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Long-term temporal correlations in time series in a form of an event sequence have been characterized using an auto-
correlation function that often shows a power-law decaying behavior. Such scaling behavior has been mainly accounted
for by the heavy-tailed distribution of interevent times, i.e., the time interval between two consecutive events. Yet little
is known about how correlations between consecutive interevent times systematically affect the decaying behavior of
the autocorrelation function. Empirical distributions of the burst size, which is the number of events in a cluster of
events occurring in a short time window, often show heavy tails, implying that arbitrarily many consecutive interevent
times may be correlated with each other. In the present study, we propose a model for generating a time series with
arbitrary functional forms of interevent time and burst size distributions. Then, we analytically derive the autocorrela-
tion function for the model time series. In particular, by assuming that the interevent time and burst size are power-law
distributed, we derive scaling relations between power-law exponents of the autocorrelation function decay, interevent
time distribution, and burst size distribution. These analytical results are confirmed by numerical simulations. Our ap-
proach helps to rigorously and analytically understand the effects of correlations between arbitrarily many consecutive
interevent times on the decaying behavior of the autocorrelation function.

In general, events in complex systems are correlated with
each other. The autocorrelation function for the event se-
ries measures the overall diminishing impact of one event
at a time on another event in the future (or past). The au-
tocorrelation function in complex systems typically shows
a long tail, meaning a long-lasting memory. We mathe-
matically solve the autocorrelation function to understand
the origin of such long tails in terms of not only the heavy-
tailed distribution of the time interval between two succes-
sive events, namely, interevent time, but also correlations
between arbitrarily many successive interevent times.

I. INTRODUCTION

Complex systems often show complex dynamical behav-
iors such as long-term temporal correlations, also known as
1/ f noise.1–5 Characterizing those temporal correlations is
of utmost importance to understand mechanisms behind such
observations. There are a number of characterization and
measurement methods in the literature; e.g., one can refer to
Refs.6–9 and references therein. One of the most commonly
used measurements is an autocorrelation function.10,11 Pre-
cisely, the autocorrelation function for a time series x(t) is
defined with a time lag td as

A(td)≡
〈x(t)x(t + td)〉−〈x(t)〉2

〈x(t)2〉−〈x(t)〉2 , (1)

where 〈·〉 is the time average over the entire period of the time
series. The autocorrelation function has been extensively used

for detecting temporal correlations in various natural and so-
cial phenomena.8,12–14 For the time series with long-term cor-
relations, the autocorrelation function typically decays in a
power-law form with a decay exponent γ such that

A(td) ∝ t−γ

d . (2)

This power-law behavior is closely related to the 1/ f noise via
Wiener-Khinchin theorem15 as well as to the Hurst exponent
H16 and its generalizations.17–21

A type of time series that has attracted attention is given in
a form of a sequence of event timings or an event sequence,
which can be regarded as realizations of point processes in
time.22 Temporal correlations in such event sequences have
been characterized by the time interval between two consec-
utive events, namely, an interevent time. In many empirical
data sets, interevent time distributions, denoted by P(τ), have
heavy tails23–36; in particular, P(τ) often shows a power-law
tail as

P(τ) ∝ τ
−α (3)

with a power-law exponent α .8 Lowen and Teich derived
the analytical solution of the power spectral density for a
renewal process governed by a power-law interevent time
distribution,37,38 concluding that the decay exponent γ in
Eq. (2) is solely determined by the interevent time exponent
α in Eq. (3) as

γ =

{
2−α for 1 < α < 2,
α −2 for 2 < α < 3.

(4)
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It is not surprising because the heavy-tailed interevent time
distribution is the only source of temporal correlations in the
time series for renewal processes, where there are no correla-
tions between interevent times. The same scaling relation in
Eq. (4) was derived in other model studies.39–41

In general, correlations between interevent times, in addi-
tion to the interevent time distribution, should also be relevant
to the understanding of asymptotic decay of the autocorrela-
tion function. To detect correlations between consecutive in-
terevent times, a notion of bursty trains was introduced42; for
a given time window ∆t, consecutive events are clustered into
a bursty train when any two consecutive events in the train are
separated by the interevent time smaller than or equal to ∆t,
while the first (last) event in the train is separated from the last
(first) event in the previous (next) train by the interevent time
larger than ∆t. The number of events in each bursty train is
called a burst size, and it is denoted by b. By analyzing vari-
ous data, Karsai et al. reported that the burst size distribution
shows power-law tails as

Q∆t(b) ∝ b−β (5)

with a power-law exponent β for a wide range of ∆t.42 Similar
observations have been made in other data.43–48 These find-
ings immediately raise an important question: how does the
autocorrelation function decay power-law exponent γ depend
on the interevent time power-law exponent α as well as on the
burst-size power-law exponent β?

It is not straightforward to devise a model or process that
can answer this question, because the heavy tail of the burst
size distribution typically implies that arbitrarily many con-
secutive interevent times may be correlated with each other.
It is worth noting that correlations between two consecutive
interevent times have been quantified in terms of the mem-
ory coefficient,49 local variation,50 and mutual information51;
they were implemented using, e.g., a copula method52,53 and a
correlated Laplace Gillespie algorithm in the context of many-
body systems.54,55 Correlations between an arbitrary number
of consecutive interevent times have been modeled by means
of, e.g., the two-state Markov chain,42 self-exciting point
processes,56 the interevent time permutation method,57 and a
model inspired by the burst-tree decomposition method.48 Al-
though scaling behaviors of the autocorrelation function were
studied in some of mentioned works,42,53,56,57 the scaling re-
lation γ(α,β ) has not been clearly understood due to the lack
of analytical solutions of the autocorrelation function.

In this work, we devise a model for generating a time series
with arbitrary functional forms of the interevent time distribu-
tion and burst size distribution. Assuming power-law tails for
interevent time and burst size distributions, our model gener-
ates correlations between an arbitrary number of consecutive
interevent times. By theoretically analyzing the model, we
derive asymptotically exact solutions of the autocorrelation
function from the model time series, enabling us to find the
scaling relation γ(α,β ). These analytical results will help us
to better understand temporal scaling behaviors in empirical
time series.

The paper is organized as follows. In Sec. II, we introduce
the model with arbitrary functional forms of interevent time

and burst size distributions. In Sec. III, we provide an analyt-
ical framework for the derivation of the autocorrelation func-
tion for the model time series. In Sec. IV, by assuming power-
law distributions of interevent times and burst sizes, we derive
analytical solutions of the autocorrelation function, hence the
decay exponent γ as a function of α and β . We also compare
the obtained analytical results with numerical simulations. Fi-
nally, we conclude our paper in Sec. V.

II. MODEL

Let us introduce the following model for generating event
sequences {x(1), . . . ,x(T )} in discrete time, where T is the
number of discrete times, for given interevent time distribu-
tion and burst size distribution. By definition, x(t) = 1 if an
event occurs at time t ∈ {1, . . . ,T}, and x(t) = 0 otherwise. By
construction, the minimum interevent time is τmin = 1. Fur-
thermore, we only consider bursts with ∆t = 1 throughout this
work. In other words, we regard that events occurring in con-
secutive times form a burst, including the case in which the
burst contains only one event.

The event sequence x(t) is generated using an interevent
time distribution for τ ≥ 2, denoted by ψ(τ), and a burst size
distribution Q(b). Note that ψ(τ) is normalized. To generate
an event sequence, we first randomly draw a burst size b1 from
Q(b) to set x(t) = 1 for t = 1, . . . ,b1. Then, we randomly draw
an interevent time τ1 from ψ(τ) to set x(t) = 0 for t = b1 +
1, . . . ,b1 + τ1 − 1. Note that τ1 ≥ 2. We draw another burst
size b2 from Q(b) and another interevent time τ2 from ψ(τ),
respectively, to set x(t) = 1 for t = b1+τ1, . . . ,b1+τ1+b2−1
and x(t) = 0 for t = b1+τ1+b2, . . . ,b1+τ1+b2+τ2−1. We
repeat this procedure until t reaches T . See Fig. 1(a) for an
example.
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FIG. 1. (a) Schematic diagram for an event sequence x(t) in dis-
crete time t, showing how interevent times τ and burst sizes b
are combined in the event sequence, with an example of non-zero
x(t)x(t+ td) for the time lag td = 14. (b) The event sequence x(t) can
be seen as the alternation of periods of x(t) = 1 and those of x(t) = 0.
A typical composition of the time lag td for non-zero x(t)x(t + td) is
presented. See the main text for the definitions of symbols.
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We have two remarks that are related to each other. Firstly,
in our model, all interevent times of τ = 1 are generated by
bursts with b ≥ 2 events; a burst of size b generates exactly
b− 1 interevent times of τ = 1. This is why the fraction of
interevent times of τ = 1 among all interevent times is deter-
mined by Q(b). To be precise, if there are m bursts in the gen-
erated event sequence, there must be the asymptotically same
number of interevent times of τ ≥ 2 in the limit of T,m → ∞.
Then the number of interevent times of τ = 1 is m(〈b〉− 1),
where 〈b〉 is the average burst size, i.e.,

〈b〉 ≡
∞

∑
b=1

bQ(b). (6)

The fraction of interevent times of τ ≥ 2, denoted by u, is
obtained as

u =
m

m(〈b〉−1)+m
=

1
〈b〉

. (7)

Using this u, one can write the interevent time distribution for
the entire range of interevent times as follows:

P(τ) = (1−u)δ (τ,1)+u[1−δ (τ,1)]ψ(τ), (8)

where δ (·, ·) is a Kronecker delta.
The second remark is for the general case including our

model; in general, P(τ) and Q∆t(b) are not independent of
each other. Following Refs.57–59, let us consider a sequence
of n events, from which one obtains n− 1 interevent times.
For a given time window ∆t, n events are clustered into, say,
m bursty trains, implying that the average burst size is given
by

〈b〉∆t ≡
∞

∑
b=1

bQ∆t(b) =
n
m
. (9)

Here m is closely related to the number of interevent times
larger than ∆t as follows:

m = (n−1)F(∆t)+1, (10)

where F(∆t) ≡
∫

∞

∆t dτP(τ) is a cumulative probability distri-
bution function of P(τ). By combining Eqs. (9) and (10), one
obtains

1
〈b〉∆t

=

(
1− 1

n

)
F(∆t)+

1
n
. (11)

In the limit of n → ∞, we get

〈b〉∆tF(∆t)' 1. (12)

If we assume pure power-law forms of P(τ) in Eq. (3) and of
Q∆t(b) in Eq. (5), we can derive the scaling relation between α

and β , possibly undermining our main question about γ(α,β ).
However, most empirical distributions of interevent times and
burst sizes are not pure power-laws,8 enabling us to treat α

and β as independent parameters to some extent. Later we
will assume that the interevent time distribution has a power-
law tail for τ ≥ 2, while the burst size distribution is a pure
power-law.

III. ANALYTICAL FRAMEWORK

We analyze the autocorrelation function given by Eq. (1)
for the time series {x(1), . . . ,x(T )} generated by the model
described in Sec. II. Because A(td = 0) = 1 by definition, we
consider the positive time lag (td > 0) unless we state other-
wise. For an event sequence composed of n events, one gets
the event rate as

λ ≡ 〈x(t)〉= n
T
, (13)

enabling to write 〈x(t)2〉 = 〈x(t)〉 = λ because x(t) ∈ {0,1}.
The term 〈x(t)x(t + td)〉 in Eq. (1) is written as follows:

〈x(t)x(t + td)〉= Pr[x(t) = 1∧ x(t + td) = 1]
= Pr[x(t) = 1] ·Pr[x(t + td) = 1|x(t) = 1]
= λZ(td), (14)

where Z(td) is the probability that x(t + td) = 1 conditioned
on x(t) = 1. Note that Z(0) = 1. Then, the autocorrelation
function reads

A(td) =
Z(td)−λ

1−λ
. (15)

Let us consider the case in which x(t)x(t + td) is non-zero,
i.e., x(t) = 1 and x(t + td) = 1. As depicted in Fig. 1(a), the
time series x(t) in a period of [t, t + td] is typically composed
of several alternating bursts and interevent times larger than
one. Here the consecutive interevent times of τ = 1 forms a
burst and the sum of such interevent times of τ = 1 is equal to
the burst size minus one. Therefore, the time lag td is written
as a sum of burst sizes (each minus one) of bursts appeared
in the period of [t, t + td] and interevent times between those
bursts. We note that the first burst contains an event at time t
and that the last burst contains an event at time t + td.

We denote by r the number of events from time t to the end
of the burst containing the event at time t. By definition, we
exclude the event at time t when counting r, hence r ≥ 0. For
example, if a burst is composed of 5 events occurring at times
1, . . . ,5 and we consider t = 2, then one obtains r = 3. If we
select t such that x(t) = 1 uniformly at random, t is contained
in a burst of size b with a probability proportional to Q(b).
Therefore, r is a discrete-time variant of the waiting time or
the residual time derived from the interevent time,8 and the
probability distribution of r is given by

R(r) =
1
〈b〉

∞

∑
b=r+1

Q(b). (16)

Note that ∑
∞
r=0 R(r) = 1. See Appendix A for the derivation

of the factor 1/〈b〉.
Next we denote by r′ the number of events that are in the

burst containing the event at time t + td and occur before or at
t + td [Fig. 1(b)]. It should be noted that r′ ≥ 1. The definition
of r′ implies that the first event of the burst containing the
event at t + td occurred at time t + td − r′+ 1. We denote by
q(r′) the probability that x(t+td) = 1 conditioned that the first
event of the burst containing the event at time t + td is located
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at t + td − r′+ 1. For this case to occur, the size of the burst
starting at time t + td − r′+1 has to be larger than or equal to
r′. Therefore, one obtains

q(r′) =
∞

∑
b=r′

Q(b). (17)

To derive Z(td) in Eq. (15), we denote by pk(td) the proba-
bility that an event occurs at time t + td and there are exactly
k alterations between the burst and the interevent time larger
than one, conditioned that an event occurs at time t. By k al-
terations, we mean that the event at time t + td belongs to the
kth burst after the burst to which the event at time t belongs
to. Note that there are then k interevent times larger than one
between the burst at time t and that at time t + td. Then Z(td)
can be written in terms of pk(td) as

Z(td) =
∞

∑
k=0

pk(td). (18)

For the case with k = 0, we obtain using Eq. (16)

p0(td) =
∞

∑
r=td

R(r) =
1
〈b〉

∞

∑
b=td+1

Q(b)(b− td). (19)

It should be noted that, when counting td for k = 0, we ex-
clude the event at time t and include the event at time t + td
for consistency. For example, consider a burst of 5 events at
times 1, . . . ,5. If we are considering the two events at times 2
and 4, we set t = 2 and td = 2.

If there are k (≥ 1) interevent times larger than one inter-
secting [t, t + td], one can write [Fig. 1(b)]:

td = r+
k

∑
i=1

τi +
k−1

∑
i=1

(bi −1)+ r′−1

= r+
k

∑
i=1

τ̄i +
k−1

∑
i=1

bi + r′, (20)

where we have defined a reduced interevent time by

τ̄i ≡ τi −1 (21)

for convenience. Note that τ̄i ≥ 1 for all i because τi ≥ 2. We
assume that all variables on the right-hand side of Eq. (20)
are statistically independent of each other. Then, we can write
pk(td) for k ≥ 1 as

pk(td) =
∞

∑
r=0

(
k

∏
i=1

∞

∑
τ̄i=1

)(
k−1

∏
i=1

∞

∑
bi=1

)
∞

∑
r′=1

R(r)

[
k

∏
i=1

ψ(τ̄i)

][
k−1

∏
i=1

Q(bi)

]
q(r′)

×δ

(
td,r+

k

∑
i=1

τ̄i +
k−1

∑
i=1

bi + r′
)
. (22)

It is also remarkable that using the reduced interevent time,
the event rate is obtained as follows:

λ = 〈x(t)〉= 〈b〉
〈τ̄〉+ 〈b〉

, (23)

where

〈τ̄〉 ≡
∞

∑
τ̄=1

τ̄ψ(τ̄). (24)

Namely, λ is the ratio of the average length of the period
of x(t) = 1 to the sum of those of x(t) = 1 and of x(t) = 0
[Fig. 1(b)].

For analytical tractability, we assume that all variables on
the right-hand side of Eq. (20) are real numbers. Therefore,
ψ(τ̄), Q(b), R(r), q(r′), and p0(td) are also considered for
their respective continuous variables. The continuous versions
of Eqs. (16) and (17) are given by

R(r) =
1
〈b〉

∫
∞

r
dbQ(b) (25)

and

q(r′) =
∫

∞

r′
dbQ(b). (26)

respectively. Furthermore, the continuous-time versions of
Eqs. (19) and (22) respectively read

p0(td) =
1
〈b〉

∫
∞

td
dbQ(b)(b− td) (27)

and

pk(td) =
∫

∞

0
dr

(
k

∏
i=1

∫
∞

0
dτ̄i

)(
k−1

∏
i=1

∫
∞

0
dbi

)∫
∞

0
dr′

R(r)

[
k

∏
i=1

ψ(τ̄i)

][
k−1

∏
i=1

Q(bi)

]
q(r′)

×δ

(
td − r−

k

∑
i=1

τ̄i −
k−1

∑
i=1

bi − r′
)
, (28)

where δ (·) is the Dirac delta function.
We take the Laplace transform of Eq. (27) to obtain

p̃0(s) =
1
s
− 1− Q̃(s)

〈b〉s2 , (29)

where Q̃(s) denotes the Laplace transform of Q(b). The
Laplace transform of Eq. (28) reads for k ≥ 1

p̃k(s) = R̃(s)q̃(s)ψ̃(s)kQ̃(s)k−1, (30)

where

R̃(s) =
1− Q̃(s)
〈b〉s

, (31)

q̃(s) =
1− Q̃(s)

s
, (32)

and ψ̃(s) denotes the Laplace transform of ψ(τ̄). Then the
Laplace transform of Z(td) in Eq. (18) is obtained as

Z̃(s) =
∞

∑
k=0

p̃k(s) = p̃0(s)+
R̃(s)q̃(s)ψ̃(s)
1− ψ̃(s)Q̃(s)

. (33)
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By taking the inverse Laplace transform of Z̃(s) and then sub-
stituting it into Eq. (15), one can obtain the analytical solution
of the autocorrelation function for x(t).

To demonstrate the above analytical results, we consider a
simple case in which both reduced interevent times and burst
sizes are real numbers and exponentially distributed. By as-
suming that

ψ(τ̄) =
1
〈τ̄〉

e−τ̄/〈τ̄〉 (34)

and

Q(b) =
1
〈b〉

e−b/〈b〉, (35)

we derive an exact solution of the autocorrelation function as
follows (see Appendix B):

A(td) = e−td/tc with tc ≡
〈τ̄〉〈b〉

〈τ̄〉+ 〈b〉
. (36)

IV. POWER-LAW CASE

Let us return to our original question on temporal scaling
behavior. We assume continuous versions of power-law distri-
butions of reduced interevent times and burst sizes as follows:

ψ(τ̄) =Cψ τ̄
−α for 1 ≤ τ̄ ≤ τ̄c, (37)

Q(b) =CQb−β for 1 ≤ b ≤ bc. (38)

Here α,β > 1 are power-law exponents, and τ̄c and bc are cut-
offs. Also, Cψ ≡ α−1

1−τ̄
1−α
c

and CQ ≡ β−1

1−b1−β
c

are normalization

constants. Then we will derive the analytical result of the de-
cay exponent γ of the autocorrelation function as a function of
α and β , i.e., γ(α,β ).

We first prove a useful property that γ is symmetric with
respect to the exchange of α and β , namely,

γ(α,β ) = γ(β ,α). (39)

To prove this property, let us consider a complementary event
sequence y(t) to the original event sequence x(t), which is
defined as

y(t)≡ 1− x(t). (40)

The autocorrelation function defined for y(t) using the for-
mula in Eq. (1) turns out to be the same as the autocorrelation
function for x(t):

〈y(t)y(t + td)〉−〈y(t)〉2

〈y(t)2〉−〈y(t)〉2 =
〈x(t)x(t + td)〉−〈x(t)〉2

〈x(t)2〉−〈x(t)〉2 . (41)

That is, the decay exponent of the autocorrelation function for
x(t) must be the same as that for y(t). By the definition of
y(t) in Eq. (40), the periods of x(t) = 0 correspond to those
of y(t) = 1 and vice versa. It means that reduced interevent

times and burst sizes in x(t) respectively correspond to burst
sizes and reduced interevent times in y(t), closing the proof.

Under Eq. (37), the average of τ̄ is given by

〈τ̄〉 ≡
∫

τ̄c

1
dτ̄ τ̄ψ(τ̄) =

{
α−1
2−α

τ̄2−α
c −1

1−τ̄
1−α
c

for α 6= 2,
τ̄c

τ̄c−1 ln τ̄c for α = 2.
(42)

Similarly, under Eq. (38), the average of b reads

〈b〉 ≡
∫ bc

1
dbbQ(b) =

β−1
2−β

b2−β
c −1

1−b1−β
c

for β 6= 2,
bc

bc−1 lnbc for β = 2.
(43)

Note that the event rate λ in Eq. (23) is determined by the
above 〈τ̄〉 and 〈b〉.

We now divide the entire range of α,β > 1 into several
cases to derive the analytical solution of the autocorrelation
function in each case. Considering the symmetric nature of γ

in Eq. (39), the following cases are sufficient to get the com-
plete picture of the result.

A. Case with α = β = 2

When α = β = 2, we get the Laplace transforms of ψ(τ̄)
in Eq. (37) and Q(b) in Eq. (38) in the limit of s → 0 as (see
Appendix C)

ψ̃(s)' 1+ s lns, (44)

Q̃(s)' 1+ s lns. (45)

By substituting Eq. (45) in Eqs. (29), (31), and (32), we obtain

p̃0(s) =
1
s

(
1+

lns
〈b〉

)
, (46)

R̃(s) =− lns
〈b〉

, (47)

q̃(s) =− lns. (48)

Using Eq. (33), after some algebra, one obtains

Z̃(s)≈ 1
s
+

lns
2〈b〉s

, (49)

where ≈ represents “approximately equal to”, leading to its
inverse Laplace transform as

Z(td)≈ 1−
ln td + γEM

2〈b〉
(50)

with γEM ≈ 0.5772 denoting the Euler-Mascheroni constant.60

Using Eq. (15) one obtains

A(td)≈ 1− 〈τ̄〉+ 〈b〉
2〈τ̄〉〈b〉

(ln td + γEM), (51)

enabling us to conclude that

γ = 0 for α = β = 2. (52)
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B. Case with α 6= 2, β = 2

The Laplace transform of ψ(τ̄) for α 6= 2 is written as

ψ̃(s) =Cψ sα−1 [Γ(1−α,s)−Γ(1−α,sτ̄c)] , (53)

where Γ(·, ·) is the upper incomplete Gamma function. For the
intermediate range of s, i.e., 1

τ̄c
� s� 1, we obtain Cψ ≈α−1

and Γ(1−α,sτ̄c)≈ 0, resulting in

ψ̃(s)≈ (α −1)sα−1
Γ(1−α,s). (54)

We expand Eq. (54) in the limit of s → 0 to obtain

ψ̃(s) = 1+assα−1 +a1s+O(s2), (55)

where as ≡ (α − 1)Γ(1−α) and a1 ≡ α−1
2−α

. Here Γ(·) is the
Gamma function. As for Q̃(s) and other functions derived
from Q̃(s), we keep using Eqs. (45)–(48). For 1 < α < 2,
after some algebra, one obtains

Z̃(s)≈ 1
s
+

lns
〈b〉s

, (56)

implying

Z(td)≈ 1−
ln td + γEM

〈b〉
. (57)

Using Eq. (15) we obtain

A(td)≈ 1− 〈τ̄〉+ 〈b〉
〈τ̄〉〈b〉

(ln td + γEM), (58)

hence

γ = 0 for 1 < α < 2, β = 2. (59)

For α > 2, we obtain

Z̃(s)≈ 1
s
− a1

〈b〉
lns. (60)

Although the inverse Laplace transform of lns does not exist,
we can still conclude that

γ = 0 for α > 2, β = 2. (61)

Thanks to the symmetric property of γ in Eq. (39), one con-
cludes that

γ = 0 for α = 2 or β = 2. (62)

C. Case with 1 < α,β < 2

We first study the case with α ≤ β and then the solution in
the case of α > β will be obtained via Eq. (39). Similarly to
the case of ψ̃(s) in Eqs. (54) and (55), we get the expanded

Q̃(s) for the intermediate range of s, i.e., 1
bc

� s � 1, as fol-
lows:

Q̃(s) = 1+ cssβ−1 + c1s+ c2s2 + c3s3 +O(s4), (63)

where cs ≡ (β − 1)Γ(1− β ), c1 ≡ β−1
2−β

, c2 ≡ − β−1
2(3−β ) , and

c3 ≡ β−1
6(4−β ) . Again using Eqs. (29), (31), and (32), we obtain

p̃0(s) =
(

1+
c1

〈b〉

)
1
s
+

cs

〈b〉
sβ−3 +O(1), (64)

R̃(s) =− cs

〈b〉
sβ−2 +O(1), (65)

q̃(s) =−cssβ−2 +O(1). (66)

For the case with α < β , after some algebra, we obtain Z̃(s)
in Eq. (33) up to the leading terms as follows:

Z̃(s)≈
(

1+
c1

〈b〉

)
1
s
+

cs

〈b〉
sβ−3 − c2

s

as〈b〉
s2β−α−3. (67)

Obviously, the last term on the right-hand side of Eq. (67) is
dominated by the second term. We find that for the interme-
diate range of s, specifically, 1

bc
� s � 1, the second term is

dominated by the first term because

sβ−3

〈b〉
∝ (sbc)

β−2 1
s
� 1

s
. (68)

Finally, for the first term in Eq. (67), since c1 � 〈b〉 for bc �
1, we obtain up to the second leading term

Z̃(s)≈ 1
s
+

cs

〈b〉
sβ−3, (69)

which leads to

Z(td)≈ 1+
cs

〈b〉
t2−β

d
Γ(3−β )

. (70)

Note that the coefficient of the term t2−β

d is negative for the
range of 1 < β < 2. By substituting Eq. (70) in Eq. (15), we
obtain

A(td)≈ 1+
〈τ̄〉+ 〈b〉
〈τ̄〉〈b〉

cst
2−β

d
Γ(3−β )

. (71)

In the case with α = β , we similarly obtain the autocorrelation
function as follows:

A(td)≈ 1+
〈τ̄〉+ 〈b〉
2〈τ̄〉〈b〉

cst
2−β

d
Γ(3−β )

. (72)

Therefore, we conclude that

γ = 0 for 1 < α ≤ β < 2. (73)

Owing to the symmetric nature of γ(α,β ) in Eq. (39), we fur-
ther conclude that

γ = 0 for 1 < α,β < 2. (74)
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D. Case with α,β > 2

For the case with α,β > 2, we use the expanded ψ̃(s) in
Eq. (55) and the expanded Q̃(s) in Eq. (63) in the limit of
s → 0. Since a1 = −〈τ̄〉 for α > 2 and τ̄c � 1 [Eq. (42)], we
replace a1 by −〈τ̄〉. Similarly, we replace c1 by −〈b〉. Using
Eqs. (29), (31), and (32), we obtain

p̃0(s) =
c2

〈b〉
+

cs

〈b〉
sβ−3 +

c3

〈b〉
s+O(s2), (75)

R̃(s) = 1− cs

〈b〉
sβ−2 − c2

〈b〉
s+O(s2), (76)

q̃(s) = 〈b〉− cssβ−2 − c2s+O(s2). (77)

After some algebra, we derive Z̃(s) in Eq. (33) up to the lead-
ing terms as

Z̃(s)≈ 〈b〉
〈τ̄〉+ 〈b〉

1
s
+

as〈b〉
(〈τ̄〉+ 〈b〉)2 sα−3

+
cs〈τ̄〉2

〈b〉(〈τ̄〉+ 〈b〉)2 sβ−3, (78)

leading to its inverse Laplace transform as

Z(td)≈
〈b〉

〈τ̄〉+ 〈b〉
+

as〈b〉
(〈τ̄〉+ 〈b〉)2

t−(α−2)
d

Γ(3−α)

+
cs〈τ̄〉2

〈b〉(〈τ̄〉+ 〈b〉)2

t−(β−2)
d

Γ(3−β )
. (79)

Since the constant term on the right hand side of Eq. (79) is
cancelled with λ in Eq. (23), one obtains from Eq. (15)

A(td)≈
as〈b〉

〈τ̄〉(〈τ̄〉+ 〈b〉)
t−(α−2)
d

Γ(3−α)
+

cs〈τ̄〉
〈b〉(〈τ̄〉+ 〈b〉)

t−(β−2)
d

Γ(3−β )
,

(80)

enabling us to find the scaling relation:

γ = min{α −2,β −2} for α,β > 2. (81)

Note that this γ is symmetric with respect to the exchange of
α and β .

E. Case with 1 < α < 2, β > 2

When 1 < α < 2 and β > 2, by combining the expanded
ψ̃(s) given by Eq. (55), the expanded Q̃(s) given by Eq. (63),
and related functions given by Eqs. (75)–(77), we obtain up to
the leading terms

Z̃(s)≈ cs

〈b〉
sβ−3 − 〈b〉

as
s1−α . (82)

The inverse Laplace transform of Eq. (82) results in

Z(td)≈
cs

〈b〉
t−(β−2)
d

Γ(3−β )
− 〈b〉

as

t−(2−α)
d

Γ(α −1)
. (83)

2 − α

1 2 31

2

3

α − 2

2 − β

β − 2

β = α

β − 2

α − 2

0

α

β

β = 4 − α

FIG. 2. Visualization of the main result, i.e., γ(α,β ), given by
Eq. (86). Here γ is a power-law exponent for the decaying behav-
ior of the autocorrelation function, α is a power-law exponent of the
interevent time distribution, and β is a power-law exponent of the
burst size distribution.

Since 〈τ̄〉 diverges for α < 2 and τ̄c � 1, one obtains the van-
ishing event rate, i.e., λ = 0 [Eq. (23)]. Thus, A(td) = Z(td)
from Eq. (15), and we get the scaling relation:

γ = min{2−α,β −2} for 1 < α < 2, β > 2. (84)

Again thanks to the symmetric nature of γ , we conclude that

γ = min{α −2,2−β} for α > 2, 1 < β < 2. (85)

In sum, we have derived the power-law exponent γ of the
autocorrelation function decay as a function of the interevent
time power-law exponent α and burst-size power-law expo-
nent β for the entire range of α,β > 1 as follows:

γ =



0 for 1 < α,β ≤ 2 or α = 2 or β = 2,
α −2 for β > α > 2 or α > 2, β < 4−α,

2−α for 1 < α < 2, β > 4−α,

β −2 for α > β > 2 or β > 2, β < 4−α,

2−β for 1 < β < 2, β > 4−α.

(86)

We depict the result in Fig. 2. Note that, for the case of β � 1,
the scaling relation in Eq. (4) is partly recovered.

F. Numerical simulation

To test the validity of our analytical solution given by
Eq. (86), we generate the event sequence {x(1), . . . ,x(T )} us-
ing the following distributions of reduced interevent times and
burst sizes:

ψ(τ̄) =Cψ τ̄
−α for τ̄ = 1,2, . . . , τ̄c, (87)

Q(b) =CQb−β for b = 1,2, . . . ,bc, (88)

where Cψ = (∑
τ̄c
τ̄=1 τ̄−α)−1 and CQ = (∑

bc
b=1 b−β )−1. Pre-

cisely, we randomly draw a burst size b1 from Q(b) in Eq. (88)
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FIG. 3. Numerical autocorrelation functions Ã(td) defined as Eq. (89) (symbols) that are calculated for the time series x(t) generated using
the model with various combinations of α and β . Each autocorrelation function curve was obtained from 100 event sequences generated
with T = 5×107 and τ̄c = bc = 106. Error bars denote standard errors. These simulation results are compared with corresponding analytical
solutions of A(td) (solid lines), which are respectively Eqs. (51), (58), (71), (72), (80), and (83), and some of these equations with α and β

being exchanged (τ̄c and bc being exchanged too whenever necessary). Note that there are no analytical solutions for the case with α = 2 and
β > 2 [Eq. (60)]. In all panels, some curves are vertically shifted for better visualization.

to set x(t) = 1 for t = 1, . . . ,b1. Then a reduced interevent time
τ̄1 is randomly drawn from ψ(τ̄) in Eq. (87) to set x(t) = 0 for
t = b1 + 1, . . . ,b1 + τ̄1. We draw another burst size b2 from
Q(b) and another reduced interevent time τ̄2 from ψ(τ̄), re-
spectively, to set x(t) = 1 for t = b1 + τ̄1 +1, . . . ,b1 + τ̄1 +b2
and x(t) = 0 for t = b1+ τ̄1+b2+1, . . . ,b1+ τ̄1+b2+ τ̄2. We
repeat this procedure until t reaches T .

Using the generated time series {x(1), . . . ,x(T )}, we nu-
merically calculate the autocorrelation function by

Ã(td)≡
1

T−td ∑
T−td
t=1 x(t)x(t + td)−λ1λ2

σ1σ2
, (89)

where λ1 and σ1 are respectively the average and standard de-
viation of {x(1), . . . ,x(T −td)}, and λ2 and σ2 are respectively
the average and standard deviation of {x(td +1), . . . ,x(T )}.

For the simulations, we use T = 5×107 and τ̄c = bc = 106

to generate 100 different event sequences x(t) for each com-
bination of α and β . Then their autocorrelation functions are
calculated using Eq. (89). As shown in Fig. 3, simulation re-
sults in terms of Ã(td) for several combinations of parameters
of α and β are in good agreement with corresponding analyti-
cal solutions of A(td) in most cases. In some cases we observe
systematic deviations of analytical solutions from the simula-
tion results, which may be due to ignorance of higher-order
terms when deriving analytical solutions and/or finite-size ef-
fects of simulations.

V. CONCLUSION

To study the combined effects of the interevent time distri-
bution P(τ) and the burst size distribution Q(b) on the auto-
correlation function A(td), we have devised a model for gen-
erating time series using P(τ) and Q(b) as inputs. Our model
is simple but takes correlations between an arbitrary number
of consecutive interevent times into account in terms of bursty
trains.42 We are primarily interested in temporal scaling be-
haviors observed in A(td) ∝ t−γ

d when P(τ) ∝ τ−α (except at
τ = 1) and Q(b)∝ b−β are assumed. We have derived the ana-
lytical solutions of A(td) for arbitrary values of interevent time
power-law exponent α > 1 and burst-size power-law exponent
β > 1 to obtain the autocorrelation function decay power-law
exponent γ as a function of α and β [Eq. (86); see also Fig. 2].

We remark that our model has assumed that interevent times
with τ ≥ 2 and burst sizes in the time series are independent
of each other. However, there are observations indicating the
presence of correlations between consecutive burst sizes and
even higher-order temporal structure.48 Thus, it would be in-
teresting to see whether such higher-order structure affects the
decaying behavior of the autocorrelation function.

So far, we have focused on the analysis of the single time
series observed for a single phenomenon or for a system as a
whole. However, there are other complex systems in which
each element of the system has its own bursty activity pattern
or a pair of elements have their own bursty interaction pattern,
such as calling patterns between mobile phone users.61,62 In
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recent years, such systems have been studied in the framework
of temporal networks,9,63,64 where interaction events are het-
erogeneously distributed among elements as well as over the
time axis. Modeling temporal networks is important to under-
stand collective dynamics, such as spreading or diffusion,65,66

taking place in those networks. Some recent efforts for mod-
eling temporal networks are mostly concerned with heavy-
tailed interevent time distributions for each element or a pair
of elements.67,68 Our model can be extended to generate more
realistic temporal networks in which activity patterns of ele-
ments or interaction patterns between elements are character-
ized by bursty time series with higher-order temporal structure
beyond the interevent time distribution.
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Appendix A: Derivation of the normalization constant in
Eq. (16)

Let us write R(r) as follows:

R(r) =CR

∞

∑
b=r+1

Q(b). (A1)

Then we derive the normalization constant CR from the nor-
malization condition for R(r):

1 =
∞

∑
r=0

R(r) =CR

∞

∑
r=0

∞

∑
b=r+1

Q(b). (A2)

Two summations on the right hand side can be exchanged as

∞

∑
r=0

∞

∑
b=r+1

=
∞

∑
b=1

b−1

∑
r=0

, (A3)

leading to

1 =CR

∞

∑
b=1

b−1

∑
r=0

Q(b) =CR

∞

∑
b=1

bQ(b) =CR〈b〉. (A4)

Finally one obtains

CR =
1
〈b〉

. (A5)

Appendix B: Analysis for the case with exponential
distributions of reduced interevent times and burst sizes

By substituting Q(b) in Eq. (35) in Eqs. (25), (26), and (27),
we obtain

R(r) =
1
〈b〉

e−r/〈b〉, (B1)

q(r′) = e−r′/〈b〉, (B2)

p0(td) = e−td/〈b〉. (B3)

We take the Laplace transform of Eqs. (34), (35) and
(B1)–(B3) to obtain

ψ̃(s) =
1

〈τ̄〉s+1
, (B4)

Q̃(s) = R̃(s) =
1

〈b〉s+1
, (B5)

q̃(s) = p̃0(s) =
〈b〉

〈b〉s+1
. (B6)

Using Eq. (33), one obtains

Z̃(s) =
〈b〉

〈b〉s+1

[
1+

1
s(〈b〉〈τ̄〉s+ 〈τ̄〉+ 〈b〉)

]
. (B7)

The inverse Laplace transform of Eq. (B7) is given by

Z(td) =
〈b〉

〈τ̄〉+ 〈b〉
+

〈τ̄〉e−td(〈τ̄〉+〈b〉)/(〈τ̄〉〈b〉)

〈τ̄〉+ 〈b〉
, (B8)

which leads to

A(td) = e−td/tc , (B9)

where

tc ≡
〈τ̄〉〈b〉

〈τ̄〉+ 〈b〉
. (B10)

Appendix C: Derivation of the Laplace transforms of ψ(τ̄)
with α = 2 and Q(b) with β = 2

We take the Laplace transform of ψ(τ̄) with α = 2 in
Eq. (37):

ψ̃(s) =Cψ

∫
τ̄c

1
dτ̄e−sτ̄

τ̄
−2, (C1)

where Cψ = τ̄c
τ̄c−1 . For τ̄c � 1, one obtains Cψ ≈ 1. Then,

1− ψ̃(s) =
∫

τ̄c

1
dτ̄(1− e−sτ̄)τ̄−2. (C2)

The change of the integrated variable from τ̄ to v ≡ sτ̄ yields

1− ψ̃(s) = s
∫

∞

s
dv(1− e−v)v−2. (C3)
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We have assumed that sτ̄c � 1. We take the limit of s → 0
after dividing 1− ψ̃(s) by s lns:

lim
s→0

1− ψ̃(s)
s lns

= lim
s→0

∫
∞

s dv(1− e−v)v−2

lns
(C4)

= lim
s→0

−(1− e−s)s−2

1/s
(C5)

= lim
s→0

−(1− e−s)

s
(C6)

= lim
s→0

−e−s =−1, (C7)

where we have used L’Hôpital’s rule for the derivation38.
Therefore, in the limit of s → 0, we obtain

ψ̃(s)≈ 1+ s lns. (C8)

Similarly, we obtain Q̃(s)≈ 1+ s lns.
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