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Bandit Algorithms for Prophet Inequality and Pandora’s Box

Khashayar Gatmiry” Thomas Kesselheim! Sahil Singla* Yifan Wang®

Abstract

The Prophet Inequality and Pandora’s Box problems are fundamental stochastic problem with applications
in Mechanism Design, Online Algorithms, Stochastic Optimization, Optimal Stopping, and Operations
Research. A usual assumption in these works is that the probability distributions of the n underlying random
variables are given as input to the algorithm. Since in practice these distributions need to be learned under
limited feedback, we initiate the study of such stochastic problems in the Multi-Armed Bandits model.

In the Multi-Armed Bandits model we interact with n unknown distributions over 7" rounds: in round ¢
we play a policy ™ and only receive the value of (¥ as feedback. The goal is to minimize the regret, which
is the difference over T rounds in the total value of the optimal algorithm that knows the distributions vs.
the total value of our algorithm that learns the distributions from the limited feedback. Our main results give

near-optimal 5(po|y(n) VT ) total regret algorithms for both Prophet Inequality and Pandora’s Box.
Our proofs proceed by maintaining confidence intervals on the unknown indices of the optimal policy.

The exploration-exploitation tradeoff prevents us from directly refining these confidence intervals, so the main
technique is to design a regret upper bound function that is learnable while playing low-regret Bandit policies.

1 Introduction

The field of Stochastic Optimization deals with optimization problems under uncertain inputs, and has had
tremendous success since [Bel57]. A standard model is that the inputs are random variables that are drawn from
known probability distributions. The goal is to design a policy (an adaptive algorithm) to optimize the expected
objective function. Examples of such problems include Prophet Inequality [HKS07, CHMS10, KW12, Rubl6],
Pandora’s Box [KWW16, Sin18b, GKS19], and Auction Design [Har22, Roul6]. Most prior works assume that
the underlying distributions are known to the algorithm and the challenge is in computing an (approximately)
optimal policy. However, in practical applications, the distributions are typically unknown and must be learned
concurrently with decision-making.

A foundational framework that examines stochastic problems with unknown distributions is the stochastic
online learning model; see books [CBL06, BC12, Haz16]. Here, the learner interacts with the environment for
T days. On each day t € [T], the learner plays a certain policy a® € A, where A represents the set of all
policies (actions/algorithms). The environment draws a sample X () ~ D, where D indicates the environment’s
unknown underlying distribution, and then the learner receives a reward a(*) (X (t)) along with some “feedback”.
For a maximization problem, the goal of the online learning model is to approach the optimal policy with reward
Opt := max,ca Ex~pla(X)] while minimizing in expectation the total regret:

T-0pt— 3 iy a®(X®),

The best regret bound that can be achieved for an online learning problem highly depends on the feedback given
to the algorithm. In the full-feedback model, the learner observes the complete sample X () as daily feedback.
Since accessing the entire sample X () is often not feasible in many real-world applications, several partial feedback
models have been considered. The most limiting of them is the bandit feedback model where the only feedback
available is the reward a® (X®): see books [S1i19, LS20].
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Interestingly, in many online learning scenarios, limiting feedback does not excessively impair the regret
bound. For instance, consider the classic Learning from Experts problem where the goal is to identify the optimal
action. In this case, for a small action set, both full feedback and bandit feedback result in an optimal regret
bound of G(ﬁ ). This motivates us to address the following question for general online stochastic optimization
problems:

What is the minimum amount of feedback mecessary to learn a stochastic optimization problem while
maintaining a near-optimal regret bound in T as the full feedback model?

In addition to being an intellectually intriguing question, there are several other motivations for designing
low regret algorithms that operate with limited feedback.

e In numerous real-world scenarios, accessing the complete sample X ®) as feedback is infeasible. Furthermore, in
order to safeguard data privacy to the greatest extent possible, it is advantageous to utilize minimal information
in real-world online learning tasks.

e An online learning algorithm that operates with less feedback is concurrently applicable to all partial feedback
models that incorporate the required feedback. We can therefore obtain near-optimal online learning algorithms
that function uniformly across different feedback models.

Specifically, in this paper, we address the above question in the context of the fundamental Prophet Inequality
and Pandora’s Box problems, which have wide-ranging applications in areas such as Mechanism Design, Online
Algorithms, Microeconomics, Operations Research, and Optimal Stopping. Our main results imply near-optimal

O(poly(n)V/T) regret algorithms for both these problems under most limited bandit feedback, where O(-) hides
logarithmic factors.

1.1 Prophet Inequality under Bandit Feedback In the classical Optimal Stopping problem of Prophet
Inequality [KS77, KS78, SC84], we are given distributions Dy, ..., D,, of n independent random variables. The
outcomes X; ~ D; for i € [n] are revealed one-by-one and we have to immediately select/discard X; with the
goal of maximizing the selected random variable in expectation. They have become popular in Algorithmic Game
Theory in the last 15 years since they imply posted pricing mechanisms that are “simple” (and hence more
practical) and approximately optimal; see related work in Section 1.4.

The optimal policy for Prophet Inequality is given by a simple (reverse) dynamic program: always select
X, on reaching it and select X; for ¢ < n if its value is more than the expected value of this optimal policy on
Xit1,..-,Xpn. Thus, the optimal policy with expected value Opt can be thought of as a fized-threshold policy
where we select X; iff X; > 7; for 7; being the expected value of this policy after i. How to design this optimal
policy for unknown distributions? (See Remark 1.2 on the “hindsight optimum” benchmark.)

As a motivating example, consider a scenario where you want to sell a perishable item (e.g., cheese) in the
market each day for the entire year. For simplicity, assume that there are 8 buyers, one arriving in each hour
between 9 am to 5 pm. Your goal is to set price thresholds for each hour to maximize the total value. If the buyer
value distributions are known, this can be modeled as a Prophet Inequality problem with n = 8 distributions.
However, for unknown value distributions this becomes a repeated game with a fixed arrival order where on each
day you play some price thresholds and obtain a value along with feedback. Next, we formally describe this
repeated game.

Online Learning Prophet Inequality. In this problem the distributions Dy, ..., D, of Prophet Inequality are
unknown to the algorithm in the beginning. We make the standard normalization assumption that each D; is
supported on [0,1]. Without this normalization, a non-trivial additive regret is not achievable. Now we play a

T rounds repeated game': in round ¢ € [T] we play a policy, which is a set of n thresholds (Tl(t), . ,T,(Lt)), and
receives as reward its value on freshly drawn independent random variables Xl(t) ~ Dq,... ,X,(f) ~ D,, i.e., the

reward is X&té(t) where Alg(t) € [n] is the smallest index ¢ with Xi(t) > Ti(t). The goal is to minimize the total

regret:

T )
T-Opt— B [L1, Xihw] -

TWe will always assume T > n since otherwise getting an O(poly(n)) regret algorithm is trivial.
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Since per-round reward is bounded by 1, the goal is to get o(T') regret. Moreover, standard examples show that
every algorithm incurs Q(v/T) regret; see Section 5.

An important question is what amount of feedback the algorithm receives after a round. One might consider
a full-feedback setting, where after each round t the algorithm gets to know the entire sample X ft), . ,X,(f) as
feedback, which could be used to update beliefs regarding the distributions Dy, ..., D,. Here it is easy to design
an O(poly(n)\/f ) regret algorithm. This is because after discretization, we may assume that the there are only
T candidate thresholds for each X;, so there are only 7™ candidate policies. Now the classical multiplicative
weights algorithm [AHK12] implies that the regret is O(/T log(#policies)) = O(poly(n)\/T). Although this
naive algorithm is not polytime, a recent work of [GHTZ21] on O(n/e?) sample complexity for prophet inequality
can be interpreted as giving a polytime O(poly(n)v/T) regret algorithm under full-feedback®. These results,
however, do not extend to bandit feedback, where the algorithm does not see the entire sample.

Bandit Feedback. In many applications, it is unreasonable to assume that the algorithm gets the entire sample
Xft), . ,Xﬁt). For instance, in the above scenario of selling a perishable item, we may only see the winning bid
(e.g., if you don’t run the shop and delegate someone else to sell the item at the given price thresholds). There
are several reasonable partial feedback models, namely:

(a) We see X{t), e X/(:l;(t) but not Xﬁé(t)ﬂ, e

has been stopped.
(b) We see the index Alg(t) and the value Xapg(+) that we select but no other X;.
(c) We only see the value of Xajg;) that we select and not even the index Alg(t).

What is the least amount of feedback needed to obtain 5(po|y(n)\/T) regret?

Our first main result is that even with the most restrictive feedback (c), it is possible to obtain O(poly(n)v/T)
regret. Thus, the same bounds also hold under (a) and (b). Note that these bounds are almost optimal because
standard examples show that even with full feedback every algorithm incurs Q(+/T) regret (see Section 5).

,X,gt), meaning that we do not observe the sequence after it

Theorem 1.1. There is a polytime algorithm with O(n?’\/Tlog T) regret for the Bandit Prophet Inequality problem
where we only receive the selected value as the feedback.

(We remark that it is possible to improve the n? factor in this result but we do not optimize it to keep the
presentation cleaner.)

Theorem 1.1 may come as a surprise since there are several stochastic problems that admit O(poly(n)/e?)
sample complexity but do not admit 6(po|y(n)\/T ) regret bandit algorithms. Indeed, a close variant of prophet
inequality is sequential posted pricing. Here, the reward is defined as the revenue, i.e., it is the threshold itself if
a random variable crosses it rather than the value of the random variable (welfare) as in prophet inequality. It is
easy to show that sequential posted pricing has O(1/€?) sample complexity [GHTZ21], but even for n = 1 every
bandit algorithm incurs Q(T2/3) regret [LSTW23].

One might wonder whether 6(po|y(n)\/T ) regret in Theorem 1.1 holds even for adversarial online learning,

i.e., where X 1(t), . ,X,(f) are chosen by an adversary in each round ¢ and we compete against the optimal fixed-
threshold policy in hindsight. In Section 5 we prove that this is impossible since every online learning algorithm
incurs Q(T') regret for adversarial inputs, even under full-feedback.

Remark 1.2 (Hindsight Optimum). There is a lot of work on Prophet Inequality (with Samples) where the
benchmark is the expected hindsight optimum E [max X;]; see Section 1./. However, we will be interested in the
more realistic benchmark of the optimal policy, or in other words the optimal solution to the underlying MDP, which
1s standard in stochastic optimization. Firstly, comparing to the hindsight optimum does not make sense for most
stochastic problems, including Pandora’s Boz, since it cannot be achieved even approzimately. Secondly, optimal
policy gives us a much more fine-grained picture than comparing to the offline optimum. For instance, it is known
that a single sample suffices to get the optimal 2-compeltitive guarantee compared to the offline optimum [RWW20)].
This might give the impression that there is nothing to be learned about the distributions for Prophet Inequality

2Their results are in the PAC model for “strongly monotone” stochastic problems. They immediately imply 5(\/ nT) regret under
full-feedback using the standard doubling-trick.
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and sublinear regrets are impossible. However, this is incorrect as Theorem 1.1 obtains sublinear regret bounds
w.r.t. the optimal policy.

1.2 Pandora’s Box under Bandit Feedback The Pandora’s Box problem was introduced by Weitzman,
motivated by Economic search applications [Wei79]. For example, how should a large organization decide between
competing research technologies to produce some commodity. In the classical setting, we are given distributions
Dy,..., D, of n independent random variables. The outcome X; ~ D, for i € [n] can be obtained by the algorithm
by paying a known inspection cost ¢;. The goal is to find a policy to adaptively inspect a subset S C [n] of the
random variables to maximize utility: E [maxie 5Xi— ics ci] . Note that unlike the Prophet Inequality, we may
now inspect the random variables in any order by paying a cost and we don’t have to immediately accept/reject
X;.

Even though Pandora’s Box has an exponential state space, [Wei79] showed a simple optimal policy where
we inspect in a fixed order (using “indices”) along with a stopping rule. We study this problem in the Ounline
Learning model where the distributions D; supported on [0, 1] are unknown-but-fixed. Without loss of generality,
we will assume that the deterministic costs ¢; € [0, 1] are known to the algorithm?.

Formally, in Online Learning for Pandora’s Box we play a T rounds repeated game where in round ¢ € [T
we play a policy a®, which is an order of inspection along with a stopping rule. As reward, we receive our utility
(value minus total inspection cost) on freshly drawn independent random variables Xl(t) ~ Dq,... ,Xy(f) ~ D,.
The goal is to minimize the total regret, which is the difference over T rounds in the expected utility of the optimal
algorithm that knows the underlying distributions and the total utility of our algorithm.

In the full-feedback setting the algorithm receives the entire sample Xft),...,X,(f) as feedback in each

round. Here, it is again easy to design an 6(po|y(n)\/T ) regret polytime algorithm relying on the results in
[GHTZ21, FL20]. But these results do not extend to partial feedback.

There are again multiple ways of defining partial feedback. E.g., we could see the values of all X; for i € S,
meaning that we get to see the values of the inspected random variables. Indeed, our results again apply to the
most restrictive form of partial feedback: We only see the total utility of a policy and not even the indices of
inspected random variables or any of their values.

Theorem 1.3. There is a polytime algorithm with O(n“’ﬁlog T) regret for the Bandit Pandora’s Boz problem
where we only receive utility (selected value minus total cost) as feedback.

Again, standard examples show that every algorithm incurs Q(v/nT) regret even will full feedback; see
Section 5. Furthermore, we will prove in Section 5 that Theorem 1.3 cannot hold for adversarial online learning
where X 1(t), ey X,(f) are chosen by an adversary: every online learning algorithm incurs Q(7") regret for adversarial

inputs, even under full-feedback.

1.3 High-Level Techniques Let’s consider the general Prophet Inequality problem or the subproblem of
Pandora’s Box where the optimal order is given. In both cases, a policy is described by n thresholds
T1, .-, Tn € [0, 1], defining when to stop inspecting. It would be tempting to apply standard multi-armed bandit
algorithms to maximize the expected reward over [0,1]". However, such approaches are bound to fail because
the expected reward is not even continuous?, let alone convex or Lipschitz. Discretizing the action space and
applying a bandit algorithm only leads to Q(TQ/ 3) regret. Another reasonable approach is to try to learn the
distributions D;. However, recall that we only get feedback regarding the overall reward of a policy and do not
see which X; is selected. It is possible to obtain samples from each X; by considering policies that ignore all other
boxes; however, such algorithms that use separate exploration and exploitation also have Q(TQ/ 3) regret.

3Tf the costs ¢; are unknown but fixed then the problem trivially reduces to the case of known costs. This is because we could

simply open each box once without keeping the prize inside and receive as feedback the cost c¢;.

4For example, consider the Prophet Inequality instance in which X7 is a distribution that returns i w.p. %
X is a distribution that always returns % The reward of this example is a piece-wise constant function: When 7 < % orT > g, the
5
3

and % otherwise, while

expected reward is % When % <7< %, the expected reward is
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Our algorithms combine exploration and exploitation. We maintain confidence intervals [¢;, u;] for i € [n] sat-
isfying w.h.p. that the optimal thresholds 7;* € [¢;,u;]. The crucial difference from UCB-style algorithms [ACBF02]
is that we don’t get unbiased samples with low regret, so we cannot maintain or play upper confidences. Instead,
we need a “refinement” procedure to shrink the intervals while ensuring that the regret during the refinement is
bounded.

More precisely, our algorithm works in O(logT') phases. In each phase, we start with confidence intervals
[¢;,u;] that satisfy: (i) 77 € [f;,w;] and (ii) playing any thresholds within the confidence intervals incur at most
some € regret. During the phase, we refine the confidence interval to [¢}, u;] while only playing thresholds within
our original confidence intervals, so that we don’t incur much regret. We will show that the new confidence
intervals satisfy that 7;* € [(;,u;] and that playing any thresholds within [¢},u}],...,[f;,,u;] incur at most §
regret. Thus, the regret bound goes down by a constant factor in each phase.

Bounding Function to Refine for n = 2. To illustrate the idea behind a refinement phase, let’s discuss the
case of n = 2; see Section 2 for more technical details. In this case, there is only one confidence interval [£, u]
that we have to refine. Our idea is to define a “bounding function” 4(-) such that the expected regret in a single
round when using threshold 7 € [¢, u] is bounded by [6(7)|. Ideally, we would like to choose the optimal threshold
7* for which §(7*) = 0. However, this requires the knowledge of §, which we don’t have since the distributions
are unknown. Instead, we compute an estimate 6 of § and construct the new confidence interval [¢/, 4] to include
all 7 for which |<§ (7)] is small. The main technical difficulty is to obtain § while only playing low-regret policies.
We achieve this by choosing ¢ such that § can be obtained by using only the estimates F; of the CDF and the
empirical average rewards when choosing the boundaries of the confidence interval as thresholds. Note that we
do not make any statements about the width of the confidence interval; we only ensure that the regret is bounded
when choosing any threshold inside the confidence interval.

Prophet Inequality for General n. In the case of general n, each refinement phase updates the confidence
intervals from the last random variable X,, to the first one X;. To refine confidence interval [¢;,u;], we use our
algorithm for the n = 2 case as a subroutine, i.e., we play ¢; and u; sufficiently many times keeping the other
thresholds fixed. However, there are several challenges in this approach. The first important one is that the
probability of reaching X; will change depending on which thresholds are applied before it. We deal with this
issue by always using thresholds from our confidence intervals that maximize the probability of reaching Xj;.
Another important challenge while refining [¢;,u;] is that the current choice of thresholds for X, 4,..., X, is
not optimal, so we maybe learning a threshold different from 7. We handle this issue by choosing the other
thresholds in a way that they only improve from phase to phase. We then leave some space in the confidence
intervals to accommodate for the improvements in later phases.

Pandora’s Box for General n. We still maintain confidence intervals and refine them using ideas similar to
Prophet Inequality for general n. The main additional challenge arising in Pandora’s box is that the inspection
ordering is not fixed. The optimal order is given by ordering the random variables by decreasing thresholds.
However, there might be multiple orders consistent with our confidence intervals. Therefore, we keep a set S of
constraints corresponding to a directed acyclic graph on the variables, where an edge from X; to X; means that X;
comes before X; in the optimal order. We update this set by consider pairwise swaps. Then, during refinement
of confidence interval [¢;,u;], we choose an inspection order satisfying these constraints while (approximately)
maximizing a difference of products objective.

1.4 Further Related Work There is a long line of work on both Prophet Inequality (PI) and Pandora’s Box
(PB), so we only discuss the most relevant papers. For more references, see [Lucl7, Sinl8a]. Both PI and PB
are classical single-item selection problems, but were popularized in TCS in [HKS07] and [KWW16], respectively,
due to their applications in mechanism design. Extensions of these problems to combinatorial settings have been
studied in [CHMS10, KW12, FGL15, FSZ16, Rub16, RS17, EFGT20] and in [KWW16, Sin18b, GKS19, GJSS19,
FTW21], respectively. Although the optimal policy for PT with known distributions is a simple dynamic program,
designing optimal policies for free-order or in combinatorial PI settings is challenging. Some recent works designing
approximately-optimal policies are [ANSS19, PPSW21, SS21, LLP*21, BDL22].

Starting with Azar, Kleinberg, and Weinberg [AKW14], there is a lot of work on PI-with-Samples where the
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distributions are unknown but the algorithm has sample access to it [CDFS19, RWW20, GHTZ21, CDF*22].
These works, however, compete against the benchmark of expected hindsight optimum, so lose at least a
multiplicative factor of 1/2 due the classical single-item PI and do not admit sublinear regret algorithms.

The field of Online Learning under both full- and bandit-feedback is well-established; see books [CBLO6,
BC12, Haz16, Slil9, LS20]. Most of the initial works focused on obtaining sublinear regret for single-stage
problems (e.g., choosing the reward maximizing arm). The last decade has seen progress on learning multi-stage
policies for tabular MDPs under bandit feedback; see [L.S20, Chapter 38]. However, these algorithms have a regret
that is polynomial in the state space, so they do not apply to PI and PB that have large MDPs.

Finally, there is some recent work at the intersection of Online Learning and Prophet Inequality /Pandora’s
Box [EHLM19, ACG%22, GT22]. These models are significantly different from ours, so do not apply to our
problems. The closest one is [GT22], where the authors consider Pandora’s Box under partial feedback (akin to
model (a)), but for adversarial inputs (i.e., no underlying distributions). They obtain O(1)-competitive algorithms
and leave open whether sublinear regrets are possible [Ger22]. Our lower bounds in Section 5.2 resolve this question
by showing that sublinear regrets are impossible for adversarial inputs (even under full feedback), and one has to
lose a multiplicative factor in the approximation.

2 Prophet Inequality and Pandora’s Box for n = 2

In this section, we give O(v/T log T') regret algorithms for both Bandit Prophet Inequality and Bandit Pandora’s
Box problems with n = 2 distributions. We discuss this special case of Theorem 1.1 before since it’s already
non-trivial and showcases one of our main ideas of designing a regret bounding function that is learnable while
playing low-regret Bandit policies.

Our algorithms run in O(logT) phases, where the number of rounds doubles each phase. Starting with an
initial confidence interval containing the optimal threshold 7, the goal of each phase is to refine this interval such
that the one-round regret drops by a constant factor for the next phase. In Section 2.1 we discuss each phase’s
algorithm for Prophet Inequality with n = 2. In Section 2.2 we give a generic doubling framework that combines
all phases to prove total regret bounds. Finally, in Section 2.3 we extend these ideas to Pandora’s Box with n = 2.

2.1 Prophet Inequality via an Interval-Shrinking Algorithm We first introduce the setting of the Bandit
Prophet Inequality Problem with two distributions. Let Dp, D2 denote the two unknown distributions over [0, 1]
with cdfs Fi, Fo and densities f1, fo. Consider a T rounds game where in each round ¢ we play a threshold
71 € [0,1] and receive as feedback the following reward:

e Independently draw X{t) from D;. If Xl(t) > 71 return Xl(t) as the reward.

e Otherwise, independently draw Xét) from Dy and return it as the reward.
The only feedback we receive is the reward, and not even which random variable gets selected.

If the distributions are known then the optimal policy is to play 7* := E [X3] in each round. For 7 € [0, 1],
let R(7) be the expected reward of playing one round with threshold 7, i.e.,

1 1

(2.1) R(7) = Fi(7) - E [X2] +/ - fi(x)de = 1+ Fi(7)(E[X2] — 7) —/ Fy(x)dx,

T T
where the second equality uses integration by parts. The total regret is T - R(7*) — Zthl R(r®).

Initialization. For the initialization, we get ©(v/T logT') samples from both D; and Dy by playing 7 = 0 and
7 = 1, respectively. This incurs ©(v/T log T) regret since each round incurs at most 1 regret. The following simple
lemma uses the samples to obtain initial distribution estimates.

Lemma 2.1. After getting C - sqrtT log T samples from Dy and D, with probability 1 — T~1° we can:

e Calculate Fy(x) such that |Fy(z) — Fy(x)| < T~ for all x € [0,1] simultaneously.
e Calculate £ and u such that u — £ < T~ and E [X5] € [¢, u).

Proof. The first statement follows the DKW inequality (Theorem A.3). After taking N = C - /T log T samples,

Copyright (© 2024 by SIAM
Unauthorized reproduction of this article is prohibited

467



Downloaded 09/01/24 to 136.55.53.190 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

1

the probability that 3z s.t. |Fy(z) — Fi(z)| > € = T~7 is at most 2exp(—2Ne?) = 272C < T2+, S, the
first statement holds with probability at least 1 — 7T~'! when C > 10.

The second statement follows the Hoeffding’s Inequality (Theorem A.1). After taking N = C - /TlogT
samples, let i be the average reward. Let { = y—¢e and u = u+e¢ for e = %T‘i. Then, u—¢ < T~ 1 by definition.
Since the reward of each sample in inside [0, 1], by Hoeffding’s Inequality the probability that |u — E [X3]| > € is
bounded by 2 exp(—2Ne?) = 2772¢ < T—2¢+1_ So, the second statement holds with probability at least 1 —7~11
when C > 10. Taking a union bound for two statements gives the desired lemma. O

Next we discuss our core algorithm.

Interval-Shrinking Algorithm. Starting with an initial confidence interval containing 7 = E [X3], our
Interval-Shrinking algorithm (Algorithm 1) runs for @(1°§2T) rounds and outputs a refined confidence interval. In
the following lemma, we will show that this refined interval still contains 7* and that the regret of playing any 7

inside this refined interval is bounded by O(e).

Algorithm 1: Interval-Shrinking Algorithm for Prophet Inequality

Input: Interval [¢, u], approximate cdf 12 (), and accuracy e.
Run C - losz rounds with 7 = £. Let Ry be the average reward.

Run C - 1O€ggT rounds with 7 = u. Let R, be the average reward.
For 7 € [¢,u], define A(7) == Fy (u)(1 — ) — Fi(0)(T — €) + [, F1(z)dz.
For 7 € [¢,u], define o(7) := A(7) — (R, — Ry).

Let ¢ := min{7 € [(,u] s.t. (1) > —5e} and let v’ := max{r € [(,u] s.t. §(r) < 5e}.
Output: [/, u/]

s W N -

Lemma 2.2. Suppose we are given:
e Initial interval [¢,u] of length u — ¢ < T~% and satisfying T € [¢,u].
e Distribution estimate F}(z) satisfying |Fy(z) — Fy(z)] < T4 for all z € [0,1] simultaneously.

Then, for e > T2 Algorithm 1 runs thresholds inside [¢,u] for at most 1000 - losz rounds, and outputs a
sub-interval [¢',u'] C [¢,u] satisfying with probability 1 — T—1° the following statements:

1. T e[t ,u].

2. For every T € [l',u'] the expected one-round regret of playing T is at most 10e.

Proof Overview of Lemma 2.2. The main idea is to define a bounding function
6(r) == (Fi(u) = Fi(€) - (1 = 7).

As we show in Claim 2.3 below, this function satisfies R(7*) — R(7) < |§(7)| for all 7 € [{,u], i.e., |6(T)] is an
upper bound on the one-round regret when choosing 7 instead of 7*. So, ideally, we would like to choose 7 that
minimizes |§(7)|. However, we do not know (7). Therefore, we derive an estimate §(7) for all 7 € [£,u] and
discard 7 for which |5(7)] is too large because these cannot be the minimizers.

In order to estimate §(7), we rewrite it in a different way as sum of terms that can be estimated well. First,
consider the difference in expected rewards when choosing thresholds u and ¢, i.e.,

R(u) ~ R(t) = (Fy(u) - Fy(0))7" - /g Crh@dr = Fi(u) (7 —u)— F(0) (- —0) + /g " Fy(«)dr,
where we used integration by parts. Adding this with §(7) gives 6(7) + (R(u) — R({)) equals

(2.2) Fi(u)(r —u) — Fy(0)(r — ) + /; Fi(z)de = A7),
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which gives an alternate way of expressing 0(7) = A(7) — (R(u) — R({)). (Another way of understanding the
definition of A(7) is that it represents the difference of playing thresholds u and ¢, assuming that E [X5] = 7.)
So, we define the estimate R R R R
0(1) := A(1) — (Ry — Ry),

where A uses the estimate F} instead of Fy in (2.2) and to estimate R, and Rg we use empirical averages obtained
in the current phase. The advantage is that besides the coarse knowledge of Fy we assumed to be given, we only
need to choose thresholds from within our current confidence interval to obtain 4. Claim 2.4 will show that & (1)
estimates §(7) within an additive error of O(e).

Completing the Proof of Lemma 2.2. Now we complete the missing details. We first prove that |§(7)| gives
an upper bound on one-round regret with threshold 7.

Claim 2.3. If r,7* € [{,u], then R(7*) — R(7) < |4(7)].

Proof. Consider R(7*)— R(7). The two settings are different only when X; is between 7* and 7, and the difference
of the reward is bounded by |7* — 7|. Therefore, R(7*) — R(7) < |7* —7|-|F1(7*) = Fi(7)| < |7* —=7| |F1(u) —
Fy(0)] = 16(7)|, where the second inequality uses 7*,7 € [¢,u] implies |Fy (1) — F1(7%)| < |Fy(u) — F1(€)]. O

Next, we prove that 6(7) is a good estimate of §(7).

Claim 2.4. In Algorithm 1, if the conditions in Lemma 2.2 hold then with probability 1 — T we have
[0(7) —d(7)| <5-€ for all T € [¢,u] simultaneously.

Proof. Recall that 6(1) = A(7) — (R(u) — R(£)). We first bound the error |A(T) — A(7)|. Notice,
A(r) = A(T)] < [Fi(w) = Fa(u)| - |7 —ul + [Fa(0) — ] +/ B (2 ()|da.

The main observation is that all three terms on the right-hand-side can be bounded by T2 since | Fy (z)— F} (z)| <
T-3 and u— ¢ < T~ i. Hence, |A(T) — A(7)| <372 < 3e.

Next, we bound the errors for |R; — R(¢)| and for |R, — R(u)|. For |R; — R(¢)|, notice that Ry is an estimate
of R(¢) with N = C - I%T samples. Since the reward of each sample is in [0, 1], by Hoeffding’s Inequality
(Theorem A.1) the probability that |R; — R(¢)| > € is bounded by 2 exp(—2Ne?) = 272C. Then, |R, — R({)| < €
holds with probability at least 1 — T~ when C > 10. The error bound for |R, — R(u)| is identical. Taking

a union bound for two error for |R; — R(¢)| and for |R, — R(u)|, and then summing them with the error for
|A(7) — A(7)| completes the proof. O

Now, we are ready to prove Lemma 2.2.

Proof of Lemma 2.2. We will assume that |§(7) —8(7)| < e, which is true with probability 1—71° by Claim 2.4.

Observe that §(7) is a monotone increasing function because ¢'(7) = A’(r) = Fy(u) — Fy(¢) > 0. Therefore,
according to the definition of ¢’ and u’, we have [¢/, '] = {7 € [(,u] : |§(7)| < 5e}. Now, we can use this property
to prove the two statements of this lemma separately.

For Statement 1, notice that 6(7*) = 0. Claim 2.4 gives |§(7*)| < 5e. Then, since 7 € [£,u] and |6(7*)] < 5e,
we must have 7* € [(/,u/] as [(/,u/] = {7 € [(,u] : |3(7)| < Be}.

Next, we prove Statement 2. By Claim 2.3, it suffices to bound |§(7)| for all 7 € [¢/,u]. By Claim 2.4, we

have w.h.p. for all 7 € [¢/,u/] that |§(7)| < |6(7)| 4+ 5e < 10¢, where the last inequality uses the definition of ¢/
and u'. O

2.2 Doubling Framework for Low-Regret Algorithms In this section we show how to run Algorithm 1
for multiple phases with a doubling trick to get O(\/T log T') regret. Instead of directly proving the regret bound
for Prophet Inequality with n = 2, we first give a general doubling framework that will later be useful for Prophet
Inequality and Pandora’s Box problems with n random variables:
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Lemma 2.5. Consider an online learning problem with size n. Assume the one-round regret for every possible
action is bounded by 1. Suppose there exists an action set-updating algorithm Alg satisfying: Given accuracy €
and action set A, algorithm Alg runs @("QL%T) rounds in A and outputs A’ C A satisfying the following with
probability 1 — T—19:

e The optimal action in A belongs to A’.

e Fora e A, the one-round regret of playing a is bounded by €.

Then, with probability 1 — T~ the regret of Algorithm 2 is O(n®/>\/TlogT).

Algorithm 2: General Doubling Algorithm

Input: Time horizon T, problem size n, action space A, algorithm Alg, and parameter «.
1 Leti:1,€1:17A1 =A

. ) n®/2logT

2 while ¢; > T do
Call Alg with input ¢; and A;, and get output A;41
€iy1 < 5
1+ 1+1

[SL U )

6 Run a € A; for the remaining rounds.

The proof of the lemma uses simple counting; see Section B.

Based on Lemma 2.5, we can immediately give the Bandit Prophet Inequality regret bound.

Theorem 2.6. There exists an algorithm that achieves O(ﬁ log T)) regret with probability 1 — T~ for Bandit
Prophet Inequality problem with two distributions.

Proof. The initialization runs O(v/TlogT) rounds, so the regret is O(v/TlogT). For the following interval
shrinking procedure, Algorithm 1 matches the algorithm Alg described in Lemma 2.5 with o = 0. Therefore,
applying Lemma 2.5 completes the proof. O

2.3 Extending to Pandora’s Box with a Fixed Order In order to extend the approach to Pandora’s
Box, in this section we consider a simplified problem with a fized box order. There are two boxes taking values
in [0,1] from unknown distributions Dy, Dy with cdfs Fy, F» and densities f1, fo. The boxes have known costs
c1,c2 € [0,1]. We assume that we always pay ¢; to observe X; (i.e., E [X1] > ¢1), and then decide whether to
observe X5 by paying cs. Indeed, it might be better to open the second box before the first box or not to open
any box. We make these simplifying assumptions in this section to make the presentation cleaner. Generally,
determining an approximately optimal order will be one of the main technical challenges that we will need to
handle for general n in Section 4.

Formally, consider a T rounds game where in each round ¢ we play a threshold 7(*) € [0,1] and receive as
feedback the following utility:

e Independently draw Xft) from D,. If X{t) > 71 we stop and receive X{t) — ¢1 as the utility.

e Otherwise, we pay co to see Xg(t) drawn independently from Dy, and receive max{Xy, Xa} — (c1 + ¢2) as

utility.
The only feedback we receive is the utility, and not even which random variable gets selected.

To see the optimal policy, define a gain function g(v) := E [max{0, Xo — v} — ca] to represent the expected
additional utility from opening X, assuming we already have X; = v, i.e.,

(2.3) g(v) = —C2+/ (@ — ) fo(2)dz = —C2+(1—v)—/ Fy()dx.

The optimal threshold (Weitzman’s reservation value) 7* is now the solution to g(7*) = 0, ie.,

E [max{Xy — 7,0}] = c2. Since our algorithm does not know Fy(z) but only an approximate distribution
Fy(x), we get an estimate §(v) of g(v) by replacing Fy(x) with Fy(x) in (2.3).
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For 7 € [0,1], let reward function R(7) denote the expected reward of playing 7. With the definition of gain
function g(v) and linearity of expectation, we can write

R(T) = —c1+E [Xl] + AT fl(x)g(x)dx

The total regret of our algorithm is now defined as T - R(7*) — ZtT:I R(r®W).

Interval-Shrinking Algorithm. Starting with an initial confidence interval [, u] containing 7*, we again design
an Interval-Shrinking algorithm (Algorithm 3) that runs for @(10§T) rounds and outputs a refined confidence
interval [¢/,u']. We will show that this refined interval still contains 7* and that the regret of playing any 7 inside

this refined interval is bounded by O(e). Now we give the algorithm and the theorem.

Algorithm 3: Interval-Shrinking Algorithm for Pandora’s Box

Input: Interval [¢,u], length m, and CDF estimates Fi(z), Fy(x).
1 Run C- I%T rounds with 7 = £. Let Ry be the average reward.

2 Run C'- 1°§2T rounds with 7 = u. Let Ru be the average reward.

s For 7 € [£,u], define A(r) = (3(u) — () Fy(w) — (3(6) — a(r)EL(0) — [} (@) F (2)da.

4 For 7 € [(,u], define 6(7) := A(r) — (R, — Ry).

5 Let ¢/ = min{r € [(,u] s.t. §(7) > —4e} and let v/ = max{r € [(,u] s.t. 6(7) < 4e}.
Output: [/, u/]

Lemma 2.7. Suppose we are given:

e Initial interval [¢,u] satisfying 7* € [, u], gain function |g(7)| < T~1, and bounding function |§(7)| < 16€

where § is defined in (2.4).

e CDF estimate Fy(x) which is constructed via 1000 - g new i.i.d. samples of X;.

o CDF estimate FQ(J?) which is constructed via 1000 - M%T new i.1.d. samples of Xs.
Then, for e > T*%, Algorithm 3 runs thresholds inside [¢,u] for no more than 10000-e~2log T' rounds and outputs
with probability 1 — T—10 a sub-interval [¢',u'] C [¢,u] satisfying:

1. ™ el ).

2. Simultaneously for every T € [0/, ], we have |6(7)| < 8e.

3. Simultaneously for every T € [¢/,u'], the expected one-round regret of playing T is at most 8e.

To understand the main idea of the proof, let’s compare the expected reward of choosing the optimal threshold
7* and an arbitrary threshold 7 € [¢,u]. The difference is given by

R(r*) / f1(@)g(@)ds — /OTfl(fE)g(x)dx - /fh(x)g(x)dx

Note that g is non-increasing since ¢'(x) = Fa(x) — 1 < 0. So, using 7*,7 € [(,u] imply |Fi(7*) — Fi(7)| <
|F1(¢) — Fi(u)|, we get R(7*) — R(7) < [(F1(€) — F1(u)) - g(7)]. This motlvates defining bounding function

(2.4) o(r) = (Fi(u) = Fi(0) - (9(7") —g(r)) = — (Fi(u) — F1(0)) - g(7),

and we get the following upper bound on the one-round regret when choosing 7 instead of 7*.

Claim 2.8. If 7,7* € [(,u] then R(7*) — R(T) < |d(7)].

In order to define an estimate & (7) that can be computed using the available information, again consider the
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rewards when playing thresholds w and ¢. The difference is given by
R - RO = [ f@g@de = Fi(ugt) - F©g() - [ Ay @
¢ ¢
= Ao - Ai0s0 - [ R () - ds

Adding this equation with the definition of §(7) gives §(7) + R(u) — R({) equals

(2.5) Fi(w) - (9(u) — 9(r)) — () - (9(6) — (7)) — /g "Fi(@) - (Fae) — Ddz = A(r),

which gives us an alternate way to express 0(7) = A(7) — (R(u) — R({)). So, we define the estimate

6(1) == A(1) = (Ry — Ry),

where A uses the estimates F} and § instead of Fy and g in (2.5), and to estimate (R, — Ry) we use empirical
averages obtained in the current phase. We have the following claim on the accuracy of § in Section B.2, which
is similar to Claim 2.4.

Claim 2.9. In Algorithm 3, if the conditions in Lemma 2.7 hold, then with probability 1 —T =10 |§(1) —8(7)| < 4e
simultaneously for all T € [£,u].

The proof of Claim 2.9 is different from Claim 2.4: After the initialization, it’s not possible to give an initial
confidence interval of length at most T—1. So, we cannot prove an O(T_%) accuracy for A(7). Instead, we use the
fact that VarA(7) < O(e) to give an O(e) accuracy bound using Bernstein inequality (Theorem A.2) for a single
7. To extend the bound to the whole interval, we discretize and apply a union bound. To avoid the dependency
from the previous phases when discretizing, in each phase we use new samples to construct Fy and Fy. This is
the reason that we introduce sample sets in Algorithm 3.

Now the proof of Lemma 2.7 is similar to the proof of Lemma 2.2 via Claims 2.8 and 2.9.

Finally, we state the main theorem for Pandora’s Box problem with two boxes in a fixed order.

Theorem 2.10. For Bandit Pandora’s Boz learning problem with two bozes in a fized order, there exists an
algorithm that achieves O(v/TlogT) total regret.

The proof of Theorem 2.10 is similar to Theorem 2.6: We first show that ©(v/T'logT') initial samples are
sufficient to meet the conditions in Lemma 2.7. Combining this with Lemma 2.5 proves the theorem. See
Section B.2 for details.

3 Prophet Inequality for General n

In the Bandit Prophet Inequality problem, there are n unknown independent distributions Dy, ..., D, taking
values in [0, 1] with cdfs F,..., F, and densities f1,..., f,. Consider a T rounds game where round t we play

thresholds 7" = (Tl(t), TQ(t), e ,Tflt_)l, = 0) and receive the following reward: For ¢ € [n], independently draw

Xi(t) from D;. Let j = min{i € [n] : Xi(t) > Ti(t)}. XJ(-t) is returned as the reward. The only feedback is the reward,

7 =0, the algorithm will always

) Tr(fz 1

and we do not see the index j of the selected random variable. Since we have

select a value. In the following, we omit T,St) and only use 7 := (Tl(t),’fz(t), .

setting.

) to represent a threshold

Let Opt; represent the optimal expected reward if only running on distributions D;, D;y1, ..., Dy. Then, the
optimal i-th threshold setting is exactly Opt,, ;. We can calculate {Opt,,} as follows:
e Let Opt,, = E [X,,]
e Fori=n—1—1: Let Opt; = R(1,1,...,1,0pt; ;,0pt; ,5,...,0pt,), where the function R(7) represents
the expected one-round reward under thresholds 7 = (74,..., 7 —1).
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The total regret is defined
T - Opt; — Z?:l R(r1).

High-Level Approach. Following the doubling framework from Algorithm 2, we only need to design an
initialization algorithm and a constraint-updating algorithm. For the initialization, we get O(poly(n)v/T logT)
iid. samples for each X; by playing thresholds (1,1,...,75_1 = 1,7; = 0,0,...,0). DBesides, we run
O(poly(n)\/T log T') samples to get the initial confidence intervals with small length. For the constraint-updating
algorithm, we reuse the idea from the n = 2 case where we shrink confidence intervals by testing X; with thresholds
¢; or u;. However, there are two major new challenges while testing X;.

The first challenge while testing X; is that we may stop early, and not get sufficiently many samples for X;.
Although the probability of reaching X; could be very small, this also means that we will not reach X; frequently.
To avoid this problem, for j < i, we use the upper confidence bounds as thresholds since they maximize the
probability of reaching X;. In particular, it is at least as high as in the optimal policy. Therefore, we will be able
to show that the probability term cancels in calculation, so the total loss from X; can still be bounded.

The second challenge is that when we are testing X;, we need to also set thresholds 7; for j > i. The problem
is that the optimal choice for 7; depends on 7; for j > i. To cope this this problem, in our algorithm we use the
lower confidence bounds as thresholds for j > i. Formally, let Alg; denote the expected reward if only running
on distributions D;, ..., D, with lower confidence bounds as the thresholds, i.e.,

Alg; == R(1,..., 1,7 =4, Tix1 = Llig1, .-, Tn1 = ln—1).

Now, under our threshold setting, we can only hope to learn Alg;  ;, while the optimal threshold is Opt; . So,
our key idea is to first get a new confidence interval for Alg; ;. Then, since we have Alg,,; < Opt,,, the lower
bound for Alg;, , is also a lower bound for Opt, ;. For the upper bound, we first bound the difference between
Opt;,, and Alg,, ;, and adding this difference to the upper bound for Alg; , gives the upper bound for Opt;_ .

3.1 Interval-Shrinking Algorithm for General n In this section, we give the interval shrinking algorithm,

and provide the regret analysis to show that we can get a new group of confidence intervals that achieves O(e)

regret after 6(%2(")) rounds. We first give the algorithm and the corresponding lemma.

Algorithm 4: Interval shrinking Algorithm for general n

Input: Intervals [¢1,u1], ..., [ln—1,un—1], CDF estimates P (z),...,Fu(x), and e.
1 For i € [n— 1], define P := [];c(;,_q) Fjj(uy)
2 fort=n—-1—1do

3 Run C - IOEQT rounds with thresholds (ug, ..., ui—1,6;, 0 q,...¢,_1) and C - & 2T rounds with
(i, i1, ug, Ly q, . 4y ). Let D; be the difference of the average rewards
4 | For 7 € [l;,uy], define A;(1) == Py(F(u )(T —w;) — Fy(0)(r — ;) + feq; Fy(x)
5 For 7 € [£;, u,), define &;(t ) Ai(r) —
6 Let (’—min{Te [0i,u;] s 1( ) > — }
7 Let uf = max {7 € [(;,u;] s.t t. 0;(7) < (2n — 2i — 1)e }.
Output (05, us], ..., [0, ul]

Lemma 3.1. Suppose we are given:
e Distribution estimates Fj(z) for i € [n — 1] satisfying ITLcs Fi(z) — [Lics Fi(z)| < T=Y4 for all x € [0, 1]
and S C [n].
e Initial intervals [fi,ui] for i € [n — 1] of length w; — ¢; < T~Y/* that satisfy Opt,,, € [l;,u;] and
Then, for e > 12T~ 2 Algorithm 4 runs no more than 1000 - "IOgT rounds such that in each round the threshold
T satisfies T; € [€;,u;] for all i € [n — 1]. Moreover, with pmbabzlzty 1 — T~ the following statements hold:
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(i) Opt; | € [6;,u;] for all i € [n —1].
(ii) Let Alg; := R(1,...1,0;,.... 0, _) fori € [n—1]. Then Alg;,, € [£],u]].
(iii) For every threshold setting T = (71,...,Tn—1) where 7; € [€},u}], the expected one-round regret of playing T

i Wi
is at most 2n2e.

We first introduce some notation to prove Lemma 3.1. First, we define a single-dimensional function R;(7) to
generalize reward function R(7) from the n = 2 case in Section 2.1. Ideally, R;(7) should represent the reward of
playing 7; = 7, but thresholds 7; for j > ¢ also affect its expected reward. So, to match the setting in Algorithm 4,
we set thresholds 7;41,...,7,-1 to be the updated lower bounds, i.e., define

Ri(1) = R(l,...,l,Ti:T,€;+1,..., 1)

Next, we introduce P;, representing the maximum probability of observing X; when we have confidence intervals
{[&',Ui]}, i.e., -
i
P = [L Fi(uy).
Replacing F; with Fj in this equation defines estimate P;.

Notice that P; also equals the probability of reaching X; when we play thresholds 7; = u; for all j < 4 in
Algorithm 4. So, the loss of playing a sub-optimal threshold 7; will be P; - (R;(Alg;,;) — R;(7)) because P; is
the probability of reaching X; and Alg} 41 18 the optimal threshold when 7; = ¢} for all j > i. We define the
generalized bounding function:

52(7) = Pi . (Fz(ul) — Fz(gz)) . (T — A|g;+1)

We will show in Claim 3.2 below that |6;(7)| upper bounds P; - (R;(Alg;, ) — R;(7)) for all 7 € [¢;,u;]. Since we
don’t know 0;(7), we will estimate it by writing in a different way.

Consider the difference in expected rewards between 7; = u; and 7; = £; when the other thresholds are set
to7; =wuj for j <iand 1y = E; for j > i. The difference between these two settings only comes from 7;, so the
expected difference is

P (Ry(w) — Ri(L) = P ((qui) - RN [ xﬁ»(w)dx)

= P- (Fi(ui)(AlggH — ;) — Fi(ei)(AlggJrl —4) + /;‘ Fi(x)dx> .

Adding this with 6;(7) implies 6;(7) + P; - (R;(u;) — R;(¢;)) equals

(3.6) P (quixfui)ﬂ(ei)(rem I ﬂ(sc)dz) NG

i

which gives another way of writing 6;(7) = A;(7) — P; - (Ri(u;) — Ri(£;)). Since D; from Algorithm 4 is the
difference between average rewards of taking samples with 7, = u; and 7; = £;, it is an unbiased estimator of
P; - (Ri(u;) — Ri(¢;)). So, we define estimate

bi(r) = Ai(r) = Dj,

where A; (1) is obtained by replacing F; with F, and P, with P; in (3.6).

Similar to Claim 2.3 and Claim 2.4, we introduce the following claims for Algorithm 4.

Claim 3.2. Fori € [n—1], if Algj,, € [;,u;] and T € [(;,u;], then P; - (R;(Alg; ) — Ri(7)) < |6:(7)|.

Proof. We only need to prove that R;(Alg;, ;) — R;(1) < |6i1(;)‘ = (Fi(u;) — Fi(4;)) - (1 — Alg;,1). Now the proof

is identical to Claim 2.3 by replacing function R(-) Witl’?Ri(j). O
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Claim 3.3. In Algorithm /j, if the conditions in Lemma 3.1 hold, then with probability 1 — T we have
[0;(T) — 0:(7)| < € simultaneously for all T € [£;,u;].

Proof. There are two terms in 6;(7) = A;(7) — P; - (Ri(u) — R;(£)). We prove that the error of each term is
bounded by § with high probability, which will complete the proof by a union bound.

We first bound |A; (1) — A;(7)|. There are three terms in AiT(:) = F(u;)(1 —w;) — Fi(6;) (1= 6;) + [, Fy(z)dw.
Since the conditions in Lemma 3.1 guarantee that |Ey(z) — Fy(x)| < T~Y* and u; — £; < T~/4, the error in each

Ai(r) _ Ai(7) 3
R TR | ST

For P;, the preconditions in Lemma 3.1 guarantee that |]5Z — 151| < T4, Moreover, observe that
u; — £; < T4 implies that 240 < 37-1/4 g0,

p (Af@ - A*”) ‘ GRS

- 1
term is at most 77 and the total error ‘

Ai(r) — Ai(T)] < b

%

where the last inequality uses € > 127 2.
For P; - (R;(u;) — R;(¢;)), note that D; is an unbiased estimator of P; - (Ri(u;) — Ri(£;)) with N =C - I%T
samples. So, by Hoefdding’s Inequality,

Pr Uﬁi—]3i~(Ri(ui) — Ri(t)] > ; < 2exp(—8Ne?) = 2775C.

Thus, |D; — P; - (Ri(u;) — Ri(£:))] < § holds with probability 1 — 7% when C' > 10. O

Besides Claim 3.2 and Claim 3.3, we also need some other properties of Algorithm 4 to prove Lemma 3.1.
The next claim shows that the expected reward of playing lower confidence bounds increases phase to phase.

Claim 3.4. Assume the conditions in Lemma 3.1 and the bound in Claim 3.3 hold. Then, for i € [n], we have
Alg; > Alg;.

Proof. We prove by induction for i going from n to 1. The base case i = n holds because Alg/, = Alg, = Opt,, =
E [X,] by definition.

For the induction step, assume that Alg] 11 > Alg,;; by induction hypothesis. Observe that

R(l, cey 17£i;£i+17 RN 7€n—1) =E [Xz . 1Xi>€i] —|—PI‘ [Xz S Ez] R(l, ey 1, 1,&_;,_1, ce 7£n—1)
<E [Xl . 1Xi>fi] + Pr [Xl < fl] R(l, R 1,€;+1, .. 7£fnfl)

(3.7) =R(1,.... 0,0 ,....0_4),
where the inequality uses induction hypothesis as R(1,...,1,1,€;41,...,0p—1) = Alg;,; < Alg;rl =
R(1,...,L, 1,0, ....0,_4).
Next, we have R;(¢;) < R;(¢}), i.e.,
(3.8) RO, L0 sl ) < R(L. Ll ).

To prove this, we first observe that if ¢; = ¢;, then the inequality is an equality. Otherwise, there must be

(¢;) = —e. Next, combiAning the deﬁrAlition of (fl(T) and Claim 3%, we have d;(Alg; 1) > 6;(Alg;, ;) —|d:(Alg, 1) —

(Algi, )| > —e. Since &/(1) = P; - (Fi(u;) — Fi(¢;)) > 0 means 6;(7) is increasing, there must be Alg; ; > /.
Now consider function R;(7). Recall that R;(7) = R(1,..1,7; = 7,£; 1, ..., £;, ;). Therefore,

0
0

1
Ri(t) = Pr[X; <7]-Alg; , +E[X; 1x,5,] = Fi(T)'A|g§+1+/ fi(z) z dz,
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which means R}(7) = f;(1)(Alg;,; — 7), showing that R;(7) is a unimodular function and reaches its maximum
when 7 = Alg}_ . Hence, (3.8) holds because ;11 < ¢/, <Alg] ;.
(

Combining (3.7) and (3.8) proves the claim. O
Next, we prove that Alg;,; € [{;,u;], which is crucial for us to use Claim 3.2.
Claim 3.5. Assume that the preconditions in Lemma 5.1 and the bound in Claim 3.3 hold, then Alg; | € [(;,u;]

foralli € n—1].

Proof. Claim 3.4 shows that Alg;,; < Alg;, ;. On the other hand, Alg;,,; < Opt; ; holds because Opt,, is the
maximum achievable reward. Then, Claim 3.5 holds because Opt;,,Alg,,, € [{;,u;] by the preconditions in
Lemma 3.1. O

Finally, we show that Alg} cannot be much smaller than Opt,;.

Claim 3.6. Assume that the preconditions in Lemma 3.1 and the bound in Claim 3.3 hold, then Opt; — Alg); <
M for alli € [n—1].

Proof. We prove by induction for i going from n to 1. The base case i = n holds because Opt,, = Alg), = E [X,,].
For the induction step, we assume that Opt;,; —Alg;,; < 2(”1%7:1)6 and would like to show that Opt; —Alg} <

M We first have

R(1,...,1,0pt,,,,0pt;.s,...,Opt,) :E[ 1.1Xi>opti+l}+Pr [X; < Opt,,,] Opt,,

<E [Xi “1x,>o0pt, +1} +Pr [X; < Opt;yy] (Algiy, + %)
<E [ i 1Xi>opt'i+1j| +Pr [X; <Opt; 1] Algiy + (n—le—ne
(3.9) = R(1,...,1,0pt, 1, gy b ) + 2=t

[

where we use the induction hypothesis in the second line, and the fact that Pr [Xi < Opt; +1] <Pr[X; <u=

% in the third line.

Next, since Alg,, is the optimal threshold, we have
(3.10) R(1,...,1,0pt; 1,0 5.l 1) < R(L,...,1,AIg 1, b 0. .l ).

Finally, . .
0] < [o(E)+10(65) = 0(L5)] < e+e = 2

where the bound of |§(¢]) — 6(¢})| is from Claim 3.3, and the bound of [§(¢})| is from Algorithm 4. Combining
this with Claim 3.2, we have R;(Alg; ;) — R;(¢}) < % < %j, which is exactly

2e

R(la-"alaAIg;—i-lag;-‘rla"'76{11—1) < R( st 7 ;a ;+17'-~7€;—1)+ﬁ'

Summing this with (3.9) and (3.10) completes the induction step. O
Finally, we can prove Lemma 3.1.

Proof of Lemma 3.1. In this proof, we assume Claim 3.3 always holds. Then the whole proof should success with
probability 1 — 719,

We prove the three statements separately:
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Statement (i). For the upper bound, Claim 3.6 shows that Opt, — Alg; < w Therefore, 6;(Opt; ;) <

P; - Fi(u;) - 2(7;7:1)6 = 2(n —i — 1)e. Combining this with Claim 3.3, we have Si(OptiH) <2n—i—1)e+e=
(2n —2i —1)e. Then Opt,,; < uj, because Opt, | € [¢;, u;], uj = max{7 : 7 € [{;,u;] Abi(T) < (2n—2i—1)e} and
the monotonicity of 5; function.

For the lower bound, at least we have Opt; ; > Alg;,,. Therefore, 6;(Opt; ;) > 0, so 5i(Opt; 1) > —¢. Then
Opt;, > ¢}, because Opt; | € [{;,u;], £; = max{7 : 7 € [{;,u;] A 6;(1) > —€} and the monotonicity of &; function.
Combining the two bounds proves Statement (i).
Statement (ii). The proof idea is the same as Statement (i). Notice that §;(Alg;,;) = 0. Then, according
to Claim 3.3, |(§i(A|g;+1)| < e. So Statement (ii) hold because Alg;,; € [¢;,u;], which is from Claim 3.5, and
(€, wi] 2 {7 € [li;wi] : [64(7)] < €}
Statement (iii). We prove the following stronger statement by induction on i: If 7; € [}, u}] for all j € {i,...,n},
then o
Alg, — R(1,...1L7i,... 7o) < e

When the statement above holds, taking i = 1 gives R(ry,...,T,_1) > Alg} — ne. Furthermore, Claim 3.6 shows
that Alg} > Opt; — 2(n — 1)e. Combining these two inequalities proves Statement (iii).

It remains to prove the induction statement. The base case ¢ = n holds trivially.

For the induction step, we will assume that the statement holds for ¢ + 1 and we have to show it also holds
for 7. By induction hypothesis,

R(l,...71,’7'2‘7...,’7'n,1) = E[Xi'lXiZn]'i‘Pr [XZ'<Ti]R(l,...,17T¢+1,...7Tn,1)
>E[X; 1y,5n] + Pr[X; < 7] (R(1,...,1,z;+1, ) - %)
>E[Xi - Lyx,on] +PrX; <7 R(L... 1€, ... 0,_) — "

—R(,..., 1,70, O_y) - e
seces byl bty gy e tn 1 P; :

[

Furthermore, |6;(7;)| < |8;(7;)| + € by Claim 3.3 and |§;(7)| < (2n — 2i — 1)e by the definitions of ¢ and u},
which means [0;(7)| < 2(n — i)e. So, Claim 3.2 implies
o — i
R(,..., LAl Oyl ) = R, L7l ) < %.
Finally, using R(1,...,1,Alg] 1,0/, ..., 0,_) > Alg;, we get
2(n —i)e (n—1i)% , (n—i+1)%
Rl 1.7 .. . 7n1) > Alg' — . > Alg, - Tt e 0
( 3 s 4, T, » Ty 1) = g; P'L Pz - g; Pz

3.2 Initialization and Putting Everything Together Now, we can give the initialization algorithm. The
main goal of the initialization is to satisfy the conditions listed in Lemma 3.1. Starting from the second call of
Algorithm 4, the confidence interval length constraint and the distribution estimates constraints hold from the
initialization, and the constraints Opt, ,Alg,;,; € [¢;, u;] are guaranteed by Statements (i) and (ii) in Lemma 3.1.
Then, we can apply Lemma 2.5 to bound the total regret.

We first give the initialization algorithm:

Lemma 3.7. Algorithm 5 runs O(n3v/TlogT) rounds. The output satisfies with probability 1 — T all
constraints listed in Lemma 5.1.

Proof. For the accuracy bound of Fj(x), we first show that |Fj(z) — Fy(z)| < T;;M with probability 1 — T—11
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Algorithm 5: Initialization

Input: Time horizon T', problem size n.
fori=1—ndo
L Run 1000n2v/Tlog T free samples for X; to estimate Fj(x).

fori=n—-—1—1do
Run 1000n2v/T log T' samples under the threshold setting (1, L =L, a1 = £, 1) Let

w; be the average reward.
—1/4

5 Letéi:ui—%,uizui—i—@n—%—l)-
Output: [(1,u1],..., [ln-1,Un—1].

N =

[N

T—1/4
10n

after running N = C' - n?/T log T samples with C' = 1000. With DKW inequality (Theorem A.3), we have

. T-%
Pr ||Fi(a) - Fi(2)| > = = = “| < 2exp(—2Ne?) = 20-C/4,
n

So the bound holds with probability 1 — 72 when C' = 1000. By the union bound, with probability 1 — 7!,
A _1

we have |Fj(z) — F;(z)] < I+ holds for every i € [n]. Then, for the accuracy of [[;cq Fi(z), we have

((1— %)n —1) < [lics Fi(@) —Tlies Fi(z) < ((1+ 55" - 1). For the lower bound, we have (1 *ﬁf yr—1>

1-— T;Z —1> —T1. For the upper bound, we have (1+ Tz_nz m=1< exp(% n)—1<142- T;Z —1=T"1.

Combining two bounds finishes the proof.

For the confidence interval, the constraints u; — £; < T-% hold by definition. Then, it only remains to show
Opt; 1y € [0i,us] and Alg;; € [€5, us].

We start from proving Alg;,, € [¢;,u;]. Notice that x; is an estimate of Alg,,, with N = C - n?>V/TlogT
samples with C' = 1000. With Hoeffding’s Inequality (Theorem A.1), we have
T71/4

2 —2Ne?) = 27-¢/50,
Ton < 2exp( e”)

Pr ||p; — Alg, | >e=

Notice that £; = p; — % and u; = p; + T;TIHM. Then, by the union bound for all i € [n] , we have Alg; | € [{;, u;]

holds for all i with probability 1 — 7! when C > 1000.

For Opt;, |, we prove the statement by doing induction with the assumption that |Alg, ,; — ;| < T;OI: for all
i. The base case is ¢ = n, the statement simply holds because Alg,, = Opt,,. Next, we consider ¢, with the condition
that Opt;,, € [¢;,u;] for all j > 4. For the lower bound, since we know that Alg;,,; > /;, there must be Opt; | > /;,
because Opt, ,; > Alg, ;. For the upper bound, we first bound the difference between Alg,, ; and Opt,;, ;. Consider
the setting (1,...1,7i41 = liy1,...,Th—1 = fp—1) and (1,...,1, 7541 = Opt;y,...,7—1 = Opt,). The first
setting incurs an extra loss only when its behavior is different from the second setting. Assume the two settings

behave differently when meeting a threshold 7;. Notice that this extra loss is bounded by |¢; — Opt;|. Since
T—1/4
10n

Opt; 41 € [¢;,u;] for all j > i, this difference is upper bounded by max;~; uj—¢; = u;1—Llit1 = (2n—2i—2)-
Therefore,

T—1/4 T—1/4

< 4 (2n—2—1)- _—
o = mit@n=2i-1) = Y

Opt;y; < Alg;, ;1 +(2n—2i—2)-

Combining the lower bound and the upper bound proves Opt;,; € [¢;,u;]. Finally, taking union bounds for all
events that hold with probability 1 — T~!! finishes the proof. O

Now we are ready to prove the main theorem.
Theorem 1.1. There is a polytime algorithm with O(n?’\/Tlog T) regret for the Bandit Prophet Inequality problem
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where we only receive the selected value as the feedback.

Proof. For the initialization, Algorithm 5 runs O(nv/Tlog T') rounds, so the total regret from the initialization
is O(n®*vTlogT).

For the main algorithm, we run Algorithm 2 with Algorithm 4 being the required sub-routine Alg. This is
feasible because the requirements in Lemma 3.1 are guaranteed by the initialization and Lemma 3.1 itself. Besides,

Lemma 3.1 implies that Algorithm 4 upper-bound the one-round regret by e after O(”E)L%T) samples. Applying

Lemma 2.5 with o = 5, we have the O(n?®v/Tlog T) regret bound. Combining two parts finishes the proof. [

4 Pandora’s Box for General n

In the Bandit Pandora’s Box problem, there are n unknown independent distributions D1, ..., D, representing
the values of the n boxes. The distributions have cdfs Fi,...,F, and densities fi,...,f,. Moreover, each
box/distribution D; has a known inspection cost ¢;. Although in the original problem in introduction we assumed
that the values and costs have support [0, 1], in this section we will scale down the costs and values by a factor of
2n, so that they have support [0, ﬁ] This scaling helps to bound the utility in each round between [—0.5,0.5].
To obtain bounds for the original unscaled problem, we will multiply our bounds with this factor 2n in the final
analysis.

Consider a T rounds game where in each round we play some permutation 7 representing the order of
inspection and n thresholds (T,,(l), . ,Tﬂ.(n)). Our algorithm receives the following utility as feedback: For
i € [n], draw X (i) ~ Dr(i). Let j be the minimum index that satisfies max{X,(1),...,X(j — 1)} > 7x(;).
If such j does not exist, j is set to be n + 1 (all boxes opened). The utility we receive in this round is
max{Xx(1),..., Xz (j = 1)} = D24 Ca()-

Note that the only feedback is the utility, and we do not see any value or even the index j where we stop.

In the case of known distributions, the optimal one-round policy for this problem was designed by
Weitzman [Wei79]: For every distribution D;, solve the equation E [max{X; — 0;,0}] = ¢;; now play permutation
7 by sorting in decreasing order of o; and set threshold 7 = ¢;. Let OPT be the optimal expected reward
according to this optimal policy. Let ALG} be the expected reward of our policy in the ¢-th round. Then, we
want to design an algorithm with total regret T - OPT — 3", .y ALG; at most O(poly(n)v/T).

Before introducing the algorithm, we define the gain function for this general case:

1 1
(4.11) gi(v) = —ci+/ (z —v)fi(x)dx = —ci—l—(l—v)—/ Fi(x)dx.

Similar to the n = 2 case, this gain function is the expected additional utility we get on opening X; when we
already have value v in hand. Note that the optimal threshold 7;* satisfies g;(7*) = 0.

4.1 High-Level Approach via Valid Policies. We first briefly introduce the initialization algorithm. The
following lemma shows what we achieve in the initialization (proved in Section C.1).

Lemma 4.1. The initialization algorithm runs 1000 - /T log T samples for each distribution to output interval
[0;,ui], such that with probability 1 — T 10 the following hold simultaneously for all i € [n]:

[ él S g; § Uj .

o |gi(2)] < T~3 simultaneously for all x € [(;,u;].

After initialization, the main part is the action set-updating algorithm. Similar to the algorithm for n = 2,
we hope to use estimates ﬁl(x) to gradually shrink the intervals [¢;, u;]. However, one major challenge is that we
don’t have a fixed order. If n is a constant, we can just simply try all possible permutations and use a multi-armed
bandit style algorithm to find the optimal permutation. But the number of permutations is exponential in n, so
this approach is impossible when n is a general parameter. To get a polynomial regret algorithm, we can only
test poly(n) number of different orders.

Another challenge is that the idea for n = 2 can bound the regret when we play a sub-optimal threshold, but
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it tells nothing about playing a sub-optimal order. We don’t have a direct way to bound the regret when playing
an incorrect order.

Both difficulties imply that only keeping the confidence intervals as the constraint for the actions is not
enough. Therefore, we also introduce a set of order constraints:

Definition 4.2 (Valid Constraint Group). Given a set of confidence intervals I = {[l1,u1], [l2,uz], ..., [ln,un]}
and a set S of order constraints, satisfying:

o u; —U; < T_% .

® 0, € [Ei,ui]

o Every constraint in S can be defined as (i,7) that means o; > 0.

e The constraints in S are closed, i.e., if (i,7),(j, k) € S, there must be (i,k) € S.

o If (i,5) € S, we must have u; > u; and £; > ;.

For (I,5) satisfying the conditions above, we call it a valid constraint group.

The intuition of the extra order constraints is: When we are shrinking the intervals, if it is evident that
o; > 0j, we will require D; to be in front of D; in the following rounds. Correspondingly, we give the following
definition for a “valid” policy. During the algorithm, we will only run valid policies, according to the current
constraint group we have.

Definition 4.3 (Valid Policy). Let (Tx(1), Tr(2)s s Tr(n)) be a policy to play in one round, where m is the
distribution permutation for this policy, and the threshold in front of box m(i) is Trey. For simplicity, we use
m to represent a policy.

For a policy w, we say it is valid for a constraint group (I,5) if the following conditions hold:
e Fori € [n], Tr(i) € [Eﬂ(i)vu‘n'(i)]'

e If (i,j) € S, then D; must be in front of Dj, i.e., 7~ 1(i) < 7 1(j).

o Fori <j, Tn(i) 2 Tr(j)-

Notice that for a valid constraint group, we have o; € [{;,u;] for all ¢ € [n], and o; > o; for all (¢,j) € S.
Then, the optimal policy is valid. Therefore, we can always find a valid policy from the constraint group.

Now, we are ready to give the main idea of the constraint-updating algorithm. In each phase, we first update
the confidence intervals and then update the order constraints as follows:

%Q(n)) samples to update the confidence interval to [}, u}], such that

e Step 1: For each i € [n], we run O( ;
for every threshold pair 7,7/ € [¢;,u}], the moving difference is small, i.e., if we move 7; to 7] and keep the
validity, the difference of the expected reward is bounded by O(poly(n) - €).
e Step 2: For each distribution pair (i, j) without a constraint, we run FOV(%Z(")) samples to test the order
between them, such that we can either clarify which one is bigger between o; and o;, or we can claim that

the swapping difference (the difference before and after swapping D; and D;) is bounded by O(poly(n) - €).

Finally, we argue that for every valid policy, we can convert it into the optimal policy by using poly(n) number
of moves and swaps. This is sufficient for us to give O(poly(n) - €) regret bound.

In the following analysis, we use separate sub-sections to introduce each part. Section 4.2 provides the
Interval-Shrinking algorithm to bound the moving difference. Section 4.3 introduces the way to add a new order
constraint to bound the swapping difference. Section 4.4 shows how to convert a valid policy to the optimal policy
using a poly(n) number of moves and swaps. Finally, Section 4.5 combines the results of three sub-sections to
complete the analysis.

4.2 Step 1: Interval-Shrinking to Bound Moving Difference The goal of this sub-section is: Given
i € [n] and an original constraint group (I, S), we want to update the confidence interval [¢;,u;], to make sure
that moving 7; inside the new confidence interval incurs a small difference. The key idea of the Interval-Shrinking
algorithm is similar to the case when n = 2: For each i € [n], we want to play two different values for 7;, and see
the difference of the expected reward. However, playing 7, = ¢; and 7; = u; might be impossible. The reason is:
We hope to keep a decreasing threshold setting. There may not be a policy that allow 7; to be set to u; and ¥¢;
without changing other thresholds. If we need different permutations to test 7, = u; and 7; = £;, this makes the

Copyright (© 2024 by SIAM
Unauthorized reproduction of this article is prohibited

480



Downloaded 09/01/24 to 136.55.53.190 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

analysis involved. Therefore, we should find a policy that fixes the order and other thresholds, then test 7; under
this fixed policy while keeping a decreasing thresholds.

When we set 7; to be different values, the two policies will be different only when the maximum reward before
7; falls between the two thresholds. Therefore, to see the largest difference, we hope the probability of this event
is maximized. This intuition allows us to give the following definition:

Definition 4.4 (MoveBound Policy). Given (I,S) and i € [n], a MoveBound policy is a valid partial policy
parameterized by  and u®, such that Fy ;(u) — Fyr ;(€) is mazimized.
In the definition, Fr ;(x) is the probability that the algorithm reaches distribution X; with mazimum value
v < x in hand, i.e.,
Fri(w) = [ Freip@.

Jj<m=1(i)

Furthermore, u and € represents two possible value of 7; to keep a valid w, i.e., w is valid when both T; = u
and 1; = /L.

A key fact of MoveBound policy is that for every different distribution, we might find a different MoveBound
policy. This is different from the Prophet Inequality problem: In the Pandora’s Problem, we don’t keep a fixed
order. Every order that satisfies the constraints (I, S) is possible to be tested.

Now, the key idea of the Interval-Shrinking algorithm is clear: For each i, find the MoveBound policy and run
samples with 7; = v and 7, = £. Then, use a method similar to Algorithm 3 to calculate the new interval. The
following algorithm describes the details of this idea:

Algorithm 6: Interval-Shrinking Algorithm

Input: (I,S), €, i, Fy(x), ..., Fy(z)

Get an approzimate MoveBound policy 7 and ¢, u using Lemma 4.8.

Calculates Fy ().

For 7 € [6i,u;], let Ay(7) == Fri(u) [M(Fi(x) — )da + Fz:(0) [] (Fi(z) — Dda — [} Fri(2)(Fy(x) — 1)da.

Run C - e ?log T samples with 7; = u. Let the average reward be R,,.
Run C - e 2log T samples with 7; = £. Let the average reward be Ry.
Define 6;(7) := Ay(7) — (R, — Ry).

(SZ(T)‘ < € and let f; = minTe[@hui]

B B ) B N I N

bi(T)| < e

Let uj = max ¢, u,]
Output: [, ul]

T

Then, the following lemma shows the bound when modifying a threshold:

Lemma 4.5 (Moving Difference Bound). Suppose we are given (I,S), € > 16T_%, CDF estimates

Fy(2),--- ,Fy(x), and i € [n], satisfying the following conditions for all j € [n):
o |g;(7)] < T=% for all T € (45, u;].
o (I,5) is valid.
e For any valid partial policy 7" of (I, S), we fix the order and the other thresholds except Tj. Assume 7' is valid
when both 7; =0 and 7; = {'. Define 0xr o ;(T) = (Frr ;(') — Fro j (W) gi(T). Then |0z ur o ;(7)| < Be.

o CDF estimate ﬁ‘j (v) is constructed via 107 - "ZI%T fresh i.i.d. samples of X;.

Then, Algorithm 6 runs O(IOEQT) samples and calculates a new interval [0}, u}], such that the following properties

hold with probability 1 — T~ 11:
(1) oi € [£5, ug]

5Here, we say 7 is a partial policy because it’s not completely fixed. We fix the permutation of the distributions and the value of

all other thresholds, but the value of 7; is flexible.
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(ii) Let Il = (I'\ {[&,ul]}) {[¢},ul]}. For any wvalid partial policy 7' of (I],S), we fix the order and the other
thresholds. Assume ' is valid when both 7; = v’ and 7; = ¢'. Define 6,/ 71,/7@/7‘( )= (Frr i(0)—Frr i(u)gi(T).
Then |5ﬂ/7u17£/7i(7')| S 3e.

(iii) For any wvalid policy of (I, S), if we fix the order and the other thresholds, but modify 7; to T/, satisfying
that the new policy is still valid, the difference of the expected reward between these two policies is less than
3e.

Before starting the proof, we first give an accuracy bound of the distribution estimates, which is proved in
Section C.2.

Claim 4.6. Assume the preconditions in Lemma 4.5 hold. Then with probability 1 -T2, we have | [],c 4 F. () —
[Ics Fi(z)| < Ve simultaneously hold for all x € [0,1] and S C [n].

Proof of Lemma /J.5. Fix the MoveBound policy . Assume we want to move 7; from 7; = u to 7; = £, such that
the policies are both valid when 7; = £ and 7; = u. Since we only care about the absolute value of the difference
between two expected rewards, we may assume u > /.

If moving 7; from wu to ¢, the performance of the two policies will only be different if the previous maximum
reward falls between ¢ and u: It will reject the previous maximum if 7; = w, but accept it when 7; = £. Besides,
since ¢ is greater than the next threshold in 7, when the previous maximum is inside [¢, u], the algorithm must
stop before the next threshold, which means the difference only comes from 7; and Xj;.

Recall that F;i(z) = [[;z-1¢) Fj(2), Le., Fii(z) is the probability that Algorithm 4 reaches 7; with
v < z in hand. Let f,”( ) = Fi ( ) Then, the difference of the expected reward is [,' fz:(z)gi(z)dz =

Fr i(w)gi(u) — Fry fe il (z)dx. To upper-bound this difference, define generalized bounding
function
(412) (SZ(T) = - (Fﬁ—’z(u) — Fﬁ-l(g)) . gi(T).

Then, to learn 6;(7), we define
Ai(1) = Fri(w)(gi(w) = 9i(1)) = Fri(0)(9i(0) = 9i(T)) — /eu Fr i(x)gi(x)dz
= F;;(u) /u(Fl(x) —1)dz + F3 ;(¢) /;(Fl(x) —1)dx — /Zu Fs i(x)(Fi(x) — 1)dx.

Observe that 6;(7) = A;(7) — (R, — Re), where R,, and R, correspond to the expected reward in # with 7, = u
and 7; = ¢ respectively. Then, by replacing F;(z) with Fi(x), we can get Ai(T), which is an estimate of A;(7).
For R, and Ry, we can learn the estimates Ru and Rz via running samples. Combining these estimates results in
6;(7). Then, the following claim shows that §;(7) estimates 8;(7) accurately (proved in Section C.3).

Claim 4.7. In Algorithm 6, if the conditions in Lemma 4.5 holds, then with probability 1 — T2 we have
[0:(7) — 6;(7)| < € simultaneously for all T € [€;,u;].

Now we prove the statements in Lemma 4.5. In the following proofs, we assume |§;(7) — 31(7')| < € holds
simultaneously for all 7 € [¢;, u,].

Statement (i). Look at Algorithm 6: It finds #, /, u, gets 6i(7), then calculates [£, u] = {7 € [€i,us] : |6;(7) < €]}
Since &;(7;) = 0, there must be |3;(7)| < e. Therefore, 77 € [}, u}].

Statement (ii). Notice that [¢/,u}] = {1 € [li,u;] : [6:(r) < €|}. Therefore, for all 7 € [¢},u!], |6;(7)| <
16;(7)| + |6:(7) — 8;(1)| < 2e. We first assume that # is an accurate MoveBound policy. Then, from the definition,
we have F; ;(u) — Fz ;(€) > Fp;(u') — Frr ;1 (€7) for all valid partial policy 7’ parameterized by v/, ¢’. Therefore,
|0cr w0 i (T)] < 10(7)] < 2e.

Statement (iii). We again assume that 7 is an accurate MoveBound policy. Recall that we just proved |§;(7)| < 2e.
Combining this with (4.12), we have |g;(7)| < ﬁ
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Now, consider the policy 7’. Assume we first have 7; = v’ and we want to move it to 7; = ¢, satisfying

U € [¢;,u}] and 7" is valid when both 7, = ¢/ and 7, = u/. Then, the difference of the expected reward is

‘f;/ frri(x)gi (x)dm‘, and we have the following bound:

[t st@)g(aya

(4.13)

< |Fpri(u') — Frr i (0)] n[leax]|gi(v)| < 2e,
vel u!

where in the last inequality we use the fact that F; ;(u) — F;x i(¢) > |Frr i(u') — Fr ;(¢')] when 7 is a MoveBound
policy, and |g;(v)| < W for all v € [¢}, uf]. This gives an upper bound on the difference of the expected
reward when we want to move 7;.

_ The remaining part is to show how to get a MoveBound policy. However, since we only have CDF estimates
F;(x) instead of an accurate F;(x), there is no hope to get an accurate MoveBound policy. The following Lemma
then shows that we can calculate an approximate MoveBound policy:

Lemma 4.8. There exists an algorithm with time complezity O(n - 2™) that calculates a MoveBound policy with
an extra 4\/€ additive error.

We leave the details of the algorithm and the proof to Section C.4.
Finally, we show that this 4/€ error doesn’t hurt too much for both Statement (ii) and (iii). Define

q; ‘= maXFﬂ,i(u)—Fﬁ’i(f), and (ji = Fﬁ,i(u)—Fﬁ,i(K),

where 7 is the approximate MoveBound policy we get via Lemma 4.8. Then, we have ¢; < §; +4+/¢. For Statement
(ii), we have

0 w0 a()] < @i max |gi(v)] < (G +4ve) - max gi(v)]

ve[l],uf] veE (L], uf)
max,efe 1 |0i(v
< G ve[éi;i] z( )| +4\/E-T71/4
1

< 2 44T < 3e

Here, the second line follows the definition of §;(v) and the precondition in Lemma 4.5. The third line holds because
the condition |8;(v)| < 2¢ does not require 7 to be accurate, and the last inequality holds when e > 167 2.

For Statement (iii), following (4.13), we can bound the moving difference to

< ¢ max |gi(v)].
vE[L],u]

|/;, frri(2)gi()

Therefore, the same 3¢ bound holds. O

4.3 Step 2: Updating Order Constraints to Bound Swapping Difference In this section, our goal
is to verify o; and o; which one is larger, or claiming that reversing the order of X; and X, doesn’t hurt too
much. We first provide the following lemma, which shows the difference of the expected reward when we swap
two distributions with a same threshold:

Lemma 4.9. For a policy w, such that X; and X; are consecutive with 7, = 7; = 7, let A, ;(T) be the change
of the expected reward after swapping X; and X;, then

Arij(r) = Fri(m)(g:i(7)(1 = Fj(7)) — g;(7)(1 = Fi(7))).

Proof. Assume we have value v in hand before arriving X; and X;. To pass the threshold, there must be v < 7.
If X; is in the front, the expected gain of opening X is g;(v). After that, if X; < 7, we can play X; as well. The
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expected gain is F;(v)g;(v) + f f, gj(z)dx = f F;(x)g’(x)dz. Therefore, the total expected gain
from X; and X; is gl( ) + Fi(r f T Fy(x dm Slmllarly, 1f X is in the front, the total expected gain
from X; and X; is g;(v) + Fj(7 — [T F( x)dx.

Notice that the order of X, and X; doebnt affect the expected gain from the distributions behind X; and
X;. Therefore, the difference of the gain from X; and X is exactly the difference of the expected reward:

(6004 Bnsr) — [ @ @ae) - (6,00 + B - [ Fgde)

= gi(v)+Fi(7)9j(T)—9j(v)—FJ(T)%(T)+/ (Fj(x)(Fi(z) = 1) = Fi(x)(F;(z) — 1)) da

u

= (s@+u-rs [TR@w) - (0 +u-rs [ B@a) +EOwE - B
— (7)1~ Fy(r)) - g;(r) (1~ Fi(r)).

Since the probability that v arrives with v < 7 is exactly Fr;(7), the expected difference is Ay ; (1) =

Fri()(gi(7)(1 = Fj(7)) — g;(7)(1 = Fi(7)))- O

Lemma 4.9 shows the following properties:

1. Assume o; > ;. When 7 € [0},0;], Ay, ;(7) <0, i.e., letting X; be in the front is better. This implies: If
we know the sign of Ay ; ;(7), and we are sure that 7 is between o; and ¢, then we can determine that o;
and o; which one is greater.

2. Fix 4,4, 7, |Ar;,;(7)] is maximized when F ;(7) is maximized.

According to Property 2, we hope to test X; and X; with a policy 7 that maximizes F ;(7). If the difference
is bounded when F ;(7) is maximized, the swapping difference is bounded in all policies. Inspired by this, we
give the definition of the SwapTest policy:

Definition 4.10 (SwapTest Policy). Given (I,S) and i,j € [n] with i # j and (i,7), (j,i) ¢ S. Assume we have
[€;, ug], [0, us] € 1. A SwapTest policy is a pair of valid policies (m,7'), such that
o 7; = 7; = max{{}, [} }.
o X; and X; are ad]acent in both m and 7', but under different orders, and this is the only difference between
7 and . W.l.o.g, assume X; is in the front in 7, while X; is in the front in 7', i.e., 7= 1(i) = 77 1(j) — 1,
and ©'1(5) = 7'71(i) — 1.
o The SwapTest policy mazimizes Fr ;(T) when the first two conditions are satisfied.

Then, the algorithm for testing X; and X is clear: We find the SwapTest policy for X; and X, run some
samples for two policies and see the difference. If the difference is too large, we can verify o; and o; which one is
larger. Otherwise, we can bound the swapping difference. Algorithm 7 gives the details of this idea.

Algorithm 7: SwapTest Algorithm

Input: Distribution indices ¢ and j
1 Run Algorithm 8 to get SwapTest policy (m, ')

Run C- 1052 samples with policy 7. Let R; j be the average reward.
Run C - 2 2 samples with policy 7’. Let RJ i be the average reward.
if |R;; — R, | > 40ne then
Add constraint (i,7) into S’ if R; ; > R;;, otherwise add constraint (j,4) into S’
Update S’ according to the transitivity. Update I’ according to the new order constraints, i.e., when
adding a constraint (a,b), let uj < min{u,,u;} and ¢, < max{¢,, ¢, }.

(=T S < R V)

Output: Updated constraint group (I’,S")

Before analysing the algorithm, we point out two facts of Algorithm 7:
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Algorithm 8: Finding SwapTest Policy

Input: Input: (I’,5"), m, i,j

Let T=m=1; = max{[é,@}

Let T = {k|(k,i) € 8"V (k,j) € SV £}, > T}.

For k € T, let 74, = ),

For k € [n]\ ({7,j}UT), let 7, = £},

Let m and 7’ be two policies that sort the distributions in a decreasing threshold order, and break ties
according to S’. The only difference is: X is in front of X; in 7, but Xj is in front of X, in 7’

Output: 7 and 7’

[S B VO

e Algorithm 7 relies on Algorithm 6, i.e., we need to first run Algorithm 6 to get n new confidence intervals,
then run Algorithm 7 to update order constraints. This is critical to the regret analysis.

e In the SwapTest algorithm, we only test the swapping difference with 7; = 7; = max{¢;, ¢’ }, and give the
difference bound only with this threshold. This is sufficient for our regret analysis.

Lemma 4.11 (Swapping Difference Bound). Given (I',S), €, and i,j € [n] with ¢ # j and (i,7), (j, 1) ¢ S, where
I’ is generated by Algorithm 6. Assume the preconditions in Lemma 4.1 hold. Algorithm 7 runs O( o8 2) samples
and achieves one of the following:

e Clarify o; and o; which one is bigger with probability 1 — T2, and give a new constraint (i, j) or (j,1).
e Make the following claim with probability 1 — T~12: For every two valid policies of (I',S), satisfying:
— 7 = 7 = max{{}, [} }.
— X; and X; are consecutive in both policies but in a different order. This is the only difference between
two policies.

The difference of the expected reward between these two policies is no more than 60ne.

Proof. We first prove the theorem assuming Algorithm 8 returns an accurate SwapTest policy (7, 7). According
to the definition of SwapTest policy, 7 and 7’ maximizes the probability of reaching X, and X; when 7, =
7j = max{{,{;}. According to Property 2, for any valid policy, such that X; and X; are consecutive with
7 = 7; = max{/},(’}, the swapping dlﬁerence is no more than the difference between m and 7’. Therefore,
if we are evident that the difference between 7 and 7’ is no more than 60ne, we can claim that this upper
bounds the swapping difference between X; and X; for any other policy. The proof idea is the following: We
run multiple samples to estimate R;; and R;;, where R; ; is the expected reward of m and R;; is the expected
reward of /. Next, we show that |R; ; — R; j| < 10ne and |R;; — R, ;| < 10ne with probability 1 — 7~'2. Then,

|Ri,j — Rj,il S 60ne when |Ri,j — Rj’i| S 40ne.
Now, we bound |R; ; — Ri7j| with Hoeffding’s Inequality (Theorem A.1). Ri,j is an estimate of R; ; by running
N=C- 1:;565 samples, and the per-round reward is bounded by [—0.5,0.5]. Then, Pr ||R; ; — I%i7j| > IOnE} <

2exp(—2N -100n2e? /4) = 279 Hence, |R; j — R; ;| < 10ne with probability 1 —7~'3 when C > 10. Bounding
|Rj: — ﬁ’,ﬂ| is identical, and by the union bound, |R;; — ]:2”| < 10ne and |R;; — R“\ < 10ne simultaneously
hold with probability 1 — T~12.

The concentration proof above also shows that when |R” — Rﬂ| > 40ne, we can claim that w.h.p.
|Ri; — Rji| > 20ne. Next, we show that this is evident to clarify which of o; and o; is greater. We first
introduce a special case to give the intuition: Consider the case that all other confidence intervals are disjoint
with [¢}, ui] or [¢},u}]. W.Lo.g., assume 7 (X; in the front) is better than ©’ (X in the front). If 7 = max{¢}, ¢} }
is between o0; and o, we can immediately claim that o; > o; according to Property 1. If 7 doesn’t fall between
o; and o, there must be 7 < min{o;,0;}. Then, we adjust 7 and 7’ by increasing 7; and 7; to min{c;,o;}.
According to Lemma 4.5, these operations do not change the expected reward too much: Since we move two
thresholds in each policy, the expected reward of 7 can decrease by at most 6¢, and the expected reward of 7’ can
increase by at most 6e. Therefore, if the original 7 is at least 20e better than 7', we can still claim that o; > o;.

However, this moving process can be invalid in the general case: min{c;,o;} might be greater than some
thresholds in front of X; and X;. To fix this issue, consider the following process:
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e Step 1: Increase 7; and 7; until reaching 73, where X}, is the distribution just in front of X; and Xj.

e Step 2: Swap X; and X; with Xj.

e Repeat Step 1 and 2 until 7, = 7; = min{o;,0;}.
Let A, - be the difference between expected values of m and #’. We monitor the change of A, ;. during these
operations. Step 1 can decrease A, r» by at most 12e < 20e. Step 2 can increase the absolute value of Ay /.
Since there can be at most n Step 1 and 2, if initially Ay -+ > 20ne, this is sufficient to guarantee that A, » >0
at the end of the process. Then, we are evident to claim o; > 0.

It remains to show that Algorithm 8 returns a SwapTest policy. Besides, this policy should also guarantee that
when we are swapping X; and X; with Xy, the policy after doing a swap is still valid. Therefore, we introduce
the following lemma:

Lemma 4.12. Algorithm 8 calculates a SwapTest policy. Besides, it has the following property: Let T =
max{l;, (s} and 7" = min{o;,0;}. If 7' > 7, then for all k € [n]\ {4,j}, if 7. € [1,7'], there must be (k,i) & S

and (k,j) ¢ S.

Proof. The first two conditions in Definition 4.10 directly follows Algorithm 8. For the objective condition, observe
that no distribution in the set T can be moved behind X; and X;. Therefore, the policy calculated by Algorithm 8
minimizes Fy ;(7), which means the third condition holds.

For the additional property, assume there exists k satisfying 7, = u}, 7 < min{o;,0;}. Notice that if
(k,i) € S’, there must be uj, > w, > min{o;,0;}, which is in contrast to the condition 7, = uj, < min{o;,0;}.
Therefore, (k,4) ¢ S’. Similarly, (k,j) ¢ S’. Therefore, the additional property in Lemma 4.12 holds. O

Finally, applying Lemma 4.12 immediately proves Lemma 4.11. O

4.4 Converting our Policy to the Optimal Policy in Polynomial Steps In this section, we show that
using poly(n) number of moves and swaps can convert any valid policy into the optimal policy. Since Lemma 4.5
and Lemma 4.11 already show that the difference of each move and swap is bounded by O(poly(n)e), combining
these results, we can argue that the per-round loss of a valid policy is bounded by O(poly(n)e). Formally, we give
the following lemma:

Lemma 4.13. Given a valid constraint group (I1,S). For a valid policy of (I,S), we use a “move” to represent
the action that modifies a single threshold, and guarantees that the policy after modifying the threshold is still
valid. Besides, we use a “swap” to represent the action that swaps two consecutive distributions with the same
threshold. This threshold should be equal to the mazimum of the two lower confidence bounds, and the policy after
swapping the distributions should still be valid.

For any valid policy of (I,S), it can be converted into the optimal policy using 2n* moves and 2n? swaps.

Proof. Let 7 be the policy that 7; = ¢; for all i € [n], and the distributions are sorted in a decreasing order of 7.
Since for every constraint (4,j) € S, we have ¢; > ¢;, 7 must be a valid policy.

We can prove Lemma 4.13 by showing the following statement: Starting from the policy 7, we can move it
to any valid policy 7’ using n? moves and n? swaps:

Step 1: Let ¢ = arg max; 7/, where 7/ is the threshold of X; in policy 7’
Step 2: If X, is not the first distribution in 7, move 7; to Tr 1y then swap X; and X

r=Ll()—1"

Step 3: Do Step 2 until X; is moved to the first place. Then move 7; to 7/.
Step 4: Ignore X; in both 7w and #’/, repeat Step 1, 2 and 3 until every distribution is settled.

Each distribution only involves in n swaps and n moves, so the total number of moves and swaps are both
bounded by n2. Then, we need to show the validity of every operation. For each move, we increase 7; to let it be
closer to 7. Since 7] € [¢;,u;], every move is valid. For each swap, the threshold in the front must reach its lower
confidence bound. Besides, every swap happens only when there is no constraint between two distributions, so
every swap is valid.
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Finally, notice that every operation is bidirected. It means that starting from any valid policy «’, we can
convert it to the policy m, and then convert it to the optimal policy using 2n? moves and swaps, which finishes
the proof. O

4.5 Putting Everything Together In this section, we show how to combine Algorithm 6 and Algorithm 7 to
generate a new valid constraint group (I, '), then proves that this leads to an O(poly(n)v/T) regret algorithm.
We first give the one-phase algorithm:

Algorithm 9: Constraint Updating Algorithm for Pandora’s Box

Input: I = {[l1,u1], ... [ln,un]}, S = {(i,§)}, Fi(x),...,Eu(z), m
1 //STEP 1: Calculate new confidence interval for each distribution
2 for i € [n] do
3 | For j € [n], construct Fj(z) using 10° - new i.i.d. samples of X
4 | Run Algorithm 6 with new CDF estimates to get ¢; and uj.

n? log T
€

5 //Adjust the confidence intervals to meet constraints in S.
6 for (i,j) € S do

7 L Let £; = max{/;,¢;} and u; = min{u’, u;}.

Let I' = {[¢;,u;]} and ' = S

9 //Add new constraints for disjoint confidence intervals

10 for (i,7) ¢ S’ do

11 L if £} > v} then Add (i,j) into " ;

12

13 //STEP 2: Calculate new constraints for each distribution pair

1a Let Q = {(3,/)I(i,j) & 5' A (1) & '}

15 while Q # () do

16 Choose (i,7) € @ and remove (i, j) from Q

17 Run Algorithm 7 with input (¢, 5) and update I’ and S’

18 //New constraints may fail some previous tests. Should add them back

19 For every k such that ¢}, changes in Algorithm 7, if 3%k’ such that (k, k'), (', k) ¢ S’, add (k, k') into Q.

Output: (I’,5)

®

o

'

We can directly give the following lemma according to the three lemmas above:

Lemma 4.14 (Main Lemma). Given (I,S) and e > 16T~ 2. Assume the pre-conditions in Lemma 4.5 hold, i.e.,
o |gi(7)] < T=3 for all T € [, u;].
e (I,5) is valid.
e For any valid partial policy ' of (I, S), we fix the order and the other thresholds except T;. Assume n' is valid
when both 7; = ' and 7; = {'. Define 0xr o j(T) = (Fpr j({') — Frr (W) gi(T). Then |0z o j(T)| < 6Be.
o CDF estimate Fj(:c) is constructed via 10° - "ZI%T fresh i.i.d. samples of X;.

Then, Algorithm 9 runs O("I‘E’ZgT) rounds, such that the policy in each round is valid for (I,5) (except Line
3), and output a new constraint group (I',S"), satisfying the following statements with probability 1 — T—10:

o (I',8") is valid.

e For all j € [n], for any valid partial policy ' of (I',5"), we fix the order and the other thresholds except ;.
Assume 7' is valid when both 7, = ' and 7; = {'. Define 6 o 40 i(7) = (Fpr j(0) — Fro j (W) gi(7). Then
|07 0r,i(T)| < 3e.

e For a valid policy of (I',S"), the per-round regret is no more than 126n3e.

Proof. In this proof, we assume Lemma 4.5 and Lemma 4.11 holds. We use Lemma 4.5 for no more than n
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times and Lemma 4.11 for no more than n? times. By the union bound®, our proof fails with probability at most
n - T—ll + Tl2 . T—12 < T—lO.

For the validity of (I’,S’), the statement o; € [(;, u;] follows Lemma 4.5, and the statement o; > o; for all
(i,7) € S’ follows Lemma 4.11. All other statements hold by definition. Therefore, (I’,5’) is valid.

For the bound of |d;/ 4 ¢ ;(7)|, it’s guaranteed directly by Lemma 4.5. Notice that Lemma 4.5 even provides
a stronger bound for the constraint group (I}, S). Since all possible choices of 7', ¢/, ' must be valid for (I}, S)
when it’s valid for (I’,S’), this doesn’t hurt the statement.

For the per-round regret bound, Lemma 4.5 says that the difference of a move is bounded by 3e. Lemma 4.11
says that the difference of a swap is bounded by 60ne. Then, according to Lemma 4.13, we can convert any valid
policy to the optimal policy using 2n? moves and swaps. Therefore, the per-round regret is bounded by 126n3e.

rounds. Note that Algorithm 6 is called n times,
( n 12)2g T )

Next, we argue that Algorithm 9 runs no more than O(”lgiggT)

and Algorithm 6 uses O(*5%) rounds in one call. So the number of rounds is O . For Algorithm 7, we
might test a distribution pair (X;, X;) for multiple times. The reason is the following: When using Lemma 4.13,
we need to make sure that the value of the final max{/;,¢;} is the one that we test. Therefore, if the value of £
changes, we need to re-test some distribution pairs (7, j). We can argue that the total number of tests is bounded:
When doing an extra test for (i,j), at least one of £, or 4- must change. This can happen only when a new
constraint related to ¢ or j is added into S’. There are only 2n constraints related to ¢ and j, so we can test (4, j)
for at most 4n times. Therefore, the total number of calls of Algorithm 7 is no more than 4n3, and Algorithm 7
uses O(logT) samples in one call, so the number of samples is bounded by O("IS;C'TT). Combining the two results

finishes the proof. O

Now, we are ready to show the total regret bound.

Theorem 4.15. There exists an O(n‘“’ﬁlog T) regret algorithm for Pandora’s Box problem.

Proof. We run Algorithm 2 and then use Lemma 2.5 to bound the main part of the total regret. To run
Algorithm 2, we require the pre-conditions listed in Lemma 4.14 hold. We discuss them separately:

e |g;(1)| < T~'/4: This is guaranteed by Lemma 4.1.

e (I,5) is valid: For the first phase, the condition 7 € [¢;,u;] is guaranteed by Lemma 4.1, and we don’t
have any initial order constraints between distributions (except those distributions with disjoint confidence
intervals). Therefore, (I,.5) is valid for the first phase. Starting from the second phase, this is guaranteed
by Lemma 4.14.

® [0 e i(T)] < 6e: For the first phase, this is true because |07/ ¢ 4(T)] < |g(7)] < T4, and initially we
have ¢ = O(1). Starting from the second phase, this is from Lemma 4.14 regarding the previous phase.
Notice that parameter e in the new phase is exactly § in the previous phase. Therefore, there is an extra 2
factor in the condition.

e New CDF estimates: This is guaranteed by Algorithm 9.

Lemma 4.14 implies that after O("HE%T) rounds, the one-round regret in the new constraint group is bounded
by e. Applying Lemma 2.5 with o = 7, we have the O(n?®v/T log T') regret bound.

Besides, there are some extra rounds not covered by Lemma 2.5, including the initialization and the CDF
estimates construction (Line 3 in Algorithm 9). For the initialization, Lemma 4.1 runs O(nv/T log T') samples, so
the regret is O(n\/T logT). For the CDF estimates construction, let k be the number of phases in the doubling
algorithm. Then, the total number of samples is

k
Z n logT) O(\/f)

Combining three parts of regret, the total regret is O(n3°v/TlogT).

8We assume T > 10n, otherwise an O(n) regret algorithm is trivial.
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Finally, recall that until now we are working on a scaled Pandora’s Box problem: We scale down the values
and the costs by a factor of 2n. Therefore, for the original problem, the final regret bound is O(n*®v/TlogT). O

4.6 Making the Algorithm Efficient Currently, the running time of the whole algorithm is exponential in n
as just Lemma 4.8 introduces an algorithm with O(n2") running time. If we want a polynomial time algorithm,
we may need an approximation. The following lemma shows a new regret bound with approximation:

Lemma 4.16. Assume for every i, we can y-approrimate maXy . ¢ Fw)i(u) — Fm(f), then there exists an
O(max{yn*°,v2nIVTlogT) regret algorithm.

Proof. In this proof, we first discuss the problem for the scaled Pandora’s Box problem, and add the scaled 2n
factor back at last.

We first see how the « approximation changes Lemma 4.5. Recall that ¢; = max, Fr;(u) — Fr (). We
further define ¢; = max, F,”(u) — F’mi(ﬂ) and §; = Fz,;(u) — Fz:(¢), where 7 is the chosen policy that ~-
approximates max , ¢ Z:—'Wl(u) - 13’7”(6) According to Claim 4.6, we have ¢; > ¢; — 21/€ and ¢; > % —24/e. So
qi <@ + (27 + 2)y/e. According to (4.13), Statement (ii) and (iii) are both bounded by

a e, lgi(v)] < (7@ + (27 + 2)Ve) S, |gi(v)]

2€
VG =+ (2y+2)Ve T 1 < 3re.

%

IN

For Statement (ii), this changes the bound of |04 /¢ ;(7)| to O(ve). In our proof, we use this bound when
proving Claim 4.7: The bound of |64 . ¢ ;(7)| provides a bound for the variance of the A;(7) function, and then
we use Bernstein Inequality to show |A;(7) — Ay(7)] < O(e). When the bound changes to O(ve), to get an
O(e¢) approximation of A;(7), the number of samples for constructing CDF estimates should be multiplied by 72,
leading to an O(y2v/T log T)) regret bound.

For Statement (iii), notice that we need to use this moving difference to bound the swapping difference. The
main idea of the original proof is: Assume we want to test X; and X;. After O(n) moves, we can adjust 7; and
7; to min{o;,o;}, then bound the swapping difference by O(n) - O(¢). Since there is an extra « factor in the new
moving difference bound, the new swapping difference should be O(yne).

Next, Lemma 4.13 shows that we need 2n? move operations and swap operations to convert a policy to the
optimal one, so the new regret bound after O(“ logT) samples is O(yn3¢). Then, the parameter o in Lemma 2.5

changes to v2n7, so the total regret from the doubling algorithm is O(’yn3'5\/T logT).

Finally, after combining these two new regret bounds and adding the scaled 2n factor back to the regret
bound, we get the O(max{yn*®,v*n?}/TlogT) final regret bound. O

Lemma 4.16 shows that: If we can get a poly(n) approximation for the MoveBound policy in polynomial time,
we can still get an O(poly(n)v/T) regret algorithm. To achieve this goal, we introduce the following sub-routine:

Definition 4.17 (sub-routine). Let Problem A be the following: Given n and real numbers ay,...,an, b1, ..., by,
satisfying 0 < a; < b; <1 for all i € [n]. The objective of Problem A is to calculate

max b; — a;.
Be [n] 7,€HB

under a set of constraints {(i,7)}, where a constraint (i,j) means that if we have i € B, there must be j € B.

Lemma 4.18. If there exists an algorithm that calculates an vy-approzimation for Problem A, then there exists
an algorithm that y-approzimates max, Fr ;(u) — Fy ;(0). If the running time of the algorithm for approzimating
Problem A is polynomial, then the algorithm for approzimating F ;(u) — Fr ;(¢) is also polynomial.

Proof. Consider calculating a MoveBound policy for X;. Assume that we know the value of ¢ and u. Then, we

only need to pick a subset B C [n] \ {i} to maximize H]GB HjeN aj, where b; = Fj(u)7 and a; = Fj(f).
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However, not all subsets B are valid. Firstly, for j € B, there must be 7; > u, which means u; > u is required.
Similarly, we should also guarantee that ¢; < ¢ for all j € [n] \ B. Besides, if there is an order constraint (3, k),
then k& € B implies j € B, which can be represented as a constraint in Problem A. If all constraints are satisfied,
policy 7; = u; for j € B and 7; = ¢; for j ¢ BU{i} is a feasible policy. Therefore, finding the optimal policy with
fixed ¢ and w is captured by Problem A. So, an y-approximation algorithm for Problem A also v-approximates
Fmi(u) - F‘n’,i(€>‘

Notice that when maximizing Fm(u) - Fw,i(ﬁ), we want to push the thresholds to the boundaries to give
7; enough space. Therefore, the value of ¢ and u must be equal to some ¢; or u;, which means that there are
only O(n?) candidates. Therefore, if the algorithm that +- approximates Problem A runs in polynomial time, the
running time of the algorithm for approximating Fﬂz(u) — F,”(E) is also polynomial. O

It remains to give a poly(n)-approximation algorithm for Problem A, with O(poly(n)) running time. The
following theorem shows that this is possible:

Lemma 4.19. Given an instance of Problem A. Let B; be the subset with the smallest size that contains j. Let
g; = Hiij b; — Hiij a; Then, max; q; is an n-approzimation of problem A.

Proof. Construct a graph G = (V, E), such that V = [n], and E is the set of all constraints, i.e., a constraint
(u,v) is represented as a directed edge (u,v) € E. Then, B; is the set of all vertices which is reachable from j.

Notice that when G contains a connected component, we can shrink the component into one single vertex,
because picking any single vertex in the connected component means picking the whole component. Therefore,
we only need to prove the theorem when G is a directed acyclic graph (DAG).

Re-index the vertices in G, to make sure that for every edge (u,v) € E, there must be u > v. Besides, make
sure that B* = {1, ..., k} is exactly the optimal set of Problem A. Then,

Jj—1 k
Hbz—HaZ: Hbi'(bjfaj)' Hai
i€ k] i€ [k] j€Elk] \i=1 i=j+1

SZ H bi'(bj—(lj)~1

jelk] \ieB;\{j}

SZ Hbi_Hai < qu‘,

Jelk] \t€B; €T Jj€ln]

where the second-last inequality uses a; < b;. Therefore, max; g; is an n-approximation of [ [, g. bi—[[;c - a;- O

Finally, combining Lemma 4.16, Lemma 4.18, and Lemma 4.19 gives the following main theorem:

Theorem 1.3. There is a polytime algorithm with O(n5‘5ﬁlog T) regret for the Bandit Pandora’s Boz problem
where we only receive utility (selected value minus total cost) as feedback.

5 Lower Bounds

In this section we prove lower bounds for Online Learning Prophet Inequality and Online Learning Pandora’s
Box. Our lower bounds will hold even against full-feedback.

5.1 Q(vT) Lower Bound for Stochastic Input We show an Q(v/T) regret lower bound for Bandit Prophet
Inequality and an Q(v/nT) lower bound for Pandora’s Box problem, which implies that the VT factor in our
regret bounds is tight. We first give the lower bound for Prophet Inequality.

Theorem 5.1. For Bandit Prophet Inequality there exists an instance with n = 2 such that all online algorithms
incur QT regret.

Copyright (© 2024 by SIAM
Unauthorized reproduction of this article is prohibited

490



Downloaded 09/01/24 to 136.55.53.190 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

Proof. Let D1 be a distribution that always gives % Let Dy be a Bernoulli distribution. The probability of
X, = 1 might be 1 + ﬁ or 2 — ﬁ Both settings appear w.p. 3. The online algorithm doesn’t know which
is the real setting. If it chooses not to open Xs, it will lose VT w.p. % Otherwise, because of the variance, the
algorithm needs Q(T") samples from X5 to learn the real setting, and loses % /T for each round it runs. In both

cases, the online algorithm should lose Q(v/T)), which finishes the proof. O

For the Pandora’s Box problem, [GHTZ21] already shows a lower bound for the sample complexity of
Pandora’s Box problem, which directly implies a lower bound for the online learning setting.

Theorem 5.2 ([GHTZ21]). For any instance of Pandora’s problem in which the rewards are bounded in [0,1],
running () samples is necessary to get an e-additive algorithm.

Corollary 5.3. For Pandora’s Box problem, all online algorithms incur Q(v/nT) regret.

Proof. Assume there exists an online algorithm that achieves o(v/nT') regret. This implies that after 7' rounds,
we can achieve 0(%) per-round regret, which is in contradiction with Theorem 5.2. O

We remark that [GHTZ21] claims that €2(% ) samples are necessary to get an e-additive algorithm for Prophet
Inequality but without giving a proof. However, this claim seems incorrect since in an ongoing work we show an
O(\/T) regret algorithm for Prophet Inequality with full-feedback.

5.2 Q(T) Lower Bound for Adversarial Input In this paper, we study Bandit Prophet Inequality and
Bandit Pandora’s Box problems under the stochastic assumption that input is drawn from unknown-but-fixed
distributions. A natural extension would be: can we obtain o(T') regret for adversarial inputs where the the input
distribution may change in each time step? The following theorems shows that sub-linear regret is impossible
even for oblivious adversarial inputs with n = 2 under full-feedback.

Theorem 5.4. For Bandit Prophet Inequality with oblivious adversarial inputs, there erists an instance with
n = 2 such that the optimal fized-threshold strategy has total value %T but no online algorithm (even under
full-feedback) can obtain total value more than %T.

Proof. We first introduce a notation used in this proof. Let s be a 0l-string. Define Bin(s) to be the binary
decimal corresponding to s. For example, Bin(1) = (0.1); = 3, Bin(0011) = (0.0011); = .

Now, we introduce the main idea of the counter example: At the beginning, the adversary will choose a T-bits
code s = s182...s7 uniformly at random (i.e., s; is set to be 0 or 1 w.p. % independently). The value of X is %
plus a small bias that contains the information of the code. The value of X5 is either 1 or 0, which is decided by

the code. Formally, in the i-th round:

e X| = % + € - v;, where € is an arbitrarily small constant that doesn’t effect the reward, and v; is a value
between Bin(sisz...s;1 +0+177%) and Bin(s1sg...5;_1 + 14 07~%). The notation 0% represents a length-k
string with all 0s, and 1 represents a length-k string with all 1s.

e X, =1if s; =0, otherwise X5 = 1.

For an online algorithm, it only knows that the next s; can be 0 or 1 w.p. % Therefore, no matter it switches

to the next box or not, it can only get % in expectation. So the maximum total reward it can achieve is %T.

However, if we know the code, playing 7 = % + e Bin(s) gets %T: X5 =1 when X; < 7, while X5 = 0 when
X1 > 7. Therefore, playing 7 allows us to pick every 1, but stays in X; = % when Xs = 0. Since we generate the

code uniformly at random, X5 is 1 w.p. % Therefore, the expected reward is T - (% -1+ % . %) = %T. O

Next, we use a similar proof idea to prove lower bound for Pandora’s Box. This resolves an open question of
[Ger22, GT22] on whether sublinear regrets are possible for Online Learning of Pandora’s Box with adversarial
inputs.

Theorem 5.5. For Bandit Pandora’s Box with oblivious adversarial inputs, there exists an instance with n = 2
such that the optimal fized-threshold strategy has total utility iT but no online algorithm (even under full-feedback)
can obtain total utility more than 0.
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Proof. At the beginning, the adversary will choose a T-bits code s = $153...s7 uniformly at random (s; is set to

be 0 or 1 w.p. % independently). The cost ¢; is 0, and the value of X; is 0 plus a small bias that contains the
information of the code. The cost ¢y is %, and the value of X, is either 1 or 0, which is decided by the code.

2
Formally, in the i-th round:

e X; = 0+ €-v;, where € is an arbitrarily small constant that doesn’t effect the reward, and v; is a value
between Bin(sisz...s;1 +0+177%) and Bin(s1sg...5;_1 + 1407 ~%). The notation 0* represents a length-k
string with all 0s, and 1 represents a length-k string with all 1s.

e X, =1if s; =0, otherwise X5 = 1.

The cost of X7 is 0, so we can always first open X;. Then, for an online algorithm, it doesn’t know whether
X5 is 1 or 0. No matter it opens X5 or not, the expected reward will only be 0.

However, when we know the code, playing 7 = ¢ - Bin(s) gets iT, because it will open X5 whenever Xy =1,
and skip it when X5 is 0. Since we generate the code uniformly at random, X, is 1 w.p. % Therefore, the

expected reward is T+ (3 - (1 — 3)) = 1T. O
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A Basic Probabilistic Inequalities

Theorem A.1 (Hoeffding’s Inequality). Let X1,..., Xn be independent random variables such that a; < X; <b;.
2

Let Sy =} ey Xi- Then for all't >0, we have Pr [|Sy — E[S,][ > t] < 2exp (- W) This implies,

that if X; are i.i.d. samples of random variable X, and a = a;,b = b; for all i € [N], let X := ~ Zie[N] X;, then
for every e > 0,

Pr |)A(—E[XHZE} < 2exp (—(szZQ)Z>.

Theorem A.2 (Bernstein Inequality). Given mean zero random variables {X;}1-, with P(|X;| < ¢) = 1 and
VarX; < o?. If Xy denotes their average and 0® = 37" 02, then

Ne?

P(|Xn| >e) < 26XP(‘m)~

Theorem A.3 (DKW Inequality). Given a natural number N, let Xq,...,X, be i.5.d. samples with cumulative
distribution function F(-). Let F(-) be the associated empirical distribution function F(z) = 2iev) 1xi<a-
Then, for every e > 0, we have

Pr [sup |[F(z) — F(z)| > e| < 2exp(—2Ne?).

B Missing Proofs from Section 2

B.1 Proof of Lemma 2.5
Proof. There are two different sources of regret. We bound them separately.

Loss 1 from the while loop: The main idea of the proof is to use the regret bound from the previous phase to
bound the total regret in the next phase. Specifically, assume ¢y = O(1) be the maximum possible one-round
regret, and assume there are k phases in the while loop. Then the total regret can be bounded by

k

(B.1) Zo(”al‘;gT) T zkjo(”alogT) = O(n®/?VT).

€3 €
i=1 i i=1 v

Therefore, the total regret from the while loop is bounded by O(n®/ 2T ).

n®/? log T

Loss 2 after the while loop: After the while loop, the one-round regret is bounded by ¢, = —5 80 the total
regret can be bounded by O(W#) T = O0(n*?>\/TlogT).

Finally, combining the two sources of regret proves the theorem.

Besides, we should also verify that Algorithm 2 succeeds with probability 1 — 77, and it runs no more than
O(T) rounds. For the success probability, Algorithm 2 runs ¥ = O(logT) < T rounds, and the subroutine Alg
succeeds with probability 1 — 7 '°. By the union bound, Algorithm 2 succeeds with probability 1 — T9. As for
the number of rounds, in the while loop, Algorithm 2 runs

k [e% (03
Zn lng < 4in 120gT ~ o)
€ €
i=1 @ k
number of rounds. Therefore, Algorithm 2 is a valid algorithm with respect to time horizon T'. O
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B.2 Missing Details of Pandora’s Box Algorithm for n =2

B.2.1 Proof of Lemma 2.7 To prove Lemma 2.7, we need two claims. The first claim says that when we
have a good guess 7 with a small §(7), the loss of playing 7 is bounded:

Claim 2.8. If 7,7* € [(,u] then R(7*) — R(T) < |d(T)].

Proof. We first upper-bound R(7*) — R(7). The two settings are different only when X; is between 7 and 7*:

Playing 7 will loss an extra |g(X1)|. Since g(x) is monotone, we can bound |g(X1)| by |g(7)|. Therefore, the extra
loss of playing 7 is no more than |Fy(7*) — Fy(7)]|g(7)|-

On the other hand,

*

/TT g (z)dx

When 7,7* € [{,u], Fi(u) — F1(¢) > |F1(7*) — F1(7)|. Therefore, |6(7)| > R(7*) — R(7). O

0(7)] = (F1(u) — F1(0)) = (Fi(u) = F1(0)) - [g(7)]-

The second claim shows that we can get a good estimate for function §(7):

Claim 2.9. In Algorithm 3, if the conditions in Lemma 2.7 hold, then with probability 1 —T~10 |§(7) —&(7)| < 4e
simultaneously for all T € [¢,u].

Proof. Recall that §(7) = A(7) — (R(u) — R(¢)). We will give the bound for [A(7*) — A(7)], [R(u) — R(u)| and

|R(¢) — R({)| separately.
For |A(7*) — A(7)|, we first bound the magnitude of A(7):

am-= [ "(Fi(w) — Fy(2))(Fala) — L)de — / "(Fi(x) — By (0)(Fale) — Dd,

which implies

(B2) AM)] < (Fi(w) - Fy(7) / (1= Ra@)ds + (Fi (1) - Fy(0) /@ (1= Fy(w)ds
(B3) — (Fi(w) = Fy(1)(9(r) — g(u)) + (Fi(r) — F1(0))(9(¢) — 9(7))

(B.4) < (Fi(u) = Fi(0)(9(6) — g(u)

(B.5) < [6(u)| +[5(0)] < 32,

where the last equality follows from the bound |6(7)| < 16€ for all 7 € [¢, «] in Lemma 2.7.

Now notice that the estimate A(T) we have based on our initial estimates Fy and Fb is unbiased i.e.
E {A(T)} = A(7) < 32¢. This simply follows from exchanging interval integration and expectation combined
with the independence of X; and Xs:

E [ / "(Buw) — Fi(2)) (Bale) - 1>dx} -/ (B[] - E [A@)])(E [A@)] - Do
(B.6) _ /T (Fi(w) - Fi(@))(Fa(x) — 1)da.

Now let us define A(7) per sample i for each initial sample. We run N = C - IO%T samples for C' = 1000. Then
for ¢ € [N], we define

80 () = [CEO @ - BP @)D @) - s~ [ (ED @) = FO @) @) - e,
T V4
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where Fl(k)(.) and Fz(k)(.) are simple threshold functions at the ith initial sample, which are estimates for the
densities F; and Fy respectively. Note that

A(r) :% S A0,

k€E[N]

Now again similar to (B.6) we have
(B.7) E [M)(T)] = E[A(7)] < 32

Moreover, note that the random variable A (7) is bounded by one since

A8 < [ '

T

(FP0) - PO @) EP (@) - Do — [0 @)+ B @) () - 1)
14

(B.8) S/ 1dx+/ lde = u—¢ < 1.
T 1
Combining Equations (B.7) and (B.8), we have the variance bound:

(B.9) Var[A(r)] < E[A(Tﬂ < E[A(T)] < 32

Now, combining (B.8) and (B.9), we can apply Bernstein inequality for the random variables A(i)(T). We
have:
N Ne?

(B.10) Pr [|A(r) - A(7)| > ] < 2exp(-——— ) =27~ .

2Var[A(7)] + 2¢

Therefore, |A(7) — A(7)| < € holds with probability 1 — 7~'2 when C = 1000.

Notice that we only prove the bound for a single 7. To strengthen this concentration bound to hold
simultaneously for all 7 and [¢,u], we take a union over appropriate cover sets. In particular, consider C as
a discretization of the interval [¢,u] with accuracy 1/T. To be able to exploit the high probability argument for
the elements inside the cover for the ones outside, we need to show that A is Lipschitz with respect to 7, u and £.

For A function, we have |A(7) — A(7")| < 2|7 — 7] since

:‘/TT/(F1(U)—F1(£E))(F2(x)—1)dw‘+‘/TT/(F1(u)—Fl(a:))(FQ(x)_l)dx

<2t -1

A(r) = A7)

It is easy to see that the same Lipschitz bound also holds for A.
Now for an arbitrary 7" € [, u], if we consider the closest 7 to it in C, we have |7/ — 7| < % Then, using the
Lipschitz constant of A and A:

(B.11) A(T) = A(T)| < and  |A(r) —A(r)| <

S
S

Now we apply a union bound over the events |A(7)—A(7)| < € for all 7 € C. Since running over all possibilities
of |C] < T, after taking a union bound we know that all of these events happen simultaneously with probability
at least 1 — T, We then have for 7/ and its closest element 7 in C:

(B.12) A() — A + A — A < dlr—7] < =

|
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We simply upper-bound % by e. This must be true because € > T3 = w(%) Then, combining the bound
in (B.12) with (B.10) implies |A(7") — A(7')| < 2¢ holds with probability 1 — 7! for all 7 € [¢,u].

Next, we bound |R; — R(¢)| and |R, — R(u)|. For |R, — R(¢)|, Notice that R, is an estimate of R(¢) with
N=C- I%T samples, and the reward of each sample falls in [—1, 1]. By Hoeffding’s Inequality (Theorem A.1),
the probability that |Ry — R(0)| > € is bounded by 2exp(—2Ne?/4) = 2T7-C/2. So, with probability 1 — 7!
|R¢ — R(¢)| < € when C' > 100. The bound for |R, — R(u)| is identical. Finally, combining three parts with union
bound finishes the proof. O

Finally, we have the tools to prove Lemma 2.7:

Proof of Lemma 2.7. We will assume that |6(7) —d(7)| < 4e, which is true with probability 1—7"~10 by Claim 2.9.
Observe that §(7) is a monotone increasing function, because &' (1) = A/() = (Aﬁl (u) — F1(0)(1 — Fy(7) > 0.
Therefore, according to the definition of ¢ and u', we have [¢/,u'] = {7 € [{,u] : |6(T)| < 4e}. Now, we can use
this property to prove two statements separately:
For the statement that 7 € [¢/,u'], notice that §(7*) = 0. According to Claim 2.9, |6(7)| < 4e. Then, since
7% € [¢,u] and |0(7*)| < 4e, there must be 7* € [¢/,«], because [¢/,u'] = {1 € [{,u] : |6(T)| < 4e}.
Next, we prove that [§(7)| < 8¢ for all 7 € [¢,u]. This is true because [/, u'] = {7 € [{,u] : |6(7)| < 4e}, and
we have |0(7) — §(7)| < 4e from Claim 2.9. Therefore, |§(7)| < |3(7)| + [0(7) — §(7)| < 8¢ for all 7 € [¢/, /]
Finally, the bound R(7*) — R(7) < 8¢ directly follows Claim 2.8 and that |§(7)| < 8e. O

B.2.2 Proof of Theorem 2.10 To prove Theorem 2.10, we need to first give an initialization algorithm such
that its output should satisfy the conditions listed in Lemma 2.7. Formally, we have the following lemma:

Lemma B.1. After running no more than 1000v/T log T samples from Dy and Dy, with probability 1 — T—19 we
can output an initial interval [¢,u] that satisfies |g(7)| < T~Y/* and 7* € [{,u].

Proof. We first run 1000v/T log T extra samples for X, and calculate an estimate Fg(x) We can show that
|Fy(z) — Fa(z)] < %T‘i with probability 1 —7~19: After running N = C- /T log T samples, the DKW inequality

(Theorem A.3) shows that Pr [|F2 () — Fo(z)| > e = %T‘ﬂ < 2exp(—2Ne?) = 2T~¢/2. Then, with probability

1— T, we have |Fy(z) — Fy(z)| < 1T~ 7 simultaneously holds for all z € [0,1] when C' > 100. In the following
proof, we assume this accuracy bound always holds.

Next, we calculate §(r) by replacing Fh(x) with Fy(z) in (2.3). When |Fy(z) — Fy(z)| < %T‘i holds
simultaneously for all = € [0,1], we have |§(7) — g(7)] < f:\ﬁ‘g(m) — Fy(z)] < %T’%. Then, we let
[u] == {7 :]§(r)] < %T‘i}. Since §'(1) = Fy(r) —1 < 0, function §(7) is a non-increasing. So, the set
{r:1g(m)| < %T_%} must form an interval. Besides, notice that g(7*) = 0, which means [§(7*)| < %T‘i, so we
must have 7* € [(,u]. Furthermore, for every 7 € [0, u], |g(7)| < |§(7)| + [§(7) — g(7)] < T~%, which finishes the
proof. O

Now, we are ready to prove Theorem 2.10:

Proof of Theorem 2.10. For the core part of the algorithm, we run Algorithm 2 and then use Lemma 2.5 to bound
the regret. To run Algorithm 2, we let the constraints to mean that the threshold played in each round is inside
the interval [¢,u] given by Algorithm 3. Besides, we require the conditions listed in Lemma 2.7 hold (with high
probability). We discuss them separately:

e |g(7)| < T~ % for all 7 € [¢,u]: This is guaranteed by Lemma B.1.

e 7* € [(,u]: For the first phase, this is guaranteed by Lemma B.1. Starting from the second phase, this is
from Lemma 2.7 of the previous phase.

e |5(7)| < 16e: For the first phase, this is true because ¢, = 1. Starting from the second phase, this is
from Lemma 2.7 of the previous phase. Notice that the statement in Lemma 2.7 is a little bit different: It
guarantees that |§(7)| < 8 with respect to the [¢,u] and € from the previous phase. When switching to the
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new phase, notice that Fs(u') — F5(¢') < Fa(u) — F3(¢), which means |6(7)| drops when switching to the
new phases. Besides, the parameter €,.,, in the new phase is exactly %Eozd- Combining these two differences
shows that |0(7)| < 16€ holds in the new phase.

Therefore, Algorithm 3 satisfies algorithm Alg in Lemma 2.5. Applying Lemma 2.5 gives the O(v/T logT)
regret bound.

Besides, we also run samples for initialization and constructing CDF estimates for Algorithm 3. These are
not coverd by Lemma 2.5. For the initialization, Lemma B.1 states that @(\/T}og T) rounds are sufficient. So
the regret from the initialization is O(v/TlogT). For constructing Fy(x) and Fy(z), assume we run k phases,
then the total number of samples is

IOST) = O(VTlogT).

k
PL]
i=1

Combining three parts finishes the proof.

C Missing Proofs from Section 4

C.1 Proof of Lemma 4.1

Proof. We first prove the lemma for a single 7. For [¢;, u;], we run C-v/T log T extra samples for X; with C' = 1000,
and calculate an estimate Fj(z). We can show that |F;(z)—F;(z)| < %T*i with probability 1-7~!1: After running
N = C - v/TlogT samples, the DKW inequality (Theorem A.3) shows that Pr ||F;(z) — Fi(z)| > e = %T’ﬂ <
2exp(—2Ne?) = 27-¢/2. Then with probability 1 — T—'!, we have |Fj(z) — Fj(z)| < %T’% holds for every
x € [0,1] when C' > 100. In the following proof, we assume this accuracy bound always holds. By the union
bound over all i € [n], the whole proof succeeds with probability 1 — T—10,

Next, we calculate §;(7) by replacing Fj(z) with Fj(z) in (4.11). When |Ey(z) — Fy(z)| < T~7 holds for all
x € ]0,1], we have |§;(1) —gi(7)| < le |Ey(z) — Fi(z)| < %T‘i. Then, we let [{;,u;] := {7 :]g:(7)] < %T‘i}. Since
§' (1) = Fy(r) — 1 < 0, which means g;(7) is a decreasing function, then the set {7 : [§;(7)| < %T*i} must form
an interval. Besides, notice that g;(7*) = 0, which means |g;(7*)| < %Tﬁ%, so there must be 7/ = o; € [€;, u;).
Furthermore, for every 7 € [0;,u;], |g:(7)| < G:(7)| + §i (1) — gi(7)| < T~ 3.

Finally, combining the statements for all n intervals finishes the proof. O

C.2 Proof of Claim 4.6

Proof. We first show that |Fy(z) — Fj(z)| < % with probability 1 — 7713 with N = C - ”21# samples,

where C is set to be 1000. Using DKW inequality (Theorem A.3), we have Pr [|Fz(x) — Fi(x)] > %} <
2exp(—2N 1) = 27-C/4. So the bound holds with probability 1 — 7' when C' = 1000. By the union
bound, with probability 1 — T~'2 we have |F(z) — Fj(z)| < Lj holds for every i € [n]. Then, for the accuracy of
[Tics Fi(z), we have ((1— 2—‘/5)” 1) <Tles Fi(x)— [Tics Fi(z) < ((1+ 2—‘/5)" —1). For the lower bound, we have

(1—2—‘/5)”—1 > 1—%—1 > —4/e. For the upper bound, we have (1—1—2—‘/5)"—1 < exp(Z—‘/ng-n)—l < 1—1—2-%—1 = /e
Combining two bounds finishes the proof. O

C.3 Proof of Claim 4.7

Proof. Since §;(1) = A;(7) — (R, — Ry), there are three parts in §;(7). We show that the accuracy of each part is
bounded by £ with probability 1 — T3, then taking a union bound over three accuracy bounds gives Claim 4.7.
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First, similar to the derivation in Equation (B.5) we bound the magnitude of the A; function:

8] < (Fralw) = Frir) [ (1= F)de + (Faa(r) — Fra0)) / (1 - Fi(2))de
— (Fpilu) = Fra(r)(g() — gi(w)) + (Frs(r) — Fr s(0)(0a(0) — 0u(7)
< (Fpalu) — Fra(0)(gi(6) — gi(w))
(C.13) < Norts (O] + [6ri(u)] < 126,

where we use the bound [0z 4 ¢ ,i(7)] < 6€ in Lemma 4.5.

Next, we hope to propose an estimator AE’” (1) for the A; function which uses N = C - % samples for
C =10°. For k € [N], define

50 = [(ED @ - ER @)Y @) - s — [ (E @)~ E @) F @) - e,

' ¢
where ﬁikg() and Fi(k)(.) are simple threshold functions at the ith initial sample, which are estimates for the

densities Fy, ; and F}, respectively. This definition implies A;(7) = + 2 kelN] Agk) (1), and Equation (C.13) implies

(C.14) E [AW(T)} = Ai(r) < 12

?

Now it is easy to see that 13‘75{? (z) — Fg? (y) is a Bernoulli random variable which are one if and only if the

maximum value obtained from Xy (y,..., Xpz-13)—1) is in [{;,u;]. In particular, this implies that Agk) (1) is
bounded by 1 since

AVl [ |ED @ - ER@ER @) e~ [ [ED @ - EHED @) - s
(C.15) S/uldx—l—/lTldx_u—Eg 1.
Combining Equations (C.14) and (C.15), we have the variance bound:
(C.16) Var[Ai(r)] < E [Ai(fﬂ < E[Ai(f)} < 12

Hence, using Bernstein inequality, we have

Ne? /144

- ) = 27 wioa.
2Var[A;(T)] + %ﬁ

(C.17) Pr [[Ai(r) = Ai(r)| = 5| < 2exp(-
Therefore, |A;(7) — Ay(7)| < 55 holds with probability 1 — 7~ when C = 10°.

The bound above is only for a single 7. To give the bound for a whole interval, we discretize [¢;, u;] uniformly
into a discrete set C and make sure that each pair of adjacent 7,7 € C follows |t — 7/| < £. Then, there must be

|C| < T and the union bound implies |A;(7) — Ay(7)| < 5 holds with probability 1 — 7~ is for all 7 € C.
Next, we bound the Lipschitz constant of A; (and sunllarly Ai):

Fri(u) = Erala)(F —1dw1+\/ Fri(w) = Fral@)) (Fi(@) ~ 1)da
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Finally, for every 7 € [¢;,u;], let 7/ be the closest value in C. Then, we have:

|Air) = i) < [ai(r) - Aur) Ay~ Au(r)| < 5 +

+|Air) - Aulr)

+

<

3

eIl
olm

where the last inequality is true because ¢ > T3 = w(%) Therefore, with probability 1 — 73, we have

‘AZ(T) - Ai(T)‘ < & for all 7 € [¢;, u;] simultaneously.
Next, we use Hoeffding’s Inequality (Theorem A.1) to bound the accuracy of |R; — Rg|. In each round,
the reward falls in [-0.5,0.5]. Then, after running N = C - e 2logT samples, we have Pr [|R¢ - R@\ > 5l <

2exp(—2Ne2/36) = 21~ C/18. Therefore, |Ry — Ry| < £ with probability 1 — 7' when C > 1000. Besides, the
proof for |R, — }?u| is identical. Combining three parts with union bound finishes the proof. O

C.4 Proof of Lemma 4.8 In this section, we show that Algorithm 10 finds an approximately clever threshold
setting. We first introduce the following lemma:

Algorithm 10: Finding Approximately Clever Threshold

Input: (1,S), m, i, Fy(x), ..., F,(z)
1 for P C [n] do
2 if 3k:(k,i)e SAk¢ Por3k:(i,k)e SANkeP or3k,j:(k,j)e SAk¢ PAje Pthen Skip this
P.

b

3 For k € P, let 7, = uy,

4 For k € [n] \ (T U {3}), let 7, = &4

5 Let ur = min{u;, Th:rer}, br = max{ly, Trpg(rugi}) }

6 Set partial setting mp be: Let 7; € [, ur]. 7 sorts the thresholds in a decreasing order. Break the
ties according to the constraints in S.

7 Let Fﬂ—Tﬂ'(l‘) = erT Fk(x)

8 Calculate g := Fr, i(ur) — Frpi(01)

9 Let T" = argmax qr.

Output: mp«, by« , ur=, Fr . ;.

Lemma C.1. Algorithm 10 calculates a clever threshold setting, up to an 4+/¢ additive error. The running time
of Algorithm 10 is O(n - 2™).

Proof. The goal of a clever threshold setting is to maximize Fy ;(u) — Fy;(f). Fix i. When the set P, which
represents the distributions in front of X; is determined, the function Fy ;(z) is fixed. Therefore, to maximize
Fri(u) — Fr ;(£), we should maximize w and minimize ¢. This can be achieved by maximizing the thresholds in
P and minimizing the thresholds in [n] \ (P U {i}), which is exactly lines 8 and 9 in Algorithm 6. Then, after
enumerating all valid subsets P, we can find a setting that maximizes Fy ;(u) — Fr ;(¢).

There is one missing detail: we only know the value of Fl(m) From Claim 4.6, we know Fl(x) is an estimate
of F;(x) with accuracy v/e. Therefore, max, F ;(u) — Fy ;(¢) is at most 24/e different from max, F; ;(u) — Fy ;(¢).
After getting 7’ = argmaxy Fy ;(u) — Fy ;(£), the real value of Fy ;(u) — Fp;(€) is at most 2y/e different from
Fri(u) — l:“,,/,i(é). Combining two errors proves the 4,/€ error bound.

For the running time of Algorithm 10, we need to enumerate a subset .S, then calculate the corresponding
Fr i(z) function. So the running time is O(n - 2"). O
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