


[19]. However, these data-driven models often require large data
sets for training and are vulnerable to overfitting.
In this paper, a novel semi-physical model for predicting the stiff-

ness and position of a three-dimensional pneumatic soft manipula-
tor is presented. The proposed modeling approach aims to combine
the benefits of physics-based modeling and data-driven modeling,
so that the resulting model carries physical interpretation while
being computationally efficient. It works by estimating the stiffness
and moments generated by actuation of the soft manipulator to cal-
culate the resulting shape and position of the robot. In addition, the
model allows for the easy incorporation of external forces such as
gravity and payloads while maintaining a generality that can be
applied to other continuum soft robots, specifically those with
uniform shape and bending actuation.
The contents of this paper are organized as follows. First, in Sec.

2, the model is developed by considering how the length, stiffness,
and internal moment can be calculated from the control input, as
well as how external forces can be incorporated. The fabrication
of a soft pneumatic manipulator and the experimental setup for
model validation are described in Sec. 3. In Sec. 4, experimental
results supporting the modeling approach are presented. Finally,
concluding remarks along with a discussion of future work are pro-
vided in Sec. 5.

2 Modeling

2.1 Kinematic Background. A basic kinematic background
of soft robots is required to formulate and apply the presented
model. A core component of these kinematics is the PCC model,
which is commonly used for soft robots as it describes a simplified
bending shape prevalent with soft manipulators [3]. A summary of
the necessary key concepts is given below.
In a piecewise-constant curvature model, the robot is divided into

several segments each with uniform bending. Each segment can be
described by its length L, bending angle θ, and bending direction φ.
The shape of this segment is represented as an arc of a circle with
curvature k

k =
d2w

dx2
=
1

r
=
θ

L
(1)

where w represents the deflection with respect to the length of the
beam x, and r is the radius formed by the arc. By assuming that
the curvature remains constant throughout the segment, it
becomes easier to represent and reconstruct the shape of the
segment based on only the three parameters. Without the PCC
assumption, it is still possible to reconstruct the shape of the manip-
ulator if the curvature is known at every point along the length of the
manipulator. Let s be the arclength parameter of the manipulator,
the curvature k(s) induced at a certain point s by an external
moment M(s) is as follows:

k(s) =
M(s)

EI
, s ∈ [0, L] (2)

where E is the Young’s modulus of the material, and I is the second
moment of area of the segment. From Eq. (2), if the moment and
physical properties do not change with respect to the length of the
manipulator, the curvature would remain constant. However, this
is not an exact representation as external forces such as gravity or
a payload will induce additional (non-uniform) moment, causing
it to bend at a non-constant curvature. In this paper, the following
assumptions are made about the performance of the manipulator
to make use of the PCC model without ignoring external forces:

(1) The moment generated by the (internal) actuation of the soft
manipulator, such as the pneumatic actuation, will be
uniform with respect to the length of the manipulator at equi-
librium. Any additional moment generated by external forces
can be added to this value.

(2) E and I do not vary along the length of the manipulator.

2.2 Modeling of Length Change. The first quantity we con-
sider that is affected by the input pressures is the length of the pneu-
matic manipulator. The internal pressure produces force on all sides
of the air chamber. While any expansion due to pneumatic pressures
on the external and internal walls of soft manipulators is often con-
strained by the features of the soft arm such as fiber reinforcement,
the top and/or bottom ends of the manipulator generally are not. The
forces on the top and bottom of the manipulator from the pressures
in the internal air chambers not only affect the overall length, but
also drive the bending when such forces result in a difference in
length with respect to the circumference.
The change in the length with respect to the circumference is a

function of the input pressures. Ideally, the internal chambers of
the soft manipulator would have identical effects under the same
actuation pressure. However, due to the variance in the fabrication
process, this is generally not the case, which is accommodated in the
proposed model.
The change in length ΔL(α) at a certain angle α around the cir-

cumference can be modeled as

ΔL(α) = P1[a1 + a2 + (a1 − a2) cos (α)]+

P2 a3 + a4 + (a3 − a4) cos α +
2π

3

( )[ ]

+

P3 a5 + a6 + (a5 − a6) cos α −
2π

3

( )[ ]

(3)

where P1, P2, and P3 are the pressures in the three air chambers,
shown in Fig. 1 and a1− a6 are physical constants describing the
change in length per unit input pressure at certain points around
the circumference. a1 describes the change in length of the location
closest to chamber one per unit pressure, and a2 describes the
change in length at the location opposite chamber one. a3− a6 are
the counterparts for chambers two and three. These variables
could be expanded to any number of chambers for a specifically
designed soft robot as long as the angles between them are included
in the cosine function term (e.g., the separation is 120 deg for the
case of three chambers).
The overall length of the manipulator is usually described in

terms of the length of the center of the manipulator, i.e., along the
longitudinal axis. This axis will be perpendicular to the direction
of bending. Therefore, if the direction of bending is found, the
bending moment axis can be found and the length at this angle

Fig. 1 Illustration of length positions around the circumference
for a three-chamber pneumatic manipulator
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will be equivalent to the length of the center of the manipulator. The
length is the shortest on the innermost section of the manipulator
and the longest on the outermost section. If the minimum or
maximum of the length with respect to the angle is found, then it
is known to either be the direction of bending or its opposite. If
this value is then offset by 90 deg, the axis can be found. The
maximum or minimum can be found by setting the derivative of
the change in length with respect to the angle equal to zero in the
following equation:

dΔL

dα
= −P1(a1 − a2) sin (α) − P2(a3 − a4) sin α +

2π

3

( )

− P3(a5 − a6) sin α −
2π

3

( )

= A ∗ sin (α + β) (4)

β = tan−1
P2(a3 − a4)

��

3
√

2
− P3(a5 − a6)

��

3
√

2

P1(a1 − a2) −
1

2
P2(a3 − a4) −

1

2
P3(a5 − a6)

⎛

⎜

⎜

⎝

⎞

⎟

⎟

⎠

(5)

which will be equal to zero when α=−β. The location of the
bending moment axis is thus equal to −β + π

2
. The overall length

of the manipulator at the center, Lc, can then be calculated as
follows with the base length of the center of the manipulator
under no pressure represented as L0:

Lc = L0 + ΔL −β +
π

2

( )

(6)

2.3 Modeling of Stiffness. Pneumatic particle jamming is one
of the most popular stiffness tuning mechanisms and thus consid-
ered in this work, as illustrated in Fig. 2.
The bending stiffness of the manipulator EI has three main com-

ponents that are dependent on the state of the robot. First, the soft
manipulator has a base stiffness EIbase= b1 when no control
inputs are activated. Additionally, according to Ref. [2], a higher
stiffness is achieved by increasing the antagonistic forces between
the inflated air chambers. The stiffness of a planar soft manipulator
is proportional to the minimum pressure between its two antagonis-
tic chambers. Therefore, a reasonable assumption is made that the
increased stiffness of the manipulator is linearly related to the
minimum pressure among three air chambers, which can be formu-
lated as

EIinflated = b2 min (P1, P2, P3) (7)

where b2 is the constant gain. Lastly, the stiffness of the particle
jamming mechanism changes linearly with the differential pressure

between the pressures in the air chambers and the stiffness tuning
mechanism [20,21]. Specifically, the increased stiffness of the par-
ticle jamming mechanism EIparticle can be modeled as a linear func-
tion of the vacuum pressure V. Additionally, the actuated exterior
air chambers also apply additional pressure to the stiffness tuning
mechanism at the center of the manipulator. Consequently, EIparticle
can be modeled as follows:

EIparticle = b3 V +
1

3
(P1 + P2 + P3)

( )

(8)

where b3 is a constant.
In summary, the overall stiffness can be obtained as

EI = EIbase + EIinflated + EIparticle = b1 + b2 min (P1, P2, P3)

+ b3 V +
1

3
(P1 + P2 + P3)

( )

(9)

2.4 Modeling of Actuation Moment. The overall actuation
moment experienced by the soft robotic arm can also be modeled
as a function of the input pressures. The moment will have a mag-
nitude and direction that will determine the magnitude and direction
of bending. For the direction, φ= 0 can be arbitrarily assigned to the
bending angle when only chamber 1 is actuated. The resulting
moments generated by all chambers can be broken down into com-
ponent vectors and added together. As with the length, the overall
magnitude of the moment generated by each chamber is not
assumed to be identical and can be multiplied by a constant to
better conform to the realized bending. The moment created by
the air chamber pressures is equal to

Mx = c1P1 + c2 cos
2π

3

( )

P2 + c3 cos
−2π

3

( )

P3 (10)

My = c2 sin
2π

3

( )

P2 − c3 sin
−2π

3

( )

P3 (11)

|M| =
������������

Mx
2 +My

2

√

(12)

∠M = tan−1 (My/Mx) = φ (13)

where c1− c3 are constants that can be found from experiments that
relate the moment generated by a specific chamber to its pressure.
This equation can also be expanded to different air chamber
layouts similar to the length. With a combination of the length, stiff-
ness, and moment, the shape of the manipulator can be recon-
structed based on the constant curvature model.

2.5 Effect of External Forces. The PCC assumption can be
used with the previously defined parameters to derive the shape
of the manipulator under actuation, but with external forces it
does not hold. The effects of two common types of forces are
described here. The first is a uniform load on the manipulator
from its own weight. The second force is that of a point load on
the manipulator.
A uniform load will create a varying moment along the manipu-

lator. The load caused by the weight of the manipulator will have an
overall force equal to the weight of the robot, W. This will create a
uniform load with a force distribution of W/Lc. This force will
always be directed straight down, so its contribution to the
bending moment will vary with the orientation at that specific
point. Assuming that the manipulator is pointing straight upwards
at s= 0, the moment along the length of the manipulator from
gravity is equivalent to

M(s) =

∫Lc

s

W

Lc
sin (θ(s))[x(Lc) − x(s)]ds (14)

Fig. 2 Soft manipulator with particle jamming mechanism.
Three inflation tubes control the bending motion, and the
vacuum tube is used to jam the particle to increase the stiffness.
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θ(s) =

∫s

0

k(s)ds (15)

x(s) =

∫s

0

sin (θ(s))ds (16)

where θ(s) is the overall bending at the point and x(s) is the distance
parallel from the ground to the point as shown in Fig. 3.
Assuming an initial constant bending from the pneumatic pres-

sure, the moment due to gravity can be iteratively calculated and
incorporated into the model.
Many interactions on the soft manipulator can be modeled as a

point load: for example, a payload carried by the robot. A force
of magnitude F with an angle of φ to the direction of bending
applied at s= d on the manipulator will create moments along the
length of the manipulator equal to

M(s) = F sin (θ(d))[x(d) − x(s)] cos (φ), s ≤ d (17)

3 Fabrication and Experimental Setup

3.1 Fabrication. This section covers the design and fabrica-
tion of a soft robotic arm for illustration and validation of the pro-
posed modeling approach. The soft robot was created using silicone
Dragon Skin™ 20 by Smooth-On. The length of the soft arm was
20 cm with a diameter of 42 mm. At the center of the soft arm
was a hollow cylinder to allow a stiffness tuning mechanism to
be added. The body of the soft arm contains three internal air cham-
bers separated by 120 deg completely sealed by the silicone. The
soft arm was fabricated through casting. The internal chambers of
the arm were created using wax inserts. The wax was removed
via melting in an oven and then the silicone was submerged in
boiling water to remove any left-over wax. Holes from the
casting were then either used to feed in air tubes or sealed with a
silicone adhesive. The pneumatic air tubes were selected as 70 A
silicone based on the adhesion strength documented in Ref. [22]
which provided much stronger bonds and better sealing than poly-
ethylene tubing. The arm was wrapped with inextensible Kevlar
thread and adhered with an additional small coat of silicone to
prevent bellowing of the air chambers when inflated. Computer-
aided design (CAD) designs of the robot are shown in Fig. 4.
At the center of the soft manipulator is a stiffness tuning mecha-

nism that fills the hollow interior and prevents the expansion of the
air chambers inwards. The mechanism was composed of a flexible
exterior plastic casing enveloping some granular material.

Examples of these materials include coffee grounds and beads.
For this specific mechanism, 6 mm plastic beads were utilized.
For the fabrication process, the plastic casing was enclosed via a
heat press sealing the internal granular material with a pneumatic
tube attached. The very end of the green casing of the particle
jamming mechanism can be seen in Fig. 5.

3.2 Experimental Setup. The soft arm was controlled via
pneumatic air pressure applied to the three internal air chambers.
A proportional–integral–derivative (PID) controller and pressure
sensors were used to regulate the air pressures to set values. For
the following experiments, a maximum of 50 kPa pressure was uti-
lized for any individual chamber to reduce the risk of damaging the
soft arm, and this pressure also proved sufficient to provide bending
of 90 deg as shown in Fig. 5. The vacuum pressure to the stiffness
tuning chamber was generated with an external vacuum pump that
can achieve up to 60 kPa of vacuum pressure.
For data acquisition, an OptiTrack motion capture system was

utilized for measurement of the position of the manipulator. A set
of ten cameras were used to track reflective markers placed on the
soft arm. The markers captured by the motion tracking system
arm are shown in Fig. 5. The markers were placed in sets of six sep-
arated by 60 deg around the circumference of the manipulator
aligned with the geometry of the air chambers. Four sets of three
markers were positioned from the base to the tip of the manipulator.
The set at the base of the manipulator was attached to a 3D-printed
part that is used to mount the robot to a table. These markers thus do
not move and are utilized to locate the base position and orientation
of the manipulator while the set of markers on the end are used for
the tip position and orientation.

4 Results

4.1 Model Fitting Data. An initial set of data were gathered
to identify and validate the model parameters a1− a6, b1− b3, and
c1− c3, which are shown in Table 1. These data consist of 30 sets
of control inputs for the three chambers randomly generated
between 10 kPa and 50 kPa. Additionally, each input to the

Fig. 3 Diagram of x(s) and θ(s)

Fig. 4 CAD design of soft arm: (a) cross section of inside, (b)
base of soft arm, and (c) ISO view of arm

Fig. 5 Experimental setup

Table 1 Identified model parameters

a1 0.658 mm/kPa a2 0 mm/kPa
a3 0.275 mm/kPa a4 0.130 mm/kPa
a5 1.25 mm/kPa a6 0.232 mm/kPa
b1 0.027 Nm2/rad Base stiffness
b2 0.0003 Nm2/(rad · kPa) Air pressure stiffness
b3 0.0013 Nm2/(rad · kPa) Vacuum stiffness tuning
c1 0.0061 Nm/kPa Chamber 1 moment
c2 0.0078 Nm/kPa Chamber 2 moment
c3 0.0065 Nm/kPa Chamber 3 moment
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chambers had a 30% chance of being zero to allow for combinations
of only one or two chambers to be inflated. The stiffness tuning
chamber had a 50% chance to be on or off. Each data set was
also accompanied with a corresponding measurement under a
payload to calculate the stiffness. The first set of 20 data points
was used to identify parameters for the model to see if it could
work with a smaller sample size. The remaining ten data points
were used to validate the model and not used to train the model.
Overall, three ground truth values needed to be measured to

create the model: the length of the manipulator, the bending angle
of the manipulator, and the stiffness of the manipulator. The
length and bending angle can be calculated using the location of
the markers. The centroid of the three base and tip markers was uti-
lized to calculate the constant curvature value that creates the displa-
cement between the two. The stiffness cannot be directly measured
from a single set of data points. Instead, an analog force sensor was

used to apply a set amount of force to the tip of the manipulator per-
pendicular to its bending angle. The change in bending angle from
before and after the force was applied is used to calculate the stiff-
ness using Eqs. (2) and (17).
The data were then used to create a best-fit model by minimizing

the two-norm of the error between the ground truth values and the
model predicted values. The manipulator weighed 176 g and the
effects of this weight were accounted for using Eq. (16). Compari-
sons of the measured ground truth and mode predictions for the
length and stiffness are given in Fig. 6.
From the motion capture system, three points along the arm were

used as ground truth values, and the average distance between these
points and the model was used to calculate the error of the model.
The resulting errors of the measured versus model positions from
the ten data points the model was not trained on are shown in
Table 2, with a representation of a modeled shape under a
payload of 200 g shown in Fig. 7.
The results of these tests show the efficacy of the modeling

approach. The model was able to produce a very low error for a
soft robot, especially for one trained on only 20 data points. Addi-
tionally, the measured attributes of the soft manipulator being the
length and stiffness had little error and showcased the linearity
present in the model.

5 Conclusion

In this paper, a model for 3D pneumatic soft manipulators was
developed that allows for the prediction of the position and stiffness
of the manipulator. This model was experimentally validated with a
fabricated soft robotic arm. The model, trained with only a small set
of training data, was able to predict the shape and stiffness of the
robot for a variety of random control inputs. Future work involves
the extension of the modeling approach to the case of multi-segment
manipulators. It is also of interest to extend the model to include the
dynamic effects and examine its use for the design of feedback
controllers.
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Fig. 6 Results of parameter matching: (top) plots of changes in
length, and (bottom) plots of stiffness of the manipulator
showing model efficacy and linearity

Table 2 Results of model shape prediction

Absolute
(cm) Percent

Mean error 0.85 4.49%
Median error 0.5 2.63%
Maximum error 3.1 16.3%
Minimum error 0.13 0.68%

Fig. 7 Reconstructed (center line) and measured (stars) shape
under a new payload
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