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Abstract

Electrostatic interaction and molecular excluded-volume e↵ects are responsible for

a plethora of non-intuitive phenomena in soft-matter systems including local charge

inversion and attraction between similar charges. In the current work, we study the

surface forces and swelling behavior of opposing polyelectrolyte brushes using a classical

density functional theory that accounts for electrostatic and excluded-volume correla-

tions. We observe that the detachment pressure between similarly charged brushes is

sensitive to salt concentration in both the osmotic and salted regimes and can be nega-

tive in the presence of multivalent counterions. A comparison of the theoretical results

with the mean-field predictions unravels the role of correlation e↵ects in determining

the surface forces and the brush structure. For systems containing multivalent counte-

rions, the detachment pressure attains negative values at an intermediate brush-brush

separation, and the attractive region in the pressure-vs-distance plot is magnified in
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terms of both the depth and width of attraction with increasing the counterion va-

lency. However, the inter-brush attraction vanishes when the size-induced correlations

are switched o↵. We also investigate the role of counterion size and the polymer chain

length on the detachment pressure. It is found that smaller counterions are more e↵ec-

tive in neutralizing the polymer charge than bigger counterions, leading to a reduced

inter-brush repulsion and in some cases, attraction between like-charged brushes at

intermediate distances. Meanwhile, varying the chain length of the grafted polymers

only shifts the location of the attraction basin with little influence on the interaction

strength. The theoretical predictions show a qualitative agreement with experimen-

tal observations and o↵er valuable insights into interaction between similarly charged

polymer brushes in the presence of multivalent ions.

Keywords—Brush-brush interaction, Multivalent counterions, Classical density functional

theory, Electrostatic correlation, Monomer-counterion crosslinks, Excluded-volume interac-

tions

Introduction

Correlation e↵ects due to electrostatic interactions and the excluded volume of ionic species

are typically ignored in mean-field calculations but are responsible for a myriad of non-

trivial phenomena in soft-matter systems.1,2 Such e↵ects become particularly prominent for

systems containing multivalent ions as well as for monovalent electrolytes at high ion con-

centrations.3–5 The presence of multivalent ions may induce charge inversion near electrified

walls,6,7 adsorption of polyelectrolytes onto a like-charged surface,8–10 reversible swelling

and collapse of polymer gels,11 and the condensation of a high molecular weight DNA into

a compact state.12,13

In polyelectrolyte brush systems, the addition of multivalent counterions results in the

strong shrinkage of the polymer brush compared to that with only monovalent counteri-

ons.14 Because multivalent counterions exhibit stronger electrostatic attraction with oppo-
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sitely charged polyelectrolytes, they can neutralize the polymer charge more e↵ectively than

monovalent counterions, leading to both inter- and intra-chain bridging and heterogeneous

collapse of polyelectrolyte brushes at low grafting densities.15 Furthermore, multivalent ions

may induce attraction between like charged nanoparticles16–19 and planar walls.20 Multiva-

lent ions are also responsible for the dramatic increase of friction between opposing poly-

electrolyte brushes sliding against each other.21 The interaction between similarly charged

polymer brushes is relevant to technological applications such as boundary lubrication in

medical devices and colloidal stabilization.22,23

When opposing polymer brushes of the same charge are brought together in a good sol-

vent, the inter-brush interaction is governed by multiple factors.23 First, at small distances,

there are e↵ects associated with the increase of counterion concentration and excluded volume

interactions due to physical contacts between both the same and opposing brush monomers,

which generate strong steric repulsion between the brushes.24 Second, the brushes will be

compressed due to the electrostatic repulsion between like-charged monomers belonging to

the opposing brushes, which localizes the monomers near their respective grafting surfaces.25

Furthermore, the localization of polymer segments due to tethering limits intermixing be-

tween apposing chains. Lastly, there is a balance of elastic e↵ects associated with the polymer

conformation and the inter-chain repulsion among monomers of the same brush that dictates

the swelling of the opposing polymer brushes. Depending on the inter-brush distance, either

of these aforementioned factors can be dominant in determining the inter-brush interaction.

Interestingly, due to the presence of an extra brush compared to a single brush system,

a competition between multiple salt-mediated phenomena sets in. In addition to screening

the electrostatic repulsion and reducing osmotic pressure, multivalent counterions can be-

come intercalated between the oppositely charged monomers due to enhanced electrostatic

attraction.21,24 This ‘bridging’ phenomenon can lead to two e↵ects. First, it can collapse the

brushes individually, moving them away from each other.24,26 Second, it can interlink two

opposing brushes that are overlapping.24 The competition between these two e↵ects would
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be influenced by the counterion valence, size and polymer chain length.24 The experimental

investigations by Yu et al. revealed di↵erent electrostatic e↵ects on the structural proper-

ties of polyelectrolyte brushes for counterions of the same valency but di↵erent sizes.27 In

addition, chain length was found to be an important factor in determining the interdigita-

tion and normal force between brushes in monovalent salt systems.28 Furthermore, it was

demonstrated that, in the presence of multivalent counterions, variations in grafting density

in single-wall brush systems can either extend or contract the polymer chains.29 Considering

the strong inter-connection between chain extension and electrostatic and excluded-volume

repulsion, we anticipate that, in opposing brush systems, grafting density will play a crucial

role in influencing the interaction between the opposing brushes.

A substantial theoretical literature exists on the interaction between opposing polyelec-

trolyte brushes. Numerical results from molecular dynamics (MD) simulation showed dif-

ferent scaling regimes in terms of the disjoining pressure versus the separation between

brushes.30,31 A significant depression of the monomer concentration was observed in the

weakly interpenetrated regime, and the monomer concentration becomes virtually uniform

for a large degree of interpenetration.32 A transition of the brush structure was discovered

from polymer-in-good-solvent behavior at low grafting densities to melt-like behavior at high

grafting densities.30 The simulation results also indicated that the disjoining pressure was

mainly influenced by the osmotic pressure of counterions at large distances, and by steric

interactions at small separations,30 as well as by the distortion of the polyelectrolyte chains

in response to the ionic environment.33 The dependence of the interpenetration length on

the polymer chain length and brush-brush distance identified by simulation was found in

good agreement with scaling analysis.32 Dissipative particle dynamics (DPD) was also used

to examine the dependence of the brush height on the charge fraction and the lubrican-

tion properties of polyelectrolyte brushes.34 Zhulina and Borisov25 derived an analytical

strong-stretching theory (SST) and predicted that, in the presence of monovalent ions, the

interaction between opposing brushes is always repulsive and that the compression of semi-
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dilute brushes in a salt-free theta solvent leads to the reduction of the brush thickness and

a polymer-free region to mitigate the electrostatic repulsion. Later Matsen35 carried out a

comparative study of the SST predictions with a self-consistent field theory (SCFT) that ac-

counts for fluctuation e↵ects. He observed that SST predicts brush contraction to maintain

a polymer-free gap, while SCFT reveals that fluctuations, ignored in the former approach,

extend the chains out, leading to a higher degree of interpenetration between the polymer

brushes. In a subsequent publication,28 the same author incorporated salt e↵ects into the

analysis and found that a lower salt concentration enhances both the repulsion between

brushes and interpenetration. Zhulina and Rubinstein36 investigated the sliding behavior of

a salt-free opposing polyelectrolyte brush system using scaling arguments. It was observed

that for intermediate and high grafting densities, both the shear stress and the normal stress

are larger in the brush system than in a system of bare walls with the same charge den-

sity. However, the increase in normal forces between opposing polyelectrolyte brushes, as

compared to the forces between bare charged surfaces, is notably more significant, leading

to a reduced friction coe�cient. A reverse behavior was observed in the low grafting den-

sity regime. Wang and Tong37 used a two-dimensional self-consistent field theory to study

opposing strong polyelectrolyte brushes of varying fractions of charged segments. At large

brush-brush separations, these authors observed a positive correlation of the brush height,

and hence the polymer interpenetration, with the polymer charge fraction, grafting den-

sity and chain length. At small brush-brush separations, both quantities became insensitive

to the above parameters due to the brush shrinkage to reduce the inter-brush repulsion,

corroborating the findings from earlier works as discussed before.

The aforementioned theoretical investigations were mostly focused on monovalent coun-

terions, and naturally they predict that the interaction between opposing polyelectrolyte

brushes is always repulsive. To our knowledge, theoretical exploration of multivalent ion

e↵ects on interaction between polyelectrolyte brushes has been limited. MD simulations by

Cao and coworkers26 investigated inter-brush interactions mediated by both trivalent and
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monovalent counterions. In the presence of trivalent counterions, the brushes experienced

significant contraction at larger distances, attributed mainly to ion condensation onto the

charged chains. Conversely, at shorter distances, the simulation results show a reduction

in pressure. As for continuum approaches, the lack of investigation on multivalent systems

may be attributed to the fact that most theoretical frameworks including SCFT rely on

the Poisson-Boltzmann equation to calculate the electrostatic potential. The mean-field ap-

proach fails to represent the ionic excluded-volume e↵ects and electrostatic correlations that

are known to be important for systems containing multivalent ions. A recent work by Nap

and Szleifer24 tried to accommodate monomer-counterion correlations within the framework

of the molecular theory. The mean-field approach accounts for the correlation e↵ects by

modelling counterion condensation as chemical reaction. Specifically, two types of chemical

reactions are assigned to capture the ability of calcium ions to form complexes with one and

two negatively charged monomers. With the corresponding reaction constants calibrated

with results from MD simulations or experimental reports, it was shown that the addition

of a small amount of calcium ions was able to change the inter-brush interaction from being

repulsive to attractive at certain inter-brush separations.

The theoretical investigation of opposing brushes under multivalent ion conditions is

far from conclusive. The aforementioned approach by Nap and Szleifer24 considered weak

polyelectrolytes and involved acid dissociation equilibrium competing with counterion con-

densation. A strong polyelectrolyte system in this regard would better facilitate isolating the

role of counterion-monomer correlations. Also, it might not be feasible to obtain condensa-

tion equilibria data for all specific counterions. However, hydration radius data is available in

the literature for most counterions and therefore, a theory accounting for size-induced corre-

lations directly would allow linking the collapse behavior to counterion and chain structural

attributes, making clear the general physics prevailing in these systems. To this end, classi-

cal density functional theory (cDFT) provides an e↵ective approach since it captures both

excluded volume and electrostatic correlations explicitly.38 Previously, cDFT has proved use-
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ful for describing electrostatic phenomena in a variety of soft matter and ionic systems such

as surface forces due to confined polyelectrolyte chains,39 oscillatory charge distributions in

ionic liquids,40 and the swelling behavior of single-wall polyelectrolyte brushes.29,41 It is with

this prior success of the technique in mind that we, in the current work, use cDFT to study

the structural and interfacial properties of opposing polyelectrolyte brushes in di↵erent salt

systems.

The remainder of this paper is organized as follows. In the section ”Molecular Model and

Theory”, we describe our model system and the key cDFT equations used in this work. The

next section discusses the theoretical predictions. Specifically, first, we present the e↵ect of

salt concentration on the detachment pressure for monovalent, divalent and trivalent ions

and compare the theoretical results with mean-field predictions to gauge the importance

of correlation e↵ects. We also analyze the density profiles of counterions and monomers,

interdigitation amount and electrostatic potential profiles to understand the structural origin

of the observed inter-brush interactions. In a similar way, we discuss the e↵ects of grafting

density and polymer chain length. This is followed by a study on the variation of the size

of counterions and its e↵ects on the detachment pressure. While a direct comparison of

our theoretical results with experimental data is di�cult because the chain lengths used

in experiments are significantly higher, aside from other di↵erences in system parameters

such as the grafting density and the architecture of polymer chains, we find good qualitative

agreement between the theoretical results and experimental observations with regard to the

general trends such as the e↵ect of salt concentration and valency on the brush thickness

and inter-brush potential.

Molecular Model and Theory

The molecular model for polyelectrolyte brushes is similar to that used in our previous

studies.29,42 The system comprises two opposing polyelectrolyte brushes parallel to each other

7
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immersed in an aqueous electrolyte solution containing monomeric ionic species. We assume

that the segment densities and other distance-dependent quantities in the system, such as

the electrostatic potential and ionic distributions, vary only in the direction perpendicular

to the substrates, taken to be the z direction. This assumption of lateral homogeneity is

usually justified when the average distance between neighboring grafting locations is less

than the radius of gyration of the polymer chains in their unattached state.

Figure 1: Schematic of the opposing polyelectrolyte brushes. Here, D denotes the separation
between two grafting substrates, and Z+ represents the counterion valence. The polymer
segments and coions are assumed monovalent.

Schematically, Figure 1 presents the tethered polymers and salt ions confined between two

parallel plates representing the grafting surfaces. The solvent is described as a continuum

background with a relative dielectric constant of ✏r = 78, which corresponds to that for

liquid water at room temperature. The surface-to-surface distance between the two plates

is designated as D, and the grafting density of the polymer chains is defined as �g = nP/A,

where A is the surface area of each plate, and nP is the number of grafted chains per plate.

The entire system is in contact with a reservoir of a salt solution at bulk concentration

cS. The salt is made of spherical ions, denoted by MXZ , where Z = Z+ is the valency of

8
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counterions, i.e., salt ions with an electrostatic charge di↵erent from that of the tethered

chains. The coion, X, is treated as monovalent Z� = �1.

For simplicity, all monomeric species are represented by charged hard spheres with the

same diameter, �P = 0.425 nm. In other words, the polymer segments (P), cations (M)

and anions (X) have the same size unless stated otherwise. Each polymer chain consists of

NP negatively charged monovalent monomers with one end attached to a uncharged solid

substrate. The monomers and salt ions interact with each other through a combination of the

Coulomb energy and a hard-core potential as described in the primitive model of electrolyte

solutions:

�uij(rij) =

8
>><

>>:

1, rij < �P ,

lBZiZj/rij, rij � �P

(1)

where lB = �e
2
/(4⇡✏0✏r) ⇡0.714 nm is the Bjerrum length, Zi and Zj are ion valences, rij =

|rij| is the center-to-center distance between ionic species i and j, and ✏0 is the permittivity

of the free space. As usual, � = 1/(kBT ), where T is the temperature in kelvin and kB is

the Boltzmann constant.

The cDFT for representing the thermodynamic properties of the brush system has been

reported in our earlier work.29 The essential task in cDFT calculation is to solve the density

profiles of all ionic species and the electric potential by minimizing the grand potential:

⌦ =F �
Z

dr⇢M(r)[µM � V
ext
M (r)]�

Z
dr⇢X(r)[µX � V

ext
X (r)] (2)

+

Z
dR⇢P1(R)V ext

P1
(R) +

Z
dR⇢P2(R)V ext

P2
(R)

where R = (r1, r2, r3, ..., rNP ) is defined by the positions of all monomers of a single chain

hence representing a particular polymer configuration, µM and µX are the chemical potentials

of the cation and the anion, respectively, P1 and P2 denote the polymer chains from the

opposing brushes, V ext
i (r) is the external potential capturing the hard core interactions of

species i with the two grafting plates. For each monomeric species, the external potential is

9
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given by

�V
ext
i (r) =

8
>><

>>:

1, z < �P/2 or z > D � �P/2

0, otherwise.

(3)

In Eqn.(2), F denotes the intrinsic Helmholtz energy, which can be written as a summa-

tion of the ideal and excess contributions38

F = Fid + Fex. (4)

The ideal part of the intrinsic Helmholtz energy accounts for the conformational entropy of

polyelectrolyte chains in the brush and the translational degrees of freedom for the salt ions.

Formally, this term is exactly known:

�Fid =

Z
dR⇢P1(R)

n
ln[⇢P1(R)]� 1

o
+

Z
dR⇢P2(R)

n
ln[⇢P2(R)]� 1

o

+

Z
dR⇢P1(R)�V b

P1(R) +

Z
dR⇢P2(R)�V b

P2(R)

+

Z
dr⇢M(r)

n
ln[⇢M(r)]� 1

o
+

Z
dr⇢X(r)

n
ln[⇢X(r)]� 1

o
(5)

The first two terms on the right side of Eqn.(5) account for the conformational entropic free

energies of polymer chains grafted to surface 1 and surface 2, the third and fourth terms

are related to the bonding potentials of the polymer chains, and the fifth and sixth terms

arise from the translational entropies of the cations and anions, respectively. The logarithm

terms in this equation reflect the Boltzmann distribution for di↵erent conformations of non-

interacting polymer chains. Because the conformational probability is a multi-dimensional

function depending on the position of individual polymer segments, there is no simple con-

nection between the logarithm terms and the elasticity of a single polymer chain.

According to our model, the excess part of the intrinsic Helmholtz energy, Fex, includes

contributions from excluded volume interactions among all monomeric species, the elec-

trostatic interactions, and correlations e↵ects due to electrostatic-hard-sphere coupling and

10
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chain connectivity.43 The expressions for these contributions are well-established and repro-

duced in the Supporting Information (SI) for completeness.

Minimizing the grand potential given by Eqn.(2) yields the expressions for solving the

density profiles of monomeric species and the electrostatic potential. The equation for the

polymer conformational density, ⇢P (R), of a particular polymer brush P = P1 or P2, reads

as:

ln⇢P (R) = lnK � �V
b
P (R)� �

NPX

i=1

�i(ri)� �V
ext
P (R) (6)

where �i(r) = �Fex/�⇢i(r) stands for the one-body potential for segment i of the polymer

chain, and the constant K is determined by normalization conditions applied to all polymer

segments, i.e.,
R D

0 dz⇢iP (z) = �g with ⇢iP (z) being the local density of polymer segment i

from brush P .42 The local monomer density follows from the polymer conformational density

by integration over the positions of polymer segments:

⇢P (r) =
NPX

i=1

⇢iP (r) =
NPX

i=1

Z
dR�(r� ri)⇢P (R) (7)

= K

n
�(z � zg) +

NPX

i=2

exp
⇥
� ��i(r)

⇤
G

L
iP (r)G

R
iP (r)

o

where GL
iP (r) and G

R
iP (r) are the propagator functions for the polymer chains from brush P ,

and �(z) represents the Dirac delta function. In the second line of Eqn.(7), the first term

accounts for attaching an end segment to the surface; its density is proportional to a delta

function since this monomer is fixed at the corresponding grafting surface (zg = �P/2 for P1

and zg = D � �P/2 for P2).

With the assumption of lateral homogeneity, the density profile varies only in the z

direction and hence, the propagator expressions can be simplified as

G
L
iP (z) =

Z
dz

0exp[���i(z
0)]
⇥(�P � |z � z

0|)
2�P

G
L
(i�1)P (z) (8)
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G
R
iP (z) =

Z
dz

0exp[���i(z
0)]
⇥(�P � |z � z

0|)
2�P

G
R
(i+1)P (z) (9)

where GR
NPP (z) = 1, GL

2P (z) = exp[��2(zg)]⇥(�P � |z � zg|)/(2�P ), and ⇥(z) stands for the

Heaviside function. The boundary condition relating to the second monomer, GL
2P (z), reflects

the fact that the first monomer is fixed at the surface of the corresponding plate and hence,

experiences a one-body potential equal to infinity everywhere except the grafting location.

The total monomer density, ⇢p(z), consists of contributions from the monomer densities of

both brushes, i.e., ⇢p(z) = ⇢P1(z) + ⇢P2(z). The density profiles for mobile species (viz.,

coions and counterions) are calculated from the modified Boltzmann equation

⇢↵(z) =
1

⇤3
↵

exp{��[V ext
↵ (z) + �↵(z)� µ↵]} (10)

where ⇤↵ is the thermal wavelength, �↵(r) = �Fex/�⇢↵(r), and µ↵ is the chemical potential

of species ↵ in the bulk.

We used the Picard iteration to solve for the density profiles.29 The stopping criterion was

that, at each value of z, the di↵erence in the local densities between two successive iterations

was less than 10�6 times the corresponding bulk densities for mobile species and the di↵erence

in surface densities was less than 10�6 times the corresponding grafting densities for the

polymer chains. Because the ideal part of the free energy corresponding to the polymer

requires scanning over the positions of all monomers, the computation of the grand potential

from Eqn.(2) is not straightforward and hence, we seek a simplification of the expression.

Plugging in the expression for the conformation density in Eqn.(6) into Eqn.(2) yields the

ideal intrinsic Helmholtz energy due to the tethered polymer chains:

�F
P
id =2nP (lnK � 1)� �

Z
dr[⇢P1(r)�P1(r)]� �

Z
dr[⇢P2(r)�P2(r)]

= 2nP (lnK � 1)� 2�

Z
dr⇢p(r)�p(r)

(11)
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The last line in the above equation follows the same identity of monomers of chains P1 and

P2. Here, nP is the number of polymer chains as defined earlier and, in one-dimensional

computation, it gets normalized to the grafting density (�g). Similarly, substituting the

expression for the density profiles of free ions (↵ = M,X) into Eqn.(2) gives

�F
↵
id = �

Z
dz⇢↵(z)��↵(z)�

Z
dz⇢↵(z) (12)

These two expressions enable us to write the grand potential as

�⌦ = �F
P
id + �F

↵
id + �Fex (13)

Again, the explicit expression for �Fex is presented in the Supporting Information.

We see from the above discussion that cDFT explicitly accounts for the excluded vol-

umes of all ionic species and their correlations with electrostatic interactions and intra-chain

connectivity, thereby allowing us to explore e↵ects arising from sizes and valencies of ionic

species. As was mentioned in the introduction, ionic correlations may lead to non-monotonic

swelling in the single-brush polyelectrolyte system among other non-intuitive phenomena.29

To study its role in the interaction between opposing brushes, we will analyze the changes in

thermodynamic and structural properties as the separation between brushes is varied under

di↵erent salt conditions.

Results and Discussion

The primary quantity of interest in this study is the detachment pressure, defined as the

external pressure applied on two grafting plates in order to keep them at a particular inter-

plate distance. A positive value of the detachment pressure signifies repulsion between the

opposing brushes, and a negative value means inter-brush attraction.

Mathematically, the detachment pressure corresponds to the negative of the derivative
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of the grand potential per unit area with respect to distance minus the pressure of the

corresponding the non-interacting plates:44

�P (D) = � 1

A

n
@�⌦

@D0

���
D0=D

� @�⌦

@D0

���
D0=1

o
(14)

In determining the detachment pressure from the above equation, it is not numerically

possible to calculate the grand potential at an infinite inter-plate separation. When the

separation between two opposing brushes is su�ciently large, the grand potential would

vary linearly with the distance since the only change in it would be due to additional mobile

species, whose free energy density is constant. This is so because at such distances, the

opposing brushes stop interacting with each other and the density profiles have already

achieved their bulk values in the midplane between the two plates.

Figure 2: An illustrative example for calculating the detachment pressure between opposing
brushes. (A) The variation of the grand potential with the inter-plate distance D. The
slope at large values of D gives the bulk pressure. (B) The detachment pressure versus D

generated from the numerical di↵erentiation of the grand potential. Here, the salt contains
trivalent counterions at a concentration of 25 mM, the polymer chain length is NP = 30,
and the grafting density is 0.4 nm�2.

As an illustrative example, Figure 2 shows the numerical procedure for calculating the

detachment pressure using Eqn.(14). First, we calculate the grand potential for two opposing

brushes at a set of inter-brush distances. Here, each polymer chain contains NP = 30 charged
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segments, the grafting density is �g = 0.4 nm�2, and the two brushes are surrounded by a salt

solution with trivalent cations at salt concentration cS = 25 mM. Next, the corresponding

pressure curve is constructed by numerical derivative as given in the right panel of Figure 2.

It is clear that the slope is constant at high values of inter-plate distance D and hence the

detachment pressure would be zero. As the inter-brush distance D is reduced, the interaction

between the opposing brushes gives rise to a non-zero value of the reduced detachment

pressure �P .

E↵ect of salt concentration

We first consider the e↵ects of salt concentration on the detachment pressure between two

polyelectrolyte brushes at a fixed polymer grafting density of �g = 0.4 nm�2 and chain

length NP = 30. Figure 3 shows the variation of the detachment pressure with the inter-

plate distance at di↵erent concentrations of monovalent counterions. We also include in

the same plot a comparison with mean-field predictions at low salt concentrations, which

were achieved by turning o↵ the short-range correlation terms (both excluded volume and

electrostatic correlations).

Although the repulsion profiles for interactions between opposing brushes of the same

charge are somewhat anticipated, the theoretical findings unveil a multitude of interesting

features. Both classical DFT and mean-field analysis predict that the salt concentration has

virtually no influence on the detachment pressure at low and intermediate salt concentrations

(upto 250 mM). This is probably not obvious at first sight because salt ions are expected to

have strong screening e↵ects on interaction between similarly charged surfaces. According

to the conventional theories of colloidal interactions, a significant reduction of the electro-

static interactions would be expected as the salt concentration increases. The non-intuitive

behavior can be understood by recapitulating the conclusions from the seminal works on

opposing polyelectrolyte brushes by Pincus23 and Zhulina.36 These pioneering works pre-

dict the invariance of the separation pressure with respect to salt concentration when the
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Figure 3: Variation of the detachment pressure with the inter-plate distance (D) for in-
teraction between opposing brushes surrounded by monovalent counterions at di↵erent salt
concentrations (CS). The solid lines represent cDFT predictions and the dashed lines are
mean-field predictions. Here, the polymer chain length is NP = 30, and the grafting density
is �g = 0.4 nm�2.

average counterion concentration in the brush is significantly larger than that of salt ions

in the bulk. This condition characterises what is known as the “osmotic brush” regime.

Under such circumstances, the Debye screening length, which is inversely proportional to

the ion concentration, corresponding to the confined counterion (�1) is su�ciently smaller

than the corresponding length associated with salt ions (�1
S ).23 For the grafting density

of polymers considered in this work (0.4 nm�2), �1 evaluates to approximately 0.35 nm,

while 
�1
S varies between 0.85 nm and 4.35 nm. This suggests that the brushes considered

in this work fall into the osmotic regime. As the polymer charge in the brush is completely

neutralized by counterions, the counterion concentration in the brush is insensitive to the

bulk salt concentration.

Another way to explain the insensitivity of the separation pressure towards the salt

concentration would be to consider the average counterion concentration inside the brush.

At large inter-plate distances, the average counterion concentration in the brush reaches the
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lowest value since at smaller distances, more counterions penetrate into the inter-plate region

and thus the counterion concentration increases due to the overlap between the opposing

brushes. For the salt conditions shown in Figure 3, the counterion density inside the brush

varies little with the bulk concentration. The average value computes to approximately 1

nm�3 in terms of the number density, which translates to 1670 mM. Note that only free ions in

the brush, not the ones condensed on charged monomers, contribute to the osmotic pressure;

hence the cross-over concentration would be lower than the above value. Nevertheless, 1670

mM is significantly higher than the salt concentrations for systems shown in Figure 3. As

a result, the brush stays in the osmotic regime, displaying insensitivity of the detachment

pressure to the salt concentration.

To provide evidence for the validity of the above argument, Figure S3 gives �P vs cS

curves, going up to a slightly higher concentration of the salt, 1000 mM. It is clear that

in going from 250 mM to 1000 mM, both the range and the magnitude of the interaction

decrease significantly, indicating a cross-over to the salted brush regime. Qualitatively, the

theoretical predictions align well with the main conclusions of previous experimental obser-

vations. For example, Balastre et al. prepared several polyelectrolyte brushes by the ad-

sorption of amphiphilic diblock copolymers consisting of poly(tert-butylstyrene) and sodium

poly(styrenesulfonate) (PtBS-NaPSS) on a mica surface through the hydrophobic attraction

of PtBS.45 The surface force apparatus (SFA) measurements for the brush-brush interaction

in NaNO3 solutions indicated that, at low bulk salt concentrations, the disjoining pressure

was insensitive to the ionic strength. The absence of electrostatic double-layer forces in the

osmotic regime is fully consistent with our cDFT predictions as shown in Figure 3. At low

salt conditions, the force profiles are close to each other due to the high monomer concen-

tration in the osmotic brush regime. As previously reported,42 cDFT predicts the decrease

of the brush height upon the further increase of the ionic strength in the bulk, suggesting a

reduced brush-brush repulsion at a fixed distance as shown in Figure S3.

Similar SFAmeasurements on opposing brushes made of diblock poly(tert-butyl methacrylate)-
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b-poly(glycidyl methacrylate sodium sulfonate)(PtBMA-PGMAS) in NaCl solution showed

a weak dependence of the brush-brush interaction on salt concentration at long distances.46

The force-distance curves merge into a single profile at small distances regardless of the

salt concentration, indicating the dominance of steric repulsion. At higher distances, there

was an inverse dependence on salt concentration distinctively di↵erent from electric dou-

ble layer forces. Atomic force microscopy measurements on sodium poly(styrenesulfonate)

(PSS) brushes in NaCl solution47,48 and poly allylaminehydrochloride (PLL) in NaCl solu-

tion also exhibited the same trend with respect to salt concentration.49 As shown in Figure

S4, plotting our data on a log-log scale reveals the sensitivity of the detachment pressure to

the salt concentration at large distances, which cannot be seen in Figure 3 due to extremely

small values of the pressure. Nevertheless, the long-range brush-brush interaction is clearly

di↵erent from that for the electrostatic interaction between similarly charged surfaces.

Optical tweezer measurements on poly(2-vinylpyridine) (P2VP) grafted SiO2 colloids in

KCl solution revealed that, when the brush is fully charged at low pHs, the brush-brush

interaction was insensitive to the salt concentration while at intermediate pHs, where the

brush is partially charged, the interaction force is reduced upon the addition of the salt.50

In the latter case, the responsiveness of the brush-brush interaction to salt addition is due

to the fact that a reduced polymer charge at high pHs corresponds to a lower threshold

concentration for the transition from osmotic brush regime to salted brush regime. Although

a quantitative comparison is not possible with these results since the chain lengths used in

the above studies is significantly higher (> 130) than the values used in the current work,

the cDFT predictions capture the general trends in terms of salt concentration e↵ects on the

brush swelling and brush-brush interactions.

The invariance of the detachment pressure with the salt concentration in the “osmotic

brush” regime is additionally corroborated by the counterion density profiles for di↵erent salt

concentrations. As shown in Figure 4 for two opposing brushes at small and large separations,

the counterion density profiles superimpose onto each other in the brush region. Under the
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Figure 4: The counterion density profiles at di↵erent salt concentrations for inter-plate
distance (A) D = 11 nm (B) D = 29.7 nm. As in Figure 3, the counterions are monovalent,
the polymer chain length is NP = 30, and the grafting density is �g = 0.4nm�2.

osmotic brush conditions,30,36 �P is predicted to vary as D�2 at large separations, as D�1 at

intermediate separations, and as D�3 at extremely small separations where excluded volume

interactions become dominant. As is shown in Figure S3 of SI, an attempt at fitting the

obtained curves to the powers of D yielded -3.3 at only small Ds for all salt concentrations

and values between -4 and -5 at higher Ds depending on the salt concentration. When

the short-range correlations were switched o↵, the power values obtained are significantly

lower, due probably to the enhancement of long-range part of the inter-surface interactions.

Nevertheless, the fact that all the obtained values are greater than 3 in magnitude indicates

that the decay of pressure at large inter-brush distances is not long-range in nature, signifying

the di↵erence between opposing charged brush systems and opposing bare surface systems.

A possible explanation for the observed deviation between cDFT and the previous scaling

analysis could be the neglect of electrostatic correlations, both short range and long range

in the work on brushes and the neglect of short-range correlations in bare charged surface

systems. The first two powers of D, -2 at large separations and -1 at intermediate separations,

were derived by assuming the ideal gas behavior for salt ions, and the third power, -3 at

extremely small separations, by using only excluded volume interactions. Returning to the

comparison between cDFT and mean-field predictions, although the results from the two
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theoretical methods are qualitatively similar, correlation e↵ects are non-negligible even for

monovalent systems at low salt concentration as reflected in the drastic reduction of the

inter-brush repulsion. When short-range correlations are considered, the observed pressure

is significantly reduced compared to the mean-field predictions.

E↵ect of counterion valence

Figure 5: The same as Figure 3 but for brushes with divalent counterions.

For systems containing divalent and trivalent counterions, the di↵erence between cDFT

and mean-field predictions becomes even more pronounced. Figures 5 and 6 show the de-

tachment pressure versus the distance in the presence of divalent and trivalent counterions,

respectively. In both cases, the detachment pressure takes on negative values at intermedi-

ate distances, indicating attraction between similarly charged polyelectrolyte brushes. This

attraction is most noticeable for the lowest salt concentration (25 mM) and the magnitude

is enhanced by increasing the counterion valency. Regarding the dependence of detachment

pressure on the concentration of multivalent counterions, it is possible to identify two distinct

regimes of the brush-brush interaction. In the first regime, which occurs at short inter-plate
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Figure 6: The same as Figure 3 but for brushes with trivalent counterions.

separation, the overlap between opposing brushes enhances the excluded volume e↵ects and

the magnitude of electrostatic repulsion. In this case, the detachment pressure is relatively

insensitive to the concentration of multivalent counterions. Because the amount of counte-

rions in the inter-plate region remains almost unchanged for di↵erent salt concentrations,

the weak salt concentration e↵ect indicates the dominance of the excluded volume repulsion

of the polymer segments over electrostatic screening due to salt ions. This observation is

intuitive and in qualitative agreement with experimental results. For example, addition of

Y3+ to NaNO3 was shown to reduce the pressure between opposing poly styrene sulphonate

brushes.27 The second regime occurs at intermediate distances, which is associated with at-

tractive interactions in the presence of multivalent counterions. In the experiments reported

by Yu et al.,21 the brush-brush attraction is manifested in an increase in friction coe�cient

and has been attributed to counterions linking to the monomers of opposing brushes. In this

regime, we observe an inverse correlation between attractive pressure and salt concentration,

as can be seen from the reduced depth of the attractive region at high salt concentrations

and a slight increase in the distance of crossover from attraction to repulsion with increas-
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ing salt concentration shown in Figure 6. At first glance, this trend seems surprising since

a higher amount of counterions would be expected to facilitate more bridging. However,

adding more counterions to the system also contracts the brushes individually, inhibiting

intimate overlap between brushes and hence, reducing the number of inter-brush interlinks.

This reduced number of interlinks results in shallower attractive valleys for brush-brush

interactions at higher salt concentrations. As will be discussed later, this argument is sup-

ported by the monomer density profiles corresponding to the minimums in �P vs D curves

under trivalent ion conditions. We speculate at this point that there is a crossover from

an inter-brush-bridging-dominated regime to an intra-brush-bridging-dominated dominated

regime with increasing salt concentration. To study this in more detail, we will discuss in a

later section how the detachment pressure varies with the concentration of multivalent ions

at a fixed concentration of a monovalent salt (NaCl).

Figures 7 and 8 compare the monomer and counterion density profiles predicted by cDFT

and the mean-field approximation for monovalent and trivalent systems at D = 9.4 nm and

cS = 25 mM. Here, the salt concentration and the inter-brush separation correspond to the

maximum attraction in the trivalent system. The reduction of the detachment pressure with

the increase of the counterion valency can be attributed to a combination of two factors.

First, a higher valency means a lesser number of counterions required to neutralize the

brush. The electroneutrality e↵ect is evident from a comparison of the density profiles for

monovalent counterions, shown in Figure 7, with those for trivalent ions shown in Figure 8.

This reduced counterion concentration is responsible for a decreased pressure due to excluded

volume interactions. Second, the electrostatic correlation, which is primarily attractive, is

higher for systems with counterions of higher valencies, which also reduces the detachment

pressure.
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Figure 7: The density profiles of monomers (A) and monovalent counterions (B) between
two opposing polyelectrolyte brushes. Here D = 9.4 nm. The solid lines represent cDFT
predictions and the dashed lines are mean-field predictions.

Brush height and interdigitation

To further understand the structural origin of attraction between opposing polyelectrolyte

brushes, we have analyzed the variation of brush height with separation and the density

profiles of monomers and counterions. The brush height can be calculated from the density

profile of polymer segments:51

H =
2
R D

0 dzz⇢P (z)R D

0 dz⇢P (z)
(15)

where ⇢P (z) is the density of monomers from an individual brush, not the density of

monomers from two brushes combined. To quantify the overlap between two brushes, we also

compute the degree of interdigitation, which is defined as the cumulative monomer density

of a brush extending beyond the mid-plane normalized by the total amount of monomer of

a brush:26

�g =

R D

D/2 dz ⇢P (z)
R D

0 dz ⇢P (z)
(16)

The left panels in Figures 9 and 10 give the brush height versus inter-plate distance for

the same systems considered in the previous section. The results from both cDFT and the

mean-field approach are presented for comparison. For both valencies, the brush heights
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Figure 8: Monomer density profiles (A) and counterion density profiles (B) for a system with
trivalent counterions at D = 9.4 nm. The solid lines represent cDFT predictions and the
dashed lines are mean-field predictions.

predicted by cDFT are greater than the mean-field predictions. This is an excluded volume

driven e↵ect since electrostatic correlations collapse polyelectrolyte brushes27 while excluded

volume e↵ects lead to polymer elongation, increasing the brush height. It is also seen from

these figures that at large distances, the brush height is lower for trivalent counterions than

that for monovalent counterions. The simple reason for this is that trivalent ions screen

the electrostatic repulsion between charged monomers more e↵ectively. Besides, they can

also form bridges between charged monomers, causing the brush to collapse. As far as salt

concentration e↵ects are concerned, at large inter-plate distances, the brush height increases

slightly with decreasing salt concentration. As the inter-brush separation is reduced, the

e↵ects of salt concentration become negligible and, for the reasons discussed before, the

curves for all salt concentrations collapse into one profile.

Figure 10 shows that the salt concentration e↵ects on the brush heights are more pro-

nounced in the trivalent ion case, which exhibits a noticeable upward blip at intermediate

distances. However, such e↵ects are not captured by the mean-field theory, which instead

shows a monotonic increase of the brush height with the inter-plate separation. Clearly, the

non-monotonic behavior emerges only when correlations are taken into consideration. This

re-entrant behavior of the brush expansion is closely related to the extension of the individ-
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Figure 9: Variation of (A) the brush height and (B) interdigitation with the inter-plate
separation for systems containing monovalent counterions. The solid lines are cDFT results
and the dashed lines are from mean-field predictions.

ual chains (Fig.S1 in SI). A careful look at the corresponding detachment pressure versus

distance curves reveals that this region coincides with the region of inter-brush attraction

(Figure 6). This feature is however absent in the mean-field predictions.

As mentioned above, the extension of a charged brush is dictated by an interplay between

the chain conformational entropy, intra-chain electrostatic repulsion between monomers,

inter-chain electrostatic repulsion between monomers and excluded volume interactions.

While electrostatic repulsion is described in the mean-field approach through an electro-

static potential, it only captures the long-range part through the net local charge density

in the Poisson equation, neglecting individual short-range interactions dependent on size of

charged species. It is therefore natural that the mean-field method underestimates the elec-

trostatic repulsion between monomers in close spatial proximity. Additionally, the mean-field

method neglects the excluded volume interactions, which result in decreased values of the

brush height. It should be pointed out that the lack of explicit consideration of monomer-

counterion correlation in the mean-field theory should predict a higher brush height since

multivalent ions are known to collapse polyelectrolyte brushes. While cDFT predicts that

the brush height is smaller for higher counterion valencies, the notable observation that,

when correlations are considered, the brush height is elevated, suggests that the brush-brush
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Figure 10: Variation of (A) the brush height and (B) interdigitation with the inter-plate
separation for systems containing trivalent counterions. The solid lines are cDFT results
and the dashed lines are from mean-field predictions.

interactions are overwhelmed by inter-brush attraction in addition to the excluded-volume

repulsion. Another prominent driving force behind the observed behavior is the organization

of counterions in the region between two brushes. The interaction of these counterions with

monomers of opposing brushes pulls the chains of opposing brushes towards each other, as

shown in monomer density profiles to be discussed later, causing an increase in the brush

height and an attractive interaction. At very low separation distances, the excluded volume

interactions between monomers become dominant, leading to an invariance of the brush

height with the salt concentration.

The above observations on the brush heights are also reflected in the degree of inter-

digitation. The right panels in Figures 9 and 10 show the degree of interdigitation versus

the inter-plate distance for both the monovalent and trivalent systems at all studied salt

concentrations. It is seen that the distance at the onset of overlap between two brushes,

signified by a non-zero degree of interdigitation, is lowered while going from the monovalent

system to the trivalent system. This is due to the multivalent ion’s enhanced ability to col-

lapse brush through interlink formation between monomers, which makes them behave like

neutral brushes. The monomer and counterion density profiles also corroborate this claim.

The profiles are flatter for monovalent ions than for trivalent ions and there is enhanced
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segregation of monomers at the midplane. It is also seen that correlation e↵ects bring chains

towards the center causing enhanced inter-brush overlap while in the absence of them, the

monomer density profiles display two peaks, one near each wall. Additionally, it is also clear

that for both monovalent and trivalent systems, counterion profiles closely follow those of

the polymer segments, leading to the brush overlap. This is indicative of an osmotic brush

where there is strong condensation of counterions onto each monomer. In the monovalent

system, the monomer density and the counterion density are nearly constant throughout

the brush. Previously, MD simulations on opposing polyelectrolyte brushes showed that

monomer density profiles and counterion density profiles overlap for osmotic brushes.32 We

find in this work that, as the brushes were compressed against each other, the profiles became

flatter. It was also observed that there is a slight lowering of density values at the center of

the inter-plate region, accompanied by a small deviation between monomer and counterion

density profiles. This feature is seen only to a small degree in our monomer density profile

since the gap is small.

At small distances when the brushes physically overlap, the dominance of excluded vol-

ume interactions makes the detachment pressure insensitive to the salt concentration. This is

the primary reason why the cross-over distance from repulsion to attraction varies negligibly

with salt concentration. However, at larger distances where the brushes are far apart, the

salt concentration becomes an important factor. This is clear from the brush height vs. dis-

tance plots in the panel A of Figure 10, which shows the brushes to be extending at low salt

concentration. This plot also explains why the depth as well as the width of attraction valley

reduce with increasing salt concentration and why any changes to the pressure-vs-distance

curves in terms of the onset of attraction occur in their outer regions. The slight increase in

the value of cross-over distance with increasing salt concentration can be explained on the

basis of reduced interlink formation tendency of brushes under high salt concentrations.

A comparison of Figures 9 and 10 showed that, at similar conditions, the monovalent ion

system exhibits a higher degree of interdigitation. If that is the case, why does the attraction
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between the opposing brushes take place in the trivalent systems? To resolve these two

seemingly conflicting observations, we examine the electrostatic potential (� ) profiles for

these two valencies for D = 9.4 nm and cS = 25 mM in Figure 11. It is seen that � changes

sign from negative to positive when the counterion valency is increased from 1 to 3. There

is also a reduction in the absolute magnitude of electrostatic potential accompanying this

sign change, which signals charge reversal within the brushes due to trivalent ion binding.

The reduced magnitude is indicative of reduced electrostatic repulsive energy. It is therefore

prudent to emphasize that in determining conditions for attraction and repulsion between

two brush layers for anti-friction applications, the degree of interdigitation alone should not

be viewed as the primary metric for determining the inter-brush repulsion or attraction, and

one must consider the complete picture of interactions through the grand potential of the

entire system.

Figure 11: The local electrostatic potential for the brush systems with monovalent (A) and
the trivalent (B) counterions considered in Figures 7 and 8.

Reentrant behavior of inter-brush attraction

In the previous sections, it was seen that though in the divalent and trivalent salt systems,

there is attraction between opposing brushes, the magnitude of attraction diminishes with

increasing salt concentration. In the past studies,52,53 the ability of multivalent counterions
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to produce attraction between same-charged spherical macroions was found to be highest

at intermediate concentrations of counterions. However, numerical convergence in cDFT

becomes hard to achieve at most separation distances under low salt concentrations due to

high electrostatic repulsion, obscuring the observation of reentrant behavior. Therefore, we

use monovalent salt at a su�ciently high concentration as the base counterion to mitigate

the repulsion and add trivalent counterions starting from a small concentration as a method

to realize reentrant behavior.

Figure 12: (A) The e↵ect of trivalent salt concentration on the detachment pressure at a
fixed monovalent salt concentration of 150 mM. (B) The variation of maximum attraction
with the trivalent salt concentration.

Figure 13: The e↵ect of trivalent salt concentration on (A) the monomer density profiles (B)
the trivalent counterion density profiles at a fixed monovalent salt concentration of 150 mM.
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Figure 12 presents the variation of the detachment pressure with the concentration of

trivalent ions at di↵erent inter-plate separations. Here the system also contains at a mono-

valent salt with a fixed concentration of 150 mM. The right panel in the same figure shows

the strength of the maximum attraction versus the trivalent ion concentration. As was

anticipated, the addition of trivalent ions initially deepens the trough in the pressure-vs-

distance curves, indicating enhanced attraction. However, beyond 8 mM, it has an opposite

e↵ect. To understand the above trend by means of structural changes in the brush, we

plot in Figure 13 the density profile of polymer segments and that of the trivalent coun-

terions at di↵erent trivalent ion concentrations in the bulk solution. As the concentration

of trivalent ions increases, the density profile of polymer segments becomes more localized

towards the two grafting surfaces. A similar trend is observed for the counterion density

profiles. This behavior is the same as what was observed for single component salt solutions

and hence, it does not explain the non-monotonic dependence of the maximum attraction

on the salt concentration. Earlier, the reentrant behavior upon the addition of multivalent

ions was observed in the swelling of polymer gels.11 Here, monomer-ion correlation e↵ects

dominate the thermodynamics at low salt concentrations, while the excluded volume e↵ects

become dominant at high salt concentrations. However, in our work, due to the absence of

a non-monotonic trend in the density profiles, we refrain from attributing the origin of the

reentrant behavior to a competition between excluded volume e↵ects and electrostatic inter-

action. In this context, we believe a detailed study based on molecular dynamics simulation

would prove useful since it allows for the direct quantification of intra-brush and inter-brush

monomer-ion interlinks, which can be then examined as a function of salt concentration.

E↵ect of polyelectrolyte grafting density and chain length

Grafting density represents the denseness of a brush and dictates the relative e↵ects of electro-

static and excluded volume interactions within a polyelectrolyte brush. In a previous cDFT

study on single-brush systems under trivalent salt conditions,51 the thickness of the brush
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was found to initially decrease due to the increased number of interlinks between monomers

and later increase with increasing grafting density due to excluded volume interactions. To

investigate how this competition mediates interaction between two opposing brushes, we

vary the grafting density for systems with monovalent and trivalent ions. Figure 14 shows

the detachment pressure versus brush separation for these two valencies at cS = 50 mM. It

is seen that for both cases, increasing �g strengthens the repulsive part of the detachment

pressure. This is expected due to higher number of charged monomers at higher grafting

densities, leading to more repulsion due to electrostatic as well as excluded volume e↵ects at

small separations. Similarly, for monovalent counterions, the detachment pressure is purely

repulsive, which is also obvious. However, the most prominent feature in the curves is that

for trivalent ions, although increasing the grafting density shifts the minimum of the detach-

ment pressure vs distance curve towards a higher value of D, negligible change occurs in the

depth of the minimum, i.e., the maximum strength of attraction between two brushes. For

trivalent counterions, the correlation e↵ects are quite strong and hence attraction between

opposing brushes can be realized with a small amount of monomers. As the grafting density

increases, there is an increased repulsion between monomers while the number of monomer-

counterion crosslinks remains the same. This shifts the minimum in the detachment pressure

versus distance curves to higher values. A useful way to prove this hypothesis would be to

examine the density profiles of monomers and counterions at respective minimums, which

are shown in Figure 15. It is seen that for the lowest three grafting densities considered in

this work, the density profiles converge almost to a single value at the mid-plane and for

�g = 0.9 nm�2, the densities of both monomers and counterions at the mid-plane are slightly

lower than the corresponding value for the first three grafting densities. This invariance of

both monomer and counterion densities in the midplane with respect to grafting density

for the lowest three values of �g can be safely taken as the signature of constancy of the

number of monomer-counterion contacts, which proves the hypothesis presented before. At

�g = 0.9 nm�2, however, we believe the brushes retract into themselves due to high electro-
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static repulsion between monomers from opposing brushes, and the reduced repulsion from

this retracted arrangement of brushes explains why the attraction strength remains more or

less the same with reduced interlinks.

Figure 14: The e↵ect of polyelectrolyte grafting density on the detachment pressure between
opposing brushes in monovalent (A) and trivalent (B) electrolyte solutions. In both cases,
the salt concentration is fixed at 50 mM.

Figure 15: The e↵ect of grafting density on the monomer density profiles (A) and the
counterion density profiles (B) at distances corresponding to minima in Figure 14 (B). Here
the counterions are trivalent.

The saturation of electrostatic correlation e↵ect is also seen with the variation of the

polymer length. Figure 17 shows the pressure vs distance plots for di↵erent polyelectrolyte

brushes at cS = 50 mM for the trivalent counterion system. As was the case with graft-
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Figure 16: The e↵ect of grafting density on the monomer density profiles (A) and the
counterion density profiles (B) at distances corresponding to minima in Figure 14 (A). Here,
the systems contain only monovalent counterions, and �g = 0.3 nm�2 is not considered since
the pressure is positive at all distances.

ing density variation, increasing chain length only serves to shift the location of maximum

attraction toward higher separation values while the depth of the attraction stays virtually

una↵ected. This can again be explained in terms of the saturation of electrostatic correlation

as both increasing the grafting density and increasing the chain length have the same e↵ect of

increasing the amount of monomers. The increased monomer amount enhances electrostatic

repulsion, hence the minimum in the detachment pressure vs distance plots moves towards

higher separation distances. This is reflected in the monomer and counterion density profiles

for three chain lengths (given in Figure 18) at distances corresponding to their respective

minima. Here, a higher chain length enhances the concentrations of both species in the mid-

plane, increasing both electrostatic repulsion and monomer-counterion contacts. These two

e↵ects balance each other and the maximum attraction strength does not vary significantly.

The invariance of maximum attractive strength between brushes with respect to graft-

ing density and chain length was earlier noted by Rikkert and coworkers in polyacrylic acid

brushes in a mixture of calcium and sodium counterion solution probed through a molecular

theory.24 While that study was concerned with weak polyelectrolytes and the treatment of

counterion-monomer correlation followed a chemical reaction formalism, the agreement be-
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Figure 17: The e↵ect of chain length on the detachment pressure between polyelectrolyte
brushes in the presence of a trivalent salt at concentration of 50 mM.

tween our and their systems establishes the enhanced role of counterion-monomer correlation

even at small concentrations in multivalent ion systems. It also reflects the simplicity yet

e↵ectiveness of cDFT in capturing bridging interactions with no special assumptions about

the nature of monomer-counterion interactions.

E↵ect of counterion size

Finally, in this subsection, we investigate how counterion size can be used to tune the inter-

action between two polyelectrolyte brushes. Surface force experiments from the literature

suggest that size variation of counterions can change the interaction force from repulsive to

attractive.54 Previous theoretical investigations also indicate that changing the counterion

size changes the response of brush height to the grafting density in single brush systems.29

To see how the e↵ect of counterion size is manifested in the two-brush system, we plot

in Figure 19 the detachment pressure vs separation for three di↵erent counterion diameters

(�M), keeping the monomer and coion sizes equal to each other and constant at 0.425 nm.
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Figure 18: (A) Monomer density profiles and (B) counterion density profiles as a function
of chain length. The separation distances correspond to those at the minimums of �P vs D
curves in Figure 17.

Figure 19: The e↵ect of trivalent counterion size on the detachment pressure between op-
posing polyelectrolyte brushes. Here the trivalent salt concentration is fixed at 50 mM.

It is clear in these plots that increasing the counterion size enhances the repulsive part of

the curves and reduces both the depth and width of the attractive valley. The increase in

the counterion diameter also increases the separation distance corresponding to maximum

attraction. The role of counterion size is primarily due to the Coulomb energy of monomer-
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ion interaction, which has an inverse dependence on the sum of radii of charged species

involved. Hence, smaller counterions generate higher amounts of attraction and are more

e↵ective at bridging the oppositely charged monomers.54 It might also be possible that

large-sized counterions create a high amount of excluded volume repulsion within a brush,

stretching the chains towards the center, which in turn leads to a high amount of electrostatic

repulsion as well as excluded volume repulsion.

Figure 20: The e↵ect of trivalent counterion size on the monomer density profiles (A) and the
counterion density profiles (B) at D = 9.4 nm. This distance corresponds to the minimum
in the detachment pressure vs separation for �M = 0.3 nm in Figure 19.

It has been shown previously that, in a neutral counterpart system, varying the asym-

metry between grafted monomer size and the monomer size of free polymer chains shifts the

boundary between attraction and repulsion.44 Specifically, larger grafted monomers resulted

in greater repulsion due to enhanced excluded volume interactions. To delineate the roles of

both interactions, we show in Figure 20 the monomer density for three counterion diameters

at D = 9.4 nm. It is clear that for �C = 0.85 nm, the monomer profile is flat in the middle

and for �C = 0.30 nm, there is bifurcation into two separate peaks towards the two walls,

indicating low inter-brush overlap (Fig. S2).

Additionally, to probe the physics behind the highest amount of attraction for the smallest

counterion, we present in Figure 21 the monomer and counterion density profiles at distances

corresponding to the minima in respective �P versus D curves. It is seen that both the
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monomer density and the counterion density at the mid-plane are highest for �M = 0.30

nm, hinting at highest amount of interlinks along the lines of the argument presented in the

previous section. This means that there is enough counteracting force against electrostatic

repulsion due to high monomer density, which is the reason that the location of the minimum

occurs at a smaller separation than for other sizes.

The above observations are consistent with previous experimental reports. For exam-

ple, in surface force apparatus experiments on sodium polystyrene sulphonate brushes under

constant monovalent salt concentrations, Tirrel and coworkers54 observed a high amount of

adhesion on La3+ addition compared to Ru(NH3)
3+
6 and Al3+. La3+ has a small hydration

radius (0.31 nm) while the complex ion Ru(NH3)
3+
6 and Al3+ (0.48 nm) have higher radii,

which correspond to more resistance towards interlink formation.54 Additionally, experiments

on divalent counterions, Ca2+, Ba2+ and Mg2+, also revealed an inverse correlation between

brush height, which in turn is inversely correlated with monomer-counterion bridging interac-

tions, and counterion size.27 This agreement between our theoretical results and experiments

underscores the ability of cDFT to capture size-induced correlation e↵ects, which are missing

in traditional mean-field theories.

Figure 21: The e↵ect of trivalent counterion size on the monomer density profiles (A) and
the counterion density profiles (B) at distances corresponding to minima in Figure 19.

We note in a previous theoretical study for isolated brushes29 that increasing the trivalent

37

Page 37 of 47

ACS Paragon Plus Environment

Langmuir

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



counterion size was seen to reduce the height of the polyelectrolyte brush. However, the

grafting density for the calculations was low and towards the higher ends of the spectrum,

a crossover began to emerge. When the grafting density is low, the neighboring chains are

far apart and cannot form interlinks unless the counterion is big enough to bridge them.

It is for this reason that even though the strength of electrostatic attraction is low for

large counterions, a collapse of the brush is observed with them and one sees an inverse

relationship between the brush height and counterion size. However, when the grafting

density becomes su�ciently high so that neighboring chains start to overlap considerably,

excluded volume e↵ects become significant and larger counterions cause the brush expansion.

However, to study the size e↵ect comprehensively with cDFT at a range of grafting densities,

one dimensional theory might be inadequate due to the breakdown of lateral homogeneity

assumption and hence, we do not pursue this study here.

Conclusions

In this work, we have used the classical density functional theory (cDFT) to study the

interaction between two strongly charged polyelectrolyte brushes through the detachment

pressure. The studied parameters were salt concentration, counterion valency, chain length,

grafting density and counterion size. To highlight the importance of correlation e↵ects, we

have also presented comparisons with mean-field theory results. We observe that, regardless

of the ion valencies, the mean-field theory predicts a stronger repulsion due to the neglect

of ionic correlations, which are mostly attractive in nature. In contrast, cDFT is able to

predict attraction between brushes for trivalent ions, which is not possible to capture in

the mean-field framework. We also found that the detachment pressure displays a reentrant

type behavior upon addition of multivalent salt, and that the attraction is maximum at an

intermediate salt concentration. On varying chain length and grafting density for trivalent

ions, we saw that the attraction strength remains the same while the location of the maximum
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in attraction moves towards higher separation distances. On the other hand, for monovalent

ions, we noticed that an increase in the strength of inter-brush attraction upon increasing

the grafting density. Lastly, we discovered that increasing the size of counterions reduces

the attractive part of the interaction between opposing polyelectrolyte brushes mediated by

multi-valency counterions.

Where the e↵ect of multivalent ions on adhesion between opposing polyelectrolyte brushes

has been explored experimentally in the past, a systematic theoretical investigation of this

intriguing behavior was missing. While there were a limited number of theoretical studies

on such systems, either they were simulation based, which can be time-consuming or they

involved assumptions about ion-pair interactions. Our work is therefore the first theoretical

exploration of such systems involving little to no assumptions regarding the nature of inter-

actions between monomers and counterions. Although a direct comparison of the numerical

results have not been attempted, we find good qualitative agreement between the theoretical

results and experimental observations with regard to the general trends such as the e↵ect of

salt concentration and valency on the brush thickness and inter-brush potential.

A few possible extensions of our work are possible. First, one can try to study the

interaction between oppositely charged polyelectrolytes. While intuitively the interaction

between them is expected to be attractive, strong correlation e↵ects have been seen to

induce repulsion between oppositely charged bare surfaces55,56 and hence, can be anticipated

to cause significant changes quantitatively with respect to parameters such as salt amount,

etc. Studying interaction between oppositely charged brushes would have direct relevance

with the design of adhesives and the assembly of oppositely charged colloids in water.57

Second, an exploration of the polymer sequence e↵ects, e.g., by various combinations of either

charged and neutral monomers or positively charged and negatively charged monomers in

the brushes, can be carried out to obtain conditions for maximum adhesion or lubrication.

A third direction would be to conduct the cDFT study in three dimensions to investigate

the appropriateness of the assumption of lateral homogeneity. In the current study, we did
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not consider dilute brushes since in such systems, the assumption of lateral homogeneity

breaks down. Additionally, lateral heterogeneity also becomes important for brush coated

nanoparticles since the chains on a surface can splay apart as the brushes approach each

other. Here, a three-dimensional study would be a major advancement in our quest to obtain

a comprehensive understanding of opposing brush systems. Finally, a useful way to answer

a few unresolved questions in the current work such as the physical phenomenon behind

the observed reentrant behavior with respect to salt concentration would be to perform MD

simulation and quantify the variation of inter-brush monomer-counterion interlinks with the

salt concentration.
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