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Abstract

The task of mixture proportion estimation (MPE)
is to estimate the weight of a component distribu-
tion in a mixture, given observations from both
the component and mixture. Previous work on
MPE adopts the irreducibility assumption, which
ensures identifiablity of the mixture proportion.
In this paper, we propose a more general sufficient
condition that accommodates several settings of
interest where irreducibility does not hold. We fur-
ther present a resampling-based meta-algorithm
that takes any existing MPE algorithm designed
to work under irreducibility and adapts it to work
under our more general condition. Our approach
empirically exhibits improved estimation perfor-
mance relative to baseline methods and to a re-
cently proposed regrouping-based algorithm.

1. Introduction

Mixture proportion estimation (MPE) is the problem of esti-
mating the weight of a component distribution in a mixture.
Specifically, let k* € [0, 1] and let F', G, and H be proba-
bility distributions such that F' = (1 — k*)G + x*H. Given
i.i.d. observations

iid

Xy = {xlaan"' 7xm} ~ H, )
XF = {xm+1,xm+2, Tt axm—&-n} Ziei F7

MPE is the problem of estimating x*. A typical application
is given some labeled positive reviews X, estimate the
proportion of positive comments about a product among all
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comments X i (Gonzalez et al., 2017). MPE is also an im-
portant component in solving several domain adaptation and
weakly supervised learning problems, such as learning from
positive and unlabeled examples (LPUE) (Elkan & Noto,
2008; Du Plessis et al., 2014; Kiryo et al., 2017), learning
with noisy labels (Lawrence & Scholkopf, 2001; Natarajan
et al., 2013; Blanchard et al., 2016), multi-instance learning
(Zhang & Goldman, 2001), and anomaly detection (Sander-
son & Scott, 2014).

If no assumptions are made on the unobserved component
G, then k* is not identifiable. Blanchard et al. (2010) pro-
posed the irreducibility assumption on G so that £* becomes
identifiable. Up to now, almost all MPE algorithms build
upon the irreducibility assumption (Blanchard et al., 2010;
Scott, 2015; Blanchard et al., 2016; Jain et al., 2016; Ra-
maswamy et al., 2016; Ivanov, 2020; Bekker & Davis, 2020;
Garg et al., 2021), or some stricter conditions like non-
overlapping support of component distributions (Elkan &
Noto, 2008; Du Plessis & Sugiyama, 2014). However, as
we discuss below, irreducibility can be violated in several
applications, in which case the above methods produce sta-
tistically inconsistent estimates. As far as we know, Yao
et al. (2022), discussed in Sec. 5, is the first attempt to move
beyond irreducibility.

This work proposes a more general sufficient condition than
irreducibility, and offers a practical algorithm for estimating
x* under this condition. We introduce a meta-algorithm that
takes as input any MPE method that consistently estimates
x* under irreducibility, and removes the bias of that method
whenever irreducibility does not hold but our more general
sufficient condition does. Furthermore, even if our new suf-
ficient condition is not satisfied, our meta-algorithm will
not increase the bias of the underlying MPE method. We
describe several applications and settings where our frame-
work is relevant, and demonstrate the practical relevance of
this framework through extensive experiments. Proofs and
additional details can be found in the appendices.

2. Problem Setup and Background

Let G and H be probability measures on a measurable space
(X,6), and let F be a mixture of G and H

F=(1-x")G+r"H, 2)
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where 0 < x* < 1. With no assumptions on G, K* is not
uniquely determined by F' and H. For example, suppose
F = (1 — k*)G + xk*H for some G, and take any 6 €
[0,5*]. Then F = (1 — k* + 0)G’ 4+ (k* — 0)H, where
G = (1 —k*+6)"1[(1 —«k*)G + JH], has a different
proportion on H (Blanchard et al., 2010).

2.1. Ground-Truth and Maximal Proportion

To address the lack of identifiability, Blanchard et al. (2010)
introduced the so-called irreducibility assumption. We now
recall this definition and related concepts. Throughout this
work we assume that F', G and H have densities f, g and h,
defined w.r.t. a common dominating measure (.

Definition 2.1 (Blanchard et al. (2010)). For any two prob-
ability distributions F' and H, define

k(F|H) :=sup{x € [0,1]|F = (1 — k)G’ + kH,

for some distribution G'},

the maximal proportion of H in F'.

This quantity equals the infimum of the likelihood ratio:
Proposition 2.2 (Blanchard et al. (2010)). It holds that

FE) o 1@

F|H) = s .
w(FIH) SGG}E(S)>O (S) ﬁ%b(;?>()h(x)

By substituting F' = (1 — k*)G + «*H into Eqn. (3), we
get that
F(S)

F|H) = inf
w(F|H) SEG:III}(S)>O (S)

GS) @

— * 1 _ * : f
R (1w )SEG:IE(S)>O (S)

=r"+ (1 -r")k(GIH).

Since «(F'|H) is identifiable from F' and H, the following
assumption on G ensures identifiability of *.

Definition 2.3 (Blanchard et al. (2010)). We say that G is
irreducible with respect to H if k(G|H) = 0.

Thus, irreducibility means that there exists no decomposi-
tion of the form: G = yH + (1 — v)J’, where J' is some
probability distribution and 0 < v < 1. Under irreducibility,
k* is identifiable, and in particular, equals x(F'|H).

2.2. Latent Label Model

We now consider another way of understanding irreducibil-
ity in terms of a latent label model. In particular, let X and
Y € {0, 1} be the random variables characterized by

(a) (X,Y) are jointly distributed

(b) P(Y =1) = x*
(C) Px|y:0 = (G and PX\Y:I =H.

It follows from these assumptions that the marginal distribu-
tion of X is F":

Px = (1= k") Pxjy—o + K" Pxjy=1 = F.
We also take the conditional probability of Y given X to be

defined via

K h(z)
7@ (@) >0, )

0, otherwise.

szuxzm:{

The latent label model is commonly used in the positive
unlabeled (PU) learning literature (Bekker & Davis, 2020).
MPE is also called class prior/proportion estimation (CPE)
in PU learning because P(Y = 1) = x*. Y may be viewed
as a label indicating which component an observation from
F was drawn from. Going forward, we use this latent label
model in addition to the original MPE notation.

Proposition 2.4. Under the latent label model,

K./*

K(FIH)

esssup P(Y = 1| X =2) =

where 0/0 := 0.

By definition, we know that G is not irreducible with respect
to H iff x(G|H) > 0. Combining Proposition 2.4 and Eqn.
(4), we conclude that esssup P(Y = 1|X = ) < 1lis

equivalent to x(G|H) > 0.

2.3. Violation of Irreducibility

Up to now, almost all MPE algorithms assume G to be
irreducible w.r.t. H (Blanchard et al., 2010; 2016; Jain et al.,
2016; Ivanov, 2020), or stricter conditions like the anchor
set assumption (Scott, 2015; Ramaswamy et al., 2016), or
that G and H have disjoint supports (Elkan & Noto, 2008;
Du Plessis & Sugiyama, 2014). These methods return an
estimate of x(F|H) as the estimate of x*. If irreducibility
does not hold and k* < 1, then k(F|H) > x*. Even if
these methods are consistent estimators of x(F|H), they
are asymptotically biased and thus inconsistent estimators
of K*.

A sufficient condition for irreducibility to hold is that the
support of H is not totally contained in the support of G.
In a classification setting where G and H are the class-
conditional distributions, this may be quite reasonable. It
essentially assumes that each class has at least some subset
of instances (with positive measure) that cannot possibly be
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confused with the other class. While irreducibility is rea-
sonable in many classification-related tasks, there are also
a number of important applications where it does not hold.
In this subsection we give three examples of applications
where irreducibility is not satisfied.

Ubiquitous Background. In gamma spectroscopy, we
may view H as the distribution of the energy of a gamma
particle emitted by some source of interest (e.g., Cesium-
137), and G as the energy distribution of background ra-
diation. Typically the background emits gamma particles
with a wider range of energies than the source of inter-
est does, and therefore its distribution has a wider support:
supp(H) C supp(G), thus violating irreducibility. What’s
more, G is usually unknown, because it varies according
to the surrounding environment (Alamaniotis et al., 2013).
The MPE problem is: given observations of the source spec-
trum H, which may be collected in a laboratory setting, and
observations of F' in the wild, estimate «*. This quantity is
important for nuclear threat detection and nuclear safeguard
applications.

Global Uncertainty. In marketing, let Y € {0,1} denote
whether a customer does (Y = 1) or does not purchase a
product (Fei et al., 2013). Let H be the distribution of a fea-
ture vector extracted from a customer who buys the product,
and G the distribution for those who do not. The MPE prob-
lem is: given data from past purchasers of a product (H),
and from a target population (F'), estimate the proportion x*
of H in F'. This quantity is called the transaction rate, and
is important for estimating the number of products to be sold.
Irreducibility is likely to be violated here because, given a fi-
nite number of features, uncertainty about customers should
remain bounded away from 1: Vz, P(Y = 1| X = z) < 1.
In other words, there is an € > 0 such that, for any fea-
ture vector of demographic information, the probability of
buying the product is always < 1 — e.

Underreported Outcomes. In public health, let (XY Z)
be a jointly distributed triple, where X is a feature vector,
Y € {0,1} denotes whether a person reports a health con-
dition or not, and Z € {0, 1} indicates whether the person
truly has the health condition. Here, H = Pxy—1,G =
Px|y—o and F' = Px. The MPE problem is: given data
from previous people who reported the condition (H), and
from a target group (F'), determine the prevalence k* of
the condition for the target group. This helps estimate the
amount of resources needed to address the health condi-
tion. Assume there are no false reports from those who do
not have the medical condition: Vz, P(Y = 1|Z =0, X =
z) = 0. Some medical conditions are underreported, such as
smoking and intimate partner violence (Gorber et al., 2009;
Shanmugam & Pierson, 2021). If the underreporting hap-
pens globally, meaning e(z) := P(Y = 1|Z =1,X = z)

is bounded away from 1, then ess sup P(Y = 1| X = z) <

1. This is because P(Y = 1|X =z) = P(Y = 1|Z =
0,X=2)PZ=0X=2)+PY =1Z7Z=1X =
2)P(Z = 1|X = x) < e(x). In this situation, irreducibil-
ity is again violated.

In the above situations, irreducibility is violated and
k(F|H) > rk*. Estimating x(F|H) alone leads to bias.
In the following, we will re-examine mixture proportion es-
timation. In particular, we propose a more general sufficient
condition than irreducibility, and introduce an estimation
strategy that calls an existing MPE method and reduces or
eliminates its asymptotic bias.

3. A General Identifiability Condition

Previous MPE works assume irreducibility. We propose a
more general sufficient condition for recovering x*.

Theorem 3.1 (Identifiability Under Local Supremal Poste-

rior (LSP)). Let A be any non-empty measurable subset of

Ey ={z:h(z) >0} and s =esssup P(Y = 1|1X = x).
z€A

Then

F(S) _
seaH(S) T heA

K*=s

This implies that under LSP, x* is identifiable. Two special
cases are worthy of comment. First, irreducibility holds
when A = Fy and s = 1, in which case the above theorem
recovers the known result that * = x(F|H). Second, when
A = {x(} is a singleton, then s = P(Y = 1|X = x) and
k*=P(Y =1|X = z9) - }igfg;, which can also be derived
directly from the definition of conditional probability.

The above theorem gives a general sufficient condition for
recovering £*, but estimating infgc 4 % is non-trivial:
when A = Ep, it can be estimated using existing MPE
methods (Blanchard et al., 2016). When A is a proper
subset, however, a new approach is needed. We now present
a variation of Theorem 3.1 that lends itself to a practical
estimation strategy without having to devise a completely
new method of estimating infgc 4 %

Theorem 3.2 (Identifiability Under Tight Posterior Upper
Bound). Consider any non-empty measurable set A C

Ey = {z : h(z) > 0}, and let s = esssup P(Y =
T€EA
11X = x). Let a(x) be any measurable function satisfying

a(x)e{[P(Y:HX:x),s], x €A, ©)

[P(Y =1X =2),1], ow
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Define a new distribution F' in terms of its density

f(@) == -ax)- f(z),

1
¢ (7)
a(z)f(x)de = Exor [a(X)].

k* = c- k(F|H).

The theorem can be re-stated as: x* is identifiable given an
upper bound of the posterior probability «(x) > P(Y =
1]X = z) that is tight for some = € A. One possible choice
for a(x) is simply

afa) = {1’,

If the conditional probability P(Y = 1|X = z) is known
for all z € A, then

M@:{HY:HXZ@,wGA

T € A,

O0.W.

1, o.W.,

may be chosen.

Having a(z) satisfying Eqn. (6) ensures identifiablility of
x*. Relaxing this requirement slightly still guarantees that
the bias will not increase.

Corollary 3.3. Let a(x) be any measurable function with
alz) e [P(Y =1|X =x),1] Va. (8)

Define a new distribution F in terms of its density faccord-
ing to Eqn. (7). Then

k* <c-r(F|H) < k(F|H).

This shows that even if we have a non-tight upper bound on
P(Y = 1|X = z), the quantity ¢ - (F|H) is still bounded
by k(F|H). Therefore, a smaller asymptotic bias may be
achieved by estimating ¢ - x(F|H) instead of x(F|H).

The intuition underlying the above results is that the new dis-
tribution F' is generated by throwing away some probability
mass from G, ~and therefoLe can be viewed as a mixture of
H and a new G, but now G' tends to be irreducible w.r.t. H.
The proportion x(F|H) relates to the original proportion
Kk* by a scaling constant c. This interpretation is supported
mathematically in Appendix B.1.

4. Subsampling MPE (SuMPE)

Theorem 3.2 directly motivates a practical algorithm. We
obtain a new distribution F' from F' by rejection sampling

Algorithm 1 Subsampling MPE (SuMPE)
1: Input:
Xp: sample drawn i.i.d. from F’
Xy sample drawn i.i.d. from H
a(x): acceptance function
2: Qutput:
Estimate of x*
3: Generate X from X by rejection sampling (Algo-
rithm 4), with acceptance function «(x).
4: Compute ¢ = | Xz | /| Xp|, where |-| denotes the cardi-
nality of a set.
5: Apply an off-the-shelf MPE algorithm to produce an
estimate K(F|H) from X and Xp.
6: return¢- 7(F|H)

(MacKay, 2003), which is a Monte Carlo metl~10d that gen-
erates a sample following a new distribution () based on a
sample from distribution @, in terms of their densities ¢ and
g. An instance x drawn from ¢(z) is kept with acceptance
probability S(x) € [0, 1], and rejected otherwise. Appendix
B.2 shows the detailed procedure. In our scenario, @ = ﬁ,

Q = F and 5(z) = a(x).

4.1. Method

Our Subsampling MPE algorithm, SUMPE (Algorithm 1),
follows directly from Theorem 3.2. It first obtains in line 3
a data sample X  following distribution [ using rejection
sampling and in line 4 estimates the normalizing constant
c¢. Then in line 5, it computes an estimate K(F|H) using
any existing MPE method that consistently estimates the
mixture proportion under irreducibility. The final estimate
is returned as the product of ¢ and K(F|H).

Rejection sampling in high dimensional settings may be
inefficient due to a potentially low acceptance rate (MacKay,
2003). However, this concern is mitigated in our setting
because the acceptance rate can be taken to be 1 except on
the set A, which is potentially a small set.

One advantage of building our method around existing MPE
methods is that we may adapt known theoretical results to
our setting. To illustrate this, we give a rate of convergence
result for SUMPE.

Theorem 4.1. Assume o(x) satisfies the condition in Eqn.

(6). After subsampling, assume the resulting F' and H

F(S)
H(S)

are such that arg min exists. Then there exists a
SCAH(S)>0
constant C' > 0 and an existing MPE estimator K such that,

for m and n sufficiently large, the estimator K* obtained
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from SuMPE (Algorithm 1) satisfies
/1 /1
ogm n og n] )
m n
1 1
sio(11).
m n

Pr <a — K| <C

4.2. Practical Scenarios

Our new sufficient condition assumes knowledge of some

set A C Ey and s = ess sup P(Y = 1|X = z). However,
T€EA
practically speaking, our algorithm only requires an «(x)

satisfying Eqn. (6) for some A C Fy and the associated
value of s, and does not require the explicit knowledge of A
and s. Additionally, even if a(z) does not satisfy Eqn. (6) ,
as long as it satisfies Eqn. (8) (which is easier to achieve), it
shall perform no worse than directly applying off-the-shelf
MPE methods.

There are settings where a generic construction of a(x)
is possible. For example, suppose the user has access to
fully labeled data (where it is known which of G or H each
instance came from) but only on a subset A of the domain.
This may come from an annotator who is only an expert on
a subset of instances. This data should be sufficient to get
a non-trivial upper bound on the posterior class probability
P(Y|X), which in turns leads to an a(x).

More typically, however, it may be necessary to determine
a(z) on a case by case basis. This section continues the dis-
cussion of the three applications introduced in Sec. 2.3.
Each of these three settings leverages different domain-
specific knowledge in different ways, and we believe this
leads to the best a(z) compared to a one-size-fits-all con-
struction.

4.2.1. UNFOLDING

Unfolding refers to the process of recovering one or more
true distributions from contaminated ones (Cowan, 1998).
In gamma spectrum unfolding (Li et al., 2019), a gamma
ray detector measures the energies of incoming gamma
rays. The gamma rays were emitted either by a source
of interest or from the background. The measurement is
represented as a histogram f(z) where the bins correspond
to a quantization of energy. In many settings, the histogram
h(z) of measurements from the source of interest is also
known. In this case, unfolding amounts to the estimation of
the unknown background histogram g (). Toward this goal,
it suffices to estimate the proportion of recorded particles
k* emanating from the source of interest, since g(z) =
(f(z) — k*h(z))/(1 — k*). This application corresponds
to the “ubiquitious background” setting described in Sec.

2.3, where irreducibility may not hold since the source of
interest energies can be a subset of the background energies.

Using existing techniques from the nuclear detection litera-
ture (Knoll, 2010; Alamaniotis et al., 2013), we can obtain a
lower bound p(x) of the quantity (1 — x*)g(x) on a certain
set A C supp(H) (see Appendix B.3 for details). This
leads to the acceptance function

1-28° peA
ar) = { e ©)
1, o.W.,

which is an upper bound of P(Y = 1|X = z), satisfying
the condition in Corollary 3.3.

4.2.2. CPE UNDER DOMAIN ADAPTATION

In the problem of domain adaptation, the learner is given
labeled examples from a source distribution, and the task is
to do inference on a potentially different target distribution.
Previous work on domain adaptation mainly focuses on
classification and typically makes assumptions about which
of the four distributions Px, Py |x, Py, and Px y vary be-
tween the source and target. This leads to situations such as
covariate shift (where Px changes) (Heckman, 1979), pos-
terior drift (where Py-|x changes) (Scott, 2019), prior/target
shift (where Py changes) (Storkey et al., 2009), and condi-
tional shift (where Py |y changes) (Zhang et al., 2013). It
is also quite commonly assumed that the support of source
distribution contains the support of target (Heckman, 1979;
Bickel et al., 2009; Gretton et al., 2009; Storkey et al., 2009;
Zhang et al., 2013; Scott, 2019).

We study class proportion estimation (CPE) under domain
adaptation. Prior work on this topic has considered distri-
butional assumptions like those described above (Saerens
etal., 2002; Sanderson & Scott, 2014; Gonzalez et al., 2017).
In this work, we consider the setting where, in addition to
labeled examples from the source, the learner has access
to labeled positive and unlabeled data from the target. We
propose a model that includes covariate shift and posterior
drift as special cases. We use P§/y- and P)t(gy to denote
source and target distributions. In MPE notation, F' = pl s

t t
G= PXg|Y:0 and H = PXg\Y:r

Definition 4.2 (CSPL). We say that covariate shift with
posterior lift occurs whenever

Va € supp(PY) (| supp(PY),
Pr(Y =1|X =) > P9(Y = 1|X = 2),
and “=" holds for some = € supp(P¥)) supp(P)té’lY:l).

Covariate shift is a special case of CSPL when equality al-
ways holds. One motivation for posterior lift is to model
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labels produced by an annotator who is biased toward one
class. It is a type of posterior drift model wherein the poste-
rior changes from source to target (Scott, 2019; Cai & Wei,
2021; Maity et al., 2023). Also notice that CSPL does not
require the support of the source distribution to contain the
target, nor irreducibility.

CSPL is motivated by a marketing application mentioned
in Sec. 2.3. In marketing, companies often have access
to labeled data from a source distribution, such as survey
results where customers express their interest in a product.
Additionally, they also have access to labeled positive and
unlabeled data from the target distribution, which corre-
sponds to actual purchasing behavior. In this scenario, the
CSPL assumption is often met as it is more likely for cus-
tomers to express interest than to actually make a purchase:
Pr(Y =1|X =2) > PY9(Y =1|X =x).

Although irreducibility is violated in the marketing applica-
tion due to the “global uncertainty” about a target customer
buying the product (see Sec. 2.3), CSPL ensures the iden-
tifiability of x* = P¥(Y = 1) because we can choose the
set A = supp(PY)N supp(P)t(glyzl) and the acceptance
function as

a(x):{P (V=1X=2), zed
1, 0.W.,

which satisfies the identifiability criteria in Theorem 3.2. !
By using the labeled source data, an estimate of P*"(Y =
1|X = z) can be obtained and used as the acceptance
function «(x) in Algorithm 1 to do CPE.

4.2.3. SELECTED/REPORTED AT RANDOM

In public health, (XY, Z) are jointly distributed, where
X is the feature vector, Y € {0,1} denotes whether a
person reports a medical condition or not and Z € {0,1}
indicates whether a person truly has the medical condition.
The goal is to estimate the proportion of people in X that
report the medical condition. This setting was described in
Sec. 2.3 as “underreported outcomes” where it was argued
that irreducibility may not hold, in which case estimating
k(F|H) overestimates the true value of k*. Our SUMPE
framework provides a way to eliminate the bias.

The behavior of underreporting can be captured using the
selection bias model (Kato et al., 2018; Bekker et al., 2019;
Gong et al., 2021). Denote the probability of reporting as
e(z) := P(Y = 1|X = z,Z = 1). Assume there is no

'To see this, take A’ = {x € A: P"(Y = 1|X = ) =
PY9(Y =1X=2z)}and s =esssup P (Y = 1|X =x) =
ze A’

Theorem 3.2.

false report: Vo, P(Y = 1|X = 2,Z = 0) = 0. We use
the notation p(x|(?) to indicate the conditional density of X
given the event . Then p(z|Y = 1) = cTr)p(x|Z =1),
where v = P(Y = 1|Z = 1). Under this model, the density
of marginal distribution Px can be decomposed as

p(x) =1 —a)-pla|Z =0)+a- p|lZ=1)
=(1—av) p|Y =0)+av p(z|Y =1),

where « = P(Z = 1) is the proportion of people having the
medical condition. The mixture proportion to be estimated
isk*=PY =1 =PY =1,2Z=1) = P(Z =
DPY =1Z=1)=av.

We assume access to i.i.d. sample from H = Pxy—i,
representing the public survey data where people report
the presence of the medical condition, and from F' = Py,
representing the target group. Further assume that A C
{z : P(Z = 1|X = z) = 1}. This is a subset of patients
who are guaranteed to have the condition, which could be
obtained based on historical patient data from hospital. Then
the mixture proportion k* = «uv can be recovered from
Algorithm 1, where the acceptance function is

a(z) = {e(:zc)7 x € A, (11

1, 0.W.

a(x) satisfies the condition in Theorem 3.2 . This is because
under no-false-report assumption, Va € A, P(Y = 1|X =
2)=PY=1Z=1X=2)=PY =1X=u,7Z=
1)-P(Z=1|X =z) =e(x)-1 = e(z). > In practice, e(z)
can be estimated from labeled examples (X,Y, Z = 1).

5. Limitation of Previous Work

Previous research by Yao et al. (2022) introduced the Re-
grouping MPE (ReMPE) method 3, which is built on top of
any existing MPE estimator (just like our meta-algorithm).
They claimed that ReMPE works as well as the base MPE
method when irreducibility holds, while improving the per-
formance when it does not. In this section we offer some
comments on ReMPE.

Regrouping MPE in theory. Consider any F, H, G, k*
such that Eqn. (2) holds. Write GG as an arbitrary mixture of
two distributions G = vG1 + (1 — v)G2,y > 0. Then F

Take A’ = {x € A:e(z) > 0} and s’ = esssup e(z) =
zeA’
esssup P(Y = 1|X = z). Then A" and s are the A and s in
ze A’
Theorem 3.2.

3Yao et al. (2022) called the method Regrouping CPE (ReCPE).
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Algorithm 2 ReMPE-1 (Yao et al., 2022)

Algorithm 3 ReMPE-2 (Yao et al., 2022)

1: Input: Distributions F' and H

2. Obtain set B = arg mingeg %

3: Generate new distribution H' by Eqn. (12), where
G1=Gp

4: return x(F|H')

can be re-written as
F=(1-x")G+r"H
=1-r")[vG1+ (1 —7)Ga]+x"H
=(1-r")1=-7)Ga+[(1-r")vG1 +k*H] (12)

Regrouped

=(1-kx")Ge+K'H',

where k' = k* + (1 — k*)7. Yao et al. (2022) assumes
there exists a set such that the infimum in Eqn. (3) and
(4) can be achieved. They proposed to specify G as the
truncated distribution of GG in set B, denote as GG g, where
B = argmingegs % This specific choice causes the
resulting distribution G to be irreducible w.r.t. H' and the
bias introduced by regrouping (1 — x*)G(A) to be mini-
mal. Denote the above procedure as ReMPE-1 (Algorithm
2). Theorem 2 in Yao et al. (2022) provides a theoretical
justification for ReMPE-1, which we will restate here.

Theorem 5.1 (Yao et al. (2022)). Let x(F|H') be the mix-
ture proportion obtained from ReMPE-1. 1) If G is irre-
ducible w.rt. H, then (F|H') = &*. 2) if G is not irre-
ducible w.rt. H, then * < k(F|H') < k(F|H).

While this theorem is valid, we note that in the case where G
is irreducible w.r.t. H, the set B is outside the support of G,
and therefore it is not appropriate to describe the procedure
as “regrouping G.” In fact, performing regrouping (y > 0)
always introduces a positive bias, because «(F'|H') > k' >
x*. This indicates that any kind of regrouping will have a
positive bias under irreducibility.

Regrouping MPE in practice. Yao et al. (2022)’s prac-
tical implementation of regrouping deviates from the theo-
retical proposal. Here, we state and analyze the idealized
version of their practical algorithm, referred to as ReMPE-2
(Algorithm 3). ReMPE-2 does not rely on the knowledge of
k* and G(B) as outlined in Eqn. (12). Instead, the set B is
chosen based solely on F' and H, and the distribution H' is
obtained through regrouping some probability mass from F'
rather than G. *

“Yao et al. (2022)’s real implementation differs a bit from
ReMPE-2 in that instead of choosing arg mingeg %, they se-
lect p = 10% of examples drawn from F' with smallest estimated

score of f(z)/h(z).

1: Inmput: Distributions F' and H
2. Obtain set B = arg mingeg ((g,g

) (Fo + H)

=

3: Generate new distribution H' =
4: return x(F|H')

ReMPE-2 is fundamentally different from ReMPE-1 in that
it uses a different way to construct H'. To be specific, when
the irreducibility assumption holds, ReMPE-1 suggests re-
grouping nothing (because G(B) = 0), but ReMPE-2 still
regroups a proportion F'(B) from F to H. Therefore, The-
orem 5.1 does not apply to it. Yao et al. (2022) did not
analyze ReMPE-2, but the next result shows that it has a
negative bias under irreducibility.

Proposition 5.2. For k(F|H') obtained from ReMPE-2:
k(F|H") < k(F|H).

Thus, if irreducibility holds, then ReMPE-2 returns
k(F|H') < k(F|H) = x*, which is undesirable. How-
ever, when irreducibility does not hold, ReMPE-2 may lead
to a smaller asymptotic bias than estimating x(F'|H ), which
could explain why the authors observe empirical improve-
ments in their results. Our theoretical analysis of ReMPE-2
is supported experimentally in Sec. 6 and Appendix D.

To summarize, Yao et al. (2022) proposed a regrouping
approach that was the first attempt to tackle the problem
of MPE beyond irreducibility and motivated our work.
ReMPE-1 recovers «* when irreducibility holds (although
in this case it is not doing regrouping), and decreases bias
when irreducibility does not hold. The more practical algo-
rithm ReMPE-2 might decrease the bias when irreducibility
does not hold, but it has a negative bias when irreducibility
does hold. Like ReMPE-1, SUMPE draws on some addi-
tional information beyond F' and H. Both meta-algorithms
do not increase the bias, and recover x* when irreducibility
holds. Unlike ReMPE-1, however, SUMPE is able to re-
cover k* under a more general condition. Furthermore, our
practical implementations of subsampling are based directly
on Theorem 3.2, unlike ReMPE-2 which does not have
the desireable theoretical properties of ReMPE-1. Finally,
as we argue in the next section, SUMPE offers significant
empirical performance gains.

One limitation of our SUMPE framework is that some knowl-
edge of P(Y|X) is needed and that o(x) may need to be
developed specifically for different applications.

6. Experiments

We ran our algorithm on nuclear, synthetic and some bench-
mark datasets taken from the UCI machine learning repos-
itory and MNIST, corresponding to all three scenarios
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described in Sec. 4.2. We take four MPE algorithms:
DPL (Ivanov, 2020), EN (Elkan & Noto, 2008), KM (Ra-
maswamy et al., 2016) and TIcE (Bekker & Davis, 2018).
‘We compare the original version of these methods together
with their regrouping (Re-(-)) and subsampling (Su-(+)) ver-
sion. All experiments in this section consider settings where
irreducibility is violated. The summarized results are shown
in Table 1 and the detailed results are in Appendix C. Over-
all, the subsampling version of each MPE method outper-
forms the original and regrouping version. Additional exper-
iments where irreducibility holds are offered in Appendix
D, where we find that ReMPE harms the estimation perfor-
mance while SUMPE does not. The implementation is avail-
able at https://github.com/allan-z/SuMPE.

6.1. Unfolding: Gamma Ray Spectra Data

The gamma ray spectra data are simulated from the Monte-
Carlo N-Particle (MCNP) radiation transport code (Werner
et al., 2018). H refers to the distribution of Cesium-137.
G is the background distribution, consisting of terrestrial
background and Cobalt-60. The goal is to estimate the
proportion of Cesium-137 in the measured spectrum F'.

H ~ p(x|Cesium)
G ~ 0.8 - p(z|Cobalt) + 0.2 - p(z|terrestrial background)
F=(1-k")G+r"H.

Sample sizes of m = n = 50,000 were chosen, which is
a reasonable number of counts for many nuclear detection
applications. The true mixture proportion «* is varied in
{0.1,0.25,0.5,0.75}. The random variable x represents
quantized energy, which is one-dimensional and is discrete-
valued. Therefore, we directly use the histogram as the
estimate of the distribution. We choose the acceptance func-
tion a(z) according to the methodology developed in Sec.
4.2.1 and Appendix B.3.

Three of the four baseline MPE methods (DPL, EN, KM) did
not work well out-of-the-box in this setting. We therefore
re-implemented these methods to explicitly leverage the
histogram representation of the probability distributions.
This also greatly sped up the KM approach. The results are
summarized in Table 2.

6.2. Domain Adaptation: Synthetic Data

Following the setup in Sec. 4.2.2, we specify the target
conditional and marginal distributions H, G and F as:

HNN(M1:0,01:1)
GNOSN(M2:3,O'2:2)+O2N(M3:4703:1)
F=(1-k")G+k"H.

where G is not irreducible w.r.t. H because it con-
tains a Gaussian distribution with a bigger variance than
H. We draw m = n = 1000 instances from both
H and F. The true mixture proportion x* is varied in
{0.1,0.25,0.5,0.75}.

In addition, we draw 4000 labeled instances from the source
distribution, where p3 is changed to 5. We then truncate
the source distribution (and therefore the source sample) to
(=00, 2]. The resulting source and target distribution satisfy
the CSPL assumption. A 1 hidden layer neural network
with 16 neurons was trained to predict P*" (Y = 1| X = z)
for z € (—o0, 2], thus A = (—00, 2] and o(z) was chosen
according to Eqn. (10). This procedure was repeated 10
times with different random seeds. Detailed results are
shown in Table 3.

6.3. Domain Adaptation: Benchmark Data

In many machine learning datasets for classification (e.g.,
those in UCI), irreducibility is satisfied. > Here we manu-
ally create datasets that violate irreducibility by uniformly
sampling out 90% (or 80%) of the original positive data as
the target positive data, with all the remaining data treated
as target negative. The target conditional and marginal dis-
tributions H, G and F’ are specified as:

H~pz]Y =1)
G ~ap(alY =1) 4+ (1 = y)p(z|Y =0)
F=(01-xk")G+r"H.

We draw m = 1000 instances from H and n. € [1000, 4000]
instances from F' (the exact number varies by datasets and
is based on number of examples available, see the code
provided). The true mixture proportion x* is varied in
{0.1,0.25,0.5,0.75}. The proportion v is determined by
the total number of positive and negative data originally
available in the dataset, therefore varies case by case.

In addition, we obtain labeled instances following the source
distribution, by drawing x*n data from the target positive
and 0.95(1 — x*)n data from the target negative distribution.
This causes a prior shift that simulates CSPL.

A 2 hidden layer neural network with 512 neurons was
trained to predict P*" (Y = 1|X = z). For real-world high-
dimensional data, it is hard to know the support. Therefore,

The datasets Mushroom, Landsat, Shuttle and MNIST were
chosen for our study because previous empirical research (Ivanov,
2020) showed that the baseline MPE methods perform well on
these datasets when the irreducibility assumption holds. Our paper
focuses on how to eliminate the estimation bias that arises from
the violation of irreducibility. Therefore, we chose to use datasets
where the baseline methods perform well, in order to clearly ob-
serve and measure the bias introduced by MPE methods when
irreducibility is not met.
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Table 1. Summarized table of average absolute estimation error, corresponding to testing cases in Sec. 6. Several state-of-the-art MPE
algorithms DPL, EN, KM and TICE are selected. The mean absolute error (avg[|k* — k*|]) is reported, the smallest error among original,
regrouping and subsampling version is bolded. (4/—) denotes that on average the estimator produces positive /negative estimation bias

(sgnfavg(R™ — Kk7)]).

Setup Dataset DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE  ReTIcE  SuTIcE
Unfolding | Gamma Ray | 0.045+ 0.117— 0.0134 | 0.034+  0.118— 0.027— | 0.163+ 0.076+ 0.042+ | 0.095+ 0.061+ 0.019+4
Synthetic 0.060+ 0.0534+ 0.028— | 0.045— 0.061—  0.067— | 0.063+ 0.059+ 0.022— | 0.1284 0.094+ 0.0414

Domain Mushroom | 0.047+ 0.081— 0.0334 | 0.1224 0.0784 0.101+ | 0.067— 0.134— 0.059— | 0.060+ 0.078— 0.036+
Adaptation Landsat 0.046+ 0.042— 0.017— | 0.141+  0.110+ 0.085+ | 0.046+ 0.029+ 0.016— | 0.043+ 0.044— 0.035—
Shuttle 0.037+ 0.138— 0.015— | 0.090+  0.0714+ 0.0464 | 0.036+ 0.111- 0.032— | 0.080+ 0.086— 0.038+

MNIST17 | 0.047+ 0.085— 0.028— | 0.231+ 0.175+ 0.1664 | 0.041+ 0.063— 0.017— | 0.090+ 0.073— 0.048+

Selected/ Mushroom | 0.047+ 0.095— 0.0274 | 0.1194+  0.075+ 0.074+4 | 0.072— 0.134— 0.064— | 0.047+ 0.066— 0.044—
Reported Landsat 0.048+ 0.057— 0.019— | 0.142+  0.1084- 0.0924 | 0.046+ 0.033+ 0.018+ | 0.0464+ 0.053— 0.041—
at Random Shuttle 0.035+ 0.144— 0.013— | 0.095+ 0.0734 0.0564 | 0.042+ 0.129— 0.044— | 0.079+ 0.089— 0.0504
MNIST17 | 0.047+ 0.088— 0.0274 | 0.240+ 0.173+ 0.1644 | 0.0384- 0.064— 0.0224 | 0.096+ 0.073+ 0.057+

we choose A = {z : P*"(Y = 1|X = z) > 0.5}, because
an example z with high P (Y = 1|X = z) is more likely
to lie in the support of H. The acceptance function «(x) was
determined according to Eqn. (10). The above procedure
was repeated 10 times with different random seeds. Table 4
summarizes the results.

6.4. Selected/Reported at Random: Benchmark Data

Recalling the setting of Sec. 4.2.3, there is a jointly dis-
tributed triple (X, Y, Z), where Y indicates whether a con-
dition is reported, and Z indicates whether the condition is
actually present. For the experiments below, the data from
F,G, and H are generated in the same way as the target
distribution of the previous subsection. Instead of observing
labeled source data, however, in this subsection we instead
observe k*n instances from p(z|Z = 1), together with their
labels Y, matching the setup of Sec. 4.2.3.

A 2 hidden layer neural network with 512 neurons was
trained to predicte(z) = P(Y = 1|X = 2,Z = 1). We
chose A = {z : €(x) > 0.6} ® and a(z) according to
Eqn. (11). The above procedure was repeated 10 times with
different random seeds. The results are shown in Table 5.

7. Conclusion

This work introduces a more general identifiability condition
than irreducibility for mixture proportion estimation. We
also propose a subsampling-based framework that achieves
bias reduction/elimination for baseline MPE algorithms.
Theoretically, our work expands the scope of settings where
MPE can be solved. Practically, we illustrate three sce-
narios where irreducibility fails, and our meta-algorithm

% A needs to be a subset of supp(H ). Note that in population
level, h(z) = p(z|Y = 1) x e(z) - p(z|Z = 1), thus {z :
e(z) > 0.6} C {z : e(z) > 0} = {x : h(z) > 0}. (The last
equality holds because e(z) = P(Y = 1|X = z,Z = 1).) Here
we replace e(x) with e(x).

successfully improves upon baseline MPE methods.
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A. Proofs
A.1. Proof of Proposition 2.4

Proposition. Under the latent label model,

esssup P(Y =1|X =2) = ST

where 0/0 := 0.
Proof. First consider the trivial case when x(F|H) = 0, then from the fact that * < (F|H ), * must also be 0. According
to Eqn. (5), P(Y = 1|X = x) = 0 Vz, therefore the equality holds.

Then for x(F|H) > 0, we consider the cases * > 0 and k* = 0 separately. For the first case, consider two subcases:
h(z) > 0 and h(z) = 0. In the first subcase, we have that f(z) > 0, and therefore by the definition of conditional
probability,

*

K
P(Y = 11X =) = 7.
h(z)
Taking the essential supremum over all x with h(z) > 0,

K*
esssup P(Y =1|X =xz) = — &
z:h(z)>0 ess inf Wi)

x:h(x)>0
 K(FIH)

where the second equality follows from Proposition 2.2. In the second subcase, P(Y = 1|X = x) is zero. Therefore,

esssup P(Y = 1| X =x) = es:(sglp PY =1|X =x)
T x:h(x)>0

*

K

K(F|H)
When x* =0, P(Y = 1|X = z) = 0 for all z, and the equality still holds. O

A.2. Proof of Theorem 3.1
Theorem (Identifiability Under Local Supremal Posterior (LSP)). Ler A be any non-empty measurable subset of Ex = {x :
h(z) > 0} and s = ess sup P(Y = 1|X = z), then

z€A

F
K*=s-1 fﬁ:s'essinf

$Ca H(S) reA h(z)

Proof. Consider the case of k* > 0 and x* = 0 separately.

If &* > 0, then Eyy = {z : h(z) > 0} C Er = {z : f(z) > 0}. Recall from Eqn. (5),

h(z)
PY=1X=12)=~r"-—— when f(z) > 0.
f(z)
Taking the essential supremum over A and recall the definition of s,
h
s=esssup P(Y =1|X =) = k" - esssup ﬂ
zEA zea f()

12



Mixture Proportion Estimation Beyond Irreducibility

Since A C Eyy C EF, f(x) and h(x) are both positive for © € A. Rearrange the denominator

1

ess mf fzgig

take the denominator to the other side, we get

fl@) . F(S)
K =s-" eslselnf h(z) —s-érglwa,

where the second equality follows from the identity that ess inf % = infgcy %
zeA M@ =

If k* = 0, then s = 0, the above equality still holds. O

A.3. Proof of Theorem 3.2

Theorem (Identifiability Under Tight Posterior Upper Bound). Consider any non-empty measurable set A C Egy = {x :

h(z) > 0}, and let s = ess sup P(Y = 1|X = x). Let a(x) be any measurable function satisfying
€A

[P(Y =1|X =z),s], z€A,
e {[P(Y =1|X =2),1], ow. (13)

(14)

Then

K" =c- k(F|H).

Proof. Write n(ﬁ|H ) explicitly according to Proposition 2.2 and Eqn. (14),

K(F|H)=c- f%s(;?fofzgg by definition of x(F|H)

a(z) - f(z)

= . f c
e T )

= essin () 1)
= f o

x:h(x)>0 (

plug in the expression of f(m)

We will show that it equals to x* by proving it is both upper and lower bound of «*.

From Eqn. (13), we can conclude that o(x) > P(Y = 1|X = z) Va, then

. k(F|H) > ess inf PY =X =2)- f(z)
xz:h(xz)>0 h(l‘)
= f Eqn. (5
CEeis( ag1>0n rearrange Eqn. (5)
=K".
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Meanwhile, consider z € A

_ o al@) - f@)
¢ r(FIH) = essinf == 75—

. o) flx
< esmselgf (h)(x)() replace Ey by A
< ess inf s /(@) because a(z) < s,Vx € A
T€EA h(!E)

*

= kK" by Theorem 3.1
This shows that ¢ - k(F|H) = *. O

A 4. Proof of Corollary 3.3
Corollary. Let a(x) be any measurable function with
alz) e [P(Y =1|X =x),1] V.
Define a new distribution F in terms of its density f obtained by Eqn. (7). Then
K* < c-w(F|H) < k(F|H).

Proof. From the proof of Theorem 3.2, we know that

C- H(ﬁ|H) — ess inf M
z:h(z)>0 h(l‘)
From the fact that a(z) > P(Y = 1|X = z) Vx, we have
= PY =1X = .
¢ w(FIH) > essinf L =X =2) /()
z:h(x)>0 h(l’)

= essinf k*
xz:h(xz)>0

=g".

What’s more, since o < 1V,

= o L f(z)
C-H(F|H)§zeis(51>fo 7o) = k(F|H).

A.5. Proof of Theorem 4.1

We now establish a rate of convergence result for estimator 7* = ¢ - %(F|H) from Algorithm 1.
Theorem. Assume «(x) satisfies the condition in Eqn. (6). After subsampling, assume the resulting F and H are such that

arg min % exists. Then there exists a constant C > 0 and an existing estimator k such that for m and n sufficiently
SEA:H(S)>0
large, the estimator K* from Algorithm 1 satisfies

m n m n

Proof. Recall the setup, we originally have i.i.d. sample ’

Xp={X1, Xy, - ,Xn}i’@F,

iid
X = {Xn41, Xng2, -, Xpgm} ~ H.

"The notation here is a bit different from Eqn. (1) in that the index of X is changed. This allows for more concise notation in the
following derivation.

14
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After rejection sampling, we obtain n’ i.i.d. sample X 5 ~ F (where E [n/] = ¢-nand ¢ = [ a(z) f(x)dz), from which we

can estimate «(F|H). Under the assumption that arg min H((g)) exists, estimator (F|H) by Scott (2015) has rate of
SeA:H(S)>0

I
logm logn 21_3_3. (15)
n m n

convergence

Pr (’ (F|H)—5(F\H) <c1 l\/

Now n’ is a random variable here, and we want to establish a rate of convergence result involving n. This can be done by
applying a concentration inequality for n’.

Theorem. (Hoeffding’s Inequality) Let Z, - - - Z, be independent random variables on R that take values in [0, 1]. Denote
Z = %Z?:l Z;, then for all € > 0,

1
Pr(
n:

izi*]E[Z]

< e) > 1 — 2exp(—2ne?).

Let § = 2 exp (—2ne?), the theorem can be restated as:

1 n
Pr(n;Zi—E[Z} <

2n

mg(l/&>21_5,

Take Z; = l{v,<a(x,)}> Where i € {1,2,---,n}, V; denotes the i-th independent draw from Uniform(0, 1) 8 and X;
denote the i-th draw from F'. Then

E(Z) ==Y E[Z]=Ex, v, %] =Ex, Byx, [Lvicax)y]] = Ex, [a(X:)] = /a(x)f(fv)dw =c

Plug into Hoeffding’s Inequality and setting € = §, we have

Pr(\n’—c~n|§§-n)21—Qexp(—gn), (16)

which allows us to bound n’ by a constant times 7.

Now we can establish a rate of convergence result of K(F |H) wrt. n

1 1
ogm n ogn])

+ lognb and n<n < n)) " Pr(A) > Pr(AnB)

ﬁ

Pr (‘@(ﬁu{) - Mﬁm)‘ <Gy

Y

Pr ((‘ﬁ(ﬁm) - ﬁ(ﬁu{)( <0

m

Pr((‘ﬁ(ﬁ|H)—fi(ﬁ|H)‘<Cg[ B log”m n<n<% )) pr(2 nen <5 n>
(1—(’)(;+i)>-(1—2exp(—;n

21—(9(1+71L>—2exp<—§n) “(l—a)1-b)>1-a—-0

m

<}
”
3

ﬁ%

Y

N——
N—

-~ n and n’ can be used interchangeably in the first probability term

1 1
>1-0 < + > " exp(—n) decays faster
m n

8V is used in rejection sampling (Algorihm 4).
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As for the estimator of ¢ = Ex . [a(x)], the rate of convergence can also be shown via Hoeffding’s Inequality,

Plug into Hoeffding’s Inequality and let the confidence § = 1/n, we have

- logn
P —c </ — ] >1-1/n. 1
r(c el <4/ 5 ) > /n a7

Note that by triangle inequality

¢ RFIH) —c- H(F|H)‘ = |6 R(F|H) — ¢ w(F|H) +¢ w(F|H) —c- m(ﬁ|H)’
<|e-m(F|H) - m(f\H)‘ + ‘e k(F|H) - c- H(ﬁ\m‘

— (el - [R(FIH) = w(FIH)| + [s(F1)| - |~

IN

R(F|H) — K(ﬁ\H)‘ Yle—d.

Finally, combine all previous results

logm log n])

lo I
gm+ ogn])
n

m
1 1
ogm+ ogn]>

n

<E* & <C

Pr <]5 R(F|H) —c- n(ﬁ|H)‘ <C

Y

m

1 /1
ogm+ Ogn])and(’c\ gg
m 2

r (‘g(ﬁu{) - ﬁ(ﬁ|H)’ tle—d<C

Y%

M\Q

logm 1ognD>

Pr ((’ (F|H)—/fF|H
co(La1)

then we can conclude that #* — x* with rate of convergence O ( logm 1, / 10;%") )

A.6. Proof of Proposition 5.2
Proposition. For x(F|H') obtained from ReMPE-2:

k(F|H') < k(F|H).

Proof. From the fact that B = arg min %, we have

Se6

_ F(S) _ F(B)
w(EIH) = SeA}EfS»o H(S)  H(B)

16
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After regrouping, H'(B) > H(B). Therefore,
. F(S)
f
SGA:II—III’(S)>O H'(S)
_ F(B)
- H'(B)
F(B)
< H(B)
= k(F|H).

k(F|H'") =

B. More about Subsampling MPE
B.1. Intuition

Theorem 3.2 and Corollary 3.3 have already justified the use of subsampling. Here, we explain in another perspective
(in terms of distributions, similar to the analysis in Yao et al. (2022)). The idea is that, since the original G may violate
irreducibility assumption, we modify G such that the resulting latent component distribution is less likely to violate the
assumption.

Write the unknown distribution G itself as a mixture G = vG1 + (1 — v)Ga, v > 0. Then F becomes:
F=(Q1-r")G+~r'H
=1-r")[yG1+ (1 —7)Ga]+K"H.
Switch G to the other side (i.e., discarding the probability mass from G)
F—-(1-r)G=(1-r")1—-v)G2+k"H,
the left hand side can be re-written as

[1—(1—~r")]
N—————

:=c, normalizing const.

v
1—(1—r*)y

=F , after subsampling

[F = (1= £")yG].

Then the resulting distribution Fis
o =m0 =Y g w
c c
= (1-R")G+R"H.
By discarding a portion of probability mass from (7, which is done by subsampling in practice, the resulting latent component

distribution G is less likely to violate the irreducibility assumption. The new mixture proportion #* = k*/c.

In the following, we provide justification of the above claim, which can also be seen as a reformulation of Corollary 3.3.
Proposition B.1. Given some probability mass from G being dropped out, c - Iﬁ:(ﬁ |H) is always bounded by:

k* <c-r(F|H) < k(F|H).
Furthermore, bias is strictly reduced when (1 — v)k(G2|H) < k(G|H).

Proof. Observe that

c- F(S)

-k(F|H)=  inf
c- w(F|H) SEA:IE(S)>O H(S)

= 1-— f —_—
Rt d=w )SGA:IIIil(S)>0 H(S) 7

17
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therefore ¢ - k(F|H) > k*.

From the fact that G = yvG1 + (1 — v)G2, we have G > (1 — v)G>. Then

= * . . G(S
¢ n(FIH) s m+ 1=k )SeAzlgfspo ((S))

= w(F|H).
To have bias reduction, we need ¢ - x(F|H) < r(F|H), where both quantities can be represented as

¢-k(F|H) = k* + (1 — k) (1 — 7)k(G2|H)
K(F|H) = k" + (1 — x*)s(G|H).

Then we can get the result of (1 — v)k(G2|H) < x(G|H) by direct comparison. O

Based on the above proof, we claim that ¢- «(F| H) leads to no worse estimation bias than x(F|H ). To be specific, when G is
irreducible w.r.t. H, then x* = ¢-x(F|H) = x(F|H). When G is not irreducible w.r.t. H, then x* < ¢-x(F|H) < x(F|H).
The key difference compared to Yao et al. (2022)’s approach is that we are modifying G, thus equivalently subsampling F',
rather than regrouping on H.

In summary, without making assumptions about irreducibility, as long as we remove some contribution from G in F' by
subsampling, the resulting identifiable quantity ¢ - k(F'|H ) will be at least no worse than the maximum proportion «(F|H).

Furthermore, with the knowledge of set A and ess sup P(Y = 1|X = z), ¢ - k(F|H) will equal to x*.
€A

B.2. Rejection Sampling

Rejection sampling is a Monte Carlo method that aims to generate sample following a new distribution @ based on sample
from distribution (), which are characterised by the densities ¢ and ¢. An instance = drawn from g(x) is kept with acceptance
probability 5(x) € [0, 1], and rejected otherwise. Algorithm 4 shows the detailed procedure.

Algorithm 4 Rejection Sampling

Input:
sample [;] = {21, @} ~ q(a),
acceptance function ()

Output:

sample [25] ~ () = 1 - B(z) - q(x),
where ¢ = [ B(z)q(z)dz = Ex~q [B(X)]
Initialize j +— 1
fori =1tondo
v ~ Uniform(0, 1)
if v < 5(x) then
Zj < I
je—i+1
end if
end for
return [z;]

B.3. Gamma Spectrum Unfolding

In gamma spectrum unfolding, a gamma ray detector measures the energies of incoming gamma ray particles. The gamma
rays were emitted either by a source of interest or from the background. The measurement is represented as a histogram
f(x), where the bins correspond to a quantization of energy. The histogram h(z) of measurements from the source of
interest is also known.

18
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The goal is to obtain a lower bound p(x) of the quantity (1 — x*)g(x) on a certain set A C supp(H ). We specify A to be
the energy bins near the main peak of h(x) (aka, full-energy peak). For = € supp(F')\ supp(H), p(x) = f(z) because
the gamma rays must come from the background in these regions. Typically, supp(F')\ supp(H) contains two (or more)
intervals, therefore we know the value of p(x) on either side of set A. Then p(z) Vz € A can be estimated using linear
interpolation (Knoll, 2010; Alamaniotis et al., 2013). The above procedure is illustrated in Figure 1 and the acceptance
function is chosen to be )

p(x

f(z)?
1, 0.W.

T EA,

a(z) = (18)

800 4 —— Histogram f(z)
Data outside supp(H)
——~- Estimate of p(z)

600 q

400 A

Counts

200 A

Al _ Veawieirtng oo '/"H" “\,/, ‘.\

260 2561) 46[) 56[’

Energy Channel x

0 100

Figure 1. Visual illustration of how to estimate p(z)

C. Detailed Experimental Result in Sec. 6

This section shows four tables corresponding to four experimental setups in Sec. 6.

Table 2. Average absolute estimation error on gamma ray spectra data, corresponding to the unfolding scenario. Several state-of-the-art
MPE algorithms DPL (Ivanov, 2020), EN (Elkan & Noto, 2008), KM (Ramaswamy et al., 2016) and TIcE (Bekker & Davis, 2018) are
selected. The mean absolute error (avg[|k* — x*|]) is reported, the smallest error among original, regrouping and subsampling versions is
bolded. (+/—) denotes that on average the estimator produces positive/negative estimation bias (sgn[avg(R* — £*)]).

*

K DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE ReTIcE  SuTIcE
0.1 0.063+ 0.053+ 0.0084 | 0.057+  0.048+ 0.012— | 0.2264+ 0.146+ 0.0364 | 0.1294+ 0.115+ 0.019+
0.25 0.055+ 0.0084 0.011+ | 0.040+ 0.004— 0.017— | 0.2164+ 0.0204 0.059+ | 0.1124+ 0.065+ 0.017+4
0.5 0.029+ 0.123— 0.019— | 0.0174 0.129—  0.032— | 0.1304+ 0.0434 0.049+ | 0.082+ 0.0184 0.019+
0.75 0.034+ 0.284— 0.0154 | 0.022— 0.289—  0.047— | 0.0784 0.094—  0.0224 | 0.055+ 0.045— 0.021+
average | 0.045+ 0.117— 0.013+ | 0.034+ 0.118— 0.027— | 0.163+ 0.0764+ 0.042+ | 0.095+ 0.0614+ 0.019+

Table 3. Average absolute estimation error on synthetic data, corresponding to domain adaptation scenario. Several state-of-the-art MPE
algorithms DPL (Ivanov, 2020), EN (Elkan & Noto, 2008), KM (Ramaswamy et al., 2016) and TIcE (Bekker & Davis, 2018) are selected.
The mean absolute error (avg[|k* — k*|]) is reported, and the smallest error among the original, regrouping and subsampling versions is
bolded. (+/—) denotes that on average the estimator produces positive/negative estimation bias (sgn[avg(R* — £*)]).

*

K DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE  ReTIcE  SuTIcE
0.1 0.089+ 0.075+ 0.014— | 0.059+ 0.0514+ 0.027— | 0.1024+ 0.0914+ 0.013— | 0.150+ 0.1404+ 0.038+
0.25 0.083+ 0.060+ 0.016— | 0.037+ 0.016+ 0.051— | 0.0814+ 0.059+ 0.018— | 0.137+ 0.1084- 0.040+
0.5 0.053+ 0.0284 0.024— | 0.022— 0.057—  0.077— | 0.0524+ 0.037+ 0.020— | 0.114+ 0.0684+- 0.035+
0.75 0.016— 0.050— 0.056— | 0.063— 0.118—  0.114— | 0.0184 0.050— 0.036— | 0.112+ 0.0584- 0.051+
average | 0.060+ 0.0534+ 0.028— | 0.045— 0.061—  0.067— | 0.0634+ 0.059+ 0.022— | 0.1284 0.0944+ 0.041+
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Table 4. Average absolute estimation error on benchmark data, corresponding to domain adaptation scenario. Several state-of-the-art MPE
algorithms DPL (Ivanov, 2020), EN (Elkan & Noto, 2008), KM (Ramaswamy et al., 2016) and TIcE (Bekker & Davis, 2018) are selected.
The mean absolute error is reported, and the smallest error among the original, regrouping and subsampling versions is bolded. +/ — /-
denotes that on average the estimator produces positive/negative/no estimation bias.

Dataset K* DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE ReTIcE  SuTIcE
0.1 | 0.075+  0.069+ 0.053+ | 0.121+ 0.105+ 0.099+ | 0.061+  0.054+ 0.039+ | 0.082+  0.086+ 0.064-+

Mushroom 0.25 | 0.063+ 0.0234+ 0.040+ | 0.139+ 0.1014 0.109+ | 0.053+  0.041+ 0.0244 | 0.057+  0.034+ 0.024+
0.5 | 0.035+  0.084— 0.025+ | 0.132+ 0.074+ 0.112+ | 0.057— 0.189—  0.063— | 0.026+ 0.058—  0.028—

0.75 | 0.015—  0.149— 0.013— | 0.097+ 0.0334 0.082+ | 0.096— 0.253—  0.108— | 0.076—  0.134—  0.027—

avg | 0.047+  0.081— 0.0334 | 0.122+ 0.078+ 0.101+ | 0.067—  0.134— 0.059— | 0.060+ 0.078— 0.036+

0.1 | 0.066+  0.053+ 0.014+ | 0.168+ 0.139+ 0.1154 | 0.065+  0.047+ 0.017+ | 0.070+  0.074+ 0.031+

Landsat 0.25 | 0.060+  0.010— 0.005+ | 0.161+ 0.119+ 0.100+ | 0.053+  0.027+ 0.007+ | 0.034+  0.028+ 0.012—
0.5 | 0.037+  0.034— 0.010— | 0.131+ 0.097+ 0.084+ | 0.037+  0.018+ 0.016— | 0.033+ 0.031— 0.030—

0.75 | 0.0224 0.071—  0.037— | 0.102+ 0.085+ 0.0414 | 0.0284- 0.023— 0.024— | 0.036— 0.042—  0.067—

avg | 0.046+  0.042— 0.017— | 0.1414+ 0.110+ 0.085+4 | 0.046+  0.029+ 0.016— | 0.043+  0.044— 0.035—

0.1 | 0.055+  0.0484 0.006+ | 0.105+ 0.096+ 0.0534 | 0.044+ 0.033+ 0.006— | 0.083+ 0.072+ 0.023+

Shuttle 0.25 | 0.045+  0.010— 0.007— | 0.098+ 0.082+ 0.0384 | 0.0274+ 0.018— 0.016— | 0.074+ 0.0304+ 0.020+
0.5 | 0.025+  0.102— 0.016— | 0.093+ 0.066+ 0.0504 | 0.017— 0.099—  0.030— | 0.074+  0.065— 0.041+

0.75 | 0.022— 0.393—  0.033— | 0.063+ 0.0414 0.044+ | 0.058— 0.294—  0.075— | 0.089+ 0.179— 0.068+

avg | 0.037+  0.138— 0.015— | 0.090+ 0.0714+ 0.046+4 | 0.0364+ 0.111— 0.032— | 0.080+ 0.086— 0.038+

0.1 | 0.076+  0.0784+ 0.035+ | 0.184+ 0.157+ 0.1164 | 0.065+  0.057+ 0.025+ | 0.101+  0.093+ 0.052+

MNIST17 0.25 | 0.0584+  0.047+ 0.008— | 0.2184 0.175+ 0.1384 | 0.053+  0.017+ 0.009— | 0.0984+  0.0844+ 0.031+
0.5 | 0.032+  0.047— 0.022— | 0.275+ 0.1804 0.191+ | 0.029+  0.030— 0.017— | 0.080+ 0.0214 0.047+

0.75 | 0.023— 0.169—  0.046— | 0.250+ 0.1894 0.217+ | 0.0164 0.146— 0.016— | 0.081+ 0.094— 0.060+

avg | 0.047+  0.085— 0.028— | 0.2314+ 0.175+ 0.1664 | 0.041+ 0.063— 0.017— | 0.090+  0.073— 0.048+

Overall avg | 0.044+ 0.087— 0.023— | 0.146+ 0.109+ 0.0994 | 0.0474+ 0.084— 0.031— | 0.068+ 0.070— 0.039+

Table 5. Average absolute estimation error on benchmark data, corresponding to the selected/reported at random scenario. Several
state-of-the-art MPE algorithms DPL (Ivanov, 2020), EN (Elkan & Noto, 2008), KM (Ramaswamy et al., 2016) and TIcE (Bekker &
Davis, 2018) are selected. The mean absolute error is reported, the smallest error among the original, regrouping and subsampling versions
is bolded. 4+/ — /- denotes that on average the estimator produces positive /negative/no estimation bias.

Dataset K* DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE ReTIcE  SuTIcE
0.1 | 0.073+ 0.067+ 0.0584 | 0.1194 0.105+ 0.0994 | 0.059+ 0.051+ 0.0404 | 0.084+ 0.082+ 0.057+

Mushroom 0.25 | 0.0604+ 0.0234+ 0.005— | 0.134+ 0.096+ 0.054+ | 0.0544+ 0.0344+ 0.010— | 0.049+ 0.0284+ 0.008+
0.5 | 0.0324+ 0.087— 0.018— | 0.125+ 0.068+ 0.076+ | 0.073— 0.190— 0.082— | 0.027+4+ 0.057—  0.052—

0.75 | 0.023— 0.203— 0.028— | 0.096+ 0.0304+ 0.066+ | 0.100— 0.262— 0.123— | 0.028—  0.096—  0.058—

avg | 0.047+ 0.095— 0.027+ | 0.1194 0.0754+ 0.0744 | 0.072— 0.134— 0.064— | 0.047+ 0.066— 0.044—

0.1 | 0.0664+ 0.0534 0.0344 | 0.167+ 0.141+ 0.121+ | 0.066+ 0.049+ 0.0284 | 0.0684- 0.074+ 0.036+

Landsat 0.25 | 0.052+ 0.011— 0.007- | 0.1594+ 0.1154+ 0.0854 | 0.0614+ 0.035+ 0.0114 | 0.034+ 0.020+ 0.011—
0.5 | 0.0434+ 0.065— 0.011— | 0.137+ 0.103+ 0.089+ | 0.033+ 0.020+ 0.016— | 0.0404+ 0.029—  0.048—

0.75 | 0.0324+ 0.097— 0.023— | 0.103+ 0.0714 0.071+ | 0.0234+ 0.027— 0.017- | 0.041— 0.087—  0.068—

avg | 0.0484- 0.057— 0.019— | 0.142+ 0.108+ 0.092+ | 0.046+ 0.0334+ 0.018+ | 0.046+ 0.053— 0.041—

0.1 | 0.056+ 0.048+ 0.0154 | 0.1124+ 0.097+ 0.0604 | 0.049+ 0.035+ 0.016— | 0.080+  0.066+ 0.032+

Shuttle 0.25 | 0.044+ 0.018— 0.007— | 0.1064+ 0.0834+ 0.0454 | 0.0294+ 0.020— 0.018— | 0.077+  0.024+ 0.037+
0.5 | 0.026+ 0.162— 0.008— | 0.098+ 0.081+ 0.068+ | 0.016— 0.165— 0.051— | 0.083+  0.099— 0.052+

0.75 | 0.0124 0.348— 0.023— | 0.065+ 0.0294+ 0.0504 | 0.072— 0.296— 0.089— | 0.075+  0.169— 0.078+

avg | 0.035+ 0.144— 0.013— | 0.095+ 0.073+ 0.056+ | 0.042+ 0.129— 0.044— | 0.079+  0.089— 0.0504

0.1 | 0.077+ 0.078+ 0.0554 | 0.1834+ 0.157+ 0.1344 | 0.060+ 0.0524+ 0.0464 | 0.096+ 0.083+ 0.076+

MNIST17 0.25 | 0.0634+ 0.0524+ 0.005+ | 0.229+ 0.179+ 0.113+ | 0.0604+ 0.0274+ 0.009— | 0.0994+  0.087+ 0.0344
0.5 | 0.035+ 0.042— 0.014+ | 0.300+ 0.198+ 0.208+ | 0.022+ 0.024— 0.011— | 0.099+ 0.028+4  0.053+

0.75 | 0.014— 0.178— 0.033— | 0.2484 0.161+ 0.200+ | 0.008+ 0.153— 0.021— | 0.090+ 0.095— 0.066+4

avg | 0.047+ 0.088— 0.027+ | 0.2404+ 0.1734+ 0.1644 | 0.0384 0.064— 0.0224 | 0.096+ 0.073+ 0.057+

Overall avg | 0.044+ 0.096— 0.022— | 0.149+ 0.107+ 0.097+ | 0.050+ 0.090— 0.037— | 0.067+  0.070+ 0.048+

D. When Irreducibility Holds

In theory, when irreducibility holds, baseline MPE methods shall be asymptotically unbiased estimators of the mixture
proportion x*, regrouping may introduce negative bias, subsampling should not introduce bias. Here we run some
synthetically generated experiments (in a controlled setting) to verify the theoretical claim.
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We specify the distributions H, G and F as:

HNN(Ml :0,0'1 21)
GNN(M2=2,02=1)
F=(1-k")G+r"H.

where G is irreducible w.r.t. H. We draw m = 500, n = 1500 instances from both H and F'. The true mixture proportion
k* = k(F|H) is varied in {0.1,0.25,0.5,0.75}.

We draw 2000 labeled instances from F'. A 1 hidden layer neural network with 16 neurons was trained to predict
P(Y =1|X = z). The acceptance function «(z) used in Subsampling MPE is chosen to be
{]3(}/ =1X=uz), z€A,
afz) =
1, 0.W.,
where A = {z : P(Y = 1|X = ) > 0.6}. As for ReMPE, 10% of the sample from F is chosen to be regrouped to the

sample from H, as suggested by Yao et al. (2022). The above procedure was repeated 10 times with different random seeds.
Results where shown in Table 6, where SUMPE never performs the worst © and ReMPE may introduce extremely high bias.

Table 6. Bias of the estimators on synthetic data. Several state-of-the-art MPE algorithms DPL, EN, KM and TIcE are selected. For each
of them, we compute the bias (avg[k* — k*]) of the original, regrouping and subsampling version. The biggest absolute bias among the
original, regrouping and subsampling versions is in bold.

K* DPL ReDPL  SuDPL EN ReEN SuEN KM ReKM SuKM TIcE ReTIcE  SuTIcE
0.1 | 40.029 +40.021 +0.010 | +0.020 +0.005 +40.008 | 4-0.020 +0.007 +0.006 | 4+0.085 40.089 +0.063
0.25 | +0.012 —0.062 -0.017 | —0.023 —0.080 —0.043 | —0.016 —0.074 —0.031 | 4-0.049 +0.010 +0.024
0.5 | +0.038 —0.128 —0.003 | —0.045 —0.156 —0.067 | —0.001 —0.133 —0.018 | 4-0.059 —0.048 +0.032
0.75 | +0.012 —0.282 —-0.015 | —0.071 —0.278 —0.088 0.000 —0.278 -0.012 | +0.089 —0.199 +0.037

°In some cases, subsampling slightly increases the bias compared to original version, this is partly due to P(Y'|X) being estimated.
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