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Optical conductivity measurements may provide access to distinct signatures of Floquet electronic
phases, which are described theoretically by their quasienergy band structures. We characterize
experimental observables of the Floquet graphene antidot lattice (FGAL), which we introduced pre-
viously [Phys. Rev. B 104, 174304 (2021)]. On the basis of Floquet linear response theory, the real
and imaginary parts of the longitudinal and Hall optical conductivity are computed as a function
of probe frequency. We find that the number and positions of peaks in the response function are
distinctive of the different Floquet electronic phases, and identify multiple properties with no equi-
librium analog. First, for several intervals of probe frequencies, the real part of the conductivity
becomes negative. We argue this is indicative of a subversion of the usual Joule heating mecha-
nism: The Floquet drive causes the material to amplify the power of the probe, resulting in gain.
Additionally, while the Hall response vanishes at equilibrium, the real and imaginary parts of the
Floquet Hall conductivity are non-zero and can be as large as the longitudinal components. Lastly,
driving-induced localization tends to reduce the overall magnitude of and to flatten out the optical
conductivity signal. From an implementation standpoint, a major advantage of the FGAL is that
the above-bandwidth driving limit is reached with photon energies that are at least twenty times
lower than that required for the intrinsic material, allowing for significant band renormalization at
orders-of-magnitude smaller intensities. Our work provides the necessary tools for experimentalists

to map reflectance data to particular Floquet phases for this novel material.

I. INTRODUCTION

In recent years, Floquet engineering has emerged as
a versatile means of producing novel phases of quantum
matter with time-periodic external fields [1-8]. For ma-
terials subject to external laser irradiation, the polar-
ization, incident photon energy, and intensity can pro-
vide independently tunable knobs in the control protocol.
Each set of parameters yields a different Floquet elec-
tronic phase, which is described theoretically by a corre-
sponding quasienergy band structure. Once these non-
equilibrium phases are prepared, their physical properties
may be computed by applying Floquet analysis to the
time-dependent Schrédinger equation [1, 9-11]. Based on
that, observable quantities should be theoretically deter-
mined in order to make contact with experiments. Two
techniques that have been utilized are time- and angle-
resolved photoemission spectroscopy (TR-ARPES) [12-
18] and DC electronic transport measurements [19, 20],
each with their own benefits and limitations.

In one experiment, the three-dimensional topological
insulator BizSes was subjected to a high intensity and
ultrashort 0.124 eV pulse with time-reversal-symmetry-
breaking circular polarization [12]. The transformation
of the equilibrium gapless surface states into gapped
Floquet-Bloch bands was detected by TR-ARPES. The
precise value of the extracted gap opening of 0.053 eV
was found to be consistent with predictions from Floquet
theory. A theory paper established that the TR-ARPES
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bands are located at the quasienergy values, and also
determined how the central and side-bands are weighted
[21]. In the TR-ARPES method, the transiently free elec-
trons are also renormalized by the control pulse to form
so-called Volkov states [13]. In a follow-up experiment on
the same material, their inclusion was required to explain
the ratio of the intensity of the first side-band to the cen-
tral band as a function of the angle around the I' point
[13]. By now, similar TR-ARPES measurements have
been performed on strongly driven BisTes [14], Cu(111)
[15], Au(111) [16], WSes [17], and black phosphorus [18].

DC electronic transport measurements have also been
used to characterize Floquet quantum materials. In par-
ticular, graphene was irradiated with a high intensity and
ultrashort 0.191 eV pulse with circular polarization [19].
Centered at the Dirac point, a 0.060 eV conductance
plateau was observed, corresponding to the theoretically
predicted gap opening in the Floquet-Bloch bands. Fur-
thermore, a non-zero anomalous Hall conductivity of 1.8
+ 0.4 €2 /h was detected, which can be explained partially
by the generation of topologically non-trivial Floquet-
Bloch bands [22]. A subsequent experimental paper also
found a radiation-induced anomalous Hall conductivity
in graphene [20].

While TR-ARPES is a powerful technique for detect-
ing dynamically renormalized energy bands, resolving
the dispersion over the entire high-symmetry lines re-
mains challenging in practice, due to the fact that the
high intensities required restrict pulse lengths to picosec-
ond timescales [12-18]. Additionally, while DC electronic
transport can detect the size of gap openings and topolog-
ical transitions via jumps in the anomalous Hall conduc-
tivity, the dispersion of the quasienergy band structure



is not determined [19, 20].

Optical pump-probe experiments and reflectance mea-
surements have recently emerged as an alternative
method of characterizing non-equilibrium phases of ma-
terials [23-25]. In the simplest configuration, a Floquet
drive with photon energy 7} is incident normal to the
surface of the material, and an independent probing field
with photon energy fiw reflects off the surface at an an-
gle, see Fig. 1a for a simple schematic. A key benefit of
this method is that the same measurement of the ratio
of the reflected-to-incident power is simply repeated for
different probe frequencies. Theoretically, the relevant
quantity to compute in order to make contact with these
experiments is the out-of-equilibrium optical conductiv-
ity [26-33].

Motivated by the above advantages, in this paper we
explore the connection between the Floquet quasienergy
band structures and the optical conductivity of a novel
material we introduced in a previous work, the Floquet
graphene antidot lattice [37]. We believe there are a
number of reasons why this particular system is inter-
esting and well-worth seeking an experimental realiza-
tion. First, the antidot lattice features geometrically
tunable quantum confinement of the electrons while re-
maining spatially extended in two dimensions. This
is to be contrasted with quasi-one-dimensional nanorib-
bons and nanotubes, and quasi-zero-dimensional quan-
tum dots. Additionally, fabrication of these structures in
graphene, at equilibrium, has already been demonstrated
using lithographic methods [38, 39]. Defining atomically
precise graphene antidot lattices is now also possible with
sophisticated organic-chemistry techniques [40]. For the
Floquet graphene antidot lattice under consideration, the
non-resonant above-bandwidth driving limit is reached
with near-IR photon energies, which is more than twenty
times lower than the same value required for pristine
graphene. Under these conditions, obtaining the same
energy coupling to the Floquet drive (Cr) in both sys-
tems requires significantly lower electromagnetic intensi-
ties for the graphene antidot lattice. This occurs because
C is proportional to the ratio of the electric field ampli-
tude to the photon energy (see Egs. 11 and 12 in [37]),
and because the intensity is proportional to the square
of the electric field amplitude. This argument is demon-
strated quantitatively in Fig. 1c and constitutes a major
practical advantage for pursuing an experimental realiza-
tion of the Floquet graphene antidot lattice.

The content of the paper is organized as follows. We
begin by introducing the tight-binding description of the
graphene antidot lattice at equilibrium that will underpin
the subsequent analysis (Sec. II). The external electro-
magnetic field is then included via the Peierls substitu-
tion and the effective electronic properties are determined
by applying Floquet analysis to an effective four-band
model (Sec. IIT). The necessary mathematical formalism
of linear response theory for periodically driven Floquet
systems is outlined in Sec. IV; in particular, we quote
therein a general expression for the optical conductiv-

ity in terms of the quasienergies and Floquet eigenstates
that will be instrumental for our analysis. Our core nu-
merical results for the longitudinal and Hall optical con-
ductivity are presented and discussed in Sec. V. We find
that the number and positions of the dominant peaks
in the optical conductivity vary systematically between
the identified Floquet phase regimes and further uncover
a number of properties with no equilibrium analog. In
Sec. V, we also include some considerations pertaining
to the preparation of Floquet phases from equilibrium,
under realistic timing constraints. We conclude with a
summary and suggestions for future work in Sec. VI.

II. EQUILIBRIUM GRAPHENE ANTIDOT
LATTICES

The graphene antidot lattice (GAL) is a graphene sheet
that has been periodically hole-patterned [41], see Fig. 1b
for a representative example. The tight-binding approxi-
mation is an established approach for modeling the elec-
tronic properties of GALs [41, 42]. With ¢ and j labeling
all sites on the lattice, the second-quantized Hamiltonian
takes the simple form

HTB = Ztija;raj. (1)

ij

After performing the lattice Fourier transform, the ma-
trix elements of the Hamiltonian are

(HECO))M) = Z eik.Rtu’vR7 (2)
R

where u and v label only the sites within the GAL unit
cell, R is a GAL lattice vector, ¢, g is the hopping from
the site at position r,+ R to the site at position r,, and k
is a wave vector in the GAL first Brillouin zone (BZ). One
only needs to consider hopping between nearest neigh-
bors with ¢, ,r = —3.033 eV. The equilibrium electronic
band structure E,; and the corresponding eigenvectors
wnk are then obtained by solving a standard matrix di-
agonalization problem,

cho)gank = Enknk- (3)

It is worth remarking that, whereas we will be working
with the above tight-binding model throughout this pa-
per, we used a continuum Dirac Hamiltonian approach in
our previous study [37]. Both models have been employed
in the literature, and a comparison is reported in [43]. In
hindsight, while the Dirac method is seemingly simpler,
in practice it can demand significantly more computa-
tional effort. This largely stems from the fact that the
wave functions were expanded in two-dimensional (2D)
spatial Fourier series with many components, yielding
large Hamiltonian matrices with mostly non-zero ele-
ments. In contrast, the number of rows in the matrix
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FIG. 1. (Color online) Physical setting under consideration. (a) Schematic of contrast reflectance measurement for few-
layer materials [34, 35]. (b) Unit cell of the graphene antidot lattice (GAL), which contains 870 atoms. Notice that the hole
is itself another hexagon, where each side length consists of three armchair links. (¢) The photon energy for the non-resonant
above-bandwidth driving limit is more than twenty times greater for pristine graphene as compared to the GAL studied in this
work. The blue line on the left represents the range of intensities that are considered for the GAL, all of which are below the
pulsed damage threshold [36]. The lower and upper cyan dashes correspond to the novel Floquet Dirac and Floquet semi-Dirac
phases to be discussed, respectively. The right blue line for pristine graphene encompasses the range of intensities required to
obtain the same energy coupling to the Floquet drive as the GAL (mapping also applies between the cyan dashes). We see
that there is a large window of intensities that exceed the pulsed damage threshold (horizontal dashed green line), highlighting

the significant practical advantages of the Floquet GAL.

representation of the tight-binding Hamiltonian is sim-
ply equal to the number of atoms in the unit cell (870
for the case at hand). Also, the matrix elements are easy
to compute from Eq. 2, with most being zero. In any
case, the Dirac Hamiltonian for pristine graphene is a
low-energy approximation obtained by Taylor-expanding
the tight-binding solution about the K point. There-
fore, the tight-binding technique contains more physics
by design and is thus expected to be a better reflection
of Nature. Lastly, we do not include spin-orbit coupling
effects since the band energy corrections would only be
on the order of tens of ueV [44, 45].

IIT. FLOQUET GRAPHENE ANTIDOT
LATTICES

Within a tight-binding formalism, periodic driving by
an external electromagnetic field may be included by
making the so-called Peierls substitution [46]. The re-
sult is the full time-dependent Hamiltonian

Hie(t) = HY (tuor = tupre®2O), (1)
where
9MR(t):ﬁ dr- A(t). (5)
h o+ R

We consider a vector potential with time-reversal-
symmetry-breaking circular polarization,

At) = % [cos(§2¢), sin(2t), 0], (6)

with Ey and €2 being the electric field amplitude and the
angular frequency, respectively, and we assume that the
GAL is located in the z = 0 plane (see Fig. 1b).

At this point it is convenient to define two additional
operators, specifically, the full linear electronic current
operator, namely,

—le] OHi(t)
h  Oky

j,ia) (t) =

(7)
and the full inverse effective mass tensor operator,

1 0P*Hy(t)

MO = 55 Gy (8)

with «a, 8 € {z,y,2z}. Analytical expressions for these
two operators can be obtained based on Eqs. 2 and 4-6.
While solving the equilibrium problem produces the
same number of bands as there are atoms in the unit cell
(870, as noted before), the essential physics is captured
by the bands closest to the Fermi energy (0 eV in plots to
be discussed). In particular, for reasons that will become
clearer later on, one should retain in the analysis the first
two valence bands and the first two conduction bands for
our system. The matrix elements of the 4x4 reduced
time-dependent Hamiltonian are then obtained as

(Hk (t))rm’ = @Lkﬂk (t)@n’kr (9)

In similar fashion, we obtain the matrix elements of the
reduced linear electronic current operator

GOWM),,, = O O (10)



and the reduced inverse effective mass tensor operator

(1)), = PLMED @) o (11)

It is worth remarking that one might instead attempt to
obtain j,(f) (t) and u}fﬁ)(t) by taking the k-derivatives
directly. However, notice that this would implicitly re-
quire taking numerical k-derivatives of wave functions
via Eq. 9, which is not possible using standard finite
differences since each eigenvector can be multiplied by
an arbitrary complex number of magnitude one. Thus,
Egs. 10 and 11 must be used to consistently define j,(ca) (t)

and uif‘ﬁ )(t). The dimensional restriction from 870 to
four bands makes the problem at hand computationally
tractable, whereas the equilibrium Hamiltonians in other
Floquet studies already contained few-bands and no such
procedure was required [26-33].

Following an initialization step during which the ap-
plied electric field is turned on (see Sec. VD), the Hamil-
tonian depends periodically on time, Hg(t+T) = Hg/(t),
with T' = 27/). We can thus construct a complete set of
solutions to the time-dependent Schrodinger equation,

ihO e (t) = Hio(t) (), (12)

by using Floquet’s factorization Ansatz, namely,
wnk(t) = e_ienkt/ﬁq)nk (t)7

where €, € R are the Floquet quasienergies. Due to
the time-periodicity of the Hamiltonian, there exists a
redundancy in the solutions, since any quasienergy may
be shifted by arbitrary integer multiples of A{2 without
the corresponding Floquet state changing,

Y (t) = e~ t/hp (1)
= emilennt /R it G (1))

_ e—iﬁnk,lt/ﬁ¢nk,f(t) (14)
wnk,e(t)’ LeL. (15)

However, in analogy with the emergence of a crystal mo-
mentum BZ for a particle in a spatially periodic poten-
tial, all distinct Floquet state solutions can be labeled
by quasienergies that fall within a single Flogquet BZ of
width AS). In particular, the first Floquet BZ is defined
by requiring that

q)nk(t + T) = q’nk(t)a (13)

—hY2 < € iy < T2 (16)

Quasienergies restricted to a single Floquet BZ are of-
ten referred to as folded in the literature, as opposed
to unfolded ones, whose values are unrestricted. De-
pending on the driving parameters, care is needed in
establishing a correspondence between folded and un-
folded quasienergies, due to the possibility that different
copies of the equilibrium band structure overlap [11, 47].
While a fairly general and useful approach to unfold the
quasienergy spectrum is to compute the time-averaged
spectral function [11], this is unnecessary in the regime

of above-bandwidth driving we are interested in here.
Specifically, by assuming that the driving energy is larger
than the range of the equilibrium energy bands,

hQ > max{E,k} — min{E,x}, Vn,k, (17)
we may consider the quasienergy bands to be unfolded
when the equilibrium energies are recovered in the limit
of vanishing driving amplitude:

lim €nk,0 = lim Enk = Enk:~ (18)
Ey—0 Eo—0

In this way, the folded quasienergies that are automat-
ically obtained from numerical diagonalization and the
unfolded quasienergies are guaranteed to coincide.

Because Hg(t) and ®,(t) are time-periodic, we have
the following Fourier decompositions

Hi(t) =Y HWem e (19)
Doi(t) = D ol e M, (20)
m

where m € Z. Eq. 12 is thus transformed into
DT = el (21)
in terms of
- ) 1 [T ) ,
a2 = = / dt Hy ()= _ 5, mhQ1
0

= H™ ™)~ §pmhQ1, (22)

where 1 denotes the identity matrix. In this way, the
original time-dependent problem has been converted into
a time-independent problem of diagonalizing a Hermitian
operator in an extended, in principle infinite-dimensional,
Hilbert space [1, 10, 11]. In practice, for all cases to be
considered, the quasienergy spectra €, are converged
with Nrioquet = 7 temporal harmonics. Accordingly, the
sum over m’ in Eq. 21 ranges from —NFloquet 10 NFloquet-
Within this formalism, we proceed to model the Floquet
graphene antidot lattice (FGAL).

IV. FLOQUET LINEAR RESPONSE THEORY:
OPTICAL CONDUCTIVITY

Equilibrium linear response theory has been extended
and applied to Floquet quantum materials in multiple
studies [11, 26, 28, 29, 32, 48-52]. In essence, the for-
malism determines how the expectation value of the to-
tal electronic current changes when a weak probe field is
added to the Floquet system, say,

8(J) (t) = Te{p/ (1) J'(t) — p(t)J ()} (23)



Here, p (p') and J (J') are the density matrix and the to-
tal electronic current operator, respectively, for the Flo-
quet system without (including) the weak probing elec-
tric field at angular frequency w,

E o(t) = e “'Eq o (24)

The probe is assumed to act on the established Floquet
system starting at time ty, which can be at any time dur-
ing a driving cycle. The expectation value in Eq. 23 is
then determined at some later time ¢ > tg, with the cal-
culation being performed in the interaction picture with
respect to the unperturbed Floquet Hamiltonian:

6(J) (1) = Te{p" V()" V() = oD () TV (1)}, (25)

Note that operators may be expanded in the single-
particle basis as follows

A(t) =D chilAx(®)]

knn’

nn'Cn'k, (26)

where A(t) is an arbitrary operator, and the c;flk (cnike)
are creation (annihilation) operators for the Floquet
eigenstates. The transformation to the interaction pic-
ture is then effected by

AD () = UT(t, t0) A()U (L, o), (27)
AL () = UL (¢, to) Aw(8) Ui (t, to), (28)

where the time evolution operators are given by

Ut to) = 'Texp{ - % /t t dsH(s)}, (29)

Ug(t,to) = 'Texp{ - ;/t: dsHk(s)}, (30)

with 7 denoting time-ordering.

o (w)

The linear in linear response comes from the fact that
the time evolution of the density matrix in the interaction
picture,

ihd, "D (t) = [H) (1), 9"V (1)), (31)

is approximated to the lowest, linear order as

FO0) ~ te) [ IO o) 62)

where HI(){()) (t) is the component of the Hamiltonian con-
taining the probe, in the interaction picture. At this
point, Eqgs. 26, 28, and 32 are used to expand Eq. 25. In
the process,

Fare = Tr{p(to)c] cu} (33)

emerges as the expectation value of the (fermionic) occu-
pation number for the Floquet eigenstates with respect
to the state at time tg, which we assume to be diagonal
in the Floquet basis. For Floquet linear response theory,
an essential step is to leverage the exact expansion of
the propagator defined by Eq. 30 in terms of the Floquet
unfolded quasienergies and eigenstates,

Un(t,to) = Y e 'ewt=10)/hg ()@ (1) (34)

Ultimately, Ohm’s law for the induced current emerges,
0 (J) (t) = o(t)Epo(t), (35)

with the conductivity tensor

t) = ZO’N(M)eiiNQt,
N

The above highlights that the conductivity of a Flo-
quet system is itself now time-dependent, with the same
periodicity as the drive. In our analysis, we shall fo-
cus on the homodyne (N = 0) component since the het-
erodyne (N # 0) contributions are much smaller when
the Floquet photon energy is above the total equilibrium
bandwidth [29]. The explicit expression for the Floquet
optical conductivity is [29]

N e Z. (36)

i / d% Z ; Z Fin, N ki OV F o im0kl (0] Fimom i ()1 F (nr mem, e Lk (1)
nk hw + (€nk — €nrle — MASY) + in hw — (€nk — €nrle — MASY) + in

+e-7:(n0nN)k[ B)( )]‘|7 a’IBG{z7y7Z}’ 77>0a

where D denotes the spatial dimension (here, D = 2)

(

and the generalized Floquet matrix elements of a time-



dependent operator Ag(t) are understood as
]:(n,m;n/,m’)k[Ak: (t)]

1 /T (38)
=7 /O dte! ™ TIRDT (1) Ay, (£) By (2).

Since, in arriving at Eq. 37, only the diagonal elements
of the density matrix in the Floquet basis are assumed
to contribute to the conductivity and the initial state is
diagonal, any dependence upon ty drops out. It is also
worth noting that, formally, the regularization parameter
7 should be taken to zero at the end of the treatment;
however, in practice, it phenomenologically accounts for
the effective electron quasiparticle linewidth (inverse life-
time) due to electron-electron and electron-phonon inter-
actions, defects, and impurities [48]. As will be apparent
from our numerical simulations, 1 broadens the peaks in
the optical conductivity, creating a non-local “tail effect”
that has a different behavior in the real and imaginary
parts. The numerical evaluation of Eq. 37 is highly non-
trivial; we break down the required steps in Appendix A,
while highlighting the associated computational costs.

We point out that E,..(t) and § (J) (t) are in complex
form for mathematical convenience only, and that the
physical quantities are obtained by taking the real part.
In particular, we have

E o physical (t) = Re{Ep0(t)} = cos(wt)Eo pro  (39)
6 (J) physical (1) = Re{d (J) (1)} (40)

-y [Re{JN (w)}eos((w + NQ)t)
N

+ Im{on (w) }sin((w + NQ)t) | Eo pro-

As noted, in this paper we focus on the optical con-
ductivity as a function of non-zero probe frequencies that
connects to reflectance measurements. For completeness,
for the reader interested in DC electronic transport, we
include in Appendix B a summary of the relevant zero-
frequency conductivity formulas.

V. RESULTS AND ANALYSIS

Taking into consideration both the geometry of the
GAL and the choice of the driving protocol, there is a
priori a large parameter space to consider. In practice,
we only vary the driving (electric field) amplitude and
fix the other variables to values that we expect to be
accessible experimentally. First, the structure is chosen
to be the one shown in Fig. 1b, which is a triangular GAL
with 870 atoms per unit cell. The even number of atoms
in the unit cell and the edge morphology ensure that
there are no edge states to consider [43]. Also, note that
this structure matches closely with one of the systems we
studied previously (L = 3.0 nm and D = 1.6 nm in [37]).

The equilibrium electronic band structure defined by
Eq. 3 is shown in Fig. 2 for this system. The introduction
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FIG. 2. Equilibrium electronic band structure of the
GAL shown in Fig. 1b. Tight-binding calculations based
on Eq. 3 are carried out with the Fermi energy at 0 eV.
Whereas pristine graphene features the Dirac dispersion,
quantum confinement opens an electronic band gap of 0.32
eV and leads to quadratic bands at I.

of the antidot lattice opens a large gap of 0.32 eV at the
superlattice I' point. In order to make the Floquet calcu-
lations practical, as mentioned in Sec.III, restriction to
only the most important bands near the Fermi energy (0
eV) is necessary. We see from Fig. 2 that the first two
valence bands are nearly degenerate along large sections
of the high-symmetry lines, so that both should be con-
sidered. Due to particle-hole symmetry, the same is true
of the first two conduction bands. Therefore, as antici-
pated, we consider a reduced four-band system. We may
further understand intuitively why this is the case. In our
previous study [37], the Dirac model only contained the
K point of the intrinsic material, resulting in two total
bands folded onto the I' point of the superlattice. How-
ever, the tight-binding framework automatically contains
the K and K’ points of pristine graphene, leading to four
total bands folded onto the I' point of the antidot lattice.

The driving protocol is based on the vector potential
given in Eq. 6. We consider circular polarization and
R = 0.85 eV. The photon energy is chosen to be small
enough so that transitions into neglected bands are not
possible, yet large enough as to include the four equi-
librium bands under consideration. This ensures that
the quasienergy bands in the first Floquet BZ (between
—h§1/2 and 7i)/2) are unfolded, as in Eq. 18. The effect
of tuning the Floquet photon energy may be considered
in future work.

In the numerics, the electric field amplitude Ey was
varied from 0.00 a.u. to 10.00 a.u. in increments
of 0.05 a.u., with interpolations as necessary, and the
quasienergy band structure was computed for each
case. The relevant conversion here is 1 a.u. = 1.291
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(Color online) Quasienergy band structures and optical conductivity sweeps in the Floquet quasi-

equilibrium phase regime. Ej is the electric field amplitude in units where 1 a.u. = 1.291 (GeV/nm)/nC [37, 53] and
I is the corresponding intensity I = (eoc/2)Eg. (a) Eo = 0.00 a.u. and I = 0 W/um?. Equilibrium limit, which maps directly
to Fig. 2. (b) Eop = 1.30 a.u. and I = 96 W/um?. (c) Eo = 1.90 a.u. and I = 205 W/um?. (d-f) Corresponding real
parts of the longitudinal and Hall homodyne conductivity. w/$ is the ratio of the probe to driving angular frequency. (g-i)
Corresponding imaginary parts of the longitudinal and Hall homodyne conductivity. Note that, in practice, the relatively large
intensities of the driving field are only sustained for picosecond timescales.

(GeV/nm)/nC, as originally defined in [53] and also uti-
lized in our previous paper [37]. In the figure captions to
follow, we further report the intensity I = (eoc/2)E3 in
physical units that would be useful to an experimentalist.

We identified nine particularly interesting Floquet elec-
tronic phases and computed the corresponding optical
conductivity sweep for each. We estimate n = 0.05 eV
based on previous first-principles calculations of the elec-
tron linewidth for graphene due to electron-electron and
electron-phonon scattering [54]. We consider ideal oc-
cupation of the Floquet eigenstates (fix = for = 1 and
fak = far = 0) [26, 29, 50, 55]. Lastly, we find that trans-
forming the hexagonal BZ into a rectangle and using a
101 x 101 k-grid ensures converged BZ integrals.

A. Quasienergy Band Structures of GAL Floquet
Phases

The quasienergy band structures are plotted in the left
column (panels a, b, and c) of Figs. 3-5. Fig. 3a contains
the equilibrium limit (Ey = 0 a.u.) of the quasienergy
bands. We notice that there is a direct map to the elec-
tronic band structure in Fig. 2, which indicates that the
plotted quasienergy bands are unfolded (Eq. 18). In gen-
eral, we notice across all plots that the driving tends to
split the bands that were nearly degenerate at equilib-
rium. As the amplitude of the driving increases in going
to Figs. 3b and 3c, the energy gap at I' decreases with
continuous tunability.

In Fig. 4a the energy gap has closed completely, restor-
ing the Dirac dispersion. As FEj increases further, the
energy gap at I’ reopens and shifts to the M point in
Fig. 4b. This behavior continues in Fig. 4c, except that
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intensity I = (eoc/2)E3.

(a) Eo = 243 a.u. and I = 335 W/um?. Dynamical restoration of the Dirac dispersion. (b) Fy =
3.50 a.u. and I = 695 W/um?. The quasienergy gap is shifted to M. (c) Eo = 4.10 a.u. and I = 954 W/um?.

Onset of

selective dynamical localization. (d-f) Corresponding real parts of the longitudinal and Hall homodyne conductivity. w/§ is
the ratio of the probe to driving angular frequency. (g-i) Corresponding imaginary parts of the longitudinal and Hall homodyne

conductivity.

we also observe the onset of selective dynamical localiza-
tion (SDL) [37], i.e., the bands near T flatten. The SDL
persists in the remaining quasienergy spectra in Fig. 5.

We further observe the emergence of the novel Flo-
quet semi-Dirac phase in Fig. ba, where the gap closes
at M and the bands emanating from this point feature
quadratic (M-K) and linear (M-T") dispersions [37, 56-58].
This indicates the co-existence of non-relativistic-like and
relativistic-like quasiparticles, respectively. In the final
two panels, Figs. 5b and 5c, the energy gap reopens at
M and the flattened regions near I' shift outwards. Inter-
estingly, in the final band structure (Fig. 5¢), the inner
and outer bands approach each other again as they had
at equilibrium, except now the bands are all significantly
flattened near T'.

The quasienergy band structures were intentionally or-
ganized into three groups of three in the above descrip-
tion. The three figures correspond to different Floquet

electronic phase regimes as follows: (i) Floquet quasi-
equilibrium (Fig. 3); (ii) Floquet Dirac (Fig. 4); and (iii)
Floquet semi-Dirac (Fig. 5). Accordingly, the first phase
regime starts at equilibrium by definition, whereas the
other two begin with the Floquet electronic phases where
the driving has closed the quasienergy gap (Floquet Dirac
and Floquet semi-Dirac).

On a quick inspection, it appears as though the two
valence bands approach each other at two momentum
values near the K point in general. By plotting the
quasienergy bands on a fine grid, we find that there is
an avoided crossing near K along the K-M segment and
a crossing near K along the K-TI' segment. This is true
in all of the plotted band structures. Both features are
present at equilibrium and become exaggerated in the
driven system. In Fig. 2 we see that bands beyond the
first and second valence bands may also exhibit avoided
crossings, which are an emergent property of massless
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homodyne conductivity.

Dirac fermions subjected to an antidot potential. Be-
cause of the particle-hole symmetry, the same argument
applies to the conduction bands as well.

Lastly, we emphasize that the behavior of the two
bands closest to zero energy (the inner bands) is consis-
tent with the evolution of the Floquet electronic phases
in electric field amplitude from our previous paper (see
Fig. 4 in [37]). The rescaling of the driving parameters
required to produce the same phase is partially explained
by the slight differences in hole shape and size between
the previous and current studies.

B. Optical Conductivity of GAL Floquet Phases

The homodyne optical conductivity sweeps in
the probe frequency corresponding to the discussed
quasienergy band structures are visualized in the middle

(panels d, e, and f) and right (panels g, h, and i) columns
in Figs. 3-5 [59]. In particular, the middle column con-
tains the real parts, while the right column displays the
imaginary parts of the optical conductivity. The horizon-
tal axis is the ratio of the probe to the driving angular fre-
quency, w/Q. For a reflectance experiment, an appropri-
ate minimum value of w/§ is 0.1, and the maximum value
is set to 1 since values beyond this would require consid-
eration of the third and fourth order valence/conduction
bands that we have neglected [35]. Each of the plots con-
tains two curves, the longitudinal (blue) and Hall (red)
components of the 2 x 2 tensor. Notably, in all cases we
found numerically that
00" (W) = 05" (@), 0y (@) = —og™ (@), (41)
The equivalence of the longitudinal components is consis-
tent with weak anisotropy in the physical structure of the
antidot lattice. Additionally, when anisotropic segments



exist in the quasienergy band structures, their contribu-
tions to the longitudinal optical conductivity are over-
shadowed by the presence of strong localization, which
occurs for the Floquet semi-Dirac phase, for instance.
The relationship between the Hall components agrees
with the basic structure of Eq. 37 under exchange of
x and y for small probe frequencies, provided that the
inverse effective mass contribution is negligible.

Let us first focus on the evolution of the real part of
the longitudinal conductivity as the driving amplitude
increases. We see at equilibrium in Fig. 3d that there
is a single very wide peak, which is consistent with al-
lowed transitions across the entire band structure and is
in agreement with previous work [60]. As the driving
amplitude increases in going to Fig. 3e, the wide peak
broadens towards smaller w /{2 values, in accordance with
the energy gap decreasing at I'. As the gap continues to
decrease, a satellite peak emerges just above w/Q = 0.1
in Fig. 3f, and its position matches the gap energy.

Upon complete closure of the energy gap, the Floquet
Dirac phase appears, and the general behavior of the con-
ductivity is quite different. There are now two distinct
peaks located at w/Q2 = 0.41 and 0.74 in Fig. 4d, which
equal the inner and outer energy gaps at M. The peak at
w/Q = 0.74 can also be explained by the inner gap at K.
In the subsequent plot, Fig. 4e, the inner gap decreasing
at M shifts the first peak to w/2 = 0.35 and the second
peak at w/Q = 0.81 is close to the outer gap at I'. In
Fig. 4f, the two peaks are now located at w/Q = 0.46
and 0.91, with the lower peak matching the inner gap at
I" and the higher peak consistent with the outer gap at
both I and K.

When the gap closes again and the Floquet semi-Dirac
phase is formed, only one peak is visible in Fig. 5d and
this behavior persists in Figs. e and 5f. The peaks are
located at w/Q = 0.56 (d), 0.67 (e), and 0.75 (f), and all
correspond to the inner transition at I.

Altogether, we can summarize the properties of the
real part of the longitudinal optical conductivity within
the probe frequency range under consideration as follows.
For the Floquet quasi-equilibrium phase regime there is
a single wide peak, for the Floquet Dirac phase regime
there are two relatively narrow peaks, and for the Flo-
quet semi-Dirac phase regime there is one narrow peak.
In the above text, we quantified the positions of the peaks
and identified plausible corresponding quasienergy band
features where possible. Most importantly, each opti-
cal conductivity sweep constitutes a unique experimen-
tal signature of each Floquet electronic phase. We note
that associating peaks in the conductivity with particu-
lar band features is only approximate since, in Eq. 37,
all k-points in the first BZ contribute to the response at
every probe angular frequency w, the parameter n causes
broadening, and we only analyze the m = 0 transitions.
In future work, an analysis of selection rules based on
the Floquet matrix elements in Eq. 38 may provide fur-
ther intuition as to why certain transitions dominate the
optical conductivity signal [61-65].
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In principle, the same kind of analysis could be ap-
plied to the imaginary part of the longitudinal and
real /imaginary parts of the Hall optical conductivity.
However, by visual inspection the most dominant fea-
tures between the four components are related, which is
not surprising since: (i) the denominators of the opti-
cal conductivity formula Eq. 37 that determine the en-
ergy resonances are the same for the real/imaginary parts
of the longitudinal/Hall components (the difference be-
tween them comes from the Floquet matrix elements);
and (ii) the real and imaginary components are related
to one another by the Kramers-Kronig transformation.
Focusing on the dominant features is reasonable, since
ultimately one expects to compare theoretical calcula-
tions and experimental data, both of which are subject
to errors that would likely obscure any fine structure.

C. Properties with no Equilibrium Analog

Floquet phases are intrinsically non-equilibrium
phases, that may display properties with no equilibrium
analog. In particular, for the optical conductivity of the
FGAL we observe the following remarkable features:

(i) At equilibrium, the real and imaginary parts of the
Hall response are exactly zero, whereas for the driven
system they are mostly non-zero and can be as large as
the corresponding longitudinal components.

(ii) Upon the onset of SDL starting in Fig. 4c, the
optical conductivity tends to decrease in magnitude and
features soften with each subsequent Floquet phase.

(iii) We also notice that while the imaginary part of
the longitudinal conductivity has one zero at equilibrium,
the Floquet phases can have as many as three zeros, see
Fig. 4h for instance.

However, what is arguably the most surprising and ex-
otic transport property of the FGAL is an anomaly in its
Ohmic behavior: While at equilibrium the real parts of
the conductivity are greater than or equal to zero, in sev-
eral Floquet phases these functions can be negative for
different ranges of probe frequencies. The importance
of this result becomes apparent from the time-averaged
power per area expended due to the probe field. Specifi-
cally, we have (see Appendix C),

dP 1 I
— = =Re{o{" ()} E2

as 2 (42)

,pro?

where aéL) (w) = cr(()m) (w) = cr(()yy) (w). The sign of the
real part of the longitudinal conductivity and the time-
averaged power per area are the same. Under normal
conditions both are positive, which corresponds to the
probe-induced current losing energy to the material in
the form of local heating. On the other hand, when both
quantities are negative the power of the probe is amplified
(gain). Intuitively, the material acts as a mediator of
power transfer from the Floquet drive to the probe. Note
that a negative real part of the longitudinal conductivity



has also been observed for several other Floquet quantum
materials [28-30, 33] and was attributed to the m # 0
terms in Eq. 37 that correspond to the absorption of drive
photons [28, 33]. However, as we emphasized previously,
the FGAL features several distinct practical advantages
over other Floquet systems.

We distinguish our observation of absolute negative
conductivity (ANC) from the more typical negative dif-
ferential resistance, where the slope of the current-voltage
curve can be negative as a result of non-linearity. In
semiconductor superlattices [66] and 2D electron systems
[67, 68], ANC was predicted to occur due to irradiation in
the presence of scattering. Experimentally, generating a
population inversion in graphene yielded ANC [69], which
was in agreement with a prior theoretical prediction [70].
For doped graphene in the hydrodynamic regime, elec-
tron whirlpools near the current-injection contacts result
in local ANC [71, 72]. These scenarios are to be con-
trasted with the FGAL, which only requires the genera-
tion of Floquet-Bloch bands in an effective single-particle
picture to obtain ANC. That is, scattering, population
inversion, and non-linearity are not necessary. In other
contexts, effective ANC is produced by parametric am-
plifiers [73], and negative refractive index metamaterials
have been studied in great detail [74-77].

To determine how all of the discussed exotic properties
affect the reflectance will require explicitly evaluating a
modified version of the standard Fresnel equations to be
compatible with a general 2 x 2 conductivity tensor [23—
25]. We defer this calculation to future work, since the
contrast reflectance will depend specifically on the dielec-
tric properties of the supporting substrate, as well as the
polarization and angle of incidence of the probe.

D. Remarks on Preparation of Floquet Phases

In our analysis thus far, we have applied Floquet the-
ory to the idealized situation of perfect invariance un-
der discrete time translation, in which case the physi-
cal Hamiltonian defining the FGAL is forever periodic in
time and consideration of stroboscopic evolution driven
by a time-independent Floquet Hamiltonian suffices. In
reality, of course, a Floquet electronic phase of interest
must be established by turning on the drive over a fi-
nite timescale, with the system initially in equilibrium.
Thus, it becomes essential to understand under what tim-
ing constraints conclusions derived from Floquet theory
are expected to be relevant for practical settings. Is-
sues related to preparation and observation of Floquet
phases have been discussed extensively in the literature,
requiring in general the use of Floquet non-stroboscopic
evolution [1, 78] in order to evaluate the dynamics at
intermediate times within a driving period, as well as
explicit consideration of quantum control protocols for
launching the modulation [79, 80].

Previous findings from Ref. [55] may be especially use-
ful in our context, since Floquet states are compared
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quantitatively to time-evolved wave functions obtained
from exact quantum dynamics. More precisely, the au-
thors considered a graphene-like material driven by cir-
cularly polarized light. The exact time evolution of
the system was simulated based on a linear ramping of
the vector potential amplitude, assumed to occur over
a timescale 7. As a fidelity metric of performance, the
squared modulus of the overlap between the exact wave
function at the end of the ramping and the target ideal
Floquet state was considered. Such a fidelity was numer-
ically determined for several different values of 7, and
was found to approach 1 when 7 becomes on the order
of about 102 driving cycles. Assuming a similar protocol
with our choice of photon energy Q) = 0.85 eV, 103 driv-
ing cycles would correspond to a total ramping time 7 ~
5 picoseconds. Thus, while a complete analysis is beyond
our scope here and may be more meaningfully carried out
with reference to a specific implementation setting, we
expect our predictions for the FGAL to remain valid so
long as the optical conductivity measurements are per-
formed after the external electric field has been ramped
on for several picoseconds.

VI. CONCLUSIONS AND OUTLOOK

In this paper we demonstrated theoretically that the
optical conductivity constitutes an experimentally acces-
sible quantity for distinguishing between different Flo-
quet electronic phases. As an example, we considered the
Floquet graphene antidot lattice, which we introduced in
[37]. The real and imaginary parts of the longitudinal
and Hall components of the homodyne optical conduc-
tivity were computed over a wide probe frequency range
for a number of quasienergy band structures, which were
separated into three phase regimes based on the clos-
ing of the energy gap at the Fermi energy. For the real
part of the longitudinal conductivity, we predict a sin-
gle wide peak for the Floquet quasi-equilibrium phase
regime, two relatively narrow peaks for the Floquet Dirac
phase regime, and one narrow peak for the Floquet semi-
Dirac phase regime. The quantitative positions of the
peaks further distinguish between different quasienergy
band structures within each phase regime.

A number of properties emerged in the Floquet sys-
tem that had no analog in the equilibrium graphene an-
tidot lattice. Notably, the real parts of the longitudinal
conductivity can become negative for various ranges of
probe frequencies. Physically, the material mediates a
transfer of power from the Floquet drive to the probe
(gain). Also, while the Hall response is exactly zero at
equilibrium, it is generally non-zero and can be as large
as the longitudinal conductivity in the Floquet system.
Lastly, the flattening of the bands near the superlattice I'
point (selective dynamical localization) tends to reduce
the overall magnitude of the optical conductivity until,
for the final quasienergy band structure plotted, the re-
sponse is nearly flat compared to equilibrium.



Our work points to several directions for future inves-
tigation. While our results are strongly suggestive of a
mapping between the Floquet phases and the optical con-
ductivity, additional experimental characterization meth-
ods like TR-ARPES may also be considered and numeri-
cally investigated [21]. At the current level of theory, the
parameter 77 that represents the electron linewidth is as-
sumed to take an effective constant value. Improvement
is possible by using many-body techniques to determine
how 7 varies by band, wave vector, and the driving pa-
rameters (polarization, amplitude, and frequency) [54].
Also, if the external drive is turned on faster than we dis-
cussed previously, i.e., for a quench [26, 29, 50, 55], a non-
ideal occupation of the Floquet modes should be consid-
ered. Furthermore, as mentioned, it would be interesting
to use a modified version of the textbook Fresnel equa-
tions for a general conductivity tensor in 2D to compute
the reflectance explicitly, which may reveal additional
features with no equilibrium analog [23-25]. Lastly, while
we focused on the optical response in this paper, the ho-
modyne DC Hall conductivity will be an indicator for
topological transitions in our system [49, 50], which could
occur when the quasienergy gap closes and reopens at the
Floquet Dirac or Floquet semi-Dirac phases.
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Appendix A: Computational Details

Once the atomic structure of the GAL is defined, the

matrix elements of the equilibrium Hamiltonian (H,(co))w
are found via Eq. 2. The diagonalization in Eq. 3 then
yields the equilibrium band energies F,; and eigenvec-
tors k. Using Eqgs. 4-6, the Peierls substitution pro-
duces the full time-dependent Hamiltonian Hg(t). Ana-
lytical expressions for the full linear electronic current op-

erator jka (t) (Eq. 7) and the full inverse effective mass

tensor operator /\/l (o )(t) (Eq. 8) are obtained based
on Eqgs. 2 and 4-6, and then are evaluated numerically.
Hi (1), Jk(o‘)(t)7 and M;caﬁ)(t) are computed at every
point over the driving cycle, which is sampled uniformly
with 100 unique time-points. At this stage, the number
of bands for our system is the same as the number of
atoms in the unit cell (870). In order to make the sub-
sequent calculations feasible, we dimensionally restrict
these three operators to the two bands below and two
bands above the Fermi energy (0 eV), see Egs. 9-11.
With the reduced time-dependent Hamiltonian Hyg/(t),

12

the block matrix elements H ,(cm ™) ip Eq. 22 are evalu-

ated by performing the time-integration numerically. As
indicated in the main text, (m,m’) € [=7,7] converges
the quasienergies €, from the diagonalization problem in
Eq. 21. We use the eigenvectors ¢SZ) to sum the Fourier
series in Eq. 20, yielding the Floquet eigenstates @,z (¢).
All steps up to this point must be carried out for every
wave vector k under consideration.

At this stage, we are equipped to compute the op-
tical conductivity Jg\(,lﬁ )(w) via Eq. 37, which contains
four nested summations. This will involve performing
the numerical time-integration for each of the required
Floquet matrix elements, see Eq. 38. We consider sepa-
rately the a8 = zx,yy, xy, yr components of the homo-
dyne (N = 0) optical conductivity. Evaluation of Eq. 37
is repeated for every distinct value of the probe frequency
w. The entire procedure of this section is carried out for
each of the nine Floquet electronic phases.

We emphasize that one is not required to use the
unfolded quasienergies and the corresponding Floquet
eigenstates, but can also take the equivalent quantities
within the first Floquet BZ. However, if the photon en-
ergy hf) is small compared to the natural energy scales
of the original system, the automatic shifting and renor-
malization of the equilibrium bands into the first Floquet
BZ significantly complicates the process of determining
the proper occupation of the Floquet eigenstates.

Appendix B: DC Conductivity

In this paper we have calculated the optical conductiv-
ity for non-zero probe frequencies based on Eq. 37, which
can be related to quantities accessible in reflectance ex-
periments. Since connecting a material in a circuit and
measuring the current is fundamentally different, we de-
fer DC conductivity calculations to future work. Nev-
ertheless, for the reader interested in computing these
properties, the DC conductivity is obtained by taking
the limit as w — 0 of Eq. 37, yielding [29]

D
d k ank
Z Z enk—enk—th)

n/(n'#n) m
{f(n,—N;n’,m)k[jl(ea)(t)]]:(n',m;mO)k[jl(f) (t)]

- ]:(n,();n’,m)k[jlggﬁ)(t>]]:(n/,m;n,N)k[jl(ga) (t)]}

"7 (0) = —ih

In 2D a Floquet analog of the Thouless-Kohmoto-
Nightingale-den Nijs (TKNN) relation is found, namely,

o™ (0) = 5 an n

(B2)
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with the Chern number where the Chern number calculation utilizes the static
i component
Cn= o / d*kFY). (B3)
BZ T
FO = 1 / dt Fr(t). (B5)
The Berry curvature is time-periodic, T Jo

Fop(t) = Z F(m) —imQt The homodyne DC Hall conductivity is quantized for
" — nk ideal occupation (fnx is only 0 or 1) and is an indica-
(B4) tor for topological transitions.

_ (02L,(1) 0B (t)  OB], () OPu(1)
Ok, Ok, ok, Ok, )

Appendix C: Probe Power per Area

The power per area expended due to the probe field is given by
dP(t)
ds
Using Eqgs. 39 and 40, this expands to

dP(t)
dS

=0 <J>physica1 (t) ' Epro,physical(t)~ (Cl)

= Z [RG{UN(UJ)}COS((W + NO)t) + Im{oy (w) }sin((w + NQ)t)] Ej pro - cos(wt)Eg pro-
N

As we only consider the homodyne (N = 0) contribution to the total conductivity, we have the following simplification:

dP(t)

S = [Re{cro (w)}cos? (wt) + ;Im{ao(w)}sin(Zwt)} Eo pro - Eo pro-

To obtain the time-averaged power per area, we use the standard time-averages cos?(wt) = 0.5 and sin(2wt) = 0,
resulting in

dP 1
5= 5Re{ao(u})}Eo,pro “Eo pro-

The conductivity tensor has the form (see Eq. 41)

o= e ] [ o] [t <
op ' (w) og (w) —op  (w) op (W)
For a linearly polarized probe we have

Eopro = (Nod + Nyjj + N.2)Eopro , N2+ N7+ N2 =1.
Since we consider a 2D material in the z = 0 plane, only the xy projection will contribute to the response:

EO,pro = (ij + Nyg)EO,proa

N, . N . /P ——
EOPro: T+ id Y ( N12+N2E0Pro>7
) \/N:% +Ny2 Y s

\/N§+N§

Eopro = (na@ +ny)Eopro , 1y +n, =1.

The time-averaged power per area then expands to

i

_ 1| Re{og” (@)} Refoy” (w)}
ds 2

~Re{o{"(w)} Re{o"(w)}

] (no + nyQ)E&pro (a7 + ny?)EO,pro-
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The contributions from the transverse components of the conductivity cancel and we are simply left with

dP 1

s 2
which is Eq. 42 in the main text.

= SRe{of” (@)} E] o (C2)
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