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A B S T R A C T

Single crystalline sapphire (𝛼-Al2O3) possesses superior mechanical, thermal, chemical, and optical properties
over a wide range of temperatures and pressure conditions, allowing it for a broad spectrum of industrial
applications. For the past few decades, research has aimed at comprehensive understanding of its plastic
deformation mechanisms under mechanical loading. In this study, we have employed molecular dynamics
(MD) simulations to study rhombohedral twinning of sapphire, which is of critical importance in understanding
the plastic deformation of sapphire as one of most commonly observed deformation modes. Since the critical
resolved shear stress (CRSS) plays a pivotal role in describing the activation of slip systems, it is adopted
in this study as the key parameter for analysis. The CRSS is calculated during the uniaxial compression
test of a cubic sapphire crystal, oriented to exclusively activate rhombohedral twinning deformation, under
simulation conditions such as temperature, strain rate, and system size. Furthermore, a theoretical model
of CRSS is constructed based on theories of thermal activation processes, then empirically fitted to CRSS
data gathered from the MD simulations. This model accurately captures the relationships between CRSS and
external parameters including temperature, strain rate, and system size and shows excellent agreements with
the simulation results.
1. Introduction

Sapphire is a crystalline phase of aluminum oxide (𝛼-Al2O3) with
igh hardness, strong thermal and chemical stability, and excellent
ptical transparency [1]. Because of these superior properties, sapphire
as become one of the most popular substrate materials for applications
ncluding light-emitting diodes (LEDs), laser diodes, radiation detec-
ors, screen materials in infrared military equipment and satellite space
echnology [2–4].
Although sapphire is inherently brittle, it can be plastically de-

formed under certain conditions, which has been utilized in many
applications of sapphire. For example, plastic deformation plays a key
role in ductile-regime machining [5] and it is also related to crack for-
mation leading to material failure [6]. Under certain conditions, plastic
eformation modes in sapphire can interfere with each other, acting
s obstacles for the propagation of deformation and thus hardening
he material and enhancing its mechanical properties [7]. Therefore,
in order to efficiently utilize sapphire in practice, it is of critical
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importance to achieve a comprehensive understanding of its plastic
deformation mechanisms.

Dislocation slip and twinning are the two most important mecha-
nisms of plastic deformation of crystalline materials, which can occur
along a particular crystallographic direction (slip direction) on a par-
ticular crystallographic plane (slip plane). This combination of slip
direction and slip plane defines a slip system of a crystal. Sapphire, be-
longing to space group R3̄C, has a variety of plastic deformation modes
associated with particular slip systems such as basal slip, prismatic slip,
pyramidal slip, rhombohedral twinning and so on [1].

One of the most important material properties in understanding
the plastic deformation of a crystal is the critical resolved shear stress
(CRSS), which is defined as the shear stress component required to
activate an event (dislocation slip or twinning) in a slip system. Many
experimental studies have investigated the plastic deformation mecha-
nisms of sapphire and measured the CRSS of different slip systems. Bulk
compression test has been one of the most common methods to study
the plastic deformation of sapphire and measure the CRSS. For example,
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Lageröf et al. [8] and Castaing et al. [9] conducted compression exper-
ments on sapphire along various crystallographic directions under the
ydrostatic pressure condition to prevent brittle fracture. Both basal
nd prismatic dislocations were observed from these tests and the CRSS
f each slip system was calculated at the temperatures ranging from
00 ◦C to 1800 ◦C. According to these experimental results, prismatic
lip was activated more easily at temperatures lower than 600 ◦C while
asal slip became more dominant as the temperature increased. They
lso found that the CRSS of both basal and prismatic slips exhibited
trong temperature dependence. Choi et al. [10] and Scott et al. [11]
lso conducted the bulk compression tests of sapphire on C-plane at
emperatures ranging from 1760 ◦C to 1875 ◦C. Both experiments
eported that rhombohedral twinning was the most dominant deforma-
ion mode in the 𝑐-axis compression, especially when the temperature is
igher than 1100 ◦C. Not only did the CRSS of rhombohedral twinning
btained from these tests depend on temperature, but it also exhibited
he dependence on loading stress. Another type of test to measure the
RSS is the uniaxial tensile loading. Tressler et al. conducted a tensile
est on the sapphire filament at temperatures ranging from 1775 ◦C to
875 ◦C and observed dominant slip on the {101̄1} planes. They also
easured the corresponding CRSS [12].
Furthermore, theoretical efforts have been made regarding the crit-

ical shear stress. Mitchell et al. developed a double kink dislocation
model to study the mechanism of basal and prismatic slip of oxides
and intermetallics including sapphire, which calculated the correspond-
ing yield stress of different dislocation modes and investigated the
temperature dependence of the yield stress [13]. A theoretical model
introduced by Nowak et al. [14,15] used effective resolved shear stress
to estimate the CRSS of slip and twinning systems during the earliest
stages of plasticity induced by nano-indentation, which showed a good
agreement between experiments and finite elemental analysis [16].

Besides experimental and theoretical approaches, atomistic com-
puter simulations such as molecular dynamics (MD) are also suitable
tools to investigate the plastic deformation of sapphire because these
simulations can unveil the fundamental mechanisms of the material
system at atomic levels. Many studies have applied MD to investigate
the material properties and the deformation mechanisms of sapphire.
For example, Wunderlich et al. used MD to study the crack propagation
process in sapphire and calculated the fracture toughness [17] and
Chang et al. studied the core structure of pyramidal dislocations of
sapphire with the application of MD simulations [18]. Moreover, the
nucleation of rhombohedral twinning of sapphire was observed in MD
simulations by Kuksin et al. under shock wave loading [19]. Recent
MD studies on nano-scale machining processes on sapphire such as
cutting [20], nano indentations and scratching [21,22] also observed
he activation and propagation of multiple plastic deformation systems
uring machining. MD simulations of nano indentation on C-plane
f sapphire applied by Lin et al. observed the activation of basal,
rismatic, pyramidal and rhombohedral slip systems during the inden-
ation and investigated the change in surface morphology related to
hese slip systems [23]. Tochigi et al. studied rhombohedral twinning
echanism with in situ TEM nanoindentation experiments and MD
imulations and revealed an atomic shuffling mechanism to be the
lementary process of the rhombohedral twinning in sapphire [24].
iu et al. conducted MD nano indentation simulations on C-plane of
apphire with Berkovich indenter orientated in two different directions
o measure the nano-hardness of sapphire, which revealed the effect of
ifferent indenter orientations [25]. MD nano indentation simulations
n four crystallographic planes of sapphire were conducted by Xu
t al. and the simulation results showed the activation of different slip
ystems [26].
Among many plastic deformation mechanisms of sapphire, rhombo-

edral twinning that occurs on the slip system family of {11̄02}∕⟨1̄101⟩
as been commonly observed in various experiments [7,8,11,27–29].
s pointed out by Wang et al. [30], plastic deformation in the rhombo-
edral planes occurs in a wide range of crystallographic orientations
 t

2 
Fig. 1. An atomistic simulation model for the compression test. The arrows indicate
the direction of compression.

as all the samples tested in the paper, including A-plane, C-plane,
M-plane, and R-plane of sapphire, resulted in activation of the rhom-
bohedral system while the other slip systems occurred only in a few
orientations. Moreover, it was the only activated system for C-plane
sapphire [30,31]. In addition, recent experimental studies [31–33]
eported on fracture profiles oriented closely along the R-planes of
apphire under various loading conditions. It was suggested that the
ctivation of rhombohedral twinning occurs before dissociation frac-
ure, which promoted crack propagation in the twinning plane. As the
hombohedral twinning system plays an important role in both the
lastic deformation behavior and the fracture behavior of sapphire,
urther understanding of this mechanism is critical to advancing the
aterial’s applications in high-precision industries. It is also known that
he activation of rhombohedral twinning exhibits a strong temperature
ependence [8,16,28,29]. While a phenomenological description of this
ehavior exists such as Schmid’s empirical formula [34], to our knowl-
dge there is no literature reporting an underlying physics-based model
hat relates CRSS to key experimental parameters such as strain rate,
emperature, system size, and so on. In the present study, we carried out
D simulations of the compression test to investigate the rhombohedral
winning of sapphire and calculated the corresponding critical resolved
tress by varying parameter values such as temperature, size, and strain
ate. A theoretical model based on the rate theory and the thermal
ctivation was also developed and used to understand the relationships
etween the CRSS and these parameters. The model predictions aligned
losely with the simulation outcomes.
This article is structured as follows. Section 2 explains the sim-

lation model and methods employed to carry out the compression
imulations. Section 3 describes the thermal activation model to predict
he CRSS of rhombohedral twinning in sapphire. Simulation results and
alidation of the model are presented in Section 4. Finally, Section 5
resents the summary of the conclusions.

. Simulation model and methods

In this study, we performed molecular dynamics simulations of
he compression test using LAMMPS (Large-scale Atomistic/Molecular
assively Parallel Simulator) [35]. As shown in Fig. 1, the simulation
odel is a cubic crystal, oriented to exclusively activate rhombohedral
winning upon compression, i.e., in this orientation the three equivalent
lip systems for rhombohedral twinning ((1̄012)[101̄1], (11̄02)[1̄101],
011̄2)[01̄11]) have the largest Schmid factor of 0.45 among all possible
lip systems of sapphire. Periodic boundary conditions were applied in
ll three directions to remove the free surface effect which is other-
ise exaggerated due to the large surface-to-volume ratio of atomistic
imulation models.
Each model was first fully-equilibrated for 100 ps at a constant

emperature using Langevin thermostat [36]. The size of the simulation
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box was determined by considering the thermal expansion at a given
temperature to ensure that the system is in a stress-free state when
compression begins. The considered temperatures range from 100 K to
1600 K at an interval of 100 K. During the compression test, the box di-
mension in the 𝑧 direction is continuously decreased at a constant strain
rate while the 𝑥 and 𝑦 dimensions are allowed to independently expand
ccording to the zero stress. The temperature control was stopped once
he compression started to prevent artificial influence of thermostat
orces from intervening in the physical process. However, even without
pplying thermostats, the temperature rises only marginally (≲2%) until
slip event occurs so that the system can still be roughly regarded as
n the constant temperature condition. Once a slip is triggered, there
ccurs a sudden rise in temperature because part of the potential energy
s released in the form of the kinetic energy. To see the strain rate
ffect, three different strain rates of 10 6 s−1, 10 7 s−1, 10 8 s−1 were
considered. We also tested three different sizes of models including
15,840, 120,960, 967,680 atoms roughly corresponding to the side
length of the cubic box of 50 Å, 100 Å, and 200 Å, respectively.

For the interactions between atoms, Vashishta potential was em-
ployed [37]. This interatomic potential is known for its capability of
properly predicting elastic constants, cohesive energy, bulk modulus,
melting temperature, and so on. It also showed great consistency in
the description of plastic deformations in our previous studies [20,21,
38,39]. All the simulations were repeated 5 times by assigning different
initial velocities and equilibrating with different random seed numbers
in Langevin thermostat. The analysis of the simulation results was
carried out using the Open Visualization Tool (OVITO) [40].

3. Construction of the thermal activation model for CRSS predic-
tion

Here we focus on developing a theoretical model that can pre-
dict the CRSS for rhombohedral twinning with three parameters of
temperature, system size, and strain rate. This model is based on the
thermally-activated transition between states separated by time-varying
energy barriers, which has been applied to various areas including
chemical reaction, friction, dislocation nucleation, nanoindentation,
and so on [41–46]. In the current system, the transition occurs from
a defect-free state to a state with twinning activated.

We first develop a model for a single activation site by defining two
probability functions 𝑓1(𝑡) and 𝑔1(𝑡). 𝑓1(𝑡) is the cumulative probability
of no twinning occurring until time 𝑡 and therefore gradually decreases
rom 1 at 𝑡 = 0 approaching zero as 𝑡 goes to infinity. 𝑔1(𝑡) denotes
he probability of twinning occurring at time 𝑡, which is related to 𝑓1(𝑡)
ccording to the following equation.

1(𝑡) = −
𝑑𝑓1(𝑡)
𝑑𝑡

. (1)

As such, we assume the following rate equation for 𝑓1:
𝑑𝑓1
𝑑𝑡

= −𝑘1𝑓1, (2)

where 𝑘1 is the transition rate, which can be expressed with the
activation energy barrier 𝛥𝐸 between the two states as

𝑘1 = 𝜈0 exp
(

− 𝛥𝐸
𝑘B𝑇

)

, (3)

here 𝜈0 is the attempt frequency, 𝑘B is the Boltzmann constant, and
denotes the absolute temperature. The activation energy barrier 𝛥𝐸

s a function of the resolved shear stress 𝜏 for rhombohedral twinning,
.e., 𝛥𝐸 = 𝛥𝐸(𝜏), and 𝜏 is a function of the applied compressive strain
, i.e., 𝜏 = 𝜏(𝜀). During the compression, a constant strain rate of 𝜀̇ is
pplied so that the compressive strain 𝜀 increases as 𝜀 = 𝜀̇ 𝑡 and thus
= 𝜏(𝜀̇ 𝑡). Henceforth, we adopt a sign convention for 𝜀 such that it is
xpressed as a positive quantity when compressed. Since there is a one-
o-one relation between 𝜏 and 𝜀, there also exists a one-to-one relation
etween 𝜏 and time 𝑡 and
𝑑𝜏 = 𝑑𝜏 𝑑𝜀 = 𝐺𝜀̇, (4)

𝑑𝑡 𝑑𝜀 𝑑𝑡 f

3 
here 𝐺 (= 𝑑𝜏
𝑑𝜀 ) is an elastic constant. Thus, both 𝑓1 and 𝑔1 can be

written as functions of 𝜏, i.e., 𝑓1(𝜏) and 𝑔1(𝜏).
In principle, since the event is a probabilistic process, 𝜏CRSS can be

defined as an averaged quantity as

𝜏CRSS = ∫

∞

0
𝜏 𝑔1(𝜏)𝑑𝜏. (5)

However, assuming a narrow distribution of 𝑔1(𝜏) with a single peak
evidenced from the simulation results as will be seen in Section 4.3),
CRSS can be approximated as 𝜏peak , where 𝑔1 has the maximum, i.e.,

𝑑𝑔1
𝑑𝜏

|

|

|

|𝜏=𝜏peak
= 1

𝐺𝜀̇
𝑑𝑔1
𝑑𝑡

= 0, (6)

which is equivalent to

𝑑𝑔1
𝑑𝑡

= −
𝑑2𝑓1
𝑑𝑡2

= 0 (7)

and, using Eq. (2),

𝑘21 =
𝑑𝑘1
𝑑𝑡

. (8)

A real system contains more than one activation site, each of which
can trigger twinning. Similar to the discussion above, two probability
functions 𝑓𝑛 and 𝑔𝑛 can be defined, where 𝑛 is the number of activation
sites. Assuming all activation sites are independent and equivalent, they
can be related with 𝑓1 and 𝑔1 as

𝑓𝑛 =
𝑛
∏

𝑖=1
𝑓1 = 𝑓 𝑛

1 , (9)

𝑔𝑛 = −
𝑑𝑓𝑛
𝑑𝑡

= −𝑛𝑓 𝑛−1
1

𝑑𝑓1
𝑑𝑡

= 𝑛𝑓 𝑛−1
1 𝑔1. (10)

The rate equation for 𝑓𝑛 is
𝑑𝑓𝑛
𝑑𝑡

= −𝑘𝑛 𝑓𝑛, (11)

where 𝑘𝑛 is the transition rate for a system with 𝑛 activation sites. Since

𝑑𝑓𝑛
𝑑𝑡

=
𝑑𝑓 𝑛

1
𝑑𝑡

= 𝑛𝑓 𝑛−1
1

𝑑𝑓1
𝑑𝑡

= 𝑛𝑓 𝑛−1
1 (−𝑘1𝑓1) = −𝑛𝑘1𝑓 𝑛

1 = −𝑛𝑘1𝑓𝑛, (12)

𝑘𝑛 = 𝑛𝑘1, i.e., the transition rate of the system with 𝑛 sites is 𝑛 times
larger than that of the single site case. Similar to Eq. (8), the maximum
probability condition leads to

𝑘2𝑛 =
𝑑𝑘𝑛
𝑑𝑡

, (13)

hich is equivalent to

𝑘21 =
𝑑𝑘1
𝑑𝑡

. (14)

Combined with Eq. (3) and assuming 𝑛 = 𝑠𝑁 , where 𝑠 is a
proportionality constant and 𝑁 is the number of atoms in the system,
the following derivation can be made.

𝑠𝑁
[

𝜈0 exp
(

− 𝛥𝐸
𝑘B𝑇

)]2
= − 1

𝑘B𝑇
𝑑𝛥𝐸
𝑑𝑡

𝜈0 exp
(

− 𝛥𝐸
𝑘B𝑇

)

,

𝑠𝑁 𝜈0 exp
(

− 𝛥𝐸
𝑘B𝑇

)

= − 1
𝑘B𝑇

𝑑𝛥𝐸
𝑑𝑡

,

exp
(

− 𝛥𝐸
𝑘B𝑇

)

= − 𝐺𝜀̇
𝑠𝑁 𝜈0𝑘B𝑇

𝑑𝛥𝐸
𝑑𝜏

,

− 𝛥𝐸
𝑘B𝑇

= ln
[

− 𝐺𝜀̇
𝑠𝑁 𝜈0 𝑘B𝑇

𝑑𝛥𝐸
𝑑𝜏

]

, (15)

which can also be written as

− 1
𝑇

(

𝛥𝐸
𝑘B

)

= ln𝐴 + ln
[ 𝜀̇
𝑁𝑇

]

+ ln
[

− 𝑑
𝑑𝜏

(

𝛥𝐸
𝑘B

)]

, (16)

where 𝐴 = 𝐺
𝑠 𝜈0

and is used as a fitting constant. Eq. (16) can be solved
or 𝜏 = 𝜏 (𝜀̇, 𝑁, 𝑇 ) once 𝛥𝐸(𝜏) is known.
CRSS CRSS
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Fig. 2. Temperature-dependent lattice constants 𝑎 and 𝑐 between 0 K and 1600 K. In each graph, the blue dashed line and the red solid line show the linear and quadratic fits,
respectively.
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Based on the simulation results showing a transitional behavior at
about 450 K (See Fig. 7(a)), we used two functional forms for 𝛥𝐸(𝜏).
For the low-temperature cases (below 450 K) where the transition can
occur only when 𝛥𝐸 is substantially reduced, the following form was
used:
𝛥𝐸
𝑘B

= 𝜆low
(

𝜏max − 𝜏
)𝑚 , (17)

where 𝜏max is the maximum resolved shear stress where 𝛥𝐸 completely
vanishes. It is also known that 𝑚 = 3∕2 as 𝜏 approaches 𝜏max [47]. Thus,
in this regime of low temperature, we have three fitting constants 𝐴low,
𝜆low, 𝜏max. The solution to Eq. (16) with Eq. (17) is given by

𝜏 lowCRSS = 𝜏max − exp
[

−
𝑐2
𝑐1

− 1
𝑚
𝑊0

(

𝑚
𝑐1

exp
(

−
𝑐2
𝑐1

𝑚
))]

, (18)

where 𝑊0 is the principal branch of the Lambert 𝑊 function (i.e., the
inverse function of 𝑦 = 𝑥𝑒𝑥) and

1 =
𝑇 (𝑚 − 1)

𝜆low
, (19)

𝑐2 =
𝑇

𝜆low

(

ln𝐴 + ln
[

𝑚𝜆low𝜀̇
𝑁𝑇

])

. (20)

For the high-temperature cases (above 450 K), a power function was
used as
𝛥𝐸
𝑘B

=
𝜆high
𝜏𝑝

. (21)

hen, the solution to Eq. (16) is

high
CRSS = exp

[

𝑐4
𝑐3

+ 1
𝑝
𝑊0

(

𝑝
𝑐3

exp
(

−
𝑐4
𝑐3

𝑝
))]

, (22)

where

𝑐3 =
𝑇 (𝑝 + 1)
𝜆high

, (23)

4 =
𝑇

𝜆high

(

ln𝐴 + ln
[ 𝑝𝜆high𝜀̇

𝑁𝑇

])

. (24)

The three fitting parameters of the high temperature model are 𝐴high,
𝜆high and the exponent 𝑝.

4. Results and discussion

4.1. Thermal expansion

We first calculated the equilibrium lattice constants 𝑎 and 𝑐 of
sapphire at temperatures ranging from 0 K to 1600 K. The results are
shown in Fig. 2. The 0 K constants were determined by performing en-
ergy minimization simultaneously allowing simulation box relaxation
according to zero pressure. The finite temperature lattice constants
were obtained from the constant pressure and constant temperature
4 
simulations with zero applied pressure. The values shown in the graphs
are averaged over a time length of 80 ps and the graphs also show the
linear and quadratic fitting results. Overall, the quadratic fit describes
the temperature dependence better than the linear fit for both lattice
constants.

The lattice constants at 300 K were calculated as 𝑎 = 4.748 Å
nd 𝑐 = 13.221 Å exhibiting only 0.233% and 1.77% deviations from
he experimental values at 295.65 K, which are 𝑎 = 4.759 Å and
= 12.992 Å, respectively [1]. Also, the 300 K thermal expansion
oefficients for 𝑎 and 𝑐 were calculated as 1.819 × 10−5 K−1 and 1.262 ×
0−5 K−1, respectively, which somewhat overestimate the experimental
alues of 5.0 × 10−6 K−1 for 𝑎 and 6.6 × 10−6 K−1 for 𝑐 in the range of
293 K and 323 K [1].

4.2. Sapphire deformation during compression

During the compression test, only rhombohedral twinning deforma-
tion was observed in one of the three equivalent R-planes as discussed
in Section 2. A typical twinning process is illustrated in Fig. 3, where
atoms are colored according to the atomic strain, which is calculated
by
√

𝐸 2
𝑥𝑦 + 𝐸 2

𝑦𝑧 + 𝐸 2
𝑧𝑥 +

1
6
[

(𝐸𝑥𝑥 − 𝐸𝑦𝑦)2 + (𝐸𝑦𝑦 − 𝐸𝑧𝑧)2 + (𝐸𝑧𝑧 − 𝐸𝑥𝑥)2
]

(25)

here 𝐸𝑖𝑗 is the component of Lagrange strain tensor, calculated using
he method in Ref. [48]. When the strain reaches 0.13302, a twinning
vent develops at a local site as shown in Fig. 3(b). Fig. 3(c) shows that
this twinning deformation propagates in R-plane making a twin region
(i.e. a rhombohedral twin). Eventually, several twins are formed as the
compressive strain further increases as shown in Fig. 3(d).

Magnified images showing the detailed atomic configurations before
and after rhombohedral twinning are shown in Fig. 4. All the atoms in
Fig. 4(a) are colored differently but in the undeformed configuration.
Blue atoms bounded with the other atoms in the (011̄2) plane form a
twin after the twinning in the [01̄11] direction occurs. The red atoms
that are in the same vertical position in the undeformed configuration
as in Fig. 4(a) experience a fault across the twin (blue region) in the
deformed configuration as in Fig. 4(b). The twin structure of the blue
atoms in Fig. 4(b) is clearly seen as guided by the dashed lines.

Fig. 5(a) shows the relation between the compressive strain 𝜀 and
the compressive stress 𝜎𝑧𝑧 during the compression simulation for a
representative case of the 100 Å-sized model at 1000 K and at a
strain rate of 10 8 s−1. Other models exhibited similar behaviors. As
the compressive strain increases, the box dimension in the 𝑧 direction
continuously decreases while the corresponding compressive stress 𝜎𝑧𝑧

increases. Note that the box sizes in the 𝑥 and 𝑦 directions increase
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Fig. 3. Rhombohedral twinning develops as the compressive strain 𝜀 increases. Atoms are colored according to the atomic strain calculated by Eq. (25).
Fig. 4. Atomic configurations (a) before and (b) after rhombohedral twinning. In (a) all atoms are in the undeformed configuration even though they are colored differently. The
blue atoms are bounded with the other atoms in the (011̄2) plane and those atoms in the same vertical locations in the undeformed configuration are colored red. The dashed
lines in (b) are introduced to show the twin structure.
t
a
t

according to the zero pressure condition as the simulation box is
compressed in the 𝑧 direction. The Schmid factor 𝑆𝑑 for the slip
system responsible for rhombohedral twinning is determined by the
relative orientations of the normal vector to the slip plane and the
slip vector with respect to the compression direction (𝑧 axis). These
orientations change as the simulation box deforms. The normal and slip
vectors in the deformed simulation box were calculated by applying
the deformation gradient of the current box dimensions relative to the
original box dimensions. This method was also validated by computing
the orientation of atom layers parallel to the slip plane as well as the
relative positions of atoms along the slip vector. An example in such
changes in Schmid factor 𝑆𝑑 is shown in Fig. 5(b). As a combined
effect, the corresponding resolved shear stress 𝜏, which is calculated as
𝜎𝑧𝑧×𝑆𝑑 , also increases as Fig. 5(c) shows. At a critical strain, the system
can no longer maintain the undeformed configuration and a twinning is
triggered accompanying an abrupt drop in the stress value. The peak in
the resolved shear stress defines the critical resolved shear stress 𝜏CRSS

as indicated in Fig. 5(c).

5 
4.3. Temperature dependence

As many previous studies have found [8,10,11,16,28,29], tempera-
ure plays a significant role in the deformation behavior of sapphire
s the atomic-scale plastic deformation mechanisms happen through
hermal activation. As seen in Eq. (3), the transition rate in a thermally
activated process is dictated as an Arrhenius-type relation with temper-
ature so that it increases as temperature rises for a given energy barrier.
As a result, it is expected that the transition (in our case a twinning
event) occurs at earlier stages during compression with increasing
temperature. Since the critical resolved shear stress 𝜏CRSS is defined
as the shear stress when a twinning is triggered, the earlier transition
means the lower 𝜏CRSS and thus 𝜏CRSS should decrease as temperature
rises. This dependence of 𝜏CRSS on temperature has been observed
from our simulation results. Fig. 6 shows the relations between 𝜏 and
compressive strain 𝜀 at four representative temperatures (400 K, 800 K,
1200 K, and 1600 K). As evident from the figure, the sharp drop of 𝜏
occurs earlier with increasing temperature, meaning a transition has

been initiated.
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Fig. 5. Typical changes in (a) the compressive stress 𝜎𝑧𝑧, (b) Schmid factor, and (c) the resolved shear stress 𝜏 for the rhombohedral twinning system as the compressive strain 𝜀
ncreases. The critical resolved shear stress 𝜏CRSS is defined as the peak force in (c).
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Fig. 6. The resolved shear stress 𝜏 as a function of compressive strain 𝜀 at four
emperatures.

The simulation results are summarized in Fig. 7(a), which shows
CRSS as a function of temperature for the model with 𝑁 = 120,960
nd compressed at 𝜀̇ = 108 s−1. Each temperature simulation was
epeated five times and the data shown in the graph are the averaged
alues. The narrow gap between the lower and upper error bars of each
ata point proves that the transition at each temperature occurs in a
ery narrow distribution as conjectured in Section 3. The figure also
hows a distinction in the behavior of 𝜏CRSS as temperature decreases.
etween 500 K and 1600 K, 𝜏CRSS rises more rapidly as temperature
ecreases. However, after a critical point of about 450 K, the rise
f 𝜏CRSS becomes flattened converging a constant value 𝜏max. This
ransition in the dependence of temperature is more clearly seen in
ig. 7(b), where 𝜏CRSS is re-scaled as (𝜏max − 𝜏CRSS)∕T. This corrected
𝜏max−𝜏CRSS)∕T rapidly increases up to 500 K but after a peak at 600 K it
ecreases with increasing temperature. These observations justify using
wo different models for the low-temperature regime and for the high-
emperature regime as in Section 3. The solid fitting curves in Fig. 7(a)
 t

6 
re constructed using Eq. (18) and Eq. (22), which accurately represent
he two sets of data.
The low-temperature fitting parameters were determined using the

our lower temperature data at 100 K, 200 K, 300 K, and 400 K in
ig. 7(a) and their values are 𝐴low = exp(−2.04572) GPa s, 𝜆low =
.62181 GPa−𝑚 K, and 𝜏max = 70.961 GPa. For the high-temperature
model fitting, not only all the lower temperature data in Fig. 7(a)
(500 K to 1600 K) but also the other data at 1000 K with different
numbers of atoms and different strain rates are used. The results of the
latter data will be presented in the following section. The parameter
values are 𝐴high = exp(−34.117) GPa s, 𝜆high = 264, 291 GPa𝑝 K, and
= 0.81183.

.4. Strain-rate and size dependence

The thermal activation is a probabilistic process so that the longer
he waiting time the higher chance for a transition to occur. Thus, if the
ompression proceeds slowly, i.e., at a lower strain rate, the system will
ave a higher probability to make a transition before reaching a given
train. Thus, it is expected that 𝜏CRSS will decrease with decreasing
train rate. This dependence on the strain rate is taken into account
n our models as seen in Section 3.
The strain-rate dependence was tested with two models of 𝑁 =

5,840 and 𝑁 = 120, 960 at 1000 K. The strain rate varied from 10 6 s−1

o 10 8 s−1. The typical behaviors are shown in Fig. 8(a), presenting
he stress–strain results of the model with 𝑁 = 120, 960. Clearly, as
he strain decreases from 10 8 s−1 to 10 6 s−1, the drop in 𝜏 occurs at
lower strains. As such, the simulations were repeated five times and
the averaged data are shown in Fig. 8(b) with the standard errors. The
horizontal axis in Fig. 8(b) is logarithmic because the model predicts
he logarithmic dependence on strain rate. Both models with 𝑁 =
5,840 and 𝑁 = 120, 960 exhibit the decrease in 𝜏CRSS as the strain
ate decreases. The figure also shows the fitting curves calculated using
he high-temperature model in Eq. (22). The fitting parameters are
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Fig. 7. 𝜏CRSS vs. temperature for the model with 𝑁 = 120,960 and compressed at 𝜀̇ = 108 s−1. The dots in (a) are the averaged 𝜏CRSS over the five cases at each temperature and
he error bars indicate the standard errors. The solid curves in (a) are obtained using the low-temperature and high-temperature models in Eq. (18) and Eq. (22), respectively. In
b), a re-scaled 𝜏CRSS is presented as (𝜏max − 𝜏CRSS)∕T to more clearly show a transition in the behavior between 400 K and 500 K.
Fig. 8. The effects of the strain rate on 𝜏CRSS. (a) shows the results of the model with 𝑁 = 120, 960 at 1000 K and at three different orders of strain rates. In (b), the data points
re the averaged quantities with five simulations for each case and the error bars represent the standard error. The solid lines are the fitting curves based on the high-temperature
odel in Eq. (22).
Fig. 9. The effects of the system size (number of atoms 𝑁) on 𝜏CRSS. (a) shows the results of the model with three different sizes at 𝜀̇ = 10 8 s−1 and at 1000 K. In (b), the data points
re the averaged quantities with five simulations for each case and the error bars represent the standard error. The solid line is the fitting curve based on the high-temperature
odel in Eq. (22).
t
s
T
h
t

l
s
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dentical as used in Fig. 7(a). It is evident that our model predictions
xhibit a close agreement with the simulation results.
Our model also predicts a dependence of 𝜏CRSS on the system

ize because larger systems contain more activation sites than smaller
ystems and the transition rate with 𝑛 sites is 𝑛 times larger than that
f the single site model as discussed in Section 3. This size dependence
as also tested using the compression simulations. Fig. 9(a) shows the
tress–strain relations of the models with different numbers of atoms
𝑁 = 15,840, 𝑁 = 120, 960, and 𝑁 = 967, 680) at 1000 K and at
𝜀̇ = 10 8 s−1. As expected, the transition takes place at lower strains as
 a

7 
he system size increases. The averaged results from the five repeated
imulations are plotted in Fig. 9(b) together with the standard errors.
he logarithmic dependence on 𝑁 is clearly seen in the figure. The
igh-temperature fitting curve included in the figure clearly represents
his trend within the same orders of error as the standard bars indicate.
Moreover, 𝜀̇ and 𝑁 appear only in a single term combined as

n
[

𝜀̇∕𝑁
]

in Eq. (16). Thus, if the model is valid, 𝜏CRSS for various
izes and strain rates should collapse into a single curve when plotted
gainst ln

[

𝜀̇∕𝑁
]

. Indeed, in Fig. 10 where 𝜏CRSS is plotted against 𝜀̇∕𝑁
t 1000 K in the log scale, all the data are represented by a single curve
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Fig. 10. 𝜏CRSS as a function of 𝜀̇∕𝑁 at 1000 K. The data points are colored based on
he number of atoms and the error bars represent the standard errors. The solid line
s the fitting curve based on the high-temperature model in Eq. (22).

onstructed by the high-temperature model using the same parameters
s in Figs. 7(a), 8(b), and 9(b) and, therefore, prove the validity of our
odel.

.5. Discussion

While the same dependences on temperature and strain rate as
e observed with MD simulations have been found in experiments
s well [10,11], there are orders of magnitude discrepancy in actual
RSS values between experiments and simulations. As seen in Fig. 7(a),
CRSS ranged between 10 GPa and 70 GPa in MD simulations, but
he typical experimental CRSS for rhombohedral twinning does not
xceed 1 GPa even at a room temperature of 295 K [10]. One of the
ain causes of this discrepancy lies in the huge difference in strain
ates. Because of the time-scale limitation of MD simulations, the strain
ate for the compression simulation was between 10 6 s−1 and 10 8 s−1

while typical experimental strain rates range from 10−4 s−1 to 10−6 s−1.
Another reason is the incomparable difference in system size. Whereas
the largest simulation model that we tested has about 1 million atoms,
any macroscopic systems contain astronomical numbers of atoms on the
scale of Avogadro’s number (∼ 1023). As our model predicts, 𝜏CRSS will
further decrease if smaller strain rates and bigger models are used in
MD simulations. Finally, the real material inevitably contains various
forms of defects that are introduced during the manufacturing process.
From these defects, slip/twinning deformations can be triggered more
easily and thus lower the critical resolved shear stress.

5. Conclusion

In this work, we have examined the activation of rhombohedral
twinning in single crystal sapphire using the molecular dynamics sim-
ulation method. As the critical resolved shear stress is one of the
key parameters dictating the condition for twinning to initiate, it was
chosen to be the characterizing parameter of twinning activation within
the sapphire system. We conducted uniaxial compression tests in a
crystallographic orientation that exclusively activates rhombohedral
twinning, due to the system having the highest Schmid factor among all
possible slip systems. To examine the relationships between CRSS and
external parameters such as temperature, strain rate, and system size,
we conducted tests across a temperature range of 100 K to 1600 K (with
100 K interval) and compression strain rates varying between 10 6 s−1

and 10 8 s−1 for cubic sapphire crystals with side lengths of 50 Å, 100 Å,
and 200 Å, each of which contains 15,840, 120,960, 967,680 atoms,
respectively. The simulations were performed at a constant strain rate,
gradually increasing the resolved shear stress for the slip system re-
sponsible for rhombohedral twinning. Once a twinning process was
activated, the resolved shear stress exhibited a sharp drop in magnitude
8 
such that the critical resolved shear stress was calculated as the peak
value for given combinations of conditions.

We also constructed a theoretical model relating CRSS to tempera-
ture, strain rate, and system size based on thermally activated events.
This model depends on how the activation energy barrier 𝛥𝐸 varies as
the applied resolved shear stress 𝜏 changes. Since the calculated 𝜏CRSS
exhibited two distinctive temperature-dependent behaviors bordered
at about 450 K, we assumed two functional forms for 𝛥𝐸 for each
temperature regime, i.e, 𝛥𝐸 ∼ (𝜏max − 𝜏)𝑚 for lower temperatures and
𝛥𝐸 ∼ 𝜏−𝑝 for higher temperatures. The model can properly capture the
essential dependence of CRSS on temperature, strain rate, and system
size such that it correctly predicts the increase in CRSS with decreasing
temperature, increasing strain rate, and decreasing system size and
vice versa. Subsequently, the model parameters were determined by
fitting them to the calculated CRSS values and the resultant numerical
predictions of the model demonstrated excellent agreements with the
simulation results over all the tested conditions.

Finally, we provided a discussion about several critical factors
causing the discrepancy in CRSS magnitude between MD simulations
and experiments such as inherent differences of strain rates and system
sizes. Manufacturing defects are considered as another potential cause
of this discrepancy.

We believe that the model developed for rhombohedral twinning of
sapphire can be universally applied to other plastic deformation modes
of any crystalline materials. Thus, applying the model to other systems
remains as our future research objectives.
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