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Particle-wall hydrodynamic effects on optical trapping viscometry 
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A B S T R A C T   

Optical tweezers are a versatile setup used to measure forces in soft materials and characterize the rheological 
properties of fluids and gels. An accurate measurement of these forces is complicated by the interaction between 
the optically trapped materials and nearby substrate walls. This work presents a comprehensive Brownian Dy
namic (BD) model that accounts for the hydrodynamic interactions between an optically trapped particle and a 
nearby boundary. The model is based on a midpoint algorithm, which simplifies accounting for diffusion gra
dients that arise from hydrodynamic interactions. Experiments using an optical tweezer and a quadrant position 
detector (QPD) are performed to validate these experiments. We conduct experiments by varying input laser 
current from 100 mA to 300 mA. Our experiments show that measured viscosity at 100 mA is ~19% higher than 
the value expected for room temperature water (0.89 mPa-s). The discrepancy diminishes to 4% when a 300 mA 
current is used. Simulations performed with the BD model show that, for a nominal spring constant of ks =

4.332 × 10−4Ilaser [pN/μm], the discrepancy can be explained via hydrodynamic interactions that influence the 
measured effective viscosity. Wide variability in confidence interactions observed in our data can be replicated 
by using a range of diameters in our simulation. This is consistent with DLS measurements of the particles used in 
this study, which show that the mean diameter was (1.63 ± 0.28) μm. This work has implications for measuring 
Newtonian media viscosities up to ~63 mPa-s, as determined by a scaling analysis of limitations for our mea
surement system.  
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1. Introduction 

Optical tweezers utilize optical gradient forces to trap and confine a 
variety of microscopic objects (e.g., cells, DNA, colloids) [1]. Direct 
applications of optical tweezers include the use of optical gradients to 
actively sort cells [2], guide the motion of micro-robots [3], and direct 
the assembly of colloidal particles into complex structures [4]. Using 
optical tweezers for these applications requires a fundamental under
standing of the forces acting on particles at this scale [5]. For single 
particles in solution, these forces typically involve the relative contri
bution of optical gradient forces and viscous dissipation (i.e., hydrody
namic drag) [6]. This suggests that an accurate measurement of medium 
viscosity is required to fundamentally understand the dynamics of 
optically trapped particles. 

The measurement of purely viscous samples using optically trapped 
particles is known as optical trapping viscometry. In this technique, the 
position of the optically trapped particle is measured using either high- 
speed video microscopy [7] or a quadrant position detector (QPD) [8]. 
The data collected from this measurement is typically analyzed using a 
power spectral density (PSD) to infer the diffusion coefficient of the 
particle, from which viscosity is obtained. While this technique provides 
an accurate measurement of diffusion coefficient, the measure value is 
dependent on local conditions due to hydrodynamic interactions be
tween the optically trapped particle and nearby solid boundaries [9,10]. 
Directly calculating viscosity from measured data without correcting for 
hydrodynamic interactions will lead to measured viscosities deviating 
from expected values. 

Accounting for hydrodynamic effects on optically trapped particles 
utilize a correction derived from the Navier-Stokes equations for a 
particle moving near a wall in a quiescent fluid (i.e., creeping flow) [11]. 
These models of hydrodynamic coupling are often used to interpret the 
measured dynamics of optically trapped particles but are rarely used to 
make dynamical predictions. The dynamical motion of optically trapped 
particles may be simulated using Brownian Dynamics (BD) [12–15], 
although the available models do not incorporate particle-wall hydro
dynamics. When hydrodynamics are incorporated into models of optical 
trapping, they are intended to model the complex motion of a 
non-spherical particle [16,17] or hydrodynamic coupling between 
particle pairs [18]. Thus, given the ubiquity of hydrodynamic correc
tions for boundary effects in the optical trapping literature [19–23], 
there is a need to develop a comprehensive dynamic model for pre
dicting these boundary effects. 

The aim of this work is to develop a comprehensive BD simulation 
approach to characterizing hydrodynamic interactions between an 
optically trapped particle and a nearby substrate or boundary. The 
fundamental understanding gained from this model can aid the analysis 
of optical tweezer data for a variety of microscale systems. For example, 
optical tweezer measurements have shown that hydrodynamics have an 
impact on rheology of biological fluids, such as cytoplasm [24,25]. The 
measurement of colloidal diffusion at fluid interfaces [23] and in 
microfluidic devices [22] using optical trapping has exhibited an 
enhancement to drag as a result of hydrodynamic interactions, which is 
predicted by the BD model presented here. Although not the focus of this 
work, our model could be adjusted to yield insight into use of optical 
traps for measuring the hydrodynamically hindered kinetics of surfac
tant [26] and polymer [27] molecules at interfaces. Hence, the BD model 
presented here serves as a foundation from which to understand the 
impact that hydrodynamics has on a variety of optical trapping 
measurements. 

Specifically, the article presents a BD model that accounts for the 
hydrodynamic interactions between an optically trapped particle and a 
nearby flat wall. This model uses a midpoint algorithm to integrate the 
Langevin equation and account for a diffusion coefficient that varies 
with height due to hydrodynamic interactions. This model is validated 
with optical trapping experiments where particle position is tracked 
using a QPD. The data is used to simultaneously calculate trap stiffness 

and effective medium viscosity. For our optical trapping system, we find 
that trap stiffness varies from 5.1 × 10-2 pN/μm to 1.33 × 10-1 pN/μm 
for an input laser current that ranges from 100 mA to 300 mA. The 
ensemble averaged medium viscosity obtained through experiment are 
up to 19% higher than the value expected for the medium at room 
temperature. Our BD simulations show that this result is consistent with 
the impact that hydrodynamic interactions have on the observed dy
namics of the trapped particle. This work has implications for inter
preting optical trapping viscometry measurements in Newtonian media. 

2. Materials and methods 

2.1. Sample preparation 

Samples were sourced from commercially available silica particles 
(Spherotech, Cat No. SIP-15–10) with a nominal diameter of 1.56 µm. A 
silica particle dispersion was prepared by diluting the commercial stock 
with deionized (DI) water. This was done by taking 1 μL of silica particle 
stock and adding this volume to 99 μL of DI water in a micro-centrifuge 
tube (Fisherbrand, Cat No. 05–408–129). The dispersion was stored in a 
refrigerator at 4 ◦C for up to a week prior to use. The concentration of 
silica particles produced by this procedure was such that a single particle 
was observed in a typical video frame (1920 ×1200 pixels). The sample 
was mixed using a vortex mixer (INTLLAB, VM-370) before 10 μL of the 
dispersion was taken and placed on cover glass (VWR, 24 ×60 mm), Cat. 
No. 16004–096. The sample was sealed using a cover slip (22 ×22 mm, 
VWR coverslips, Cat. No. VWR #48366–227) with double-sided tape 
(Scotch, Permanent Double-Sided Tape, 3 M, 1/2inch, Cat. 137DM-2) 
acting as a spacer. 

2.2. Optical tweezer system 

The optical tweezer system is based on a platform available from 
Thorlabs (Cat. No. OTKB) mounted to an optical table. The system is 
used for optical trapping and is schematically shown in Fig. 1. Optical 
trapping is performed using a 976 nm infrared laser diode controlled by 
a compact laser diode drive (Thorlabs, Cat. No. CLD1015). Beam 
steering of the laser is achieved using a series of mirrors and dichroic 
filters. The beam is focused onto a particle using a 100 × Nikon E Plan 
MRP71900 (1.25NA, immersion oil) objective lens. This same lens is 

Fig. 1. A schematic diagram of the optical trapping system described in 
the work. 
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also used to observe particle trapping process with the aid of a CCD 
camera (Flir, Cat. No. BFLY-PGE-23S6M-C) recording at a rate of 
~30 Hz. Samples are mounted to a three-axis piezoelectric translational 
stage (ThorLabs, Cat. No. NanoMax 300 TBB0606) that performs the 
microscale adjustments necessary to trap particles. A condenser stage 
consisting of an LED light and 10x/0.25 NA Nikon E Plan MRP70100 
situated 7 mm above the sample is used to illuminate the stage during 
experiments. All experiments described in this work were performed at a 
temperature of 25 ◦C. Sample heating was minimized by using a low- 
power LED light for illumination and keeping output laser power 
below 100 mW, where the available literature has reported significant 
heating effects [28]. We measured a maximum power of 2.9 mW at the 
focusing objective lens using a power meter (Thorlabs, Cat.No. 
PM16–130). 

The light scattered by the trapped particle is reflected by dichroic 
mirror into a QPD (ThorLabs, Cat. No. PDQ80A). The QPD recorded the 
position coordinates of the trapped particle in two dimensions by ac
counting for axial and lateral displacements from equilibrium. In our 
experiments, we modulated the laser power by changing the input 
current. At each of the laser currents characterized in this work, we 
performed 10 experiments. Each experiment consisted of 10,000 data 
points captured on the QPD at a rate of ~1 kHz. The data from the QPD 
was transmitted to a positioning detector (Thorlabs, Cat. No. KPA101) 
and stored on a text file with the aid of a code written in Python [29]. 
This data was analyzed using a code written MATLAB. The analysis 
process is described in the next section. 

2.3. Data analysis 

The positioning detector registers the observed location of the 
particle-deflected beam as the weighted average of voltage output, v, 
from four photodiodes. These weighted averages are, 

xn =
(v2 + v3) − (v1 + v4)

v1 + v2 + v3 + v4

yn =
(v1 + v2) − (v3 + v4)

v1 + v2 + v3 + v4

where xn and yn are dimensionless posi

tions as detected by the QPD. The properties of non-dimensional tra
jectories (e.g., decay time, diffusion coefficient, spring constant), are 
compared to simulated trajectories based on the model described in 
Section 3. Iterating through different conversion factors, we found that 
the best fit to our experimental data occurred when a conversion factor 
of β = 3.028 µm/A.U. was applied. This factor could then be applied to 
our dimensionless positions to obtain the position of the particle in 
dimensional units (i.e., x = βxn and. y = βyn). The conversion factor 
found by this method is comparable to conversion factors reported in the 
literature for the same optical trapping system [30]. A discussion on how 
we arrived at this value of β for our data may be found in Supplementary 
Information. 

The conversion factor is applied to the normalized position data to 
obtain dimensional position data. The dimensional position data is then 
used to determine the corner frequency observed in experiment by 
calculating the normalized autocorrelation function (NACF) [31], 

〈r(0)r(t) 〉

〈r(0)〉
2 = exp( −τ/τc)where r is position (either x or y), τc is a char

acteristic decay time, and τ is lag time. The term, 〈r(0)〉
2, represents the 

variance of position. At this point, the spring constant and effective 
medium viscosity can be determined in one of two ways. In the first 
approach, the equipartition method may be used to calculate the spring 
constant [32], 

ks = kBT
〈r(0)〉

2where kB is Boltzmann’s constant and T is ambient tem

perature. The effective viscosity of the medium can then be calculated 
using the decay time, 

μeff = ksτc
3πDwhere D is the trapped particle diameter. We refer to this 

term as an effective viscosity because the magnitude of this term is 

influenced by particle-wall hydrodynamic interactions. We discuss the 
details of this effect in the Theory section of our paper. 

An alternative approach to determining system properties begins 
with the PSD. In this approach, a Fourier transform is applied to the 
position data to find the double-sided power spectrum [33]. The 
resulting power spectrum curve is fit to a Lorentzian curve of the form, 

P(f) = kBT
2γπ2(f2+f2

c )
where γ = 3πμeff D is the Stokes drag coefficient, f is 

the spectrum frequency, and fc = 1/2πτc is the corner frequency. The 
fitting process may be performed either by using γ and fc as free pa
rameters or by fixing the value of fc based on the NACF procedure. The 
spring constant and effective viscosity may be calculated from these 
parameters, 

ks = 2πfcγ

μeff =
γ

3πD 
Our analysis of the data, implemented in MATLAB, utilized a blended 

approach whereby the spring constant and effective viscosity are 
calculated using both the NACF and PSD analyses. This approach 
showed that both analyses yielded similar values for ks and μeff. All 
values reported for the experimental aspect of this work are based on the 
PSD analysis of the data using NACF to calculate the corner frequency. A 
schematic diagram of the data analysis workflow may be found in 
Supplemental Information. 

3. Theory 

The equation of motion for a colloidal particle in a viscous Newto
nian medium can be modeled using the Langevin equation, 

m
dU
dt

= − Fdrag + FC + FB (1)  

Where m is the colloidal particle mass, U is the particle velocity vector, t 
is time, Fdrag is the viscous drag force experienced by the particle, FC is 
the net conservative force acting the particle, and FB is Brownian force 
term. Fig. 2 schematically shows how the different force components 
contribute to the dynamics of an optically trapped particle. Specific 
force contributions are discussed below. 

The drag force for a particle diffusing near a solid boundary in a 
quiescent fluid is expressed as [11], 

Fdrag = 3πμoDfU (2)  

where μo is the solvent viscosity and f is the friction factor associated 
with hydrodynamic interactions between the particle and nearby solid 
boundaries. Within this framework, the effective viscosity that would be 
measured in an optical trapping experiment is μeff = μo〈f〉, where 〈f〉 is 
the ensemble-averaged friction factor experienced by a trapped particle 
during an experiment. The friction factors are directionally dependent 
on particle distance from the boundary. If the particle is diffusing par
allel to the boundary (i.e., in the x or y axis) [34], 

f‖ =
12420α2 + 12233α + 431
12420α2 + 5654α + 100

(3)  

where α = 2z/D − 1, with z being the vertical distance from the 
boundary to the particle center (Fig. 2). When the particle moves in a 
direction normal to the solid boundary, the friction factor is [35], 

f⊥ =
6α2 + 9α + 2

6α2 + 2α (4) 

Eqs. 3 and 4 represent curve fits to the exact expressions [36] for 
these friction factors with a relative error of ± 0.001. We note that the 
expressions used in references [34,35] are inverted compared to what is 
presented here. This is because the authors of those references were 
interested in characterizing particle mobility, which is the inverse of 
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particle drag, whereas we are interested in understanding the impact 
these friction factors have on particle drag. 

The conservative force term represents the net effect of all non- 
dissipative forces acting on the particle. For this system, we consider 
the effect of the following forces, 

FC = Fgrav + Fel + Fgrad (5)  

where Fgrav is the effect of gravity on the particle, Fel is the electrostatic 
interaction between the particle and the boundary, and Fgrad represents 
the gradient force experienced by the particle trapped by the optical 
tweezers. The gravitational force acting on the particle is, 

Fgrav = −
πD3

6
(
ρp − ρf

)
g ẑ (6)  

Where ρp is the particle density, ρf is the fluid density, g is gravitational 
acceleration, and the caret hat operator (^) indicates a unit vector 
pointing in the positive z-direction. The electrostatic force is modeled on 
Derjaguin’s approximation for electrostatic interactions between a 
sphere and a plate [37], 

Fel = κBpwexp[ − κ(z − a) ] ẑ (7a)  

where κ -1 is the Debye length and Bpw is, 

Bpw = 8εmD
(

kBT
e

)2

tanh
(

eψ1

4kBT

)

tanh
(

eψ2

4kBT

)

(7b)  

where εm is the dielectric permittivity of the medium, e is the charge of 
an electron, ψ1 and ψ2 are the Stern potentials of the sphere and the 
boundary, respectively. The gradient force in the normal direction due 
to the laser is [38], 

Fgrad,z = − ksΔz

[

1 +

(
Δz
zs

)2
]−2

exp

(

−

(
Δz
zs

)4
)

ẑ (8a)  

where Δz = z − zo. The parameter, zo, is the center of the optical trap in 
the vertical direction and zs = πω2

o/λo is a distance parameter with ωo 
being the beam waist diameter and λo being the laser wavelength. For 
the experimental system used in this work, ωo = 1 µm and λo = 976 nm, 
which corresponds to zs = 3.22 µm. Our simulations suggest that our 
system is best modeled when zo is a function of laser current, Ilaser. The 
best fit to our data is achieved when, 

zo

μm
= 13.6 −

1966.9
Ilaser

+
95666.5

I2
laser

(8b) 

Supplemental Information contains a discussion of how we arrived at 
this expression. 

The laser force gradient in the axial direction, parallel to the 
boundary, is approximated as a Hookean spring, 

Fgrad,x = −ksx x̂
Fgrad,y = −ksy ŷ (9 -10) 

We assume in our model that the spring constant is isotropic in the 
axial direction. Furthermore, we also assume that the particle begins its 
trajectory at the center of the optical trap. Thus, we do not consider field 
nonlinearity in the axial direction. However, we consider the nonlinear 
field component in the vertical direction since we do not know the 
equilibrium height beforehand. This height component is critical to 
correctly modeling the friction factors that arise from hydrodynamic 
interactions. 

The Brownian force term fluctuates with a mean value of zero and is 
uncorrelated with time. It is modeled as [39], 

FB = ξ
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
6πμoDfkbT

Δt

√

(11)  

where ξ is a three-term random vector drawn from a Gaussian distri
bution with a mean of zero and variance of one, while Δt is the simu
lation time step. 

The challenge with directly integrating Eq. 1 using the model pre
sented by Eqs. 2–11 is that the height dependence of the friction factor 
can lead to erroneously large steps, which impedes the proper recon
struction of the particle dynamics [40]. To compensate for the 
complexity of hydrodynamic interactions, we utilize the midpoint al
gorithm suggested by Fixman [41] to integrate Eq. 1. In this integration 
scheme, we assume that viscous drag dominates the inertial term of Eq. 
1. Thus, the Langevin equation can be numerically integrated, 

Xs = Xn +
Δt

2γof n
[
Fn

C + Fn
B

]
(12) 

The midpoint algorithm beings with the evaluation of a fractional 
step where γo = 3πμoD is the Stokes drag coefficient, X is a vector that 
contains the three-dimensional position of the particle, n is a time step 
index, and the index, s, represents variable evaluated at the fractional 
step. 

All position dependent parameters (f, Fc, and FB) in this integration 
scheme are initially evaluated at position Xn. After evaluating Eq. 12, the 
position of the fractional step, Xs, is then used to update the friction 
factors, f s = f(Xs), and conservative forces, Fs

C = FC(Xs). Crucially, the 
Brownian force terms, Fn

B, are not updated in this scheme [40]. The new 
friction factors and conservative forces are used to calculate the next 
positional step, 

Fig. 2. A schematic diagram of a colloidal particle trapped by optical tweezers near a solid boundary.  
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Xn+1 = Xn +
Δt

γof s
[
Fs

C + Fn
B

]
(13) 

The numerical scheme described by this section was coded in 
MATLAB and used to simulate 100 unique particles for 105 steps with a 
time step of 1 ms. The data was then processed using the same pro
cedures we used to analyze our experimental results. The simulation 
data was compared to our experimental results as discussed below. A 
copy of the simulation code can be found in the Supplemental 
Information. 

4. Results 

We performed optical trapping experiments in water using a silica 
bead with a manufacturer reported 1.56 µm diameter. The experimental 
data was obtained at five different input currents from 100 mA to 
300 mA. Each experiment was performed 10 times with different par
ticles. Following the analysis procedure described in Section 2C, we 
initially processed the data to find the characteristic decay time of the 
NACF from which we determined the corner frequency (fc = 1/2πτc).  
Fig. 3 shows how our experimentally determined corner frequency 
varies as a function of laser current. The confidence intervals (CI) for the 
three lowest current settings are small, indicating that the true mean 
corner frequency lies within the error bars with 95% confidence. How
ever, we observe that the input currents of 250 mA and 300 mA exhibit 
significantly larger CIs, indicating a larger variation in mean corner 
frequency obtained by experiment. A simulation performed using our 
midpoint algorithm model from Section 3 was performed using a 
1.56 µm as an input diameter. While the simulation for the 1.56 µm 
particle follows the linear trend of the experimental data as a function of 
laser current, it does not explain the wide variability observed at higher 
input currents. 

In order to determine the cause of these larger CIs, we consider an 
alternate definition of the corner frequency [42], fc = ks/6π2Dμo〈f〉, 
where 〈f〉 represents the ensemble averaged friction factor. We note that 
the product, μo〈f〉, represents the effective viscosity that would be 
measured in an experiment. Thus, corner frequency is susceptible to 
errors or fluctuations in spring constant, particle diameter and drag 
correction factor. The spring constant is also dependent on several fac
tors [43], ks ≈ 2Qrn1P/Dc, where Qr is the trapping efficiency, n1 is the 
medium index of refraction, P is laser power, and c is the speed of light. 
The trapping efficiency is a difficult metric to determine due to variable 
transmission losses in the microscope objective and the optical path 
[44]. If we examine other parameters, we note that the index of 
refraction (n1 = 1.33 for water) and the speed of light are well charac
terized, which means that we expect minimal contribution to the 
measured variability. The laser diode control module has a manufac
turer reported current accuracy of ± (0.12% + 800 μA) and resolution of 
100 μA [45]. Based on this reported accuracy, the current may vary from 
300.4 mA to 301.2 mA during a typical experiment. Given that laser 
power is linearly proportional to current, we expect the variation in laser 
power to be similarly small. 

We turn our attention to the particles used in these experiments, 
which were sourced from a commercial vendor. Dynamic light scat
tering (DLS) experiments found that the particles had a diameter of 
(1.63 ± 0.28) μm. This result represents a variation of ~17% between 
different particles drawn from the same source. The diameter influences 
the drag coefficient, γo, and it has an impact on the equilibrium position 
of the particle, which impacts 〈f〉. Based on our analysis in Supplemental 
Information, the most probable height sampled by the optically trapped 
particle is, 

zp = zo −
πD3

6

(
ρp − ρf

)
g

ks
(14) 

For a silica particle, ρp − ρf ≈ 1650kg/m3, and g likely exhibits only a 
small variation. The parameter zo scales with laser current and is un
likely to vary significantly between experiments. The spring constant is 
inversely proportional to diameter and directly proportional to current 
as discussed above. Hence, particle diameter is the only parameter that 
explains the presence of large CIs at higher input currents. 

To explore how this variation can be observed in our model, we 
performed additional simulations for two more particle diameters, 
1.36 µm and 1.76 µm. These diameters were selected to be consistent 
with the upper and lower ranges for diameters measured with DLS. The 
results of these simulations, shown in Fig. 3, illustrate that a lower-than- 
average particle diameter will result in a higher corner frequency value, 
while a higher particle diameter results in the opposite trend. In effect, 
the corner frequency scales as the inverse of particle diameter (fc∝D−1). 
This implies that particle polydispersity (i.e., diameter variability) could 
influence the experimentally observed corner frequency. Based on how 
corner frequency is connected to the calculation of spring constant and 
viscosity as discussed in Section 2C, we expect that polydispersity will 
impact our measurements of these parameters. 

The ensemble-averaged spring constant measured at the input cur
rents used in the work are shown in Fig. 4. Based on our experimental 
results, the spring constant appears to be linearly proportional to input 
current, with a trend line of ks = 4.332 × 10−4 Ilaser [pN/μm]. The CIs 
for lower input currents are narrow compared to those observed for 
250 mA and 300 mA. As discussed above, this is likely the result of 
polydispersity. We illustrate this by performing simulations for three 
different particle diameters: 1.36 µm, 1.56 µm, and 1.76 µm. The 
ensemble-averaged results for the simulated 1.56 µm diameter particles 
appears to follow the average value predicted by experiment. However, 
the simulations show that the smaller diameter, 1.36 µm, results in a 
higher-than-average spring constant, and the opposite trend is observed 
for 1.76 µm. The simulations cover a substantial range of the experi
mental CIs, which suggests polydispersity could be influencing the 

Fig. 3. Data (circles) collected from the ensemble-averaged corner frequency 
for optically trapped particles measured as a function of laser current. Experi
mental error bars represent 95% CI for N = 10 experiments. Lines show the 
ensemble-averaged results from 105 realizations of 100 simulated particle tra
jectories for three different particle diameters. 
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results presented here. We also note that, with corner frequency being 
linearly proportional to spring constant, this effect likely gives rise to the 
close linear dependence observed in Fig. 3. 

Fig. 5 shows the measurement of effective viscosity as a function of 
input current. We note that the measured viscosity at 100 mA is ~19% 
higher than the value expected for room temperature water (0.89 mPa- 
s). The drop in effective viscosity with increasing input current is also 
observed in simulation. Based on simulations performed at 100 mA, a 
1.56 µm diameter particle is held at a most probable position of 
zp ≈ 2.6μm. This corresponds to an ensemble average friction factor of 
μeff /μo ≈ 1.19, which explains the higher-than-expected value for vis
cosity at lower input currents. The discrepancy diminishes to 4% for 
300 mA. We also compare the observed CIs to simulations for 1.36 µm 
and 1.76 µm diameter particles. The simulations illustrate that a larger 
diameter particle results in higher effective viscosity measurements, 
while smaller particles result in smaller effective viscosities. The reason 
for this effect can be observed when we consider how diameter in
fluences the most probable height of the particle, Eq. 14, which exhibits 
a diameter cubed (D3) scaling. The impact can be determined by 
examining larger particles as an example. In this situation, larger par
ticles will sit at a lower probable height, which also brings the particle in 
closer proximity to the substrate above which it is optically trapped. This 
influences the ensemble-averaged friction factor of the particle, 

〈f〉 =
12420α2

p + 12233αp + 431
12420α2

p + 5654αp + 100
(15)  

where αp = 2zp/D − 1. Recalling that the ensembled-averaged friction 
factor is defined as 〈f〉 = μeff /μo, we find that larger particles experience 
more significant hydrodynamic interactions due to the proximity of the 
boundary. Hence, the effective viscosity, μeff = μo〈f〉, manifests itself as 
an apparently non-Newtonian behavior as a function of laser current, 
despite the experiment being performed in a Newtonian medium. The 

hydrodynamic interactions in the experiment can be mitigated by using 
a high current input for the optical trap, enabling a more accurate 
measurement of viscosity. 

The use of optical trapping as a method for measuring viscosity is 
significantly impacted by the maximum measurable viscosity. An esti
mate for this viscosity can be obtained using the scaling model presented 
by Wirtz in his review of particle tracking microrheology [46], 

μmax = 4kBTσ
3πDε2where μmax is the upper viscosity limit that can be 

measured with optical techniques, σ is the lag time between data points 
(σ ~1 ms for our experiments), and ε is the smallest measurable fluc
tuation in our system, also known as static error. To obtain an estimate 
for ε, we utilize a method by which the particle is exposed to a salt so
lution [47], which causes the particle to adhere to the boundary. We 
then recorded eight separate measurements of the stuck particle using 
our QPD, which we used to construct the mean square displacement 
(MSD) of the stuck particle in the x and y directions. Based on analyses 
done by other authors on the issue of measurement limitations [48], the 
static error, ε, corresponds to the MSD value at the first MSD lag time 
where tlag = σ (see the Supplemental Information for additional details). 
By this analysis, we obtain an ensemble averaged value of ε ≈ 3.6nm for 
our measurement system. This estimate for ε limits our measurement to 
a maximum sample viscosity of ~63 mPa-s. In order to extend this 
analysis to more viscous materials, we suggest using a smaller diameter. 
Other authors [49,50] have demonstrated a link between static error 
and lag time, thus reducing lag time is another possible approach to 
improving the maximum measurable viscosity. 

5. Conclusion 

This article presents a model for optical trapping that incorporates 
particle-wall hydrodynamic interactions. This model is numerically in
tegrated using a midpoint algorithm, with the results from these simu
lations analyzed to extract dynamical information (e.g., corner 
frequency, spring constant, and effective viscosity) from particle tra

Fig. 4. Data (circles) collected from the ensemble-averaged spring constant for 
optically trapped particles measured as a function of laser current. Experi
mental error bars represent 95% CI for N = 10 experiments. Lines show the 
ensemble-averaged results from 105 realizations of 100 simulated particle tra
jectories for three different particle diameters. A linear fit to experimental data 
shows that spring constant is approximately ks = 4.332 × 10−4Ilaser [pN/μm]. 

Fig. 5. Data (circles) collected from the ensemble-averaged effective viscosity 
for optically trapped particles measured as a function of laser current. Experi
mental error bars represent 95% CI for N = 10 experiments. Lines show the 
ensemble-averaged results from 105 realizations of 100 simulated particle tra
jectories for three different particle diameters. 
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jectories. Our simulation results show that hydrodynamic interactions 
do influence the dynamical properties of optically trapped particles. Our 
validation experiments show that measured viscosity at 100 mA is 
~19% higher than the value expected for room temperature water (0.89 
mPa-s). The discrepancy diminishes to 4% when a 300 mA current is 
used. Simulations performed with the BD model show that, for a nom
inal spring constant of ks = 4.332 × 10−4Ilaser [pN/μm], the discrepancy 
can be explained via hydrodynamic interactions that influence the 
measured effective viscosity. Wide variability in CIs observed in our data 
can be replicated by using a range of diameters in our simulation. This is 
consistent with DLS measurements of the particles used in this study, 
which show that the mean diameter was (1.63 ± 0.28) μm. Our simu
lations show that the CIs fall within a band that encompasses the range 
of diameters measured using DLS. The measurement presented in this 
work is limited to a maximum viscosity of ~63 mPa-s, although 
reducing the trapped particle diameter or measurement lag time could 
improve this. Overall, this work has implications for optical trapping 
measurements in Newtonian media. The model presented here may be 
adapted to address a wide range drag enhancement issues observed in 
optical trapping experiments. We aim to extend this work examining the 
impact that hydrodynamic interactions have on optical trapping mea
surements in non-Newtonian media. 
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Quantitative Complex Fluid Measurements, Experimental Thermal and Fluid 
Science. 107 (n.d.) 29–37. https://doi.org/10.1016/j.expthermflusci.2019.05.009. 

R. Ghosh et al.                                                                                                                                                                                                                                  

http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref29
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref29
https://doi.org/10.1038/srep08831
https://doi.org/10.1364/AOP.394888
https://doi.org/10.1063/1.1645654
https://doi.org/10.1021/la702571z
https://doi.org/10.1021/la702571z
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref34
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref34
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref35
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref35
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref35
https://doi.org/10.1063/1.1320829
https://doi.org/10.1364/OPEX.13.003673
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref38
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref38
https://doi.org/10.1017/S0022112095000176
https://doi.org/10.1017/S0022112095000176
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref40
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref40
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref41
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref41
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref41
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref41
http://refhub.elsevier.com/S0927-7757(23)02026-5/sbref41
https://doi.org/10.1016/S0030-4018(02)02119-3
https://doi.org/10.1016/S0030-4018(01)01198-1
https://doi.org/10.1146/annurev.biophys.050708.133724
https://doi.org/10.1146/annurev.biophys.050708.133724
https://doi.org/10.1016/j.jcis.2017.02.057
https://doi.org/10.1088/0957-0233/26/1/015302
https://doi.org/10.1088/0957-0233/26/1/015302
https://doi.org/10.1016/j.expthermflusci.2019.05.009

	Particle-wall hydrodynamic effects on optical trapping viscometry
	1 Introduction
	2 Materials and methods
	2.1 Sample preparation
	2.2 Optical tweezer system
	2.3 Data analysis

	3 Theory
	4 Results
	5 Conclusion
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Data availability
	Acknowledgements
	Appendix A Supporting information
	References


