constant with λ
may not be measured by a simple test. For instance, the shear
modulus c44 λð Þ can be measured by a simple shear test. However, a
large shear in the lattice can distort the relative position of atoms,
which may lead to lattice transformation and singum annihilation.
Therefore, we cannot simply use Eq. (35) to inversely derive V .

However, a hydrostatic load causes the uniform change of the
lattice structure and the singum remains stable. Therefore, we can
use the bulk modulus to construct the new interatomic potential.
Given a hydrostatic stress σmδij, from the volumetric strain, we can
calculate the bulk modulus as

k λð Þ ¼ c11 þ 2c12
3

¼ N λV,λλ � 2V,λð Þ
18v0s

� sk λð Þλ2: (36)

If k λð Þ is given by the EOS, the singum interatomic potential can

be inversely derived from Eq. (36),

V λð Þ ¼ 18v0s
N

ðλ
1
λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλþ C

	 

dλþ V 1ð Þ, (37)

where V 1ð Þ is the interatomic potential at λ ¼ 1, which will be dis-
regarded in the subsequent part of this paper as it does not change
the elasticity that depends on the derivatives of V λð Þ; C is an inte-
gral constant that can be determined by C ¼ N

18v0s
V,λjλ¼1 ¼ 0.

Therefore, given EOS k λð Þ, the closed-form of the singum potential
can be obtained.

For the convenience of derivation, we can write the derivatives
of V λð Þ as

V,λ ¼ 18v0s λ
2

N

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ

V,λλ ¼ 18v0s
N

2λ
ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλþ λ�1k λð Þ 1þ sλ2

� �	 

,

(38)

where Eq. (36) can be confirmed by substituting Eq. (38) into it.

B. Correlation between the elastic constants, EOS, and
singum potential

As the interatomic potential and its derivatives are given by
Eqs. (37) and (38) in terms of EOS k λð Þ, the elastic constants can
be explicitly derived by substituting Eq. (38) into Eq. (35):
For FCC,

cFCC11 λð Þ¼ 3
2 k λð Þ 1þ sλ2ð Þþ3λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ

	 

� sk λð Þλ2

cFCC12 λð Þ¼ 3
4 k λð Þ 1þ sλ2ð Þ�3λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ

	 

� sk λð Þλ2

cFCC44 λð Þ¼ 3
4 k λð Þ 1þ sλ2ð Þþ5λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ

	 

:

(39)

For BCC,

cBCC11 λð Þ ¼ k λð Þ 1þ sλ2
� �þ 4λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ� sk λð Þλ2

cBCC12 λð Þ ¼ k λð Þ 1þ sλ2
� �� 2λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ� sk λð Þλ2

cBCC44 λð Þ ¼ k λð Þ 1þ sλ2
� �þ 4λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ:

(40)
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For SC,

cSC11 λð Þ¼ 3k λð Þ 1þ sλ2
� �þ6λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ� sk λð Þλ2

cSC12 λð Þ¼�3λ2
ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ� sk λð Þλ2

cSC44 λð Þ¼ 3λ2
ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ:

(41)

Therefore, given the reference bond length 2l0p at the zero force
state (λ ¼ 1) and the EOS of k λð Þ, one can calculate the elastic con-
stants changing with the bond length λ or pressure. When the
Vinet EOS in Eq. (29) is used, the potential is

V λð Þ ¼ 18v0s k0
N

ðλ
1
λ2

ðλ
1

2þ η� 1ð Þλ� ηλ2

λ5
1þ sλ2
� �

eη 1�λð Þdλ
	 


dλ:

(42)

The integral form singum potential can be explicitly written
in terms of the exponential integral function,19,46 which is
similar to but more complex than the Morse potential.40

When the third-order MB EOS in Eq. (33) is used, one can
write

V λð Þ ¼ 9v0s k0
N

ðλ
1
λ2

ðλ
1

k00
4
� 1

� �
27

λ12
� 3k00

2
� 7

� �
7

λ10
þ 3k00

4
� 4

� �
5

λ8

	 


� 1þ sλ2
� �

dλdλ, (43)

which can be explicitly written in terms of a polynomial of
λ, which is similar to but more complex than the LJ poten-
tial.47,48 Given k0 and k00, once the Vinet or MB EOS is
chosen to determine p λð Þ or k λð Þ, the potential function of
V λð Þ is obtained with unknown s, while both V λð Þ and the
EOS of k λð Þ refer to the equilibrium bond length 2l0p , which
is another unknown.

In practical applications, given a crystal with the lattice type
and atom mass, one can measure the three elastic constants c11, c12,
and c44 at the undeformed state with the density or lup known as
well. The EOS behavior can be measured as a function of p vsð Þ,
which can be transferred into k lp

� �
with lp varying in a certain

range. Using the FCC lattice as an example, the following steps can
be used to determine l0p , s, k0, and k00, which can define k λð Þ, V λð Þ,
and C λð Þ:
(1) Although λu ¼ lup=l

0
p is not determined with l0p unknown yet,

from three equations in Eq. (39), we obtain

s ¼ 3

λuð Þ2
cu12 � 2cu11 þ 3cu44

cu11 þ 2cu12
, k λuð Þ ¼ cu11 þ 2cu12

3
, (44)

where λu must satisfy

λuð Þ2
ðλu
1
λ�3k λð Þ 1þ sλ2

� �
dλ ¼ cu11 � cu12 � cu44

3
: (45)

(2) When k λð Þ is selected for the EOS, k0 can be written in terms
of k λuð Þ and k00. For example, if the MB EOS is used with
Eq. (32), k0 can be written as

k0 ¼ 4k λuð Þ
7
λuð Þ7 � 5

λuð Þ5
h i

2þ 3η1
2

1
λuð Þ2 � 1

� �
þ 3η2

4
1
λuð Þ2 � 1

� �2
	 


þ 3
λuð Þ9 � 3

λuð Þ7
h i

η2
λuð Þ2 þ η1 � η2

h i , (46)

while k0 of the Vinet EOS can be written as follows:

k0 ¼ k λuð Þe�3
2 k00�1ð Þ 1�λuð Þ λuð Þ2

2þ 3
2 k00 � 1ð Þ � 1
� 


λu � 3
2 k00 � 1ð Þ λuð Þ2 : (47)

(3) As k00 generally in the range of (2,10),4 a numerical iteration
method is used to search k00 and l0p to minimize the standard
deviation of p vsð Þ from the experimental results as follows:
(a) Assuming l0p ¼ lup , use either the Vinet or MB EOS p λð Þ to

fit the experimental data, and obtain, thus, k00 as well as
the standard deviation (σ0) between the fitted function
and the experimental results.

(b) Use k00 and k0 in Eq. (46) or (47) to construct EOS k λð Þ
and substitute it into Eq. (45). Therefore, λu is the only
unknown in Eq. (45) and can be determined. Although
multiple solutions may exist, the one close to 1 shall be the
solution.

(c) Use λu to update l0p and repeat steps (a) and (b) to update
the EOS p λð Þ and calculate the standard deviation (σ i)
from the experimental results and λu until the convergence
of λu and σ i.

4. Ideally, given the cubic symmetric elastic constants of an FCC
lattice at the undeform state, one can determine the zero-force
bond length l0p by λu and then the EOS k λð Þ and the inter-
atomic potential V λð Þ.

Note that if higher order EOS is used, such as Eq. (32)
with the derivative k000 of the bulk modulus, the above procedure
can be straightforwardly extended with better curve fitting accuracy
of the experimental data. Otherwise, it is possible to obtain non-
physical results such as k0 , 0 through the mathematical
calculation.

As the same procedure can be also applied for other lattices,
Eqs. (44) and (45) shall be updated as follows:
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For BCC,

s ¼ 3

λuð Þ2
cu44 � cu11
cu11 þ 2cu12

, k λuð Þ ¼ cu11 þ 2cu12
3

, (48)

where λu must satisfy

λuð Þ2
ðλu
1
λ�3k λð Þ 1þ sλ2

� �
dλ ¼ cu11 � cu12

6
: (49)

For SC,

s ¼ � 3

λuð Þ2
cu12 þ cu44
cu11 þ 2cu12

, k λuð Þ ¼ cu11 þ 2cu12
3

, (50)

where λu must satisfy

λuð Þ2
ðλu
1
λ�3k λð Þ 1þ sλ2

� �
dλ ¼ cu44

3
: (51)

Mathematically, we can determine λu, s, k0, k00, and k000 (for
MB EOS) by the experimental results of the elastic constants and
EOS, which may exhibit multiple acceptable solutions. The
selection of the appropriate solution shall follow the physical
meaning. As demonstrated in Sec. IV, the applicable ranges of
those parameters are as follows: λu [ 0:75, 1:25ð Þ, s . �1=λu,
k0 . 0, and k00 . 0.

C. Orientational average of elasticity for isotropic
polycrystals

In materials engineering, metals, such as steel, aluminum, or
copper, are commonly considered to be isotropic with two inde-
pendent elastic constants, such as the Young’s modulus and
Poisson’s ratio, even though they exhibit cubic lattices at the atomic
scale. For example, steel exhibits the BCC lattice, while aluminum
or copper is the FCC lattice. In the bulk materials, the crystals form
anisotropic grains, which are not aligned in the same orientation
during the manufacture process with impurities, defects, or fillers.
Therefore, the overall material behavior is indeed isotropic.
Considering the randomness of the grain’s orientation, an orienta-
tional average26,49 is applied to Eq. (35), the anisotropic terms will
be averaged out, so that one can obtain an isotropic elasticity with
two independent parameters,19

k ¼ c11 þ 2c12
3

and μ ¼ c11 � c12 þ 3c44
5

, (52)

from which all isotropic elastic constants, such as Young’s modulus
and Poisson’s ratio, can be calculated,50 respectively, as follows:

E ¼ 9kμ
3kþ μ

and ν ¼ 3k � 2μ
2 3k þ μð Þ : (53)

Here, μ can be further written in terms of the derivatives of the

interatomic potential as

μ ¼ N λV,λλ þ 4V,λð Þ
30v0s

¼ 3
5

k λð Þ 1þ sλ2
� �þ 6λ2

ðλ
1
λ�3k λð Þ 1þ sλ2

� �
dλ

	 

, (54)

which is applicable to all three cubic crystals. In polycrystals, the
elastic constants are affected by material processes such as heat
treatment and work hardening, which may change the effective
bond length and crystal lattice configuration. In addition, the grain
size also significantly affects the mechanical properties of metals.
The above formulation may not catch those effects directly. Instead,
we assume the long-range interactions or s shall be different from
the single crystal, so that we can fit the experimental data with s to
provide an empirical way to correlate the relationship of the two
isotropic elastic constants, EOS, and the interatomic potential as
well.

Note that each grain in polycrystal may exhibit a different pre-
stress state due to the different size and orientations and the overall
undeformed state is an average of all the states, so the experimental
data can only provide empirical prediction instead of the funda-
mental material constants. Because the atom equilibrium bond
length 2l0p shall be the same for single crystal or polycrystal, 2l0p can
be used as a given material constant. Given two elastic constants k
and μ and the EOS experimental data at the undeformed state λu

as well as the EOS data of p λi
� �

with i indicating the number of
testing data, one can conduct curve fitting of EOS k λð Þ and back
calculate s from Eq. (54) by μ λuð Þ. With s calculated, V λð Þ can be
obtained from Eq. (37) or by solving the ODE of Eq. (54).

For a new polycrystal with EOS p λi
� �

but 2l0p unknown, the
above procedure cannot be implemented, as l0p and s cannot be
determined by a single elastic constant μ λuð Þ. When the long-range
atomic interaction is disregarded due to the grain boundary effect,
one could assume s ¼ 0 and then the similar procedure to deter-
mine l0p and V λð Þ in the last subsection for single crystals can be
applied to polycrystals as well, but Eq. (45), (49), or (51) shall be
updated as follows:

λuð Þ2
ðλu
1
λ�3k λð Þdλ ¼ 1

6
5μ λuð Þ

3
� k λuð Þ

	 

, (55)

which leads to the explicit EOS with k0 written in terms of k λuð Þ
and λu.

Note that because polycrystal’s elastic behavior is an average
of the single crystal’s elastic behavior at different stress states, it is
empirical for the specific fabrication process and material batch
and shall not be generalized to all types of polycrystals, which
indeed exhibit different elastic behavior in a relatively large spec-
trum compared with the corresponding single crystal.

Interestingly, although the single crystals for the three cubic
lattices exhibit different trends of elasticity in Eqs. (39)–(41), their
polycrystals share the same form of isotropic constants related to
the interatomic potential and EOS as Eqs. (36) and (54). Note that
the orientational average of elasticity in the singum model is not
limited to the cubic crystals.19 Mathematically, given any number
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of the closest neighboring atoms, we can establish the relationship
of the generalized singum potential and two isotropic elastic con-
stants and, thus, derive the singum potential function from the
elastic constants.

V. RESULTS AND DISCUSSION

Although this singum model only directly considers the short-
range interatomic forces with an embedded energy for the long-
range atomic interactions because the short-range interaction is
indeed dominate in solids, the model can capture the physics and
mechanics of solids with good fidelity. Particularly, because the
singum interatomic potential is derived and calibrated by the
elastic behavior, the accuracy of the model may reach the engineer-
ing standard. Obviously, the volume-surface ratio of a continuum
particle will play a role on its effective elasticity due to the boun-
dary effect when it is small. However, the lattice structure and
effective elasticity of crystals are fairly stable with size reduction to
the nanoscale.51 It indicates that the long-range atom interactions
play a minor role in the solid states, which is much less important
than in the liquid or gas states. The proposed singum model
approximates the long-range interactions by a pressure to provide a
closed form solution. On the other hand, the Vinet EOS is only
applicable to a small range of λ as well, which produces difficulties
to accurately consider the long-range atomic interactions by an
ergodic process. This section first demonstrates the singum model
for coppers with the two forms of EOS4,24,43 and use them to
predict the anisotropic elastic constants in comparison to the
experimental results. The temperature and pressure derivatives of
the elasticity are then calculated from the singum model, which can
predict thermoelastic constants of metals at different temperature.
Particularly, it is important for geothermal and fire-safety applica-
tions16 when engineering metals are used for load bearing under
high pressures and temperatures. In this section, we use copper as
an example for demonstration, which can be straightforwardly gen-
eralized to other engineering metals in the supplementary material.

A. Demonstration of the singum potential for single
crystalline copper

Given the atomic lattice and elastic constants of a metal mea-
sured without external stress at a certain temperature, we can use
the lattice and elastic constants to construct the singum potential
function V λð Þ. Using the singum potential, we can predict the
elastic behavior changing with the bond length ratio λ, which
depends on pressure and temperature for different applications.
Fortunately, most metals exhibit well established atomic lattice and
density, and their EOS parameters were investigated in the litera-
ture as well. Therefore, the singum potential for common metals
can be established and can predict the thermoelastic behavior
which may not be available in the literature yet.

Ledbetter and Naimon52 conducted a comprehensive literature
review of the experiments of copper by the time, which will be
used for singum model construction and validation. The following
material constants measured at the room temperature (300 K) will be
used: Density ρCu ¼ 8:937� 103 kg=m3; the FCC lattice with
N ¼ 12 members and atom weight Ma ¼ 10:552� 10�26 kg,
c11 ¼ 169:1 GPa, c12 ¼ 122:2 GPa, c44 ¼ 75:42 GPa; for the

polycrystal, Young’s modulus ECu ¼ 124:7 GPa, Poisson’s ratio
νCu ¼ 0:35, and thermal expansion coefficient
αCu ¼ 16:5� 10�6 K�1.

Using the above data, we can calculate the Lame constants from
the isotropic elastic constant relationship,50 as λCu ¼ 107:80 GPa,
μCu ¼ 46:2 GPa, the bulk modulus kCu ¼ 138:6 GPa, the bond length
2lup ¼ 0:2556 nm, and the singum volume vs ¼ 1:1808� 10�29 m3.19

In the following, we can use the three elastic constants for a
single FCC crystal to determine EOS and the interatomic potential.
The experimental measurements for the EOS of copper have been
conducted by authors in Ref. 53. Following the four steps with the
Vinet EOS in Sec. III B, we can determine λu ¼ 0:7532,
k0 ¼ 1:089 GPa, and k0

0 ¼ 9:17, which lead to l0p ¼ 1:697Å,
v0s ¼ 27:63Å

3
, η ¼ 12:3, and s ¼ 0:1312. Thus, the closed-form

EOS and singum potential can be obtained from Eqs. (28), (29),
and (42) as

pVinet λð Þ¼ 3�1:089
1�λð Þ
λ2

e12:3 1�λð Þ þ29:16,

kVinet λð Þ¼ 1:089
2þ 12:3�1ð Þλ�12:3λ2

λ2

	 

e12:3 1�λð Þ,

VVinet λð Þ¼ 3:80�10�28
ðλ
1
λ2

�
ðλ
1

2þ11:3λ�12:3λ2

λ5
1þ0:1312λ2
� �

e12:3 1�λð Þdλ
	 


dλ:

(56)

Using λ¼ vs=v0s
� �1=3, the p� v graph can be plotted as shown in

Fig. 6, and the above formulation can reproduce the measured

FIG. 6. The pressure changing with the singum volume (p� v) by the Vinet
EOS when λu ¼ 0:7532, k0 ¼ 1:089 GPa, and k00 ¼ 9:17 (dot line) and
the MB EOS when λu ¼ 0:7765, k0 ¼ 2:521 GPa, k00 ¼ 9:464, and
k0k000 ¼ �39:54 (solid line) in comparison to the experiments of single crystal-
line copper (circle symbols).53

Journal of
Applied Physics

ARTICLE pubs.aip.org/aip/jap

J. Appl. Phys. 135, 075105 (2024); doi: 10.1063/5.0184120 135, 075105-13

Published under an exclusive license by AIP Publishing

 21 February 2024 03:24:31



elastic constants exactly by Eq. (39), while the EOS equation
cannot fit very well with the experimental data. Note that Dewaele
et al.53 provided k0 ¼ 133 GPa and k0

0 ¼ 5:30, which fit the
experimental data excellently, but they used l0p ¼ lup , whereas this
paper differentiates them which makes λu ¼ 0:7532 at the unde-
formed state instead of λu ¼ 1. Because the Vinet EOS imposed a
small range of λ, once the λu approaches the limit, the function
may not accurately fit the experimental data. However, the MB
EOS, which was derived by thermodynamics,23,24 is more versatile

to deal with a larger range of λu by changing the pressure deriva-
tives including k00, k

00
0 , and higher order terms as necessary. In

Fig. 6, we show graphs of λu ¼ 0:7765, k0 ¼ 2:521 GPa, k00 ¼ 9:464,
k0k000 ¼�39:54, and s¼ 0:1235 with the experimental data.53

Overall, the MB EOS exhibits better fitting to the experiments,
and those parameters with the MB EOS will be used in the follow-
ing discussion.

The EOS and the corresponding potential function for single
crystalline copper are summarized as follows:

pMB λð Þ ¼ 3:782
1

λ7
� 1

λ5

� �
1þ 4:098

1

λ2
� 1

� �
� 0:1258

1

λ2
� 1

� �2
" #

þ 32:59,

kMB λð Þ ¼ 1:2605
7

λ7
� 5

λ5

� �
1þ 4:098

1

λ2
� 1

� �
� 0:1258

1

λ2
� 1

� �2
" #

� 3
2

1

λ9
� 1

λ7

� �
0:3355

λ2
þ 5:799

� �( )
,

VMB λð Þ ¼ 4:768� 10�20
ðλ
1
λ2

ðλ
1

7

λ10
� 5

λ8

� �
1þ 4:098

1

λ2
� 1

� �
� 0:1258

1

λ2
� 1

� �2
" #

� 3
2

1

λ12
� 1

λ10

� �
0:3355

λ2
þ 5:799

� �
dλdλ,

(57)

with l0p ¼ 1:646Å and v0s ¼ 25:22Å
3
.

Figure 7 shows V λð Þ with its derivatives of V,λ and V,λλ in the
inset. For λ , 1, it increases faster in comparison to λ . 1, which
represents a larger repulsive force than the attractive force with the
same change of stretch level. Using the derivatives, one can predict
the elastic constants changing with the bond length. Note that the

undeformed bond length is fairly far from the bottom of the well
with λu ¼ 0:7765. It provides a long pathway for the atoms to sepa-
rate from each other and leads to very good ductility of copper.
Instead, single crystalline aluminum exhibits λu . 1:1,19 which will
be much more brittle than copper.

Using the derivatives of V,λ λð Þ and V,λλ λð Þ of Eq. (57), we can
predict the elastic constants changing with λ. Figure 8 illustrates
the three cubic symmetric elastic constants changing with λ.
Indeed, at the undeformed state, the predictions of the three elastic
constants are the same as the measurements because the potential
was determined by those values. With the increase in λ, the elastic
constants reduce at different rates: c44 changes much slower than
c11 and c12.

Notice that the effective range of λ of the singum potential
obtained from the EOS is narrow, but it is sufficient to study the
thermoelastic behavior of solids. To cover the full range of λ, a
simple form of EOS may not exist due to the phase change of
materials, which will be discussed later.

B. Application of the singum model for polycrystalline
copper

In engineering design of metal structures, engineering metals
are often considered as isotropic materials in forms of polycrys-
tals.52,54 Because polycrystalline copper’s properties may vary with
grain size, metal work procedure, heat treatment, etc., which may
change the local lattice structure at a certain degree, a simple orien-
tational average by Eq. (52) may provide some errors in prediction.
For example, using single crystalline copper’s elastic properties at
the undeformed state at the room temperature, one can obtain
c11 þ 2c12ð Þ=3 ¼ 137:8 GPa but c11 � c12 þ 3c44ð Þ=5 ¼ 54:63 GPa,

FIG. 7. The interatomic potential of copper based on the MB EOS. The inset
shows its first and second derivatives.
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which fits the polycrystal’s bulk modulus k ¼ 138:6 GPa very well,
but the shear modulus of μ ¼ 46:2 GPa exhibits a difference about
8.4 GPa.

Instead of a thorough investigation of the lattice microstruc-
ture, we can still empirically use the isotropic elastic constants to
back calculate s, so as to estimate the elastic constants changing
with the volume or effective bond length of the polycrystal. Assume
the polycrystalline copper exhibits the same density as the single
crystalline copper so that they share the same λu on average. Using
the copper interatomic potential in Eq. (57) and μ ¼ 46:2 GPa, we
can back calculate s ¼ �0:1514, which is different from the single
crystalline copper at 0:1138. Then, we can calculate the bulk
modulus and shear modulus, and then all other isotropic elastic
constants50 changing with the bond length.

Figure 9 shows the variation in the bulk modulus (k), Young’s
modulus (E), and shear modulus (μ) with λ. All of them decrease
when the bond length increases but exhibit different rates. The
bulk modulus is exactly described by the EOS and is the highest
over most of the range but is overpassed by Young’s modulus at
λ ¼ 0:8816. The Shear modulus stays low over the whole range of
0:75, 1:05ð Þ.

To describe the rate of different elastic constants, Fig. 10 illus-
trates Poisson’s ratio changing with λ. For comparisons, it shows
three cases of s ¼ �0:1514, 0, and 0.1235, which are taken from
the cases of polycrystal, no long-range interactions, and single
crystal of copper, respectively. When λ , 0:9, the Poisson’s ratio
varies in a very small range. When λ . 0:9, Poisson’s ratio drops
rapidly for all three cases. If only short-range interactions are consid-
ered, or s ¼ 0, which is shown by the solid line, we can observe that
when λ ¼ 1 or at the zero-force bond length, the Poisson’s ratio
ν ¼ 0:25, which is consistent with the previous work.19,22 When the
prestress is a positive pressure and λu , 1, ν . 0:25, the crystal is

more ductile. When the prestress is a negative pressure and λu . 1,
ν , 0:25, the crystal is more brittle in general. Due to the long-range
interactions, this rule of ν ¼ 0:25 may not be a clear-cut, as the
value also depends on s. When s increases, Poisson’s ratio decreases.
However, for metamaterials with exact short-range interactions, s is
fixed at 0, so that ν ¼ 0:25 indeed serves a critical value to

FIG. 10. The Poisson’s ratio of single crystalline copper with s ¼ 0:1235 (solid
line), polycrystalline copper with s ¼ �0:1514 (dashed line), and the short-
range copper model with s ¼ 0 (dashed-dotted line) changing with λ, where λu

(dotted line) indicates the undeformed state.

FIG. 8. The three elastic constants of single crystalline copper changing with λ,
where λu (dot line) indicates the undeformed state.

FIG. 9. The bulk modulus (solid line), Young’s modulus (dashed line), and
shear modulus (dashed-dotted line) of polycrystalline copper changing with λ,
where λu (dotted line) indicates the undeformed state. The inset shows those
moduli when λ is from 0.881 to 0.882.
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determine the sign of the prestress caused by the surface tension,
which can empirically determine the ductility and fracture toughness
of the material if a critical bond length for fracture is given.

C. Pressure- and temperature-dependent elasticity of
crystals

Figures 8 and 9 illustrate the elastic constants’ change with the
bond length for single crystalline and polycrystalline copper,
respectively. Because λ changes with pressure, which is given
through the EOS, the elasticity of solids will also change with pres-
sure. The pressure derivatives of the elastic constants can be used
to reconstruct the pressure-dependent elasticity. Actually, the EOS
is often developed with the bulk modulus and its pressure deriva-
tives in the undeformed state. It is of significance to model the
pressure-dependent elasticity for engineering applications. The
singum model is particularly convenient to predict the pressure-
dependent elasticity and their pressure derivatives. On the other
hand, thermal expansion of crystals with temperature change can
also correlate with the bond length change. Although the kinetic
energy of atoms may produce contributions to the elastic properties
as well, it is secondary to the bond length change. This paper
focuses on the effect of the averaged bond length only and the
kinetic energy’s contribution is disregarded.

In addition, the pressure- and temperature-dependent elastic-
ity for single crystals can be obtained in the same fashion as poly-
crystals. In the following, we use polycrystals to demonstrate the
calculation of the pressure- and temperature-dependent elasticity.
Because the closed-form of elasticity is given, it can be easily
extended to single crystalline copper and other types of cubic crys-
tals as well.

Using the EOS p λð Þ in Eq. (57) in the effective range of λ, we
can write λ as an inverse function of p, namely, λ pð Þ ¼ pinv .
Therefore, the bulk modulus k λð Þ and shear modulus μ λð Þ can be
rewritten in terms of pressure so as to obtain the two pressure-
dependent elastic constants. Using the two elastic constants, we can
calculate other elastic constants at the given pressure.

Given an elastic constant, namely, c λð Þ, in terms of V,λ and
V,λλ, such as Eqs. (12), (36), and (54), one can derive the pressure
derivative as follows:

dc λð Þ
dp

¼ dv
dp

dλ
dv

dc λð Þ
dλ

¼ � λ

3k λð Þ
dc λð Þ
dλ

, (58)

where λ ¼ v=v0s
� �1=3

, dvdp ¼ � v
k λð Þ, and v dλ

dv ¼ λ
3 are used. Here, c can

represent any elastic constants, such as c11, c12, c44, k, μ, etc.
Therefore, the pressure derivatives of elastic constants can be ana-
lytically obtained by the above equation.

The pressure-dependent bulk modulus can be calculated from
the p� v curve in Fig. 6, which was validated by the experiments
under hydrostatic pressures.55 However, it is very challenging to
measure other elastic constants at high pressures. The closed-form
formulation can predict its derivatives analytically. Typically, elastic
constants increase with the pressure due to the stronger atomic
interaction at a higher pressure.

When the temperature is higher than the Debye temperature
of a solid,45 the thermal expansion exhibits a linear range over a

large temperature range, which is nearly described by the linear
thermal expansion coefficient. Although the elasticity may also
affect the atom vibration quantified by the temperature, the average
bond length change shall play a key role on the temperature-
dependent elasticity, which provides a feasibility to use the thermal
expansion coefficient, namely, α, and EOS to predict the
temperature-dependent elasticity of the solid and its temperature
derivative.

For simplicity, when the pressure keeps at zero, the relation-
ship of λ and temperature change T referred to the undeformed
state can be written as

λ

λu
¼ 1þ α T � T0ð Þ or λ ¼ λu[1þ α T� T0ð Þ]: (59)

Therefore, the temperature-dependent elastic constants of k Tð Þ and
μ Tð Þ can be analytically obtained by replacing λ with T in the
above equation.

Similarly to the pressure derivatives, the temperature deriva-
tive of an elastic modulus can also be obtained by the following
equation:

dc λð Þ
dT

¼ dλ
dT

dc λð Þ
dλ

¼ λuα
dc λð Þ
dλ

: (60)

Figure 11 shows the temperature-dependent elastic moduli
using the coefficient of thermal expansion for copper36 in compari-
son to the experimental results of bulk modulus (kexp), Young’s
modulus (Eexp), and shear modulus (μexp),

52,56 as well as all of the
three elastic constants decrease with the temperature.

Therefore, the pressure increases the elasticity by reducing λ,
whereas the temperature decreases the stiffness by thermal expan-
sion. In geothermal applications, both factors exist and the elastic-
ity will be affected by both temperature and pressure. Again,
although temperature may produce more complex effects on the
elastic behavior, this paper focuses on the effect through the bond
length λ. Given k0, k00, k

00
0 , and 2l0p (bond length) at the reference

temperature T0, we can write the bond length in terms of both
pressure and temperature, so that the thermoelasticity of the crystal
can be fully predicted. Given a temperature T and pressure p, we
can calculate λ and then predict the isotropic elastic constants.
Basically, the p� λ curves at different temperatures share the same
shape with a pressure shift. Therefore, the temperature and pressure
derivatives can be calculated in the same fashion as the above pro-
cedure and will keep the same mathematical form, in which λ
depends on both T and p instead. Notice that here we assume the
thermal expansion coefficient α is a constant for different pressures
as well, which can be inaccurate in actual applications, particularly
under high pressures.

The present model can be applicable to other crystal lattices,
and the supplementary material shows the case studies for nickel
and tungsten in FCC and BCC lattices, respectively. Note that
when the temperature is close to the melting point, the atomic
lattice loses the stability and the material starts to change from the
solid state to the liquid state. The present model may lose accuracy
in those temperatures and the dynamic motion of atoms should be
considered in future work. Particularly, for some metals such as
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iron, it will undergo phase transformation with the increase in
pressure and temperature. In this case, a multiphase singum model
may be required to reproduce the elastic modulus and melting tem-
perature in accordance with the phase change.

D. Discussion about the EOS-based singum model

This paper uses the EOS to construct the singum potential.
Because the Vinet EOS and MB EOS have established accuracy
over a large range of compressibility, which is much more than the
typical stress states in the engineering applications, the formulation
can provide high fidelity predictions to the thermoelasticity of
metal solids, which is taken into account by the change of λ.
Although the singum model does not consider the actual atomic
dynamics with temperature change, the results demonstrated by
copper are in line with the mechanics and physics of solids. The
elasticity increases with pressures but decreases with temperatures.
The changing rates of different elastic moduli are different as
clearly demonstrated in Fig. 9, which can be quantified by the
Poisson’s ratio in Fig. 10. The singum model is developed by rigor-
ous mechanical analysis of the local forces. Although only short-
range interactions are directly considered to provide a closed-form
prediction of the thermoelastic properties of crystals, the long-range
interactions are taken into account approximately. It analytically
correlates the elastic constants, EOS, and interatomic potential. An
ergodic process considering all particle interactions may improve
the accuracy of the singum model in future work. The present
model can disclose the mechanics and physics of cubic crystals and
creates some research areas as follows:

(1) The singum model is general. Its construction and analysis
can be extended to other EOS forms or experimental mea-
surements. The application to copper can be straightforwardly
reproduced for other crystalline solids, such as iron, alumi-
num, nickel, silver, etc., and other atomic lattices as well. It
can be extended to lattice metamaterials containing links or
bars as physical bonds, which can be exactly described by the
short-range singum model.

(2) The singum model shows that the binding potential energy
described by an EOS is related to the interatomic potential as
well, which is given by the singum potential. The simple for-
mulation can provide the fundamental relationship between
the elastic moduli and atomic interaction. The pressure- and
temperature-dependent elasticity can be derived by the rela-
tionship between bond length λ and pressure or temperature.

(3) Although the Vinet EOS was claimed to be universal and
indeed exhibits high accuracy in engineering applications, it
has limitations to the range of bond length, particularly in
high pressures. Therefore, the use of the Vinet EOS imposes a
constraint of the effective bond length of the interatomic
potential, which is different from the classic interatomic
potential, such as the LJ potential or Morse potential.40 The
MB EOS provides desirable flexibility to fit the experimental
data and exhibit versatile capability to predict the thermoelas-
tic behavior of cubic crystals.

(4) The singum model does not take into account of the long-
range atomic interactions directly. A reasonable hypothesis is
that the short-range interaction that occurs between the
closest neighbor atoms in the solid bond-length range domi-
nates the elastic behavior, and the long-range interactions
produce secondary contribution to the effective mechanical
behavior. Assuming its interactional force proportional to
pressure, the singum model can fit the experimental data very
well for both single crystalline and polycrystalline copper,
although different values of parameter s are used.

(5) When only the short-range atomic interaction is considered,
one ideal equilibrium state under the zero external pressure
condition is the bond length equal to λ at the very bottom of
the potential well, which makes V,λ ¼ 0. However, the actual
bond length is shifted from the position, which can be caused
by the long-range interaction and be balanced by surface
energy as well.3 When V,λ ¼ 0, the Poisson’s ratio of the solid
becomes 0.25, which exhibits some historic meaning and
mathematical convenience.19,57,58

(6) The singum model considers the effect of surface energy on
the elastic behavior through a prestress. It provides an
approach to investigate the grain formation of a single crystal.
In a finite volume of a lattice, the surface atoms can be the
member atoms of singums close to the boundary but cannot
form a singum particle as no member atoms exist beyond the
surface. Although the inner atoms or singums can reach equi-
librium due to the symmetry of the short-range interaction
forces, on the boundary layer, the atoms may not stay equilib-
rium unless the bond length of the atoms on the surface is
different from the one for the inner atoms. For example, if the
prestress of a crystalline copper at the ambient condition is a
positive pressure as a ductile material, which makes the bond

FIG. 11. The temperature-dependent isotropic elastic moduli of polycrystalline
copper: bulk modulus (solid line), Young’s modulus (dashed line), and shear
modulus (dashed-dotted line) with the experimental results for bulk modulus
(circle symbols), Young’s modulus (square symbols), and shear modulus (trian-
gle symbols).
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length of singum shorter than the zero force bond length.
The repulsive force from inner atoms will push a surface
atom away, which requires the neighboring surface atoms
pulling it back for equilibrium. Therefore, the surface bond
length will have to be larger than the zero-force bond length,
which make the surface atom distribution sparser than the
inner atoms. Through the difference between the surface
bond length and inner bond length as well as the bond angle
change caused by the equilibrium, we can estimate the curva-
ture of the surface and then predict the grain size.

(7) Although EOS has been obtained by the experiments of posi-
tive pressure and typically exhibits increasing elastic constants
with the pressure, the function predicts zero or negative bulk
modulus for a certain point at λ . 1. It may exhibit some
physical meaning that the solid state of crystal may start to
destruct at a certain bond length, which can be corresponding
to either the phase change or melting point. Although it is
difficult to validate it by experiments, the singum model can
be a useful tool to predict the pressure-dependent melting
point or phase change.

(8) When a cubic crystal is subjected to a uniaxial load, the cubic
lattice will be tetragonal or orthorhombic. The singum model
can be extended to predict the anisotropic elastic behavior.
Because the bond length change will be different from differ-
ent orientations, we cannot restrict the bond length to the
shortest one anymore. An ergodic process shall be needed to
accurately predict the uniaxal loading behavior. If the critical
bond length can be introduced to characterize the load capac-
ity, the singum model can be used to analyze the dislocation
and fracture of the crystals. The prestress is related to the
surface energy and fracture toughness, which shall be further
investigated in future work.

(9) The singum model predicts nonlinear elastic behavior of a
lattice in terms of the potential function and lattice parame-
ters using the periodicity of the microstructure. When the
lattice structure is subjected to slips, fractures, or other
defects, the homogenization mechanism can also be extended
to a lattice with a nonuniform effective stress field. The
singum stress and strain can be calculated by the same way.
Therefore, the singum model can still be used to relate the
interacting forces between nodes to the stresses and evaluate
the effects of the defects or disorder on lattice structure
change and bond breakage. The interatomic forces redistrib-
ute with defect formation and change with grain size and
boundaries, which can be evaluated by a two-scale modeling
with singum strain and stress.

(10) The singum model can be extended to other types of lattices,
such as 2D and 3D hexagonal lattices, many-body interaction
by adding moment and shear force between the singum’s
neighbors, or dynamic elastic problems by adding the body
force effect as xibj into Eq. (4) where bj is the inertia force.

Overall, although there are some mature methods to predict
elasticity from the interatomic potentials by numerical or analytical
methods in the literature, such as EAM,3 canonical ensemble
average with Cauchy–Born rule,12 and energy equivalence,2 they
derived the stress–strain relationship under the statistical

equilibrium condition that does not consider the effect of surface
energy, such as surface tension, which produces a configurational
force under a displacement variation, and significantly changes the
effective elastic behavior. Because the singum model directly links
the interatomic force with stress and strain, it handles the surface
stress as a prestress. When the prestress is zero, the singum model
does recover those old paradoxes of ν ¼ 0:25 for isotropic elasticity
and c12 ¼ c44 for cubic symmetric elasticity. The prestress and the
approximation of the long-range atomic interaction successfully
addresses these problems and can fit experimental results very well.
The exactness of the singum model with short-range atomic inter-
actions can be demonstrated by the granular lattice with the same
lattice structure.

VI. CONCLUSIONS

Inspired by granular lattices, the singum model has been
extended for the prediction of thermoelastic behavior of cubic crys-
tals. Although the EOS only guarantees high accuracy of p� v
curves in a certain bond length range, it is sufficient for most engi-
neering stress analysis. Using copper as an example, the singum
model provides reasonable agreement with the experimental data
for the pressure–temperature-dependent elastic constants. The
singum model provides a practical and straightforward way to cor-
relate EOS, interatomic potential, and elastic constants given the
lattice configuration. Some interesting features are highlighted as
follows:

(1) The thermal expansion coefficient of copper granular lattice
can be tailored by the prestress, and copper balls of zero
thermal expansion coefficient can be achieved by a copper
shell containing copper particles.

(2) When only short-range interactions are considered, when
λ ¼ 1, the polycrystal exhibit a Poisson’s ratio ν ¼ 0:25; when
λ , 1, ν . 0:25 and the material is more ductile; and vice
versa.

(3) When only short-range interactions are considered, the three
cubic elastic constants are not fully independent but satisfy one
identity for each type of cubic symmetry.

(4) When long-range interactions are considered, ν varies with the
long-range interaction parameter s as well, so it may not be at
0.25 for λ ¼ 1.

(5) Cauchy discrepancy of c12 � c44 ¼ 0 only occurs at λ ¼ 1 with
short-range interaction. When a prestress and long-range
atomic interactions are considered, a Cauchy pressure can be
observed.12

(6) Using the relation between the bond length change with pres-
sure and temperature, the pressure and temperature derivatives
of the elasticity can be analytically obtained with very good
agreement with the experiments.

Generally, the singum model interprets the fundamental mechanics
and physics of cubic crystals and can be extended to other types of
lattices. Although currently it focuses on the static problem with
periodic lattice structures, the extensions to general microstructure
and dynamic behavior are under way. Particularly, the present
model provides a useful tool for material design and analysis under
different temperatures and pressures.
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SUPPLEMENTARY MATERIAL

The supplementary material is provided to apply the present
method to other crystal lattices to verify the singum model.
Because the Murnaghan–Birch (MB) equation of state (EOS) shows
higher accuracy than the Vinet EOS, the singum potential is formu-
lated with the MB EOS only. Nickel (Ni) and tungsten (W) are
demonstrated for face-centered cubic (FCC) and body-centered
cubic (BCC) lattices, respectively.
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