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In this paper, we establish a novel linear relaxation method with regularized energy reformulation 
for phase field models, which we name the RRER method. We employ the molecular beam epitaxy 
(MBE) model and the phase-field crystal (PFC) model as test beds, along with several coupled 
phase field models, to illustrate the concept. Our proposed RRER strategy is applicable to a broad 
class of phase field models that can be derived through energy variation. The RRER method 
consists of two major steps. First, we introduce regularized auxiliary variables to reformulate the 
original phase field models into equivalent forms where the free energy is transformed under 
the auxiliary variables. Then, we discretize the reformulated PDE model under these variables 
on a staggered time mesh for the phase field models. We incorporate the energy reformulation 
idea in the first step and the linear relaxation concept in the second step to derive a general 
numerical algorithm for phase field models that is linear and second-order accurate. Our approach 
differs from the classical invariant energy quadratization (IEQ) and scalar auxiliary variable 
(SAV) approaches, as we don’t need to take time derivatives for the auxiliary variables. The 
resulting schemes are linear, i.e., only linear algebraic systems need to be solved at each time 
step. Rigorous theoretical analysis demonstrates that these resulting schemes satisfy the modified 
discrete energy dissipation laws and preserve the discrete mass conservation for the PFC and 
MBE models. Furthermore, we present numerical results to demonstrate the effectiveness of our 
method in solving phase field models.

 Introduction

The phase field method has been widely used to solve interfacial problems. Instead of explicitly tracking the interface, the phase 
ld method introduces phase variables and the evolution of interfaces is embedded in the evolution of the phase field variables, 
hich are typically governed by PDEs. Those PDEs are named phase field PDE models. Due to its simplicity and direct physical 
terpretation, the phase field method has gained widespread recognition and been frequently utilized across various fields. Notable 
plications span hydrodynamics, material sciences, biology, and image processing. See [3–9].

Corresponding author.
ailable online 28 June 2024
21-9991/© 2024 Elsevier Inc. All rights are reserved, including those for text and data mining, AI training, and similar technologies.

E-mail address: jiazhao@binghamton.edu (J. Zhao).

tps://doi.org/10.1016/j.jcp.2024.113225

ceived 11 November 2023; Received in revised form 14 June 2024; Accepted 23 June 2024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
mailto:jiazhao@binghamton.edu
https://doi.org/10.1016/j.jcp.2024.113225
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2024.113225&domain=pdf
https://doi.org/10.1016/j.jcp.2024.113225


J.

sh

w

fu

bo

w

de

w

w

w

(C

Fu

th

Or

th

M

[1

th

ph

m

in

m

kn

ar

at

pr

en

as

fie
Journal of Computational Physics 515 (2024) 113225Zhang, X. Guo, M. Jiang et al.

In general, the phase field PDE model can be described by a triple (𝜙, , 𝐸) and derived from the energy variational approach, as 
own in the generic form

𝜕𝜙

𝜕𝑡
= − 𝛿𝐸(𝜙)

𝛿𝜙
, (1.1)

here 𝜙 = 𝜙(𝒙, 𝑡) denotes the phase variable function,  is a semi-positive definite mobility operator, 𝐸(𝜙) is the free energy 
nctional, and 𝛿𝐸(𝜙)

𝛿𝜙
is the variational derivative, known as the chemical potential. With proper boundary conditions, saying the 

undary integrals vanish, it is easily seen that the phase field model has an energy dissipation property as

𝑑

𝑑𝑡
𝐸(𝜙) = ( 𝛿𝐸

𝛿𝜙
,
𝜕𝜙

𝜕𝑡
) = −( 𝛿𝐸

𝛿𝜙
, 𝛿𝐸
𝛿𝜙

) ≤ 0, (1.2)

here the inner product is defined as (𝑓, 𝑔) = ∫Ω 𝑓𝑔𝑑𝐱, ∀𝑓, 𝑔 ∈𝐿2(Ω) with Ω the domain.
In practical application, when the free energy 𝐸(𝜙) and the mobility operator  are given, a specific phase field model can be 
rived from (1.1). For example, if the triple is taken as

(𝜙,,𝐸) ∶= (
𝜙, 𝐼, ∫

Ω

(
𝜖2

2
(∇𝜙)2 + 𝐹 (𝜙)

)
𝑑𝐱

)
, (1.3)

e get the Allen-Cahn (AC) equation that can be written as follows
𝜕𝜙

𝜕𝑡
= 𝜖2Δ𝜙− 𝑓 (𝜙),

here 𝑓 (𝜙) = 𝐹 ′(𝜙). Meanwhile, if the triple is taken as

(𝜙,,𝐸) ∶= (
𝜙, −𝜆Δ, ∫

Ω

(
𝜖2

2
(∇𝜙)2 + 𝐹 (𝜙)

)
𝑑𝐱

)
, (1.4)

here only the mobility operator in (1.3) is replaced, we arrive at a different phase field model. It is the well-known Cahn-Hilliard 
H) equation that is written as

𝜕𝜙

𝜕𝑡
= 𝜆Δ(−𝜖2Δ𝜙+ 𝑓 (𝜙)).

rthermore, if we take a different triple by replacing the free energy in (1.4) as

(𝜙,,𝐸) ∶= (
𝜙, −𝜆Δ, ∫

Ω

(1
2
𝜙(𝑎0 + Δ)2𝜙+ 𝐹 (𝜙)

)
𝑑𝐱

)
,

e phase field crystal (PFC) equation can be derived, which is given as
𝜕𝜙

𝜕𝑡
= 𝜆Δ((𝑎0 + Δ)2𝜙+ 𝑓 (𝜙)).

 if we replace the free energy in (1.3) as below

(𝜙,,𝐸) ∶= (
𝜙, 𝐼, ∫

Ω

(
𝜖2

2
(Δ𝜙)2 + 𝐹 (∇𝜙)

)
𝑑𝐱

)
,

e molecular beam epitaxy (MBE) equation can be derived
𝜕𝜙

𝜕𝑡
= −𝜖2Δ2𝜙+∇ ⋅ 𝑓 (∇𝜙).

any variants for the mobility operators and the free energies lead to different phase field models. Interested readers can refer to 
,2] and the references therein.
Given the complexity and nonlinearity of the phase field equations, their analytical solutions are generally not known, making 
e numerical method a handy tool for exploring the dynamics governed by the phase field models. Unfortunately, even though the 
ase field models are easy to formulate and their results are easy to interpret, the phase field PDEs are not easy to solve numerically, 
ainly due to the stiffness in the nonlinear terms that have strict requirements on the time marching steps. Furthermore, given the 
trinsic energy dissipation property as shown in (1.2), the numerical schemes should also preserve the energy dissipation law to 
aintain the embedded thermodynamics laws in the phase field PDEs during numerical simulations. Such numerical schemes are 
own as energy stable. If the energy stability is guaranteed without any restriction on the time step sizes, the numerical schemes 
e known as unconditionally energy stable. In other words, designing numerical schemes that preserve the energy dissipation law 
 the discrete level is especially desirable for solving the phase field PDEs. One reason is that preserving the energy dissipation 
operty plays a crucial role in capturing the correct long time dynamics of the system. The other reason is that the unconditional 
ergy stability provides flexibility for dealing with the stiffness issue in phase field models. Meanwhile, some other quantities, such 
 mass conservation, shall also not be violated numerically, which puts extra demands on numerical algorithm design for the phase 
2

ld models.
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Many experts and scholars are interested in developing unconditional energy-stable schemes, and a lot of literature has been 
blished on numerical methods for the phase field models. Some popular and widely used methods include convex splitting approach 
0–13], exponential time differencing (ETD) approach [14–16], invariant energy quadratization (IEQ) approach [17–21], scalar 
xiliary variable (SAV) approach [22–26], Lagrange multiplier approach [27] and supplementary variable method [40]. The convex 
litting method splits the nonlinear terms of free energy into the subtraction of two convex functions and is stable and uniquely 
lvable. The stabilization method [28] displays the nonlinear term and adds a regularization term to ensure stability, but it is usually 
ited to first-order accuracy. The invariant energy quadratization is a generalization of the method of Lagrange multipliers and 
ually leads to a coupled system with time-dependent coefficients. The scalar auxiliary variable method keeps the advantages of the 
variant energy quadratization approach but usually leads to a decoupled system with constant coefficients. Recently, Jiang et al. 
oposed a linear relaxation scheme that is second-order and unconditionally energy stable in [32]. The key idea in developing the 
ear relaxation scheme is to discretize the equation on a staggered grid.
In this work, our primary contribution is to propose a new class of numerical schemes for phase field models by embracing the 
erits of relaxation techniques and regularized energy reformulation strategies. Using the MBE and PFC models as examples, the 
sulting semi-discrete schemes are linear and unconditionally energy stable. Unlike the IEQ-type and SAV-type methods, we do 
t need to take the time derivative of the auxiliary variables, making the scheme more consistent with the original differential 
uation systems. These schemes are of second-order accuracy in time and unconditionally energy stable, so they can significantly 
prove computational efficiency. Rigorous stability analysis and mass conservation are also considered for the two linear regularized 
ergy reformulation approaches of MBE and PFC models. Both theoretical results and numerical examples suggest our methods 
e unconditionally energy stable and mass conservative for conservative phase field models. Finally, we provide some numerical 
amples to perform numerical simulations of coarsening dynamics.
The rest of this paper is organized as follows. Firstly, we give the regularized energy reformulation approach for the general phase 
ld model in Section 2. Then, we present the linear regularized energy reformulation approaches for various models. Meanwhile, 
e prove that these schemes are unconditionally energy stable with the modified discrete energy forms and keep mass conservation. 
 section 3, we present some numerical examples with the proposed methods. Finally, conclusion remarks are provided in Section 4.

 Relaxation method with regularized energy reformulation

First, we introduce some notations that will be frequently used in this paper. Throughout this paper, we consider the regular do-
ain Ω ∈ℝ𝑑 (where 𝑑 = 2, 3) with periodic boundary conditions. We use the notation of the inner product (𝑓, 𝑔) = ∫Ω 𝑓𝑔𝑑𝐱, ∀𝑓, 𝑔 ∈
(Ω), and the induced norm ‖𝑓‖ =√

(𝑓,𝑓 ). Our results can be directly extended to solve problems with other physical boundary 
nditions. For simplicity, this paper only considers periodic boundary conditions.

1. Regularized energy reformulation for phase field models

To illustrate our method, we start with a simplified free energy

𝐸(𝜙) = 1
2
(𝜙,𝜙) + (𝐹 (𝜙),1), (2.1)

here  is a linear operator. Then, we can rewrite the general phase field model of (1.1) in the following equivalent form:

𝜕𝜙

𝜕𝑡
= −(𝜙+ 𝐹 ′(𝜙)), (2.2)

ith the energy dissipation law

𝑑

𝑑𝑡
𝐸(𝜙) =

(
𝛿𝐸

𝛿𝜙
,
𝜕𝜙

𝜕𝑡

)
= −

(𝜙+ 𝐹 ′(𝜙),(𝜙+ 𝐹 ′(𝜙))
) ≤ 0,

ven that  ≥ 0, i.e.,  is a semi positive definite operator.
Next, we briefly revisit the regularized energy quadratization idea. Introducing the regularized auxiliary variable

𝑞 =
√
4(𝐹 (𝜙) +𝐶0) − 𝛾, (2.3)

here 𝐶0 is a constant such that 𝐹 (𝜙) +𝐶0 ≥ 0 and 𝛾 is a stabilization parameter. From the above equation, we can get

𝐹 (𝜙) = 1
4
𝑞2 + 1

2
𝛾𝑞 + 𝛾2

4
−𝐶0.

fferentiating 𝐹 (𝜙) and 𝑞 with respect to 𝜙, we get

𝐹 ′(𝜙) = 1
2
𝑞𝑞′ + 𝛾

2
𝑞′, 𝑞′ = 𝑑𝑞

𝑑𝜙
.

3

nce, we have the following equivalent form of (2.2)
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⎧⎪⎪⎨⎪⎪⎩

𝜕𝜙

𝜕𝑡
= −𝜇,

𝜇 = 𝜙+ 1
2
𝑞𝑞′ + 𝛾

2
𝑞′,

𝑞 =
√
4(𝐹 (𝜙) +𝐶0) − 𝛾.

(2.4)

Define the modified energy 𝐸̂(𝜙, 𝑞) as

𝐸̂(𝜙, 𝑞) = 1
2
(𝜙,𝜙) + (1

4
𝑞2 + 1

2
𝛾𝑞 + 𝛾2

4
−𝐶0,1

)
. (2.5)

e reformulated model (2.4) has the modified energy law

𝑑

𝑑𝑡
𝐸̂(𝜙, 𝑞) =

(
𝛿𝐸̂

𝛿𝜙
,
𝜕𝜙

𝜕𝑡

)
+
(
𝛿𝐸̂

𝛿𝑞
, 𝑞′
𝜕𝜙

𝜕𝑡

)

=
(
𝛿𝐸̂

𝛿𝜙
,
𝜕𝜙

𝜕𝑡

)
+
(1
2
𝑞 + 1

2
𝛾, 𝑞′

𝜕𝜙

𝜕𝑡

)

=−
(𝜙+ 1

2
𝑞𝑞′ + 𝛾

2
𝑞′,(𝜙+ 1

2
𝑞𝑞′ + 𝛾

2
𝑞′
)) ≤ 0.

mark 2.1. We emphasize that the reformulation in (2.4) is different from the IEQ and SAV approaches [17,18,22,23] since we 
n’t take time derivatives for the auxiliary variables in (2.3) that introduces truncation errors during numerical computations.

In the following sections, we will give the linear regularized energy reformulation approaches for the MBE and PFC models from 
e viewpoint of practical implementation.

2. RRER method for the molecular beam epitaxy (MBE) model

Consider the free energy

𝐸(𝜙) = ∫
Ω

(
𝜖2

2
(Δ𝜙)2 + 1

4
(|∇𝜙|2 − 1)2

)
𝑑𝐱,

d the mobility operator  = 𝐼 , where 𝐼 is the identity operator. Then the phase field model in (1.1) is specified as

𝜙𝑡 = −𝜖2Δ2𝜙+∇ ⋅ ((|∇𝜙|2 − 1)∇𝜙), (2.6)

hich is the so-called molecular beam epitaxy model with slope selection [29–31].
With the periodic boundary condition or any other proper boundary condition that can satisfy the flux-free condition at the 
undary 𝜕𝜙∕𝜕𝐧|𝜕Ω = 0 and 𝜕Δ𝜙∕𝜕𝐧|𝜕Ω = 0, we have the mass conservation property

𝑑

𝑑𝑡 ∫
Ω

𝜙(𝐱, 𝑡)𝑑𝐱 = 0,

here 𝐧 is the outward normal on the boundary 𝜕Ω. So, proposing a discrete numerical scheme that preserves energy dissipation 
d keeps mass conservation simultaneously is desirable.
Next, we will establish our numerical scheme for the MBE model with slope selection. We introduce an auxiliary variable

𝑞 = |∇𝜙|2 − 1 − 𝛾, (2.7)

here 𝛾 > 0 is a stabilization parameter. Substituting (2.7) into (2.6), we have

𝜙𝑡 = −𝜖2Δ2𝜙+∇ ⋅ (𝑞∇𝜙) + 𝛾Δ𝜙.

t 𝑔 =Δ𝜙. Then we can get the following equivalent form of (2.6)

⎧⎪⎨⎪⎩
𝜙𝑡 = −𝜖2Δ𝑔 +∇ ⋅ (𝑞∇𝜙) + 𝛾𝑔,
𝑔 =Δ𝜙,
𝑞 = |∇𝜙|2 − 1 − 𝛾,

(2.8)

here the corresponding energy functional 𝐸(𝜙) is reformulated as follows:

𝐸̂(𝜙, 𝑞) = 𝜖2

2
‖Δ𝜙‖2 + 𝛾

2
‖∇𝜙‖2 + 1

2
(𝑞(|∇𝜙|2 − 1 − 𝛾),1) − 1

4
‖𝑞‖2 − 2𝛾 + 𝛾2

4
|Ω|,
4

here |Ω| = ∫Ω 𝑑𝐱.
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mark 2.2. We emphasize that the modified energy 𝐸(𝜙, 𝑞) for the transformed model (2.8) is equivalent to the original energy 
(𝜙). We can derive the equivalence as below.

𝐸(𝜙) = ∫
Ω

( 𝜖
2

2
(Δ𝜙)2 + 1

4
(|∇𝜙|2 − 1)2)𝑑𝐱

= ∫
Ω

( 𝜖
2

2
(Δ𝜙)2 + 1

4
(𝑞 + 𝛾)2)𝑑𝐱

= ∫
Ω

( 𝜖
2

2
(Δ𝜙)2 + 1

4
𝑞2 + 𝛾

2
(|∇𝜙|2 − 1 − 𝛾) + 1

4
𝑟2)𝑑𝐱

= ∫
Ω

( 𝜖
2

2
(Δ𝜙)2 + 1

4
𝑞2 + 𝛾

2
|∇𝜙|2 − 2𝛾 + 𝛾2

4
)𝑑𝐱

= 𝜖2

2
||Δ𝜙||2 + 𝛾

2
||∇𝜙||2 + 1

2
(𝑞(|∇𝜙|2 − 1 − 𝛾),1) − 1

4
||𝑞||2 − 2𝛾 + 𝛾2

4
|Ω|

= 𝐸̂(𝜙, 𝑞).

Therefore, in the following part of this section, we will present a numerical approximation for the system (2.8) and show the 
merical scheme preserves the properties of mass conservation and energy dissipation. To give the time-discrete scheme of system 
.8), we denote 𝛿𝑡 > 0 the time step. Now, we provide the time-discretize formulation of (2.8) based on the Crank-Nicolson scheme.

gorithm 1. Assume that (𝜙𝑛, 𝑞𝑛−
1
2 ) are already calculated with 𝑛 ≥ 1. Then we compute (𝜙𝑛+1, 𝑔𝑛+

1
2 , 𝑞𝑛+

1
2 ) from the following 

mporal discrete system:

(a) 𝜙𝑛+1 − 𝜙𝑛

𝛿𝑡
= −𝜖2Δ𝑔𝑛+

1
2 + ∇ ⋅ (𝑞𝑛+

1
2 ∇𝜙

𝑛+1 +𝜙𝑛

2
) + 𝛾𝑔𝑛+

1
2 ,

(b) 𝑔𝑛+
1
2 = Δ𝜙

𝑛+1 +𝜙𝑛

2
,

(c) 𝑞𝑛+
1
2 + 𝑞𝑛−

1
2

2
= |∇𝜙𝑛|2 − 1 − 𝛾.

(2.9)

mark 2.3. Algorithm 1 is of second-order accuracy in time. In practical implementation, we can compute (𝜙1, 𝑞
1
2 ) using the 

llowing numerical approximation

𝑞
1
2 = |∇𝜙0|2 − 1 − 𝛾,

𝑔
1
2 = Δ𝜙

1 + 𝜙0

2
,

𝜙1 −𝜙0

𝛿𝑡
= −𝜖2Δ𝑔

1
2 + ∇ ⋅ (𝑞

1
2 ∇𝜙

1 + 𝜙0

2
) + 𝛾𝑔

1
2 .

eorem 2.4. Algorithm 1 preserves the property of total mass conservation.

oof. Multiplying (2.9)(a) by 𝛿𝑡 and integrating it over Ω, we have

∫
Ω

𝜙𝑛+1𝑑𝐱 − ∫
Ω

𝜙𝑛𝑑𝐱 = 𝛿𝑡∫
Ω

(
− 𝜖2Δ𝑔𝑛+

1
2 + ∇ ⋅ (𝑞𝑛+

1
2 ∇𝜙

𝑛+1 + 𝜙𝑛

2
) + 𝛾𝑔𝑛+

1
2
)
𝑑𝐱. (2.10)

tegrating (2.9)(b) over Ω, we can get

∫
Ω

𝑔𝑛+
1
2 𝑑𝐱 = ∫

Ω

Δ𝜙
𝑛+1 + 𝜙𝑛

2
𝑑𝐱. (2.11)

bstituting (2.11) into (2.10) and using Green’s formula, we get

∫
Ω

𝜙𝑛+1𝑑𝐱 = ∫
Ω

𝜙𝑛𝑑𝐱,
5

hich implies that Algorithm 1 is mass conservative. □



J.

Th

𝑛 ≥

wh

Pr

Th

No

M

Su

w

Su

Th

w

Journal of Computational Physics 515 (2024) 113225Zhang, X. Guo, M. Jiang et al.

Furthermore, we have the following energy stability theorem.

eorem 2.5. Algorithm 1 is unconditionally energy stable. In particular, Algorithm 1 satisfies the following energy dissipation law: for any 
1,

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) − 𝐸̂𝑛(𝜙𝑛, 𝑞𝑛−

1
2 ) = −𝛿𝑡‖𝜇𝑛+ 1

2 ‖2 ≤ 0,

ere the chemical potential and modified energy are given as

𝜇𝑛+
1
2 = 𝜖2Δ𝑔𝑛+

1
2 − ∇ ⋅ (𝑞𝑛+

1
2 ∇𝜙

𝑛+1 + 𝜙𝑛

2
) − 𝛾𝑔𝑛+

1
2 ,

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) = 𝜖2

2
‖Δ𝜙𝑛+1‖2 + 𝛾

2
‖∇𝜙𝑛+1‖2 + 1

2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+ 1

2 ‖2 − 2𝛾 + 𝛾2

4
|Ω|.

oof. Multiplying (2.9)(a) by 𝛿𝑡𝜇𝑛+
1
2 and integrating it over Ω, we can obtain immediately

(𝜙𝑛+1 −𝜙𝑛, 𝜖2Δ𝑔𝑛+
1
2 − ∇ ⋅ (𝑞𝑛+

1
2 ∇𝜙

𝑛+1 +𝜙𝑛

2
) − 𝛾𝑔𝑛+

1
2 ) = −𝛿𝑡‖𝜇𝑛+ 1

2 ‖2.
is can be simplified as

𝜖2(𝜙𝑛+1 − 𝜙𝑛,Δ𝑔𝑛+
1
2 ) − 𝛾(𝜙𝑛+1 − 𝜙𝑛, 𝑔𝑛+

1
2 ) + 1

2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − |∇𝜙|2),1) = −𝛿𝑡‖𝜇𝑛+ 1

2 ‖2. (2.12)

te that

(𝑞𝑛+
1
2 (|∇𝜙𝑛+1|2 − |∇𝜙𝑛|2),1) =(𝑞𝑛+ 1

2 (|∇𝜙𝑛+1|2 − |∇𝜙𝑛|2),1) + (𝑞𝑛−
1
2 (|∇𝜙𝑛|2 − |∇𝜙𝑛|2),1)

=(𝑞𝑛+
1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − (𝑞𝑛−

1
2 (|∇𝜙𝑛|2 − 1 − 𝛾),1)

− ((𝑞𝑛+
1
2 − 𝑞𝑛−

1
2 )(|∇𝜙𝑛|2 − 1 − 𝛾),1).

(2.13)

ultiplying (2.9)(c) by 𝑞𝑛+
1
2 − 𝑞𝑛−

1
2 and integrating it over Ω, we get

1
2
(‖𝑞𝑛+ 1

2 ‖2 − ‖𝑞𝑛− 1
2 ‖2) = ((𝑞𝑛+

1
2 − 𝑞𝑛−

1
2 )(|∇𝜙𝑛|2 − 1 − 𝛾),1). (2.14)

bstituting (2.14) into (2.13), we have

(𝑞𝑛+
1
2 (|∇𝜙𝑛+1|2 − |∇𝜙𝑛|2),1) =(𝑞𝑛+ 1

2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − (𝑞𝑛−
1
2 (|∇𝜙𝑛|2 − 1 − 𝛾),1)

− 1
2
(‖𝑞𝑛+ 1

2 ‖2 − ‖𝑞𝑛− 1
2 ‖2). (2.15)

In addition, multiplying (2.9)(b) by 𝜖2Δ(𝜙𝑛+1 −𝜙𝑛) and integrating them over Ω, we have

𝜖2

2
(‖Δ𝜙𝑛+1‖2 − ‖Δ𝜙𝑛‖2) = 𝜖2(𝑔𝑛+ 1

2 ,Δ(𝜙𝑛+1 − 𝜙𝑛)) = 𝜖2(Δ𝑔𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛), (2.16)

here we have used Green’s formula in the last equation.
Meantime, integrating (2.9)(b) with 𝜙𝑛+1 − 𝜙𝑛 over the domain, we get

(𝑔𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛) = −1

2
(‖∇𝜙𝑛+1‖2 − ‖∇𝜙𝑛‖2). (2.17)

bstituting (2.15), (2.16) and (2.17) into (2.12), we can obtain

𝜖2

2
‖Δ𝜙𝑛+1‖2 + 𝛾

2
‖∇𝜙𝑛+1‖2 + 1

2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+ 1

2 ‖2
− 𝜖2

2
‖Δ𝜙𝑛‖2 − 𝛾

2
‖∇𝜙𝑛‖2 − 1

2
(𝑞𝑛−

1
2 (|∇𝜙𝑛|2 − 1 − 𝛾),1) + 1

4
‖𝑞𝑛− 1

2 ‖2
= − 𝛿𝑡‖𝜇𝑛+ 1

2 ‖2 ≤ 0.

(2.18)

erefore, we can get

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) − 𝐸̂𝑛(𝜙𝑛, 𝑞𝑛−

1
2 ) = −𝛿𝑡‖𝜇𝑛+ 1

2 ‖2 ≤ 0,
6

hich shows that Algorithm 1 is unconditionally energy stable with respect to the modified discrete energy. □
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mark 2.6. We provide an intuitive explanation of the connections between modified and original energy. Notice the fact,

𝐸(𝜙𝑛+1) ≈𝐸̂(𝜙𝑛+1, 𝑞𝑛+1)

= 𝜖
2

2
‖Δ𝜙𝑛+1‖2 + 𝛾

2
‖∇𝜙𝑛+1‖2 + 1

2
(𝑞𝑛+1(|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+1‖2 − 2𝛾 + 𝛾2

4
|Ω|

= 𝜖
2

2
‖Δ𝜙𝑛+1‖2 + 𝛾

2
‖∇𝜙𝑛+1‖2 + 1

2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+ 1

2 ‖2 − 2𝛾 + 𝛾2

4
|Ω|

+ 1
2
(𝑞𝑛+1(|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+1‖2 + 1

4
‖𝑞𝑛+ 1

2 ‖2
=𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+

1
2 ) + 1

2
(𝑞𝑛+1(|∇𝜙𝑛+1|2 − 1 − 𝛾),1)

− 1
2
(𝑞𝑛+

1
2 (|∇𝜙𝑛+1|2 − 1 − 𝛾),1) − 1

4
‖𝑞𝑛+1‖2 + 1

4
‖𝑞𝑛+ 1

2 ‖2
≈𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+

1
2 ) + 1

4
(𝑞𝑛+1 − 𝑞𝑛+

1
2 , 𝑞𝑛+1 − 𝑞𝑛+

1
2 ).

e approximations above are all second-order accurate in time. Therefore, the modified energy is, in fact, a second-order approxi-
ation to the original energy in the time-discrete case. This is consistent with the modified energies from the IEQ or SAV approaches.

3. RRER method for the phase field crystal (PFC) model

Consider the free energy

𝐸(𝜙) = ∫
Ω

(1
2
𝜙(𝑎0 + Δ)2𝜙+ 1

4
𝜙4 −

𝑏0
2
𝜙2

)
𝑑𝐱, (2.19)

d the mobility operator  = −𝜆Δ, where 𝑎0, 𝑏0 are two positive parameters such that 0 < 𝑏0 < 𝑎0 and 𝑏0 ≪ 1, and 𝜆 > 0 is a 
rameter, and 𝜙 is a phase field variable which is introduced to describe the local atomic density field. Then the phase field model 
 (1.1) is specified as

𝜙𝑡 = 𝜆Δ𝜇,

𝜇 = (𝑎0 + Δ)2𝜙+𝜙3 − 𝑏0𝜙,
(2.20)

hich is the so-called phase field crystal model (see [33–37]).
Introduce an auxiliary variable

𝑞 = 𝜙2 − 𝑏0 − 𝛾, (2.21)

here 𝛾 > 0 is a stabilization parameter. Substituting (2.21) into (2.20), we have

𝜙𝑡 = 𝜆Δ𝜇,

𝜇 = (𝑎0 + Δ)2𝜙+ 𝑞𝜙+ 𝛾𝜙.

en we obtain the following equivalent form of (2.20)

(a) 𝜙𝑡 = 𝜆Δ𝜇,

(b) 𝜇 = (𝑎0 + Δ)𝑔 + 𝑞𝜙+ 𝛾𝜙,

(c) 𝑔 = (𝑎0 + Δ)𝜙,

(d) 𝑞 = 𝜙2 − 𝑏0 − 𝛾.

(2.22)

e modified energy can be obtained as follows

𝐸̂(𝜙, 𝑞) =1
2
‖Δ𝜙‖2 − 𝑎0‖∇𝜙‖2 + 1

2
(𝛾 + 𝑎20)‖𝜙‖2

− 1
4
‖𝑞‖2 + 1

2
(𝑞(𝜙2 − 𝑏0 − 𝛾),1) −

(𝛾 + 𝑏0)
4

2|Ω|.
(2.23)

mark 2.7. Similarly, we emphasize that the modified energy 𝐸̂(𝜙, 𝑞) in (2.23) for the transformed model (2.22) is equivalent to 
7

e original energy 𝐸(𝜙) defined by (2.19). The derivation is shown below.
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𝐸(𝜙) = ∫
Ω

(1
2
𝜙(𝑎0 + Δ)2𝜙+ 1

4
𝜙4 −

𝑏0
2
𝜙2

)
𝑑𝐱

= ∫
Ω

(𝑎20
2
𝜙2 + 𝑎0𝜙Δ𝜙+ 1

2
𝜙Δ2𝜙+ 1

4
(𝑞 + 𝛾)2 −

𝑏20
4

)
𝑑𝐱

= ∫
Ω

(𝑎20
2
𝜙2 + 𝑎0𝜙Δ𝜙+ 1

2
𝜙Δ2𝜙+ 1

4
𝑞2 + 𝛾

2
((𝜙)2 − 𝑏0 − 𝛾) +

𝛾2

4
−
𝑏20
4

)
𝑑𝐱

= ∫
Ω

(1
2
(𝑎20 + 𝛾)𝜙

2 + 𝑎0𝜙Δ𝜙+ 1
2
𝜙Δ2𝜙+ 1

4
𝑞2 −

𝛾 + 𝑏0
2

2)
𝑑𝐱

= 1
2
‖Δ𝜙‖2 − 𝑎0‖∇𝜙‖2 + 1

2
(𝛾 + 𝑎20)‖𝜙‖2 − 1

4
‖𝑞‖2 + 1

2
(𝑞(𝜙2 − 𝑏0 − 𝛾),1) −

(𝛾 + 𝑏0)
4

2|Ω|
= 𝐸̂(𝜙, 𝑞).

(2.24)

Using the Crank-Nicolson scheme in time, we give a numerical approximation of (2.20) based on (2.22).

gorithm 2. Assume that (𝜙𝑛, 𝑞𝑛−
1
2 ) are already calculated with 𝑛 ≥ 1. Then we compute the next step (𝜙𝑛+1, 𝜇𝑛+

1
2 , 𝑔𝑛+

1
2 , 𝑞𝑛+

1
2 ) from 

e following temporal discrete system:

(a) 𝜙𝑛+1 − 𝜙𝑛

𝛿𝑡
= 𝜆Δ𝜇𝑛+

1
2 ,

(b) 𝜇𝑛+
1
2 = (𝑎0 + Δ)𝑔𝑛+

1
2 + 𝑞𝑛+

1
2
𝜙𝑛+1 +𝜙𝑛

2
+ 𝛾 𝜙

𝑛+1 + 𝜙𝑛

2
,

(c) 𝑔𝑛+
1
2 = (𝑎0 + Δ)𝜙

𝑛+1 +𝜙𝑛

2
,

(d) 𝑞𝑛+
1
2 + 𝑞𝑛−

1
2

2
= (𝜙𝑛)2 − 𝑏0 − 𝛾.

(2.25)

mark 2.8. Algorithm 2 is of second-order accuracy in time.

mark 2.9. In practical implementation, we will use the following numerical approximation to compute (𝜙1, 𝑞
1
2 )

(a) 𝑞
1
2 = (𝜙0)2 − 𝑏0 − 𝛾,

(b) 𝜙1 −𝜙0

𝛿𝑡
= 𝜆Δ𝜇

1
2 ,

(c) 𝜇
1
2 = (𝑎0 + Δ)𝑔

1
2 + 𝑞

1
2
𝜙1 + 𝜙0

2
+ 𝛾 𝜙

1 +𝜙0

2
,

(d) 𝑔
1
2 = (𝑎0 + Δ)𝜙

1 + 𝜙0

2
.

eorem 2.10. Algorithm 2 is unconditionally energy stable. Specifically, Algorithm 2 satisfies the following energy dissipation law: for any 
1,

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) − 𝐸̂𝑛(𝜙𝑛, 𝑞𝑛−

1
2 ) = −𝜆𝛿𝑡‖∇𝜇𝑛+ 1

2 ‖2 ≤ 0, (2.26)

ere the modified energy is defined as

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) =1

2
‖Δ𝜙𝑛+1‖2 − 𝑎0‖∇𝜙𝑛+1‖2 + 1

2
(𝛾 + 𝑎20)‖𝜙𝑛+1‖2

− 1
4
‖𝑞𝑛+ 1

2 ‖2 + 1
2
(𝑞𝑛+

1
2 [(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

(𝛾 + 𝑏0)
4

2|Ω|.

oof. Taking the inner product of (2.25)(a) with 𝛿𝑡𝜇𝑛+
1
2 , we get the equation

(𝜙𝑛+1 −𝜙𝑛, (𝑎0 + Δ)𝑔𝑛+
1
2 + 𝑞𝑛+

1
2
𝜙𝑛+1 + 𝜙𝑛

2
+ 𝛾 𝜙

𝑛+1 + 𝜙𝑛

2
) = −𝜆𝛿𝑡‖∇𝜇𝑛+ 1

2 ‖2.
8

is can be reformulated as
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(𝜙𝑛+1 −𝜙𝑛, (𝑎0 + Δ)𝑔𝑛+
1
2 ) + 1

2
(𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − (𝜙𝑛)2),1)

+ 𝛾

2
(‖𝜙𝑛+1‖2 − ‖𝜙𝑛‖2) = −𝜆𝛿𝑡‖∇𝜇𝑛+ 1

2 ‖2. (2.27)

We need to estimate the first two terms on the left-hand side of (2.27). Taking the inner product of (2.25)(c) with 𝑎0(𝜙𝑛+1 −𝜙𝑛), 
e have

(𝑎0𝑔
𝑛+ 1

2 , 𝜙𝑛+1 − 𝜙𝑛) =
𝑎20
2
(‖𝜙𝑛+1‖2 − ‖𝜙𝑛‖2) − 𝑎0

2
(‖∇𝜙𝑛+1‖2 − ‖∇𝜙𝑛‖2). (2.28)

eanwhile, taking the inner product of (2.25)(c) with Δ(𝜙𝑛+1 − 𝜙𝑛), we get

(𝑔𝑛+
1
2 ,Δ(𝜙𝑛+1 − 𝜙𝑛)) =(Δ𝑔𝑛+

1
2 , 𝜙𝑛+1 −𝜙𝑛)

=
𝑎0
2
(𝜙𝑛+1 + 𝜙𝑛,Δ(𝜙𝑛+1 − 𝜙𝑛)) + 1

2
(‖Δ𝜙𝑛+1‖2 − ‖Δ𝜙𝑛‖2)

= −
𝑎0
2
(‖∇𝜙𝑛+1‖2 − ‖∇𝜙𝑛‖2) + 1

2
(‖Δ𝜙𝑛+1‖2 − ‖Δ𝜙𝑛‖2).

is can be simplified as

(Δ𝑔𝑛+
1
2 , 𝜙𝑛+1 − 𝜙𝑛) = −

𝑎0
2
(‖∇𝜙𝑛+1‖2 − ‖∇𝜙𝑛‖2) + 1

2
(‖Δ𝜙𝑛+1‖2 − ‖Δ𝜙𝑛‖2). (2.29)

Note that

𝑞𝑛+
1
2 ((𝜙𝑛+1)2 − (𝜙𝑛)2) =𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − (𝜙𝑛)2) + 𝑞𝑛−

1
2 ((𝜙𝑛)2 − (𝜙𝑛)2)

=𝑞𝑛+
1
2 ((𝜙𝑛+1)2 − 𝑏0 − 𝛾) − 𝑞

𝑛− 1
2 ((𝜙𝑛)2 − 𝑏0 − 𝛾)

− (𝑞𝑛+
1
2 − 𝑞𝑛−

1
2 )((𝜙𝑛)2 − 𝑏0 − 𝛾).

(2.30)

Multiply (2.25)(d) by 𝑞𝑛+
1
2 − 𝑞𝑛−

1
2 , we have

(𝑞𝑛+
1
2 − 𝑞𝑛−

1
2 )((𝜙𝑛)2 − 𝑏0 − 𝛾) =

1
2
[(𝑞𝑛+

1
2 )2 − (𝑞𝑛−

1
2 )2].

bstituting the above equation into (2.30), we have

𝑞𝑛+
1
2 ((𝜙𝑛+1)2 − (𝜙𝑛)2) = 𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − 𝑏0 − 𝛾) − 𝑞

𝑛− 1
2 ((𝜙𝑛)2 − 𝑏0 − 𝛾) −

1
2
[(𝑞𝑛+

1
2 )2 − (𝑞𝑛−

1
2 )2]. (2.31)

nce, for the second term on the left-hand side of (2.27), we note that

1
2
(𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − (𝜙𝑛)2),1) =1

2
(𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − 𝑏0 − 𝛾),1) −

1
2
(𝑞𝑛−

1
2 ((𝜙𝑛)2 − 𝑏0 − 𝛾),1)

− 1
4
(‖𝑞𝑛+ 1

2 ‖2 − ‖𝑞𝑛− 1
2 ‖2). (2.32)

Substituting the equations (2.28), (2.29) and (2.32) into (2.27), we get

𝑎20
2
‖𝜙𝑛+1‖2 − 𝑎0‖∇𝜙𝑛+1‖2 + 1

2
‖Δ𝜙𝑛+1‖2 + 𝛾

2
‖𝜙𝑛+1‖2 + 1

2
(𝑞𝑛+

1
2 ((𝜙𝑛+1)2 − 𝑏0 − 𝛾),1) −

1
4
‖𝑞𝑛+ 1

2 ‖2
−
𝑎20
2
‖𝜙𝑛‖2 + 𝑎0‖∇𝜙𝑛‖2 − 1

2
‖Δ𝜙𝑛‖2 − 𝛾

2
‖𝜙𝑛‖2 − 1

2
(𝑞𝑛−

1
2 ((𝜙𝑛)2 − 𝑏0 − 𝛾),1) +

1
4
‖𝑞𝑛− 1

2 ‖2
= − 𝜆𝛿𝑡‖∇𝜇𝑛+ 1

2 ‖2.
 we arrive at

𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+
1
2 ) − 𝐸̂𝑛+1(𝜙𝑛, 𝑞𝑛−

1
2 ) = −𝜆𝛿𝑡‖∇𝜇𝑛+ 1

2 ‖2 ≤ 0,
9

hich indicates that our method is unconditionally energy-stable. □
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mark 2.11. We briefly explore the connections between the modified energy and the original energy. Notice that

𝐸(𝜙𝑛+1) ≈𝐸̂(𝜙𝑛+1, 𝑞𝑛+1)

=1
2
‖Δ𝜙𝑛+1‖2 − 𝑎0‖∇𝜙𝑛+1‖2 + 1

2
(𝛾 + 𝑎20)‖𝜙𝑛+1‖2

− 1
4
‖𝑞𝑛+1‖2 + 1

2
(𝑞𝑛+1[(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

(𝛾 + 𝑏0)
4

2|Ω|
=1
2
‖Δ𝜙𝑛+1‖2 − 𝑎0‖∇𝜙𝑛+1‖2 + 1

2
(𝛾 + 𝑎20)‖𝜙𝑛+1‖2

− 1
4
‖𝑞𝑛+ 1

2 ‖2 + 1
2
(𝑞𝑛+

1
2 [(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

(𝛾 + 𝑏0)
4

2|Ω|
+ 1

2
(𝑞𝑛+1[(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

1
2
(𝑞𝑛+

1
2 [(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

1
4
‖𝑞𝑛+1‖2 + 1

4
‖𝑞𝑛+ 1

2 ‖2
=𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+

1
2 ) + 1

2
(𝑞𝑛+1[(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1)

− 1
2
(𝑞𝑛+

1
2 [(𝜙𝑛+1)2 − 𝑏0 − 𝛾],1) −

1
4
‖𝑞𝑛+1‖2 + 1

4
‖𝑞𝑛+ 1

2 ‖2
≈𝐸̂𝑛+1(𝜙𝑛+1, 𝑞𝑛+

1
2 ) + 1

4
(𝑞𝑛+1 − 𝑞𝑛+

1
2 , 𝑞𝑛+1 − 𝑞𝑛+

1
2 ).

 we observe, the modified energy is a second-order approximation of the original energy in the time-discrete case.

mark 2.12. Algorithm 2 also keeps mass conservation.

4. RRER method for coupled phase field equations

So far, the examples we have discussed contain a single phase variable and a single equation. We emphasize that our proposed 
laxation technique applies to phase field models with multiple phase variables and coupled equations. Without loss of generality, 
e focus on the widely-used ternary phase field models (Cahn-Hilliard type coupled equations) and the multiphase models for grain 
owth (Allen-Cahn type coupled equations).

4.1. Ternary phase field model
The first example considers the ternary phase field model [39]. We use 𝜙𝑖(𝐱, 𝑡) to represent the volume fraction of phase 𝑖 at 
cation 𝐱 and time 𝑡. The total free energy for the ternary phase mixture can be postulated as

𝐸(𝜙1, 𝜙2, 𝜙3) = ∫
Ω

(3
8

3∑
𝑖=1

Σ𝑖𝜀|∇𝜙𝑖|2 + 12
𝜀
𝐹 (𝜙1, 𝜙2, 𝜙3)

)
𝑑𝐱, (2.33)

here 𝐹 is the bulk potential that is proposed as

𝐹 (𝜙1, 𝜙2, 𝜙3) =
3∑
𝑖=1

Σ𝑖
2
𝜙2𝑖 (1 −𝜙𝑖)

2 + 3ΛΠ3
𝑖=1𝜙

2
𝑖 .

re Σ𝑖 and Λ are parameters. We assume that the mixture is incompressible so that we have the constraint

3∑
𝑖=1
𝜙𝑖(𝐱, 𝑡) = 0, ∀(𝐱, 𝑡) ∈ Ω × [0, 𝑇 ]. (2.34)

en, the ternary phase field model reads as

𝜕𝑡𝜙𝑖 =
𝑀0
Σ𝑖

Δ𝜇𝑖,

𝜇𝑖 = −3
4
𝜀Σ𝑖Δ𝜙𝑖 +

12
𝜀

𝜕𝐹

𝜕𝜙𝑖
+ 𝛽𝐿, 𝑖 = 1,2,3,

𝛽𝐿 = −
4Σ𝑇
𝜀

3∑
𝑖=1

1
Σ𝑖
𝜕𝐹

𝜕𝜙𝑖
,

𝜕𝐹

𝜕𝜙𝑖
= Σ𝑖𝜙𝑖(1 − 𝜙𝑖)(1 − 2𝜙𝑖) − Σ𝑖𝛾𝑖(1 − 2𝜙𝑖) + 6ΛΠ3

𝑗=1,𝑗≠𝑖𝜙2𝑗 𝜙𝑖,

here Σ𝑇 is chosen to satisfy 
3
Σ𝑇

= 1
Σ1

+ 1
Σ2

+ 1
Σ3
, and 𝛽𝐿 is a Lagrangian multiplier to make sure the model satisfies the incompress-
10

ility condition in (2.34).
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To design the relaxation numerical scheme, we introduce the auxiliary variables

𝑞𝑖 = 𝜙𝑖(1 − 𝜙𝑖) + 𝛾𝑖, 𝑠𝑖 =Π3
𝑗=1,𝑗≠𝑖𝜙2𝑗 , 𝑖 = 1,2,3, (2.35)

ith 𝛾𝑖 ≥ 0 the regularization parameters. With these auxiliary variables, the original ternary phase field model is reformulated as

𝜕𝑡𝜙𝑖 =
𝑀0
Σ𝑖

Δ𝜇𝑖,

𝜇𝑖 = −3
4
𝜀Σ𝑖Δ𝜙𝑖 +

12
𝜀

𝜕𝐹

𝜕𝜙𝑖
+ 𝛽𝐿, 𝑖 = 1,2,3,

𝛽𝐿 = −
4Σ𝑇
𝜀

3∑
𝑖=1

1
Σ𝑖
𝜕𝐹

𝜕𝜙𝑖
,

𝜕𝐹

𝜕𝜙𝑖
= Σ𝑖𝑞𝑖(1 − 2𝜙𝑖) − Σ𝑖𝛾𝑖(1 − 2𝜙𝑖) + 6Λ𝑠𝑖𝜙𝑖,

𝑞𝑖 = 𝜙𝑖(1 − 𝜙𝑖) + 𝛾𝑖, 𝑖 = 1,2,3,

𝑠𝑖 =Π3
𝑗=1,𝑗≠𝑖𝜙2𝑗 , 𝑖 = 1,2,3.

Then, we can get the relaxation numerical scheme for the ternary phase field model.

gorithm 3. Assume that (𝜙𝑛
𝑖
, 𝑞
𝑛− 1

2
𝑖

, 𝑠
𝑛− 1

2
𝑖

), 𝑖 = 1, 2, 3 are already calculated with 𝑛 ≥ 1. Then we compute the next step 
𝑛+1
𝑖
, 𝑞
𝑛+ 1

2
𝑖

, 𝑠
𝑛+ 1

2
𝑖

), 𝑖 = 1, 2, 3 from the following temporal discrete system:

𝜙𝑛+1
𝑖

−𝜙𝑛
𝑖

𝛿𝑡
=
𝑀0
Σ𝑖

Δ𝜇
𝑛+ 1

2
𝑖

,

𝜇
𝑛+ 1

2
𝑖

= −3
4
𝜀Σ𝑖Δ

𝜙𝑛+1
𝑖

+ 𝜙𝑛

2
+ 12
𝜀

[
𝜕𝐹

𝜕𝜙𝑖

]𝑛+ 1
2 + 𝛽

𝑛+ 1
2

𝐿
, 𝑖 = 1,2,3,

𝛽
𝑛+ 1

2
𝐿

= −
4Σ𝑇
𝜀

3∑
𝑖=1

1
Σ𝑖

[
𝜕𝐹

𝜕𝜙𝑖

]𝑛+ 1
2
,

[
𝜕𝐹

𝜕𝜙𝑖

]𝑛+ 1
2 = Σ𝑖(𝑞

𝑛+ 1
2

𝑖
− 𝛾𝑖)(1 − 2

𝜙𝑛+1
𝑖

+𝜙𝑛
𝑖

2
) + 6Λ𝑠

𝑛+ 1
2

𝑖

𝜙𝑛+1
𝑖

+𝜙𝑛
𝑖

2
,

𝑞
𝑛+ 1

2
𝑖

+ 𝑞
𝑛− 1

2
𝑖

2
= 𝜙𝑛𝑖 (1 − 𝜙

𝑛
𝑖 ) + 𝛾𝑖, 𝑖 = 1,2,3,

𝑠
𝑛+ 1

2
𝑖

+ 𝑠
𝑛− 1

2
𝑖

2
= Π3

𝑗=1,𝑗≠𝑖(𝜙2𝑗 )𝑛, 𝑖 = 1,2,3.

(2.36)

The Algorithm 3 is linear and second-order accurate in time. 𝛾𝑖 acts as a regularization parameter. 𝑞𝑖 and 𝑠𝑖 are the intermediate 
riables to linearize the scheme since they are discretized in staggered time meshes.

4.2. Phase field model for grain growth
In the second example, we consider the phase field model for grain growth that was introduced in [38]. Consider a mixture of 𝑚
ases. Define the free energy

𝐸 = ∫
Ω

[ 𝑚∑
𝑖=1

𝜅𝑖
2
|∇𝜙𝑖|2 + 𝐹 (𝜙1, 𝜙2,⋯ , 𝜙𝑚)

]
𝑑𝐱,

ith 𝜅𝑖 the gradient energy coefficients, and 𝐹 the bulk free energy density. The main requirement for 𝐹 is that it has 𝑚 degenerate 
inima with equal depth, located as (𝜙1, 𝜙2, … , 𝜙𝑚) = (1, 0, ⋯ , 0), (0, 1, ⋯ , 0), ⋯ , (0, 0, ⋯ , 1) in 𝑚 dimension space. One particular 
se for 𝐹 could be

𝐹 =
𝑚∑
𝑖=1

(−𝛼
2
𝜙2𝑖 +

𝛽

4
𝜙4𝑖 ) + 𝛾

𝑚∑
𝑖=1

𝑚∑
𝑗≠𝑖
𝜙2𝑖 𝜙

2
𝑗 ,

ith 𝛼, 𝛽 and 𝛾 are the model parameters. The dynamics is governed by the Ginzburg-Landau equation

𝛿𝐸
11

𝜕𝑡𝜙𝑖 = −𝐿𝑖 𝛿𝜙𝑖
, 𝑖 = 1,2,⋯ ,𝑚,
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ith 𝐿𝑖 some positive constants. It can be expanded as

𝜕𝑡𝜙𝑖 = −𝐿𝑖
(
− 𝜅𝑖Δ𝜙𝑖 − 𝛼𝜙𝑖 + 𝛽𝜙3𝑖 + 2𝛾𝜙𝑖

𝑚∑
𝑗≠𝑖
𝜙2𝑗

)
, 𝑖 = 1,2,⋯ ,𝑚. (2.37)

To derive the relaxation numerical scheme, we can introduce

𝑞𝑖 = 𝜙2𝑖 − 𝛾𝑖, 𝑠𝑖 =
𝑚∑
𝑗≠𝑖
𝜙2𝑗 , 𝑖 = 1,2,⋯ ,𝑚, (2.38)

ith 𝛾𝑖 the regularization parameters. We can rewrite the grain growth model in (2.37) as

𝜕𝑡𝜙𝑖 = −𝐿𝑖
(
− 𝜅𝑖Δ𝜙𝑖 − 𝛼𝜙𝑖 + 𝛽(𝑞𝑖 + 𝛾𝑖)𝜙𝑖 + 2𝛾𝜙𝑖𝑠𝑖

)
, 𝑖 = 1,2,⋯ ,𝑚,

𝑞𝑖 = 𝜙2𝑖 − 𝛾𝑖, 𝑖 = 1,2,⋯ ,𝑚,

𝑠𝑖 =
𝑚∑
𝑗≠𝑖
𝜙2𝑗 , 𝑖 = 1,2,⋯ ,𝑚.

e use the second-order Crank-Nicolson method to discretize the above model for temporal discretization. With this method, we can 
tain the following discrete scheme.

gorithm 4. Assume that (𝜙𝑛
𝑖
, 𝑞
𝑛− 1

2
𝑖

, 𝑠
𝑛− 1

2
𝑖

) are already calculated with 𝑛 ≥ 1. Then we compute the next step (𝜙𝑛+1
𝑖
, 𝑞
𝑛+ 1

2
𝑖

, 𝑠
𝑛+ 1

2
𝑖

) from 
e following temporal discrete system:

𝜙𝑛+1
𝑖

−𝜙𝑛
𝑖

𝛿𝑡
= −𝐿𝑖

(
(−𝜅𝑖Δ− 𝛼 + 𝛽𝑞

𝑛+ 1
2

𝑖
+ 𝛽𝛾𝑖 + 2𝛾𝑠

𝑛+ 1
2

𝑖
)
𝜙𝑛+1
𝑖

+ 𝜙𝑛
𝑖

2

)
, 𝑖 = 1,2,⋯ ,𝑚,

𝑞
𝑛+ 1

2
𝑖

+ 𝑞
𝑛− 1

2
𝑖

2
= (𝜙𝑛𝑖 )

2 − 𝛾𝑖, 𝑖 = 1,2,⋯ ,𝑚,

𝑠
𝑛+ 1

2
𝑖

+ 𝑠
𝑛− 1

2
𝑖

2
=

𝑚∑
𝑗≠𝑖
𝜙2𝑗 , 𝑖 = 1,2,⋯ ,𝑚.

(2.39)

Similarly, Algorithm 4 is linear and second-order accurate in time. A mesh refinement test is further provided to justify the 
cond-order temporal convergence in the next section.

 Numerical experiments

This section presents some numerical examples to confirm our theoretical analysis. For simplicity, we consider only the periodic 
undary condition and use the standard finite element method for spatial discretization. And the algorithms are implemented using 
eeFEM [41]. The details for spatial discretization are omitted.

1. Convergence rate test

Throughout this subsection, we set 𝛾 = 2.0 for convenience. The computational domain is Ω = [0, 1] × [0, 1], the time interval is 
, 𝑇 ] = [0, 1], and we use the spatial mesh size ℎ. To test the convergence rate of our proposed methods, we take the exact solution as 
𝑥, 𝑦, 𝑡) = 𝑒−𝑡 cos(𝜋𝑥) cos(𝜋𝑦) for both the MBE model and the PFC model. The corresponding right-hand side terms can be computed 
ing the exact solution. Additionally, we set 𝜖 = 1 for the MBE model, while we use 𝑎0 = 1.0, 𝑏0 = 0.01, and 𝜆 = 1.0 for the PFC 
odel.

In practical implementation, we take 𝛿𝑡 = ℎ and use the 𝑃1 finite element space for both models. For different mesh sizes ℎ, 
e present numerical results obtained using the RRER, IEQ, and exponential SAV (ESAV) algorithms in Table 1 and Table 2. These 
merical results show that the RRER algorithm demonstrates second-order convergence in both space and time, similar to IEQ and 
AV algorithms. Notably, for the PFC model, our proposed RRER algorithm produces more accurate numerical results than IEQ and 
AV algorithms.
Furthermore, we also compare the computational efficiency of the IEQ, ESAV, and RRER methods. The computational time is 
ovided in Table 3. It is evident that the RRER method takes less time than other methods, indicating that our method can improve 
mputational efficiency.
We also implemented the scheme in (2.39). Consider the domain Ω = [0, 1] × [0, 1]. The model parameters of the coupled system 

 (2.37) are chosen as follows:
12

𝑚 = 3,𝐿1 =𝐿2 =𝐿3 = 1, 𝛼 = 𝛽 = 𝛾 = 1, 𝑘1 = 𝑘2 = 𝑘3 = 2.
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Table 1

Numerical results for MBE by RRER, IEQ, and ESAV algorithms.

𝛿𝑡
RRER IEQ ESAV

Errors Rates Errors Rates Errors Rates

1
8

3.2923e-03 - 3.0372e-03 - 3.2923e-03 -
1
16

8.2307e-04 2.00 7.9218e-04 1.94 8.2307e-04 2.00
1
32

2.0577e-04 2.00 2.0197e-04 1.97 2.0577e-04 2.00
1
64

5.1442e-05 2.00 5.0971e-05 1.99 5.1442e-05 2.00
1
128

1.2861e-05 2.00 1.2802e-05 1.99 1.2861e-05 2.00

Table 2

Numerical results for PFC by RRER, IEQ, and ESAV algorithms.

𝛿𝑡
RRER IEQ ESAV

Errors Rates Errors Rates Errors Rates

1
8

3.2923e-03 - 3.2923e-03 - 3.4785e-03 -
1
16

8.2307e-04 2.00 1.1259e-03 1.55 1.1557e-03 1.59
1
32

2.0577e-04 2.00 3.0931e-04 1.86 3.1249e-04 1.89
1
64

5.1442e-05 2.00 7.9890e-05 1.95 8.02011e-05 1.96
1

128
1.2861e-05 2.00 2.0208e-05 1.98 2.02375e-05 1.99

Table 3

Comparison of computational time.
model RRER IEQ ESAV

MBE 103.76 207.18 222.22

PFC 552.45 949.37 656.49

Table 4

Convergence test results for the grain growth model.
ℎ Convergence rates in time

𝐿2 for 𝜙1 rate 𝐿2 for 𝜙2 rate 𝐿2 for 𝜙3 rate

1∕8 7.25e-01 - 9.30e-02 - 6.60e-02 -

1∕16 2.11e-01 1.8 3.10e-02 1.6 3.03e-02 1.1

1∕32 5.33e-02 2.0 7.93e-03 2.0 7.94e-03 2.0

1∕64 1.33e-02 2.0 1.98e-03 2.0 1.99e-03 2.0

1∕128 3.33e-03 2.0 4.96e-04 2.0 4.98e-04 2.0

1∕256 8.33e-04 2.0 1.24e-04 2.0 1.25e-04 2.0

e set the exact solution as:

⎧⎪⎨⎪⎩
𝜙1 = 0.3cos(𝜋𝑥) cos(𝜋𝑦)𝑒−𝑡,
𝜙2 = 0.1cos(5𝜋𝑥) cos(5𝜋𝑦)𝑒−2𝑡,
𝜙3 = 0.1cos(3𝜋𝑥) cos(3𝜋𝑦)𝑒−3𝑡,

d chose the regularization parameters 𝛾1 = 𝛾2 = 𝛾3 = 2. In practical implementation, we take 𝛿𝑡 = ℎ and use the 𝑃1 finite element 
ace for both models. As shown in Table 4, a second-order accuracy is observed for all variables.

2. Numerical tests for energy dissipation and mass conservation

Here, we will test the energy dissipation and mass conservation properties. The initial condition is 𝜙(𝑥, 𝑦, 0) = cos𝜋𝑥 cos𝜋𝑦, and 
e other model parameters are chosen as in the above subsection. For different time steps 𝛿𝑡 and the interface width parameter 
 we present the original and modified numerical energies in Fig. 1 for the MBE and PFC models. These numerical results suggest 
at our methods are unconditionally energy-stable. Additionally, we provide numerical mass results in Fig. 2 for the MBE and PFC 
odels with 𝛿𝑡 = 0.1. These results demonstrate that our methods are mass conservative.

3. Numerical examples of the MBE model in 2D

We set the domain Ω = [0, 2𝜋] × [0, 2𝜋], and the parameters 𝜖2 = 0.1 and 𝛾 = 20. The initial condition is chosen as 𝜙(𝑥, 𝑦, 0) =
13

1(sin 3𝑥 sin 2𝑦 + sin5𝑥 sin5𝑦). Using a mesh size ℎ = 2𝜋∕128 and time step 𝛿𝑡 = 10−4, the MBE model is solved using Algorithm 1. 
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Fig. 1. Numerical energy results for the MBE and PFC model with a different time step 𝛿𝑡: (a) MBE, (b) PFC.

Fig. 2. Numerical mass results for both MBE model (a) 𝛾 = 20, 𝜖 = 1.0 and PFC model (b) 𝛾 = 1.0, 𝑎0 = 1.0, 𝑏0 = 0.325, 𝛿𝑡 = 0.1.

e present the contour lines of the numerical solutions of 𝜙 up to the steady state. As shown in Fig. 3, our numerical results are 
nsistent with the phase diagram of the MBE model with slope selection as reported in [29].

4. Numerical examples of the PFC model in 2D

Furthermore, we conduct several numerical tests using Algorithm 2 to solve the PFC model. We firstly consider the two-
mensional example on Ω = [0, 100] × [0, 100]. The initial condition is chosen as 𝜙(𝑥, 𝑦, 0) = 𝜙0 + 0.01rand(𝑥, 𝑦), where 𝜙0 is a 
nstant and rand(𝑥, 𝑦) generates random numbers between −1 and 1. We set the parameters as 𝑎0 = 1.0, 𝑏0 = 0.35, 𝑇 = 200 and 
= 2.0. The spatial mesh size is ℎ = 100∕128, and the time step is 𝛿𝑡 = 0.1. For different values of 𝜙0, the numerical results are 
mmarized with 𝑃 1-element in Fig. 4 and Fig. 5. A stripe pattern is observed with 𝜙0 = 0 as shown in Fig. 4, and a triangle pattern 
observed with 𝜙0 = 0.2 as shown in Fig. 5. These results are consistent with the phase diagram of the PFC model as reported in the 
erature [33].

5. Numerical examples of the PFC model on curved surfaces

We first study the PFC model on a spherical surface with a radius of 𝑅 = 64. We use a random initial condition, and the parameters 
e chosen as in the 2D case. For different values of 𝜙0, we summarize snapshots of the numerical approximation for 𝜙 at times 𝑡 = 50, 
100, 𝑡 = 200 with 𝛿𝑡 = 0.1, Depending on the value of 𝜙0, we observe different patterns, such as striped as shown in Fig. 6 and 
xagonal as shown in Fig. 7. These numerical results are consistent with the reported results in [36].
Next, we consider the ring torus domain with an outer radius of 𝑅 = 50 and an inner radius of 𝑟 = 20. We set the mesh size 

 ℎ = 1 and the time increment to 𝛿𝑡 = 0.1. The other parameters are chosen as previously described. Snapshots of the numerical 
14

proximation of 𝜙 with different initial values 𝜙0 are plotted at times 𝑡 = 50, 100, and 200 in Fig. 8 and Fig. 9. As expected, 
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Fig. 3. The Snapshots of numerical solutions of the function 𝜙 at time (a) 𝑡 = 0, (b) 𝑡 = 0.05, (c) 𝑡 = 2.5, (d) 𝑡 = 8, (e) 𝑡 = 15, (f) 𝑡 = 30.

pending on the different initial values of 𝜙, we observe stripe pattern formation as shown in Fig. 8 and hexagonal pattern formation 
 shown in Fig. 9.
Meanwhile, we also consider the cube surface case. The computational domain is Ω = [0, 100] × [0, 100] × [0, 100]. We start with 
random initial condition. The parameters 𝑎0, 𝑏0, and 𝛾 are the same as in the 2D case. For this case, we present snapshots of the 
merical approximation of 𝜙 with ℎ = 100∕64 and 𝛿𝑡 = 0.1 in Fig. 10 and Fig. 11. These results show similar dynamics as those in 
6].

6. Numerical examples of the PFC model in 3D

Finally, we simulate the phase separation dynamics in 3D by solving the PFC model with our proposed numerical algorithm. 
e computational domain is Ω = [0, 128] × [0, 128] × [0, 128]. We start with a random initial condition, and employ the same model 
rameters 𝑎0, 𝑏0, and 𝛾 as in the 2D case. The space mesh is set to ℎ = 2 and the time step 𝛿𝑡 = 10−2. Numerical snapshots of 𝜙 at 
fferent times with various 𝜙̂0 values are presented in Fig. 12 and Fig. 13. These results exhibit similar dynamics to those reported 
 [35].

 Conclusion

In this paper, we construct the linear relaxation with regularized energy reformulation approaches for phase field models. In 
ese approaches, we avoid taking the time derivative of the auxiliary variables by discretizing them on a staggered time mesh. 
nsequently, we only need to solve an algebraic equation for the introduced auxiliary variables and then bring them into the 
uivalent equations. We rigorously establish the unconditional energy-stable properties of the proposed schemes for the MBE 
d PFC models. A series of numerical examples are provided to test the accuracy of the proposed schemes and demonstrate the 
ciency in simulating the dynamics driven by the MBE and PFC models. Additionally, we anticipate that the time-fractional phase 
ld models, such as time-fractional Allen-Cahn and Cahn-Hilliard phase-field models (see [7,8,13,26]), can also be studied within 
15

r framework, which will be our focus in the near future.
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Fig. 4. Crystal growth pattern formation with 𝜙0 = 0 at time (a) 𝑡 = 1, (b) 𝑡 = 15, (c) 𝑡 = 30, (d) 𝑡 = 50, (e) 𝑡 = 100, (f) 𝑡 = 200.
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Fig. 5. Crystal growth pattern formation with 𝜙0 = 0.2 at time (a) 𝑡 = 1, (b) 𝑡 = 15, (c) 𝑡 = 30, (d) 𝑡 = 50, (e) 𝑡 = 100, (f) 𝑡 = 200.

Fig. 6. PFC dynamics on a spherical surface with 𝜙0 = 0 at time (a) 𝑡 = 50, (b) 𝑡 = 100, (c) 𝑡 = 200.
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