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1 | INTRODUCTION

The Boltzmann equation is one of the fundamental mathematical equations for rarefied colli-
sional gases. It describes the motion of binary collisional gas as a partial differential equation of
distribution function F(¢, x, v). Taking no external forces into account, the distribution function
F(t, x,v) solves

0,F+v-V,F=Q(F,F), F(0,x,v) = Fy(x,0), 1.1

where nonlinear quadratic term Q(F,F) means collision operator which has form of (we
abbreviate arguments ¢, x for convenience)

Q(F1, Fy) = / /S B — u, @)[F1 (0 )F>(0) — Fy(w)F>(0)]deodu, 12)
rR3 Js2

with the post collision velocities u’ and v’ which can be writtenasu’ = u — (v — u) - w)wand v’ =
v+ (v —u) - w)w, respectively, for w € S2. For collision kernel B(v — u, w) = |v — u|*qo(| — -

v—u
w|), we work on a hard sphere model B(v — u,w) = [(—u) - w|, or x = 1 with go(| - |) = | l | |

Due to its own importance and applications in the statistical physics, there have been exten-
sive researches on the Boltzmann equation ([4, 6]). Guo established the energy method for the
Boltzmann equation to construct global smooth solutions and their asymptotical stability near
Maxwellians (e.g. [16]). In [5], Desvillettes and Villani proved the asymptotic stability of the global
Maxwellian under the assumptions of high order apriori bound and Gaussian lower bound of the
smooth solutions. More recently, Imbert and Silvestre [18] derived conditional C*°-smoothness of
the non-cutoff Boltzmann equation, using the theory of integro-differential equations. Foremen-
tioned works, especially [6, 16, 18], deal with idealized periodic domains or whole space, in which
the solutions can remain smooth if initially so.

However, a physical boundary is present in many applications, which changes global properties
(such as smoothness) of solutions in general. In [13], Guo et al. proved that in convex domains, the
first-order derivatives are continuous away from a grazing set, where a particle hits the boundary
with tangential velocity, for the first time. In [3], Chen and Kim proved some higher regularity up
to C!~ away from the boundary for the steady problem of diffuse the boundary. When the domain
is non-convex, Kim proved the formation and propagation of discontinuity along the character-
istics emanating from the grazing set of non-convex boundary of the diffuse/inflow/bounce-back
reflection in [19]. As such characteristics form a codimension 1 subset in the phase space, the
optimal regularity is BV. Indeed in [14], they proved this optimal BV regularity for the diffuse and
inflow boundary. We also refer very recent result [25] which shows that higher order regularity
is hard to obtain in general even for free transport equation in the presence of physical boundary
conditions.

The regularity question of the Boltzmann equation with the specular reflection boundary con-
dition (a particle hits the boundary and bounces back like a billiard) in the non-convex domains
has been a challenging open problem. Even the global well-posedness of such problem has been
an outstanding open problem since an announcement of [27] without full justification in 1977.
Only very recently, the question is settled affirmatively in [17, 23]. In particular, in [23], Kim-Lee
constructed the first unique global-in-time solution and proved asymptotic stability of the Boltz-
mann equation near equilibria in smooth convex domains, which completely settled the classical
long-standing (40 years) open question of the kinetic community in the affirmative. As the key of
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the proof, they establish a novel L? — L* estimate using triple iterations of the Duhamel represen-
tation along the billiard trajectory in smooth convex domains. In [22, 24], they further extended
the result of [23] to the cylindrical non-convex domains and general 3D toroidal domains, which
are the first results for non-convex domains.

In this paper, we are studying Holder regularity of the Boltzmann equation in some non-convex
domains with the specular reflection boundary condition in a full 3D setting. For the reader’s
convenience, we state an informal statement of Theorem 2.9:

Theorem 1.1 (Informal statement). A local-in-time solution of the Boltzmann equlation outside a

0’__
general convex domain satisfying the specular reflection boundary condition is C, ; if the initial
datum is ngll)_.

The major difficulty of the problem is that the result of the velocity lemma of [13], which is
a powerful tool of the regularity estimate in convex domains, is no longer true for non-convex
domains. Therefore, we have to develop a completely new technique in the paper. Moreover, this
Holder regularity result is a stark contrast to the result of other physical boundary conditions [14,
19], for which the formation and propagation of discontinuity happens in general.

Beyond the theoretical importance in general, the quantitative regularity estimate has several
significant applications. Based on the regularity estimate results [13], later Cao-Kim-Lee stud-
ied Vlasov-Poisson-Boltzmann systems. When particles are charged (e.g., plasma), they interact
through not only collisions but also the Lorentz force generated by charged particles. Master
equations for this situation are Vlasov-Boltzmann equation coupled with Maxwell system or sim-
pler Poisson equation. Mathematical theory of boundary problems of such coupled system is not
developed satisfactorily mainly due to the intrinsic singularity of solutions. In [1], Cao-Kim-Lee
construct the first unique global-in-time solution of Vlasov-Poisson-Boltzmann system with the
diffuse reflection boundary condition in smooth convex domains and proved its convergence
toward equilibria when the initial data is small enough. In [2] the authors construct a unique
local-in-time solution of Vlasov-Poisson-Boltzmann system with a generalized diffuse reflection
boundary condition in smooth convex domains without the size restriction.

Lastly, we note that the L? — L* method established in [17, 23] has been widely used to various
problems, such as global well-posedness with large amplitude external potential ([20]), rotational
setting [21], and large amplitude problem with smooth convex domain [10]. We also refer recent
global well-posedness results with large amplitude initial data for various setting [8, 9, 11, 26].

First let us define a convex ball O and the domain Q.

Definition 1.2. Throughout this paper, we assume that the domain Q = R3\5 is an exterior
domain of ©, which is a uniformly convex bounded open subset in R*: @ = {x € R? : £(x) > 0}
and there exists 6 > 0 such that

3
¢ (V@) 1= ) (=8,;E00)¢ig; > 6l¢I? forall ¢ € R, (13)

1j=1

In other words, Q = {x € R : £(x) < 0} with £ of (1.3). We define unit normal vector of the
exterior domain Q as
\Y
n(x) = &
[VEX)I
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2334 | KIM and LEE

Moreover, we impose the specular reflection boundary condition on the boundary dQ,
F(t,x,v) = F(t,x,R,v) forx € 8Q, where R,v = v — 2(n(x) - v)n(x). (1.4)

In the classical Boltzmann theory, an equilibrium state of the problem (1.1) and (1.4) is well-known
as a global Maxwellian

lv?

uv)=-e 2.

2 | MAIN THEOREM AND SCHEME OF PROOF

We rewrite the Boltzmann equation (1.1) and the specular reflection boundary condition (1.4)
using F(t, x,v) = \/uf(t, x,v) to obtain

0uf +v-Vif =T(f, f) 1= Tauin(f, /) = (NS, flizo = fo, [t X,0)|a0 = f(t, X, Rc0), (2.1)

where

R
VE

We define a backward exit time and position as

rgain(fl’fz) ‘= anin(\/ﬁfla \/ﬁfz)’ v(f) = A//[R3 . (v —w) - w|V u)f(t, x, u)dwdu.

(2.2)

tp(x,0) :=supf{s >0 : x—tv € Q forallt € (0,s)}, t(x,v) :=t— tp(x,0),
Xp(x,0) 1= x — tp(x, V)v.
Then the trajectory of (2.1) satisfies that for (¢, x, v) € [0, ) X Q X R3,
%(X(s;t, x,0),V(s;t,x,0)) = (V(s;t,x,0),0), (X(s;t,%,0),V(s;t,x,0))|s=r = (x,0). (2.3)
While the explicit formula is given as
X(s;t,x,v),V(s;t,x,0))

) (x=(t—=s),v) for s € (¢t — tp(x,v),1] 24
- (Xb(.x, U) - (t - [b(x9 U) - S)Rxb(x,v)U’Rxb(x,v)U) for s € [O’t - [b(x9 U)],

where Ry, (xv) = I — 2n(xp,) ® n(xp) is reflection operator. From (2.1), we obtain the Duhamel’s
formula

ot
f(t,x,0) = e~ o MNEXERVELXMT 0 X(0;¢, x,0), V(05 £, X, 1))

t t
+/ e s V(f)(T’X(T;”x’”)’v(m’x’“))dfFgain(f,f)(s,X(s;t, x,0),V(s;t,x,v))ds. (2.5)
0

Local in time existence of the mild solution (2.5) is given as the following.
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Lemma 2.1 (Local existence). Assume initial data f satisfies ||wy(V)folle := ||e‘90|“|2f0||OO < oo
for0 < 8y < 3—‘ and initial compatibility condition (1.4). Then there exists T* > 0 and a local in time

unique solution f(t,x,v) of (2.5) for 0 < t < T*. Moreover, the solution satisfies

2 2
sup [[w@®)f(S)lleo 1= sup [le””F f($)lloo S 1€ foll oo
0<s<T* 0<s<T*

forsome 0 < 8 < 8,
Proof. We refer [13]. O

Now, we define shifted position and velocity which will be crucially used when we perform
Holder regularity estimates.

Definition 2.2 (Shift). We define shifted position % = X(x,x,v) and velocity 7 = 6(v, 0,¢),
respectively.

(i) For fixed x, X, v, let us assume

X — X # 0 is neither parallel nor anti-parallel to v # 0, thatis, (x — X) - v # +|x — X||v|.

(2.6)

In this case, we define shifted X as
X =x(x,%,0) :=x+((x —x) - 0)0. 2.7)

(ii) For fixed v, 7, ¢, let us assume
v + ¢ # 0 is neither parallel nor anti-parallel to 0 + ¢ # 0,

thatis, 0 +¢) - (0+¢) #xlv+ |0+ ] . (2.8)

In this case, we define shifted U as
0+¢=000,0,0)+¢ 1= v+ |0 +90). (2.9)

Note that we have used the following notation,

—, V#0,
U := [v]
0, v=0.

Next, we parametrize position and velocity using above shifted position and velocity. Before we
introduce parametrizations, we first define cross section and argument.

Definition 2.3.
(i) Let us assume (2.6). We define
S(x.xv) -= X + span{x — X, v} = x + span{x — X, v} (2.10)

where X = X(x, X, v) is defined in (2.7).
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2336 | KIM and LEE

(ii) Let us assume (2.8). We define
Stxwog) ~= X +spanfv +¢,0+ ¢} = x +span{v + ¢, 0+ {}, (2.11)

where 0 = 0(v, 0, {) is defined in (2.9). In the plane S, ,, ;5 ¢), we define arg : S(, , 5.¢)\{0} =
[0,27) by

arg(w) = cos™! (w - (ﬂ?)), YW € oo \0h 2.12)
so that arg(D + ¢) = 0.

Note that we are mainly interested in when cross section 0Q N S(, ¢ ;) and dQ N S, , 5 ¢) have
meaningful geometry. So we assume

9Q N S x,v) is closed curve, that is, 9Q N S, ;) # @ is neither an empty set nor a single point,
.13)
for x perturbation case and

0Q N Sy u,5¢) is closed curve, that is, 0Q N S(, , 5¢) #@ is neither an empty set nor a single point,
(2.14)
for v perturbation case.

Definition 2.4 (Parametrizations). Recall X(x, X, v) in Definition 2.2 under assumption (2.6). Also
we recall 6(v, U, {) in Definition 2.2 under assumption (2.8).
(i) We define parametrizations,

x(7) = x(1;x,%,0) = (1 —1)X(x, X, v) +x, X:=%X(1)=x—X,

cos O(7)
V(D) = v(5;%,0,0,8) = [v+ { R o) | sinO(7) |, () :=16, ©(1) =6 :=6, (2.15)
0

where 6 = cos_l(v/-i-\{ . 17/4-\{) € [0, 27) is the angle between v + ¢ and U + ¢, and

1 cosf O_1
Ruse) i=|0+¢ v+¢ (6+§)><(v+g“)] 0 sin6 O0f ,
0 0 1

so that

x(0) = %,x(1) = x,0(0) = arg(v + {) = arg(v + ¢) = 0by(2.12),andO®(1) = arg(v +¢) := 6,

viO)=0+¢,v(l) =v+¢.
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(ii) We further assume (2.13) and (2.14), respectively. By convexity (1.3) of Q, we can define
7,.(x, %,v) and 7, (x,v,0,{) as

V- VEOpx(tL),0)) =0, 7_<71,, Tp=71.X%,0),
v(ty) - VEQ(x,v(t)) =0, 7_<71y, To=1.(x0,09), (2.16)
where x,(x(7),v) and xp(x, v(7)) are well defined for 7_ <t < 7, respectively. Here we

excuse our abuse of notations, different 7..’s are only distinguished by their arguments, for
the sake of briefness in the later use of them.

Remark 2.5. By Definition 2.2 and 2.4, we can check the following crucial properties:
X-0=0,v(7) v(r) =0, |v(r)| = 8|v(7)|, V(1) = —62v(7),and¥(7) - v(1) = —82|v(7)|?, (2.17)

and
V@l =lo+¢l, W@I=6lv+¢], and [¥(0)] = 6%[v +].

Next definition precisely describes the kernels of integral operators which come from

Fgain(f’ f)

Definition 2.6. For ¢ > 0, we define

2 w22
k.(v,0+¢) := l%le_clgl e (2.18)
and
k.(v,0,¢) :=k.(v,0+ )+ k(0,0 + Q). (2.19)

Note that the following equalities are obvious.
k.(v,v+¢) =k.(R,v,R,v+ R (), k.(v,0,{)=k.(R,V,RU,R,{), x€IQ.
The following two definitions are the most important quantities of this paper.

Definition 2.7 (Specular Singularity). Let x, X € Q, v,0,¢ € R3. We assume (2.6) and (2.13) for
x(7) case, and assume (2.8) and (2.14) for v(7) case, respectively. Recall the notations x(7) and
v(7) in (2.15). Suppose x,(x(7), v) and x,(x, v(7)) are well-defined on dQ, respectively. We define
a reciprocal of the specular singularity

Vg G (x(D), ) - v
o VEG (@), L))
Ve V@) VD)
1o V) | - VG V)|

@Ssp(r;x,i, V) = . (2.20)

Spei(1:%,0,0,8) i= (2.21)

[v(7)l
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2338 | KIM and LEE

Definition 2.8 (Seminorms). Let x, X € Qand v,0,{ € R3. For w > 0, we define

3:72'81(5) = sup e @ /kc(v’ 0,0) If (s, x,0+¢) —_f(S, x,0+ )] dc,
" €€, ¢ lv— 0|28
0<|v—0|L1
S)fﬁ(s) :=  sup o~ @ (V)% /kc(v, v+0) lf(s,x,0+¢) —_f(s,y'c, v+9)| i,
veR’, ¢ |x — x|

0<|x—x|<1

where (V) := /1 + |v|2.

Theorem 2.9 (Main theorem). Suppose the domain is given as in Definition 1.2 and (1.3). Assume
fo satisfies compatibility condition (1.4), ||e190|“|2f0||00 < oofor0<§)< i, and

X,V) — X,V X,V) — X,

sup <U>|fo( ) — fox, )] + sup <v>2|f0( ) — folx, D) < oo, 5<1.
veER? |x — %% xeQ lv—o|* 2

0<|x—%|<1 0<|v—v]<1

Then there exists 0 < T < 1 such that we have a unique solution f(t,x,v) of (2.1) for0<t<T
with sup,, 1 1€°1°° £l oy < 11€%1°F folloo for some 0 <8 < 9. Moreover, f(t,x,v) is Holder
continuous in the following sense:

<U>_2ﬁe_w<v)2t |f(t’ X, U) - f(t7 X, 6)'

S S
by (5, 0) = (%, 0)IF

0<I<T  (x,0)eQxR3
0<|(x,0)—(x,0)|<1

|fo(x, v) — fo(%, V)| ,0) = fo(x, )|

Fol
<o 1 foll  sup (o) v osup (oo

veR? |x — x|% <O lv—0|%
0<|x—x|<1 0<|v-v|<1
2
+P,(le%!F foll o), (2.22)

Jorsome @ > s 1, where Py(s) = |s| + 5|2

Now we explain main ideas of the proof.

2.1 | Aroadmap to the main theorem

To the sake of simplicity we drop out v(f)f from (2.1) in this exhibition of key ideas:

alf +v- fo = Fgain(f’f): f|t:0 = fO’ f(t7xsv)|69 = f(t’x’va)- (223)

From Hamiltonian (2.3) and (2.4), f of (2.23) is given by

t
ft,x,v) = f(0,X(0; ¢, x, v),V(O;t,x,v))+/ Coain(f, (8, X (558, x,0), V(s; t, x,v))ds.  (2.24)
0
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1
Step1 (Cx:U2 trajectory and nonlocal to local iteration) In order to estimate the Holder semi-norm
of f we consider the difference quotients directly. Note that V(s;t, x, v) has jump discontinuity
ats =t — tp(x, v) which has to be handled carefully by applying geometric splitting of V(s) along
the trajectory and the specular reflection BC. Then using a version of Carleman’s representation
and a priori L*-bound of f, we can derive that for some 6 and f3,

fx v+ - fE20+] 1 IX(6) =X

S fOIV () X(5), X (s))ds

I(x,v) — (x,0)|F ~Jo 1(x,0) = (x,0)]

13 ¥ ¢]

W(S)—V_(S)_I JLf)IX($); V(s), V(s)) + good terms, (2.25)
|(x,v) — (%, 0)[F"°

where J-seminorms are defined as

OO = [ TEXOur P Je IO T,
lu|<1

TP V(s), V(s)) <= / . X(S), ”*l‘;((ss))) If((j)lf(” ut VOl g,
Jlul<1

(2.26)

Here, X(s) =X(s;t,x,v+¢), V) =V(s;t,x,v+¢), X(s)=X(s;t,%,0+¢), and V(s)=
1
- 0,-
V(s;t,%,0+¢). Our first key observation is that (x,v)+ X(s;t,x,v) is Cx,j and
1
0,-
(x,v) » V(s;t,x,0) with s #t —t,(x,v) belongs to ij! (For example, if we consider 2D
circle x*> + (y — 1)? = 1, then near grazing regime (let x = (1,0), X = (1,¢), v = (1,0)), we have
|xp(x,0) — xp(X,0)| = V2e —g2 ~ \/E for ¢ << 1.) Thereby a natural choice of € is

6 = 26.

A schematic bound (2.25) exhibits the nonlocal effect of the Boltzmann equation. Our key strategy
is a nonlocal-to-local iteration: namely we first estimate the J-seminorm and then use (2.25)
to bound the Hélder seminorm. Indeed the J-seminorms (2.26) can be bounded in a closed form
through the Duhamel form of (2.24) as

1X(s) = X()|*

T f($)](v; x, %) S good terms+/ / d¢ds x sup J[f(s)](v;x, %)

1¢1<1 |x — )_C|2ﬁ S,U,X£EX
28
/ / WO = VO grdsx sup J,[f(s)1(x:0,0), (227)
|¢1<1 |x — x|26 $,X,040

and a similar expression for J,[ f(s)](x; v, D). Main ingredients of (2.27) are difference quotients

of X(s) and V(s). In fact, the difference quotients would be very singular ~ m when the
v . Xp
trajectories hit dQ near grazing region. However, measuring this singular behavior is very tricky,

because of the curvature of the cross section dQ N span{x — X, v}.

Step 2 (Shift method and ODE of Specular Singularity) This step is the most technical step in
this paper. To get precise estimate of the difference quotients, we introduce two very important
ideas : Specular Singularity and Shift method.

First, let us consider some simple linear parametrizations of position x(7) and velocity v(z). If
all the trajectories from (x(7), v) with 0 < 7 < 1 hit Q, then difference quotient of trajectory will
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2340 KIM and LEE

n) (a (x(74),v))

x(14)

IQN S z)
FIGURE 1 £, x(7), and trajectories on projected plane S, s, := X + span{x — X, v}.

look like

IX(s) - X [ , ! 1
WN/O |VX(s,t,x(‘L'),v)|d‘f~/0 |v~V§'(xb(x(f),v))|dT’ (2.28)

. 1
V.X(s)~v — L
since V. X(8) ~ S oo

Evidently, the success of estimating J,.[f(s)] and J,[f(s)] relies on an efficient estimate of the
integration with respect to ¢ of the different quotients in (2.28). Unfortunately, however, estimate
(2.28) is not efficient : it does not consider the angle between x(z) (or 6(z)) and V& which is not
uniform in general and hence causes trouble, that is, it fails to reveal geometric property of Q
very well.

Meanwhile, to clarify the effect of convexity of Q to the difference quotients, we introduce
shifted position and velocity. We shift position and velocity to define X and ¥ as in (2.7) and
(2.9), respectively. Now, we use new parametrizations x(7) and v(7) in (2.15) with shifted X and 0
to redefine Specular Singularity (See (2.20) and (2.21) for their exact forms.)

. (We get similar result for v — U case with |v - V&(xp(x, 0(7)))].)

VEQep(x(7),0)) - v
X(7) - VE(xp(x(7), )

VEQap(x, v(1) - v(7)
V(1) - VE(xp(x, v(1)))

s

@Sp(r; X, X%,0) :=

(2.29)

ST x,0,0,¢) 1= '

These crucial quantities measure how singular region does the trajectory hits by its numerators.
Moreover, the denominator takes into account the angle between x(7) (also for v(7)) and V& and
hence clarifies the effect of non-convexity in ODE method which will be explained very soon. Note
that with the new parametrizations, we also have the following orthogonal geometric properties

Xx1lv and v(r) Lv(r) (2.30)

which are used crucially throughout this paper. See Figures 1 and 2. Now, with (2.29), (2.28) newly
look like

ROER O ! 1
WN_/O |VX(S,t,X(T),U)|dTN’/0 md‘f (231)

ssdiy) suonipuoy) pue suud 1, A 99 “[$202/60/20] U0 A1eIqU dutuQ AJIA ‘UISUOISIA JO ANSIOAIUN £Q £917Tvdd/Z001"01/10p/w0d"Kajim Areaquiautjuo//sdiy woly papeojumod ‘b 40T ‘TIE0L601

101105 KoM

su901 suowIo) dAnEaL) A[qEatdde AUy Aq PaUIPAOS AT SO[OIIE VO 1SN JO SaNI 10§ ATRIQIT AUIUQ AATIAL O (SUonT



HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2341

QN S(x,v,\?.g)

FIGURE 2 0, v(r), and trajectories on projected plane S, , 5¢) := x + span{v + ¢, 0 + {}.

To perform estimate for (2.31), our next step is ODE method for &), ;. Using convexity (1.3)
and (2.30) crucially, the Specular Singularity &, solves ODE look like

1
% - VE(xp(x(7), )]

ODE for &, is also similar. (See (5.16) and (5.18) in Lemma 5.4 for exact ODEs.) We note that the

denominators of (2.29) are very important in its definition when we derive above type of ODEs.
Its qualitative aspect was already explained. In the technical aspect, 42

dr _ sp,vel
bound via convexity (see (5.20) and (5.22)) only when they contain the denominators. Therefore,
we obtain difference quotients estimates via integration of Specular Singularity, (in general we

will use v + ¢ instead of v for notational convenience in velocity integration)

d
%020 ().

gain positive lower

1X() = X&) 1 N 1
lx =% T+ VEx, v+ [0+ VEE v+ )

(See (5.23) and (5.24) of Proposition 5.6 for exact estimates.) We also note that ¥ depends on ¢
surely, but (v + ¢) - VE(xp(%,0)) = (v +¢) - VE(xp(X, v)) by definition of % in (2.7). Thus we can
fix positions on x or X, independent to ¢, for each terms in (2.32). This is a huge advantage in
terms of (2.27), because we should integrate (2.32) with respect to ¢ € R3 again. If the position
moves depending on velocity ¢, it looks nearly impossible to perform the integration!

Now performing sharp integral estimate (Lemma 6.5)

(2.32)

1
d¢ <1, -,
/gl(v+§)-V§(xb(x,v+§))|2/3 ¢ F<3

we obtain uniform bound of J,[f] and J,[f] in (2.26). Exact definitions and estimate of the J-
seminorms are given in Definition 2.8 and (6.32) in Proposition 6.7, respectively.
1

Lastly, from uniform estimates of J-seminorm and Cxig estimate of trajectory (Lemma 7.1), we
1

0,-—
obtain C, ; regularity of f via nonlocal-to-local estimate using (2.25).

3 | PRELIMINARIES

In this section, we state lemmas for some estimates of I'g,i, (f, )
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2342 | KIM and LEE

Lemma 3.1 (Carleman estimate). Recall (1.2) and (2.2). We have the following expressions:

u u+z x—1 _Iu+v+z\2
P £2)00) = / d”/ dzgl(””)gZ(””)%(l +|z|>| e .G
Lgqin( v)=C d dug,(v + 2)g,(v + w)q* [ul lu + z|*! _\er;rZI2 32)
gain81,82)\V) = o z - ugiv + 2)g(L +u)q, [+ 2| izl e , .

where q;(| cos6]) := | 6|q°(| cos O|). For the hard sphere case (x = 1), we have q (| cos6]) :=

|cosfO| = 1.
|c056|

Proof. Usingu' =u+ ((v—u)-w)wand v’ = v — ((v—u) - w)w, we write

e (10— u) wI)
Lain(81,82) = /MGR3 /w€§2 —ul %( \/_(U)

Xgi(u+((v—u) ww)g,(v—((v—1u) - ww)dwdu.

We change u — u + v to get

u-w
Cgain(81,82) = / / Iul"qo< | | ) Vi +v)
ueR3 Jwes? | I

Xg(u+v—(u-ww)g,+ U - ww)dwdu.

Let us decompose and define v := (u - w)w andu; :=u —u. Then,

] _1 2
Fgain(81,82) = / / luy + uﬂk%(—> xe e 4 v)g (0 + uj)dewdu.
ueR3 J we$s?

|u|| +u |

Now, for (3.1), for fixed w € S?, we have du = 2du d|u|, where u| = |u|w. Therefore (also see

[15]),

dudw = deullunlzdlu” |dw = deuldu”.
|| ||

Now we just rewrite u; — u and u; — w to obtain

|lu + w|

u+ w1 lu+w u _1 2
_s lu+w|* Ju+ |q0 |ul o 3ltwtol 0,0 + w)g,
wer3 Juw=o lul lu| lu+w|

X (v + u)dwdu.

1
Fntre) = [ [ |u+w|’<qo< ul )e‘i'““"“" 0+ g + 1) —= dwdu
ueR3 Ju-w=0 | |

We define g;(cos0) := oasd] go(cos 6) and this finishes the proof for (3.1).
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2343

For (3.2), for fixed w € S?, we choose @ = @(w) € S? so that @ | w and a map w — @(w) is
measure preserving bijective map via rotation from S? to S?. Then we have

dudw = 2[u, |d|u|d|u,|dbdw,

where 0 is angle of polar coordinate with u axis. Now consider the rotation w — & which makes
6 — 8, where 0 is angle of polar coordinate with u, . Therefore (also see [15]),

2
dudw = 2|uy |d|u|d|u; |d6dod = 2ﬁ(|uL|2d|ul|dw) m ”| (luyldlu|d8) = Wdu”dul,
where u; € R3 and u L u, . Finally rewriting u = uand u; ~ w, we get
|ul “Lurwto)?
(g1,8) =2 / u+ wl* < )e 4
gam 81,82 I u.w=0| | do |u+w|
x g (v+w)g(v+ u) | |dudw
and this gives (3.2) with the definition of g. O

Lemma 3.2 (Nonlinear estimates). Let w(v) = e‘9|”|2for0 <8< i and x,x € Q,v,0,¢{ € R3. For
|(x,v) — (%,0)| <1, we have the following estimates

|Fgain(fr x,v) = Fgain(f9 F(x,0)]

lv—o*#

(3.3)

Stefl | e, 00 T TR T g i, minfto) o)
R3 -

| f(x,v+u)— f(X,v+u)
du
|x — x|?8

IFgain(f’ Hx,v) - Fgain(fa fx,v)]|
T Sl [ ks

k]

(3.4)

for some ¢ > 0, where k. and k. are defined in (2.18) and (2.19) of Definition 2.6.

Proof. Applying (3.1) to Tgain(f, f)(x, 0), and (3.2) to Lg,in (f, f)(X, D), we derive
Fgin(f, )©) = Cgun(f, F)©) = C / du / 2 VR + 0+ 2)f (0 + 2 (0 + )
R3 u-z=0
c/ dz/ du— a1 0+ 2f G + w)f(© + 2)
R3 u-z=0 |z
c/ / L a0+ 2f 0 + 2)(f + 1) — f0+u— (v — 0)))dzdu
ueR3 Ju.z=0 |u|

+C 1 uu+o+z2)fO+uw)(fo+2z)— fo+z—(v—"0))dudz
Joo) Y
eRr3 Ju-z=0
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2344 | KIM and LEE

Tl f+2)f(©+u)dzdu

_ / / —W F(v +2)f(© + wdudz } (3.5)
R3 Ju-z=0

For the first term in RHS of (3.5), from the standard estimates (e.g. (3.11) and (3.52) in [12]), we
derive, for some cgr > 0,

(3.5 < Sl / / L 10 (0 4 w) = f0 4 1 — (0 — 0))|dzdu

R3 Jyz=o Ul
1 —csrlulz—csf””'2"““"2‘2
Shofle [ e W+ 1) — (04 u— (0 — 0)|du
R3

Similarly, the second term in RHS of (3.5) is bounded by

o2 =|o+ul?|?

2| fo+u) - f0+u—(v-0)|du.

1 —cgrlul®—cgr

3.5); S lwflleo

G shofls |
We only need to bound last line of (3.5) by the last term of (3.3). Following the proof of Lemma 3.1,
we re-express the second integral of (3.5) into u € R3 integration (and an integral overz € {z - u =
0}). Then we bound the last line of (3.5) by

+v+2z)- +0+
|u—0|2ﬁ||wf||§o><// 1 IVu + v +2) — \/u(u + 0 i
u Ju-z=0 w(v+z)

w0+ w)|u| v — 0|28

(3.6)«
(3.6)

Note that

1
|\//x(u+v'+v—6+z)—\/,u(u+17+z)|= /(v—ﬁ)-V\/,u(u+6+(v—15)s+z)ds Slv=0|.
0

Hence
1
!+ 2 !’ 2
(3.6), S |v— 17|1_25/ ds/ dufu|te=? I0+ul / dze=9'10+21" < (p)y 1o — 0|1 28,
0 R3 u-z=0

Hence we conclude that the last line of (3.5) is bounded above by (0)~!|v — 0|||wf]|%. Now
changing v and 0 and then following the same argument we also get the upper bound (v)~!|v —
0||lwf]|%. The proof of (3.4) is similar but simpler. O

Similar estimate for v(f’) is simpler.

1 _ _ .
Lemma 3.3. Let w(v) = e‘9|"|2for0 <9< " and x, % € Q, v,0 € R3. For some positive ¢ > 0, we
obtain

V(f)(t5 X, U) - V(f)(t’ X, 15) < ClU - ljl ”f(t)“oo’ (37)
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2345

and

v(f)(t, x,0) —v(f)(t, %,0) < C(v)/ k.(0,u)|f(t,x,u) — f(t,x,u)|du. 3.8)
R3
Proof. For (3.7),
mnwxwronme=c/"w—uwmwvmeMu—c/'w—mVMMﬂamwmt
R} R}

< Clo = 0lllf (Bl o-

For (3.8),
V(f)(t’x’ U) - V(f)(t’xa U) S C/ |U - ul V Iu(u)lf(t’x’ u) - f(t’x’u)ldu
R}
< C(v)/ k.0, w)|f(t,x,u) — f(t, x,u)|du.
R3
for some generic small ¢ > 0. ]

Lemma 3.4 (Uniform negativity). For |ws| < c,
e+ e@ A5k (1,0 +¢) < ke (0,0 + &). (3.9)
2

When |[v — 0| < 1and ws < (1/20 — 4)%,
e UHIDH I (0,0 4+ ¢) S ke (0,0 +¢). (3.10)
2

Moreover, from (3.9) and (3.10),

e—w(1+|U|2)s+w(1+|v+§|2)skc(v, 0,¢) Ske(v,0,0), e—w(1+|U|2)s+w(1+|ﬁ+§|2)skc(v, 0,¢) Ske(v,0,0),
2 2

(3.11)
hold when |[v — 0| < 1and ws < (\/ﬁ— 4)%.

Proof. For 0 <6 < 2c, we have

2
—Jv? + 8v+ ¢ — el P — e [lol* = v +¢1%" <o,

<12
by uniform negativity of quadratic form (refer Lemma 3 of [17]). (3.9) is obtained by replacing 0
into ws. When |v — 0| < 1, for 6 < (1/20 — 4)c,

01012 +6]5+ ¢ — ¢ ]? — cm— v = o+ ¢ P < 26,

<12

1 2
[vl> = v+ <17

—010|* + 6|0+ ¢{1* — cl¢]? — o |

2
= 20000+ 161~ it =1+ 4000+ 450
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2346 KIM and LEE

L2
529(U'§)+29I§I+9I§I2—CI§I2—C<|§I2+4(v-§)+4|U . >

I$12
2 2 2 2 v-¢|?
<200 -)+20A + S+ OIS —clS|F —c| 1§17 +4(v-0) +4 e ) (3.12)
By choosing 6 < min{(\/% —4)c, gc} = (\/% — 4)c and considering quadratic form of ¢ and T?f
2 |U ) §'|2
(3.12) =26 < —(2c = 39)|¢|* + 20 —4c)(v - &) — 4c HE <0,
because discriminant of RHS satisfies
4(6 + 4c)*> — 80c? < 0,
when 6 < (\/ﬁ — 4)c. (3.10) is obtained by replacing 6 into ws. O

Lemma 3.5 (Specular reflection of I'(f, f) and v(f)). If f satisfies the specular reflection boundary
condition (1.4), then T'(f, f) also satisfies the specular reflection boundary condition. In particular,

Fgain(fa I, x,0) = 1—‘gain(f’ It x, Ryv)and - Tig(f, ) x,0) = Tios(f, £, X, RV),

where R, = I — 2n(x) ® n(x) is specular reflection operator on x € Q. Moreover, v(f) also satisfy

(1.4).

Proof. Since R, is orthonormal we have (R,v — R,u) - R,0 = (v —u) - g. Also using specular
reflection condition,

Cyan(F ) x0) = ] 10 =) o1y
X ft,x,u+ ((v—u)-o0)o)f(t,x,v—((v—u)- o)o)dodu

://|(va—qu)-Rxa|\/ﬁ(qu)

X f(t,x,Ru+ (Ry(v—u)-R,0)R.0)f(t,x,R. v — (R, (vV—u)-R.0)R.0)dodu
= ] 1@ - R Reol VR0 .5, Rot + R0 = ) ReoR,)
X f(t’ x’RxU - (Rx(U - u) : Rxa)Rxo)d(Rxa)d(qu) = / |(va - u) : Gl \/ﬁ(u)

X f(t,x,u+ ((Ryv —u)-0)o)f(t, x, R0 — (Ryv — u) - 0)o)dodu = T,y (f, ), x, Ry 0).

Similarly, for T} (f, f),
Tioss(f> (& X, 0) = f(t,x,v)// (v —w) - o|\/u@) f(t,x,u)dodu

= f(t,x,va)// [(Ryv — Ryw) - Ryo|y/u(u) f(t, x, Ryu)dodu
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2347

= f(t,x,va)// |(Ryv — Ryw) - Ryo|A/u(u) f (¢, x, Ryu)dR o dR,u
= f(t’x’va)rloss(f’ f)(t; x,va). [l

4 | GEOMETRIC LEMMAS

Definition 4.1. Let S be a plane in R3 and Q is given as in Definition 1.2. Assume
dQ N S is closed curve, that is, 3Q N S is neither an empty set nor a single point. (4.1)
We define projected normal vector,
n)(x) := Projsn(x) = projection of n(x) on S
=T - g ® n(x), (4.2)

where x € 0Q and 4§ is a unit vector orthogonal to the plane S. We also parametrize the curve
9Q N S as regularized curve g : [0,Lg) — QN S (regularized means |r’S(s)| = 1), where Lg > 0
is the length of dQ N S. Note that we do not specify S in the definition nj(x), because it can be
understood properly in the context.

Lemma 4.2 (Uniform comparability of n|). Let us consider a plane S which satisfies (4.1) with a
domain Q as in Definition 1.2. Then |n(x)| in (4.2) is uniformly comparable for all x € QN S, that
is, there exist uniformly positive constants c and C, which only depend on Q, such that

) ()]
c< | ”(y)| <C, Vx,y€dQnSand VS which satisfies (4.1), (4.3)
n
and
"
s (o)l ) o
< O] <C, Vx,y€dQnSand VS which satisfies (4.1). (4.4)
t
s

(For example, it is obvious that
[t GOl = [r{ )l and |ny(x)| = Iny()|  forallx,y €0QNnS
for any S that satisfies (4.1), if O is a sphere.)

Proof. We parametrize the curve dQ N S as regularized curve (|rg(s)| =1),rg : [0,Lg) > 3QNS,
where Lg > 0is the length of QN S.
Considering normal curvature n(x) - r’s’ (s), we have

174 . 1
[n ()] = |n(x) - |1’Z,(S)| ‘ = |n(x) - rg| X w, x =1rg5(s) €0QnS. (4.5)

Step 1 First, let us recall some standard definitions and properties of differential geometry ([7]).
VEX)
[VE()

We can consider Gauss map N : 0Q +— S?, N(x) = n(x) = . For Gauss map N, we define
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differential dN,, : T,(6Q) — T,(6Q) as

AN,/ () = NG|
t=0

where « is a curve on dQ such that |a’(0)] = 1 and a(0) = x € Q. For self-adjoint linear map
dN,, there exists an orthonormal basis %, X, € T,.(dQ) and k,, k, € R such that

AN, (%)) = =k X1,  dN(%2) = —ky %5,k 2 ks

%1 and %, are called principal directions at x € dQ and k; (resp, k) is maximum (resp, minimum)
normal curvature. (See page 140, 144 of [7] for above definitions and properties.)

Now, let us fix x € 0Q and tangential plane T, (0Q). We consider a local parametrization ® :
B(0,¢) = B(x,¢)

D(y) = x +y1%; + 2% + y3n(x), ¥y =1,¥2¥3), (4.6)
so that
V& = (%, %, n(x)), anorthonormal matrix.

We can locally define height function h(y) in B(0, ¢)

§(@() = h(y1,¥2) — y3,

so that
{x : E() =0} =@y : h(y1,y,) = y3} C0Q, locally.
Wy
If we choose ¢ € T,(6Q) ,there exists w = | w, | such that { = V®w and
0
V2(h(31,y,) — y3) = V(VETV®) = VoI V2V, 4.7)
From (4.7), we obtain
¢ V2E(X)¢ = wy, - V2h(0,0)wy, (4.8)

where w), = (w;, w,) and Vflh is upper left 2 x 2 matrix of V2h. (4.8) is quadratic form of height
function based on T,(6Q) when || = |w| = 1. It is well-known that (see page 173 of [ 7] for exam-
ple) the quadratic form of a height function (RHS of (4.7)) is normal curvature at x € dQ in the
direction ¢ € S?, that is,

lwy, - V2R(0, 0wy | = [n(x) - " (0)]

for any (parametrized) curve a such that a(0) = x € Q and a’(0) = ¢ with |&/(0)| = [{| = 1.
Hence, combining with (1.3) and (4.8), we obtain

Oq < IS+ V2| = |n(x) - " (0)] Sq lI€llc2, where a(0) = x, '(0) = ¢, |&'(0)] = ] = 1.
4.9
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2349

From (4.9), for any point x € dQ and any direction ¢ € T,(6Q), corresponding normal curvature
is uniformly bounded from below and above.

Step 2 Now, to consider all possible planes S that satisfy (4.1), we first parametrize such planes.
We choose a fixed point p € Q and a unit vector £ € S%. Then, let us use S p,¢ to denote the plane

S,p:={x€eR3:(x—p)-£ =0}

p.t
the plane which is perpendicular to ¢ and passes p € Q. Moreover, by uniform convexity, for

fixed p € Q and ¢ € S?, there exists a,¢ < b, such that plane S, , also satisfies (4.1) for all
ap ¢ <r <b,y,thatis, plane perpendicular to ¢ and passes p + r¢. Since ¢ is unit,

lbpe —apel < xr;lgg(g x—y|Sql1 VEeS (4.10)

For fixed p, ¢, we split

(ap,f, bp,t’) = (ap,fa ap,f + gp,f] Y [ap,f + Ep,h bp,f - gp,f] Y [bp,f - Ep,f, bp,t’)‘

There exists ¢, , < 1such that forr € (a,¢,a, ¢ + €, ¢], we can parametrize

{0Q ﬁSp+r€,€ . re [ap,fa ap.¢ + Ep,f]}

as a graph 7, , over tangent plane Sp+ap ,¢,¢- Similar as local parametrization of Step 1 (rota-
tion and translation similar as (4.6)), we consider local height function 7, , such that X
(X,7,,¢(X)) with X = (x, )" is an orthogonal parametrization near Sptay,t.e NOQ. It is obvi-
ous that 7, »(0) = V7, »(0) = 0 and its principal directions are (1,0) and (0,1) (for maximum and
minimum curvature, respectively). By the Taylor expansion,

- 1. - - -
Npe(X) = 5% V29, el00)% + Oa(IXI?) = Cpr1X* + Cp p2¥* + O (1X]),

forsome C,,; > C,, > 0.Here, note that two principal directions are eigenvectors of V2 bt
in fact. Moreover, V27 p,¢ 1s self-adjoint and positive definite by (1.3) and (4.8), so both two eigen-
values have positive sign. Thus, we obtain the RHS above. In other words, QN S, ¢ ¢ is a small
perturbation of ellipse for any r € (a, ¢, ap, ¢ + €, ¢], that is,

Cpeax* +Cproy* +0o(IX1P) =r—ap,. (411)

We can chosen sufficiently small ¢, ; << 1 and note that |X| = 0as €pe = 0.
The curve and corresponding curvature that satisfies (4.11) is sufficiently smooth and therefore,
the ratio

ming

: "
rSp+rf (S)‘

rN (S)

maxs Sp+r€
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2350 KIM and LEE

is continuous inr € (a, ¢, ap ¢ + €, ¢]. Moreover,

. 17 3
min;, | S =
| ,(,()‘ Cron
1> as r — appe,
" p.t,1
max; |t N
NEANO

because the maximum and minimum curvatures of the ellipse Cp, s 1x* + Cp ¢ ,¥* = ¥ —a, » are
c c
p.t,1 p.t.2

n
\/(r_ap,{?)cp,ﬁ,z \/(r_ap,f)cp,f,l
.. . x2 oyt . a b .
and minimum curvatures of the ellipse = + i 1 are given by 0 and = respectively, when
a > b.) Now by continuity argument, we can choose ¢, ; < 1 such that

given by , respectively. (Note that it is easy to check the maximum

3 .
S ming

"
TS, (s)‘

rt

<1, Vre (ap’g,ap,g + Ep’f]. (4.12)

13,/ (S)

maxs Sp+r£

Similarly, we repeat above process near dQ N S Dbyt using height function, say 7, ¢ (X) to get

- - 1 - - - - -
p.e(X) = 5% V2, 0l00)X + 0a(IX1P) = C, , x* +C |, )y + Oa(IXI*),

for some C’ , >’ ¢, > 0. By same argument, we can choose ¢,, <1 (even smaller if

p.t.1 D,
necessary)
3 s "
' > min
1 Cp,f,Z 2 S rSp+rf(S)
5 o < » <1, Vre [bp’g - Ep’g,bp,f). (4.13)
051 .
p maxg rspw(s)

Forr € [ap ¢ +¢€p¢,bp e — €p ], we obtain

ming

"
rSp+rf (S)‘

<1

= 4

0< Cp,g’r <
max

123
tSerr(’ (S)‘
where strict positivity of ¢, ., > 0 comes from (4.9) and max |rg’ f(s)| < 0. Moreover, this

e p+r

is continuous function in r € [a, ¢ +¢€,¢,b, s — €, ¢]. Combining with compactness of [a, , +
€p¢>bp e —€p ] (by (4.10)), we derive some r- independent D), » > 0 such that

ming

tgpwf (S)‘
Dpr So ——— <L ré€lap+epe.bpe—cpel. (4.14)

maxg

"
TS, (s)‘

rt
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2351

Combining (4.12), (4.13), and (4.14), we have C,, , > 0 such that

miny (rg

ing |¢” (s)'

Cpr Sa <1 forall re(aye bpe).

Rl R

! (s)'

Now, we consider all possible £ € S? and can use similar continuity argument as (4.14). From
compactness of S?, we can drop ¢ independence from lower bound and obtain

ming r’s’pw (s)‘
Chp<s—— <1, (4.15)
max; tgpw (s)‘
which gives (4.4). Also, combining (4.15), (4.5) and (4.9), we obtain (4.3). O

Lemma 4.3. Suppose the domain Q is given as in Definition 1.2 and (1.3).

(i) Let two distinct points x, X € Q, and a nongzero velocity v # 0 are given. We assume (2.6) and
(2.13), and recall x(t) in Definition 2.4. There exists 7y(x, X,v) € (t_(x, X, ), T, (x, X, V)) such
that

X - VE(xp(x(1),v)) >0 for 7_(x,%,0) <7 <710(%,X,0),
X VE(xp(x(1),0)) =0 for 7 =r10(x,%,0), (4.16)
X - VEOp(x(1),0)) <0 for to(x,%,0) <7 < 7,.(%,%,0),

where T, (x, X, ) is defined in (2.16). Moreover, there exists Cq 2 1 such that

1% - VEQp(x(), )| < Colkx - VE(xp(x(r_),0))|, 7- <7 <7, (4.17)

1% - VE(xp(x(7), 0))| < Colkx - VE(xp(x(T4), V)|, 1o <T <74, (4.18)
and

[v- VEGp(x(),v)| < Calv - VE(xp(X(7p),v))|, T- <7 <740 (4.19)

(ii) Let x € Q and v,0,¢ € R® are given. We assume (2.8) and (2.14), and recall v(t) in
Definition 2.4. There exists to(x,v,0,¢) € (t_(x,v,0,¢),7,.(x,0,0,¢)) such that

V(1) - VE(x(x, V(7)) <0 for 7_(x,0,0,¢) <1 < 19(%,0,0,¢),
v(t) - VE(xp(x,v(1)) =0 for 7 =1y(x,0,0,¢), (4.20)
v(1) - VE(xp(x,v(T))) >0 for to(x,v,0,¢) <1 <71,.(xX,0,0,).

Here, 7,.(x,v,0,¢) is defined in Definition 2.4. Moreover, there exists Cq 2 1 such that

IV (7) - VEQu (o, VO < CalV(7-) - VECep(x, v(T))I, 7- <7 <710, (4.21)

V(@) - VEGxp(x, v < CalV(Ty) - VECB(x, v(T DI, 7o ST <7y, (4.22)
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2352 | KIM and LEE

and
[v(7) - V(e (x, v(D))] < Calv(To) - VECr(x, V(T - <7 <75
Proof.

(i) First we prove (4.16). From (5.11), (5.13), and (1.3), we derive that

d T (V2 E(p(x(5).0)%)
dr (% VE(xp(x(1),0)))e’ = VEpOw
T

T (U-V2§(X|,(X(S),U))‘X)
= — (=% V2 (xp(x(7),0)) - X)e = VEGOWY T <0,

Since xp,(x(7), v) is well-defined for 7_ < 7 < 7, on 9Q, we have

X VEOp(x(t_),v)) >0 and x- VE&(xp(x(r,),0)) <O.

T (0 V2EGrp (().0)%)
Sincee’™~ VEtpx@o)v > (0 always, combining with (4.24) and (4.25), there exists a u
To(x, X, 0) € (7_(x, %X, v), 74.(x, X,v)) such that

70 (0:V2E(rp (X)) %) s
(X - VE(p(x(1g),v)))e’ ™ VEmEEDr =0 & x- VE(xp(x(1)), V) = 0.

(4.23)

(4.24)

(4.25)

nique

This proves (4.16). To prove (4.17), first note that x and 72/(xy,(x(7..), v)) are parallel or antipar-

allel to each other because x and 7;j(xp(x(7..), v)) belong to the plan S, 5 ), and X L
)/ (xp(x(74), v)) L v by (2.30) and (2.16), respectively, that is,

%] = - A Cro(x(E), L) = max [ o (x(0), L)1

Now, since 1 Sq |VE]| Sq 1, using (4.26) and Lemma 4.2,

1% - VEQep(x(), )| S 1% - n(xp(x(7), V)]
S 1%y (e (x(7), V)] = [ (xp(X(T), V)X - A (xp(x(7), V)]
< Colny(xp(x(z2), V)X - 7 (xp(x(7_), V)]
= ColX - n(xp(x(7-), v))| = CqlX - n(xp(x(7-), V)|
< Colk - VE(xp(x(72), v))I.
Estimate (4.18) is obtained similarly.

Now, let us prove (4.19). v and n(x,(x(7)), v)) are parallel or antiparallel to each
because x L v (by (2.17)) and (4.16), that is,

[v - 1y (xp(x(70), V)] = V]| (xp(X(70), V))I.

v and

(4.26)

(4.27)

other

(4.28)
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2353

Therefore, using (4.28) and Lemma 4.2,
[v - VEQp((T0), V)] 2 v - 1y (xp(X(70), V)] = [v]|n)(xp(X(Tp), V)]
Za v - (e (x(7), V)| |1 (xp (X(7), L))
= v 1y (D), V)] 2 v - VEQep(x(2), v))].
(ii) To prove (4.20), we derive that

d Tty (Y ())(V(S) V2 E(ep (e (5))V(s)) ds
| V@ - Ve v@e™ T Vo
T

= [tp(x, V(O (=¥(7) - V2 (x, v(D)) - V(1)) + V(7) - VE(xp(x, v(2)))]

Vi —t VIV V2ECRVENVE) 4 ¢
x o™ VE(xep (x,v(s))-v(s) >0,

where we have used the fact: V(1) - VE(xp(x, 0(1))) = —6%v(1) - VE(xp(x, V(7)) > 0, by (2.17)
and v(7) - VE(xp(x, v(1))) < 0. Similar as (4.25), we have

V(7_) - VE(xp(x(72),0)) <0 and  v(7,) - VE(rp(x(74),0)) > 0.

Now, (4.20) is obtained similar as proof of (4.16), since ty,(x, v(7)) > 0 always. To prove (4.21),
note that v(z..) and 7 (xp(x, v(7..))) are parallel or antiparallel to each other because v(z_.)
and 7)j(xp(x, v(7.))) belong to the plan S, ;¢), and v(r) L v(7) and 7(xp(x,v(7.))) L
v(7,) by (2.17) and (2.16), respectively, that is,

V()| = [V(zy) - (e (x, V(T = max [v()- 7)) (xp (x, V(D)) (4.29)
Using (4.29) and Lemma 4.2,
[V - VECep(x, v S [V - n(xp(x, v(2)))]
= |V - nj (xp(x, v(D))| = [y (xp(x, VIOV - 7 (xp(x, V(7))
< Colny (e (x, v(T NIV - 1 (xp (x, V(7))
< Calv - n(xy(x, v(T )| < ColV - VE(xp(x, v(T)))I.

Estimate (4.22) is obtained similarly.
Now, let us prove (4.23). v(7,) and n;(xp(x, v(7())) are parallel to each other because v(z)
and ny(xp(x, v(7)))) belong to Sy, 5¢), and v(7) L v(7) (by (2.17)) and (4.20). Therefore,

V(7o) - ny (e (x, V(T = [V (Tl (e (x, V(T (4.30)
Therefore, using (4.30) and Lemma 4.2,
V(7o) - V&G (x, v(To))I R V(7o) - 1y (xp (X, v(To))] = [V(To)l I (Xp(x, v(7()))]
Za V(@) - G Cx, VO [y (xp (X, V(D))

= |v(7) - ) (xp (X, VO R V(D) - VECxp(x, V(D). (]
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Lemma 4.4. Recall x(t) = x(7; x, X, 0), v(t) = v(1; X, 0,0, {) as in Definition 2.4, and ty(x, X, V)
and to(x,v,0,$) at (4.16) and (4.20), respectively, in Lemma 4.3.

(i) Recall all assumptions in (i) of Lemma 4.3. When 7_ < 7, < 7, we get

max f(x(s),0) = tp(x(7-),0),  min tp(x(5),0) = tp(X(7.), V). (4.31)

By symmetry, whenty < 17, <1,

_max (x(s),0) = tp(X(74),0),  min t(x(5),0) = tp(X(7.), V).

(ii) Recall all assumptions in (ii) of Lemma 4.3. When 7_ < 7, < 7, , We get

_max (X, v(s)) = tp(x,v(r)),  min (X, v(s)) = ty(x, V(7.)). (4.32)

By symmetry, whenty < 17, <1,

_max (X, v(s)) = tp(x,v(71)),  min (X, v(s)) = ty(x, V(7.).

also holds. Moreover, forallt_ <7 <1,

_max (VI V() So 1+ min (V©l(e V). (433)

Proof.

(i) Lett_ <1, < 1). From (5.15) and (4.16),

VE(p(x(7),0)) - % <0
VE(ep(x(7),0)) - v

& ty(x(0),0) =

since V&(x,(x(7),v)) - v < 0.7y < 7, < 7, case is similar. We also note that %tb(x(r), v)=0
only at 7 by (4.16).
(i) We can prove similary as (i) using (5.15) and (4.20), since

VEGxep(x, v(1)) - v(7) <0
VEGp(x, v(@)) - v(D)

To prove (4.33), let us consider |v(7)|ty(x,v(7)). If dist(x,0Q) <1, then we have
max, [v(7)|ty(x, V(7)) Sq 1 also. If dist(x, Q) > 1, we have

%tb(x,v(f)) = —tp(x, V(7))

max(|v(7)|t,(x, v(1))) < dist(x,3Q) + max |p —q|
T Pp,qE0Q
< dist(x, 9Q)(1 + Cq) < (1 + Cq) min(|v(7)|tp(x, v(7))). O
Lemma 4.5.
(i) Assume (2.6) and (2.13), and recall ty(x, X, v) from (4.16). Then,

To(x, X, 0) — 7_(x, X, V) (4.34)

= = RQ
7. (x,%,v) —7_(x,%,0)
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2355

(ii) Assume (2.8) and (2.14), and recall 7y(x, v, U, ) from (4.20). Then,

70(x,0,0,¢) — 7_(x,0,0,¢)

2ol 4.35
T+(x’ v, 0’ g) - T—(x’ v, 0’ {) o ( )
Proof. For fixed S, let
-1 -1
Re = ( mi o= , 436
s (i) s (o) 39

Now, let us consider a circles C; with radius r. At any point y € dQ N S, we can place C; inside of
9Q n S while C; is tangential at y € dQ N S by (4.36). Similarly, consider another circles C, with
radius R and for any point y € QN S, we can place C, outside of 0Q n S while C, is tangential
aty € 0QnS.

(i) If we choose y = x,(x(1p), ), it is obvious that
rs < |X|(to —7-), |%|(74 —70) < 2Rs.
Therefore,
[%(tg — 7| 2 75 > 2= |X(z, —To)|
X(To T_ _rs_zRSXT+ To

holds and we obtain (4.34) using (4.4).
(ii) Ifsin(6(ty—1_)) > %, we have

1
O(tg—7-) > 5

and (4.35) holds since 8(r, —7_) < 7.
If0 < sin(0(ty — 7_)) < %, let us choose y = x},(x, v(7)) and circle C; to get

rs < (lxp(x, v(70)) — x| + r)sin(6(rp — 7))
because C is inside of 6Q N S. From 0 < sin(6(ty — 7_)) < %
rs .
> < P (x, v(To)) — x| sin(@(zo — 7).
Also, considering outer circle C, tangential at y = xy,(x, v(zy)),

|l xp(x, V(7)) — x[(6(74 — 70)) S [xp(x, v(70)) — x| sin(6(ty —7p)) < max |x —y| < 2Rg,
x,yeoQNS

where A < Bmeans A < CB with some generic constant C > 0, since (6(7,. — 7)) < % From
above two inequalities,

NS

X6, v(70)) = x|(0(70 — 7)) 2 = R LTSS x5 (x, v(79)) — x|(8(7 — 7))

holds and we obtain (4.35) using (4.4). O
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5 | SPECULAR SINGULARITY
5.1 | From fraction to specular singularity
Lemma 5.1. Suppose the domain is given as in Definition 1.2 and (1.3).

(i) Let x,% € Q, v € R? and assume (2.6), (2.13). Recall shifted position ¥ = %(x, X, v) defined in
(2.7) of Definition 2.2. For |x — X| < 1,

[V(s;t,x,0) — V(s;t, X, 0)| ) 1
1 < —d , (51
x — %] {s<mm{r <xv>r1<xu>}} R A TR A

s>max {1 (x,0),t1(%,0)}

|X(s5t,x,0) — X(s; £, X, 0)|
|x — )?:l { sgmin{tl(x,u),tl()'c,v)} } <1+ |v|([ - S) + |v|2(t - S)

s>max {11 (x,v),t1(x,0)}

X —  dr (5.2)
/0 &, (1;x, X, V)

(ii) Letx € Q,v,0,¢ € R? and assume (2.8), (2.14). Recall shifted velocity 0 = 0(v, 0, ¢) defined in
(2.9) of Definition 2.2. For |v — 0| < 1,

[V(s;t,x,0+{)=V(s;t,x,0+ )

[o— 0] { SSmin{t1(x,v+§),t1(x,15+§)}}
s>max{t! (x,0+¢),t 1 (x,0+¢)}

IX(s;t,x,0+ &) — X(s5t,x,0+ §))|

[o— 0] s<min{t! (x,04+¢),t1 (x,04¢)}
s>max {1 (x,0+¢),t1 (x,04¢)}

SE—s)+ v+t =P+ v+ ¢)? (t—s)/ @—d. (5.4)

Uel(T X,0,0 g)

Remark 5.2. In the regularity estimate, we are only interested in the case that s € [0, t]. Therefore,
if either t'(x,v) = —oo or t'(%,v) = —oo, which means either one of the trajectory from (t, x, v)
or (¢, X,v) missed the boundary 0Q, then 1 (. inq1(x 1) 11(x.0), = 0- Note that it is easy to get the

s>max{t! (x,v),t1 (%,0)}
same conclusion for 1 i o1y v4¢) 11 (x,04+¢)},- 1€ other nontrivial case, only one trajectory hits

s>max{t! (,0+¢),t 1 (x, 044}
the boundary, will be discussed in the next lemma.

Proof. If s > max{t'(x,v), t'(%,v)} or s > max{t'(x,v + ¢), t'(x, 0 + ¢)}, it is trivial. We consider
s <min{t'(x,v + ¢), ' (x,0 + ¢)} and s < min{t!(x, v), t'(X, v)} cases only.
Step 1 From (5.15), for s < t — tp(x, v),

V. V(s;t,x,0) = Vy[v = 2(n(xp) - v)n(xy)]

= —=2(v - n(xp)) (I = n(xp) ® n(xp))V2E(e)Vxy

_r
[VE(xp)l
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2357

_szb)l(n(xb) ® v)(I — n(xp) ® nlxp))V2E(x)V Xy

_ 2 v ® n(xy)
= T IVEG) ((v - n(xp))Ry, + n(x) ® V) VZE(xp) <I - m) (5.5)

and

Vi X(s:t,x,0) = Vy[xp — (£ — 1 — 5)(0 — 2(n(xp) - v)n(Xp))]

_ @) (20 n(xp)n(x)) ® Vaty — (i =ty — VLV (S)
v - n(xp)
=Ry, — (t =t — )V, V(s;t, x,0). (5.6)

Similarly, we get

V,V(s;t,x,0) = V,[v —2(n(xp) - v)n(xp)]

“Ry =2 (0 n(xp)R,, +n<xb>®v)v2§<xb>(

v®n(xb)> 5.7)
VGl

v - n(xp)
and
VX (851, x,0) = Vy[xp — (£ — 1 — $)(V — 2(n(xp) - VIn(xp))]
) + (v =2(v - n(xp))n(xp)) @ Vit — (t =ty = )V, V(s)
= —tpRy, — (t =ty — )V, V(s;,X, V). (5.8)

Step 2 First, we consider (5.1). From (5.5),

1
V(s;t,%,0) = V(s £, %, 0)| = / V. V(s £, x(2), 0)dr
0

= VECop(x(0),v)))
<o x||v|/ 1+|v| vg(xb(x(ﬂ ol |-

Using (2.20), we derive (5.1).
For (5.2), we use (5.6) and then similarly as above,

1
|X(s; 8, x,0) = X (5358, %,0)| = / V, X (s;t,%x(7), v)kdt
0

| VEGo(x().0)
0 VEGR (D), )

S lx—=%|+(—-9)|x— x||v|/ 1+|v|

holds.
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For v-directional parametrization, using (5.7),

1
V(sitx,0+¢) = Visit,x, 0+ 8)] = / Vo V(s tx, 0(@)Vdr
0

: 1o V) | - VEGaa e vo)|
S,lv—vllv+§|/0 (t=s)+|v+¢| V(D) - VEG VO] dt + |v — 0|
which yields (5.3). (5.4) is also gained similarly using (5.8). O

Lemma 5.3. Suppose the domain is given as in Definition 1.2 and (1.3).

(i) Let x,% € Q, v € R? and assume (2.6), (2.13). Recall shifted position % = %(x, X, v) defined in
(2.7) of Definition 2.2. If tp(%, ), tp(x, V) < oo,

1
- 1
([1()6, U) - S)ltl()"c,u)<s§t1(x,v) < |X - xl / S (5-9)
0 s

—dr.
p(T3 %, %,0)

(ii) Letx € Q,v,0,¢ € R? and assume (2.8), (2.14). Recall shifted velocity 0 = 0(v, 0,¢) defined in
(2.9) of Definition 2.2. If ty,(x, 0 + {), tp(x, 0 + {) < o0,

1
N 1
(', 0+ §) = (e pad)<s<il(xre) S [0 =0 /0 mdf- (5.10)

Proof. For (5.9)

(1%, 0) = $)Lp1(x py<s<ti () < |tp(X, V) — tp(E, )| =

1
S/
0

1
/ V tpy(X(7), v)XdT
0

X - VE(Qxp(x(1),))
v- V%’(xb(x(f), v))

dr < || /1 1
- 0 ©SP(T; xaxa U) ’

Similarly, for (5.10)

(', 0+ &) = ypi(x pr0)<s<ti(p¢) < (60 + ) — tp(x, 0+ )| =

1
</
0

5.2 | Averaging specular singularity

1
/ Votp(x, v(T))v(t)dT
0

V(1) - VExp(x, v(1)))
v(7) - VE(xp(x, v(1)))

1
£y (x, V(D)) dr < [v(D)| / 1 & 0
0

@L)el(f; x,0,0, {) .

We start with the ODEs for the specular singularities. Let Q = {x € R3 : £(x) < 0} for a C*-
function £ : R3 —» R. Let two arbitrary maps 7~ x(7) € Q ={x € R3 : £(x) <0} and 7
v(7) € R3 are differentiable and % = 0. As long as x;,(x(7), v) is well-defined on dQ, we compute
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%(x(f) - VE(xp(x(7),0)))

-1
T —VE(p(x(1),0)) - v

+(=VEQp(x(2), 0)) - V)(=X(T) - VZE(xp(x(2), L)X(T)) |,

{&(@D) - VECp(x(D), v))(= - VEE(xp(x(7), 0)X(D))

(= VECa (D), 0) V)

_ 1 {
 —VE(xp(x(1),0)) - v

+ (= VEQp(x(7), 1)) - V)(=% - VZE(xp(x(7), 0)V) }.

(% - VECep(x(1), v))(=0 - V2E(ep(x(2), v))V)

As long as xp(x, v(7)) is well-defined on 0Q, we obtain

tp(x, v(7))
=VE(xp(x, V(1)) - v(7)
X {(V(T) - VEQxp (6, V(DN (= V() - VEE(xp (x, v(T))V (7))

+H(=VECxp(x, v(2))) - V(D)) (=V(T) - VZECxp (x, vO)V(D)) |,
—tp(x, V(7))

=VE(xp(x, v(1)) - v(7)
X { (V(7) - VEQ(x, v(O)) (= (7) - V2E(xp(x, v())V(7))
+(=VEQxp(x, (D)) - V(D) (=V(T) - VZE(ap (x, v(D)V(D)) }.

%(V(T) - VE(xp(x, v()))) = ¥(7) - VEQxp(x, v(1))) +

< (=T V(D) - V() = ~VEGR, (e, (D)) V(D) +

These are the direct outcome of the basic computation ([1, 13])

Vit = VZ(gyc(:)l)?v’ Vity = =ty Vilp,

Vexp =1-— vv?nré(x):s)’ Voxp = =t Vi Xp,
Vixp=1-— %, Voxp = —tp Vi Xp,
V() = gl = n(xy)  nCxy) V).

The next differential inequalities are crucially used to prove Proposition 6.7.

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

Lemma 5.4 (ODE for Specular Singularity). Suppose the domain is given as in Definitions 1.2 and

(1.3).

(1) Recall X = %(x, X,v) in Definition (2.2) under assumption (2.6) and (2.13).
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We also recall €, (7; x, X, v) in (2.20) and X(7) in (2.15). For T € (t_(x, X, ), 7,.(X, X, 0)),

d&,(t;x, X, 0) . 1 0o l%|?
dr B @sp(f; X, %,0) |X - VE(xp(x(7), 0))|

(lv)? + &5,(1;x,%,0)).  (5.16)

(ii) We recall 0 =0(v,0,{) in Definition (2.2) under assumption (2.8) and (2.14). Recall
S,e(T5x,0,0,8) in (2.21) and v(7) in (2.15). Define

V(D) - VEG G vEO))| bk, v(D))

Sua(mx. 0. 0.0) = | N e V@) | - N

@pei(7;%,0,0,¢). (5.17)

Fort € (t_(x,0,0,¢),7,.(x,0,0,)),

d@uel(r;x, v,0,¢)
dr

(5.18)
o1 B0 V(D) 2ty (x, V(7)) <1 + &2 [(T3%, 0,0, §))-
Spei(7;%,0,0,)V(T) - VE(xp(x, (1)) v

Remark 5.5. Actually for the differential inequalities (5.16) and (5.18) we do not need the whole
setting of Definition 2.2, but only arbitrary x, %, v, U, ¢ satisfy (2.17).

Proof. Step 1. First we prove (5.16). Recall 74(x, X, v) in (4.16) and let us consider the case 7 €
[t_(x, %, ), 7o(x, %, v)]. Simply let us write &,(7) = &,(7; x, X, v) here. Using (5.15), (5.11), and
(5.12),

d _ 1 %/
=) T g mx Vi e G19)
where
1 X X
(5.19), = 1—V§'|2 [(m . V§>v — (V¢ v)m]

%]

X X
(=v28). [(H - V§>v _(ve. ”’m]

2
. (5.20)

( X V§>v—(V§~v)%

%]

—'V§|2

6a
e
%I

Here, we have used the convexity (1.3) to derive the lower bound estimate in (5.20). Here, we abbre-
viated V& = VE(x,(x(7), v)) and V¢ = V2£(x,(x(1), v)) for notational simplicity. Now, using the

decomposition
L= (U'f>f+<1—f®f>v,
PAWARY x|~ [

and X - v = 0 from (2.17),
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2 2

6q
+
REE

(5.20) = 6

(- &ew) veo- (ve ) (5 2)

= | VEQop(x(2),0) - v]” = 8 0] + 80 @2, (2),

= Oglv|* +

i
since X - v = 0 from (2.17).

From the above equality, combining with (5.19) and (5.20), we conclude (5.16). Proof for 7 €
[7o(x, X, V), T, (x, %, V)] is same.

Step 2. Next we prove (5.18). Recall 7y(x,v,0,¢) in (4.20) and let us consider 7 €
[t_(x,v,0,8),70(x,0,0,¢)]. Simply let us write &,,,(1) = &,,(t; x,0,0,¢) here. Using (5.13),
and (5.14),

d <v(r) . Vé'(xb(x,v(r)))>
T\ V(1) - VE(xp(x, v(1)))
1
T (1) - VEG(x, v(7)))

tp(x, V(7))
V(1) - VEQep(x, v(7)))

— V() - VECrp (x, vIOV(T) - VZECxp(x, vONV(D) }]

V(D) - VE(xp(x, v(1)))
[V (7) - V& (x, v(D)))|?

tp(x, V(7))
V(1) - VE(xp(x, v(1))

— () - VECep (6, vIONV(T) - VZE e (x, vV (D)} (521

[V(7) - VEQep(x, v(7)))

{(W(@) - VEG(x, vONIV(D) - VZECxp(x, v(D))V(2)

[V(7) - VEQep(x, v(7)))

{(V(@) - VEGap (x, vONIV(D) - VZECxp(x, v(D))V(2)

v(1)-VE(ap (x,v(1))

Since V(1) = —62 f 2.17), —
ince ¥(7) V(@ from (.17, — G NE

(5.21) to obtain

V(1) - VE(xp(x, v(7))) > 0 and then we use

Buei(T3%,0,0,$) > 1+ ty(x, v(1)—= (BV(7) — AV(1)) - V2£(xy(x, v(T))(BV(1) — A¥(7))

d =
dr AB2

21- tb(x7V(T))%|(v(T) - VE Qe (x, vONV(T) = (v(1) - VECe(x, vONV ()]

_ Oatp(x, v(1))
V(1) - VE(xp(x, V(1))

)] |v( ) v(@) _ v()

®

X T Vol © Vo)l

[véeace v (1- 22 @ X2 Yvo ‘ ( > :
v(r)‘

20 Ve, ven|

balv(D)I? <

=1+ t(x,v(1))=
D @i, 0, 6, IV () - VE(xp (s v(D))]

&,@mx000), 62
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where we used (1.3), v(t) - v(7) = 0 by (2.17), and notation,

A =v(1) - VE(xp(x,v(1))) <0, B :=v(1)  VE(xp(x,v(1))) <O0.
Sign of B comes from (4.20). Proof for 7 € [7(, 7, ) is same. O
Proposition 5.6. Suppose the domain is given as in Definition 1.2 and (1.3).

() Assume ty(x(z,),0) < 0 and 7, € [1_(x, X, V), 7,(x,X,0)]. Then we have

T, dr T, —7_(x,%,0)
/r_<x,x,u> Comxt0) o VEGr (e, o)l 623
(ii) Assume ty(x,0(7)) < 0 and 7, € [t_(x,V,0,$),7,(x,0,0,$)]. Then we have
/ ) & (. —7) 1
— S Ca
e_(rw08) Goa(T %, 0,0,6) [v(z.) - VEGo(x, v(T.)))| [v(z,)]
x (14 min(lv(@lty(x, V(D)) ). (5.24)

(Remind that [v(7)| = |[v + | forallt.)

Proof. Step 1. We first prove (5.23) when 7 € [t_, 7], where 7_(x, X, v) and 7, = 7¢(x, X, V) are
defined in (2.16) and (4.16). From the ODE (5.16),

d 200 |%/°

dTGSp(T; x,%,0) > % - VE(xp(x(2), 0))]

Gsp(r; X, X,v), where Gsp(‘[; X, X,0)
= v + &, (1: X, %, v). (5.25)

From &,(r_) = 0, we derive an upper bound of G,(7;x,%,v) by applying the Gronwall’s
inequality to (5.25). Then we derive that, in terms of &, (7; x, X, v),

T 20 %12 ] 2 T .13
e e _1> <4 l 200 |X|

S

1 1
———<—|e <= :
@, (7 x, %, V) Ivl< ol | J;. max; << % VE(xp(x(s), v))

1 \/ % - VEGay(x(r_(x, %, v )|

~ ol %] (t —7_(x,%,0))

Here, we have used the fact 0 < |X - VE(xp(x(7), V)| < ColXx - VE(xp(x(1_),v))| for 7 € [t_, 7]
by (4.17). Hence, for 7, < 7,

) 1 VX - VEQo(x(1),0))
e e T R

< ColX- V&G ), v) Vi st xo). (5.26)
ol V%]
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Next we claim that

1 CollVEllLo@a) VT — (X, X, )
PRVE v~ VE(xp(x(7,), L)

for any 7, € [7_(x, X, V), 7o(x, X, V)]. (5.27)

Combining (5.27) and (5.26), we can prove (5.23).
The proof of (5.27) comes from (5.12):

%(v  VEQp(X(2),0)))” = 20 - V2E(ep(X(2), ))[(v - VECr(X(1), L)% — (% - VEQep(X(2), 0)))0]

< CalvlP1% - VEQp(x(72), )| < CollVEllLs o0y lvI* XI.

We integrate the above inequality from 7_ to 7., and use v - V&(x(%(7), V))|;=; = 0 from (2.16).
Then we can prove the claim (5.27).

Next, let us consider the case 7., € [7(, 7, ]. Following the same argument to prove (5.23), using
(4.18) instead of (4.17), we can derive that for 7, € [7_, 7]

Ty — Ty

i dr
'/T* @Sp(‘l'; x,%X,0) 5 Ca [v - VE(xp(x(1,), V)| : (5.28)

Nowwesplitff = f:j) +fr(:+ —/TT: < I/Ti0 | + Iffz+ | + |fT:+ | and apply (5.23) with 7, € [7_, 7]
and (5.28) to derive that

(to —7-) (T4 —7) (T4 — 1)

/T* dr — <a + + .
. ©Gp(T5x, X, 0) v+ VE(xp(x(70), 0 v~ VECH(x(To), L) [v - VE(xp(x(T,), V)

< Ca . On the other hand, from (4.34),
[0-VE (e (x(79),0))| [0-VE (e (x(7,),0)

we easily obtain 7, — 7y S19—7_S7.,—7_and t, — 7, ST, — 7Ty S T, — 7_. Hence all three
terms above (on the RHS) are bounded by

Note that from (4.19), we have

C(r,—1_)
v - VEQo(x(z.,), L)
Therefore we prove (5.23) for 7,, € [7y, 7, ].

Step 2. We prove (5.24) first when 7 € [7_, (], where 7_(x,v,0,{) and 7y = 7o(x, v, 7,¢) are
defined in (2.16) and (4.20). From the differential inequality (5.18),

200 |v(D)|?

[V (1) - VE(xp(x, v(1)))| Guel(73X,0,0,9), (5.29)

d _
EGuel(T;xa 0,0,¢) > ty(x, V(7))

where G, (t;x,0,0,{) :=1+ @iel(r;x,v, U,¢). We apply the Gronwall’s inequality to (5.29)
using &,,;(7_) = 0. Then in terms of &,,,;(7; x, v, 7, ¢), we have that for 7 € [1_, 7],

1

< T [¥(s)-VECep (x.v ()]

@Uel(f; x,0,0, g) B

1
1 ( 7 BavOLpeve) o ) 2 <[ T 200|v(@)> min, < t,(x,v(s)) | 2
e - S
T

_ max:_cs<r [V(T) - VEQep (X, V()]

< VIVE) - VG vE )
NQ b
V@IV V@) T2
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where we have used (4.31) and (4.21). Hence, from definition (5.17), we have that for 7, < 7,

VIVE ) - VEG(x, v(T )]
/_ m S0 W V(T )|v(T,)] VT — T (5.30)

Next we claim that

V(7)) - VEQu (x, v S \/OI"XZ) - VE Qe (x, v(T )N IV(D)|?

X\/(IWE) - VExp(x, v(T )| + tb(x,V(T_))IV(T)I)\/T -1

Sa VIVOIIVEOIQA + ty(x, v )IV(DD/7 — 7. (5.31)

From (5.30), (5.31), and (4.33), we can easily get (5.24) for 7, € [7_, 74]. For the case T € [1y, 7],
we follow the same argument of the last part in Step 1, using (4.23) and (4.35). This finishes
the proof.

Now we only need to prove the claim (5.31). From (5.14), (4.21) and (4.32),

%(V(T) - V& (x, v(7)))) = V(1) - VE(x(x, V(1))

V(1) ® VE(xp(x, V(1)) )v(f)
v(7) - VE(xp(x, v(1))) '

— 1y (e, V(D) - V2E o (x, V(D) <1 -
Therefore,

—(v()- VEQ(x, v(D))’

1
2
= (¥(7) - VECap(x, vON)V(E) - VE iy x, V(D)
— (5, VO)V(E) - VECeu (e, VEMIV(E) - V25 Gy, VD)V ()
+ (5, VO)V(E) - VECau (o, VIV - V2E G, vO)V(E)

< CoBIV(T2) - VEQuu(x, v ) IV(D)]?

x (1V) - VEGeyx v )] + (e, v(E DIV ),

where we perform the following estimate for the second term,
i (x, V)V(E) - VECey e, VEMIV(E) - V2 (o vV ()]

< Cabty(x, VE DIVEOPVE) - my ey, V)]

< CaBty(x, V(E NIV V) - F e e, v(E )l Iy Cex, VD)

< CaBty(x, VE VOV - VEGe(x, vz ).

Here, we have used the facts |v(7)| = 6|v(r)| and 6 = cos‘l(v/-i-\{ . U/-l-\é' ) in (2.17) and (4.3) in
Lemma 4.2. |
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6 | $* ESTIMATES
sp,vel

6.1 | Difference estimates

When (2.6) with v + ¢ and (2.8) hold, we split
fG,X(s;t,x,0+ ), V(sst,x, 0+ ) — f(5,X(5;6,%,0+¢),V(s;£,X,0+¢))

< fls,X(s;t,x, v+ &), V(s t,x, 0+ ) — f(s,X(s5t, %, 0+ ), V(s;t,%,0+))
+ f(s,X(s;t, %, 0+ ), V(s;t, %, 0+ ) — f(s,X(s;t, %, 0+ &), V(s;t,%,0+))
+ f(s, X(s;t, %, v+ &), V(s;t, %, 0+ &) — f(s,X(s: 8, %,0+ &), V(s;t,%,0+))

+ f(s,X(s;t,%,0+¢),V(s;t,%,0+ ) — f(5,X(s5¢,%,0+ &), V(s;t,%,0+ ),

(6.1)

(6.2)

(6.3)

(6.4)

(6.5)

where % = X(x,%,v+¢) and 0 =0(v,0,¢{) are defined in Definition (2.2). We estimate

each (6.2)-(6.5).

Lemmaé6.1. Let f : QxR - R, U {0} be a function which satisfies specular reflection (1.4), where

Q is a domain as in Definition 1.2. Let w(v) = edlvl? forsome 0 < 8.
If (2.6) holds with v + ¢, then (6.2) and (6.3) enjoy the following estimates.

OB S oI )+ Qo g1+ o+ P = DTy 50+ )
T (H)s o2 (8 X,0) = (s, 2,0)] | IwfO)lle
- w(V)*s 51
“|o+om S;Ss ¢ w lx — x| T e+ 9)
0<|x—x|<1
HL+ o+ + o+ L]+ v+ DT 0+ )]
e VHe)’s ooy £ (s, x,0) = f(5,x,0)] . wfS)lle
w(V)"s )
X i )s;g e (v) oo + w0+ 0)
0<|v—0|<1
(6.3) _ e +s —ar(oys gy W2 X, 0) = f(5, %, )] > lwf (s
|x — x| S (L+ ¢ 5:&53 (e () |x — x|” * w+¢) ’
0<|x—x|<1

Similarly, if (2.8) holds, then (6.4) and (6.5) enjoy the following estimates.

(6.4)
lv—ol”

S =8) 410+ 10 =92+ (v + ]+ [0+ 1P = )T (%,0,6,831,5)]

2 -
ksl . %5 B { Y. 20 | BN LD O 8

x| — -
W+ eps |x — x|” w+¢)
0<|x—x|<1

, (6.6)

(6.7)
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2366 KIM and LEE

+[1+ [0+ I —5) + [0+ CPTou(X,0,0,¢58,5)]

ew(v+§’)zs —’ZZT(U)ZS 5 |f(S, X, U) - f(S, X, lj)l ”wf(s)”oo

orom 2 TR Paery |
0<|v—0|<1
(65) ew<v+{>zs —w(v)2s 5 |f(S, X, U) - f(S, X, U)l ”wf(S)”oo _
o—op ~ OFOT et (e ©) |x — x| > w0 =
0<|x—x|<1

ew<v+§>2s _w<u>25 5 |f(s7 X, U) - f(S, X, lj)l ”wf(s)”oo

{ i T G = Ao
0<|v—0]<L1

Here T, and T, are defined as

1
- 1
Tsp(x: X, 0+ g) = li @Sp(_[; X, %0+ g) dTl{tb(x(r),U+§)<oo, 0<7<1}

1
1
+fr NG R g)dfl{tb(x(r),v+§)<oo, r_<r<1}

(x,%,0+¢)

T
h 1
’ drl S 1 , (610
fo ©sp(7; x,%,0+¢) {tp(x(7),0+¢) <00, O<T<T_} [ L¢P ( )

where

p! :={¢ € R® : (2.6) and (2.13) with S, x p4¢) hold },

(x,x,0+8) °

and

1
1
T../(%,0,0,¢:t,8) 1= —  _dr1 .
vel( $;t,5) fo. IR {tb(x,v(‘[))<oo,0§7.'§1}

ming<r<; (X, v(7))<t—s

1
1
* f;_ md‘fl{ p(%,v(1))<00, T_<7<1 } (6.11)

min;_<r<; (X, v(7))<t—s

T_
1
+ ———dr11 c 1 ,
fo Sou(7: %, 0,0,0) { tp(%,v(1))<00, 0LT<T_ } ;’eP(ZX!U,U,YO

min()srgr_ [b(x,V(T))S[—S

where

2
P(i,v,ﬁ,{) :

{¢ € R® : (2.8) and (2.14) with Sz 4 5.¢) hold }.

. b 1 b
Here, we used notation, f ' := — /-
—a
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2367

Remark 6.2. In the definition T, (6.11), we put extra condition of the following type

min t,(x,v(7)) <t —s5,
Ogﬁb( (™) <

which is missing in the definition of 7, in (6.10). In fact, we can put similar condition in the
definition of 7, also. However, above condition is not important for 75, case as we see in (5.23) :
unlike to (5.24), it does not contain any t,(x, v(7))-related terms.

Proof. In this proof, we drop ¢ in (6.2)—(6.5) for notational convenience.

Step O (Trivial dynamics) Assume (2.13) with S, ¢ ) (S(x x,0+¢) in fact) and (2.14) with Sz, 5.0)
(S(x,0,0¢) in fact) do not hold. (The definition of S, &,y and Sz, 50y are given in (2.10), (2.11).)
Then, all the backward in time trajectories do not hit dQ, hence (6.6)—(6.9) hold obviously, using
the following trivial trajectory estimates,

[X(s;t,x,0) = X(s;8, %, 0) _ [X(s;t,%,0) — X (858, %,0)| _

~ 1’ ~ - 19
[x — X| |% — x|
[V(s;t,x,0) = V(s;t,X,0)| _ 0 [V(s;t,x,0) = V(s;t,X,0)] _ 0
[x — | o |% — x| o
X(s;t,x,v) —X(s;t,%X,0 X(s;t,x,0) — X(s;t,%X,0
1X( ) ~( )|=(t_s), 1X( 2 _( )|=(t—s),
v — 10| |0 —D|
[V(s;t,%,0) —V(s;t,%,0)] 1 |V(s;t,%,0)—V(s;t,%,0)] 1

|lv—7| |0 — 0|

We omit the details.
Now let us consider nontrivial cases. In the following Step 1 and Step 2, we assume (2.13) with
Stx,x0) (Sx,x0+¢) In fact) and (2.14) with Sz, 5.0y (S(x,0,6,¢) in fact), in addition to (2.6) and (2.8).
Step 1 (Nonsingular parts) Let us treat (6.3) first. Since X — X is parallel to v (v + ¢ in fact), we
do not see any specular singularity in (6.3).

|f(s,X(s;8,%,0),V(s; 8, %,0)) — f(5,X(s; 8, %,0), V(s; £, X,0))|
|X(s;t,%,0) — X(s; 8, %,0)|”

(6.3) <

X|X(s;t,%,0) = X(858, %, V)" (L maxiel (2.0 zo)) + Ls<minge! (2.0).01 (5.0)})
+|f (s, X(s5¢,%,0), V(s; £, X,0)) — f(s5,X(s58, %,0), V(s; £, X, 0))|

lein{tl()"c,u),tl(2,v)}<s§max{t1 (%,0),t1(x,0)}

< |f(s,X(s;8,%,0),V(s; £, %,0)) — f(s5,X(s58,%,0), V(s £, X, )| B
- |X(S;t,)?,v)—X(S;t,)?,U)|7

x|

X (Lo max{e (%00, (x,0) T Ls<mingel (%,0),61 500} )

+(1f(s, X(s;t, %,0),0) — f(8, xp(X, V), V)|

+1 £ (8, Xp(X,0), Ry, (2.0)0) — (8, X856, %,0), Ry (2.000)]) X L1z 0)<s<rl(2.0)
+(1£ (8, X (851, %,0), Ry, (2.0)0) — f(8, Xp(X, 0), Ry, (5,0)V)]

+|f(s’ xb(xa U), U) - f(S9X(S; X, U), U)I) X lll(x,v)<sﬁt1()?,v)
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2368 | KIM and LEE

< |f(s,X(s;8,%,0),V(s; 1, %,0)) — f(5,X(s; 1, %,0), V(s; £, X,0))| F
x —
B |X(s;t,%,0) — X(s; 8, %,0)|”

x|

X (Lo max{et(&.0).0 (500 + Ls<mingtl (200,61 %00)

+( |f(s,X(s;t,%,0),0) — f(s, xp(X, V), V)|

IX(s; 8, %,0) — xp(X, V)"

N [f (s, xp(X, V), Ry (x,0)0) — f(8, X (858, X, 0), Ry, (5,0)V)
|xp(X,v) — X(5; £, X, V)|

" |f(S’X(S; t, X, U)!Rxb(fc,v)v) - f(S9 xb(x’ U), Rxb(fc,v)v)l
1X(s:8, X, 0) = xp(X, V)|

> |)2 - xlyltl()?,u)<s§t1()'c,v)

| f(s, xp(%,0),0) — f(s,X(s;t, %, V), V)|
[xp (X, 0) — X(s;t, X, )Y

) |X = X|" L1z v)<s<il (%,0)> (6.12)

where we used the facts that (¥ — %) || v (v + ¢ in fact) and |% — X| < |x — X| by (2.7). When a
denominator is larger than 1, the second term of the RHS in (6.7) controls LHS. Therefore, (6.12)
gives (6.7).

Let us treat (6.5). Since U and U are parallel to each other (U + ¢ and U + ¢ in fact), we do not
see any specular singularity in (6.5), neither.

| f(s,X(s;t,%,0),V(s;t,%,0)) — f(s,X(s;t,%,0),V(s;t, X, 0))| o —

5 Y
V(56,%,0) = V(s;(, %, 007 |

(65 < (

4 | f(s, X (s;t,%,0),V(s;t,%,0)) — f(s,X(s;t,%,0), V(55 t,%,0))|

1X(s;¢,%,0) — X(s; 1, X, 0)|” |(5—U)(t—s)ly>

X (Lssmax{e1 (200,015,001 + Ls<min{el (%,0).61(%,001)

|f(5,X(s3¢,%,0),0) = f(5, (X, 0), 0)| | _
11 (5 5y os<tl (e 0 —0)t —s)|
t1(x,0)<s<tl(x,0) < |X(S; tx, 17) — xb(J_C, U)V I( )( )l
|f(S, xb(xa 6)’ Rxb()?,lj)ﬁ) - f(S, Xb(x, U): Rxb()'c,U)lj)l |lj ljly

IRy (x,0)0 — Ry (2,0)017
|f(S, xb(xs 6)’ Rxb()?,ﬁ)ﬁ) - f(S’X(S; L, X, 6)7 Rxb()'c,U)lj)l

lxp(X, 0) — X(s; 1, X, 0)|7

" If(S,X(S; t,Xx, 6)’ Rxb()?,ﬁ)ﬁ) - f(S, Xb(.)z', 6)’ Rxb()'c,ﬁ)ﬁ)l
1X(s:¢, X, 0) — xp(X, 0)|

(o — o)t - S)Iy>

(0 —0)(t — )"

+ If(s’ xb(xa ﬁ)s ﬁ_) - ~f(s, xb(x’ 6)a lj)l |6 _ U,P,
[0 -0
| f(s, xp(%,0),0) — f(s,X(s;t,%,0),0)|
|xp(%,0) — X(s;t,%,0)|"

|(0— o)t — S)|y> 14z 5)<s<tl(x,0)s (6.13)

where we used specular boundary condition (1.4), |0 — 0] < |v — U] by (2.9). So we get (6.9) from
(6.13).
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2369

Step 2 (Singular parts) Now, we treat main contributions :(6.6) and (6.8). We will see specular
singularity in these estimates. Using specular condition (1.4), we split (6.2) into

|f(s,X(s58,x,0), V(s; £, x,0)) — f(5,X(s; £, %,0), V(s; £, x,0))|
|X(s5t,x,0) — X(s; £, X, 0)|7

o

X |X(s;t,x,0) — X(s; £, %, U)Iylsgmin{tl(x,u),ll(ic,v)})

N | f(s, X(s;t, %,0),V(s;t,x,0)) — f(s,X(55t,%,0), V(s;t,%,0))|
( [V(s;t,x,0) = V(s;t, X, 0)|7

x |V(s;t,x,0) = V(s;t, X, U)Iylsgmin{tl(x,v),tl(k,v)})

N |f(s,X(s;8,x,0),V(s; £, x,0)) — f(5,X(s;8,%,0), V(s; £, X, 0))|
|X(s; 8, x,0) — X (858, X, )

|x - X:|yls>maX{[1(x,U),[1(fC,U)} + Al + A2 + A3 + A4 + Bl + B2 + B3 + B4, (614)
where

Ay = (' (x,v) = $)I”

|f(S’X(S; t, X, U), Rxb(x,u)v) - f(S, xb(x’ U)7 Rxb(x,v)v)l
1X (558, x,0) = xp(x, V)|

|f(S’ xb(-x: U)! U) - f(S9X(S; t’ 55, U), U)I
|Xb(x, U) - X(Sa t; 563 v)ly

(Ix = %] + [0](t* (x, v) — s))y)

X 11 (z,0)<s<tl(x,0) Ll (2,0)> — 00>

< |f(s,X(s;t,x,0),V(s; t,x,0)) — f(s,X(s;t,x(7_),0), V(s t, x,0))|
A2 =
|X(s;t,x,0) — X(s;t,x(_), v)|Y

X |X(s; 8, x,0) = X(s;t,x(7_), )|

|f(s, X(s; 8, x(72),0), V(s; £, x,0)) — f(5,X(s; 8, %(7_),0), V(s; £, x(7_), V)|
+
[V(s;t,x,0) = V(s;t,x(t_),v)|"

X |V (s;t,x,0) = V(s58,%(7_), V)" ) g<minget (x(z_),0),61 (e,0) L (%,0)=— o0

. |f(S’X(S1 L, X, U)’ Rxb(x,v)v) - f(sv Xb(x, U)’ Rxb(x,v)v)l
> IX (55, x,0) = Xp(x, V)|

[o(t!(x,v) — 9)|”

N |f (s, xp(x,0),0) = f(8,X(s5t,x(7_),0), V)|
|Xb(x, U) - X(S5 L, X(T—)’ U)Iy

%
X (| = x(z)| + Jol(t(x,v) — 5)) >ltl(x(f_),u)<s§[1(x,v)ltl()”c,u)=—oo:

_ |f(S,X(S, t,X(T_), U), U) - f(S,X(S; ty xa U)7 U)l

Ay
* |X(s;t,x(t_),v) — X(s5t, %, 0)|V

x [x(7_) — %|" % Lo (z,0)<s<t1(x,0) L1 (%,0)=—o0>

and

B34 = interchanging xand X in A, , 34, respectively.
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Applying (5.1) and (5.2) in Lemma 5.1, and (5.9) in Lemma 5.3, to (6.14), we obtain (6.6).
For (6.4),

|f(s, X(s;8,%,0),V(s;t,%,0)) — f(5,X(s; £, %,0),V(s; £, %,0))|
|X(S5 t, X, U) _X(S’ L, X, ﬁ)ly

(6.4) 5

X |X(s5¢,%,0) — X(8; £, X, O Vy<mingit (z,0),2 (2,00}

+ [f(s,X(s;8,%,0),V(s; £, %,0)) — f(s,X(s; £, X,0),V(s; 1, X,0))|
[V(s;t, %,0) = V(s;t, %, 0)|”

X |V(s;t,%,0) = V(s5t, %, 0)|" Ly<mingt! (2,0),61(x,0)}

. |f(s, X(s;8,%,0),V(s; 1, %,0)) — f(s,X(s; £, X,0),V(s; 1, %,0))|
|X(s;t,%,0) — X(s; 8, %,0)]”

X (U =0)(t = )" Lgsmaxir! (z,0),61(x,0)}

+ |f(s,X(s;t,%,0),V(s; £, %,0)) — f(s5,X(s;t,%,0), V(s; £, X, 0))|
|V(S’ t’ X" U) - V(Sa t; x’ 6)|y

X |U - Ulyls>max{[1()?,l)),[1()_c,ﬁ)} + C1 + C2 + C3 + C4 + Dl + Dz + D3 + D4, (615)

where

(vl(t'(x,v) — )

C. = |f(S’X(S5 L, X, U)’ Rxb()?,u)v) - f(S, Xb(x, U)’ Rxb()?,u)v)l
e 1X(s5¢, %, 0) — xp(%, V)|

n |f(s, xb(xs v)’Rxb()_C,U)v) - f(S, xb(xs U)!Rxb(fc,v)ﬁ)l
IRxl,(fc,v)U - Rxb(fc,u)ﬁly
s, xp(%,0),0) — f(s,X(s;t,%,0),0 5 _ _
Ve ® 00 = JEXSLL 00, gy 5,0) + |v|(r1<x,v)—s))y>

[xp(X,0) — X(s;t,%,0)|”

lv—of"

X 11z 5)<s<t1(x,0) L1 (x,0)>— 005

< |f(s, X (s 8, %,0), V(s;t,%,0)) — f(5,X(s; 8, X, v(T_)), V(s; £, %,0))|
C2 = _ _
|X(s5t,%,0) — X(s; 8, %, v(T_)|

X |X(s;t,%,0) = X(s;t, %, v(t))|”

[f(s, X(s;8,%,v(T_)), V(s; £, X,0)) — f(5,X(s; £, X,v(r_)), V(s; £, X, v(7_)))|
+ [V(s;t,%,0) = V(s;t, %, v(t_))|"

X |V(s;t,%,0) = V(s;t, %, VD" Mg<mingel (g,v(r_ ), o) L (£,6)=—oc0»
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2371

(0|t (%, v) — 5))

C. e | £ (s, X (858, %, ), Ry (2.0)0) — [ (8, Xp(%, V), Ry, (.000)
B |X(s;t, %,0) — xp(X, V)Y
|f(S’ xb(x, v), Rxb()‘c,u)U) - f(S, xb()'c, U)’Rxb()?,u)v(f—))|
IRy (2,0)0 — Ry oy V(TN

N [f (s, xp(X,0),v(7_)) — f(s,X(s; ¢, %, v(z_)),v(7_))|
|xp (%, 0) — X (858, %, v(T_))|”

v —v(T_ )"

_ i} %
X (Jv = v(T)|tp(x,v) + 0] (t1 (%, V) — 3)) )1t1(X,v(‘r_))<s§t1(x,u)}1t1()2,ﬁ)=—oo’

|(v(z_) = 0)(t = 9)|”

C) = < |f(s,X(s5 8, %,v(2)),v(r_)) — f(s,X(s5 8, X, 0), v(T_))|
4 |X(s;t, %, v(T_)) — X(s5t, %, 0)|V

(5, X (53, %,0), v(z_)) — f(5, X(5: 1, %, 0), 0)]
* V) — ol

[v(z_) — 17|y>
X 11z 5)<s<t1(x,0) L1 (x,0)=—c0>

and
D, 534 = interchanging v and 0 in Cy ;3 4, respectively.

Applying (5.3) and (5.4) in Lemma 5.1, and (5.10) in Lemma 5.3, to (6.15), we obtain (6.8). O

Lemma 6.3. In (6.2)-(6.5), let us replace f into v(f) or Lgy;n(f, f). Corresponding Lemma 6.1 (with
v(f) or Tguin(f, f), instead of f) satisfies the same estimates as (6.6)-(6.9), except that we replace

1
w(v—-i-g“)”wf(s)”w

on the RHS of each (6.6)-(6.9), into

w(v + g) IIWf(S)”m’ fO}’ Fgaln(f’ f) case
and
%llwf(s)l|m, for  v(f) case,
respectively.

Proof: 1t is obvious because both v(f) and I'g,in (f, f) also satisfy (1.4) by Lemma 3.5. We omit the
proof. Ul
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6.2 | Integrability for§ <

Lemma 6.4. Consider Q as in Definition 1.2. We x € Q and choose a unique Z whose backward
trajectory hit 0Q vertically, that is, Z - A(xy(x, 2)) = —1. For any plane S which includes x and x + 2,
curvature at any pointy € 0Q N S is uniformly nonzero of which lower/upper bounds depend only
on Q.

Proof. Imagine a plane which is perpendicular to Z. Then using an angle on the plane (as cylindri-
cal coordinate or spherical coordinate), we can parametrize all possible planes S as S, with [0, 277)
where S = S,,. Each cross section dQ N S, is uniformly convex, so there are finite maximum and
minimum of curvature on the curve depending on Q. Now using compactness of ¢ € [0, 27], we
finish the proof. O

Lemma 6.5 (Integrability).
(i) Whenp < %

/ e—cIS? (V+¢)Y
@ xpevreany S 1 +¢) - VEQe(x, v + )%

d¢ < Cp(uyr =26, (6.16)
(i) When0 < f < -,

/ ech (V+¢) 1
Cixpeevtesar S 1+ ) - VEQ(x, v+ )N v + ¢

d¢ < Cp(uy =%, (6.17)

(iii) When i <B< %

/ ek’ (v+) 1
d
Coxpevteaqy ISl 1+ ) - VEQm(x, v+ )N v+ ¢

{ < Cp(u)". (6.18)

Proof. Let us prove (6.16) first. We consider a fixed point x and ¢ € R3 such that x,(x,¢) € 9Q
is well defined. There exist a unique Z whose backward trajectory hit dQ vertically, that is, Z -
A(xp(x,2)) = —1. We consider spherical coordinate of ¢ € R whose 2 is z-axis. Then for each
@ € [0,27), there exists 6, = 6,(¢) € [0, %] such that {, ;, - VE(xp(x,{g ) = 0, where

oo = I{|(sin B, cos @, sin 6, sin ¢, cos 6,),

whose spherical component is (|], 8,(¢), ¢) so that its trajectory grazes on 0Q.
Now, let us use S, to denote the ¢-plane in above coordinate. Since the cross section dQ N S,
with a fixed ¢ is a two dimensional uniformly convex curve on the cross section,

IS - 7 (xp (x, $g oI < 1S - 7y (e (X, ) (6.19)

VEGH(x.)

is obvious, wh €dQnS,and n i jection of
is obvious, where ¢ » and ny is projection of =~ ="

onto dQ N S,,. Combining (6.19)

and Lemma 4.2, we can derive

IS - VEQen (X, S o))l Sa 1€+ VEGK(x, O)I,
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION | 2373

using similar argument as (4.27), where ¢ has spherical coordinates (|{],0, ), 0 < 0 < 6,(¢) for
fixed ¢. Then, for given |v| > 0,

/ —eh ©r at
@moeaqy 10 —=S1 ¢ VEGe(x, )%

</2”/ /g“") e P |¢1?sin 8d|¢|déd
~ Sin
o Jo Joo To=CT ¢ VEGR( Lol 7 (6.20)
2 65(®) —c|v—g‘|2 &y ,
< 6d|¢|dédy,
. ?élup% / / / =7 smzﬁ(e PP |§|25|§| sin6d|¢|déde
0<6,<0,(¢)

where we also used |n)(xp(x,{y )| 2o 1 in the last step, which is true by Lemma 4.2 and
Lemma 6.4. (If v = 0, (6.16) is obvious.)

Notice that we get optimal 6,(¢p) = % for all ¢ only when x € 0Q. Therefore, (6.20) is optimal
when x € Q and

LHS of (6.16) < / A (9 i 30
of (6.16) < sup . xeon,
ves?  Jieverozoy [0 =81 |- VEX)|?F (6.21)

0-VE(x)<0

which is integration on halfspace {¢ € R? : ¢ - V&(x) < 0}when x € Q. To make estimate easier,
let us change axis of spherical coordinate. We assign a direction vector in tangential plane of x €

9Q to 2 axis (so that Z - V&(x) = 0) and also assign — Izgigl to y. Then,
:¢-VEx) <0 ={{=({.6,¢) : 0<[{| <00, 0<6<7, 0S¢ <7}, (6.22)
in spherical coordinate and
VE(x) A
¢- = |{| sin @ sin ¢.
‘ V&)

We write v = |v|(sin 6, cos ¢, sin 8, sin ¢,,, cos 6,,), then

v=<lg, 1= VIV2+ 2 = 2[v]¢] cos( — 6,) < v —¢],

where |v — {|,, is 2D distance in a fixed ¢, plane, when both v and { have coordinate (6,, ¢, ) and
(6, p,,), respectively. Now we treat v and { as like 2D vectors in fixed ¢, plane. Therefore, applying

(6.22) to (6.21),
o] [7 [ eyt o a
sin” ? lv—{lg, |§|25 !

(616)</
0

T el o2
r s 1
& Cﬁ/ / - §|¢ oo, & 6|§|2ﬁ 1dA 28-1<0,5 (v)*! 2, (6.23)

where dA = |{|d|¢|d6 is 2D measure in ¢, plane. This proves (6.16).
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2374 | KIM and LEE

Proof for (6.17) is nearly same as (6.16) since 48 — 1 < 0. We modify (6.23) to get

7 omelv=SIg, 12
r 06— dA r+1—45' .
Cﬁ/ / T ———({)'s |§|4ﬁ -dA 5 (v) (6.24)

To prove (6.18), from the LHS of (6.24) with 438 — 1 > 0, we use Holder inequality with p < 2 and
q > 2 (to be justified below) so that

7 gmelv=CI2,
(6. 16)<Cﬁ/ / =2l (§’)rsm1 256|§'|45 -

1

<cyy| [l e 144 “<e vy
~ B |¢|4B—1g ~ TR

where g = q(8) > 2 and p = p() < 2 can be chosen depending on § < % so that

dA

“4p—-1)g<2. O

Corollary 6.6. Let§ < % and [v — 0| < 1. Wealso assume (2.6) and (2.13) with S, % v1.¢), and (2.8)
and (2.14) with Sz, 5 ¢). Then, we get the followings,

/k W, v+ +{)'T, (x %,0+$)d¢ S Ca(o) - 28, (6.25)

/ K, (0, 0,90 + ) T20(%,0,0,¢51,5)d¢ S Cu) ™= 1=480 1 4 (W)t —5), (626
¢

where T, and T, are defined in (6.10) and (6.11), respectively.

Proof. For (6.25), we apply (5.23) to (6.10) and then use (6.16). For (6.26), we apply (5.23) to (6.11)
and then use (6.17) and (6.18). O

6.3 | Uniform estimates for 5)2’3
sp,vel
We start from the following
t .
1f(t,x,0+ ) = f(t,%,0 + O] < ™o "DEXOVENT| £o x(0),V(0)) — £(0,X(0), V(0))]
t t
+ / e s VEXE@V XTI o (f, )5, X(9), V(8)) = Tgain(f 1), X(5), V(s))]
0
e~ Jy V(HEX@.WV(@)dr _ e Jy v(f)(rX(r),V<r>>dr| (0, X(0), 7(0))]

t ¢ ¢ - B B
+ / |e_/s v(NEX@V (@) _ o= [ V(f)(T)f(T),V(T))dT||rgain(f’ (s, X(s), V(s))|ds,
0

sdiy) SUONIPUO)) puE LA L oY1 98 “[$Z02/60/20] U0 IRIqIT UIUQ) A[IAN “UISU0ISIA JO ANSIOANN Aq 29122 vda/Z001°0 1/10p/woa" Ko Kxeiqujaur]uoy/:sdiy wioxy papeofumod ‘b 70z “Z1£0L60T

101105 KoM

su901 suowIo) dAnEaL) A[qEatdde AUy Aq PaUIPAOS AT SO[OIIE VO 1SN JO SaNI 10§ ATRIQIT AUIUQ AATIAL O (SUonT
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which is trivial by (2.5). Since, |e~% — e~?| < |a — b| for a > b > 0, we obtain the following basic
estimate,

|f(t,x,v+§)—f(t,)'c,l§+§’)| (627)

< 1£(0,X(0), V(0)) — £(0,X(0), V(O))| (6.29)

i / ICguin(f £, X(8), V() = Tguin(F )5, X(5), V()] (6.29)
0

t
+||wofo||wm / ()X (), V() — v(F).X(6), V(s)lds  (6.30)
0

, 1 _ -
+t sup [wf @I NS /0 Iv(F)(s, X(5), V(s)) — v(f)(s, X (), V(s))|ds, (6.31)

where
X(s) :=X(s;t,x,0+8), V(s) :=V(s;t,x,v+¢),
X(s) :=X(s;t,%,0+4¢), V(s) :=V(s;t,x,0+ ).
Proposition 6.7 (Seminorm estimate). Suppose the domain is given as in Definition 1.2 and (1.3).

For0 < |(x,v) — (%,0)| < 1and ¢ € R3, there exists w > g 1such that

sup Hia(s)+ sup H7(s)
0<s<T 0<s<T

) ; 6.32)
1fo(x,0) = fo(%,0)| | fo(x,0) = folx, 0| (
Sposup ()T 4 sup (0)7 S o [[wofolloo-
veR3 |x — x| xeh v — 0|
0<|x—x|<1 0<|u—0|<1

for sufficiently small T > 0 such that wT < 1.

Proof. Step 1 First, we estimate Sjif - From definition 2.8, we estimate (we use X instead of x to
use Lemma 6.1 directly).

| Y d¢, for |v—1v|<1. (6.33)
V=0

e—w(U)zt/ k.(v,0,¢
R3

¢

We note that 7 + ¢ is well-defined only when (2.8) holds. For given v and 0, however, the set of
¢ € R3, where (2.8) does not hold is of measure zero. So we assume (2.8) without loss of generality
throughout Step 1 and can use (6.8) and (6.9) in Lemma 6.1.

For f(t,x,v +¢) — f(t,%, 0+ ¢) in integrand of (6.33), we use expansion (6.27) by replaincg

E)

X, V) 1= X(), V() = X(s;t, %0+ ), V(s;t,%,0+¢), Jv—0] <1,

_lj|25

Now, we apply e~@ V)t /R3 k(v, 0, g’)ll);d{ to each (6.28) - (6.31).
¢
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2376 | KIM and LEE

Substep 1-1 In this substep, we consider (6.28). To consider (6.28), we put
s=0, x=X. (6.34)

in (6.2)—(6.5). Then, it is sufficient to consider only (6.4) and (6.5) only. Since we are dealing with
difference of f, let us use notation (6.4) and (6.5) to stress the function f. Using (6.8), we get

= [ .01 g
R} v — 0|28
S e_w‘<D>2t/ k0,0, )]t + [0+ 12+ (Jv + |+ v+ ¢ POTpu(x, v,ﬁ,g”;t,o)]2ﬁ
R3
¢
[ fo(x,v) = fo(X,0)] 1
o T e N RFara Ll L L

0<|x—x|<1

+e‘“<">2’/ K, (0,0, O)[1 + [0+ 1t + [0 + P T (%,0,6,¢5£,0)]
R3

¢
1 5 1 folx,0) = folx, 0)] 1
X su v + w, o |d
TENSE xeg (v) o o[ wo(v+§')” 0folleo [dS
0<|v—0|<1
[fo(x,0) = fo(X, V)] [fo(x,0) = folx,0)]
L i L L2 BT D)
veR> |x — x| X0 [v— 0]
0<|x—x|<1 0<|v—0|<1

where we have used Corollary 6.6.
We similarly apply (6.34) and use (6.9) to get estimate for (6.5),

6.5
e / k(00,0 g < oo / k. (v, 0,2

R3 v — 0|28 .

¢ ¢
[fo(x,v) = fo(x, v)|> 1 o
X su v " w R

(v+¢) ve[RP3 <( ) Ix — %28 wo(v+§)” o0folleo |dS
0<|x—x|<1

llwofolleo |dS

o LR CLIN
X/Rsz(”’”’o ©+3? ep <<”> PETEIYARTICEYS

g 0<|v—0|<1

| folx,v) = fo(X, V)] [fo(x,0) = fo(x,0)]|
s s (L _f;)ﬁ + s @2l _fjﬁ +llwofollo-  (6.36)
vERS |x — x| <0 [v—10]
0<|x—x|<1 0<|v—0|<1

Note that the bound of (6.35) also control (6.36).
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HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2377

Hence,

1(6.28)]

v — o[ d¢ < RHS of (6.35). (6.37)

e*W<U>2[ / k.(v,0,¢)
R3
¢
Substep 1-2 In this substep, we consider (6.29). We put

X =X, (6.38)

and use (6.8) replacing f into g,y (f, f). Using Lemma 6.3, Lemma 3.2, and (3.11) of Lemma 3.4,
we obtain

[(6.29)] d
lv— 0?8

e—w<v>2t/ k.(v,0,¢)
R3

¢
t
< / e—w(v>2(t—s)/ k. (v, 0, {)e—w(v)zs
0 R}
¢
2
X [t 410+ 102 + (0 + 81+ o+ POToa(R0,0.8:1,9)]
% ew(v+§’>zs sup e—w(v)zs |Fgain(s’ X, U) - rgain(sa X, U)l
veER? |x — Xlzﬁ
0<|x—x|<1

(L+¢)
+w(v+§')

t
+/ e—w(u)z(t—s)/ kc(v,6,§)
0 R3

¢

”wf(s)”%o] d{ds

X e T[4 o+ ¢t + o+ s’l%ez(fc,v,ﬁ,{;t,s)]m

x| emw+0)s sup @ (0)%s Irgain(s’ x,0) — 1-‘gain(sa x,0)|

xeQ lv— U_lzﬁ
0<|v—0|<1
(L+¢) 2
+—w(v +§,)”wf(s)”oo]d§ds

t
S / e—w(u>2(t—S) / kC(U,U,g)
0 S, 2

[t + [0+ I + (0 + ¢+ [0+ EPOTo(E 0,5, 6,9] ™ Twf)lleo

s, Xx,v+u)—f(s,x,v+u
x| sup e‘w<”>zs/ k.(v,v +u) L/ ) _f( ) du
veR3 RS |x — x|
0<|x—x|<1
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2378 KIM and LEE

(v+¢)
+ m||wf(5)||w] ddds

t
+/ e—tar(U)Z([_s)/ ks(v,6,§)[1+|v+§lt+Iv+§|2%ez(2,v,ﬁ,§;t,8)]2ﬁ
0 RS 2
¢

xMefOlle| sup e [ k(oo RN SRR,
p n

oo v — 0|28
0<Jv—0|<1
1 (L+¢)
* ((v +¢) * w(v + {)) ||wf(s)||oo] d¢ds.

Applying Corollary 6.6 and Lemma 3.2,

_ 2 _ [(6.29)]
w(v)“t —7
e /3 kc(v,u,§)|v d{

— ,_7|2ﬁ
¢
t w 2
<s /0 ez “‘”dsuwofonm[sup Din(s) + sup 9% )| + llwofollZ
<6 i[sup H0(s)+ sup HF (s>] P(lwofolles) (6.39)
P @ |o<ser P o<s<r  U¢! =

where P,(-) =1+ | - | + | - |>. Note that we should consider (6.4) and (6.5) separately. However,
the bound of (6.4)r also control (6.5)r similar as Substep 1-1.

Substep 1-3 In this substep, we consider (6.30) and (6.31). We use (6.38) and then, from
Lemma 3.3, we have same bound as (6.39), but order of ||w f(s)|| is reduced by 1. (v(f) is linear.)

e—w(v)zt/ kC(U’ lj, §)|(630)| + |(631)| dg
[R3

lv—v]%8
¢

5% sup. Hip(s)+ Sup. 55| Pslwofolleo): (6.40)

We omit the detail.
Putting (6.37), (6.39), and (6.40) altogether, we conclude

|fo(x, v) — fo(%, V)|

sup. L)< sup (o)

0<s< veR? [x — leﬁ
0<|x—x|<1
[fo(x,0) = fo(x,0)|
+ sup (v)? o1 + llwofolleo
xeQ v |
0<|v—0[<1

+ = | sup 7@+ sup 56| Pallwafolle) (6.41)
0<s<T

0<s<

sdiy) SUONIPUO)) puE LA L oY1 98 “[$Z02/60/20] U0 IRIqIT UIUQ) A[IAN “UISU0ISIA JO ANSIOANN Aq 29122 vda/Z001°0 1/10p/woa" Ko Kxeiqujaur]uoy/:sdiy wioxy papeofumod ‘b 70z “Z1£0L60T

101105 KoM

su901 suowIo) dAnEaL) A[qEatdde AUy Aq PaUIPAOS AT SO[OIIE VO 1SN JO SaNI 10§ ATRIQIT AUIUQ AATIAL O (SUonT



HOLDER REGULARITY OF THE BOLTZMANN EQUATION 2379

Step 2 We estimate ijg . From Definition 2.8, we control

|f(t,x,v+§')—f(t,)'c,v+§')|

3 d¢, |x—x| <1 (6.42)

e‘m”)zt/ ke(v,v +¢)
R3

¢

We note that X is well-defined only when (2.6) holds. For given x, X, and v, the set of { € R3,
where (2.6) does not hold is of measure zero. So we can assume (2.6) without loss of generality
throughout Step 2 and can use (6.6) and (6.7) in Lemma 6.1.

For f(t,x,v+¢) — f(t, %, v+ {) in integrand of (6.42), we use (6.27) by replacing

X, V) :=X(6), V() =X t,x,v+ ), V(s t,%5,0+ ), |x—% <1

Now, we apply e~@ ()’ ! fs ke(v, 0 + Q’) d¢ to each (6.28) - (6.31).

Re =
Substep 2-1 For (6.28), we replace

s=0 (6.43)

in (6.2) and (6.3). We use (6.6) then similar as (6.37),

e‘w<”>2’/ ko0 + O )J;Ls“ Se W /k(v o+ OI0+E1+ 10+ POTp0x %, 0401
R? |x—X| R}

sup (v >|f0(x ,0) = foX, V)| + 1

W+¢)  Ler? |x — x|26 wo(v +¢)
0<|x—x|<1

llwofolleo |dS

+ e / kew,v+ 0+ <1+ [0+ AT 20+ 0]
R3

¢
5 1 fox,0) = fo(x, )| 1
wrep S (v) oo + wo(Hg)Ilwofolloo d¢
0<|v—0]<1
S5 sup <U>|fo(X,U) —_fzo(fC,U)l ¥ osup (oY |fo(x U) _f20(x ,0)| WSl (6.44)
veR3 [x — x| A xeQ -0 A
0<|x—x|<1 0<|v—0|<1

where we have used Corollary 6.6.
Substep 2-2 In this substep, we consider (6.29). We put (6.43) and use Lemma 6.3, 3.2, and 3.2
as we did in Substep 1-2. Then similar as (6.39), we obtain

[(6.29)|
x — x|

—w(v)?t k
= [ ko S

¢

t
< / =) / ke 0+ O[(0+ €1+ [0+ LT 0050+ O] IOl
0 R:
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2380 KIM and LEE

|f(s,x,v+u)—f(s,5c,v+u)|du

x| sup e‘w<“>zs/ k.(v,v+u)
R3

veR3 H |x — x|26
0<|x—x|<1
(v+¢)
m||wf(3)||m] ddds

+/ e—w<u>2(t—8>/ kg(v,v+§)[(lv+$’|+Iv+$°I2)Tsp(v,>"€,v+$°)]2[3I|wf(8)lloo
0 R? 2

lf(s,x,v4+u)— f(s,x,0+ u)|
lv—0|%

2
x| sup e‘w<">5/ ke(v,0,u)
xeQ R? 2

0<|v—0|<1

+< 1 N v+¢)

<U+§> w(v+§‘)>”wf(s)”oo:| d;dS

Sp % [ Sup S)?IE(S) + os<u£T 55351(5)] Pr(llwo folleo)- (6.45)

0<s<T

Substep 2-3 In this substep, we consider (6.30) and (6.31). Similar as (6.40) in Substep 1-3, the
bound is same as (6.45) except that the order of ||wf(s)|| is reduced 1, that is,

B _ . |(6.30)] + |(6.31)] 1
e [ k0.0 103D e <5 L sup 92+ sup 57| Psliwofolleo)
R} lx — x|%8 W@ [o<s<T 0<s<T
(6.46)
Putting (6.44), (6.45), and (6.46) altogether, we conclude
1o, 0) = fol,v)]
sup Hio(s) S5 sup (v)=> —
0<s<T veR? |x — x|28
[x—x|<1
[fo(x,0) = fo(x,0)]
+ sup (v)?-2° _;ﬁ + llwofolleo
x€Q lv—10]
[lv-0|<1
1 28 28
+— | sup H5,(s)+ sup H,,(s)[Ps(llwofolleo), (6.47)
W |o<s<T 0<s<T

for T < T*, where T* is local existence time in Lemma 2.1.
Finally, from (6.41) and (6.47), we finish the proof by choosing sufficiently large @ > 2 1. []
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7 | REGULARITY ESTIMATE

1

0,-
7.1 | C,; estimates of trajectory

The next geometric lemma asserts that the specular characteristics are basically Holder regular
with an exponent of 1/2.

Lemma 7.1. Suppose the domain is given as in Definition 1.2 and (1.3). Let (x, v), (X, 0) € Q X R3,
and |(x,v) — (%,0)| < 1, and ¢ € R3.

(1) We have

max{lv + §|1 |U + §|}|tb(x7v + g) - tb(x’v_'i_ §)|

S VIVEL{Ix — x| + max{v/ig(x, 0 + ), Vin (e, 0 + DM — uﬁ}. (7.1)
(2) Fors<t
IX(s;t,x,0+ ) = X(s: £, %, 0+ | S {1+ v+t —sl} {lx—Xﬁ + It—slélv—ﬁlé}.
(7.2)
(3) Fors <t if
s < min{t'(x,v), t1(x%,0)} or s> max{tl(x,v),t (x,0)}
then

1 1 1
V(s;t,x,v+{)=V(s;t,%,0+ )| S Iv—0I+(v+§>{Ix—fcI5 +It—SI5|v—U|5}.
(7.3)

Proof. In the course of the proof we set { = 0 without loss of generality.

Step 1. Proof of (7.1). For simplicity’s sake we tentatively denote t, = t;,(x, v) and £, = t,(X, ).
Without loss of generality we may assume ¢, > f,. For t, < f;, we can follow the same argument
with obvious modification. We note that x — f,v € Q and therefore £(x — t,v) — £(x — fv) > 0.
Using §(x — f,0) = 0 = &£(x — tyv), we derive that

0 < &(x = tpv) — §(x — L) = §(X — [p0) — §(x — fpv) < [IVElloilX — x| + [Tpll0—vI}. (7.4)
On the other hand, by an expansion,

Iy
{(x—tbv)—g(x—fbv):/ —v - V&(x — sv)ds

Ip

tp N
=/ {—U-Vg(x—tbv)+/ v-Vzg(x—rv)vdf}ds
i

b Ip

= (—v- VEQp))(tp — ) + / ’ / ’ —v - VZ(x —tv)vdrds.  (7.5)
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Together with —v - VE(x — t,v) > 0 and the convexity (1.3), we conclude that

£ — ty0) = §Cx = ip0) > 2 0Pty Gyl (7.6)

From (7.5) and (7.6), we derive that, when ty, > £,

ollt = Fol S VIVE Il { V1% =] + max{ v, VE}VIo =0l | 7.7

Now we repeat the procedure (7.4)-(7.7) with some change: For t, > f,, as (7.4), we have 0 <
§(x — tp0) — (X — £,0) = &(X — 10) — £(x — tp0) < [|VE||oilX — x| + |t |0 — v]}. Then as (7.6)
we derive that £(% — t,0) — (X — £, 0) > 67“|15|2|tb — Fy|%. Hence we conclude that |0]|t, — &, | has
the same bound of (7.7):

0 . . -
1011ty = Fpl? < 16(E = t50) = £ — Bp0)| < I VEllo{l% — x| + max{ty, 3|0~ o]} (7.8)

Thereby we conclude (7.1) from (7.7) and (7.8).
Step 2: Proof of (7.2). We consider the case of t;,(x, V) < oo and t,(X,0) < co. Then from (2.4)

|X(s;t,x,0) — X(s; 8, %,0)|
Slx = x|+ |t =s|lv =0 + [n(xp) - V]|t — | + |t — & — s][0]|n(xp) — n(Xp)]

SAL+ [t = sjmax{[v], [0]}{|x — X| + |t = s||v — 0] + max{|v], [0]}]ty — Fpl}.  (7.9)

Now we are using (7.9) and (7.1) to conclude (7.2).
If ty(x, v) = 00 and (X, U) = oo then simply we have

[X(s;t,x,0) — X(s;t,%,0)| < |x—X%|+ |t —s||lv—"0], (7.10)

which is bounded as (7.2).

For the rest of case, we bound |X(s; t, X,v) — X(s;t, x,0)| and

|X(s;t,x,0) — X(s;t,x,v0)| separately. We start with |X(s;¢t,X%,v) — X(s;t,x,v)|. First
we consider the case of t,(%,v) < oo and f,(x,v) = co0. Recall x(7) in (2.15). From (2.16)
there exists 7, =7,(x,X,0) such that —V&(xp(x(7,),v)) -0 =0, t,(x(7),v)<oco for
T €[0,7,], and t,(x(1),v) = 0 for 7 € (7,,1]. Equipped with |X(s;¢,%,v)— X(s;t,x,0)| <
|X(s;t,%,0) — X(s;t, x(7,), V)| + |X(s; ¢, x(74),v) — X(s;t,x,0)], we have |X(s;¢t,%,0)—
X(s;t,x(t4),v)] £(7.9) and |X(s;¢t,x(r4),v) — X(s5¢,x,0)| S (7.10), which give us the bound
of |X(s;t,%,v) —X(s;t,x,0)| as in (7.2). The case of f,(x,v) < 00 and t,(X,v) = oo can be
treated similarly.

Now we bound |X(s; t, x, U) — X(s; t, x, v)|. Consider first the case of t;,(x, 0) < oo and t,(x,v) =
0. Recall v(7) in (2.15). From (2.16) there exists 7, = 7,(x, v, U, 0) such that —VE&(x, (x, v(7,))) -
v(t,) =0, ty,(x,v(1)) < o0 for r € [0, 7, ], and t,(x, v(7)) = oo for T € (7, 1]. Then following the
previous argument and using (7.9) and (7.10), we easily get the result. Other case t,(x, v) < oo and
tp(x,0) = o0 also can be treated similarly.

Step 3: Proof of (7.3). We only need to consider the case of

s < min{t,(t, x,v), t;(t, X, 0)}.
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Otherwise, in the case of s > max{t,(t, x, v), t;(t, X, 0)}, we have |V (s; t, x,v) — V(s;¢t, %, 0)| = | —
U|. From (2.4) and (7.1)
[V(s;t,x,0) = V(s;t,%,0)| S |v— 0|+ max{|v], |0]}|xp — X

S {1+ |t = s|max{|v], [0} v — 0| + max{|v], [0]}|x — %| + max{|v], [0]}|t, — Fp|.  (7.11)

Now using (7.11) and (7.1) we conclude (7.3). O

7.2 | Holder regularity: Proof of the main theorem
We provide the proof of Theorem 2.9.

Proof of Theorem 2.9. First, note that (2.22) is obvious if | (x, v) — (%, 0)| > 1. If |(x,v) — (X, 0)| £ 1,
we consider the following steps.

Step 1 Let us assume (2.6) for v + ¢ and (2.8) for X, respectively.

In this step, we consider (6.28). To consider (6.28), we put s =0 of (6.2)-(6.5) and apply
Lemma 7.1 to obtain

(6.28)

m S[1+(v+ §,>t]25

sup (U) |f0(x’ U) - f()(xﬂ U)l + 1

L+ ems |x — x|% wo(v +¢)
0<|x—x|<1

lwofollso

28 1 5 1 fo(x,0) = folx,0)] 1
+H[1+ U+ x wrop W (v) oo e +g)llwofolloo
0<|v—0|<1
< sup (V) [folx,v) —_fo(J_C, V)| + sup <v>2|f0(X, v) —_fo(X,ﬁ)l T lwofolle. (712)
vER? lx — x|%8 vco lv— 0|
0<|x—x|<1 0<|v—0]<1

Similarly,

(6.29)

T — t _ AP m(uH)2s
I(x,v) — (%, 0)|8 S/0 [+ v+ =9)]"e lwf($)lleo

lwf ()l |dSds

x| sup e—W<U>ZS/ kc(v’v+u)|f(s,x,v+u)—_f(s,>’c,v+u)| + (t¢)
veR> R3 |x—x|%8 w +¢)
0<|x—x|<1

t
+ / [1+ (v + OO lwf ()l
0
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[ f(s,x,v+u)— f(s,x,0+ u)|

X sup e‘w@)zs/ k.(v,0,u)
R

< 3 lv— 0|28
0<|v—§)‘l|51 ¢
1 (L+)
+<<v vO s“)) lwf($)lle |dSds
< (U + &) BT+ {Hw(]f(]”oo[ sup g)?ﬁ(s) + sup ﬁifl(s)] .\ ||w0f0||go} | -
Oss<T 0<s<T
and

(6.30) + (6.31)

LT < (v () e {IlwofO”cZ)o [ sup @?ﬁ(S) + sup 55351(8)] + llwo foll o }
|(x,v) — (x,0)|8 0<s<T 0<s<T

(7.14)

From (7.12), (7.13), (7.14), and Lemma 6.32, for |(x,v) — (%,0)| < 1,

2 |f(tsx’v+§)_f(t’x’6+§)l

2B~ (vH)
() e 16 0) = (%, )P

2, 2,
S lwofoll% | sup HH) + sup 57 )| + Psllwofollee)
0<s<T 0<s<T

[folx,0) = fo(X,0)] | fo(x,v) = folx,0)]
Slwofoll| sup (@ TOETIEON, gy, ) Mo )=
vERS [x — X| <0 [v—0]
0<|x—x|<1 0<|v—0]<L1

+ P3(llw foll)-

Step 2 (Trivial case) Assume (2.6) or (2.8) do not hold with v + ¢ and X, respectively. In this
case, we cannot split (6.1) into (6.2)-(6.5). Instead, we split

fGs,X(st,x,0+ ), V(s;t,x, v+ &) — f(5,X(s;t,%,0+ &), V(s;t,%,0+¢))

<[f(Gs,X(s;t,x, v+ ), V(s;t,x, v+ &) — f(s,X(s;t, %, 0+ &), V(s;t, %, 0+ )] (7.15)
+ [f(s, X (s5t, %, 0+ ), V(s;t, X, v+ ) — f(s,X(s;t,%, 0+ &), V(s;t,%,0+¢))]. (7.16)

When (2.6) does not hold, we can estimate (7.15) similar as (6.7) since S(x x ,+¢) is not well-defined
by (2.7). Similarly, when (2.8) does not hold, we can estimate (7.16) similar as (6.9) since Sz 55¢)
is not well-defined by (2.9). Therefore, we obtain the same bound (2.22) even if (2.6) for v + ¢ or
(2.8) for x do not hold. O
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