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1. Introduction

The notion of principal bundle connection is ubiquitous in differential geometry and
its applications. In this work we study a far reaching extension of this notion. In order to
explain it, recall that given a principal G-bundle p : P — M one has an associated gauge
groupoid G := P xg P = M and its anchor is a groupoid submersion ® := (t,s) : G — H
onto the pair groupoid H := M x M = M. Then there is a 1-to-1 correspondence:

principal bundle ~ multiplicative Ehresmann
connections for p: P — M 9\ connections for ®: G — H

Here, by a multiplicative Ehresmann connection we mean a distribution E in G such that
TG = E @ kerd ®, which is a subgroupoid of the tangent groupoid TG = T M.

We study in this paper multiplicative Ehresmann connections for any surjective, sub-
mersive, Lie groupoid map ® : G — H covering the identity. We will see that such
connections share many properties with principal bundle connections. One reason for this
similarity is that given such a groupoid map its kernel K = ker ® is a bundle of Lie groups
and one obtains for each € M a principal bundle ® : sg Y(z) — s3;' () with structure
group K. We will see that a multiplicative Ehresmann connection E for ® gives rise to
a family of principal connections, one for each principal bundle ® : s; Yz) — s;[l (z).
One should think of this family as a leafwise component of E.

Recall that a Cartan connection on a Lie groupoid ¢ = M is an Ehresmann connection
for the source map s : G — M, which is at the same time a multiplicative distribution.
Such connections have been studied extensively, sometimes under different names (see,
e.g., [1,3,4,2,13,32]). For a bundle of Lie groups p : K — M, they coincide with our
notion of multiplicative Ehresmann connection, if we think of the bundle projection p
as a groupoid morphism onto the identity groupoid. We will see that a multiplicative
Ehresmann connection for ® : G — H also gives rise to a Cartan connection EX on the
kernel IC = ker ®. We think of EX as the kernel component of E.

The existence of Cartan connections is, in general, rather mysterious. There are ex-
amples of proper groupoids (even transitive!) groupoids which do not admit any Cartan
connection. By contrast, we will see that multiplicative Ehresmann connections for a
morphism ® : G — H often (but not always!) exist. For example, they always exist for
the anchor map (t,s) : G — M x M of a transitive Lie groupoid, because of the 1-to-1
correspondence with principal connections, explained in the first paragraph. Also, we
will prove the following:
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Theorem 1.1. If G is a proper Lie groupoid, then any surjective, submersive groupoid
morphism ® : G — H admits a multiplicative Ehresmann connection.

The reason why this result holds is that multiplicative Ehresmann connections, un-
like Cartan connections, can be transported along Morita equivalences. However, this
requires to consider multiplicative Ehresmann connections for slightly more general ob-
jects than groupoid morphisms. Given a Lie groupoid G with Lie algebroid A we will
define multiplicative Ehresmann connections for any bundle of ideals £ C A which are
invariant under the conjugation action of G. When ® : G — H is a morphism as above
and ¢ is the bundle of ideals induced by its kernel K (i.e., the Lie algebroid of K), the
two notions coincide.

A bundle of ideals ¢ for a Lie groupoid G is called partially split if it admits a multi-
plicative Ehresmann connection E. Note that this more general notion appears naturally
in applications. We were originally led to introduce them in the study of local models
around Poisson submanifolds in Poisson geometry. There one finds a constant rank mul-
tiplicative 2-form w € Q3%,(G) whose kernel defines a bundle of ideals. A multiplicative
Ehresmann connection for this bundle of ideals is necessary to construct a groupoid
coisotropic embedding of (G,w) into a symplectic groupoid. The infinitesimal version of
this embedding is precisely a local model for a Poisson submanifold. We will not discuss
any of these applications here and we instead refer the reader to [19].

Just like for principal connections, rather than specifying a multiplicative Ehresmann
connection via a distribution £ C T'G one can give instead a multiplicative connection
1-form. This is a multiplicative 1-form a € Q4;(G; ) with coefficients in the bundle of
ideals ¥ which additionally must satisfy:

alg’) =&, (EeT@),

where ¢ € X(G) is the left-invariant vector field associated to the section &. The cur-
vature of the commection is then a multiplicative 2-form with coefficients in ¢, denoted
Q = Da € Q3,(G;€). It measures the failure in E being an involutive distribution. One
advantage of specifying a multiplicative Ehresmann connection via a connection 1-form
is that is leads immediately to its infinitesimal version. Namely, given a Lie algebroid
A = M, integrable or not, and a bundle of ideals ¢ C A, an IM (infinitesimal multiplica-
tive) Ehresmann connection is given by an IM 1-form on A with coefficients in € (see,
e.g., [14]), whose symbol [ : A — ¢ satisfies:

1§ =¢ (EeTl(®),

The multiplicative Ehresmann connections studied in this paper have been studied
before in [25], for the special case of a groupoid extension in the context of the theory
of non-abelian gerbes. There, by a groupoid extension the authors mean a groupoid
map ¢ : G — K between Hausdorff Lie groupoids which is locally trivial. It implies, in
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particular, that whenever it admits a connection, its kernel is a locally trivial bundle of
Lie groups. Many of the results we obtain in Section 2 recover, in this special case, results
of [25]. Our result mentioned above concerning transporting multiplicative connections
along Morita equivalences also extends a theorem from [25], which establishes Morita
invariance of the existence of connections. Note that the notion of Morita equivalence of
groupoid extensions, used in [25], is more restrictive than the Morita equivalence of Lie
groupoids used here. In particular, Theorem 1.1 does not follow from the results of [25].

In [9, Section 6.5] the authors consider multiplicative tensors K € Q'(G, TG) satisfying
K? = K, which they call multiplicative projections. These include, as a special case,
multiplicative Ehresmann connections, and the so-called Frolicher-Nijenhuis bracket of
K (see [9]) coincide with our curvature 2-forms. Also, the notion of matched pair of Lie
algebroid from [9] can be interpreted as a version of our IM connections.

There are many questions related to our theory of connections and its applications that
we do not discuss in this paper. Besides the applications to Poisson geometry [19] and
to gerbes [25] already mentioned, it is also natural to consider Ehresmann connections
for morphisms of groupoids over different bases or more general types of bundles of
ideals [23]. Another intriguing question is to define appropriate moduli spaces of flat
multiplicative connections. We plan to return to some these questions in future work.

This paper is organized as follows. In Section 2 we introduce multiplicative Ehresmann
connections, and we discuss:

e alternative characterizations of connections;

e obstructions to their existence;

e necessary and sufficient criteria for completeness;

e curvature, structure equation and Bianchi’s identity;

e various notions of flatness and relationship to semi-direct products.

In Section 3, we give many classes of Lie groupoids and morphisms that admit multiplica-
tive Ehresmann connections. Section 4 is dedicated to the proof of Morita invariance and
to show the existence of multiplicative Ehresmann connections for proper groupoids. In
this section, we also illustrate our results with an application to the theory of S!'-gerbes
over a manifold, recovering the classical result of Murray about representing the Dixmier-
Douady class in real cohomology. In Section 5, we introduce IM Ehresmann connections,
and we discuss:

e alternative characterizations of IM connections;

e obstructions to their existence;

e a theory of coupling forms for IM connections, generalizing the classical coupling
description of symplectic fibrations;

e curvature of IM connections;

e various notions of flatness and relationship to semi-direct products of Lie algebroids.
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In Section 6, we give many classes of Lie algebroids and morphisms that admit IM
Ehresmann connections, including non-integrable algebroids. At the end of the paper,
we have included an appendix with background and results on multiplicative forms and
IM forms with coefficients, needed throughout the paper. The results in Section A.3
concerning covariant differentiation of such forms seem to be new.

Acknowledgments. We would like to thank Henrique Bursztyn for bringing to our
attention his work [9]. We specially would like to thank Camille Laurent Gengoux for
many comments on a first version of this paper posted in the arXiv, and for pointing
out the connections to his joint work with Mathieu Stiénon and Ping Xu [25], which we
were unaware of.

Conventions and notations. We denote a Lie groupoid by G = M, with source/target
s,t : G — M and multiplication m : G ;x, G — G. We denote a Lie algebroid by A = M,
with Lie bracket [-,-]4 : T(A) xI'(A) — I'(A) and anchor p4 : A — T'M. Our conventions
are as in [11], so the Lie algebroid of G is the vector bundle A = ker(dt)|y with Lie
bracket induced from the bracket of left-invariant vector fields and anchor p = ds.
Also, Proper Lie groupoids are assumed Hausdorff, while general Lie groupoids are not
necessarily Hausdorff, unless stated otherwise.

2. Multiplicative Ehresmann connections
2.1. Ehresmann connection for a Lie groupoid submersion
Let G = M and ‘H = M be two Lie groupoids, and
P:G—-H

be a Lie groupoid map covering Idy; which is a surjective submersion. We are investi-
gating the existence problem for the following objects.

Definition 2.1. A multiplicative Ehresmann connection for ® is a “horizontal” distribu-
tion

TG =ker(d®)® F
which is also a Lie subgroupoid £ = T'M of the tangent groupoid TG = T'M.
Notice that the kernel of a Lie groupoid map ® : G — H as above
K:=ker® = & ' (units) C G

is a bundle of Lie subgroups of G which is normal, i.e., conjugation by any g € G gives
a Lie group isomorphism:
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Ad, : ’Cs(g) = Kt(g), k— gkg_l.

Let A = M and B = M denote the Lie algebroids of G = M and H = M,
respectively, and let ¢ : A — B be the Lie algebroid map induced by ®. Then the Lie
algebroid € = M of K is a bundle of Lie algebras that fits into the short exact sequence
of Lie algebroids:

0 ¢ A-2. B 0.

The “conjugation action” induces an action on the isotropies:

~ d —

Ady : ker plggy = kerplegy, g-a= Ttlie? ©Ps(o) (ta) g™, (2.1)
where exp, : kerp|l, — G, is the Lie group exponential. Since K is invariant under
conjugation, we obtain a representation of G on £.

Finally, note that the subbundle K := ker(d ®) can be recovered from ¢ by using (left

or right) translations:
Ky = (kerd ®)|, = d Ly(¥[s(g)) = d Ry(E]¢(g)) C ker(ds) Nker(dt).

Remark 2.2. Connections in the sense of Definition 2.1 were introduced in [25] under the
extra assumption that @ is a locally trivial fibration. The authors call them “connections
for Lie groupoid extensions”.

2.2. Partially split bundles of ideals

It turns out that multiplicative Ehresmann connections can be defined in a more
general setting, without the presence of a Lie groupoid morphism.

Definition 2.3. Given a Lie groupoid ¢ = M with Lie algebroid A = M, we call a vector
subbundle ¢ C A a bundle of ideals of G if £ C ker p and ¢ is invariant under the G-action
by conjugation (2.1).

The fact that € is invariant under conjugation implies that
aeT(A),pel(t) = [a,f8]€T(¥).

When G = M is source-connected, this condition is equivalent to £ C ker p being a bundle
of ideals (see, e.g., Appendix B [27]). So this condition defines the notion of a bundle of
ideals for any Lie algebroid A, integrable or not. We will explore this in Section 5, where
we study the infinitesimal analog of multiplicative Ehresmann connections.

Given a bundle of ideals ¢ C A for G, by using (left or right) translations we obtain
the involutive distribution on G:
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Kg:=dLy(tsg)) = d Ry(te(g)) C ker(ds) Nker(dt). (2.2)
Note that K = 0y is a subgroupoid of the tangent groupoid TG = T M.
Definition 2.4. A bundle of ideals ¢ of G is said to be partially split if it admits a multi-
plicative Ehresmann connection, that is, if there is a wide Lie subgroupoid £ C T'G such
that
TG=Fa K

where K is the subgroupoid (2.2).

Remark 2.5. Note that, given a bundle of ideals £ C A, we still have a short exact
sequence of Lie algebroids:

0 ¢ A B 0.

where B := A/t. However, at the groupoid level, there may not exist a closed embedded
subgroupoid K C G integrating £ and even B may fail to be integrable (see Example 3.7).
So in this more general setup a Lie groupoid morphism ® : G — H as in Definition 2.1
may not exist. If it exists, then K = kerd ®.

Remark 2.6. We will be using the following nomenclature:

e A multiplicative Ehresmann connection for a morphism ¢ : § — H, as in Defi-
nition 2.1. We will always assume that it is a surjective, submersive, Lie groupoid
morphism covering the identity, without explicitly mentioning it;

e A multiplicative Ehresmann connection for a bundle of ideals ¢ of a groupoid G, as
in Definition 2.4;

e A Cartan connection for a groupoid G: by this we mean a multiplicative distribution
FE C TG such that

TG =kerds @ E.

The last notion has been discussed and used extensively in the literature, sometimes
under different names (see, e.g., [1,3,4,2,13,32]). For a general groupoid, the source map
s : G — M cannot be viewed as groupoid morphism, and this notion is distinct from
the notions introduced above. However, for a bundle of Lie groups p : G — M, where
s = t = p, one can view the projection as a groupoid morphism onto the identity
groupoid M = M. The corresponding bundle of ideals is the Lie algebroid A of G. So a
Cartan connection for a bundle of Lie groups p: G — M is the same as a multiplicative
Ehresmann connection for the morphism p, or a multiplicative Ehresmann connection
for the bundle of ideals A.
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2.3. The partially split condition

We will now look for alternative characterizations of partially split bundles of ideals.
We start by observing that K is a actually a semi-direct product:

Lemma 2.7. The subgroupoid K = Oy of TG = TM is canonically isomorphic to the
semi-direct product G X ¥ = M, with multiplication:
(g,v)~(h,w) = (ghﬂhil'v_'_w)a Zf s(g) :t(h)7U€ES(g)aw€Es(h)-
Gxpylt~ KC TG

| |

Ops guﬂ TM

\/
M

Proof. One checks immediately that the map:
Gxut—=K, (g9,v)—dLy(v),
is a groupoid isomorphism. 0O

The Lie groupoids TG = T'M and K = 0j; are examples of VB groupoids with cores
A — M and ¢ — M, respectively. Under the duality operation in the category of VB
groupoids (see [26,7,21]), these have duals the VB groupoids T*G = A* and K* = £,
with cores T*M — M and 0p; — M, respectively. The groupoid K* = €* is isomorphic
to the action groupoid G x £ = £* resulting from the dual action of G on £*. Moreover,
by applying duality to the inclusion map, the restriction map 7*G — K* is a groupoid
morphism:

G xt~ K" Y

| ]

E*

A*

<=

M

The following proposition gives useful characterizations of the partially split condition
(for the terminology, see the appendix):

Proposition 2.8. Let ¢ be a bundle of ideals for G. The following structures are in 1-to-1
correspondence:



R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124 9

(i) VB subgroupoids E C TG that are complementary to K :
TG=Ko®E;

(ii) VB groupoid morphisms © : G x € — T*G that are splittings of the projection
p:T*G — G x t*:

po © =1d;

(ii) €-valued, multiplicative, 1-forms o € Q3,(G,¥€) that restrict to the identity on € C

ale = 1d;

(iv) linear, closed, multiplicative, 2-forms w € Q3;(G x &) (see Definition A.1]) that
restrict to the canonical symplectic form on & X € C Tar(G X €%):

w((v1,81); (v2,&2)) = &a(v1) — &1 (v2), if (vk, &) € € xar B

Proof. The equivalence between (i) and (ii) follows from the discussion above.
Let A be the Lie algebroid of G. A bundle map

G e T*G
NN
g g
-+
E* - %—A*
N AN
M M

is a VB groupoid morphism if and only if its dual is a VB groupoid morphism:

TG — 2 Gyt

N 1d H \
G—————¢§
W

TM —||—— O

N N

M

M

But a VB groupoid morphism ©Y : TG — G x s £ covering the identity is the same
thing as a £-valued, multiplicative 1-form a € Q3,(G,€) (see Example A.5). This gives
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a correspondence © > «, where the conditions po © = Id and «|¢ = Id correspond to
each other, proving the equivalence between (ii) and (iii).

By Lemma A.13, there is a 1-to-1 correspondence between linear, closed forms w €
02,(G x £*) and vector bundle maps © : G x £ — T*G covering the identity, determined
by the relation:

w = 0" (Wean)-

Clearly, if © is a groupoid map, it follows that w is multiplicative. Conversely, if w is
multiplicative, then we have a VB groupoid morphism:

b

T(G x &) —— T*(G x &)

! !

T s (A )

Via the assignment of Lemma A.13, the map © is the composition:

G x & Tg(G w ) 55 T(G w €) — T*G.

Hence, O is a groupoid morphism. Under the correspondence © < w, the extra conditions
in (ii) and (iv) correspond to each other, proving the equivalence between these two
items. 0O

The characterization of multiplicative Ehresmann connections in terms of multiplica-
tive 1-forms (item (iii) in the previous proposition) also appears in [25, Thm 4.12] for
the case of Lie groupoid extensions (cf. Remark 2.2). We will be making extensive use
of it.

Definition 2.9. Given a partially split bundle of ideals ¢ with a multiplicative Ehres-
mann connection E C TG, the corresponding &-valued 1-form a € Q3,(G,€), given by
Proposition 2.8 (iii), is called the multiplicative connection 1-form.

Next we deduce two obstructions for a bundle of ideals to be partially split. We start
by observing that for bundles of Lie groups multiplicative connections induce ordinary
connections, a remark that will also be useful in future sections. This remark follows,
e.g., by observing that a multiplicative connection on a bundle of Lie groups is an ex-
ample of a Cartan connection (see Remark 2.6), hence it induces an infinitesimal Cartan
connection on its Lie algebroid (see [5] for more details and further references). We give
an independent proof:
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Proposition 2.10. Let p : K — M be a bundle of Lie groups endowed with a multiplicative
Ehresmann connection: TKC = EX@®ker d p. Then the corresponding bundle of Lie algebras
¢ — M has an induced linear connection V which preserves the Lie bracket:

Vx[&nle = [Vx&nle + & Vxnle,

for all X € X(M), £,m € T'(¥). The corresponding linear Ehresmann connection E* C Tt
is related to E* wvia the exponential map exp : € — KC on a neighborhood U C € of the
zero section:

(dexp)(E*|v) = E*|exp(u)- (2.3)
Proof. The connection is defined by:
Vi€ =X, X € X(M), £€T(), (24)

where X is the horizontal lift with respect to EX and ¢X € X(K) is the left-invariant
vector field corresponding to &. Multiplicativity of EX implies that [)~( €8 s a left-
invariant vector field, so the Jacobi identity shows that the connection preserves the Lie
bracket on €.

We now claim that if U C ¢ is a neighborhood of the zero section where exp is a
diffeomorphism, then (2.3) holds. For this, we will show that the left-hand side is a
multiplicative distribution. It then follows that both sides are (local) Lie subgroupoids
of TIC with the same Lie algebroid, so they must coincide. Hence, we assume that IC = ¢
and multiplication is given by the (fiberwise) Baker-Campbell-Hausdorff series BCH(:, -).

Notice that:

Ef = {(ds s)(v) 1 v € T, M, s € I(E), s(z) = u, (Vs)|, = 0}.
So it is enough to check that for s1, s € T'():
(Vs1)le = (Vs2)|lz =0 = (VBCH(s1,52))|s =0.

This follows from the expression of BCH(:,-) as a sum of commutators because V pre-
serves the brackets. O

Corollary 2.11. Given a partially split bundle of ideals € for a Lie groupoid G each mul-
tiplicative Ehresmann connection E C TG determines a linear connection VE on the
bundle of Lie algebras ¥ — M which preserves the Lie bracket.

Proof. Let G(£) be the bundle of simply connected Lie groups integrating ¢ and 4 :
G(t) — G the immersion integrating the inclusion. Given a multiplicative Ehresmann
connection E on G for ¢ the pullback (di)~*(E) C TG(¥) is a multiplicative Ehresmann
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connection for the bundle of Lie groups p : G(¢) — M. Hence, the result follows from the
proposition. O

Corollary 2.12. If a bundle of ideals € C A for G is partially split, then € is a locally
trivial bundle of Lie algebras.

The corollary implies that G(£) is a Hausdorff manifold (recall that bundles of Lie
algebras may fail to have Hausdorff integrations).
The partial split condition also places restrictions on the isotropy Lie algebras:

Corollary 2.13. If a bundle of ideals £ C A for G is partially split, then for each x € M
the isotropy Lie algebra splits into a direct sum of ideals:

Proof. Observe that if £ C A is partially split for G then for each € M the ideal £, C g,
is partially split for G0, the connected component of the isotropy Lie group. This follows,
e.g., by restricting a multiplicative connection 1-form a € Qi;(G,€) to G%. The corollary
now follows from the fact that an ideal £ C g for a connected Lie group G is partially
split if and if only it admits a complementary ideal in g, as discussed in the example
from Subsection 3.1. 0O

Remark 2.14. In the case of connections for Lie groupoid extensions, the associated linear
connection V and Proposition 2.10 was also deduced in [25] (see Corollary 4.5, Lemma
4.6 and Proposition 4.21 there).

2.4. Completeness

In this section we will assume that all Lie groupoids are Hausdorff. Given a multi-
plicative Ehresmann connection for a groupoid homomorphism ® : G — H covering the
identity we can ask if it is complete, i.e., if one can lift any path in H to an horizontal
path in G. In this section we prove the following result which completely settles this
question.

Theorem 2.15. Let ® : G — H be a surjective, submersive, Lie groupoid homomorphism
covering the identity. A multiplicative Ehresmann connection for ® is complete if and
only if the kernel IC = ker @ is a locally trivial bundle of Lie groups.

Remark 2.16. Given a surjective submersion ® : M — N between two manifolds one has
(see, e.g., [17,20]):

(i) @ is locally trivial if and only if ® : M — N admits a complete Ehresmann
connection;
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(ii) @ is proper if and only if every Ehresmann connection on ® : M — N is complete.

One can think of the theorem as a multiplicative version of (i). On the other hand, it is
not hard to see that a surjective, submersive, groupoid morphism ® : G — H covering
the identity is proper if and only if its kernel X is proper (i.e., p : K — M is a proper
map).

The rest of this section is devoted to the proof of the theorem. As before, set
K :=ker(d®) C TG.

We also denote by p := s = tx the common source and target of the bundle of Lie
groups I — M. Denoting by ¢ : < G the inclusion, notice that

EX = (di)"Y(E)= ENTK,
gives a multiplicative Ehresmann connection on the bundle p: K — M:
TK = ker(dp) ® EX, where EX .= ENTK.

In terms of the nomenclature of Remark 2.6, EX is a Cartan connection for K. The
resulting linear connection on the Lie algebroid £ of I is precisely the linear connection
VE of Proposition 2.10.

The following result reduces the proof of Theorem 2.15 to the case of a bundle of Lie
groups.

Proposition 2.17. A multiplicative Ehresmann connection for a groupoid homomorphism
D : G — H is complete if and only if the multiplicative Ehresmann connection induced
on its kernel p : K — M 1is complete.

Proof. In one direction the statement is obvious.

For the converse, assume that ® : G — H admits a multiplicative Ehresmann connec-
tion E C TG such that the induced Ehresmann connection on the kernel EX ¢ TK is
complete. We observe that the following properties hold, independent of completeness:

(i) If g : I — G is a horizontal path, then ¢ + g(¢)~! is also horizontal;
(ii) If g1,92 : I — G are horizontal paths with s(g1(t)) = t(g2(t)) for all ¢ € I, then
t — g1(t)g2(t) is also horizontal;
(iii) If g : I — G is a horizontal lift of a path h : I — H and k : I — K is a horizontal
lift of v:=soh: I — M, then

g:I—=G, g(t):=gt)k(t),

is also a horizontal lift of A : I — H;
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(iv) Any two horizontal lifts g1, g2 : [a,b] = G of h : [a,b] — H are related by:

92(t) = g1 (D)k(t) (¢ € [a,b]),

where k : [a,b] — K is the horizontal lift of so h : [a,b] - M with k(a) =
g1(a)"*g2(a).

Indeed, (i) and (ii) follow immediately from the fact that £ = TM is a subgroupoid of
TG = TM. Then (iii) follows from (i) and the fact that the connection EX on K — M
is the restriction of F to TK. Finally, (iv) follows from (i)-(iii) and the uniqueness of
horizontal lifts.

Now, using these facts, we have the following standard argument showing that for
every path h : [0,1] — H and any go € G with ®(go) = h(0) there exists a horizontal
lift g : [0,1] — G starting at go. First, we always have an horizontal lift ¢ : [0,%0) — G,
defined for some tg > 0. Then we can take any horizontal lift g : (tg — ,top +¢€) — G of
h:(to —e,to +¢€) — H. Then we can write:

g(t) = g(Ok(t), € (to —&,to),

where k : (tg — €,t9) — K is a horizontal lift of so h : (ty — &,t9) — M. Since EX C
TK is complete, the path k : (tg — &,tg) — K extends to a (unique) horizontal lift of
soh : [0,1] = M on the whole interval [0, 1]. But then we obtain an horizontal extension
g:[0,tg+¢) — G by setting g(t) := g(t)k(t)~L, for t € (to — &, to +¢&). We conclude that
g(t) extends to whole interval [0,1]. O

To complete the proof of Theorem 2.15 we will show the following:

Proposition 2.18. Let p: K — M be a bundle of Lie groups. The following are equivalent:

(a) K admits a complete multiplicative Ehresmann connection;
(b) p: K — M is a locally trivial bundle of groups.

Moreover, in this case any multiplicative Ehresmann on K is complete.

Proof. Suppose a multiplicative Ehresmann connection exists which is complete. Then
if we fix g € M and take a ball B.(z() inside some chart, we define:

¢ : Bo(20) X Koy = K, (, k) — F7(1),

where 7% : [0,1] — K denotes the horizontal lift through k of the line segment 7, :
[0,1] — B(zo) joining z to z. Since the Ehresmann connection is multiplicative, for
each z € B.(zg) the map k — ¢(z,k) is a group isomorphism, so ¢ defines a local
trivialization around xg.
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For the converse, assume that K is locally trivial, and fix an open cover {U;} over
which K trivializes. On each U; consider the trivial multiplicative Ehresmann connection
(see the example from Subsection 3.2) with corresponding multiplicative connection 1-
form a; € Q3,(K|v,; €). Then choosing a partition of unity {x;} subordinate to this cover,
we obtain a multiplicative connection 1-form

a= inai € My (K;8).

Next, we show that any multiplicative Ehresmann connection restricted to the con-
nected component of the identity, denoted K, is complete. This will not use that K is
locally trivial. Let v : [0,1] — M be a path. The lift at 1) is defined as 1, for all
t € [0, 1]. Therefore there is some neighborhood U € ICg(O) such that for any g € U the
horizontal lift 79 is defined on [0, 1]. By a well-known result in Lie theory, we have:

Koy =J U™

n>1

Hence, given any g € ’Cg(o) we can factor it as a product:

g=g1---9gn, gicU.

Then the horizontal lift of v through g is defined on [0, 1] and is given by:

VIE) =7 () -y (),

(see item (ii) in the proof of Proposition 2.17). This proves the claim for KV.

For the general case, since K is locally trivial bundle of Lie groups, it follows that
K/K® — M is a covering map. Hence any path v : [0,1] — M has a complete lift
Al9l:[0,1] — K /KO, for any initial value [g] € K/K°|(0)- Next, we apply Proposition 2.17
to the groupoid homomorphism:

d:K— K/K°,

with kernel £°. Then we know that 79! lifts to a horizontal path 79 : [0,1] — K, with
any starting condition g € K, g). This proves completeness.

Note that the specific form of the Ehresmann connection did not play a role, and
therefore we obtain the last claim of the statement. O

From the proof, we deduce:

Corollary 2.19. A bundle of connected Lie groups is locally trivial if and only if it admits
a multiplicative Ehresmann connection. Any such connection is complete.
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Note also that there are bundles of groups which are not locally trivial and admit
multiplicative Ehresmann connections (necessarily non-complete). For example, bundles
of discrete groups admit unique multiplicative Ehresmann connections.

Remark 2.20. In [25, Prop 4.4] the authors show that connections for a Lie groupoid
extension are always complete. This also follows from our results. Indeed, the proof of
our Proposition 2.17 shows that a multiplicative connection on a bundle of Lie groups
which is a trivial fibration must be complete: for completeness all that is used in the
proof is that K/K® — M is a covering map, and this follows if  — M is a locally trivial
fibration.

2.5. Curvature

In this section we fix a partially split bundle of ideals ¢ for G with a multiplicative
Ehresmann connection £ C T'G. We denote by h : TG — E the horizontal projection
relative the decomposition

TG=KaokFE.

We denote by V := V¥ the induced linear connection on the bundle £ — M given by
Corollary 2.11, and by V® := s*V the induced connection on s*¢ = G x,; £ — G. This
allows us to differentiate forms in G with coefficients in £ (see Section A.3). We introduce
the exterior covariant derivative of E as the operator D : Q*(G €) — Q**1(G €) given
by

(Dw)(X1, ., Xpp1) = (¥ w)(h(X1), - h(Xpt1))-

Definition 2.21. The curvature of the multiplicative Ehresmann connection E is the 2-
form:

Q:=Dac Q*3,¥),
where a € Q1;(G, €) is the multiplicative connection 1-form of E.

The next properties of the curvature are reminiscent of properties of principal con-
nections. In fact, as we will see in Subsection 3.4, principal connections can be seen as
examples of multiplicative Ehresmann connections.

Proposition 2.22. The curvature of a multiplicative Ehresmann connection E C TG is a
multiplicative form Q € Q3,(G, €), which for horizontal vector fields X,Y € T'(E) is given

by:

AL, Q(X,Y)y = (h(X,Y]) - [X,Y]),. (2.5)
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In particular, if € is induced by a Lie groupoid submersion ® : G — H, and (7, Ve X(9)
are the horizontal lifts of U,V € X(H), then

—_~— PO

dLy- U, V)g = ([U,V] = [U,V]),.

Corollary 2.23. A multiplicative Ehresmann connection is involutive if and only if its
curvature 2-form vanishes identically.

Proof. Let V* be the pullback of the connection V to s*t. The multiplicative connection
1-form « vanishes on horizontal vectors. Hence, by applying the definition of dV, we find
for any horizontal vector fields X,Y € T'(E) C X(G):

QX,Y)=dY a(X,Y)
= VXx(a(Y)) = V¥ (a(X)) — o([X, Y])
= a(h([X,Y]) - [X,Y]).

Since h([X,Y]) — [X,Y] € K, the definition of « implies (2.5).
Let Q € Q2 (G, K) be the K-valued 2-form on G defined by

QAX,Y), :=dL,-QX,Y),.

By the first part, if X,Y € X(G) are horizontal vector fields, we have:

QX,Y) = (X, Y]) - [X,Y]. (2.6)
On the other hand, the multiplicativity of €2 is equivalent to:

Q(dm(vi,va),dm(wy, wa)) = d Ry, - Qv1,w1) +d Lg, - Qva, w2)

=dm(Q(v1,w1), Q(ve, we)), (2.7)

for any pair of composable arrows (g1,g2) € G®@ and any two pairs of composable
tangent vectors (v1,va), (w1, w2) € Ty, 4,)G?. Decomposing each tangent vector into
horizontal and vertical component, and using the fact that Q(v, w) vanishes if either v or
w is vertical, we see that (2.7) holds if and only if holds for horizontal tangent vectors.

Now observe that, since multiplication in a groupoid is a submersion, given any
composable tangent vectors (v,w) € Ty, ,)G?, we can find (local) vector fields
V,W,V;, W; € X(G) such that

V:m*(Vl,Vg), W:m*(Wl,Wg),
(vlvv2) = (V17V2)|(£71,g2)’ (1U1,w2) = (Wl’W2>‘(917g2)'

Moreover, h : TG — FE is a groupoid morphism, so it follows that:
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Hence, to prove the multiplicativity property (2.7), it is enough to prove that for any
horizontal (local) vector fields V, W, V;, W; € X(G) such that V = m,(V1, V) and W =
m. (W1, W) one must have:

Q(ma(V1, Va), mu(Wi, Wa)) = m.(Q(Vi, W), Vo, Wa)).

Since all vector fields are horizontal we can use (2.6), and we find:

Q(m(V1, Va),m.(Wy, Wa)) =
=h([m.(Vi, Va), ma (W1, W2)]) — [m.(V1, Va), m. (W1, Wa)]
=h(m.([(V1, V2), (W1, W2)])) — m.([(V1, V2), (W1, W2)])
=m.(h([Vi, Wi]), h([Va, Wa])) — m.([Vi, Wi], [Va, Wa])
=m.(Q(V1, W), Q(Va, W2)),

as desired. O

To list further properties of the curvature, given £-valued forms g € QF(G,¢) and
v € Q4G,€) we will denote by [3,]¢ the £-valued form of degree k + [ given by:

B 7e( X1, Xigr) = Z (=DIB(Xo1)s - s Xot)s Y Xothr1)s - - - » Xo(hrt))e-

0ESk41

We have the following suggestive result:

Proposition 2.24. The curvature Q of a multiplicative Ehresmann connection with mul-
tiplicative connection 1-form a satisfies:

(i) Structure equation: Q = dY o + o, ale;
(i) Bianchi’s identity: DQ = 0.

Proof. To prove (i), observe that from the definitions:
(4 a+ 4o, ale) (X,Y) = Vxa(Y) = Vya(X) - a([X. Y]) + [a(X), a(¥ e

We consider various cases:

o X =¢band Y =nt, €,m € T(¥), are vertical and left invariant: then Q(X,Y) = 0.
On the other hand, ¢ = a(&Y)|ar, 1 = a(n?)|y and:

at®)=s"¢, a@t)=sn, s.tf=sa" =0
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Hence, V&a(Y) = V$a(X) =0, and [X,Y] = [£,9]%, so
a([X,Y]) = s7[§,n]e = [a(X), a(Y)]e.
Hence:
(d¥ a+ 3a,ale)(X,Y) = —a([X,Y]) + a([X,Y]) =0 = Q(X,Y).
e X and Y horizontal: then a(X) = (YY) = 0 and we find:
(dv a+ %[ava]k) (X,Y) = —a([Y, X]) = Q(X,Y),

where the last identity follows from the previous proposition.

o X = ¢l ¢ € I(8), vertical and left invariant, and Y horizontal and s-projectable
to U =s,(Y) € X(M): Then Q(X,Y) = 0 and «(Y) = 0. We claim that the following
relation holds:

va(X) = o[y, X)), (2.8)
which implies (i) in this case:
(dVa+ o, ale) (X,Y) = —a([Y, X]) + o([X, Y]) = 0 = Q(X,Y).
To prove (2.8), we calculate Lie bracket using the commutator of the flows:

d
de

d

(X, Y], = t.(9);

where:

ct,e(9) = bt 0 By 0 dFL 0 83 (9) = ¢y (v (9) - exp(€ gy, (a))) - exP(—£E]2),

with = s(g) and exp : £ — G the exponential map of the bundle of Lie algebras €. Note
that in the non-Hausdorff case, the flows might not be unique - however, they do exist
in local charts, and this suffices to prove (2.8). We find first:

d
dt

uele) = A Ryr (= Vigw, +dm(¥ly S| expletlyy o) € 76

t=0

where k. := exp(e€|,) and Ry denotes right translation by k. Using that « is multiplica-
tive and vanishes on E, we then have:

(] ye9) = A om0 | ettt )

d
= Adks o« (a ’t:O exp(€§|¢,b(w))) .
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The exponential map factors as exp = i o exp®, where exp® : € — G(£) is the exponential
map of the bundle of 1-connected Lie groups G(£) integrating ¢, and i : G(¢) — G
the induced immersion. By Corollary 2.11, the linear connection V on £ is obtained by
differentiating the Ehresmann connection di~*(E) C T'G(E) and, by Proposition 2.10,
exp® : £ — G(k) is connection preserving around the zero-section. So we have the following
decomposition into horizontal and vertical component:

~ d
exp (€§|¢%](L)) = Uks © 7‘ _ exXp (€(€ +tVU§)|x) S Ekg S5 Kks,

il
dtli=0 dtle=0

for some U‘ks € Ej, that projects to U|, = ds(Y|y). Therefore, we have that:

(i

and so we conclude that:

cel0)) = | e (e(e 4 1VuE)) exp (—<tle) € b,

o(1X,V],) = oo

de EZO%LZOCt’E(g)‘t:E:O) = (Vud)l,-

But then:

(Vi a(X))], =" (Vs.8)lg = Vuela = o[V, X]g),

so we obtained (2.8).

Since the vectors fields of the types considered in the cases above span all tangent
vectors, item (i) is proven.

To prove (ii), note that DQ(X,Y, Z) vanishes if one of the vectors is vertical. So we
can assume that X, Y, Z € X(G) are horizontal vector fields, and we find:

DQX,Y,z)=dY QX,Y, Z)
= (V) %a(X,Y, Z) + [dY a,ale(X,Y, Z)
= RY(X,Y)a(Z) + RY(Z,X)a(Y) + RV(Y, Z)a(X) =0,

since a(X) =a(Y)=a(Z)=0. O

Remark 2.25. For connections on a Lie groupoid extension ® : G — H the authors of
[25] also introduce the curvature 2-form and prove analogues of the structure equations
and Bianchi identity. See [25, Section 4.6].

Consider now a surjective, submersive, Lie groupoid morphism ® : G — H. Given a
multiplicative Ehresmann connection E for ® we have the induced connection EX on the
kernel p : K — M and the linear connection V := V¥ on £ = kerd p|y;. The curvature
of EX is the multiplicative 2-form i*(2, where i : L — G is the inclusion and Q is the
curvature of E. By Proposition 2.22, this form is multiplicative.
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Proposition 2.26. The IM 2-form associated with i*Q € Q3,(K,€) is given by (RY,0) €
Q2 (8,€). In particular, if E* is involutive then RV = 0, and the converse holds if K
has connected fibers.

Proof. Denote the horizontal lift of a vector field X € X(M) to K by X € I'(EX). Then
Proposition 2.22, implies that

()X, V) = d Ly ([X, Y] - [X,Y]) € &),

To find the IM form corresponding to i*Q we apply (A.5) and (A.6). For the symbol we
obtain, for £ € T'(t),

1(§) = (igri™Q)|Tar = 0,

since £& € X(K) is a vertical vector field. On the other hand, the flow of &% is given by
P (k) = kexp(t), so for X,Y € X(M) we find

(" Q)(d ¢gr (X),d dge (V)

(Z*Q) (d Rexp(t&) (X)7 d Rexp(t&) (Y))
(Z*Q)(h(d Rexp(tf) (X))’ h(d Rexp(t&) (Y)))
()X, Y )exp(e) -

Then (A.6) reduces to:

LEKY) = =] d R ((0V] - X, 7))

exp(te)

The exponential exp : € — K maps the V-horizontal lift X € X(€) to the EX-horizontal
lift X € X(K) (see Proposition 2.10). It follows then that:

LOKY)= L

t:O([X’ Y] - [Ya?])tg = Rv(Xv Y)(f)

The multiplicative 2-form i*(Q) vanishes on the bundle K° of connected components of
the identities if and only if the corresponding IM 2-form (RY,0) vanishes. This implies
the last part of the statement. O

2.6. Flat multiplicative connections

Given a multiplicative Ehresmann connections F for a morphism ® : G — H, there
are various levels of flatness one can require.

We start by looking at the case where the induced Ehresmann connection EX is
involutive, and hence, by Proposition 2.26, the linear connection V on ¢ is flat.
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Definition 2.27. A multiplicative Ehresmann connection E for a groupoid morphism & :
G — H is called kernel flat if E* is involutive.

In order to state the basic properties of kernel flat connections, let us make the
following general observation about ® : G — H. The G-action on £ restricts to a KC-action
on £ which is just the fiberwise adjoint action. Hence, its fixed point set is a collection
of vector subspaces of the center:

£ 2().
In general, this fails to be a vector subbundle. It is one if either:

(a) ¢ is locally trivial and K has connected fibers, in which case £ = z(£), or
(b) K is locally trivial, in which case one can have £¢ C z(¥).

The G-action preserves €& and descends to an H-action on £°. So when £* is subbundle
we obtain a representation of H.

Lemma 2.28. If €° is a subbundle then the linear connection ¥V restricts on €& to an
‘H-invariant connection.

Proof. Consider the center of the bundle of Lie groups p : £ — M, denoted
Z(K):={2€K :kzk™ =2, VEkecppk)}

and its connected components of the identity, denoted Z(K)°. Under the assumption
that €° is a subbundle of &, this is a bundle of Lie groups integrating €

=1 Z2(K)°, (xeM).
We claim that for all z € Z(K)° we have:
EN cT.Z(K)°.

This claim implies that V restricts to a linear connection on €.
To prove the claim, we consider any smooth curve z; € Z(K)° and show that, given
the decomposition into vertical and horizontal vectors:

fo=i) @2 € EX @ K.,

we have 2§ € T., Z(K)°. Then £} € T.,Z(K)° and the claim follows. Let k € K.,y and
k: be the parallel transport of k along the curve p(z;). Then:

Zt = ktztk:t_l.



R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124 23

Differentiating both sides at ¢ = 0 and decomposing into horizontal and vertical compo-
nents, using the multiplicativity of EX, we obtain:

P R S

where multiplication and inverse are the operations in the tangent group T'(Ky(.,))-
Writing 25 = 0., - w, with w € €,(.,), and using that 2o € Z(K), we obtain:

w = Adg(w), Vkek.

Hence w € ¥°, and so 2§ € T,, Z(K)°.

We now show that V restricts on #° to a H-invariant connection. For this, it is
enough to show that if z;, € Z(K)° is a horizontal curve and h, € H is any curve with
s(ht) = p(z¢) then h; - z; is a horizontal curve. For this observe that

hi - ze = hy - 2,

where ?Lt € G is any curve with @(Et) = h;. In particular, we can take Et to be the
horizontal lift of h; and multiplicativity of E gives that h; - z; is horizontal. O

Let us now assume that E is kernel flat:

Proposition 2.29. Let E be a kernel flat multiplicative Ehresmann connection for a mor-
phism ® : G — H. Then:

(i) The curvature ) takes values in €<;
(ii) If €° is a vector bundle, there is a multiplicative form Q € Q2 (H,¥) such that:

0= @*Qa
and which is dY -closed.

Proof. Let ¢g1,92 € G such that ®(g;) = h = ®(g2). Let X, Y € TpH, and consider
their horizontal lifts )?gw ffgi € 1,,G, for i = 1,2. First, write go = g1k, for k € K. Let
X, Y, € T,K be the horizontal lift of d, sX and dj, sY with respect to the connection
E*. Since E is a subgroupoid of T'G, we have that:

dm(X,, X1) = Xy, dm(Y,,, Y1) =Y,,.

Since 2 is multiplicative, this yields:

Q(ng’ygz) =k Q()?gw?fh) + Q(Yh?k) =k Q()?f]l’i;gl)7
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where in the last equation we used that EX is flat, so i*Q) = 0. Next, write gy = lg;, with
I € K and let X;,Y; € TiK be the horizontal lift of dj, t(X) and dj t(Y') with respect to
the connection EX. Then we also have that:

Adm(X;, Xy,) = Xgy,  dm(Y,Yy,) = Y,
and so, since €2 is multiplicative:

Xy, Yy,) = g7 - QXL YY) + UX,, . Yy,) = UX,,, Yy,).

Since {2 vanishes on vertical vectors, the obtained equations show that €2 takes values in
£~ They also show that we obtain a well-defined #*-valued 2-form on #, by setting for
XY e ThH:

AX,Y)=Q(X,,Y,) (ged(h)).
When £ is a vector bundle the G-action factors through the H-action, and the multi-
plicativity of € follows from the multiplicativity of 2.
The fact that Q is dV-closed follows from the Bianchi identity for Q. O
Remark 2.30. Kernel flat connections play an important role in the theory of gerbes
developed in [25]. There, for a groupoid extension, the authors obtain a version of the

previous proposition (see [25, Theorem 6.38]).

We now describe another type of flatness. Observe that, if ® : G — H is a surjective,
submersive, morphism covering the identity, for each x € M the restriction:

OJIEES (I)|s§1($) : sgl(x) — 55, (2)

is a principal KC,-bundle. Given a multiplicative Ehresmann connection F fora ® : G — H
one obtains an Ehresmann connection on the restriction:

kerdgsg = K, ® B, Ej:=kerdygsgNE (g€s§1(x)).

Lemma 2.31. For each x € M, the restricted connection E* is a principal bundle con-
nection.

Proof. Using the multiplicativity of E one finds that if ¥ € K and v € EJ, for g €
sgl(x), then:

v-k= d(ng) m(v, Ok) S Egk'

Hence, E* is K -invariant. 0O
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If a« € Q4(G,8) and Q € Q3(G,¥) are the multiplicative connection 1-form and
curvature form of E then the principal bundle connection E* has connection 1-form
a® e Ql(sgl(aj),{%x) and curvature form Q% € 92(551(1‘),{’@) the restrictions:

o =ita, QF =irQ,
where i, : s;l(m) — G is the inclusion.

Definition 2.32. A multiplicative Ehresmann connection E for a groupoid morphism & :
G — H is called leafwise flat if 0¥ = 0 for every x € M.

We have the following characterizations:

Lemma 2.33. Given a multiplicative Ehresmann connection E for a groupoid morphism
® : G — H the following are equivalent:

(i) E is leafwise flat;
(i) kerds N E C TG is involutive;
(iii) B’ := (kerds N E)|y C A is a Lie subalgebroid.

Proof. Clearly, (i) and (ii) are equivalent. Equivalence between (ii) and (iii) uses that
kerds N E is spanned by right invariant extensions of elements in B’. O

Remark 2.34. The pair (G, F) is an example of a Pfaffian groupoid (see [31]).

The lemma shows that if ® : G — H admits a leafwise flat multiplicative Ehresmann
connection, then the induced Lie algebroid map ¢ : A — B admits a Lie algebroid
splitting with image B’. We briefly recall the groupoid version of this condition.

Let H = M be a Lie groupoid which acts on a bundle of Lie groups p : K — M
preserving the group structure on the fibers. The semi-direct product is the Lie groupoid
G :=H xp K = M with multiplication is given by:

(h1, k1) (ho, ko) = (hiho, (hy " - k1)ks).
This fits into a short exact sequence of groupoids:
K Hxu K 2 H
which is canonically split by the groupoid morphism:
o:H—HxuK, h=(h 1)

Conversely, given a surjective, submersive, Lie groupoid map ® : G — H covering the
identity, which admits a Lie groupoid splitting:
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IC(—HJ%%’H

o

we obtain an action of H = M on the bundle of Lie groups p: K — M:
h-k=o(h)ko(h) ",
preserving the group structure on the fibers, and a Lie groupoid isomorphism:
HxyK~=G, (hk)— o(h)k.

Given a leafwise flat multiplicative Ehresmann F for a groupoid map ® : G — H,
the induced Lie algebroid splitting integrates to a groupoid morphism on a possibly
different Lie groupoid with the same Lie algebroid as H. To explain this, let H = M be
the universal covering groupoid of H° = M, the connected component of the identity

of H = M. Recall that it consists of s-leafwise path-homotopy classes of paths in H
starting at the identity:

H={[]]7:00,1] = H, s(v(t)) =z, 7(0) = 1,, x € M }.

Recall that principal bundle connections are always complete, so the horizontal lifts
of s-leafwise paths are always defined, and we can set:

Definition 2.35. Given a leafwise flat, multiplicative, Ehresmann connection E for @ :
G — H the holonomy of F is the map:

Hol: H — G, [y]~7(1),
where 7 : [0,1] — G is the horizontal lift of v starting at 1s((0))-

Proposition 2.36. The holonomy of a leafwise flat, multiplicative Ehresmann connection
E for ® : G — H is a Lie groupoid morphism making the following diagram commute:

2

g ——
<]

Proof. The smoothness of Hol follows from smoothness of flows of horizontal vector
fields. Clearly, from the definition Hol(1,) = 1,. The fact that ® preserves multiplication
follows from the fact that products of horizontal lifts are horizontal and the definition of
multiplication on H. O
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Notice that the kernel of Hol : H — G is contained in the kernel of the covering map
H — H. We will say that a leafwise flat, multiplicative Ehresmann connection E for
® : G — H has trivial holonomy if the two kernels coincide. Then we find:

Corollary 2.37. Let ® : G — H be a morphism covering the identity and assume H
is source connected. If ® : G — H admits a leafwise flat, multiplicative, Ehresmann
connection with trivial holonomy then it admits a Lie groupoid splitting.

Proof. If the holonomy is trivial, then the holonomy morphism Hol : H — G descends
to a groupoid splitting o : H — G. O

We will see later (Corollary 4.3) that when G is proper and ker ® is abelian, then the
converse holds: if & : G — H admits a Lie groupoid splitting then it admits a leafwise
flat, multiplicative Ehresmann connection with trivial holonomy.

Next, we look for the conditions which ensure that a semi-direct product admits a
leafwise flat, multiplicative Ehresmann connection. For that, we introduce an extension
of Definition A.6 to non-linear connections.

Definition 2.38. Let 74 = M be a Lie groupoid which acts on a submersion p: N — M.
An Ehresmann connection E on p: N — M is called H-invariant if the diffeomorphism:

Hx, N hd

H X, N

(g:p) = (9,9 D),
\H/

induces an isomorphism d ¥ : (ds)*E =% (dt)*E.

Note that in the distributions (ds)*E and (dt)*E appearing in this definition are
Ehresmann connections for the projections in the diagram. We now have:

Proposition 2.39. Let ® : G — H be a surjective, submersive groupoid map, and let
K :=ker ®. The following are equivalent:

(i) There is a multiplicative Ehresmann connection E on G and ® admits a groupoid
splitting o : H — G which is horizontal with respect to E.

(i) G is isomorphic to a semidirect product G ~ H xp K, where K admits an H-
invariant multiplicative connection.

If these hold, then ® : G — H admits a leafwise flat multiplicative Ehresmann connection
with trivial holonomy.

Proof. We first prove (i) = (ii). For this, we use o to identify G ~ H x 3y K. Then any path
of the form ¢ — (h¢, 14(s,)) is E-horizontal. We claim that the multiplicative connection
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EX = TK N E on K is H-invariant. To see this let h : [0,1] — H be any path, and let
k:[0,1] — K be an EX-horizontal path covering ¢ ~ s(h;). Then t + (hy, k) € H xp K
is horizontal for the connection (ds)* EX. Moreover, all (ds)* EX-horizontal paths are of
this form. It suffices to show that the pair t — (hy, ¢ - k;) is horizontal for (dt)*EX, or
equivalently, that ¢ — h;-k; is horizontal for EX. This follows because t + (hy, Ls(n,)) and
t > (Ls(n,), kt) are E-horizontal, E is multiplicative, and so also the following product
is E-horizontal:

t (hey Lsgny)) - (L(noys ke) - (hey Lsgng)) ™" = (Leqne)» e - Fee).

Conversely, to prove that (ii) = (i). If EX is an H-invariant multiplicative Ehresmann
connection on p : K — M, then E = (ds)*EX is an Ehresmann connection on H x 5; K
for which a path (ht, kt) € H xr K is E-horizontal if and only if k; is EX - horizontal.
In particular, the splitting A — (h, 15(s)) is horizontal. To show that E is multiplicative
it suffices to show that for any pair of paths (hy, k) and (hy, k) in H X7 K that are
pointwise composable and E-horizontal, their product is also E-horizontal. But EX is
‘H-invariant, so we have that iL; 1.k, is E®-horizontal. Since EX is multiplicative, also
(hit - k) ky is E*-horizontal, or equivalently, (h, k¢) - (hy, k¢) is E-horizontal. Since

For the last part of the proposition, notice that the connection E = (ds)*EX is
leafwise flat with trivial holonomy. O

For semi-direct products with abelian kernel we obtain:

Corollary 2.40. Let H = M be a Lie groupoid which acts on a bundle of abelian groups
p : A — M preserving addition on the fibers. Then pry : H Xy A — H admits a
multiplicative Ehresmann connection if and only if p : A — M admits an H-invariant
multiplicative connection.

Proof. Assume that pry : H Xy A — H admits a multiplicative Ehresmann connection
with connection 1-form «. We can ensure that o*a = 0, by replacing « by a — pr} o*(«).
This form is multiplicative because A being abelian implies that the action of H x; A
on A is the pullback of the action of H on A. The corollary now follows from the
proposition. O

For semi-direct products which have linear kernel, we obtain the following;:
Corollary 2.41. Given a Lie groupoid H = M and a representation of H on a vector
bundle p : V. — M, the projection pry : H XV — H admits a multiplicative Ehresmann

connection if and only if V. admits an H-invariant connection V.

Proof. Note that an Ehresmann connection EYV C TV is multiplicative if and only if it
defines a linear connection V. Also note that, for linear connections on V', the two notions
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of ‘H-invariance from Definitions 2.38 and A.6 coincide. Hence, the corollary follows from
the previous one. 0O

Finally, we discuss the situation where a multiplicative Ehresmann connection E for
a morphism ® : G — H is involutive, in which case we say that E is totally flat. The
following proposition shows that when the connection is complete then, up to a cover, G
is a trivial product and @ is the projection:

Proposition 2.42. Let ® : G — H be a morphism which admits a complete, totally flat,
multiplicative, Ehresmann connection, and assume that G is target connected. Then there
s a covering space of the base p : M — M and a commutative diagram of Lie groupoid
morphisms

pr

p*’;q x G p*ﬁ
! !
g H

P

where G ~ K, is a Lie group, the vertical maps are surjective local diffeomorphisms
covering p : M — M, and the pullback of the Ehresmann connection under the morphism
on the left is T(p*H) x Og-.

Proof. By completeness, the parallel transport exists along a path h: [0,1] — H:
7t @71 (R(0)) = &L (R(1)).
We note the following equalities, for any h : [0,1] — H, with h(0) =1, and so h = z:
(k) = Th(1e)k = 71, (K)Tn(12), (k€ Ky) (2.9)

These follow because F is multiplicative, so all the paths above are F-horizontal, they
cover h and start at k.
Since FE is leafwise flat, the holonomy map of Definition 2.35 is a groupoid map:

Hol: H — G, [k~ m(ls), «=s([h])
where H is the target 1-connected cover of H - which has connected t-fibers, because G
has. We have an induced action of ‘H on K by group automorphisms, and so a surjective
groupoid morphism

Hxyu K—G, ([h],k) = m(1)k.

From (2.9) we deduce that the action of H on K is given by:
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[h] - k= 71(1) k(1) = 7, (k), k €Ky, x=s([h]).

In other words, [h] acts via the parallel transport on K along its base path [t o h] with
respect to the flat connection EX. Consider the holonomy cover p : M — M for EX,
i.e., the smallest cover where EX becomes the trivial connection. Upon pullback to M ,
p*K = M x G, where G ~ K, and the action of p*ﬁ on p*K becomes the trivial action;
hence we have a groupoid isomorphism: p*(’ﬁ Xa ) = p*?—NL x G. By comparing the
parallel transport maps, one obtains the claim about the pullback of E to p*’;q xG. O

3. Examples and applications (groupoids)

We discuss the partially split condition for several classes of groupoids with bundles
of ideals.

3.1. Lie groups

Let G be a connected Lie group with Lie algebra g. We claim that an ideal £ C g is
partially split for G if and only if we have a decomposition g = ¢ @ b, for some ideal
h C g. To see this, using left translations, we identify T'G with the semi-direct:

TG~Gxg,

where G acts on g via the adjoint action. Under this isomorphism, K C T'G is identified
with the subgroup

K~Gx¢t

Moreover, one checks easily that a distribution £ C TG is a subgroup if and only if it
takes the form:

E~Gxb,

where h C g is an ideal. Hence, the claim follows.

When ¢ integrates to a closed subgroup of GG, we have a surjective Lie group morphism
® : G — H inducing ¢. The distributions £ C T'G, induced by ideals h C g as above, are
then multiplicative Ehresmann connections for ®, which are complete by Theorem 2.15.

3.2. Products

Let H = M be a Lie groupoid with Lie algebroid B = M and G be a Lie group with
Lie algebra g. The product

G=HxG=M
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comes with the bundle of ideals ¢ := 0); x g C B x g, which corresponds to the Lie
groupoid morphism pr; : G — H. This is partially split with complete, multiplicative
Ehresmann connection E =TH x G C T(H x G).

3.3. Bundle of groups

As we already pointed out before, a bundle of groups p : G — M can be thought of as
a groupoid submersion onto the identity groupoid M = M. The corresponding bundle of
ideals is its Lie algebroid £ = A. By Corollary 2.12, if £ is partially split for G, then £ must
be locally trivial. The converse, in general, may fail, but it holds if G is assumed to be
a bundle of simply connected Lie groups. This follows from Corollary 2.19, since in this
case G is locally trivial (it follows also from the global to infinitesimal correspondence
given in Theorem 5.6).

A simple example of a bundle of simply connected groups that is not locally trivial is
G :=R x R? = R, with multiplication given at € R by:

(u1,v1) - (u2,v2) = (u1 + u2, v1 + €““1ug).

Therefore, this does not admit multiplicative Ehresmann connections.
We note that, in the case of a vector bundle G = V — M, viewed as a bundle of Lie
groups, a multiplicative Ehresmann connection is the same as a linear connection on V.

3.4. Transitive groupoids

For a transitive Lie groupoid G = M the bundle of isotropy Lie algebras € := ker p is
a bundle of ideals, with

K =kerdsnkerdt C TG.
This is the bundle of ideals determined by the groupoid submersion
O:=(t,8):G>MxM

and it is always partially split. Indeed, recall that G can be identified with a gauge
groupoid

G(P):=P xg P = M,
where, for a fixed z € M, G denotes the isotropy group G, and P := s~!(z) is a principal
G-bundle with projection t : P — M. Under this identification, the bundle £ coincides

with the adjoint bundle:

t=Plg] =P x¢g 9.
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If we choose a principal bundle connection n € Q!(P;g), the 1-form prin — prin €
QY(P x P;g) descends to a 1-form a € QY(G(P); P[g]):

q"o = pryn —pryn,

where ¢ : P x P — G(P) is the projection. This gives a multiplicative connection 1-form
a € 0 (G(P); Plg)), and so & = P[g] is partially split.
In fact, this assignment yields a 1-to-1 correspondence:

{ principal bundle } =, ) multiplicative connections
connections n € Q! (P;g) a € 0 (G(P); Plg))

Since principal bundle connections are always complete, we see that any multiplicative
Ehresmann connection for ® := (t,s) : G — M X M is complete. This agrees, of course,
with Theorem 2.15 since the kernel of ® is the locally trivial bundle of groups P[G] =
P x¢ G — M (G acts by conjugation).

3.5. Principal type

Let G(P) = P xg P = M be the gauge groupoid of a principal G-bundle P — M,
and H = M be any Lie groupoid. Consider the fiber product:

G :={(g9,h) € G(P) x H : sgp)(9) = su(h), tgp)(9) = tu(h)} = M,

with groupoid structure such that the inclusion G < G(P) x H is a groupoid map.
Smoothness of G follows because the anchor map (tg(p),sgp)) : G(P) -+ M x M is a
surjective submersion. This also implies that the groupoid morphism:

b=pry,:G—>H

is a surjective submersion. This Lie groupoid map admits a multiplicative Ehresmann
connection, constructed as follows. Let A(P) = TP/G be the Lie algebroid of G(P), and
B that of H. Identifying the Lie algebroid of G with A = A(P) xry B, we see that the
bundle of ideals £ corresponding to K = kerd @ is identified with the isotropy bundle of
A(P) which, as we saw in the previous example, is P[g]. Also as in the previous example,
any principal connection n € Q4i;(P;g) gives rise to a multiplicative connection 1-form
a € QY(G(P), P[g]). Using the projection pr; : G — G(P), which is a groupoid map, we
obtain a multiplicative 1-form on G:

pria € Q4 (G,8).

We conclude that £ is partially split.
The groupoids endowed with a bundle of ideals obtained via this construction will be
called of principal type. Some of the previous examples fit into this setting:
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e When P is the trivial principal bundle, P = G x M, one obtains the product G =
G x ‘H from Subsection 3.2.

e For a pair groupoid H = M x M, we obtain back the transitive Lie groupoids
G = G(P) with K = kerdsNkerdt from Subsection 3.4.

e When #H is a bundle of groups, we obtain the bundle of groups which is the fiberwise
product G = P[G] xp H, where P[G] = P x¢g G.

The kernel of the groupoid morphism ® = pr, : G — H is P[G] = Px¢G — M, which

is locally trivial. Hence, by Theorem 2.15, the multiplicative Ehresmann connections for
this class of examples are complete.

3.6. Action groupoids
Consider an action groupoid
G=GxM=M

associated with an action of a Lie group G on a manifold M. The Lie algebroid is the
action algebroid:

A=gx M = M

associated with the infinitesimal action p : g — X(M). We have (v,z) € kerp, if and
only if v lies in the isotropy Lie algebra g, of the infinitesimal action. Moreover, the
action of an arrow (g,x) € G x M on an element (v, z) € ker p, is given by:

(g,2) - (v,2) = (Adgy v, gz).

It follows that a subbundle & C g x M is a bundle of ideals if and only if it satisfies:

(i) &, C ker py;
(i) Adg(t;) = tgq.

The following is immediate:

Proposition 3.1. If the inclusion of a bundle of ideals ¢ — g x M admits a G-equivariant
splitting | : g x M — &, then ¥ is partially split with multiplicative connection I1-form
a € Q4 (G x M;¥€) given by:

(g,2)(d Lg(v), w) = U(v, ).

In particular, if the action of G on M is proper, or if g admits a G-invariant inner
product, then € is partially split.
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3.7. Non-integrable quotient

Let G be a compact semi-simple Lie group, and restrict the adjoint action of G to
the unit sphere M C g, with respect to an invariant inner product. The action groupoid
G := G x M = M has the bundle of ideals

tCcA=gx M, ¢,:=Rz zeclM

By Proposition 3.1, £ is partially split. However, for g % s0(3,R), the Lie algebroid
B := A/t is not integrable. To see this, it is enough to consider the case when G is
simply-connected. If H = M is a Lie groupoid integrating B, then we have an induced
groupoid morphism & : G — H. So for each x € M, we have an induced Lie group
map between the isotropy groups ®, : G, — H,. The kernel of &, is a 1-dimensional
group whose connected component is exp(Rxz) C H,. However, for g % s0(3,R), there
are © € M for which exp(Rx) is not a closed submanifold of G. This is a contradiction.

3.8. Groupoids with bi-invariant metrics

For a general groupoid G the notion of bi-invariant metric does not make sense: for this
we need to lift the right and left actions of G on itself to its tangent bundle. So assume
that G = M is equipped with a Cartan connection, i.e., a multiplicative distribution
complementary to the source fibers:

TG =kerds @ H.
Then one can lift the left and right actions of G on itself to T'G by setting:

)\5 2 ThG — TgnG, v gu = d(gn m(w,v)

MT,G = TynG, v = v'h= dig,ny m(v',w'),

where w € H, and w’ € Hj, are the unique tangent vectors such that ds(w) = dt(v)
and ds(v') = dt(w’). These actions extend the left and right actions of G on kerd t and
kerd s and they are related by the groupoid inversion.

Now, given a groupoid G with a multiplicative connection H C T'G, one says that a
Riemannian metric n on G is bi-invariant if it is invariant under left translations, right
translations and inversion (see [24]). If G admits a bi-invariant metric, then any bundle
of ideals ¢ is partially split. In fact, for a bi-invariant metric n the distribution orthogonal
to K:

E: =K' cTg,

is a VB subgroupoid of T'G, so satisfies Proposition 2.8 (i). We leave the details to the
reader.
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Remark 3.2. An action groupoid G x M = M has an obvious multiplicative connection.
If the action of G on M is proper, using averaging, one obtains a bi-invariant metric on
G x M. This gives an alternative argument that if the action of G on M is proper then
¢ is partially split, a fact also deduced in Proposition 3.1. We will see in Section 6.4 the
infinitesimal analog of this result.

3.9. Over-symplectic groupoids

A closed multiplicative 2-form w € Q%;(G) is called an over-symplectic structure on
the Lie groupoid G =% M [8] if it satisfies:

kerw C kerdt Nkerds.

It follows from this condition that rank of w is constant, equal to 2dim M (see [8, Propo-
sition 4.5]). Then £ := kerw|ys defines a bundle of ideals whose associate subgroupoid
(2.2) is K = kerw. In this case, the existence of partial splittings plays an important
role in the study of local models around Poisson submanifolds. For example, it implies
that (G,w) embeds coisotropically in some symplectic groupoid. We refer to [19] where
this class of groupoids is discussed in detail.

4. Morita invariance and properness

In this section we prove the following fundamental result.

Theorem 4.1 (Morita invariance). Let H1 = Ny and Ha = Nz be two Lie groupoids.
A Morita equivalence Hi = Ho induces a one-to-one correspondence between bundles of
ideals in Hq and bundles of ideals in Ha, under which partially split bundles of ideals
are sent to partially split bundles of ideals.

We start by deducing from this result the following important fact, which implies the
theorem from the introduction.

Theorem 4.2. A bundle of ideals in a proper Lie groupoid is partially split.

Proof. Let x € M and denote by O the orbit of G through x. By the slice theorem for
proper Lie groupoids [15,35,36], there is a transversal T to O such that the restriction
Glr = T is isomorphic to an action Lie groupoid G, x V' = V, for some open set
0€V C v, (0O). Since G is proper, the isotropy group G, is compact so this is a proper
groupoid. On the other hand, G|y = T is Morita equivalent to G|y = U, where U
is the saturation of T (see, e.g., [15]). Therefore, it follows from Proposition 3.1 and
Theorem 4.1 that €|y is a partially split bundle of ideals of G|y .

Hence, we can cover M by saturated open sets {U; };er such that, for each i € I, there
exists a multiplicative connection 1-form ay, € Qi;(Gly,, ). Since G is proper, there
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exists a G-invariant partition of unity {p;};cr subordinate to the cover {U,};cr (see, e.g.,
[12, Proposition 8]). Then the ¢-valued 1-form:

o= Z(pl os)ay, € QH(G;¥).

iel
is multiplicative and satisfies:
ale =1d.
Hence, « is a multiplicative connection 1-form, so £ is partially split. O
The theorem also has the following consequence:

Corollary 4.3. Let ® : G — H be a groupoid morphism with abelian kernel and assume
that G is target-connected and proper. Then ® : G — H admits a Lie groupoid splitting
if and only if it admits a leafwise flat, multiplicative Ehresmann connection with trivial
holonomy.

Proof. Corollary 2.37 gives one direction. To prove the other direction, we can assume
that ® = pr; : H xpr A — H where p : A — M is an abelian bundle of Lie groups.
Since G = H xp; A is assumed proper, Theorem 4.2 gives a multiplicative Ehresmann
connection for pry : H Xy A — H, and then Corollary 2.40 shows that p : A — M
admits an H-invariant multiplicative Ehresmann connection E4. Then E = (ds)*E4 is
a leafwise flat, multiplicative Ehresmann connection for pry : H xar A — H with trivial
holonomy (see Proposition 2.39). O

4.1. Morita invariance

We now turn to the proof of Morita invariance. For the general theory of Morita
equivalences see [16] and [29]. We take the point of view that a Morita equivalence is
given by a Lie groupoid G and Morita maps ®; : G — H; and ®3 : G — Ho which
are surjective submersions. This is equivalent to the bibundle definition via the following
constructions. The base of G is a principal (H1, Hz)-bibundle, and to a principal bibundle
H1 ~ M~ Hs one associates the groupoid

(g:;M) ::(MXN1H1 XNleM)Z(MXNZ’HQ XNZMjM).

We will call a Morita map that is a surjective submersion a Morita fibration. Such
maps can be characterized as follows:

Lemma 4.4. A groupoid map ® : G — H is a Morita fibration if and only if it covers a
surjective submersion ¢ : M — N and G = M 1is isomorphic to the pullback of H = N
along ¢:
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PH)=MxyHXyM=M
via the map:
©:G = ¢*(H), P(g) = (t(9), ®(9),s(9))-

Given a Morita fibration ® : G — H, covering a submersion ¢ : M — N, it follows
from the properties above that its kernel:

K={geG:P(g)=1,,2 € N},

is a submersion groupoid: an element g € K is uniquely determined by its source and
target, and the restriction of ® gives an isomorphism of Lie groupoids:

K= MxyM, g~ (t(9)s(9))
On submersion groupoids, multiplicative forms are multiplicatively exact:

Lemma 4.5. Let ¢ : M — N be a surjective submersion, and E — N be a vector bundle.
Any multiplicative form on the submersion groupoid

o € Oy (M xn M;¢™(E))
is multiplicatively exact, i.e., there exists 0 € Q*(M; ¢*(E)) such that o = 660, where
508 (M; 6°(E)) = O3 (M xx M; 67(E))
is the simplicial differential of M x n M with coefficients in ¢*(E) (see (A.4)).
Proof. Let U C N be an open set on which there exists a local section ¢ : U — M
of ¢. Define 6 € Q*(¢~(U); 6*(E)) by 6(v) := a(v,d(o 0 ¢)(v)), for v € ATé=L(U).

Multiplicativity of o implies that a|y-1 () = 06:

avr,v2) = m*(@) (v, do(w), (do(u),v2)) = a(vr,do(u)) + a(do(u), va)
= 0(v1) — O(vy) = 860(vy, v2),

for all v1,vy € A*To~1(U) with dp(v1) = u = d ¢(v2).

In general, consider an open cover {U;};e; of N for which local sections of ¢ exist.
Then the corresponding local primitives 6; € Q°*(¢~1(U;); ¢*(E)) of a can be glued,
using a partition of unity {x;}:cs subordinated to the cover, to a global primitive: 6 :=

Zie]XiO¢’9i~ O

The following two propositions prove Theorem 4.1.



38 R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124

Proposition 4.6. A Morita fibration ® : G — H gives a 1-to-1 correspondence between
bundles of ideals in G and bundles of ideals in H.

Proof. For each x € M, ® restricts to an isomorphism of Lie groups: G, = Hy(,). So
we can define a map of bundles of ideals:

AH) D t+— @*(¥), where @"(£), = {v € kerp, : d, (v) € €[4} C A(G).

For the inverse map, given a bundle of ideals £ in G, one needs to show that if y =
¢(x) = ¢(2') then d P(k,) = dP(€,/). As we observed above, there is a unique k € K
such that s(k) = = and t(k) = 2/, and we have:

b=k t,.
Since k belongs to the kernel, we have ®(kgk~!) = ®(g), and so we conclude that:
do(t,) =do(k-t,) =do(¢t,).
Therefore we get a map of bundles of ideals:
A(G) Dt— . (), where ®,(8)4,) =dP(¢,) C A(H),
which is the inverse of the map above. O

Now if a € Q3;(H,€) is a multiplicative connection 1-form for €, then the pullback
form:

d* o € QL (G, ®*E),

is easily seen to be a multiplicative connection 1-form for ®*£. This establishes one half
of the following proposition:

Proposition 4.7. Given a Morita fibration ® : G — H, a bundle of ideals € in H is
partially split if and only if the bundle of ideals ®*¢€ in G is partially split.

Proof. We already know that if ¢ is a partially split ideal in H then ®*¢ is a partially
split ideal in G.

For the converse, let £ be a bundle of ideals in H so that ®*¢ is partially split. Fix
a multiplicative connection 1-form a € Q1(G, ¢*€). We will “correct” « so that it is the
pullback of some multiplicative 1-form in H. As we mentioned already, the kernel K of a
Morita fibration ® is a submersion groupoid. So by Lemma 4.5 applied to the restriction
alic, there is a £-valued 1-form w € Q'(M, $*€) such that:

ol = ow,
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where & : QY (M, ¢*€) — Qi (K, ¢*8) is the simplicial differential of K with coefficients in
@™t (see (A.4)). Now consider the 1-form:

a = a— 0w € (G, p*E),

where 6 : QY (M, ¢*8) — Q1;(G, ¢*€) is the simplicial differential of G with coefficients
in ¢*t. Then the pullback of & to K vanishes. We claim that there exists a unique
multiplicative form 3 € Qi;(H, ) such that:

a=d*B.

For this, we use the identification G ~ ¢*(H) from Lemma 4.4. Then we have to show
that a takes the same value on any two vectors of the form:

(Xi,Y, Zl) S TpLM X Ty N TgH X Ty N Tqin 1=1,2.
Since d¢(X1) = dt(Y) = d¢(X2) and d¢(Z71) = ds(Y) = d ¢(Z2), we have that:
(X1,Y, Z1) = (Xa1,d ¢(X1), Xo) * (X2, Y, Z2) * (Z2,d ¢(Z1), Z1),

where * = d'm is the multiplication in T'¢*(H). Using that the first and the last element
on the right-hand side are in T/, and that a is multiplicative, we obtain the claimed
equality:

&(Xh Y, Zl) = &(XQ, Y, ZQ) S Es(g).
Finally, a|g«¢ = a|g+e = Id implies that 3| = Id. Hence, ¢ is partially split. O
4.2. Bundle gerbes and connections

As an application of the results discussed so far, we discuss now how one can re-
cover the curving and 3-curvature for bundle gerbes out of a multiplicative Ehresmann
connection. Our aim is not to discuss the general theory of gerbes and multiplicative
connections, for which we refer the reader to [25], but rather to give a simple illustration
of our theory. For that reason we consider only S!-gerbes over manifolds (see, [22,25,30]).
We will see how one can recover from our results the classical theorem of Murray [30]
that the class of the curvature 3-form is the image in H3(N,R) of the Dixmier-Douady
class in H3(N,Z) (see Theorem 4.12).

Let N be a smooth manifold. By an S'-central extension over N we mean a surjective
submersion ¢ : M — N together with a groupoid morphism onto the corresponding
submersion groupoid ® : G — M x4, M, with kernel the trivial § Lbundle K = St =
M x St



40 R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124

1 St G2 MxyM——>1,

such that for all g € G and 0 € S*':

A Morita equivalence of S'-central extensions ®; : G; — M; X¢, My and @5 : Gy —
My x4, My is given by a principal (G1, G2)-bibundle

gl ‘VC/ P \Q g2

M1 M2
such that orbits of the actions of the kernels S3, and Sll\/fz on P coincide. The orbit
space of these actions is then a manifold ¢, which can be canonically identifies with the
fiber product @ = My ,, X ,, M>. Moreover, it is a principal bi-bundle for the submersion
groupoids:

M1 ><¢1 M1 M1 b ¢2 M2 @ M2 ><¢2 MQ

and one obtains a map of principal bi-bundles:

M1 P M2

Ml %Ml ¢1X¢2 M2 H—Mg

Definition 4.8. An S'-gerbe over a manifold N is a Morita equivalence class of S'-central
extensions over N.

We recall that an S'-gerbe is completely characterized by its Dizmier-Douady class
which can be defined as follows. Given an S'-central extension defined by a submersion
¢ : M — N and a groupoid morphism ® : G — M x4 M, one chooses a good cover {U;}
of N for which there exist sections s; : U; — M of ¢ : M — N. Then one can find maps
9i; : Usjj — G such that

®(gij(z)) = (si(z), 5(x))-
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Since, for each « € Ui, the composition g;;(z) - g;x(x)- gjx(z) is an element of the kernel
S, we have that:

9ij (@) - g () - gri(x) = (s:(2), ciji (),
for a 3-cocycle c;ji : Uiji, — S1. The class in sheaf cohomology:
2(9) = [cip] € H*(N, SY),

only depends on the Morita equivalence class of the extension and is called the Dixmier-
Douady class of the S!-gerbe. Using the exponential sequence:

exp

1 Z R St 1,

one can view the Dixmier-Douady class as a class in integer cohomology:
c2(G) € H*(N, Z).

In this way, one can think that S'-central extensions give geometric representatives
of integer cohomology classes in degree 3, the same way as principal S'-bundles give
geometric representatives of integer cohomology classes in degree 2, via their Chern
class. The same way one can use the curvature of a principal connection to obtain
representatives in real cohomology of the Chern class, we will see now that one can use
multiplicative Ehresmann connections to obtain representatives in real cohomology of
the Dixmier-Douady class.

We start by the following proposition:

Proposition 4.9. Every S*-central extension

1 St G2 MxyM——>1,

admits a multiplicative Ehresmann connection E. The induced multiplicative Ehresmann
connection EX on the kernel K = S}, is the canonical flat connection.

Proof. Notice that G is necessarily a proper groupoid. Hence, it follows from Theorem 4.2
that multiplicative Ehresmann connections exist.

By Proposition 2.10, a multiplicative Ehresmann connection E° " on the trivial S1-
bundle S}, is related to a linear connection EY on the trivial line bundle R,; by the

exponential map:
(dexp)(EY) = ESM.

It follows that constant sections of Rz, © — (z,n) (n € Z), are flat. Then any constant
section is flat, and so ESu must be the trivial connection. 0
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Hence, given a multiplicative Ehresmann connection E for an S'-central extension
®: G — M x4 M, the associated linear connection on £ = Ry, is the canonical flat
connection:

Vx =%x.
Then, by Proposition 2.29, the curvature 2 € Q2,(G) of E satisfies

0= (I)*Qa

for a unique closed, multiplicative, 2-form Q € QF;(M x4 M). By Lemma 4.5, there exists
a 2-form F € Q?(M) (not unique) such that:

Q =pr] F —prs F,

where pr; : M x4 M — M are the source and target of the submersion groupoid.
Equivalently:

Q=t"F-sF. (4.1)

Definition 4.10. A form F € Q2?(M) satisfying (4.1) is called a curving of the connection
E.

Finally, observe that:
0=dQ=pridF —pr5dF.
Therefore, there exists a unique 3-form G € Q3(N) such that:
dF =¢*G. (4.2)

Definition 4.11. The form G € Q?(N) satisfying (4.2) is called the curvature 3-form of
the curving.

Note that two curvings F' and F” differ by a form B = F — F” such that:
pri B—pr; B =0.

Hence, B = ¢*¢ for a 2-form ¢ € Q2(N). The corresponding curvature 3-forms are then
related by:

G-G =de.
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In particular, the class [G] € H3(N) does not depend on the choice of curving and is
intrinsically associated with the multiplicative Ehresmann connection F. We can now
state and prove Murray’s result:

Theorem 4.12. Let ® : G — M x4 M be an S*-central extension representing an S*-gerbe
over a manifold N. Given any multiplicative Ehresmann connection E for ®, the class
[G] of a curvature 3-form is the image of the Dixmier-Douady class of the gerbe co(G)
under the canonical map:

H3(N,Z) — H*(N,R).

Proof. As above, we pick a good cover {U;} of N for which there exist sections s; : U; —
M of ¢ : M — N, and maps g;; : Uj; — G such that

D(gij(x)) = (si(x), 55(2))-

The Dixmier-Douady class is then ¢2(G) := [¢;;,] where the 3-cocycle ¢;ji : Uijr — Stis
given by:

(Si, Cz’jk) = Gij * 95k * Gki-

This is an equality of maps U;;;, — G and we are going to pull back the connection 1-form
a € Q1(G) under both sides. For the left-side, it follows from the condition a(¢ft) = ¢
that

(si; ciji) o = ey d e = d fiji,
where we set ¢;;, = exp(fijr), for a map fijr : Uijr — R, well-defined up to the addition

of an integer. On the other hand, for the right-hand side, using that « is multiplicative,
we find:

(9ij - 9k~ gki)" @ = gj;0 + g+ gr o
= Ajj + Ajie + A,

where
Aij = gha € QN (Uy).
We conclude that:
Aij + Aji 4+ A = d fiji (4.3)

Now, if F' € Q?(M) is a curving, and we let:
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F; = S;kF S 92(UZ),
it follows from (4.1) that on U;; we must have:
Fi—Fj=5;F —s;F = (s;,5;)"Q =

=g =g;da=dga.

In other words,
Fi — Fj = dAlj
On the other hand, the definition (4.2) of the curvature 3-form gives:

G

v, = dF;.

(4.4)

(4.5)

Equations (4.3), (4.4) and (4.5) show that [G] € H3(N,R) corresponds to the class

[d fijx] € H*(N, Q_(ljl), so using that ¢;ji = exp(fijx) the result follows. O
5. IM Ehresmann connections

5.1. IM connection for a surjective algebroid morphism

We now turn to the infinitesimal version of multiplicative Ehresmann connections. If

one starts with a surjective Lie algebroid morphism ¢ : A — B covering the identity, its

differential is a morphism of VB algebroids:

il TB
IR g

I

™ —||—TM

NI NN

M——->M

TA

We recall that double arrows = represent Lie algebroids. The kernel of d ¢ is a VB

subalgebroid of T A:

ker(d¢) —— A

||

Oy ——— M

This leads naturally to the infinitesimal version of a multiplicative Ehresmann connec-

tion:
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Definition 5.1. An IM Ehresmann connection for ¢ : A — B is a VB subalgebroid
E=TM of TA = TM which is “horizontal”:

TA=ker(d¢)® FE.
5.2. Infinitesimal partially split bundles of ideals

A surjective Lie algebroid morphism ¢ : A — B covering the identity is completely
determined by its kernel:

0 ¢ Ad)B 0.

So the notion of IM Ehresmann connection for ¢ can be rephrased in terms of the bundle
of ideals ¢, without any mentioning of ¢ and B. To do this we need to express ker(d ¢)
in terms of ¢, which can be done as follows.

Let A = M be a Lie algebroid and ¢ C A a bundle of ideals, i.e., ¢ — M is a vector
subbundle included in ker p4 and satisfying

a€T(A), yeT(®) = [a,9]a €T(8).
Then we have the canonical representation of A on £:
Vv =[a,7]a, a€T(A),ycT(f). (5.1)
This is the infinitesimal version of the groupoid representation (2.1) and it gives rise to

the infinitesimal version of the groupoid G x s € = M. Namely, we have the semi-direct
product Lie algebroid A x,; ¢ = M, with Lie bracket

(o1, M), (a2,72)] := ([a1, 2] 4, Vi, 72 — VE, M),
and anchor p4 o pr4. This is a VB algebroid:
A XME — A
M——M
and, in fact, we have:

Lemma 5.2. Given a bundle of ideals ¢ C A the image of the inclusion

d
Axyt—=TA (a,v)+— I t=0(a+ ), (5.2)

coincides with ker(d ¢), where ¢ : A — B := A/t is the quotient map.
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Proof. Since ¢ : A — B is surjective and covers the identity, dq ¢ : To A — Ty, B is
surjective, for any a € A. Also, if (a,) € A X € then ¢(a + ty) = ¢(a) so under the
natural inclusion (5.2) A X £ is mapped to the kernel of d ¢. Since

ranky TA — rankp TB = rank; € = rank 4 (A x s €),
the result follows. O
Hence, we can rephrase Definition 5.1 in terms of bundle of ideals as follows:

Definition 5.3. A bundle of ideals ¢ C A is called partially split if there is a VB subalge-
broid E = TM of TA = TM such that:

TA=(Axyt) o E.

We emphasize that, unlike the groupoid case, IM Ehresmann connections for a surjec-
tive Lie algebroid morphism and partially split bundle of ideals are equivalent notions.
From now on we will mostly assume the perspective of bundle of ideals.

5.8. The infinitesimal partially split condition

We now look for alternative characterizations of (infinitesimal) partially split ideals.
If we represent the inclusion (5.2) by the diagram of VB algebroids:

Axypt S TA

~

Oar € TM

T~V

M

then the VB dual to this inclusion is the projection:

AXE <« T*A

|

£* A*

~

M

Here A x £ = ¢* is the action algebroid associated with the representation V¥ of A on
£* dual to the representation (5.1), which is defined by:
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i) (B, X)) = (VEB,X) + (B, V5 X).

We have the following infinitesimal analogue of Proposition 2.8 giving alternative
characterizations of partial splittings (for the terminology, see the appendix):

Proposition 5.4. Given a bundle of ideals ¥ C A, the following structures are in 1-to-1
correspondence:

(i) VB subalgebroids E C T A that are complementary to A X €:
TA= (A X]VIE)EBE;

(i) VB algebroid morphisms 0 : Ax ¢ — T* A that are splittings of the natural projec-
tionp:T*A— A X €*:

po 6 =Tdpa:
(iii) €-valued, IM 1-forms (L,1) € Qi\;(A,€) that restrict to the identity on €:

le = Ide;
(iv) linear, closed, IM 2-forms u € Q3 (A x €) that along € C (A x )|y satisfy:

(preoplar) e = Ide.

Proof. The equivalence between (i) and (ii) follows by passing from the VB algebroid
T A to its dual VB algebroid T* A, as explained above.
A vector bundle map

is a VB algebroid morphism covering the identity if and only if its dual is a VB algebroid
morphism:
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TA

Aot

N O
A—U>A

TM —| — Op

N N

M ————-M

But a Lie algebroid morphism 0¥ : TA — A @ € is the same thing as an £-valued, IM
I-form (L,1) € Q};(A;¥€) (see Example A.5). This establishes the equivalence between
(ii) and (iii), since the extra conditions along M correspond to each other.

Next, a closed IM 2-form p : A x € — T*¢* can be viewed, alternatively, as a VB
algebroid morphism:

(Wu)b

T(A X £) — T*(A x £)

U ﬂ

Te* (A )

where w, € Q?(A x £) is the fiberwise linear 2-form:
Wy = I Wean-
The algebroid morphism (w,,)’ restricts to a VB algebroid morphism:
0V :TA— ADE
covering the identity Id : A — A, such that the following diagram commutes:

ev

TA Adt
I R
(AME)TT(AME)
TM M
<. |
\TE*

(Ax )

Moreover, Y (or equivalently §) completely determines u: using the fact that p is a linear

IM form, one finds that it coincides with the pullback under the algebroid morphism
0: Axt— T*A of the canonical IM 2-form pican:

p=0"fican-
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This proves the equivalence between (ii)-(iv) since the additional conditions along M
correspond to each other. 0O

Definition 5.5. Given a partially split bundle of ideals £ with an IM Ehresmann con-
nection E C TA, the corresponding €-valued IM 1-form (L,l) € Q1\,(4;8), given by
Proposition 5.4 (iii), is called the IM connection 1-form.

We can now make precise the statement that IM Ehresmann connections are the
infinitesimal counterpart of multiplicative Ehresmann connections:

Theorem 5.6. Let G = M be a target 1-connected Lie groupoid with Lie algebroid A = M.
Given a bundle of ideals € C A there is a 1:1 correspondence:

multiplicative Ehresmann | IM Ehresmann
connections E C TG <4 connections £, C TA
for G x ¢ for A xpt

Proof. The proof follows from the description of multiplicative and IM Ehresmann con-
nections in terms of their connections 1-forms given by Propositions 2.8 and 5.4, and by
observing that for a target 1-connected Lie groupoid one has a canonical isomorphism
i

D (G58) = Dy (43 8),
under which the extra conditions on the 1-forms correspond to each other. 0O

If G is not target 1-connected the differentiation of multiplicative forms still exists,
and one can still associate to a multiplicative Ehresmann connection a IM Ehresmann
connection, but not conversely.

Note that for a IM connection 1-form (L,1) € Qy;(4; ), the symbol [ : A — € satisfies
Ile = Id and hence gives a splitting of the short exact sequence:

In general, the induced splitting B — A is not a Lie algebroid morphism.
The partially split condition implies certain properties of the bundle of ideals. A first
consequence is the following infinitesimal versions of Corollaries 2.12 and 2.13:

Corollary 5.7. Let € C A be a partially split bundle of ideals with IM connection 1-form
(L,1) € O (A ), then

V&€ = ixL(€), (5-3)
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defines a connection on t which preserves the Lie bracket:

vg{ [5377]? = [Vg}f, 77}8 + [f, V?{U]Ea X € x(s)7£a77 € F(E)
In particular, € is a locally trivial bundle of Lie algebras.

Proof. Since Iy = Id, the symbol equation (A.7) implies that (5.3) defines a linear
connection V¥ on £ On the other hand, the third equation in the IM condition (A.8)
shows that one has

Zen=1[&n), &nel(y).

Then the second equation in (A.8) shows that V¥ preserves the Lie bracket. O

Corollary 5.8. Let € C A be a partially split bundle of ideals and fix x € M. The symbol
of any IM connection 1-form (L,1) € Qy(A;€) gives a decomposition of the isotropy Lie
algebra g, :=ker pa|, into a direct sum of ideals:

0z ~ (gz Nkerl) @ t,.

Proof. If « € I'(A) and 8 € I'(kerl) are such that ay, S, € g, then the third equation
in the IM condition (A.8) shows that

[ag, Bz) = [, B]|2 € kerl.

This proves that g, Nker! is an ideal in g,, so the corollary follows. O

An interesting characterization of the partial split condition can be obtained as follows.
Given a (usual) connection V on a Lie algebroid A = M one has the following associated
A-connections on A and T'M:

Vo= Vyga+la, b,
VaoX = p(Vxa) + [p(a), X]

They satisfy

p(vaﬁ) = Vaﬂ(ﬁ)'

One defines the basic curvature of V to be the tensor

R¥* (e, B)(X) := Vx([o, ]) = [Vxa, f] = [, VxB] = Vg, xa + Vg xB,  (54)

where X € X(M) and «, 8 € T'(A). When R2* = 0 one calls V a Cartan connection and
this is precisely the infinitesimal version of a Cartan connection on a Lie groupoid (see,
e.g., [1,3,4]).
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Proposition 5.9. A bundle of ideals € C A is partially split if and only if there is a vector
bundle splitting | : A — € of the associated short exact sequence

0 ¢ A-2. B 0

and a (usual) connection V on A such that:
Vi =0, (R = 0. (5.5)

In this case, the pair (I,V) determines a IM connection 1-form (L,l) € Qi (A4;€) by
setting:

L:T(A) = QYM;€), ixL(a):=1(Vxa).

Moreover, every IM connection 1-form (L,l) takes this form for some pair (I,V) satis-
fying (5.5).

Proof. Let [ : A — ¢ be any splitting of the short exact sequence. Given a map L :
I'(A) — QY(M;¥), we claim that the pair (L,[) satisfies the IM-condition (A.7):

L(fa)= fL(a) +d f ANl(c)
if and only if
ixL(Oz) = l(VXa)

for some connection V in A. Clearly, if L takes this form then (A.7) holds. Conversely,
given (L, 1) satisfying (A.7) choose any connection V’ on A and consider the difference:

D(a, X) :=ixL(a) = (Vxa).

This is C'*°-linear in both entries and takes values in ¢ C A. Therefore, we can correct
the connection V’ by setting:

Vxa:=Vya+ D(a, X),

so that (L,[) takes the desired form.
It remains to check that a pair (L, 1) defined by (I, V) satisfies the IM-conditions (A.8)
if and only if (5.5) hold. Applying the definition of V, we obtain:

(Val)(B)

v()4(“6)) - l(vaﬂ)
= [0, 1(B)] = UV gy + e, B])
U(B) —ipp) L) — U([ev, B]),

o

|
K
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for any «,8 € T'(A). This shows that the condition VI = 0 amounts to the last IM
condition in (A.8). It also shows that this condition can be written as:

I([a, B]) = [ L(B)] + LV p) ),

for any «, 8 € T'(A). Using this last identity, the definition of L and the expression for
the basic curvature, we now find:

ixL([e,B]) = I(RY*(ar, B)(X)) =

= 1(Vxla, 8]) = (R (a, B)(X))

=1([Vxa, B]) + U([e, Vx B]) + U (Vg x) = (Vg xB)

=U([Vxa,B]) + U([o, Vx B]) + UV p(v x 8)+[0(8), x1¢) — UV p(v x ) +1p(a), X]15)
= [0, l(VxB)] = UV [p(a),x18) = [B, UV x )] + UV (), 1)

I -
= ix (LaL(B) — ZLsL(a)).
So the second IM condition in (A.8) holds if and only if [(R2*) =0. O

Remark 5.10. The connection V in the previous proposition is not uniquely determined
by the partial IM connection 1-form (L,1) € 1\;(4;€).

5.4. Couplings

In this section we give a coupling description of algebroids with a partially split bundle
of ideals. This is inspired by (and in fact generalizes) the classical coupling description
of symplectic fibrations [28] and horizontally non-degenerate Poisson structures [33,34].

To state the main result in this section we consider a partially split bundle of ideals
¢ C A with a fixed choice of IM connection 1-form (L,1) € Q,;(4,¥). The base map
gives a vector bundle splitting of the associated short exact sequence

which we use to identify A ~ B @& ¢. Then we associate the following data:
(i) A linear connection V¥ on the vector bundle £ — M, by setting:
V&€ = ix L(€).
(ii) A tensor U € I'(B* @ T*M ® ) given by:

U(a, X) := —ix L(a).
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That this is a connection and a tensor follows from the symbol equation (A.7) and the
fact that I|¢ = Id. Notice that the connection VI has already appeared in Corollary 5.7.

Proposition 5.11. The data (VL,U) associated with a IM connection 1-form (L,l) €
QL (A ®) satisfies the structure equations:

(S1) the connection V¥ preserves the Lie bracket [-, ¢, i.e.,

(S2) the curvature of VL is related to ady as follows:

L L L L L .
Vos@Vx = VxVis) = Vips@,x) = U@, X)), Je

(S3) U satisfies the “mized” cocyle-type equation:

Vi U (B, X) =V 5 U(a, X) + ViU(a, pp(B))
+U(o, [p5(8), X]) — U(B, [pp(a), X]) = U([a, B] 5, X),

for all X € XY(M), a, B € T(B), &,n € T(¥).

The proof of this proposition follows immediately from the IM conditions (A.8) and
is left to the reader.

Definition 5.12. Let B = M be a Lie algebroid and (¥, |-, ]¢) a Lie algebra bundle over M.
A coupling data is a pair (V, U), where V¥ is a connection on £ and U € I'(B*®T* M ®¥)
is a tensor field satisfying the structure equations (S1), (S2) and (S3).

The following result shows that the coupling data gives a way of codifying algebroids
with a partially split bundle of ideals.

Proposition 5.13. Let B = M be a Lie algebroid, (¢, [, ]¢) a Lie algebra bundle over M
and (U,V*) coupling data. Then A := B @ ¢ is a Lie algebroid, with anchor pa(a,§) :=
pp(«) and Lie bracket:

[(@,€), (B,m)]a := ([, Bl, Ul, p(8)) + Vi () = V(s + €. 1]0). (5.6)
Then t C A is partially split, with IM connection 1-form (L,l) given by:
l=pry, ixL(a,§) = V% - U(a, X). (5.7)

Moreover, any Lie algebroid A = M together with a partially split bundle of ideals
t C A is isomorphic to one of this type.
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Proof. Assume we are given coupling data (U, V). The skew-symmetrization with re-
spect to o and S of (S3) gives:

Vi (U, p(8)) + U(B, pp(@))) =0,
which yields:

Ule, pp(B)) = =U(B, pp(c))- (5:8)

Hence (5.6) defines a skew-symmetric bracket. It is immediate to check that it satisfies
the Leibniz identity and that its Jacobiator is given by:

J((0,8),(0,7), (0,v)) = (0, Je(ev, n, v))
J((,0),(0,£),(0,n)) = (0, Cr(, €, 1))
J((«,0), (8,0),(0,¢)) = (0, Ca(a, 5,€)
J((@,0),(5,0),(7,0)) = (J(e, 8,7), Cs(e, B, 7))

where Je and Jp are the Jacobiators of the brackets [, ]e and [, -] and

Ci(a,&,m) ==V, & nle = V5, & mle = (6, Vi, oy

Co(,8,8) =V 1) Vs €~ Vou9) Vos@& = Vips (o916 — U p5(8)), €le

Ca(a, ,7) = V5 U B, p(7) + Ula, [pB(B), ps(M)]) = Vi, 5)U (@, p(7))
—U(B,lpB(a), p(M]) + V5, () Ul pa(8)) = U(lev, B, p(7))

If in the structure equations (S1), (S2) and (S3) we replace X by pp(a), pp(8) and
pB(7), respectively, we obtain that these 3 expressions vanish. Hence, the bracket (5.7)
satisfies the Jacobi identity, so we obtain a Lie algebroid. If we now define [ : A — ¢ and
L:T(A) — QY(M,¥€) by (5.7), one checks that the symbol equation (A.7) holds and that
the IM conditions (A.8) are equivalent to (S1)-(S3).

Finally, if we start with a partially split bundle of ideals ¢ C A, as we saw above, a
choice of IM connection 1-form (L, 1) € Q};(A, ) determines coupling data satisfying the
structure equations and a vector bundle isomorphism A ~ B @& € where B ~ kerl. The
anchor of A is then given by pa(a,§) := pp(«) and all we have to check is that, under
this isomorphism, the Lie bracket becomes (5.7). For this we use the third equation in
the IM condition (A.8) for (L,l) and the definitions of V¥ and U to conclude that:

o If a € T(B) ~ I'(kerl) and & € T'(£) then:

la,€]a = VﬁB(a)@



R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124 55

o If o, € I'(B) ~ I'(ker!) then:
[, Bla = [, B + Ule, pp(8))-
Formula (5.7) for the bracket follows from these since ¢ is a bundle of ideals. O
5.5. Flat IM Ehresmann connections

Let £ C A be a bundle of ideals and let B = A/t. As we saw in Section 5.4, a choice
of IM connection 1-form (L,l) € Q};(A,€) gives rise to the coupling data (VL U),
where U € I'(B* @ T*M ® ¢) is a tensor field and V7 is a usual connection on €. Using
Proposition 5.13, it is not hard to check that we have a €-valued IM 2-form (f/,Z) €
Q% (A, €), where:

L&) =R -¢—d" Ula), I(a,€) =-Ula), (5.9)

for o € T'(B) and £ € T'(¢). This is the infinitesimal version of the curvature of the
multiplicative Ehresmann connection from Proposition 2.22. Namely, in the case where
¢ : A — B is induced by a groupoid morphism ® : G — H and the IM Ehresmann
connection is induced by a multiplicative Ehresmann E connection, (5.9) is the IM form
corresponding to curvature 2-form €2 of E.

Definition 5.14. An IM Ehresmann connection (L,1) € Qfy;(4; %) with associated cou-
pling data (VL U) is called:

(i) totally flat if RV =0 and U = 0;
(ii) leafwise flat if the splitting B — A, a — («,0), is a Lie algebroid map, i.e.,
U(O‘7PB(B)) = 07 L
(iii) kernel flat if the associated linear connection V7 is flat: RV = 0.

The first condition is equivalent to involutivity of the distribution £ C T A corre-
sponding to the IM Ehresmann connection. This condition is very restrictive, as the
following infinitesimal analogue of Proposition 2.42 shows:

Proposition 5.15. If a bundle of ideals ¢ C A admits a totally flat IM FEhresmann con-
nection, then there is a covering space of the base p : M — M such that the pullback of
A to M is isomorphic to a product p*A ~ p*B x g, where p*t ~ M X g.

Proof. Let (VX,U = 0) be a totally flat coupling data. Let p : M — M denote the
holonomy cover of VZ. Parallel transport along V¥ induces a trivialization of the bundle
of Lie algebras p*¢ ~ M x g, where g = £, for some = € M. Since V¥ becomes the trivial
connection on M x g, formulas (5.6) show that the algebroid p*A is a product (see also
the example from Subsection 6.2). 0O
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The second flatness condition can be understood as a leafwise version of the first:

Proposition 5.16. Given a bundle of ideals € C A, an IM Ehresmann connection (L,1) €
Qi (A4;8) is leafwise flat if and only if, for any leaf O C M of the Lie algebroid A, the
pullback IM Ehresmann connection (L,1)|o € Q(Alo;tlo) is totally flat.

Proof. Given a leaf O of A, the coupling data associated to the pullback of (L,1) to
Alp is (VO,U9), where V© is the pullback of the connection V¥ to €|o and U? is the
restriction of U to Blo ® TO. Now, (L,l) being leafwise flat, i.e.,

U(aapB(B)) = 07 for all aaﬂ € Ba

is clearly equivalent to U® = 0 for all leaves © C M. On the other hand, using that A|o
is transitive and (S2), we see that U® = 0 implies that V© is flat. O

Note that a leafwise flat IM Ehresmann connection turns A into a semi-direct product,
in the sense of the following.

Let B = M be a Lie algebroid which acts on a bundle of Lie algebras (&, [, ]¢) = M
by infinitesimal Lie algebra automorphisms. The semi-direct product is the Lie algebroid
A = B xy £ = M with Lie bracket:

[(a,€), (B,m)] = ([, B], VEn — VEE + [€,nle)

and anchor pp o prg. Note that the short exact sequence

t— > Bxyt 2% B
is canonically split by a Lie algebroid morphism:
oc:B—Bxyt, a(a,0).

Conversely, given a surjective Lie algebroid map ¢ : A — B covering the identity,
which admits a Lie algebroid splitting:

t—— A5 B

o

we obtain an action of B = M on the bundle of Lie algebras (&, [-,]¢) = M:

Vel = [o(@), €] a,
preserving the Lie algebra structure, and a Lie algebroid isomorphism:

Bxyt~A (v ola)+E.
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Notice that the Lie algebroid splitting o : B — A allows to pull back ¢-valued IM forms
on A to IM forms on B:

0" O (A;8) — Qpy(B; B).
Therefore we conclude the following;:

Corollary 5.17. Given a bundle of ideals € C A, with an IM FEhresmann connection
(L,1) € O} (A; ) that is leafwise flat, we obtain a IM 1-form (U,0) € Qi (B; ).

The following infinitesimal version of Proposition 2.39 gives yet another notion of
flatness, weaker than totally flat and stronger than leafwise flat:

Proposition 5.18. Let ¢ C A be a bundle of ideals with quotient B := A/t. The following
are equivalent:

(i) There is an IM Ehresmann connection (L,l) € Q'(A;€) on A andpr : A — B whose
associated splitting o : B — A is a horizontal algebroid splitting: i.e., c*(L,l) = 0;
(ii) There exists an IM Ehresmann connection (L,1) € Qb (A;€) with coupling data
(VLU =0);
(iii) A is isomorphic to a semi-direct product A ~ B X € and ¥ admits an B-invariant
connection VL preserving the bracket |-, -]e (see Definition A.9).

Proof. Note that o*(L,1) = (U,0), so (i) and (ii) are equivalent.

If U = 0, then the formula for the Lie bracket on A (5.6) together with (S1), (S2) are
equivalent to VX being a B invariant connection on ¢ which preserves [-, -J.

Conversely, if A ~ B x,; £, and the representation of B on ¢ admits a B-invariant
connection VX which preserves [-,-]¢, then (VXU = 0) is a coupling data for an IM
Ehresmann connection. O

Finally, we look at the kernel flat IM Ehresmann connections. For this, observe that
the representation V¢ of the Lie algebroid A restricts to an A-representation on the
center z(¢). While the representation of A on the whole ¢, in general, does not factor to
a representation of B, its restriction to the center z(£) does factor. We still denote this
representation by V. In terms of the coupling the representation of B on the center z()
is given by:

Vo€ = Viawb
for all @ € T'(B), & € T'(z(¢)). This follows from the expression of the bracket given in
Proposition 5.13.

In the kernel flat case, the structure equations (S1)-(S3) of Proposition 5.11 simplify

to:
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Proposition 5.19. Let ¢ C A be a partially split bundle of ideals with coupling data
(VE,U). If V¥ is flat, then:

(S1°) The connection VE preserves the bracket [-, e;
(S2’) The tensor U takes values in the center of €;
L
(S3) The pair (A U,U) is a z(¢)-valued IM 2-form on B.

Conversely, given a Lie algebroid B = M, a Lie algebra bundle € — M with a flat
connection VE, and a tensor field U € T(B* @ T*M ® €) satisfying (S1°)-(S3°), then €
is a partially split bundle of ideals in Lie algebroid A = B @ ¢ with kernel flat coupling
data (VL,U).

Proof. If V% is flat, it is obvious that (S1)-(S2) are equivalent to (S17)-(S2’).
L L
Now consider the pair (dV U,U ). The properties of dV" give immediately that:

AV U(fa) = fd¥ U(a) + d f AU(a),

soU : B — T*M ® ¢ is the symbol of v ['(B) — Q3(M,#¥), i.e., (A.7) holds. The
skew-symmetry of U, given by (5.8), can be written as:

iPB(ﬁ)U(a) = _ipB(a)U(ﬂ)v

which is the first equation in the IM conditions (A.9). Then (S3) can be rewritten using
the connection V% as:

U(la, B18) = LYy U(B) iy (3 A7 Ula),

and since %, = .ZPZL(Q) this gives the third equation in the IM conditions (A.9).
Finally, applying dY to this last equation, using that its square is zero and “Cartan’s
magic formula” holds for .Z VL, we obtain:

L

AV U(ja, Blp) =d¥ L UB) —dY iy dY Ula)
=2, UB) — LY 5 A7 Ula)

=2,V UB) - Zd¥ Ula),

which is the second equation in the IM conditions (A.9). Hence, (dVL U,U) is a z(¥)-
valued IM 2-form on B.

It should clear from this that the converse also holds: a pair (VZ,U), with VI flat and
satisfying (S1°)-(S3’), also satisfies (S1)-(S3). Hence, the last part follows from Proposi-
tion 5.13. O
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Remark 5.20. For a kernel flat partial splitting of £ C A, the proposition yields the IM
valued 2-form:

(@70, 0) € Qu(B:2(¢), (5.10)
which is the infinitesimal analogue of the class from Proposition 2.29. Namely, the IM

form corresponding the multiplicative form € is (— av’ U,—U) — see (5.9).
Since V! is flat, by Proposition A.10 we have an induced differential:

ARy : O (B; 2(8) — QL (B; 2(2)),

for which the element (5.10) is clearly closed. Applying the chain map from Lemma A.11
we obtain a B-cocycle with values in z():

A e QX (B;2(8), Ma,B) :=U(a, ps(h).
That A is a cocycle can be seen directly also from (S3). Note that the classes
(@Y7 U.0)) € HA(Bi=(®)) and [ € H?(B;=(8))
depend on the choice of the IM connection.
The remark can be developed into a criterion for the existence of kernel flat IM
connection for abelian bundle of ideals ¢ C A. In this case, the canonical action of

B := A/t is on t = z(¢) and, after choosing a splitting A ~ B @ ¢, the Lie bracket takes
the form:

[(, ), (B.m]a = ([, BB, Alev, B) + Vi — VEE).
Then A € Q2?(B;¢) is a 2-cocycle, whose cohomology class:
c2(A) := [\ € H*(B;¥)

is independent of the splitting, and it determines the extension ¢ — A — B up to
isomorphism. We have the following:

Proposition 5.21. An abelian bundle of ideals € C A, with B := A/, admits a kernel flat
partial splitting if and only if € admits a flat connection V inducing V¢ and the class
co(A) is in the image of the map (from Lemma A.11):

HA(B;€) — H*(B;#¥).



60 R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124

Proof. Given a flat coupling data (V% ,U), the connection V¥ induces V¢, and, as re-
marked, co(A) is the image of the class [(de U,U)] € H3,(B;¥).

Conversely, assume one is given a flat connection V¥ inducing V* and that cy(A) is
the image of ¢ € HA,(B;¢). Note that any representative of ¢ if of the form (de U,U).
Choose a splitting inducing

Ma, 8) =U(a, pp(B)).

Since the pair (V£, U) satisfies (S17)-(S3), it follows from Proposition 5.13 that it is the
coupling data of a kernel flat partial splitting for A. O

We also have the infinitesimal version of Corollary 2.41:

Corollary 5.22. A semi-direct product A = B Xy &, with € abelian is partially split if and
only if the representation of B on € admits a B-invariant connection (in the sense of
Definition A.9).

Proof. If £ admits a B-invariant connection V¥, then (VLU = 0) is the coupling data
for an IM connection on B X s &.

Conversely, let (L,1) € QY(B x,s &%) be an IM Ehresmann connection. Both the
projection ¢ : B Xpr ¥ — B and the inclusion ¢ : B — B xjs £ are Lie algebroid
morphisms which intertwine the actions on €. Therefore, ¢* o *(L,1) is an IM 1-form.
By subtracting it from (L,l), we may assume that ¢*(L,l) = 0. By Proposition 5.18,
this is equivalent to (L,l) having coupling data (VZ,U = 0), with V¥ a B-invariant
connection on €. O

6. Examples and applications (algebroids)

Using the correspondence from Theorem 5.6, many of the examples that follow can be
seen as infinitesimal counterparts of the examples discussed in Section 3. Note, however,
that we will make no integrability assumption, so often we obtain more general classes
of examples.

6.1. Lie algebra bundles

Let A — M be a Lie algebra bundle. A bundle of ideals ¢ C A is not necessarily
partially split. The obstructions are precisely those found in Corollaries 5.7 and 5.8:

Proposition 6.1. A bundle of ideals £ C A in a Lie algebra bundle is partially split if and
only if the following two conditions hold:

(i) ¢ is a Lie algebra bundle;
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(ii) there exists a splitting A ~ B & ¢, for which the fiberwise Lie bracket is a direct
product.

Proof. By Corollaries 5.7 and 5.8, a partial splitting for ¢ C A yields a (usual) connection
V% on £ which preserves the Lie bracket and a splitting A ~ B®#, for which the fiberwise
Lie bracket is a direct product.

Conversely, fix a connection V¥ on € which preserves the Lie bracket and a splitting
A ~ B @ ¢ for which the Lie bracket is a direct product. Then we can obtain a partial
splitting from Proposition 5.11 by setting U := 0. 0O

Remark 6.2. If M is connected, then for a bundle of Lie algebras (¢, [-,-]¢) — M to be a
Lie algebra bundle, it suffices that:

H?*(t,,£,) =0, Yze&M.
Indeed, this condition implies that each €, is a rigid Lie algebra: any small deformation

of the Lie bracket on ¢, is isomorphic to ¢, (see, e.g., [13]). Therefore, all Lie algebras
in ¢ are isomorphic to each other and it follows that ¢ is a bundle of Lie algebras.

6.2. Products

Consider the Lie algebroid A = M obtained as the product of a Lie algebroid B = M
and a Lie algebra g:

A=Bxg.
Then ¢ := M x g C A is a bundle of Lie algebras which is always partially split with a
canonical, totally flat partial splitting. This follows by observing that we have canonical
isomorphisms:
TA=TBx (gxg), Axyt=Bx(gxg),
in terms of which the inclusion (5.2) is
Bx(gxg) —»TBx(gxg), (bv,w)— (0pv,w).
Hence, we have the canonical IM Ehresmann connection £ C T'A given by:

E(b,v) = {(X,’U, 0) 1 X € Tb(Bm)a GBS g}

It is also easy to determine the alternative data of specifying this connection given by
Proposition 5.4, namely:
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e The canonical splitting 6 : A x ¥ — T*A:
0:Bx(gxg’)=T°(B)x(gxg’), (bv,8) = (0,0,8).
e The IM connection 1-form (L,1) € Qi (4, 8):

l:Bxg—Mxg, L(bv)=(z,v),
L:T(B) x C®(M;g) — Q(M,g), L(a,f)=dFf.

e The linear, closed, IM 2-form p € Q%(A x &*):
piBx(gxg’) =T (Mxg")=T"Mx(gxg), (0,8 (0,0,8).
6.3. Transitive algebroids
Let A = M be a transitive Lie algebroid. Its isotropy ¢ = ker p is a bundle of ideals.

We claim that this is always partially split, and there is a 1-to-1 correspondence between
splittings of the anchor:

and IM connection 1-forms (L,1) € Qi (A, €).
Indeed, given a splitting [, we can define a linear operator L : I'(A) — Q'(M,¥) by
setting:

ixL(a) = ([7(X), a]). (6.1)

One checks easily that the pair (L,1) satisfies (A.8), so it is a €-valued, IM 1-form, with
lle =1d.

Conversely, given any IM connection 1-form (L,1) € Ql,;(4,¥), the bundle map I :

A — ¢ determines a splitting of the anchor. We claim that I/ = L, where L is given by

(6.1). Note that the difference L — L’ is a ¢-valued, IM 1-form whose symbol vanishes.
It follows from the last equation in (A.8) that:

ip(s)(L(a) = L'(a)) =0, Vp € A.
Since p is surjective, this means that L = L’.
6.4. Cartan connections

Recall that a Cartan connection is a connection V on a Lie algebroid A whose basic
curvature vanishes identically:
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bas —
Ry® =0.
Hence, as an immediate consequence of Proposition 5.9, we obtain:

Corollary 6.3. Let € C A be a bundle of ideals. If A admits a Cartan connection V and a
splitting | : A — € which is V-invariant, then € is partially split. In particular, this holds
when A admits a fiberwise metric that is V-invariant.

Proof. The second part of the statement follows by choosing the splitting [ : A — £ to
be the orthogonal projection relative to the invariant metric. O

In Subsection 3.8 we saw that, for a Lie groupoid admitting a bi-invariant metric,
every bundle of ideals is partially split. At the Lie algebroid level, the corresponding
notion of a bi-invariant metric (see [24]) is given by a Cartan connection and a pair of
metrics (n4,n™) on A and M satisfying:

The previous corollary shows that for a Lie algebroid A admitting a bi-invariant metric
any bundle of ideals £ C A is partially split. Notice that the metric ' plays here no

role.
6.5. Action Lie algebroids

Let A= gx M = M be the action Lie algebroid associated with a Lie algebra action
p: g — X(M). The canonical flat connection V on A has vanishing basic curvature,
hence it is a Cartan connection. Given a bundle of ideals € C A a splitting [ : A — £ is
V-invariant if and only if it is g-equivariant:

l([vvw}g) = [Ual(w)]gxM7

for all v,w € g (here we identify elements of g with constant sections of A). Hence, we
deduce from Corollary 6.3 the infinitesimal version of Proposition 3.1:

Corollary 6.4. A bundle of ideals on an action algebroid g x M = M admitting a g-
equivariant splitting is partially split.

For example, if g is a Lie algebra of compact type then it admits an ad-invariant
scalar product (-, -). Such an inner product defines a fiberwise metric 7 on A which is V-
invariant. Hence, in this case, any bundle of ideals on A = g x M admits a g-equivariant
splitting, so it is partially split.
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6.6. Infinitesimal principal type

Let A = M be a transitive Lie algebroid and B = M any Lie algebroid. Consider
the Lie algebroid fibre product:

A=A xpy B:={(o,B) : par(a) = pp(B)},

where the structure is such that the inclusion in the product A «— A’ x B is a Lie
algebroid morphism. The projection ¢ := prgz : A — B is a Lie algebroid morphism,
which is surjective because we assume B to be transitive. The kernel € := ker ¢ is then a
bundle of ideals which can be identified with ker p4: via pr4,. A bundle of ideals £ C A
obtained via this construction will be called of principal type. This is of course the
infinitesimal counterpart of groupoids with bundle of ideals of principal type, discussed
in Subsection 3.5.

Since A’ = M is transitive, as discussed in Subsection 6.3, a splitting l4 : A’ — ¢
of par determines an IM connection 1-form (Las,la) € Q};(A’,€). Pulling back this
connection 1-form to A, we obtain a multiplicative ¢-valued 1-form

(L:=Laopry,l:=1laopry) € Uy(A L),

which satisfies I|¢ = Ide. So bundles of ideals of principal type are partially split.

The IM connection 1-form (L, 1) € Q};(A, ) can also be described using the fact that
the splitting l4/ gives an identification A’ ~ T M & &, where the anchor becomes pry,,
and the bracket is given by:

[(Xa 5)7 (Y7 77)]14’ = ([X’ Y]a Q(Xa Y) +Vxn—Vy{+ [5’ 7}]3)7 (62)
for all X,Y € XY(M), &, € T'(€). Here:

- Qis C°°(M)-bilinear, so that Q € Q?(M;¥);
- V is a connection on £ preserving [, | with curvature RV = ad((2).

Then, one finds that, for a € T'(B) and £ € T'(#):
ixL(e, §) = Vx(§) + QX, pp(a)).
In the notation of Proposition 5.13, we have that
Ule, X) = Q(pp(a), X), VIi=V.
Here is a class of bundle of ideals which are of principal type:

Proposition 6.5. Let € C A be a bundle of ideals such that:
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(i) € is a locally trivial Lie algebra bundle;
(ii) the typical fiber (g,[-,-]) of € satisfies:
H%(g,9) = H'(g,9) = 0.
Then € C A is of principal type, and in particular it is partially split.

Corollary 6.6. If ¢ C A is a bundle of semi-simple Lie algebras, then it is of principal
type.

Proof. For a semi-simple Lie algebra g, we have that Hi(g,g) = 0, for all i. Also, ¢
is automatically a locally trivial Lie algebra (see Remark 6.2), hence Proposition 6.5
applies. 0O

Proof of Proposition 6.5. Consider the Lie algebroid gl() whose sections are the deriva-
tions of the vector bundle &, i.e., the bundle maps Dx : I'(t) — I'(¢) satisfying:

Dx(f€) = fDx(§) + X(f)¢,

for all f € C°°(M). The anchor of gl(¢) assigns to the section Dy its symbol X € X(M),
and the Lie bracket is the commutator of derivations. We let A" C gl(£) be the Lie
subalgebroid whose sections are the derivations of the bracket [-,]¢

['(A") = Der(, [, J¢)-

The fact that A’ is a Lie subalgebroid and transitive, follows from (i).
Now, to prove the proposition, let B = A/¢ and consider the map

p:A— A xB, aw— (V[a]).

We claim that this is an injective Lie algebroid morphism, with image the fiber product
A’ xppr B. That v is a Lie algebroid morphism follows the fact that both components
Vt: A - A and pr: A — B are Lie algebroid maps. On the other hand, if a € A is
such that 1(a) = 0, then « € &, satisfies:

Vg = [Oé, —}ez =0.

But (ii) is equivalent to ad : £, — Der(,) being an isomorphism of Lie algebras. Injec-
tivity of these maps shows that o = 0 and so % is injective. Finally, surjectivity of this
map implies that the map 1) is onto A’ xrp B. O

Remark 6.7. As observed in the proof, condition (ii) of Proposition 6.5 is equivalent to
ad : g — Der(g) being a Lie algebra isomorphism. Therefore, G := Aut(g) is a Lie group
integrating g and we have the principal G-bundle of g-frames:
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P:={p:g—¢t : z €M, pis a Lie algebra isomorphism}.

The transitive Lie algebroid A’ — M in the proof is isomorphic to the Atiyah Lie
algebroid of P and hence is integrable.

We also have a global version of Proposition 6.5.

Proposition 6.8. Let ® : G — H be a groupoid map covering the identity which is a
surjective submersion, and let ¢ : A — B be the induced Lie algebroid map. If € := ker ¢
satisfies the conditions of Proposition 6.5 then ® is partially split.

Proof. The assumption implies that
G’ := {Lie algebra isomorphisms &, = ¢,, z,y € M} = M

is a transitive Lie groupoid. The map (2.1) Ad : G — G’ together with the map ® induce
a groupoid map into the fiber product:

U= (Ad,®): G — G Xnxm H.

Then ¥ integrates the Lie algebroid map v from the proof of Proposition 6.5. Since
is an isomorphism, it follows that ¥ is a local diffeomorphism. On the other hand, since
G’ is transitive, it follows that pry : G’ Xprxm H — H is of principal type, so by the
example of Subsection 3.5, pr, admits a multiplicative Ehresmann connection E. The
preimage of F under ¥ is a multiplicative Ehresmann connection for ®. 0O

6.7. Bundles of ideals of principal type with kernel flat IM connections

Let € C A be an ideal of principal type, for which the 2-form (6.2) is center-valued:
Q€ Q*(M, 2(¢)).

Then the corresponding connection V is flat, so we are in the case of an IM Ehres-
mann connection which is kernel flat. This kind of partially split ideals can be explicitly
described as follows.

Let B = M be a Lie algebroid and let ¢ — M be a Lie algebra bundle with a flat
connection V¥ preserving the bracket [, ]¢. Given any center-valued, de—closed7 2-form
Q€ Q?(M, z(€)) one can define a center-valued tensor U by:

U(a, X) :=Q(pp(a), X).

One checks that U satisfies (S3), so that (S1’)-(S3’) hold. Therefore, we obtain a partially
split bundle of ideals £ C A with flat coupling data. Moreover, it is of principal type: we
have A ~ A’ X1y B, where A’ = TM & ¢ is the transitive Lie algebroid with Lie bracket:
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[(Xv 6)7 (Yv 77)]3 = ([Xv Y],Q(X,Y) + V?{U - vng + [5777]8)'

Note that in this case the B-cocycle A in Remark 5.20 is given by (pp)*(Q2), so its
class is the image of the map:

(pB’)* : H2(M,Z(E)) — H2(sz(é))'

When Q = dV 6, with § € Q' (M, 2(£)) we have [\] = 0 and the resulting bundle of
ideals £ C A is isomorphic to a “trivial” coupling data (V’,0), via the map:

A—=Bat, (0,8 — (o,0(a)+&).

On the other hand, given any partially split bundle of ideals ¢ C A with flat coupling
L
data (VL,U) and a center-valued, d¥ -closed, 2-form Q € Q2(M, z(¥)), we obtain a
“gauge transformed” bundle of ideals with coupling data (VZ,e?U) where:

U (a, X) == U(a,X) + Qpp(a), X).

The bracket of the underlying algebroid B changes by replacing the cocycle A with the
cocycle A+ (pp)* ().

6.8. Bundles of ideals of rank one

We treat in detail the case of bundle of ideals of rank one. In this setting the existence
of specific types of IM connections has cohomological interpretations.

Let £ C A be a bundle of ideals of rank one, which, for simplicity, we assume to be
orientable. As usual, we set B = A/, and after choosing a splitting of the short exact
sequence:

we obtain an identification
A~B®d¢,

where the anchor and the Lie bracket on A become:

pala,§) = pp(a),
[(@,), (B,m]a = ([, Bl Mav, B) + Vi — VEE).

Notice that:

e The flat B-connection V* is independent of the choice of splitting of A;
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e Up to isomorphism, the representation of B on t is determined by its characteristic
class (see, e.g., Section 11.1 in [11]):

c1(¢) € HY(B).
Explicitly, if we choose a trivialization £ ~ M x R, then
Vol =L f +ive)f, (f €C(M))

for a cocycle V € Q!(B), which is a representative of c¢;(£). If we change the trivi-
alization ¢ ~ M x R by multiplying with a non-zero function h, then V' changes by
pp(dlog |hl) = dp log |h].

e The t-valued 2-form A € Q%(B;¥) is dp-closed, so it determines a class:

c2(A) == [\ € H*(B;#¥).

This class is well-defined: a different splitting of A is determined by an element
Z € QY(B;¥), and this has the effect of changing A by dp Z.

The anchor pp : B — T M, being a Lie algebroid morphism, defines a map in coho-
mology

o5 HY (M) — HY(B).

The class ¢; () belongs to the image of this map if and only if there exists a flat
connection V on € such that, for all & € T'(B) and £ € T'(¢):

V€=V, & (6.3)

To see this, choose a trivialization ¢ ~ M x R, giving rise to the representative V' of
c1(€). We have a one-to-one correspondence between flat connections V on M x R and
closed forms 6 € Q(M), given by:

Vxf=2xf+0X)f, (feC™(M))
Under this correspondence, we have that (6.3) is equivalent to V' = pi6. The class
c1(V) :=[0) € HY(M)

is just the characteristic class of the representation of TM on £ given by V, and we have
by definition:

pp(c1(V)) = 1 ().
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Below, whenever c;(£) belongs to the image of p};, and we choose a flat connection

satisfying (6.3), we will say that “V is a flat connection with p%V = V*”. In particular,

when this happens, V is a B-invariant connection (see Definition A.9). Also, we have a

map in cohomology with coefficients in €, for the representations defined by V and V*:
pp  H*(M;t) — H*(B;#¥),

and another map in IM cohomology, for the differential dfy; (see Lemma A.11):

Hp\(B;¥) — H*(B;#).

After these preliminaries, we can now state a result about the various special IM
Ehresmann connections one can have for a bundle of ideals of rank one:

Proposition 6.9. Let £ C A be a bundle of ideals of rank one, which is orientable.

(i) The Lie algebroid A is isomorphic to a product, A~ B x R, with € ~ 0pr x R (see
Subsection 6.2), if and only if

() =0 and c2(A)=0.
(i) There exists a totally flat IM Ehresmann connection for € C A if and only if
c1(€) € Im(HY (M) — HY(B)) and cy(A) =0.

(iti) There exists a leafwise flat IM FEhresmann connection for ¢ C A if and only if ¢
admits a B-invariant connection V and c2(A) = 0.
(iv) There exists a kernel flat IM Ehresmann connection for ¢ C A if and only if

ci(8) € Im(H' (M) — HY(B)) and cy(A) € Im(H7((B;¢) — H*(B;¢)),

where the last map is for a flat connection V with psV = V*.
(v) The Lie bundle of ideals € C A is of principal type if and only if

ci(8) € Im(HY (M) — HY(B)) and c3(A) € Im(H?*(M;¥€) — H*(B;¥)),
where the last map is for a flat connection V with pyV = V*.

Before we look at the proof, let us discuss the general question of existence of partial
splittings for ideals of rank one:

Proposition 6.10. A rank one bundle of ideals t C A admits an IM Ehresmann connection
if and only if:
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(i) € admits a B-invariant connection V¥, i.e., for all o € B:

vt =vk and 1 )RVL =0,

pB() pB(c
(i) and ca(A) has a representative of the form
)\(Ot,ﬁ) = Z'pB(ﬁ)U(Oé),
where U : B — T*M ® t is a linear map satisfying the structure equation:
L . L
U(le Bl5) = 25 (U (B) — i 47 Ula),
for all o, B € T(B).

Proof. From the theory of couplings, discussed in Section 5.4, £ C A is partially split if

and only if there exists a pair (VL,U) and a splitting A ~ B @€ such that V¢ = V/’;JB(Q),

Ma, B) = U, pp(8)), and the structure equations (S2) and (S3) hold. It follows easily
that (S2) is equivalent to invariance of the connection, and that (S3) is equivalent to the
equation in (ii) — as was mentioned already in the proof of Proposition 5.19. O

Assume then that we have an IM Ehresmann connection with coupling data (V,U),
as in the previous proposition. After fixing a trivialization € ~ M x R, we can write the
connection as

Vi =Zx +6(X),
for a unique 1-form 6 € Q'(M). Then ¢, (¢) = [V] where V € Q'(B) satisfies:
V(Oz) = ipB(a)e.
Moreover, regarding U as a map U : B — T*M, ca(A) = [\] where X € Q?(B) satisfies:
)\(OA,B) = ipB(B)U(O‘)'
The structure equations from (i) and (ii) become:

ippa)d0 =0, (827)
U([CM, 6]3) = ng(a)U(ﬂ) - Z'PB(B) d U(Oé) (SS”)
+0(pp(@)U(B) —ipyp) (0 AU(a)),

for all o, B € T'(B). This follows from the relations:

RVL(X,Y) =dé(X,Y), AV w= dw+60Aw, f;Lw = Zxw+ 0(X)w.



R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124 71

Recall that a class ¢ € H¥(B; V) is said to be tangential if it has some representative
P € QF(B; V) satisfying

ppl@) =0 = i,P=0.

The previous discussion implies the following obstruction for existence of IM Ehresmann
connection:

Corollary 6.11. If a rank one bundle of ideals € C A admits an IM Ehresmann connection,
then the classes c1(8) € HY(B) and ca(A) € H*(B;¥) are tangential.

Proof of Proposition 6.9. (i) If A is isomorphic to a product, then clearly ¢ (¢) = 0 and
ca(A) = 0. Conversely, ca(A) = 0 means that there exists a splitting A ~ B x € such
that A = 0, and ¢;(£) = 0 means that there exists a trivialization £ ~ M x R such that
V =0. Thus A4 is a product.

(ii) Assume that € C A admits a totally flat IM connection, with coupling data
(VLU = 0). Then, as remarked above c;(£) belongs to the image of p%, and A = 0, so
clearly c3(A) = 0. Conversely, under the assumptions, there exists a splitting A ~ B @ ¢,
under which A = 0 and there is a flat connection V¥ on € inducing V¢. Then (VL U) is
the coupling data of a totally flat IM connection for ¢.

(iii) Assume that ¢ C A admits a leafwise flat IM connection, with coupling data
(VE,U). This means that A = 0, so clearly, co(A) = 0, and as remarked before V¥
is B-invariant. Conversely, under the assumptions, there exists a splitting A ~ B x R,
under which A\ = 0, and there is a connection V¥ which is B-invariant. Then the pair
(VL U = 0) is the coupling data of a leafwise flat IM connection for €.

(iv) Assume that € C A admits a kernel flat IM connection, with coupling data
(VE,U). This means that V% is flat, so ¢;(€) is in the image of p%. By Proposition 5.19,
the pair (de U,U) is an IM 2-form on B with values in £ which is clearly closed
for the differential dIva from Proposition A.10, and which is sent under the map from
Lemma A.11 to A. So ¢3(A) it the image of [y]. Conversely, the assumptions imply the
existence of a flat connection V% on £ which is B-invariant, and of a splitting A ~
B @ ¢, under which X is in the image of Q%(B;€) — Q%(B;¥€) (see Lemma A.11) of an
element v which is dIVN? -closed. This implies that v = (dIVNf U,U). The second part of
Proposition 5.19 implies that (VZ, U) is the coupling data of a kernel flat IM connection.

(v) Assume that ¢ C A is of principal type, i.e., there exists a transitive Lie algebroid
£ A" — TM so that A ~ A’ xpp; B. As discussed in Subsection 6.6, after choosing a
splitting A" ~ TM @ &, the Lie bracket on A’ is given by

[(X, 5), (Y7 77)].4’ = ([X, Y]7 Q(X7 Y) +Vxn— VY§)> (6'4)

where V is a flat connection on £ and Q € Q2(M;¢) is dV-closed. Using the induced

splitting A ~ B @€, we obtain that Vi, =V, (o) and A = pj(Q); so c1(€) and cz(A) are
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in the image of pj. Conversely, if this happens, we have a flat connection V on £ such
that Vi =V, ,(a), and a dV-closed 2-form Q € Q2(M;£) such that A = p’ (), for some
splitting. This means precisely that A ~ A’ X7 B, where A’ = TM @ ¢ is the transitive
Lie algebroid with bracket (6.4). O

Appendix A. Multiplicative and infinitesimal multiplicative forms

We recall here a few results about multiplicative and infinitesimal multiplicative (IM)
forms that are required throughout the paper. For us, it will be specially important forms
with coefficients, since they appear as “connection 1-forms” for Ehresmann connections.
More details on the results mentioned in this section can be found in [6,7,10,14,18] and
we only provide proofs of the results that cannot be found in those references.

A.1. Multiplicative forms and IM forms

Let G = M be a Lie groupoid with source/target s,t : G — M and multiplication
m:G X, G —G.

Definition A.1. A differential form w € QF(G) is called multiplicative if it lies in the
kernel of the simplicial differential:

dw:=prjw—m‘w+prjw=0
where pr; : G (X, G — G are the projections on the factors.

The differential of a multiplicative form is again a multiplicative form, so we have a
complex of multiplicative differential forms (23,(G),d). A basic fact is that two multi-
plicative forms w,w’ € QF(G) such that w|y = w'[y and (dw)|y = (dw')|a actually
coincide, assuming that G has connected target fibers.

Denote by (A, [, -], p) the Lie algebroid of G = M. Given a multiplicative form w €
Q% (G) one defines two vector bundle maps p: A — AF=YT*M and ¢ : A — A¥T*M by
setting:

pla) = iqwlra,  ((a) =iqdw|rar. (A.1)
The pair (u, () satisfies the following set of equations for any «, 8 € T'(A4):

ip(y () = —ipa)(B),
u(le, B) = Lpayp(B) — ip(s) d plar) — ips)C(a), (A.2)
C([Oé, ﬁ]) = gp(a)C(ﬁ) - Z'/)(B) dC(a)

This leads to the notion of infinitesimal multiplicative form on an arbitrary Lie algebroid
A = M, integrable or not:
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Definition A.2. An IM k-form on a Lie algebroid (4, [, ], p) is a pair (g, (), where u :
A — AFIT*M and ¢ : A — AFT*M are bundle maps satisfying (A.2).

The space of IM forms is denoted by QF;(A4) and it becomes a cochain complex with
differential given by

dIM : Q{CM (A) — Qﬁ\—zl(AL dIM(M, C) = (C’ O)

For a target 1-connected Lie groupoid G = M with Lie algebroid A = M the assignment
w = (u,¢) given by (A.1) is an isomorphism of complexes:

(R4(9),d) =~ (2 (A), dim)-
A.2. Multiplicative forms and IM forms with coefficients

This subsection follows [14], where all claims are proven. Let G be a Lie groupoid and
V' a G-representation. We will work with differential forms on G with coefficients in s*V
(instead of t*V/, as in [14]), which we denote by

0 (G; V) :=Q°(G;s"V).

Similarly, denote by ° (g<’<); V') the space of differential forms on the manifold Gk of
composable k-strings of arrows, with values in the vector bundle (s o pr,)*(V) — G*)
where pr; : G*®) — G is the projection onto the i-th component.

Definition A.3. A form w € Q°*(G; V) is called multiplicative if
ow =0,
where § : Q*(G; V) — Q*(GP); V) is the simplicial differential defined by:
0W|(g1,92) = g;l - pri wlg, — M w|g, g, + Prywlg,. (A.3)
We denote by Q3,(G; V) the space of V-valued multiplicative k-forms.

A simple way to produce multiplicative forms is by using the simplicial differential in
degree zero ¢ : Q*(M; V) — Q3,(G; V) given by:

Swlg =g ' t'w—s*w, ge€g. (A.4)

We will see later other examples.

Let us pass to the infinitesimal level, so denote by A = M the Lie algebroid of
G = M. Given a representation p : V. — M of G, at the algebroid level we obtain a flat
A-connection on V:
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V:TA) xT(V) = T(V), (a,8)+— Vgs.
This means that for all o, 8 € I'(A), s e I'(V), and f € C*°(M), we have:
Vias = IVas, Val(fs)=fVas+ (fp(a)f)s, V[aﬁ] = [Va, Vﬁ].

We also call (V, V) a representation of the Lie algebroid A.
For a V-valued multiplicative k-form w € QF/(G;V), define a vector bundle map
1:A— AFIT*M @ V by setting

I(a) := (iqw)| T, (A.5)

and a linear operator L : T'(A) — QF(M;V) by letting

L(a),(vi,...,0) = % EZO(;S;L (@) -w(ds ¢4z (v1), ..., ds ¢Sz (vk)) (A.6)

where ¢¢ ; denotes the flow of the left-invariant vector field o, This operator is a kind of
differential operator with symbol /, in the sense that for any f € C*°(M) and « € T'(A)
it satisfies:

L(fa) = fL(a) +d f ANl(a). (A7)

Furthermore, the pair (L,!) satisfies the following set of equations:

ip)l(B) = —ippl(a),
L([a, B]) = Lo L(B) — L5 L(a), (A.8)

]
l([e, B)) = Zul(B) = ip(s) L),
where, for a € T'(A) and v € Q*(M; V), we denoted:

k
ZO{’Y(Xla cee 7Xk) = VO&(’Y(Xla s ;Xk)) - Z’Y(Xh sy [p(a)7Xi]a s an) (Ag)

=1

Now observe that all this makes sense for an arbitrary algebroid A = M, integrable
or not, provided one has a representation (V,V):

Definition A.4. Let (V,V) be a representation of the Lie algebroid A = M. An V-
valued IM k-form is a pair (L,l), where L : T(4) — QF(M,V) is a linear map and
l:A— AF=IT*M @V is a vector bundle map satisfying (A.7) and (A.8).

We denote by Qfy;(A; V) the space of V-valued IM k-forms. For historical reasons,
these are also sometime called Spencer operators. For a target 1-connected Lie groupoid
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G = M with Lie algebroid A = M the assignment w +— (L, 1) given by (A.5) and (A.6)
gives an isomorphism:

(G V) = Qi (4; V).

Example A.5 (V-valued forms of degree 1). For us the V-valued multiplicative forms of
degree 1 will be important. Such a form w € Q3;(G; V) is the same thing as a morphism
of VB groupoids w : TG — sV = G (X, V covering the identity morphism Id : G — G.
Let us explain this in more detail.

First, the tangent bundle of a Lie groupoid G = M is a VB-groupoid:

16 ——= ¢

.

T™ —— M

Next, if p : V. — M is a representation of G, then we have the groupoid extension
G xm V=G x,V = M, where composition of arrows is given by:

(g,v) - (hyw) = (gh,h ™ - v+ w).
It can also be viewed as a VB-groupoid:

GxyV——G

.

Opy ———> M
Now an V-valued multiplicative differential form w € Q3,(G; V) is just a map:
w:TG—=s'V=GxuV, vg—(g9,w(vg)),

which is a morphism of VB groupoids covering the identity. In other words, it is a
groupoid morphism, which is a vector bundle map making the diagram commute:

w

g

GxuV

\g < H \g
W

TM ——||—— Oum

\M \M
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A similar discussion holds at the infinitesimal level for V-valued IM forms of degree
1: a 1-form (L, 1) € Qfy;(4; V) is the same thing as a VB algebroid morphism 6V : TA —
A @V covering the identity morphism Id : A — A, as we now explain.

First, the tangent bundle of a Lie algebroid A = M is a VB-algebroid:

TA —— A

I

TM —— M

where the double arrow is used to distinguish the algebroid projections from the alge-
broid morphisms. Next, given a representation (V, V) of A, then we have the algebroid
extension A @ V with anchor p o pr, and bracket:

[(av 5)7 (6’ t)] = ([O" 5]7 Vat — VBS).
It can also be viewed as a VB-algebroid:

AoV ——= A

|

Oy —— M

Now, given a morphism of VB algebroids 8V : TA — A @ V covering the identity
morphism Id : A — A:

\%

TA A@V

- HO]M

\

we can define an V-valued IM form (L, 1) € Q,,(4, V) by setting for any section a € T'(4)
and ve TM:

A

M

L(a)(v) := pry (6" (d a(v))),
l() := pry 0V (&)|ar,
where & € X(A) is the vertical lift of the section «. Conversely, given an V-valued IM

form (L,1) € Qf;(4; V) there exists a unique VB algebroid morphism ¥ : TA — A®V
which covers the identity and corresponds to (L,!) under the above assignment.
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A.3. Differentiation of multiplicative forms with coefficients

In this section we discuss differentiation of multiplicative forms with coefficients. The
material here seems to be new, so we include detailed proofs.

On a manifold M, in order to be able to differentiate forms with coefficients in a
vector bundle p : V' — M one needs to choose a connection V. This gives a V-de Rham
operator d¥ : QF(M; V) — Q¥1(M; V) defined by

—~

d¥w(Xo,..., Xx) =Y (~=1)'Vx,w(@o,. .., Xiy. .., Xp)+

+ 3 ()X, X ), X, Xy X Xp).
i<j
Note that dV is a differential if and only if V is flat.
Now, consider a representation p : V. — M of a Lie groupoid G = M, with Lie
algebroid A = M. If we fix a connection V on V| we can take the pullback connection
V® on s*V — G and use it to differentiate V-valued forms. However, in general, given

a multiplicative form w € QF(G; V), its differential dV" w will not be a multiplicative
form. We need the connection V to be compatible with the representation.

Definition A.6. Let G = M be a Lie groupoid and p : V. — M a G-representation. A
(usual) connection V on V is called G-invariant if the isomorphism of vector bundles:

sV =tV (g,v) = (9,9 v),
preserves the connections VS := s*V and V* := t*V.
The G-invariance of a connection is equivalent to the commutation relation:
AV s=454",

where 0 : Q*(M; V) — Q3,(G; V) is the degree zero simplicial differential (A.4). It turns
out that this is equivalent to require this commutation relation to hold for any simplicial
degree. We only need the case of degree 1:

Proposition A.7. Let G = M be a Lie groupoid, let p : V. — M be a G-representation,
and let V be a connection on V. We denote by V® both the pullback connections on
s*V — G and on (sopry)*V — G@). The VS-de Rham differential " and the simplicial
differential (A.3) commute:

AV s=464d"",

if and only if the connection V is G-invariant. In particular, if this is the case, then av
maps multiplicative forms to multiplicative forms.



78 R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124

Proof. Let E — M be a vector bundle equipped with a linear connection V. Given a
map ¢ : N — M, denote by V¢ the pullback connection on ¢*V. Then:

dv¢ o* = " av.
Now, we can write the simplicial differential with coefficients as:
0 = ®* prj —m™ + pr3,
where @ is the vector bundle isomorphism covering the identity:
®: (sopry)*V = (topry)*V — (sopry)*V, (g,h,v) — (g,h, h~v).

The condition that the connection V is G-invariant is easily seen to be equivalent to this
map preserving the pullback connections:

(b0 pry) "V = pr3 V%, (s 0pry)*V = prj V™.
This condition, in turn, is equivalent to:
d*pridV =dV &* prt.
Hence, we conclude that V is G-invariant if and only if dV's=6d"". O

We now pass to infinitesimal level. First we deduce the infinitesimal analogue of the
G-invariance condition on a connection:

Proposition A.8. Let G = M be an t-connected Lie groupoid with Lie algebroid A = M
and let p : V. — M be a G-representation. Denote by VA the corresponding flat A-
connection on V. A connection V is G-invariant if and only if

va = Vo and RY (p(a),v) =0, (A.10)
forallae Ay, ve T, M, and x € M.

Proof. We claim that G-invariance of V is equivalent to the statement that for any path
g(t) € G, one has a commutative diagram:

v
Ts(g(t)

Vstg0) — Vaa()) (A.11)

9(0)l lg(t)

Vetg0)) —— Ve(ee))

Te(g(t))
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where 7V denotes parallel transport for the connection V. To see this note that the
G-invariance condition on V is equivalent to require the map ® : s*V — t*V, (g,v) —
(9,9 - v), to preserve parallel transport along any curve g(¢):
Ve _
® o7y = Tyt
The claim now follows by observing that since the connections are obtained by pulling
back V along s and t, we have:
A v vt v
7o) = 00 Tstgn): Tow) = (9, Tatge)-

Fix g € G, and let « := t(g). Since G is t-connected we can choose a path g(e)
in the target fiber t~!(x) with g(0) = 1, and g(1) = g. Then we have the A-path
a: 0,1 = T*M, a(e) := g~ '(e)g'(¢), and parallel transport along a(e) for the A-
connection V4 amounts to acting by the inverse of g:

A
’I'av :‘/t(g)*}‘/s(g)a Ta (U):g V.

We prove the proposition by showing the equivalence between G-invariance in the
form of the diagram (A.11) and conditions (A.10). If we assume G-invariance, then given
any a € A, we choose a path g(e) in the target fiber t~!(z) such that g(0) = 1, and
g'(0) = a. Then the A-path a(e) := g~1(g)g’(¢) satisfies

= Tgog-

Since s o g is the base path of a, by differentiating at ¢t = 0, we obtain:

A
Vo = Vp(a):

Next, given a € A, and v € T, M we choose a smooth family of paths g(t,e) where
for each fixed t the path € — g(t,¢) lies in the target fiber t~!(z(t)) and starts at an
identity, g(t,0) = 1,(;), and moreover:

dg d
d—a(0,0) =a, E(S 0¢)(0,0) =v.

It follows from diagram (A.11) that for the family v(t,e) := s(g(t,e)) the V-parallel
transports commute:

v v _ .V v
Tersy(t,e) © Ttrsy(t,0) = Tersn(te) © Tersn(0,e)

By differentiation, this gives:
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This argument can be reversed, to prove the converse. If the curvature condition in
(A.10) holds for all z € M, a € A, and v € T, M, then one obtains that for any smooth
family of paths g(¢,¢), where for each fixed ¢ the path € — g(¢,¢) lies in a target fiber,
the V-parallel transports commute:

v v _ .V v
Ts»—w(t,s) 0 Ttn—w(t,o) - Ttn—>'y(t,€) °© Ts»—)'y((),s)7

where (¢, ) := s(g(t,€)). Then if the relationship between connections in (A.10) holds,
we conclude that (A.11) must hold for the path g(t) := ¢(t, 1). Since one can obtain any
path ¢(t) in G in this way, the result follows. O

This motivates the following:

Definition A.9. Let A = M be a Lie algebroid and let (V, V4) be an A-representation.
We call a (usual) connection V on V' A-invariant if (A.10) holds.

In the presence of an invariant connection we have an operator on IM-forms, which is
the infinitesimal version of the operator on multiplicative forms that we saw before:

Proposition A.10. Let A = M be a Lie algebroid and (V,V*) an A-representation. An
A-invariant connection V on V induces operator on IM-forms, as follows:

Ay s U (A, V) = QRN A, V), (L0~ (dY L, L —dY ).
If V is flat, this operator is a differential.

Proof. If V2 =V, then we obtain:

pla

_ v
Lo =Zplay

On the other, this together with the condition RY (p(a),v) = 0, gives:

AV Lo — Lo d¥ =dY LN, — Ly dY

pla
= (dv)2ip(a) - Z‘p(oz) (dv)2
= Rv A (ip(a) ) — ip(a)(Rv A ) = *(ip(a)Rv) A-=0.

It follows that if (L,1) satisfies the IM conditions (A.8), so does (d¥ L, L —dY 1). O
There is also a natural map:

QR(A V) = QFA V), (L) = w (A.12)

where  wi(aq,...,ax) = 1(a1)(plag), ..., plag)).
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The corresponding operation on the Lie groupoid level is the restriction of multiplicative
forms to the target fibers. It is immediate to check:

Lemma A.11. Let A = M be a Lie algebroid and (V,V4) an A-representation. If V is
an A-invariant connection then (A.12) intertwines the differentials:

(Qfi(A, V), ) = (2°(4,V),d%").
Hence, when V is flat we obtain a map of complexes, and so a map in cohomology:

Remark A.12. In the flat case we also obtain a alternative way of expressing IM-forms
with coefficients in V', which is similar to (in fact extends) the case of trivial coefficients.
Namely, an A-invariant connection V gives a 1:1 correspondence between maps L :
I'(A) — QF(M; V) with symbol [ : A — AF~1T*M @V and pairs of tensors (, (), where
p: A= ANFTIT*M @V oand ¢ : A — APT*M ® V, by setting:

pwi=1, ¢:=L—-dvl

When V is flat, one checks that (L,1) is an IM-form if and only if the pair (u, ) satisfies
the V-analogue of equations (A.2), namely:

ippy(a) = —Z'p(a)ﬂ(ﬂ)
([, B]) = yu(B) — %(ﬁ dY p(a) —ipp¢(),
([, B]) = Ly C(B) — dv ¢(a).

A.4. Linear forms

A differential form w € QF(F) on the total space of a vector bundle F' — M is called
linear if

miw =tw, Vi>0,

where m; : F' — F denotes fiberwise multiplication by ¢. Let Qﬁn(F ) the space of linear
k-forms on F.

To any vector bundle map © : F — A¥T*M covering the identity, one can associate
a linear k-form:

e*( Can) € le( )

where of € QF(A*T*M) is the tautological k-form:
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k *
acan|§ = pr/\kT*M(g)'
We have the following decomposition of linear forms:

k
lin

Lemma A.13. Any linear k-form w € Qf, (F) can be decomposed as:

W= E"(aden) +d 0" (),

can
for unique linear maps
2. F 5 AFT*M, ©:F — AFIT M.
Moreover, w is closed if and only if w = dO* (o 1), i.e., if and only if = = 0.
We have the corresponding notion on a VB groupoid:

Definition A.14. Given a VB groupoid:

—_—

="

i

a form w € QO (F) is called a linear multiplicative form if it is multiplicative for the
groupoid F' = F and linear for the vector bundle F — G.

-

One important example is the canonical symplectic form wean € Q3;(T*G) on the
cotangent VB groupoid

"G ——¢

.

A —— M

where A denotes the Lie algebroid of G. The canonical primitive of weay, i-e., the Liouville

1

e € 4 (T*G), is also a linear multiplicative 1-form.

1-form «

We now turn to the infinitesimal version of these results.

Definition A.15. A linear IM form on a VB algebroid
B—— A
E M

R
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is an IM form (u,¢) € QF,;(B) on the algebroid B — E satisfying
mip=tu, mi¢=t(, Vt>0,
where m; : B — B is the scalar multiplication on the vector bundle B — A.

Under the correspondence between multiplicative forms and IM forms, linear multi-
plicative forms on a VB groupoid correspond to linear IM forms on the associated VB

algebroid.
For any Lie algebroid A — M, its cotangent algebroid is a VB algebroid:

T*A —— A

I

A —— M

and carries a canonical closed, linear, multiplicative 2-form pican € Q% ;(T*A), namely
the canonical isomorphism (called the reverse isomorphism in [26]):

flean : T*A — T* A",

This IM 2-form is exact with canonical primitive the linear, multiplicative 1-form
(feans fican) € Uy (T*A), where fean : T*A — R is the tautological map

fcan(a) = a(%hzoetu), for «c€ T:A

References

[1] C. Arias Abad, M. Crainic, Representations up to homotopy and Bott’s spectral sequence for Lie
groupoids, Adv. Math. 248 (2013) 416-452.

[2] K. Behrend, On the de Rham cohomology of differential and algebraic stacks, Adv. Math. 198 (2)
(2005) 583-622.

[3] A.D. Blaom, Geometric structures as deformed infinitesimal symmetries, Trans. Am. Math. Soc.
358 (8) (2006) 3651-3671.

[4] A.D. Blaom, Lie algebroids and Cartan’s method of equivalence, Trans. Am. Math. Soc. 364 (6)
(2012) 3071-3135.

[5] A.D. Blaom, Cartan connections on Lie groupoids and their integrability, SIGMA 12 (114) (2016),
26 pp.

[6] H. Bursztyn, A. Cabrera, Multiplicative forms at the infinitesimal level, Math. Ann. 353 (3) (2012)
663-705.

[7] H. Bursztyn, A. Cabrera, M. del Hoyo, Vector bundles over Lie groupoids and algebroids, Adv.
Math. 290 (2016) 163—207.

[8] H. Bursztyn, M. Crainic, A. Weinstein, C. Zhu, Integration of twisted Dirac brackets, Duke Math.
J. 123 (3) (2004) 549-607.

[9] H. Bursztyn, T. Drummond, Lie theory of multiplicative tensors, Math. Ann. 375 (3—4) (2019)
1489-1554.


http://refhub.elsevier.com/S0001-8708(23)00267-0/bibAC4E0AA23FFB76FFFFA6EFAD7DE7A64Bs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibAC4E0AA23FFB76FFFFA6EFAD7DE7A64Bs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib8068100C994C433CFD041015772F80B9s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib8068100C994C433CFD041015772F80B9s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib1211B04F0BC232646A9F0284C6597F1Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib1211B04F0BC232646A9F0284C6597F1Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib422D033F465C5B0A22B92930E00503E2s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib422D033F465C5B0A22B92930E00503E2s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib87BDAC07F748417AE23A396FE2339EFBs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib87BDAC07F748417AE23A396FE2339EFBs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibADB1589D66918C9668E46E68B49F9712s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibADB1589D66918C9668E46E68B49F9712s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib629BC2A1937497A615BE402DFBF039D7s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib629BC2A1937497A615BE402DFBF039D7s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib85ADC318E3953A6B19ECBC9932642354s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib85ADC318E3953A6B19ECBC9932642354s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib5769D2B77378362F50643C31A25B500Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib5769D2B77378362F50643C31A25B500Ds1

84 R. Loja Fernandes, I. Marcut / Advances in Mathematics 427 (2023) 109124

[10] A. Cabrera, T. Van Drummond, Est isomorphism for homogeneous cochains, Pac. J. Math. 287 (2)
(2017) 297-336.

[11] M. Crainic, R.L. Fernandes, I. Marcut, Lectures on Poisson Geometry, Graduate Studies in Math-
ematics, vol. 217, American Mathematical Society, Providence, RI, 2021, 479 pp.

[12] M. Crainic, J.N. Mestre, Orbispaces as differentiable stratified spaces, Lett. Math. Phys. 108 (3)
(2018) 805-859.

[13] M. Crainic, F. Schitz, I. Struchiner, A survey on stability and rigidity results for Lie algebras,
Indag. Math. 25 (5) (2014) 957-976.

[14] M. Crainic, M.A. Salazar, I. Struchiner, Multiplicative forms and Spencer operators, Math. Z. 279
(2015) 939-979.

[15] M. Crainic, I. Struchiner, On the linearization theorem for proper Lie groupoids, Ann. Sci. Ec.
Norm. Supér. (4) 46 (2013) 723-746.

[16] M. del Hoyo, Lie groupoids and their orbispaces, Port. Math. 70 (2013) 161-209.

[17] M. del Hoyo, Complete connections on fiber bundles, Indag. Math. 27 (4) (2016) 985-990.

[18] T. Drummond, L. Egea, Differential forms with values in VB-groupoids and its Morita invariance,
J. Geom. Phys. 135 (2019) 42-69.

[19] R.L. Fernandes, I. Marcut, Poisson geometry around Poisson submanifolds, preprint, arXiv:2205.
11457, 2022.

[20] P. Frejlich, Submersions by Lie algebroids, J. Geom. Phys. 137 (2019) 237-246.

[21] A. Gracia-Saz, R.A. Mehta, VB-groupoids and representation theory of Lie groupoids, J. Symplectic
Geom. 15 (3) (2017) 741-783.

[22] N. Hitchin, Lectures on special Lagrangian submanifolds, in: Winter School on Mirror Symme-
try, Vector Bundles and Lagrangian Submanifolds, in: AMS/IP Stud. Adv. Math., vol. 23, AMS,
Providence, RI, 2001, pp. 151-182.

[23] M. Jotz Lean, C. Ortiz, Foliated groupoids and infinitesimal ideal systems, Indag. Math. 25 (5)
(2014) 1019-1053.

[24] A. Kotov, T. Strobl, Integration of quadratic Lie algebroids to Riemannian Cartan-Lie groupoids,
Lett. Math. Phys. 108 (3) (2018) 737-756.

[25] C. Laurent-Gengoux, M. Stiénon, P. Xu, Non-abelian differentiable gerbes, Adv. Math. 220 (5)
(2009) 1357-1427.

[26] K.C.H. Mackenzie, General Theory of Lie Groupoids and Lie Algebroids, London Mathematical
Society Lecture Note Series, vol. 213, Cambridge University Press, Cambridge, 2005.

[27] 1. Marcut, Rigidity around Poisson submanifolds, Acta Math. 213 (1) (2014) 137-198.

[28] D. McDuff, D. Salamon, Introduction to Symplectic Topology, 3rd edition, Oxford Graduate Texts
in Mathematics, Oxford University Press, Oxford, 2017.

[29] I. Moerdijk, J. Mréun, Introduction to Foliations and Lie Groupoids, Cambridge Studies in Advanced
Mathematics, vol. 91, Cambridge University Press, Cambridge, 2003.

[30] K.M. Murray, Bundle gerbes, J. Lond. Math. Soc. 54 (1996) 403-416.

[31] M.A. Salazar, Pfaffian groupoids, PhD Thesis, Utrecht University, 2013, https://dspace.library.uu.
nl/handle/1874/275521.

[32] X. Tang, Deformation quantization of pseudo-symplectic (Poisson) groupoids, Geom. Funct. Anal.
3 (2006) 731-766.

[33] Y. Vorobjev, Coupling tensors and Poisson geometry near a single symplectic leaf, Banach Cent.
Publ. 54 (2001) 249-274.

[34] Y. Vorobjev, Poisson equivalence over a symplectic leaf, in: Quantum Algebras and Poisson Geom-
etry in Mathematical Physics, in: Amer. Math. Soc. Transl. Ser. 2, vol. 216, 2005, pp. 241-277.

[35] A. Weinstein, Linearization of regular proper groupoids, J. Inst. Math. Jussieu 1 (2002) 493-511.

[36] N.T. Zung, Proper groupoids and momentum maps: linearization, affinity and convexity, Ann. Sci.
Ec. Norm. Supér. (4) 39 (2006) 841-869.


http://refhub.elsevier.com/S0001-8708(23)00267-0/bib5AB6BFB90B189FF986F5DD6E46F9F44Fs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib5AB6BFB90B189FF986F5DD6E46F9F44Fs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib0424B8F1006CCEEC3E691406672A7B50s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib0424B8F1006CCEEC3E691406672A7B50s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib8839769E58A3246F1AB0EA87CD91CFE2s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib8839769E58A3246F1AB0EA87CD91CFE2s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibDE09DF060605D2C85CC35599863830BEs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibDE09DF060605D2C85CC35599863830BEs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib27FF2DF87621CCA20D0EF265233F46CEs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib27FF2DF87621CCA20D0EF265233F46CEs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib021A8C7BAA8899213F503E4A4140ABBBs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib021A8C7BAA8899213F503E4A4140ABBBs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibE90DEB4234BD60EEE21F08645C392E98s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibFFB912161DEEB02D8BD0F58286CC2825s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibBB53C9057D0754EA23A508A428E1A347s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibBB53C9057D0754EA23A508A428E1A347s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibB43C7CC3F83CFA32A59AC7AD74481359s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibB43C7CC3F83CFA32A59AC7AD74481359s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibD68FE9D46B7AE22C4D670084C12F93CFs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibF1CC7E298C1C587F245A46543C7E2076s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibF1CC7E298C1C587F245A46543C7E2076s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib340DFDE16EB08D1AA3DD41FBE6F90594s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib340DFDE16EB08D1AA3DD41FBE6F90594s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib340DFDE16EB08D1AA3DD41FBE6F90594s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib1F2223D05874E4D2D9F1E5A6394E5244s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib1F2223D05874E4D2D9F1E5A6394E5244s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibD3F796C9F1430EF7CBDEF6911BB9193Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibD3F796C9F1430EF7CBDEF6911BB9193Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib7C3537B2FB36430FBBCFA42BD8AA6D94s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib7C3537B2FB36430FBBCFA42BD8AA6D94s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib23DFE133D999B9657E0653DDCA0AC180s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib23DFE133D999B9657E0653DDCA0AC180s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib5FE5A004DD16CFB6A28C07DF90724115s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibD95AE279900D2F660FC3571F82F9009As1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibD95AE279900D2F660FC3571F82F9009As1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib24C87BF9A5F7098DC74024A872AC531As1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib24C87BF9A5F7098DC74024A872AC531As1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibE6B13AAD7E6C359D596839589FCDEB8Fs1
https://dspace.library.uu.nl/handle/1874/275521
https://dspace.library.uu.nl/handle/1874/275521
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibF85659AE778A2C5DACCBBC7063517846s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibF85659AE778A2C5DACCBBC7063517846s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibDACC4E4F96A27A716C0687CDE418E6E6s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibDACC4E4F96A27A716C0687CDE418E6E6s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib0D7DDF0E2972418C7B31FCBF2E6B74CFs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bib0D7DDF0E2972418C7B31FCBF2E6B74CFs1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibEC69DEFBA29D2389E69EA4EBA332BE12s1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibAD928CC732C67EB3CC95A84CDAB4394Ds1
http://refhub.elsevier.com/S0001-8708(23)00267-0/bibAD928CC732C67EB3CC95A84CDAB4394Ds1

	Multiplicative Ehresmann connections
	1 Introduction
	2 Multiplicative Ehresmann connections
	2.1 Ehresmann connection for a Lie groupoid submersion
	2.2 Partially split bundles of ideals
	2.3 The partially split condition
	2.4 Completeness
	2.5 Curvature
	2.6 Flat multiplicative connections

	3 Examples and applications (groupoids)
	3.1 Lie groups
	3.2 Products
	3.3 Bundle of groups
	3.4 Transitive groupoids
	3.5 Principal type
	3.6 Action groupoids
	3.7 Non-integrable quotient
	3.8 Groupoids with bi-invariant metrics
	3.9 Over-symplectic groupoids

	4 Morita invariance and properness
	4.1 Morita invariance
	4.2 Bundle gerbes and connections

	5 IM Ehresmann connections
	5.1 IM connection for a surjective algebroid morphism
	5.2 Infinitesimal partially split bundles of ideals
	5.3 The infinitesimal partially split condition
	5.4 Couplings
	5.5 Flat IM Ehresmann connections

	6 Examples and applications (algebroids)
	6.1 Lie algebra bundles
	6.2 Products
	6.3 Transitive algebroids
	6.4 Cartan connections
	6.5 Action Lie algebroids
	6.6 Infinitesimal principal type
	6.7 Bundles of ideals of principal type with kernel flat IM connections
	6.8 Bundles of ideals of rank one

	Appendix A Multiplicative and infinitesimal multiplicative forms
	A.1 Multiplicative forms and IM forms
	A.2 Multiplicative forms and IM forms with coefficients
	A.3 Differentiation of multiplicative forms with coefficients
	A.4 Linear forms

	References


