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Scaling isolated-attosecond-pulse duration by controlling a trajectory parameter
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Reaching an ever shorter duration of isolated attosecond pulses (IAPs) is an ongoing mission in attosecond
science. Wide usage of long-wavelength driving lasers has greatly broadened bandwidths for generating IAPs.
We propose a strategy to further exploit the ability of a long-wavelength laser in producing short IAPs. We
introduce a scaling relationship between IAP duration and a trajectory parameter that is associated with the
classical cutoff trajectory of high-order harmonic generation (HHG) in gases. This trajectory parameter can
facilitate in shortening IAP duration by shaping laser waveform. We demonstrate the effectiveness of our
methods with calculations of HHG from Ne by solving the time-dependent Schrödinger equation. A genetic
algorithm is used in search for laser parameters. Macroscopic effects in HHG and attopulse generation are
investigated. Our results show that increasing laser intensity and using an additional short-wavelength (e.g.,
deep ultraviolet) laser pulse together with the infrared are effective ways to shorten IAP duration (from 76 to
47 as in our example), for which insightful physical explanations are provided.
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I. INTRODUCTION

From nanoseconds (ns) to femtoseconds (fs) and then
to attoseconds (as), every breakthrough in achieving shorter
light-pulse duration opens up a new era of research and dis-
coveries [1,2]. Attosecond pulses enable us to observe and
control electrons in motion on an atomic scale [1–4]. Attosec-
ond pulses have been generated from high-order harmonic
generation (HHG) in gases [5–9], optical synthesizing [10],
and free-electron lasers [11,12]. They can be either a train
of pulses or an isolated single pulse of attosecond duration.
The shortest attosecond pulses are isolated attosecond pulses
(IAPs) produced from HHG in gases and their duration have
been decreasing for over a decade, for example, from 650 as
in 2001 [6], to 130 as in 2006 [8], 80 as in 2008 [13], 67 as in
2012 [14], 53 and 43 as in 2017 [15,16]. The characterization
of such extreme short duration can be challenging and im-
provements in attosecond-pulse metrology often accompany
records of low duration.

Besides better attosecond-pulse characterization, methods
for producing shorter attosecond pulses generally fall into
two categories: higher energies and less attochirp. A shorter
duration means a wider bandwidth and the central frequency
of an attosecond pulse should be at least half of its bandwidth.
Thus, to obtain shorter attosecond pulses one wants to produce
HHG spectra with higher photon energies. For example, con-
sidering a rectangular spectrum (whose bandwidth-duration
product of a transform-limited pulse is 3664 eV as), the central
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frequency of an 100-as pulse should be at least 18 eV while the
central frequency of an 1-as pulse should be at least 1.8 keV.
HHG spectra reaching high energies of the water window
(282–533 eV) [17–21] or keV region [22,23] are measured,
but zeptosecond pulses have not been reported.

The other important aspect in generating short attosecond
pulses from HHG in gases is to overcome the attochirp prob-
lem. Attochirp is an intrinsic chirp of the HHG process where
high-harmonic photons of different frequencies are emitted at
different times and consequently attosecond pulses are not
transform-limited [8,13,24]. A thin-film filter is commonly
used in experiments to compensate the attochirp for a lim-
ited frequency range using material dispersion [8,13–16,25].
Special experimental instruments were designed to compress
attosecond-pulse duration, for example, with a double-grating
compressor [26] or a multilayer XUV mirror [27], whose
function bandwidth typically spans tens of electron volts.
Attochirp compensation by plasma dispersion has also been
investigated theoretically for large photon energies in the
water window [28]. Recently, we proposed a novel way of
producing transform-limited attosecond pulses for any band-
width without compensating attochirp by π -phase shifting of
frequency stripes in an HHG spectrum [29].

Many studies have contributed to our understanding of
the roles that laser-pulse waveform can play in HHG and
IAPs [2,3,30–43]. For example, HHG can be enhanced by
a linear-ramp shape in the electric field of an optimized
laser waveform [41], or by oppositely chirping two pulses
for better field alignment [42]. Attochirp can be reduced
by confining returning electron trajectories into a short time
window [43]. However, few studies reported quantitative de-
scriptions regarding reducing attochirp or shortening IAP
duration with laser-pulse shaping. For a one-color pulse, it is
known that an averaged attochirp is proportional to the driving
laser frequency and thus a longer wavelength is preferred to
achieve smaller attochirp [44,45]. Interestingly, in a different
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circumstance where pulse shaping is considered we find that
an additional short wavelength is favored to reduce attochirp
and thus shorten IAP duration.

In this paper, we establish a quantitative scaling relation-
ship between IAP duration and a trajectory parameter that is
associated with the classical cutoff trajectory of HHG. Specifi-
cally, the IAP duration is reported here to be inversely propor-
tional to the trajectory parameter. Upon careful examination
of this trajectory parameter, insightful physical interpretations
can be drawn regarding reducing attochirp in HHG with pulse
shaping. Based on the scaling relationship, strategies of short-
ening IAP duration with laser-pulse shaping are proposed. We
demonstrate the effectiveness of our strategies by performing
numerical calculations of HHG from Ne (whose ionization
potential is large among rare gases and thus can stand higher
laser intensities to achieve larger HHG cutoffs) in both single-
atom and macroscopic systems. A genetic algorithm is used in
search for laser parameters. Our results show that increasing
laser intensity and using an additional short-wavelength (e.g.,
deep ultraviolet [46–48]) laser pulse together with the infrared
can effectively shorten IAP duration in a single-atom system
(from 76 to 47 as in our example). Our calculations from focal
averaging of a macroscopic system illustrate how variances in
driving laser intensities affect outcomes.

We first introduce formulations of the trajectory parameter
and discuss its scaling properties in Sec. II. Simulation meth-
ods for numerical computation are presented in Sec. III, for
both single-atom calculations and three-dimensional intensity
averaging in the focal region. The main results are presented
in Sec. IV, where we demonstrate how to shorten isolated-
attosecond-pulse duration with laser-pulse shaping by con-
trolling the trajectory parameter of HHG. Finally, Sec. V
summarizes our results and highlights major conclusions.

II. TRAJECTORY PARAMETER AND ITS SCALING
PROPERTIES

An attosecond pulse intensity profile I (t ) is generally de-
scribed as a modulus square of its field amplitude a(t ):

I (t ) ∼ |a(t )|2. (1)

The attosecond pulse duration �t is defined as the full width
at half maximum (FWHM) of its intensity profile. Based on an
analytical formulation of HHG [36,49], the attosecond-pulse
field amplitude generated from a single-cycle HHG spectrum
can be approximated as the Fourier transform of an Airy
function (see Eq. (21) in [29])

a(t ) ∼ ε

∫ ∞

−∞
Ai(x)W(x)e−ixydx. (2)

Here Ai is the Airy function, which describes the spectral
(meaning Fourier-transformed) dipole moment and presents
Airy peaks in a single-cycle HHG spectrum [see, e.g., Airy
peaks in Fig. 1(b)]. Typically, the analytical HHG formula
consists of factors from ionization, propagation, and recombi-
nation [36,49]. The Airy function comes from the propagation
factor, while ionization and recombination factors are omitted
in Eq. (2) for a single-cycle HHG spectrum (ionization factor
amounts to an overall constant and recombination factor has
much less pronounced variation compared to the oscillating

Airy function) [29]. W is a window function to select HHG
frequencies. x and y are scaled dimensionless “energy” and
“time,” respectively,

x = h̄� − Ecut

εEau
− 1.019, y = Eau

h̄
ε(t − tr ), (3)

where h̄� is the photon energy, Ecut is the cutoff energy,
Eau = |e|2/a0 = 27.21 eV (a0 is the Bohr radius), and the
constant 1.019 is related to the maximum of the Airy function.
In Eq. (3), ε is the dimensionless trajectory parameter (see
Eq. (19) of [29])

ε = ζ 1/3, ζ = F (tr )2

2F 2
au

[
F (tr )

F (ti)
− Ḟ (tr )

F (tr )
(tr − ti ) − 1

]
, (4)

where F (t ) is the electric field, ti and tr are ionization and
return times, respectively, of the classical cutoff trajectory, Ḟ
is the time derivative of the electric field, and Fau = |e|/a2

0 =
5.142 GV/cm. Note that Eq. (2) works for a single-cycle HHG
spectrum, meaning that only one laser cycle should contribute
dominantly to the HHG spectrum that is used to generate
attosecond pulses [29].

Equation (2) provides a simple generic approximation of
attosecond pulses and serves as the foundation of our anal-
yses, from which useful scaling properties of IAPs can be
revealed. The Airy function Ai(x) stays the same regardless
of driving lasers while information about the driving laser
are encoded in scaled variables x and y through parameters
Ecut, tr , and ε. For a given W(x), the scaled-time duration
�y is determined. According to Eq. (3), the attosecond-pulse
duration �t is related to �y in the manner �t ∼ �y/ε. Thus,
the scaling relationship is that for a given window W (x) the
attosecond-pulse duration �t must be inversely proportional
to the trajectory parameter

�t ∝ 1/ε. (5)

Moreover, from Eq. (2), one sees that a larger value in ε

can contribute to a higher intensity of the attosecond pulse.
Therefore, we desire a larger trajectory parameter to generate
shorter and stronger attoseond pulses.

Based on the structure of trajectory parameter ε given in
Eq. (4), one sees a couple of ways to increase its value. First,
the F 2 factor in front of the brackets suggests that a higher
laser intensity can yield a larger trajectory parameter. Second,
the terms inside the brackets are related to the cutoff trajectory
and its driving field, suggesting that shaping the laser wave-
form can enhance ε.

Let us examine terms inside the brackets of Eq. (4). Typ-
ically, the electric field strength at the time of ionization is
much larger than that at time of return [see, e.g., Fig. 1(a)
around times ti and tr], meaning that the first term can be
ignored [F (tr )/F (ti) � 1]. Next, (tr − ti ) is the excursion
time of the cutoff trajectory and the quantity Ḟ (tr ) is the
slope of electric field at time of return. For a single-color
laser field, the excursion time and the slope scale in oppo-
site ways with the driving laser wavelength λ: (tr − ti ) ∼ λ,
while Ḟ (tr ) ∼ λ−1. Thus, the trajectory parameter ε does not
scale with driving laser wavelengths. For example, if we
double a wavelength, the trajectory parameter remains the
same.
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FIG. 1. Enhancing the trajectory parameter by optimizing the laser waveform. (a) The electric field of a one-cycle sine-shaped Gaussian
pulse with a carrier wavelength of 1000 nm and a peak intensity of 8 × 1014 W/cm2. ti and tr indicate the ionization and return times of the cutoff
trajectory. ε is the trajectory parameter defined in Eq. (4). (b) Calculated HHG spectrum from a Ne atom. Numbers in the figure label Airy
peaks. (c) Shortest attosecond pulses from low-frequency (SAP-L, solid red line) or high-frequency (SAP-H, dashed blue line) regions. (d) The
striped frequency pulse (SFP) obtained by alternating the phase of neighboring Airy peaks by π . Attopulse duration and bandwidth range are
given in (c) and (d). (e)–(h) Same as panels (a) to (d) but for the case of an optimized laser waveform composed with carrier wavelengths of
1000 nm and 227 nm whose electric fields are shown in (e) as dashed and dotted lines, respectively (detailed pulse parameters are listed in
Table I for the label “e”). The circle in (e) highlights the steepened electric-field slope at return time due to the additional short wavelength
[note that the 1000-nm pulse in (e) has a different CEP from that of (a)].

One way to enhance the trajectory parameter ε is to shape
laser-pulse waveform by adding a second pulse, so that both
the slope and excursion time obtain large values simultane-
ously to yield a bigger trajectory parameter. For this purpose,
we can start with a long-wavelength driving pulse (utilizing
its large excursion time) and then add a short-wavelength
pulse (utilizing its steep slope). With fine-tuning of the pulse
waveform by adjusting intensities and relative phases, we can
achieve the goal of maximizing ε.

In the following sections, we demonstrate that enhancing
the trajectory parameter ε by shaping the laser waveform and
increasing the laser intensity is indeed an effective way to
shorten the IAP duration.

III. SIMULATION METHODS

A. Single-atom calculation

We calculate HHG spectra produced by a Ne atom
interacting with a linearly polarized laser field F (t ). Un-
der single-active-electron and electric dipole approximations,

the time-dependent Schrödinger equation (TDSE) of this
system is

i
∂

∂t
	(r, t ) =

[
p2

2
+ V (r) + zF (t )

]
	(r, t ), (6)

where the laser field is polarized along the z axis and me,
|e|, and h̄ are set to unity in atomic units (a.u.). The atomic
potential of Ne is approximated as V (r) = −(1 + a1e−a2r +
a3re−a4r + a5e−a6r )/r where parameters aj ( j = 1–6) are
given in Table I of Ref. [50]. TDSE is solved using a time-
dependent generalized pseudospectral method [51] in which
the wave function is expanded in Legendre polynomials and
the time propagation is carried out using a second-order
split-operator technique. The convergence of our TDSE calcu-
lations was monitored by adjusting the basis size and the grid
density in both space and time, where specific parameters are
approximately L ∼ 200 for the maximum angular momentum,
rmax ∼ 150 a.u. for the maximum grid size, N ∼ 3500 for the
number of radial grid points, and the time step ∼0.075 a.u.
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The dimensionless HHG spectrum S(�) is obtained from
the Fourier-transformed dipole acceleration along the z axis

S(�) = 1

c3

∣∣∣∣ 1√
2π

∫ ∞

−∞
D̈z(t )ei�t dt

∣∣∣∣2

, (7)

where c is the speed of light and the time-dependent dipole
acceleration D̈z(t ) is [52]

D̈z(t ) ≡ 〈	(r, t )| − z̈|	(r, t )〉

= 〈	(r, t )|∂V (r)

∂z
|	(r, t )〉 + F (t ). (8)

Attosecond pulses are generated by spectrally filtering
HHG spectra. Specifically, the attosecond pulse intensity
profile I (t ) is obtained as the modulus square of its field
amplitude

I (t ) = I0

∣∣∣∣ 1√
2π

∫ ∞

−∞
D̈z(�)w(�)e−i�t d�

∣∣∣∣2

. (9)

Here I0 is set to unity, w(�) is a rectangular win-
dow function to select HHG frequencies and D̈z(�) is
the Fourier-transformed dipole acceleration, i.e., D̈z(�) =

1√
2π

∫ ∞
−∞ D̈z(t )ei�t dt . The attosecond pulse duration �t is

defined as the FWHM of its intensity profile I (t ).

B. Three-dimensional focal averaging

To investigate the macroscopic effects of HHG, we em-
ploy a three-dimensional (3D) focal averaging model [29],
which consists of a one-dimensional (1D) coherent intensity
averaging along the driving laser propagating axis [53] and a
two-dimensional (2D) incoherent intensity averaging perpen-
dicular to the axis [54].

The typical geometry of a laser-medium interacting zone
for experimental HHG in a gas chamber is a long narrow
cylinder. The length of the cylinder corresponds to the width
of a gas nozzle and is in the order of millimeters, while
the cross-section diameter of the cylinder corresponds to the
driving laser beam waist and is in the order of microme-
ters. The key idea of our 3D focal averaging model is to
divide the interacting zone into a bunch of long narrow tubes,
where coherence inside tubes is considered with good phase
matching in the forward direction and coherent intensity av-
eraging is performed, but coherence between tubes is ignored
and incoherent intensity averaging is performed. We test the
plausibility of this model by comparing the results between
our volume-averaging calculation and Ref. [55] where full
3D propagation is considered, and we see good qualitative
agreements for an ionization level of about 11%. This model
is expected to work well for a gently focused laser beam
where the coherence between tubes can be ignored. We also
consider a dilute gas with low ionization so that absorption
of high-harmonic radiation and distortion of the driving pulse
can be ignored [54].

HHG spectrum with 3D focal averaging is obtained by in-
tegrating HHG intensities over the cross section at the medium
exit

S3D(�) =
∫ ρmax

0

1

c3
|D̈1D(�, ρ)|22πρdρ, (10)

where ρ is the radius of the cross section. D̈1D is evaluated by
coherently summing single-atom HHG amplitudes along the
laser propagating axis x for a given ρ:

D̈1D(�, ρ) =
∫

D̈z(�, ρ, x)dx, (11)

where D̈z(�, ρ, x) is the Fourier-transformed dipole accelera-
tion for a given laser intensity, as described in Sec. III A.

Attosecond pulses are obtained by integrating intensities
over the cross section at the medium exit

I3D(t ) =
∫ ρmax

0
I1D(t, ρ)2πρdρ, (12)

where I1D is

I1D(t, ρ) =
∣∣∣∣ 1√

2π

∫ ∞

−∞
D̈1D(�, ρ)w(�)e−i�t d�

∣∣∣∣2

. (13)

We assume the gas density is uniform and has dropped its
contribution in above integrals.

IV. RESULTS AND DISCUSSION

As outlined in Sec. II, to shorten IAP duration, we want
to maximize the trajectory parameter ε. In this section, we
demonstrate two ways to enhance the trajectory parameter and
how they affect IAPs.

A. Enhancing trajectory parameter by optimizing
laser waveform

As a control case, we start with a short Gaussian pulse
with a long wavelength. The advantage of using a long wave-
length is threefold: it produces a broad bandwidth with large
cutoff, presents a smaller averaged attochirp [44,45], and has
the potential of yielding a large trajectory parameter, all of
which are beneficial to generate short IAPs. To shape the
laser waveform, we add a second pulse while keeping the
total intensity unchanged. The electric field of the laser pulse
is obtained from the time derivative of its vector potential:
F (t ) = −dA(t )/dt and A(t ) is formulated as

A(t ) =
∑

i

− Fi

ωi
exp

(
−2 ln 2

τ 2
i

t2

)
sin (ωit + φi), (14)

where Fi is the electric field amplitude, ωi is the carrier fre-
quency, φi is the carrier-envelope phase (CEP), and τi is the
FWHM duration of the ith laser pulse.

For the one-pulse control case, i = 1. Specifically, the laser
peak intensity is 8 × 1014 W/cm2 (F1 = 0.151 a.u.), the car-
rier wavelength is 1000 nm (= 2πc/ω1), φ1 = 0.5π for a
sine shape, and τ1 = 3.3 fs (2π/ω1) for a single cycle. The
electric field F (t ) and produced HHG spectrum S(�) are
plotted in Figs. 1(a) and 1(b), respectively. Ionization and
return times of the cutoff trajectory are labeled in Fig. 1(a) and
the corresponding trajectory parameter is ε = 0.21. The HHG
spectrum has a wide plateau with Ecut = 194 eV whose band-
width covers from about 80 to 200 eV that contains 22 Airy
peaks. Airy peaks, which can be approximated by squaring
an Airy function, result from subcycle interference of short
and long trajectories and appear when a single laser cycle
contributes to the HHG spectrum [29,49].
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TABLE I. Corresponding data for Fig. 3, including laser-pulse parameters (carrier wavelength λi, laser peak intensity Ii and CEP φi, where
i is 1 or 2), trajectory parameter ε, effective Keldysh parameter γ̃ , and attosecond-pulse duration �t . The mark ′′ means that the data repeat
above.

Label in
Wavelength (nm) Intensity (1014 W/cm2), Fi (a.u.) CEP (π ) �t (as)

Fig. 3 λ1 λ2 I1 (F1) I2 (F2) φ1 φ2 ε γ̃ SAP-L SAP-H

a 1000 8.0 (0.151) 0.5 0.209 0.34 76.2 79.8
b 1000 10.0 (0.169) 0.5 0.226 0.30 68.9 74.4
c 1000 380 5.7(0.127) 2.3(0.081) 1.13 0.69 0.307 1.0 54.4 58.1
d 1000 × 1.2 380 × 1.2 ′′ ′′ ′′ ′′ 0.308 0.85 50.8 54.4
e 1000 227 5.3(0.123) 2.7(0.087) 1.15 0.62 0.340 1.7 52.6 52.6
f 1000 × 1.4 227 × 1.4 ′′ ′′ ′′ ′′ 0.340 1.2 45.4 49.0
g 1000 227 6.7(0.138) 3.3(0.097) ′′ ′′ 0.366 1.6 47.2 47.2
h 1000 × 1.2 227 × 1.2 ′′ ′′ ′′ ′′ 0.370 1.3 43.5 47.2
i 1200 227 4.9(0.118) 3.1(0.094) 1.90 0.38 0.353 2.0 52.6 54.4

We generate a shortest attosecond pulse (SAP) with a
conventional filtering of a single spectral range using a pro-
cedure described in Ref. [29]. Specifically, an SAP in the
low-frequency region (SAP-L) is obtained by scanning spec-
tral bandwidths to find a minimum duration while fixing the
lower frequency at the low energy end of the HHG plateau,
and an SAP in the high-frequency region (SAP-H) is ob-
tained by scanning spectral bandwidths while fixing the higher
frequency at the cutoff. SAPs produced from the HHG spec-
trum in Fig. 1(b) are plotted in Fig. 1(c). Notice that there
are a pair of attosecond pulses and SAP represents the left
one emitted at an earlier time that originates from short tra-
jectories (the right one emitted at a later time stems from
long trajectories which is excluded in SAP since they do not
survive typical phase-matching conditions in HHG [54,56]).
SAP-L has a duration of 76.2 as and covers a bandwidth of
83.1–135.5 eV in the low frequency region. SAP-H has a
duration of 79.8 as and covers a bandwidth of 144–194 eV in
the high frequency region. SAP-H has a longer duration than
SAP-L due to larger attochirp in the high frequency region
[29].

We previously proposed a method to generate transform-
limited IAPs, the striped frequency pulse (SFP), by shifting
the phase of every other Airy peak in the HHG spectrum
by π [29]. The SFP, plotted in Fig. 1(d), utilizes the entire
plateau of 22 Airy peaks (83.1–202.0 eV) and has a duration
of 27.2 as. SFP marks the minimum IAP duration one can
obtain from the HHG spectrum. We define a ratio of duration
between SFP and SAP-L to describe the usability of an HHG
spectrum. For example, the usability ratio for the spectrum
in Fig. 1(b) is 27/76 = 0.36, showing that a large portion
of the HHG spectrum is not used in generating IAPs. This
is typically the case when a long driving wavelength is used.
Next, we show that by enhancing the trajectory parameter with
waveform shaping a broad HHG plateau is less “wasted” in
generating short IAPs.

For the two-pulse case, i = 1, 2 in Eq. (14). The carrier
wavelength of the first pulse is kept at 1000 nm (= 2πc/ω1).
An additional pulse can have any wavelength from 200 to
800 nm (the lower bound is close to wavelengths of short
deep ultraviolet pulses in experiments [46–48], and the upper
bound is smaller than 1000 nm because the trajectory param-
eter ε does not scale with wavelength). Driving pulse duration

is kept the same as the one-pulse case, i.e., τ1 = τ2 = 3.3 fs.
The total intensity of two pulses is set to be 8 × 1014 W/cm2

(same as the one-pulse case) and the CEP of each pulse takes
a value of [0, 2π ]. There are four independent variables of
laser parameters (ω2, F1, φ1, and φ2) which are obtained by
employing a genetic algorithm (GA) [57] to maximize the
trajectory parameter ε. Note that our GA program is fast since
it only tries to maximize the trajectory parameter and does not
calculate attopulse duration. To guarantee a broad bandwidth
for generating short IAPs, we require in our GA program that
the high-energy plateau bandwidth in HHG spectrum is at
least 50 eV. We carried out multiple runs of GA optimization.
The results for each run are not identical but comparable (this
is the nature of GA when a large parameter space is searched).
Typically, the wavelength of an additional pulse is short (close
to 200 nm which is the low limit of the search range) with a
comparable intensity to the 1000-nm pulse, and the trajectory
parameter is around 0.34 ± 3%. We present one case as an
example where the additional pulse has a carrier wavelength
of 227 nm (= 2πc/ω2, detailed pulse parameters are listed in
Table I for the label “e”). Electric fields F (t ) of the optimized
pulse are plotted in Fig. 1(e). The corresponding trajectory
parameter is ε = 0.34, which is about 60% larger than that of
the one-pulse case.

HHG spectrum produced from the optimized laser field is
plotted in Fig. 1(f). The high-energy plateau with a cutoff
of Ecut = 195 eV spans approximately from 110 to 210 eV
that contains eight Airy peaks. The seventh and eighth Airy
peaks have subpeaks due to interference from the low-energy
plateau [29]. Airy peaks are wider for a larger trajectory pa-
rameter [�� ∝ ε�x, see Eq. (3)]. Attosecond pulses SAP-L
and SAP-H are plotted in Fig. 1(g) whose duration are the
same due to mostly overlapping bandwidths. SAP-L has a du-
ration of 52.6 as and covers a bandwidth of 120.5–191.1 eV.
This duration is much shorter compared to the one-pulse
case and is approximately proportional to 1/ε: 52.6/76.2 ≈
0.21/0.34. The SAPs in Fig. 1(g) also have higher intensities
compared to that in Fig. 1(c). The SFP, plotted in Fig. 1(h), uti-
lizes the entire plateau of eight Airy peaks (111.5–212.0 eV)
and has a duration of 32.7 as. The ratio of usability in this case
is 33/53 = 0.62, which almost doubles that of the one-pulse
case showing that IAP duration is closer to the minimum limit
provided by HHG spectrum.
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FIG. 2. Enhancing the trajectory parameter by increasing laser intensity. Same as Fig. 1 except that laser intensities are increased from
8 × 1014 W/cm2 to 1 × 1015 W/cm2.

We see that IAP duration can be shortened significantly
with an enhanced trajectory parameter by shaping the wave-
form of a long-wavelength driving pulse with an additional
pulse. GA optimization suggests a short wavelength for the
additional laser pulse to maximize the trajectory parameter,
which is consistent with our analyses in Sec. II. Let us take a
closer look at the electric fields shown in Fig. 1(e). First, the
excursion time (tr − ti ) of the optimized waveform is about
the same as that of the one-pulse case (ionizes near peak and
returns around zero of 1000-nm field), showing that excursion
time is largely determined by the long-wavelength compo-
nent. At return time tr , the short wavelength (plotted with a
dotted line) combined with the long wavelength (plotted with
a dashed line) gives a much steeper slope in the electric field
(plotted with a solid line) as compared to that of the long
wavelength alone. A steeper slope at return time [i.e., a larger
value in Ḟ (tr )] means that electrons are dragged back within a
narrower time window (while energies of returning electrons
remain mostly unchanged), which results in less attochirp and
shorter attosecond pulses. Therefore, the quantity Ḟ (tr ) can
serve as a meaningful indicator for the amount of attochirp in
HHG when performing pulse-waveform shaping.

B. Enhancing trajectory parameter by increasing laser intensity

A second approach to enhance the trajectory parameter ε

is to increase laser intensities. To demonstrate how this affects
IAPs, we carried out calculations using the same laser param-

eters as that in Fig. 1, except that laser intensities are increased
by 25%. For the one-pulse case, the laser peak intensity
is 1 × 1015 W/cm2 (F0 = 0.169 a.u.) and the trajectory pa-
rameter is ε = 0.23. For the two-pulse case, peak intensities
are 6.7 × 1014 W/cm2 (F1 = 0.138 a.u.) and 3.3 × 1014 W/cm2

(F2 = 0.097 a.u.), and the trajectory parameter is ε = 0.37.
Electric fields for these two cases with increased amplitudes
are plotted in Figs. 2(a) and 2(e). Note that, although the laser
intensity is high, the ground state of Ne is not significantly
depleted thanks to the very short duration of the pulse (ion-
ization ranges from 5 to 30% for different pulses according to
our TDSE estimate by collecting absorbed electron at the grid
boundary).

HHG cutoff energy scales linearly with laser intensity [58].
We observe that cutoff energies of HHG spectra shown in
Figs. 2(b) and 2(f) increase by approximately 25% compared
to lower laser-intensity cases in Fig 1: 236.5 eV (239.0 eV)
compared to 193.7 eV (195.4 eV) for the one-pulse (two-
pulse) case. The duration of SFP is at the transform-limit level
of a plateau bandwidth and thus we expect new SFP duration
to decrease by approximately 20% compared to lower laser-
intensity cases. For the one-pulse case, the SFP, shown in
Fig. 2(d), covers 28 Airy peaks (96.5–249.0 eV) and has a
duration of 21.8 as, which decreases 20% compared to 27.2 as.
For the two-pulse case, the SFP plotted in Fig. 2(h) covers ten
Airy peaks (129.9–256.0 eV) and has a duration of 27.2 as,
which decreases 17% compared to 32.7 as.
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FIG. 3. Scaling of the attopulse duration �t and trajectory pa-
rameter ε. Details of data points with corresponding labels are given
in Table I. The line is an estimate of the scaling relationship by
averaging points a and b (see text for more explanation).

IAP duration is shortened with an enhanced trajectory pa-
rameter ε. For the one-pulse case, SAP-L shown in Fig. 2(c)
covers a bandwidth of 94.9–150.3 eV and has a duration of
68.9 as, while SAP-H covers a bandwidth of 183.9–236.5 eV
and has a duration of 74.4 as. For the two-pulse case, both
SAP-L and SAP-H shown in Fig. 2(g) have a duration
of 47.2 as. SAP duration is approximately proportional to
1/ε. For example, 69/76 ≈ 74/80 ≈ 0.21/0.23 ≈ 47/53 ≈
0.34/0.37 ≈ 0.9. We also notice that all SAP-H cover about
six Airy peaks below the HHG cutoff, i.e., they share the
same window W (x) regardless of different frequencies. This
can be understood by the approximation in Eq. (2) where
attosecond pulses are described as a Fourier transform of the
Airy function.

The trajectory parameter ε is enhanced when laser intensity
is increased. Looking back at Eq. (4), besides a larger field
strength of F (tr ), the slope Ḟ (tr ) is also larger when laser
intensity increases, both of which lead to a larger value in
ε. As discussed previously, a bigger slope Ḟ (tr ) means less
attochirp and thus results in shorter IAP duration. This is
consistent with previous findings that attochirp (in the middle
of HHG plateau) decreases with increased laser intensity [24].

C. Scaling attopulse duration with trajectory parameter

The scaling relationship that the attopulse duration �t is
inversely proportional to the trajectory parameter ε means
that the product ε�t should be a constant. Its value can be
estimated by taking an average of the two one-pulse cases and
we get �t = 16.74 as/ε. Note that here we use SAP-H for
�t since SAP-H is expected to obey the scaling relationship
better than SAP-L (as discussed in Sec. II, SAP-H is more
likely to have the same window W ). The estimated curve is
plotted in Fig. 3 together with nine data points from TDSE
calculations that are labeled from letter “a” to “i.” Detailed
data for the nine points are given in Table I with corresponding
labels. For example, points a and b are the one-pulse cases for
low and high intensities, respectively, while points e and g are
optimized two-pulse cases shown previously.

We note that since the analytic formula is based on the
assumption that Keldysh parameter is much less than 1
[49], we expect the scaling relationship to work well for
pulses with small Keldysh parameters. To better characterize

FIG. 4. The trajectory parameter ε for a range of wavelength
ratio R (R = 1 for single-color cases). Triangles and circles are for
high and low laser intensities, respectively.

a shaped pulse, we use an “effective” Keldysh parameter γ̃

(see Eq. (58) of [49])

γ̃ ≡ ω̄
√

2Ip/F (ti ). (15)

Here Ip is the ionization potential, F (ti ) is the field strength at
ionization time, and ω̄ ≡ max(ω1, ω2), i.e., the max frequency
of the two colors [36] which provides an upper bound for the
Keldysh parameter. We see from Table I that cases a and b
have the smallest γ̃ , and this is why we use them to estimate
the scaling relationship.

We see in Fig. 3 that points c to h follow the estimated
line very well and their effective Keldysh parameters range
from 0.85 to 1.7 (noticing that γ̃ does not need to be strictly
less than 1 [36]). The laser parameters for point c are also ob-
tained from the GA program except that the wavelength of the
second pulse is fixed at 380 nm (we choose this wavelength so
that γ̃ ≈ 1). Points c and e are a bit above the estimated line,
meaning that attopulse duration �t is not short enough. This
can be due to (1) the plateau bandwidth is not wide enough
and/or (2) the effective Keldysh parameter is large. Both
issues can be resolved by increasing laser wavelengths and
this is how we obtain points d and f, which overlap exactly the
estimated line in Fig. 3. Notice that the trajectory parameter
for points c and d (or e and f) are about the same regardless
changes in wavelengths. Lastly, we obtain point i by running
the GA program with fixed wavelengths 1200 and 227 nm so
that we get a larger ε compared to point e. One sees that point i
does not follow the estimated line when the effective Keldysh
parameter is too large (γ̃ = 2).

We see that attopulse duration scales very well with the tra-
jectory parameter when the effective Keldysh parameter is not
too much greater than 1. Next, we discuss how the trajectory
parameter depends on shaped-laser-waveform parameters like
wavelengths, intensities, and phases.

As explained in Sec. II, the trajectory parameter ε does
not scale with driving laser wavelengths. We introduce a
ratio R between the long and short wavelengths. We take
the maximum ε obtained from our GA program for a range
of R and plot the results in Fig. 4. One sees clearly that a
larger wavelength ratio can provide a larger trajectory param-
eter. This is consistent with our analyses based on Eq. (4)
in Sec. II: the long-wavelength component contributes to a
large excursion time while the short-wavelength component
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contributes to a large slope, and when we combine these two,
they work together to yield a large ε. Therefore, to obtain a
large trajectory parameter for generating short attopulses, we
want a large ratio between long and short wavelengths, such
that the long wavelength can provide a broad bandwidth to
afford a short attopulse while the short wavelength keeps the
effective Keldysh parameter close to 1.

We consider both low and high laser intensities in Fig. 4
and it is clear that the trajectory parameter is larger for higher
intensities. This also explains why ε does not decrease when
the ratio R is smaller than 2: when two colors have similar
wavelengths, their combined field has a large strength. We no-
tice from our GA results (see, e.g., Table I) that the intensities
of the component pulses are comparable. This is understand-
able from the fact that ε does not scale with the wavelength
alone. If one component is much more intense than the other
(the extreme case is that one component has zero intensity),
the trajectory parameter of a two-color pulse is close to that of
a single-color pulse which is the same regardless of the actual
wavelength (providing the same intensity and phase). Lastly,
the phases of component pulses should be adjusted such that
the electric fields align at the time of return so that the slope
is effectively steepened.

D. Results for focal averaging

To estimate how our proposed strategies work beyond a
single-atom system, we investigate the macroscopic effects of
HHG by employing a 3D focal averaging model as described
in Sec. III B. To avoid redundant results, we only consider
the case of waveform shaping with low laser intensities in
Sec. IV A, where estimated ionization is up to 5% (17%) for
the one-pulse (two-pulse) case. We consider a gently focused
Gaussian laser beam. In the cross section, laser intensities
decrease as we increase the maximum radius of the cross sec-
tion ρmax and we carried out calculations for laser intensities
down to about 40% of their maximum values (which are the
laser intensities for single-atom calculations in Sec. IV A).
Laser pulses with even lower intensities do not contribute
much to HHG spectra or attopulse generation. In the propaga-
tion direction, we consider a 2% drop in laser peak intensities.
A convergence test is carried out to ensure proper choice
of grid density. Specifically, we use 24 rings in the cross
section to cover laser intensities ranging from 8 × 1014 W/cm2

to 3.4 × 1014 W/cm2 for the one-pulse (1000 nm) case and
20 rings in the cross section to cover laser intensities rang-
ing from 5.3 × 1014 W/cm2 to 2.3 × 1014 W/cm2 (of 1000-nm
pulse) for the two-pulse (1000 + 227 nm) case. We use at least
nine points in the propagation direction to cover a 2% intensity
drop in each ring.

Our results show that the attosecond pulse duration be-
comes longer after intensity averaging as compared to the
single-atom situation. Figure 5 shows SAP duration (SAP
in this section refers to SAP-L) for different laser-intensity
ranges in the cross section that are used to perform focal
averaging (a 2% intensity drop in the propagation direction is
kept the same for all calculations). The lowest laser intensity
in the cross section is measured as a ratio to the laser peak
intensity used in single-atom calculations. For example, the
lowest laser intensity starts from 1, meaning that there is

FIG. 5. Shortest attosecond pulse duration with increasing laser
intensity range in the cross section. The lowest laser intensity is
shown as a ratio to the peak laser intensity that is used in single-
atom calculations in Fig. 1. Numbers in figure are ratios of SAP
duration between the two-pulse (1000 + 227 nm) and one-pulse
(1000 nm) case. Horizontal lines indicate SAP duration from single-
atom calculations.

no intensity averaging in the cross section but only in the
propagation direction. The horizontal lines in Fig. 5 indicate
SAP duration from single-atom calculations. Clearly, except
for the very left points, SAP duration with focal averaging
for both one-pulse (1000 nm) and two-pulse (1000 + 227 nm)
cases are longer than their single-atom levels.

Moreover, as laser-intensity range in the cross sec-
tion grows (meaning that the lowest laser intensity decreases),
SAP duration becomes longer. When the lowest laser inten-
sity is about 0.9, SAP duration is 83.5 as (63.5 as) for the
one-pulse (two-pulse) case, which are close to the single-
atom level. When the lowest laser intensity is about 0.4,
SAP duration is 154 as (145 as) for the one-pulse (two-pulse)
case, which are significantly longer than the single-atom level.
SAP-duration curve flattens as the lowest laser intensity drops
below 50% since lower laser intensities contribute little to
HHG spectra.

The ratios of SAP duration between the two- and one-pulse
cases are given in Fig. 5 for different lowest laser intensi-
ties. One sees that this ratio increases as laser-intensity range
grows. For example, when the lowest laser intensity is about
0.9, the ratio is 0.76. But when the lowest laser intensity
is about 0.5, the ratio is 0.93, which is much larger than
their trajectory-parameter ratio of about 0.6 (0.21/0.34). This
means that our proposed scaling relationship (i.e., �t ∝ 1/ε)
based on single-atom calculations may not work after propa-
gation especially when laser-intensity variance is large. Since
our 3D focal averaging is a much-simplified model for the
full propagation simulation, further investigations are needed
to determine whether and how propagation effects impact
our proposed scaling relationship. Nevertheless, our results
indicate that to harness the power of the scaling relation and
achieve effective reduction in IAP duration one may want
to avoid large variance in laser intensities (e.g., use a gently
focused laser). As an example, HHG spectra and SAPs are
shown in Fig. 6 when the lowest laser intensity is about
0.8 in the cross section (specifically 6.63 × 1014 W/cm2 for
the 1000-nm pulse, and (4.37 + 2.26) × 1014 W/cm2 for the
(1000 + 227)-nm case). One sees that the HHG spectrum
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FIG. 6. HHG spectra and SAPs after focal averaging. Top: HHG
spectra produced by a single pulse (blue) or two pulses (red). Bottom:
Corresponding SAPs from the (b) one-pulse and (c) two-pulse cases.
The laser intensity range is such that the peak intensity drops about
20% in the cross section and drops 2% in the propagation direction.

for the two-pulse (1000 + 227 nm) case presents a smooth
supercontinuum in the high-energy plateau while the HHG
spectrum for the one-pulse (1000 nm) case presents mod-
ulated structures. The Airy peaks disappeared in the HHG
spectra after focal averaging for both the one-pulse and two-
pulse cases. As can be seen from Figs. 4(b) and 4(c), SAP
generated from the two-pulse case is about 20% shorter than
that from the one-pulse case. One also sees that attosec-
ond pulses coming from long trajectories are much more
suppressed after focal averaging compared to single-atom cal-
culations.

V. SUMMARY AND CONCLUSION

Based on analytic analyses and numerical TDSE cal-
culations, we propose a scaling relationship between the
isolated-attosecond-pulse duration �t and a trajectory param-
eter ε [which is related to the classical cutoff trajectory of
HHG and given in Eq. (4)] that the duration is inversely
proportional to the parameter: �t ∝ 1/ε. This scaling relation
tells us that to shorten attopulse duration we want to maximize
the trajectory parameter.

Although ε does not scale with the driving wavelength
alone, strategies for enhancing the trajectory parameter
include (i) increasing laser intensities, and (ii) shaping laser-

pulse waveform by using a two-color pulse where the two
component pulses have comparable intensities and large con-
trasts in wavelengths (i.e., a large wavelength ratio R). We
found that the quantity Ḟ (tr ), i.e., the electric-field slope at
return time of the cutoff trajectory, provides useful indication
of attochirp in HHG with laser-waveform shaping. It also
provides physical interpretations for our strategies of short-
ening IAP duration by maximizing the trajectory parameter.
Specifically, when the laser intensity is increased or a short-
wavelength pulse is added to a long-wavelength driver, the
slope of the electric field at the return time is steepened,
meaning that electrons are dragged back within a narrower
time window which yields a smaller attochirp.

With the numerical calculations of HHG from Ne, we
demonstrate that the IAP duration indeed can be shortened
(from 76 to 47 as in our example) by enhancing the value of
the trajectory parameter ε, as long as the plateau bandwidth
is sufficiently wide and the effective Keldysh parameter is
not too much greater than 1. Note that our proposed scal-
ing relationship and strategies for shortening IAP duration
by maximizing the trajectory parameter can apply to vari-
ous targets. This is because the scaling relationship, derived
from Eq. (2), is based on the propagation step of HHG, and
the trajectory parameter, given in Eq. (4), only depends on
the driving laser pulse. Preliminary results of macroscopic
calculations, based on volume intensity averaging in a gas
jet, suggest that propagation effects could play an important
role. Further investigations may be carried out to consider
full propagation effects in various systems (e.g., a hollow
waveguide where high gas pressures can be achieved to satisfy
phase-matching conditions for long-wavelength drivers [23]).

In conclusion, we propose insightful and quantitative
strategies to decrease attochirp in high-order harmonic gen-
eration and shorten isolated-attosecond-pulse duration. Our
work provides useful guidelines in pulse-waveform shaping
regarding generation of short attosecond pulses with long-
wavelength drivers.
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