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Tethered capture of space debris is a promising method of active debris removal (ADR),

but has numerous well-known challenges in the post-capture phase. Control of the system in

this phase is complicated by nonlinear dynamics with the potential of chaotic motion, unknown

debris parameters, and debris tumbling. The inherent uncertainty present in the system and

the need for control often necessitate the estimation of debris states and parameters such that

the post-capture system can remain controlled. To this end, a relative distance Proportional-

Integral-Derivative (PID) control and an Unscented Kalman Filter (UKF) are implemented

during the post-capture phase of an ADR mission. It is assumed that some debris (target) states

and properties are unknown to the chaser, requiring the estimation of the attitude, angular

rates, and principal moments of inertia of the target. For estimating these states, the UKF

uses measurements of the tether tension magnitude and pixel coordinates of feature points

on the target provided by a camera mounted on the chaser. Both estimation and control are

done simultaneously, simulating online estimation and control of an ADR mission. The PID

control was found to maintain safe conditions when using the estimated states in two separate

Monte-Carlo simulations, differing in the measurement frequency of the pixel coordinates,

while the estimation of the principal moments of inertia of the debris was satisfactory.

I. Introduction
Multiple orbits around Earth are becoming increasingly congested due to increased launches of satellite constellations.

Space debris poses a growing threat to all active space missions and has already been involved in collisions [1, 2]. A

major contributor to the problem is large space debris, since impacts with it would generate clouds of additional smaller

debris that would further clutter the near-earth orbits [3]. Numerous methods of debris removal have been suggested,

with interest in promising methods involving tether-based capture (e.g., tethered nets, harpoons, and robots) [4ś11].

Tether-based methods of debris capture, while promising, pose numerous difficulties for post-capture control. These

difficulties include but are not limited to: ŕexible tethers being unable to support compression, largely unknown target

properties, and nonlinear dynamics with the possibility of chaotic motion [12ś14]. Post-capture control of the system is

especially important for collision prevention between the chaser and debris, since these are physically connected. A

few possible contributors to post-capture collision include tether winding around the target and whiplash of the target

debris in the case of very high tensions [12, 15]. Aslanov and Yudintsev studied tether winding and discovered that

slackness of the tether is a major cause of this problem [12]. One solution is to maintain a relative distance between

the chaser and target that results in a taut tether. Multiple authors have applied proportional-integral-derivative (PID)

control to maintain a desired relative distance between the chaser and debris and to control the debris attitude [16ś18].

Winding of the tether may also be caused by tumbling debris, which may be mitigated through the use of attitude control

methodologies such as a yo-yo mechanism, tension PID control, wave-based control, etc. [18ś22]. While many control

methods have been proposed, it is often found that the controls either require or would be improved by principal moment

of inertia knowledge of the debris. However, as the debris is uncooperative and unresponsive, this information is often

unknown.

In tethered debris systems, often only the ratios of the principal moments of inertia are found due to a lack of

information on the affecting moments on the debris [23, 24]. In the case of tethered robots and robotic arm capture of
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Fig. 1. System model with reference frames.

debris, the principal moments of inertia may more easily be estimated thanks to either the rigid connection between

the chaser and target or because a known force may be applied to the target in the case of tethered robots [25ś30].

In the case of passive capture of the debris, the principal moments of inertia are harder to estimate and work on this

topic is scarce. Zhang et al. estimated one principal moment of inertia and the difference between the other two

principal moments of inertia during retrieval of debris [31]. Prior work by the authors compared two Extended Kalman

Filter (EKF) algorithms and an UKF for principal moment of inertia estimation using perfect knowledge of tension and

angular rate measurements of the debris [32]. This work was then expanded to use tension measurements and a camera

tracking two features on the debris using a UKF [33].

In prior work by the authors, estimation was performed offline, while the dynamics were integrated assuming the

control had perfect knowledge of the system. In this work, instead, estimation and control are performed online, such

that the controller no longer assumes perfect knowledge of the states of the system. The UKF is improved from prior

work by means of the inclusion of an occlusion model that takes into account the debris orientation when generating

pixel coordinate measurements of tracked features. The PID control is designed to obtain accurate estimation results of

the principal moments of inertia while maintaining safe capture of the debris.

The remainder of this paper is organized as follows: First, the kinematics and dynamics of the tethered debris system

along with the model of the camera are discussed in Section II. Then, the UKF, the controller design, and the online

estimation and control algorithm are detailed in Section III. The simulation setup and results are presented in Section IV.

Conclusions are provided in Section V.

II. System Models
The model of the tethered satellite system consists of two rigid bodies, the chaser craft (on which the camera and

tension sensor are mounted) and the target, with an elastic tether pinned to both bodies. The target is modeled as a

rectangular prism while the chaser is modeled as a cube. An image of the model can be found in Fig. 1, which includes

important frame deőnitions and vectors. The inertial frame for the system is deőned as O = [𝑰, 𝑱, 𝑲̂], while the chaser

and target body-őxed frames are C = [𝒄𝑥 , 𝒄𝑦 , 𝒄𝑧] and T = [𝒕𝑥 , 𝒕𝑦 , 𝒕𝑧], respectively. The angle 𝜓 is the target alignment

angle, indicating how far the tether is pointing away from the negative 𝒕𝑦 face normal, and 𝒆 is the tether heading vector.

A. Rigid Body Model

The kinematics of the rigid bodies in the inertial reference frame are described by the inertial position 𝑹 and velocity

𝑽 of their centers of mass. It should be noted that the argument of time has been omitted for brevity. As the only

external forces considered are the force of gravity and the chaser control thrust, the resulting translational kinematics
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and dynamics for a given rigid body are

¤𝑹 = 𝑽 (1a)

𝑚 ¤𝑽 = −𝑚𝜇𝑒
𝑹

| |𝑹 | |3
+ 𝑻 +𝑼 (1b)

where 𝑚 is the respective satellite body mass, 𝜇𝑒 is the standard gravitational parameter of the Earth, 𝑻 is the tether

tension affecting the body and 𝑼 is a vector of control forces. The control force is 0 for the target as it is uncooperative.

The tether model is discussed in the following Section.

The attitude kinematics are described by an attitude quaternion expressed in the inertial reference frame as

𝒒 = [𝒒𝑣 , 𝑞4]
𝑇 , where 𝒒𝑣 and 𝑞4 are the vector and scalar components, respectively, and an angular velocity 𝝎. The

body angular velocity is expressed in its respective body-őxed frame as 𝝎 = [𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧]
𝑇 . The attitude kinematics

and dynamics are then:

¤𝒒 =
1

2

[
𝐼3𝑥3𝑞4 + 𝑆(𝒒𝑣)

−𝒒𝑣
𝑇

]

𝝎 (2a)

¤𝝎 = 𝐽−1

(
𝝉 + 𝒓𝑡 𝑝,𝐵 × (B𝐴O𝑻) − 𝝎 × 𝐽𝝎

)
(2b)

where 𝑆(·) is the cross product matrix, 𝐽 is the moment of inertia matrix of the body and 𝝉 are any control torques. The

tether attachment point with respect to a body-őxed frame is 𝒓𝑡 𝑝,𝐵, where 𝐵 denotes either the chaser 𝐶 or target 𝑇 (see

Fig. 1). With the assumption that the tether is rigidly connected to both bodies, 𝒓𝑡 𝑝,𝐵 is constant. The tension, which

is expressed in the inertial frame, must be transformed by the rotation matrix B𝐴O . The notation is such that B𝐴O

transforms from the inertial frame O to the body-őxed frame B. In congruence with the translational dynamics, the

control torques are not present for the target. The kinematics and dynamics in Eq. (1a)-(2) can be cast into the őrst

order form as follows:
¤𝑿 = 𝒇 (𝑿,𝑼, 𝝉, 𝑡) (3)

The system states 𝑿 are composed of the chaser and target states such that

𝑿 =

[
𝑿𝐶

𝑿𝑇

]

𝑿𝐵
=



𝑹𝐵

𝑽𝐵

𝒒𝐵

𝝎𝐵



(4)

where 𝐵 denotes a given body.

B. Tether Model

The tether is modeled as a Kelvin-Voigt element that cannot support compression. The equation for tension, given

stiffness 𝑘 and damping 𝑐, is then

𝑻 =

{
𝑇𝒆 if (𝑙 > 𝑙0) ∧ (𝑇 > 0),

0 if (𝑙 ≤ 𝑙0) ∨ (𝑇 ≤ 0).
(5)

where 𝑇 = 𝑘 (𝑙 − 𝑙0) + 𝑐 ¤𝑙, 𝑙0 is the tether natural length, 𝑙 is the current length and ¤𝑙 is the length rate of change. It should

be noted that the tension, as calculated here, is that applied to the target due to the direction of the tether heading vector

𝒆, depicted in Fig. 1. This vector is

𝒆 =
𝑹𝐶 +O 𝒓𝑡 𝑝,𝐶 − 𝑹𝑇 −O 𝒓𝑡 𝑝,𝑇

| |𝑹𝐶 +O 𝒓𝑡 𝑝,𝐶 − 𝑹𝑇 −O 𝒓𝑡 𝑝,𝑇 | |
(6)

where the tether attachment points 𝒓𝑡 𝑝,𝐶 and 𝒓𝑡 𝑝,𝑇 are expressed in the inertial frame. With this deőnition of the

heading vector, 𝑙 is the denominator of Eq. (6). The length rate is calculated by őnding the relative velocity between the

chaser and target attachment points, then projecting that vector onto 𝒆:

¤𝑙 = (𝑽𝐶 +O 𝑨C𝝎𝐶 ×C 𝒓𝑡 𝑝,𝐶 − 𝑽𝑇 −O 𝑨T𝝎𝑇 ×T 𝒓𝑡 𝑝,𝑇 ) · 𝒆 (7)
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of inertia of the debris. The debris attitude is determined through the USQUE portion of the őlter, whereas the angular

rates and principal moments of inertia are estimated through the standard UKF. After estimation, the estimated states

are provided to the PID controller, which aims to maintain a safe post-capture system conőguration, as will be detailed

in Section III.B.

1. State Prediction

The states utilized by the UKF are 3 Euler error angles (𝜹 𝒑), 3 angular rates (𝝎), and 3 principal moments of inertia

(𝑱). The three components of each of these vectors are such that the Euler error angles are 𝜹 𝒑 = [𝛿𝑝𝑥 , 𝛿𝑝𝑦 , 𝛿𝑝𝑧]
𝑇 ,

body-őxed angular rates are 𝝎 = [𝜔𝑥 , 𝜔𝑦 , 𝜔𝑧]
𝑇 , and the principal moments of inertia are 𝑱 = [𝐽𝑥 , 𝐽𝑦 , 𝐽𝑧]

𝑇 . The state

vector is then given by 𝒙 = [𝜹 𝒑𝑇 ,𝝎𝑇 , 𝑱𝑇 ]𝑇 .

The UKF creates a set of sigma points 𝝌𝑘 at each time step 𝑘 around the mean estimated states 𝜇𝑘 based on the

covariance matrix 𝑃𝑘 . The sigma points are calculated as:

𝝌𝑘 (0) = 𝝁𝑘 = [ ˆ𝜹 𝒑
𝑇

𝑘 , 𝝎̂
𝑇
𝑘 , 𝑱

𝑇
𝑘 ]

𝑇 (10a)

𝝌𝑘 (𝑖) = 𝝈𝑘 (𝑖) + 𝝁𝑘 (10b)

where 𝑖 denotes a particular sigma point and column of 𝝈𝑘 = ±
√︁
(𝑛 + 𝜆)𝑃𝑘 . Variable 𝑛 corresponds to the number of

states of the őlter and 𝜆 is given by 𝜆 = 𝛼2 (𝑛 + 𝜅) − 𝑛, where 𝛼 and 𝜅 are tuning parameters. Parameter 𝛼 controls the

spread of the sigma point distribution and 𝜅 őne-tunes higher order moments. To obtain the matrix square root, the

Cholesky decomposition of the covariance matrix 𝑃𝑘 is utilized.

The sigma points are separated into 3 sections of 3 parameters according to 𝝌𝑘 (𝑖) = [𝜹 𝒑𝑇 (𝑖),𝝎𝑇 (𝑖), 𝑱𝑇 (𝑖)]𝑇 =

[𝝌
𝛿𝑝

𝑘
(𝑖), 𝝌𝜔

𝑘
(𝑖), 𝝌𝐽

𝑘
(𝑖)], representing the estimated states of the őlter (as described earlier) at each sigma point.

After providing an estimated quaternion attitude representation of the debris 𝒒̂0, a spread of quaternion attitude

representations 𝝌
𝑞

𝑘
(𝑖) is created according to the Euler error angles at each 𝝌

𝛿𝑝

𝑘
(𝑖) point. The equations for this mapping

𝝌
𝛿𝑝

𝑘
(𝑖) −→ 𝝌

𝑞

𝑘
(𝑖) can be found in prior work by Crassidis and Markley [34]. Once the conversion from Euler error

angles to quaternions is completed, each sigma point (using the spread of quaternions instead of the Euler error angles)

is propagated through the dynamics of the system according to Eq. (2), using the corresponding estimated states in

place of the true states wherever applicable. As the moments of inertia of the debris are assumed constant, the dynamics

for the moments of inertia are just set to 0.

After propagation, the 2𝑛 + 1 predicted sigma points 𝝌𝑘+1 (𝑖) are obtained by converting each of the predicted

quaternions back to Euler angles. Again, the equations for 𝝌
𝑞

𝑘+1
(𝑖) −→ 𝝌

𝛿𝑝

𝑘+1
(𝑖) can be found in prior work by Crassidis

and Markley [34]. The mean predicted states and corresponding covariance matrix are calculated using the propagated

𝝌𝑘+1 (𝑖) points through:

𝒙̂−𝑘+1
=

2𝑛∑︁

𝑖=0

𝑊mean
𝑖 𝝌𝑘+1 (𝑖) (11a)

𝑃−
𝑘+1

=

2𝑛∑︁

𝑖=0

𝑊cov
𝑖 [𝝌𝑘+1 (𝑖) − 𝒙̂−𝑘+1

] [𝝌𝑘+1 (𝑖) − 𝒙̂−𝑘+1
]𝑇 +𝑄𝑘+1 (11b)

where 𝑄 is the process noise matrix and the weights𝑊mean
𝑖

and𝑊cov
𝑖

for the 𝑖-th sigma point are given by:

𝑊mean
0

=
𝜆

𝑛 + 𝜆
(12a)

𝑊cov
0

=
𝜆

𝑛 + 𝜆
+ (1 − 𝛼2 + 𝛽) (12b)

𝑊mean
𝑖 = 𝑊cov

𝑖 =
1

2(𝑛 + 𝜆)
, 𝑖 = 1, 2, ..., 2𝑛 (12c)

where 𝛽 is the third tuning parameter that incorporates prior knowledge of the distribution.

2. Measurement Model and Filter Update

To update the predicted estimates 𝒙̂−
𝑘+1

, the őlter compares the mean predicted measurements 𝒚̂𝑘+1 to the received

measurements 𝒚̃𝑘+1 at each corresponding time step. The measurement model is given by:

𝒚̃𝑘+1 = 𝒉(𝒙𝑘+1) + 𝒗𝑘+1 (13)
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where 𝒉 is the measurement model and 𝒗 is the measurement noise vector consisting of Gaussian random variables with

a mean of 0 and covariance 𝑅. The measurements, 𝒚̃, are provided using a tension sensor model and a pinhole camera

projection model where pixel coordinate measurements, 𝑑𝑥′ and 𝑑𝑦′ , are generated for various tracked landmarks on the

target at discrete observation times. The measurement model used by the system is given by:

𝒉(𝑥𝑘) =



𝑇

𝑑1,𝑥′

𝑑1,𝑦′

𝑑2,𝑥′

𝑑2,𝑦′

...

𝑑𝑤,𝑥′

𝑑𝑤,𝑦′



(14)

where 𝑤 denotes the total number of landmarks, and 𝑇 is the magnitude of the tension in the tether. The tension model

provides the magnitude of the tension as described in Eq. (5) - Eq. (7). The camera model for the landmarks is as

described in Section II.C.

The predicted measurement corresponding to each sigma point in the UKF is generated using the measurement

model according to 𝜸𝑘+1 = 𝒉(𝝌𝑘+1). The UKF predicts every possible measurement at each time step; however, the

update step in the őlter will only use the predicted measurements corresponding to the received measurements 𝒚̃𝑘+1.

This process is demonstrated in Fig. 3. The mean predicted measurement for all outputs, regardless of measurement

availability, is given by 𝒚̂𝑒,𝑘+1 and can be found through:

𝒚̂𝑒,𝑘+1 =

2𝑛∑︁

𝑖=0

𝑊mean
𝑖 𝜸𝑘+1 (𝑖) (15a)

𝜸𝑘+1 (𝑖) = 𝒉(𝝌𝑘+1 (𝑖)) (15b)

Once the sensor measurements at 𝑡𝑘+1 are received by the UKF, the predicted measurement vector can be pruned for the

available terms to obtain 𝒚̂𝑘+1 (see Fig. 3) by looping through all the possible measurement sources (i.e., each tracked

landmark and the tension magnitude). Next, the output covariance, 𝑃
𝑦𝑦

𝑘
, and cross-correlation matrix, 𝑃

𝑥𝑦

𝑘
, are found

by:

𝑃
𝑦𝑦

𝑘+1
=

2𝑛∑︁

𝑖=0

𝑊cov
𝑖

[
𝜸𝑘+1 (𝑖) − 𝒚̂−𝑘+1

] [
𝜸𝑘+1 (𝑖) − 𝒚̂−𝑘+1

]𝑇
(16a)

𝑃
𝑥𝑦

𝑘+1
=

2𝑛∑︁

𝑖=0

𝑊cov
𝑖

[
𝝌𝑘+1 (𝑖) − 𝒙̂−𝑘+1

] [
𝜸𝑘+1 (𝑖) − 𝒚̂−𝑘+1

]𝑇
(16b)

During the calculation of 𝑃
𝑥𝑦

𝑘
, 𝜸 includes only the available measurement components rather than the entire predicted

measurement vector. The innovation covariance, 𝑃
𝑒𝑦𝑒𝑦

𝑘+1
, and gain matrix, 𝐾𝑘+1 are found using:

𝑃
𝑒𝑦𝑒𝑦

𝑘+1
= 𝑃

𝑦𝑦

𝑘+1
+ 𝑅𝑘+1 (17a)

𝐾𝑘+1 = 𝑃
𝑥𝑦

𝑘+1
(𝑃

𝑒𝑦𝑒𝑦

𝑘+1
)−1 (17b)

The mean estimate and covariance are then updated using:

𝒙̂+𝑘+1
= 𝒙̂−𝑘+1

+ 𝐾𝑘+1 [ 𝑦̃𝑘+1 − 𝑦̂
−
𝑘+1

] (18a)

𝑃+
𝑘+1

= 𝑃−
𝑘+1
𝐾𝑘+1𝑃

𝑒𝑦𝑒𝑦

𝑘+1
𝐾𝑇
𝑘+1

(18b)

B. Controls

A relative distance PID control is employed to keep the tether taut such that there is always an applied moment

on the target. The control action is designed to achieve a desired tether elongation 𝛿𝑙 with thrusters on the chaser
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craft providing actuation with no error (i.e., perfect actuation). As the control requires the states of the target, it is

implemented using a zero-order hold with the same period as the estimation (i.e., 𝑼 is kept constant from step 𝑘 to step

𝑘 + 1). The process variable at time step 𝑘 for this controller is

𝑒𝑘 = Δ𝑙 + 𝑙0 − 𝑙
−
𝑘 (19)

where 𝑙−
𝑘

is the tether length calculated using the predicted quaternion at step 𝑘 , 𝒒̂−
𝑘
. The reason for using the predicted

state is that it is assumed there is some delay between the time of measurement and its processing. The input magnitude

is then calculated as

𝐹𝑢,𝑘 = 𝐾𝑃𝑒𝑘 + 𝐾𝐼

∫ 𝑡𝑘

0

𝑒𝑘𝑑𝑡 + 𝐾𝐷 ¤𝑒𝑘 (20)

The proportional, derivative, and integral gains are given by the constants 𝐾𝑃 , 𝐾𝐷 , and 𝐾𝐼 , respectively. Due to the

discrete nature of the process variable, it is integrated using the trapezoidal rule from the initial to the current time step.

The derivative of 𝑒𝑘 is the negative of the tether length rate calculated using the predicted states, such that ¤𝑒𝑘 = −¤𝑙−
𝑘

.

With the consideration of saturation the control thrust is

𝑼𝑘 = −sat(𝐹𝑢,𝑘)𝑽̂𝐶,𝑘 (21)

with the saturation function

sat(𝐹𝑢,𝑘) =




𝑈𝑚𝑎𝑥 if 𝐹𝑢,𝑘 > 𝑈𝑚𝑎𝑥

𝐹𝑢,𝑘 if 𝑈𝑚𝑖𝑛 ≤ 𝐹𝑢,𝑘 ≤ 𝑈𝑚𝑎𝑥

𝑈𝑚𝑖𝑛 if 𝐹𝑢,𝑘 < 𝑈𝑚𝑖𝑛

(22)

where𝑈𝑚𝑎𝑥 and𝑈𝑚𝑖𝑛 are the upper and lower saturation limits respectively. The unit vector 𝑽̂𝐶,𝑘 is the chaser velocity

direction at time step 𝑘 . This choice of thrust direction is consistent with lowering the orbit of the debris. With the

consideration of saturation, the windup of the integrated error must be considered. Here, the integration of 𝑒𝑘 is stopped

if the control is saturated.

In addition to maintaining a relative distance, the chaser must also control its attitude in order to prevent the tether

from winding about itself and to keep the target in frame. To this end, a sliding mode controller (SMC), akin to that in

[36], is introduced to orient the chaser 𝑥-axis along the tether direction, −𝒆. Thrusters on the chaser are assumed to

apply only moments equal to the torque required by the SMC. The current implementation of this controller assumes

perfect knowledge of the debris, such that the input torque is calculated during the integration of the system dynamics

using the true states.

C. Online Estimation and Control Algorithm

The estimation and control are combined in MATLAB according to the algorithm presented in Fig. 3. After

initializing the true system states 𝑿0 and estimated states 𝒙̂+
0
, the estimates are propagated from 𝒙̂+

𝑘
to 𝒙̂−

𝑘+1
where

𝑘 = 0, 1, ...𝑁 . The control 𝑼𝑘 is then calculated using the true systems states and the estimated states at 𝑡𝑘 . The systems

states are propagated through Eq. (3) from 𝑡𝑘 to 𝑡𝑘+1, where, as previously stated, the control 𝑼𝑘 is kept constant. The

measurement update step then occurs, in which certain predicted measurements are discarded if they are unavailable.

This needs to happen if a landmark is no longer in view of the camera, either from exiting the camera’s őeld of view or

by being occluded by other parts of the target, or if there is no measurement at 𝑡𝑘+1. The loop is then repeated until the

estimates at 𝑡𝑁 have been updated.

This algorithm permits the pixel coordinate and tension measurement frequencies to be different, which is to be

investigated in the following Section. However, it does not take into account the duration of processing the estimates and

measurements or the PID actuation capabilities itself, and as such is constrained to constant frequency measurements.

While 𝑼𝑘 could be calculated at a frequency different from that of the measurements, it was decided to calculate it at the

fastest measurement frequency in this work.

IV. Simulation
The performance of the estimation and control will be evaluated by two Monte-Carlo simulations consisting of 1000

runs each, the true initial states of which are tabulated in Table 1 and the system parameters in Table 2. With these

conditions and parameters, the initial tether elongation and alignment angle are −0.02 m and 𝜋/6 rad, respectively,
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representing an imperfect capture. The individual Monte-Carlo runs are initialized with estimates calculated assuming

a zero-mean Gaussian distribution with the standard deviations in Table 3 and an initial diagonal covariance matrix

composed of the corresponding variances.

Table 1. Initial conditions for initially taut tether scenario.

Variable Value

𝑹𝐶 (m) [−6176010.95, −420792.01, 2973766.68]𝑇

𝑹𝑇 (m) [−6176021.75, −420810.02, 2973743.78]𝑇

𝑽𝐶 (m/s) [−2457.79535, −4404.28547, −5712.40584]𝑇

𝑽𝑇 (m/s) [−2457.76467, −4404.28338, −5712.420604]𝑇

𝒒𝐶 (-) [−0.5564, 0.6637, 0.4699, 0.1708]𝑇

𝒒𝑇 (-) [0.3213, −0.3830, −0.8138, 0.2962]𝑇

𝝎𝐶 (rad/s) [0, 0, 0]𝑇

𝝎𝑇 (rad/s) [0, 0.05, 0]𝑇

Table 2. Chaser, Target, and Tether Parameters.

Parameter Value

Chaser Inertia Matrix 𝐽𝐶 (kg-m2) diag(83.3, 83.3, 83.3)

Target Inertia Matrix 𝐽𝑇 (kg-m2) diag(15000, 3000, 15000)

Chaser Mass 𝑚𝐶 (kg) 500

Target Mass 𝑚𝑇 (kg) 3000

Tether Young’s Modulus 𝐸 (Pa) 60 × 10
9

Tether Diameter 𝑑 (m) 0.001

Tether Natural Length 𝑙0 (m) 30

Tether Damping 𝑐 (Ns/m) 16

Tether Attachment Point, Chaser 𝒓𝑡 𝑝,𝐶 (m) [0.5, 0, 0]𝑇

Tether Attachment Point, Target 𝒓𝑡 𝑝,𝑇 (m) [0,−0.875, 0]𝑇

The standard deviations of the tension and pixel coordinate measurements are 10 N and 2 pixels, respectively. The

tension values are selected based on the datasheet of existing tension sensors, whereas the pixel noise standard deviation

is selected based on a value that seems reasonable from image processing methods. The pixel coordinates will be

provided to the UKF by the camera model described in Section II.C with a focal length of 190 mm, sensor size of

20× 11.25 mm, and a resolution of 1920× 1080 pixels. The image space and world space scaling are therefore given by

𝑠𝑥′ = 1920/20 pixels/mm and 𝑠𝑦′ = 1080/11.25 pixels/mm. A total of 5 landmarks are chosen, consisting of the tether

attachment point, two points on the side faces of the debris body, and two corners of the face on the negative 𝒕𝑦 direction,

the coordinates of which are presented in Table 4 in the target body-őxed reference frame. The process noise matrix 𝑄

as well as the parameters 𝛼, 𝛽, and 𝜅 were tuned offline. The process noise matrix was tuned manually for the best

estimation performance, resulting in 𝑄 = diag(1 × 10
−32 (rad/s), 1 × 10

−32 (rad/s), 1 × 10
−32 (rad/s), 3 × 10

−8 (rad/𝑠2),

3 × 10
−8 (rad/𝑠2), 3 × 10

−8 (rad/𝑠2), 0 (kg-m2/s), 0 (kg-m2/s), 0 (kg-m2/s)). The other parameters were tuned using

particle swarm optimization to minimize the őnal moment of inertia estimate errors across 10 Monte-Carlo simulations

of a base scenario. The optimal values were found to be 𝛼 = 0.22, 𝛽 = 19.89, and 𝜅 = −6.03. The chaser PID control is

implemented with gains of 𝐾𝑃 = 300 N/m, 𝐾𝐼 = 300 N/ms, and 𝐾𝐷 = 2000 Ns/m and saturation bounds of ±49.99 N.

The two Monte-Carlo simulations in this paper differ in the measurement frequency of the camera, while the tension

measurement frequency remains the same, at 10 Hz. The simulations will be denoted Case 1 and Case 2 in which the

camera measurement frequency is 10 Hz and 1 Hz, respectively.

9

D
o
w

n
lo

ad
ed

 b
y
 E

le
o
n
o
ra

 B
o
tt

a 
o
n
 J

an
u
ar

y
 5

, 
2
0
2
4
 | 

h
tt

p
:/

/a
rc

.a
ia

a.
o
rg

 | 
D

O
I:

 1
0
.2

5
1
4
/6

.2
0
2

4
-1

2
8
6
 



Table 3. Initial estimate standard deviations.

Estimate Value

𝝎 (rad/s) [0.01, 0.01, 0.01]𝑇

𝜹 𝒑 (rad) [0.01, 0.01, 0.01]𝑇

[𝐽𝑥 , 𝐽𝑦 , 𝐽𝑧]
𝑇 (kg-m2) [1250, 250, 1250]𝑇

Table 4. Tracked feature position on target debris.

Feature X Position (m) Y Position (m) Z Position (m)

Attachment Point, r𝑡 𝑝,𝑇 0 -0.8750 0

Corner 1, C1 -0.6250 -0.8750 -0.6250

Corner 2, C2 0.6250 -0.8750 0.6250

Side 1, S1 -0.6250 -0.5833 0.4167

Side 2, S2 0.6250 -0.5833 0.4167

The true elongation and alignment angle at each timestep for all 1000 runs in Case 1 are reported in Fig. 4. The red

lines indicate the minimum and maximum values of a quantity at a given time, while the black lines represent all other

Monte-Carlo simulation values. It is clear that the estimation of the debris attitude and angular rates, which affect the

calculation of 𝑙−
𝑘

and ¤𝑙−
𝑘

, is precise as the elongation has a small distribution at a given time step. The elongation also

approaches a steady-state value, further reducing this distribution. However, this transient elongation behavior is a

result of the control being saturated as opposed to having better estimates as time passes. As can be seen in the zoomed

portion of Fig. 4a, the elongation drops below zero after the tether becomes taut during some runs, which is unwanted

for both the control and the estimation; however, this period of slackness is not signiőcant enough to greatly impact the

estimates. The alignment angle 𝜓 displays behavior consistent with a constant thrust applied opposite to the chaser

velocity direction. Such behavior is characterized by two frequencies: one higher ś which is easily recognizable ś and

one lower, visible as the periodic rising and falling of the peak amplitude of the higher frequency (e.g., the increase in

amplitude after approx. 350 s). It also stays well below the safety limit of 90
◦ for all runs, indicating a degree of safety

with the given control, which does not risk causing tether winding at the target’s side.

a Elongation b Tether alignment angle

Fig. 4. True elongation and alignment angles for every Monte-Carlo run in Case 1.

The Monte-Carlo distributions for the őnal moment of inertia estimates for Case 1 are presented in Fig. 5, along with
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their respective means and standard deviations. The means are plotted as vertical black lines while the 3𝜎 bounds are

displayed as dashed black lines. The maximum 3𝜎 deviations from the true moments of inertia are 4.7896%, 20.4137%,

and 5.8626% for 𝐽𝑥 , 𝐽𝑦 , and 𝐽𝑧 , respectively, indicating good convergence to the truth for 𝐽𝑥 and 𝐽𝑧 . The difference

between the őnal mean and standard deviation percent errors of 𝐽𝑦 and the other parameters is primarily a result of the

difference in magnitude of the true moments of inertia. As the true 𝐽𝑦 is 3000 kg-m2 as compared to 15000 kg-m2 for

𝐽𝑥 and 𝐽𝑧 , smaller errors will have larger percent differences. In addition, tension is unable to affect ¤𝜔𝑦 of the target

during the propagation of the sigma points due to the choice of tether attachment point. This makes 𝐽𝑦 more difficult to

observe, resulting in worse convergence.

a 𝐽𝑥 b 𝐽𝑦

c 𝐽𝑧

Fig. 5. Final estimate Monte-Carlo distributions of the target moment of inertia parameters for Case 1.

Figure 6 displays the true elongation and alignment angles for Case 2. Similarly to Case 1, the elongation shows that

the control is saturated for a signiőcant portion of the simulation time. However, the less uniform distribution of the

elongation as compared to Case 1, most clearly seen in the zoomed inset of Fig. 6a, indicates that the target attitude state

estimation is worse in the őrst few seconds of the runs. This is primarily caused by the difference in pixel-coordinate

measurement frequency of landmarks, which has been decreased by an order of magnitude from Case 1 to 2. While the

noise associated with a given run will have an effect on this behavior, it is inconsequential compared to the impact of

the pixel measurement frequency. The reduced accuracy of the state estimation during the őrst few seconds causes

differences in the estimated length and length rate, affecting the control to become saturated earlier or later than those of

Case 1. To illustrate the estimation accuracy difference, Fig. 7 displays the 𝜔𝑧 time histories of one run from both

Case 1 and 2, along with the 3𝜎 bounds for both the run and the entire Monte-Carlo simulation. It is clear that both

the Monte-Carlo and predicted 3𝜎 bounds for 𝜔𝑧 are greater in Case 2 during the őrst 50 s, which includes the period
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a Elongation b Tether alignment angle

Fig. 6. True elongation and alignment angle for every Monte-Carlo run in Case 2.

before control saturation. It should be noted, however, that after this initial 50 s transient period, the Monte-Carlo 3𝜎

bounds remain similar in magnitude in the two cases.
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Fig. 7. Estimated 𝜔𝑧 time history for two individual Monte-Carlo runs from Cases 1 and 2.

The őnal moment of inertia estimate distribution for Case 2 is given in Fig. 8. It can be seen that the maximum 3𝜎

deviations in the őnal inertia estimates are 5.4331%, 19.7899%, and 6.5875% for 𝐽𝑥 , 𝐽𝑦 , and 𝐽𝑧 , respectively, which are

not signiőcantly different from Case 1. In contrast, the Monte-Carlo 3𝜎 bounds are noticeably larger for the moments of

inertia in Case 2, particularly in the őrst 50 s (see Fig. 9). However, after approx. 150 s the 3𝜎 bounds in both cases

have roughly the same behavior, indicating similar convergence properties given the PID control is saturated. The

increased uncertainty during the őrst 50 s is expected due to the lower measurement update frequency from the camera

in Case 2. Despite this lower update frequency and initial estimation performance, the őlter is still capable of converging

to approx. the same őnal estimates for the moments of inertia and is still able to obtain accurate attitude estimates of

the debris (although slightly worsened as mentioned previously). Overall, although the update frequency causes some

initial deviation in the elongation of the tether within the őrst 50 s, the őnal elongation in the tether remains approx.

the same as in Case 1. In addition, the alignment angle of the debris also maintains a small deviation throughout the

simulation (see Fig. 6b), which shows that safe orbital operations are still possible without perfect estimates.
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a 𝐽𝑥 b 𝐽𝑦

c 𝐽𝑧

Fig. 8. Final estimate Monte-Carlo distributions of the target moment of inertia parameters for Case 2.
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Fig. 9. Estimated 𝐽𝑧 time history for two individual Monte-Carlo runs from Cases 1 and 2.
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V. Conclusion
A previously developed UKF that estimates the attitude, angular rates, and principal moments of inertia of a debris

object was implemented online during the simulation of a tethered ADR mission using measurements of tension and

pixel coordinates of features on the target provided by a camera. The UKF is used in conjunction with a relative distance

PID control to maintain safe operations post-capture. The performance of the estimation and control was evaluated

through two Monte-Carlo simulations, which differed in the frequency of the camera measurements of the tracked

feature points. In the őrst simulation, the measurement frequency was 10 Hz while it was 1 Hz in the second. The

results indicate that the PID control could maintain safe conditions and provide sufficient tension when the control thrust

was calculated using the predicted target state estimates, even with reduced camera measurement frequencies. The

control proőle permitted estimation to proceed, ultimately arriving at good estimates of the debris moment of inertia

parameters after 500 s in both cases. The accuracy of the target 𝑦-axis principal moment of inertia estimate was on par

with the other two in absolute terms, although it was signiőcantly different in percent error. This could be remedied by

changing the tether attachment point on the target, permitting greater observability of that principal moment of inertia.

The work in this paper represents another step towards a fully developed online estimation and control algorithm.

The chaser’s attitude control was calculated using the true target states, and as such the combined impact of the attitude

and PID controllers on the safety of the mission and estimation capabilities could not be investigated. The future of this

work lies in relaxing assumptions regarding the chaser’s attitude control using the true states and the perfect knowledge

of the target inertial position and velocity.
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