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Abstract more ef cient exploration of the state space; Hamiltonian
dynamics (reSGLD)Deng et al, 20203 is an ables and simulates the Hamiltonian dynamics to explore the
effective sampler for non-convex learning in periodic orbit (Neal 2012 Campbell et al.2021; Zou & Gu,

large-scale datasets. However, the simulation 2021 Wang & Wibisong 2022); Higher-order numerical
may encounter stagnation issues when the high- techniques offer more ef cient simulation by maintaining
temperature chain delves too deeply into the dis-  the stability using a larger stepsizéHen et al.2015 Li
tribution tails. To tackle this issue, we propose  €tal,2019.

re ected reSGLD (r2SGLD): an algorithm tai- Although the above samplers effectively address pathologi-
lored for constrained non-convex exploration by cal curvatures, they are still susceptible to getting trapped in
utilizing re ection steps within a bounded domain. local regions during non-convex sampling. To circumvent

Theoretically, we observe that reducing the diam- s |ocal trap phenomenon, importance sampl@srg &
eter of the domain enhances mixing rates, exhibit- Neuhaus1992 Wang & Landayi2001; Deng et al. 2020k

ing a quadraticbehavior. Empirically, we test 2022 inspired by statistical physics encourage the particles
its performance through extensive experiments, g explore the high energy tails of the distribution; simu-
including identifying dynamical systems with lated temperingNlarinari & Parisi 1992 Lee et al, 2018
physical constraints, simulations of constrained  proposes to escape local optima by adjusting temperatures
multi-modal distributions, and image classica-  tg explore various energy levels of the distribution, which
tion tasks. The theoretical and empirical ndings offer viable solutions to these challenges. Building upon
highlight the crucial role of constrained explo- these, replica exchange Langevin dynamics (rel$ygnd-
ration in improving the simulation ef ciency. sen & Wang 1986 Earl & Deem 2005 and the big data

extensions via reSGLLDEenNg et al, 20203 utilize multi-

1 ducti ple diffusion processes at diverse temperatures and incor-
- Introduction porate swapping during training, thereby enabling high-
Stochastic gradient Langevin dynamics (SGLDJe(ling ~ émperature processes to actas a bridge across various local
& Teh, 201)) is the go-to Markov Chain Monte Carlo modes. Its accelerated convergence has been both theoreti-

(MCMC) method in big data. The sampler smoothly transi-cally quanti ed Gupuis et al, 2012 Dong & Tong 2022

tions from stochastic optimization to sampling as the stegnd empirically validated{eng et al, 20203.

size decreases and the injected noise enables exploration #9he nive reSGLD algo-
posterior sampling. However, the simulation ef ciency is rithm, while effectively
severely affected by the pathological curvature of the energyavigating non-convex
landscape. To address these challenges, the QuaSi'NeWt%{hdscapes, still faces
Langevin dynamics Ahn et al, 2012 Simsekli et al, 2016 over-exploration issues
Lietal, 2019 proposes to adapt to the varying curvature for;, high-temperature
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Figure 1.Trajectory of r2SGLD.



Re ected Replica Exchange Stochastic Gradient Langevin Dynamics

Speci cally, over-exploration can result in either exploding (1) We contribute to the theoretical landscape by prov-
or oscillating losses in deep learning training. Thising that r2SGLD outperforms the va reSGLD. For the
phenomenon can deteriorate the model's stability anatontinuous-time analysis, we provide a quantitative mixing
optimization performance, and lead to poor predictionstate, marked by a re ned decay rate ©@{1=diam() ?),
Another interesting interpretation is from the perspective ofwhere dian{) denotes the domain diameter.

Thompson sampling approximated by SGLdgzumdar  (2) This work introduces the novel use of constrained gra-
etal, 202Q Zheng et al.2024), where excessive exploration dient Langevin dynamics in the identi cation of dynamical
of distribution tails often results in underestimating thesystems, which marks the rst known app"cation in this do-
optimal arm. This subsequently impedes achieving optimapain and broadens the methodological toolkit for dynamical
regret boundsJin et al, 2021). system analysis.

To address this, constrained sampling technigues in MCM3) Extensive testing of r2SGLD against diverse baselines in
play a pivotal role for different purposes in various forms,both bounded 2D multi-modal distribution simulation and
such as sampling on explicitly de ned manifoldseg &  large-scale deep learning tasks further con rmed its superior
Vempala 2018 Wang et al, 2020, implicitly de ned mani-  ef cacy.

folds (Zappa et a|.2018 Lelievre et al, 2019 Kook etal,  Remark1.1 It should be noted that compared with the

2022 Zhang et al.2022 Lelievre et al. 2023, and sam- 4y re ected gradient Langevin dynamics, studying the
pling with moment constraintd-{u et al, 2021). quantitative value of the spectral gap in r2SGLD remains
The proposed algorithm is further guided by constraineda fundamental challenge. For examBakry et al.(2008
gradient Langevin dynamics with explicit form boundaries.delves into a crude lower bound for the spectral gap concern-
A signi cant contribution to this eld was rst made by ing vanilla Langevin diffusion, where lower values imply
studying the convergence properties of Langevin Montdaster convergence, particularly on sub-Gaussian distribu-
Carlo in bounded domain8(beck et al.2018, which  tions. Although these distributions are weaker than log-
uncovered a polynomial sample time for log-concave districoncavity, they still preclude the emergence of signi cant
butions. This research was further extended to non-conveson-convexity.

settings later(ampersig 2023). Subsequently, Hamilto- The extension to Gaussian mixture distributions has posed a

nian Monte Carlo techniques were employed to advance the, . X ;
eld by exploring constrained sampling in the context of signi cant challenge Dong & Tong(202Q investigates the

ill-conditioned and non-smooth distributiorok et al, considerable enhancement of the spectral gap with replica

2022 Noble et al, 2023. Other notable works include excha_mge Lange_\n_n dlffuspn _compared to_vanllla Langeyln
diffusion. We anticipate a similar acceleration would persist

(ip bounded domains. However, given the methodological
hature of our work, we recognize this topic and extensions
to general non-convexity as beyond the current scope and
defer it to future investigations.

Schibdinger bridge for constrained generati@efg et al,
2024, and mirrored Langevin dynamicklgieh et al, 2018
Ahn & Chewi, 2021), which focuses on convex settings.

Based on the previous work, we propose an adapted samy- Methodology

pler for constrained exploration—re ected replica exchange

SGLD (r2SGLD)—to speci cally address over-exploration This section introduces the re ected reLD (r2LD), its in-
in high-temperature chains and improve the mixing ratesnitesimal generator, and the proposed r2SGLD algorithm.
in challenging non-convex tasks. The r2SGLD algo-Our discussion centers on their contribution to ef cient ex-
rithm employs parallel Langevin dynamics with swaps atploration in constrained non-convex sampling, which offers
varying temperatures, which achieves exploration througlinsights into its underlying mechanisms.
high-temperature chains and exploitation through low-

temperature chains (Figug. Chains wandering outside 2.1. Re ected Replica Exchange Langevin Diffusion

the constrained domain are brought back by a re ection o ) ]
operation, which involves the construction of a tangent! N fundamental principle of the r2SGLD algorithm lies

line at the nearest boundary for symmetrical re ection. By!n the r2LD concept, which involves running multiple
carefully constraining the exploration domain, we aim to Langevin diffusions simultaneously, each at a different tem-

harness the bene ts of the high-temperature chain withouP€rature. The system dynamics are described by the follow-

succumbing to the detriments of over-exploration. A swapi"d Stochastic differential equations:

ping mechanism between chains with different temperatures  ;,
is subsequently used to balance between exploration and’ !
exploitation. We summarize the main contribution to this d @
work as follows:

=1 U Dyae+Priaw® + ( @)LO @y,
rou( @ydt+ P 20w @+ (@)@ (@),
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where t(l); fz) 2 RY represent the parameter sets at rewherer ,; «, denote the gradient and Laplacian operator

spective temperatures and ,. The termr U( ) denotes with respect tok;, i = 1;2, and the entire formulation is
the gradient of the potential, arwt(l) anth(z) are in- Subject to the Neumann boundary conditiontefaldi &
dependent standard Wiener processes. The functio) ~ Robin 1985 Kang & Ramanan2014), also {Vang 2014
represents the inner unit normal vector at a point on théTheorem 3.1.3):

ileL® @ i
k?oundaryﬁ@ ,fwhlleL andL'? denote independent local M f(X1iX2)  (X1) =0 (X1;%2) 2 @ )
times with reference t@ . Fof(X1iX2)  (X2) =0 (X1)Xp) 2 @ :
Our focus is on restricting the process to a compact do- o . ] )
main RY with a boundary@ . We ensure re ected For the invariant measurethat is associated with a smooth

boundary conditions through the terms @ )L® (dt) and potential functiorJ( ) as in(2), th_e corre_sponding Dirich-
( @)L®@ (dt). We further demonstrate that the r2LD, as |€t form that appears in the Poincare inequaity) and
speci ed in(1), converges to an invariant distributior ; ):  Logarithmic Sobolev (Log-Sobolev) inequality4) is given

as follows:
) 1 U(x1) U(xp) ) YA
d (x1;x2) = P4z 2 3 dx1dxz; 2 E@f)= 1kr o FR2+ okr 4, f K2 d (X1;x2):  (6)
P(X1:x2)
whereZ is a normalizing constant: Furthermore, as established in Theorem E&¢n et al.
Z 2019, the Dirichlet formEs linked to the in nitesimal
7= )X o generatot_(®) includes an additional term representing ac-
- P(X1; X2)dx 1 dXa: celeration:
: o : - Estf) = E(f)+
The density of this distributiom( ; ), applies only within r 5
thedomain  andthe density is zero outside this domain. 5 S(X1:X2) (f(Xz2ix1) f(x1;x2))°d (X1;X2);
V4
The swap between chains results in positional changes acceleiation term }

1). (2 2) . @ : . . .. . . ..
from( (7; P)to( Py: Py) atarate determined by which induces positive acceleration under mild conditions,
rars( ®P; @))dt, wherer  0denotes the swapping and it is vital for rapid convergence in the 2-Wasserstein
intensity to regulate the frequency of swapping con gura{W>) distance. Notably, the acceleration's effectiveness
tions between the two processes. The swap fun&ion)  depends on the swap functiod) (
is given as follows:

2.3. The Proposed Algorithm
S(W. @y=egt & U Dy ue®) o (3 _ o _ ,
toot )T : r2SGLD is the practical interpretation of the continuous

Similar to the Langevin diffusion ifChen et al.(2019, Iprog:esi:desgtrt:beti bty tth etln n.'ttﬁS'mO?l tgen(;,\;atoﬂl)) FOIt_

r2LD behaves as a reversible Markov jump process, whichg(vl\gmg gg)” ma | S ar.s with Upda mg © param.e ers

converges to the same invariant distributia ( _ and fc_Jr the diffusion process using stoch_astlc gra-
dients and noises, followed by re ection operatidR§ )

to re ect out-of-boundary samples back to the bounded

2.2. The In nitesimal Generator domain . The gradient,

The process = ( t(l) ; ’[(2)) follows a Markov diffusion _ N .

process with in nitesimal generatdr to encompass both r (el = B ruDig’); i=1;2
the r2LD (1) and swapping dynamid8). For (X1;X2) in 1Bkl Dj 2By

the interior of , the generatok applies to a smooth

is estimated by a mini-batch daBa, andfD ngzl is the
dataset. Next, the algorithm determines whether to swap the
chains by comparing a uniformly generated random number
u against the corrected swapping intenSty

functionf and is structured into distinct componerit$? f
andL®@f for the dynamics ok, andx,, andL(9f for
swap dynamics:

Lf = |hr x f (X15X2)5r U?z(l)i + le(XLXZ? S(el((l),el((z)): e T S Bel) B(e?) L L el @)
LO ¢
Y- ; ) heree? approximates the variance 8 €2, ) ©8(&e®

hr o, f(X1;%x2);r U i+ f(x1;x w . k+1 L kel
| —=2 (Xzix2) ?ZQ) 2 xf 2? (4) andCacts as an adjustment to balance acceleration and bias.

L@ f The algorithm proceeds iteratively until a speci ed number
|+f5 (X1:%2) (f ({\;:Xl) f(Xl;XZ)%; of iterations is reached. The parameter $&8’ g<*! are

L(s)f produced as outputs for analytical purposes.
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Algorithm 1 The r2SGLD Algorithm.

Input Initial parametersel? | €2
Input Number of iterationX .
Input Temperatures;, ».
Input Correction factolC.
Input Learn rate .
fork=1;2;, ;K do
Sampling Step

p___
1 1 1 1
€h =R &Y e+ "2, P
2 2 2 P— ¢
efﬁ)l:R eﬁ) r@(el(())+ 2 5 i(()

Swapping Step
Generate a uniform random numhe® [0; 1].
ComputeS follows (7).

3.1. Convergence in 2-Divergence

Our analysis begins by identifying the invariant distribu-
tion of r2LD, which delves into the basic properties of the
generatot. subject to the boundary conditioB)(

Lemma3.2.f (g o isreversible and its invariant distri-
bution is given by(2).

We de ne the 2-divergence as
z 2

de g g, ©)

2 _
(k)= d

whered (=d is the Radon—Nikodym derivative between
¢« and . The convergence rate of in 2-divergence is
related to the Poincarinequality:

Lemma 3.3. For any probability measure where the

if u< €then Radon—-Nikodym derivativee= d satis es(5), the follow-
Swap e;((1+)1 and e|(<2+)1 _ ing inequality holds:
end if d
end for 2( k) CpE g (10)

Output Parameters € g 1! |

where the best consta@} is called Poincaé constant.
3. Theoretical Analysis Here is our primary convergence result:
heorem 3.4. Given any initial measure ¢ for which

In this section, we outline the convergence analysis of} o=d satis es(5), the 2-divergence to the invariant

continuous-time r2LD under the?-divergence andV,- T - - .
distance, which extends the previous analySisgn et al. distribution - decays exponentially according to:
2019 Deng et al.20203 within a constrained domain. We 2( k)
further highlight the acceleration bene ts achieved through

parameter swapping and discuss how the convergence rate Es
is inuenced by the diameter of . Lastly, our analy- where g := inf
sis includes an evaluation of discretization error in the 1- >0
Wassersteinwl) distance. Throughout the analysis, we 2_divergence.
adopt the following assumptions.

AssumptiorAl. is a compact domain with a boundary In addition to the observed acceleration effect, our ndings
@ whosesecond fundamental forim bounded below by highlight the signi cance of the PoincarconstanCp in
some constant 0. convergence, as shown (1), where its lower bound di-
Remark3.1 For any two tangent vectons; v, atx 2 rectly in uences the convergence rate. In the literat@e,

@ , the Second fundamenta' formf @ iS de ned by is often referred to thast Neumann eigenvaluef L or
I(vi;v2)(X) = hr , (x);Vvzi, where (x) is the normal spectral_gapdenoted b_y 1(L)_. For a non—convex.domain
vector eld,r ,, denotes the directional derivative ofx) ~ that satis es AssumptioAl, it has been shown iang
alongv;. Note that ifl (vi;v,)(x) ~ forsome  0,the (2014 (Corollary 3.5.2) that

second fundamental form of the bound&@y is bounded Lemma 3.5. The Poincaé constanCp, de ned in Lemma
below by . Itis also worth mentioning thatif =0, is 3.3 satis es the inequality:

?(ok Jexp  2t(L+ $)Cpt 5 (11)

o

t

1is theacceleration effedn

o
Ql

E

Q“

convex. ,
AssumptiorA2. The functionU 2 C2%() . Since is Cp= 1(L) C —FH>5*+Co; (12
compact, there exists an> 0such that for alk;y 2, diam()

whereC; andC, are constants depending dhand , in

kr U0 1 Ulyk Lk yk (®) particular, when is convex, we havé; =1 andC, =0,
ie.,
Unless speci ed otherwise, the theoretical results in this 2
work are based on AssumptioAd andA2. 1(L) diam() 2°
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Remark3.6. For a non-convex domain whose second fun- whereC is a constant depending orandU. In particular,
damental form is bounded below byapplying a conformal when is convex, we have
change of the Euclidean metric (as outlinedNang (2007, Pr——s
LA . 1+4 1
Lemma 2.1) allows for a simpli cation to a convex domain Cis ﬁ:
case, which results in a less explicit bound speci ed1i8). iam()
However, it should be noted th@ = O(l=diam() ?) Remark3.1Q For non-convex domain, as highlighted in
still holds true when diarf) 1 Remark3.6, the bound presented ia) is less explicit.

(17

3.2. Convergence in 2-Wasserstein Distance For detailed derivations, readers may refer to Appedix

: . 3.3. Discretization Analysis
We introduce th@-Wasserstein distance between two Borel

probability measures and onR?d Due to the lack of higher-order local time estimates in the
7 1 re ection term, our study on discrete-time dynamics of
) i o ) - r2SGLD reveals its unique aspects compared toeneS-
Wo(s ) 2|r(1f; )  Red Red ko ykd (xy) ' GLD. Following the techniques ilanaka(1979; Bubeck

o o . et al.(2018, we successfully derive the upper bound for the
where (; ) denotes all joint coupled distributionswith  discretization error within th&V; -distance framework.

marginal distributions and . Furthermore, we de ne the Theorem 3.11(Discretization error) Assume that the do-

Kullback-Leibler (K;) divergence as main is convex, and AssumptioAd, A2 hold true, then

o
D( k)= g— In g— d: (13) Wi( r;er) O T+ maxE[k «k?]
r
_ p —_ r:  :9a
The convergence rate undaf,-distance is dependent on the + “2max Efi «?] :

Log-Sobolewnequality which controls the entropy through-
out the Fisher information. The proof of the following where er denotes the distribution of;, which is the

lemma is referred tdVang (2014 (Corollary 3.5.3). continuous-time interpolation for r2SGLD, := r ©
Lemma 3.7. For any probability measure and r U isthe noise in the stochastic gradient, and:= § S
satisfyingd=d 0 and (5), the following Logarithmic  is the noise in the stochastic swapping rate.

Sobolev (Log-Sobolev) inequality holds: Interested readers can refer to Appendifor details.

! .
' 4. Experiments

o.‘ Q_‘

D( k) CisE (14)

To validate the r2SGLD algorithmwe begin by applying it

to dynamical system identi cation (Sectighl), where the
physical constraints are inherent in the dynamical system.
Theorem 3.8. Given any initial measure o for which ~ Subsequently, its effectiveness in multi-mode distribution
d o= 0and Satisfyinq5)' the 2-Wasserstein distance simulation is detailed in Sectioh2. LaStIy, Sectiord.3il-
between ; and satis es the following accelerated expo- lustrates the algorithm's performance in deep learning tasks.

nential decay estimate:

where the best constaf)f s is called Log-Sobolev constant.

4.1. Identifying the Lorenz Systems

Wa( ;) 2CisD( ok )exp t(1+ s)Cg ; The Lorenz system is a system of ordinary differential equa-
q (15) tions that underscores that chaotic systems can be com-
Es d ¢ pletely deterministic and yet still be inherently unpredictable
d : .
i ; ; over long periods of time:
where g = |th0 —q? 1is theacceleration effect ) -
T x(t)y="(y x)
in W,-distance. yty=x( 2) v (18)

z(t)=xy 1z
Now we apply the estimate for the Log-Sovolev constant L i
for non-convex domainang 2007 (Corollary 3.5.3): where the system dynamics is determined by three unknown
T parameters: (the Prandtl number), (the Rayleigh num-

Lemmg 3.9. The Log—.Sob.oIev cqnstant, de ned in Lemmaber)’ and (the aspect ratid) A prevalent approach to
3.7, satis es the following inequality: -

*Code is available aithub.com/haoyangzheng1996/r2SGLD
c "Following traditional conventions in the Lorenz system, we

Cis diam() 2 ; (16) use to differentiate it from the parametersas de ned in ().
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The Lorenz System Gradient Calculation Xy Z Xy Xz Xy z
§ X commmmm— LA
X Ux Y LN _ 1| Y c—— ee
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Figure 2.Schematic of the r2SGLD algorithm, demonstrated on identifying the Lorenz system.

learning the Lorenz system involves the Sparse Identi cawork is generated using a six-stage, fth-order Runge-Kutta
tion of Nonlinear DynamicsErunton et al.2016 de Silva  method Atkinson, 1991). This method is applied to com-
et al, 202Q Kaptanoglu et a).2022. This method employs pute states from time 0 to 100 at intervals of 0.01, followed
thresholding least squares using the position and its timby calculating the velocity oK. using elementary matrix

derivative forx(t), y(t), andz(t) at speci c times: operations. Once the sampling and swapping steps are com-
plete in each iteration, the Runge-Kutta method is used with
X=(X); (19)  the latest sampled model parameters, which aims to derive

both the approximate states matRxand the candidate ba-

sis ( X) for the relevant time stamp. Upon convergence

t1:t:  ctm: . ( X)is the candidate basis from the of the em_plrl_cal d|str|k_)ut|on to_lts statlo_n_ary counterpart_or
upon satisfying certain stopping conditions, the sampling

sampled states, andis a sparse matrix to determine which and swapping steps are halted. The outouts are the empirical
candidate basis is active. In our work, this method is tai- pping step ' P P

R ) . . posterior modes of the unknown parameters, which are used

lored by simplifying the sparse coef cient matrix, which )
; to recover the target dynamical systems.
targets the learning of the unknown parameters, and
. Another critical aspect is that our approach relies solelyWe apply dual-chain reSGLD and r2SGLD for sampling
on gradient information of the potentials according to statewithin the parameter space to estimate the posterior mode
velocities, rather than having access to the sampled statef unknown parameters*( #, and "). For r2SGLD, its
g p
1 sampling process adheres to physical constraints requiring
= | e X (20)  the positivity of parameters;(; >  0). To ensure global
m stability within the system, two additional constraints are
didate basis functions associated Wil ), y(tm), z(tm),  tion to inhibit ampli cation of minor perturbations in the
X(tm)Y(tm), andx(tm)z(tm). Additionally, the matrix ~System's velocity eld (> 1+ ), and the other requires
€2 R5 3, an approximation of containing parameters strong thermal forcing to counterbalance the stabilizing ef-
.. intéracts with< fromR™ 3, representingn sam- fects of viscous dissipation & 1). To streamline the
[;Iéd s:[ate velocities from tot,,. ' algorithm's performance, we enforce accurate values for
model parameters associated with the less critical candidate

A general framework to identify the Lorenz system with pasis, which directs the algorithm's focus primarily toward
r2SGLD algorithm is shown in Figur2 The data for this

where X is the concatenation of multiple state ve-
locities [x(tm); Y(tm); 2(tm)] sampled at several times

r 8(%) =
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(a) Truth (b) reSGLD (c) r2SGLD
Figure 3.Simulation of the Lorenz system based on the empirical posterior modes of model parameters.

identifying the essential model parameters. side standard baselines such as (re ected) SGLD (SGLD
and R-SGLD), (re ected) cyclical SGLD (cycSGLD and
R-cycSGLD) ghang et al.2020, and reSGLD, employs
i 3 gradient information to generate samples and approximate
=992 1 J=9.99 A posterior distributions. This comparative analysis aims to
demonstrate the acceleration effect offered by the r2SGLD.

Our study focuses on a multi-modal density characterized by
p=27.78 p= 2801 a 2D mixture of 25 Gaussian distributions within a ower-
‘ shaped boundary, as depicted in Figbf&). The boundary

is mathematically de ned as:

é: 2.68 A ﬁ: 2.67 A r=sin(2 pt)+ m;, x=rcos(2t); y=rsin(2t);

(a) reSGLD (b) r2SGLD wherer denotes the radiug,the number of petalsn the
extent of radial displacement, ardy are the horizontal and
vertical coordinates, respectively. For the target distribution,
Upon adhering to the speci ed conditions, we evaluate theve set the boundary with parameters 5 andm = 3.
effectiveness of re ection in reSGLD by contrasting the
empirical posteriors with re ection (Figuré(b)) against

Figure 4.Posterior distributions of the identi ed model parameters.

The empirical posterior distributions generated by con-
strained sampling methods (R-SGLD, R-cycSGLD, and
éZSGLD) are exhibited in Figur®. In this context, R-

o ", 7, and" s generatd by he 1eSGLD and 251D 2 (L0US() e eleast eecue petornancs,
methods. Notably, the posterior distributions displayed here y g 9

. o . accurately. The performance is moderately improved with R-
are normalized to facilitate a more straightforward and clear Y P yimp

: . cycSGLD (Figures(c)), but it remains improvement spaces.
comparison. The result reveals that the posterior modes dg- . .
rived from r2SGLD align more closely with the true param—?n contrast, the results given by r2SGLD (Figé)) show

eters ( =10:0, =28:0, = %) compared to those from commendable performance.

reSGLD. Notably, the empirical posteri6érfrom reSGLD  Additionally, we consider a penalty-based approach as a
exhibits dual peaks, whereas r2SGLD's posterior demorbaseline for simulating constrained multi-modal distribu-
strates a singular peak, which indicates a more reasonabl®ns. We incorporated an L2 regularization term in the
result. For simulating the dynamics of the Lorentz systemobjective function to penalize samples that exit the desig-
the learned posterior modes are utilized as model parampated region, de ned as:

ters, with the simulations presented in Fig@réVhile the

simulations from reSGLD and r2SGLD are closely matched, r Beg( )= 1 B(&)+ &

r2SGLD demonstrates slightly improved results over ex- . .
tended simulation periods. This implies that r2SGLD yieldsWhere represents the shrinkage coef cient. We alternate

. . e o )
more reliable outcomes. Further details and results, incluab—etween the unpenalized objectlf %) within the region

ing baseline comparisons and exploration of identifying the2"d the penalizeBeq( %) when out-of-bounds. This ap-
Lotka-Volterra model, are available &1 andA.2. proach is evaluated using three penalized variants: penalized
SGLD (P-SGLD), penalized cyclic SGLD (P-cycSGLD),

and penalized reSGLD (P-reSGLD). Figurée) presents

a comparative analysis of various sampling methods, in-
In this study, we examine the enhanced sample ef ciencyluding SGLD, cycSGLD, reSGLD, P-SGLD, P-cycSGLD,
of r2SGLD through simulating bounded multi-modal distri- P-reSGLD, R-SGLD, R-cycSGLD, and r2SGLD, focusing
butions. Our proposed algorithm (with two chains), along-on their KL divergence under the same computational cost.

4.2. Constrained Multi-modal Simulations

7
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Figure 5.Empirical behavior on multi-mode distributions with ower-shaped boundaries.

This analysis incorporates 95% con dence intervals derivedithms with momentum terms, which is crucial for intri-
from 10 runs under different initial conditions. cate tasks like image classi cation. This integration of

. . . gradient and curvature information enables a more effec-
From the result, the implementation of a re ection opera-> . ;
. ) . : tive exploration of the parameter space to improve model
tion markedly reduces KL divergence by improving sam-

ple ef ciency through the redirection of out-of-bound Sam_performance. Therefore, our algorithmic baseline includes

ples. While the L2 regularization helps maintain sampIeSStOChaSJ[IC gradient with momentum (SGDM), its re ected

within the boundary, it con rms that the re ection-based variant (R-SGDM), (re ected) stochastic gradient Hamil-

algorithm outperforms these penalized variants. The corr¥9nian Monte Carlo (SGHMC and R-SGHMC), (e ected)
9 b P § cyclical SGHMC (cycSGHMC and R-cycSGHMC) featur-

parative inef ciency of the penalized approaches stems from ) ; N
. ._|ng a cyclical learning rate. To highlight the performance
their acceptance of some out-of-boundary samples, Whlchf h laorith incl i
compromises the sample ef ciency. This further highlights0 the proposed algorithm, we include (re ected) replica
the superiority of the r2SGLD algorithm in avoiding over- exchange SGHMC (reSGHMC and r2SGHMC) for the test.
exploration and improving sample ef ciency. Among the Our study on CIFAR 100 with the proposed algorithm rst
re ection-based sampling methods, R-SGLD reports theunveiled a notable advantage: employing re ection opera-
least favorable KL divergence, possibly due to its tendencyion enables larger learning ratesvhich is fundamental for
to remain in local modes. R-cycSGLD outperforms R-detailed model exploration. Algorithms without re ected
SGLD owing to its adaptive learning rate, which facilitates projection often exhibit failure (test accuracy under 10% or
both exploration and exploitation. The most effective perin nite training loss), particularly at initial learning rates
formance is observed in r2SGLD, where the dual-chairover 10.8. Conversely, setting re ection operation between
structure allows for more ef cient exploration. [-4.0, 4.0] not only stabilizes the model but also improves
o . . . test accuracy to over 70%. This highlights the critical role
To empirically substantiate our theoretical assertion that re- S : o
. o y .of re ected projection in ensuring successful learning in
ducing the domain's diameter enhances mixing rates with

quadratic dependency, we conducted further experiment%omplex tasks. Moreover, it indicates the potential for state-

with r2SGLD. These experiments explored the impact Ofof—the—art results given suf cient computational resources

domain diameters, set between 1.5 and 3.0, on mixing ratef.g,)r model exploration.

within convex bounded domains versus a non-convex distriAlthough a large learning rate has the potential to offer better
bution with 25 Gaussian modes. For detailed experiment

setups and further discussions, please see Sest®n In empirical Deep Neural Network (DNN) training using SGD,

a larger learning rate not only increases discretization errors but

also effectively raises the temperature of the resulting Markov

4.3. Non-convex Optimization for Image Classi cations  chain (Mandt et al, 2017. We specify that “large learning rates”
are primarily employed during the initial training stages to explore

We further extend the testing to CIFAR100 benchmarksthe landscape, and are gradually decayed to implement simulated

which utilize 20 and 56-layer residual networks (ResNet20annealing for enhanced global optimization.

and ResNet56, respectively) for training and testing. Our $The initial learning rate for CIFAR 100 is scaled to 2e-4 when

performance evaluation considers modi ed baseline algg@ccounting for the training data size of 50,000.



Re ected Replica Exchange Stochastic Gradient Langevin Dynamics

Table 1.UNCERTAINTY ESTIMATION COMPARISON BETWEEN  characterized by its sophisticated chain-swapping mecha-

ALGORITHMS WITH REFLECTION AND WITHOUT REFLECTION nism, has proven to be h|gh|y effective, which makes it
METRICS (RESNET20) well-suited for complex deep-learning tasks.

ACC (%)" NLL # BRIER (%o) #

SGDM 7213 0:60 9667 108 278 0:.05 i i i
SGHMC 7247 045 9543 157 275 005 5. Conclusion and Discussion

cycSGHMC 7349 0:17 8913 76 265 0:.02 Bv avoidin nn ral sampl n nablina ef cient ex-
reSGHMC 75.01 0:14 8552 69 250 0:.01 y avoiding unnatural samples and enabling ef cient e

—SCDM 543 035 9626 94 275 0.03 ploration within bounded domains, the r2SGLD algorithm

aSGHMC | 7285 051 9501 167 273 0:05 marks a signi cant advancement in the non-convex explo-
R-cycSGHMC | 73:77 0:22 8953 52 262 0:02 ration of reSGLD, particularly in high-temperature chains.

r2sGHMC | 75:38  0:17 8489 66 2:46 0:02 This improvement is substantiated through both theoretical
METRICS (RESNETS6) analysis and empirical validation.

ACC (%)" NLL#  BRIER(%)#  Ourtheoretical investigation comprises two parts: analyz-
SGDM 7440 0yl 9724 169 359 023 jng convergence in continuous scenarios and evaluating
Ci‘;g":ﬁc ;%é 8;2? g;gg ié‘ll gig 8;%3 the discretization errors of our algorithm. For continuous-
esGHMC | 7887 044 7406 130 294 00  time diffusion, we demonstrate its convergence in both
R-SGDM 7470 068 9507 106 353 018 divergence andV,-distance under non-convex bounded
R-SGHMC 7510 055 9232 158 336 0:23 domains. This analysis reveals a quantitative correlation be-
R-cycSGHMC | 7841 067 7711 144 312 011  tween the constraint radius and the convergence rate, where

2SGHMC | 79:39 0:30 7155 91 2:89 0:02 5 gpgjier radius facilitates accelerating the mixing rate, with

model performance, we do not directly use a learning rat&t€S decaying as quadratic. For discrete-time dynamics, we
of more than 10.0 due to computational resource limitationgUrther provide analysis of the discretization error measured
Instead, we investigate the optimal learning rate across 1,008Y theWi-distance under convex bounded domains.

epochs for our proposed algorithms and baselinesAsee Experimentally, we establish the versatility of our algorithm
for details). In our study, cycSGHMC and R-cycSGHMC in diverse applications. In the realm of dynamical systems,
are implemented with a triple-cycle cosine learning rateour method pioneers the use of constrained sampling for
schedule, while reSGHMC and r2SGHMC employ four parameter identi cation. We offer robust posterior distribu-
chains per model to facilitate exhaustive exploration. Ittions to demonstrate the importance of re ection operations.
should be noted that incorporating advanced methodologiesy sampling from constrained multi-modal distributions,
for chain swapping is essential in this task, and we havg2SGLD outperforms other methods, as evidenced both
strategically adopted more sophisticated schemes for chai empirical distribution representation and rapid KL di-
swap in both the reSGLD and r2SGLD frameworks. Thisyergence convergence. In non-convex optimization tasks
adaptation is crucial as we engage with multiple chains inwithin deep learning, r2SGLD successfully handles large
stead of the conventional two. For an in-depth eXp|Orati0ﬂearning rates, a task where'wareSGLD struggles, due

of these enhanced chain swap mechanisms, readers are gfithe absence of a re ection mechanism. Despite compu-
couraged to refer té.4. The batch size is 2,048 across tational limitations necessitating a reduced learning rate,
all methods. We repeat experiments for each algorithm teaur algorithm still outperforms others across various met-
times to record the mean and two standard deviations fafics. It is noteworthy that these tests were conducted within
metrics such as Bayesian model averaging (BMA), negativa 000 epochs. We anticipate even better results with higher
log-likelihoods (NLL), and Brier scores (Brier). learning rates and with suf cient training epochs.

Upon comparative evaluation of various algorithms shown
in Table1, we observe distinct performance patterns. Al-Acknowledgements

gorithms with re ection, particularly r2SGHMC, consis- ) _
tently outperform their non-re ective counterparts across'/e thank the anonymous reviewers for their helpful com-

all metrics. Speci cally, 2SGHMC achieves the highest Ments: Q. Feng is partially supported by the National Sci-
accuracy (BMA), NLL, and Brier score, both in ResNet20 €NCe Foundation (DMS-2306769). G. Lin acknowledges the

and ResNet56 models. While standard SGDM and SGHMcSUPPort of the National Science Foundation (DMS-2053746,
show moderate performance, their re ected versions (RPMS-2134209, ECCS-2328241, and OAC-2311848), the

SGDM and R-SGHMC) exhibit improvements, which in- U.S. Department of Energy (DOE) Of ce of Science Ad-

dicates the effectiveness of re ection in model optimiza-"anCed Scienti c Computing Research (DE-SC0023161),

tion. Notably, cycSGHMC and R-cycSGHMC demonstrate®"d DOE-Fusion Energy Science (DE-SC0024583).
signi cant performance boosts, attributed to their cyclical
learning rate schedules. Our proposed method, r2SGHMC,
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Supplementary Materials

A. Experimental Details

This section supplements the main text by detailing additional experimental procedures. Our initial focus is on the Lorenz
system identi cation task, including a comparative analysis with four baseline methods. Subsequently, we explore the Lotka-
\olterra system identi cation through constrained sampling, which compares both re ection-based methods and baselines
without re ection operations. Furthermore, the implementation speci cs of multi-mode sampling within bounded domains

are discussed. This includes an examination of hyper-parameter selections and the application of these methods across
various domain settings to assess the robustness of our proposed algorithm. An additional experiment is included to explore
the relationship between the diameters of constrained domains and the mixing rates. Lastly, we outline hyper-parameters
essential for executing large-scale image classi cation tasks.

A.l. The Lorenz System

For the experiments identifying the Lorenz system, we incorporate baselines such as SGLD, R-SGLD, cycSGLD, and
r-cycSGLD. Across all tasks, including the main text (Sectal) and baselines, we conduct 60,000 iterations with the rst
20,000 iterations as burn-in samples. For SGLD and R-SGLD, the learning rate commences at 5e-6, decaying at a rate of
0.9999 per iteration after the rst 10,000 iterations. For cycSGLD and R-cycSGLD, the initial learning rate is set at 2e-5,
utilizing a 10-cycle cosine learning rate schedule. The learning rates for reSGLD and r2SGLD, set at 2e-5 and 2e-6 for the
two chains, decaying post 10,000 iterations at a rate of 0.9999. We adjust correction terms to ensure a swap rate of 5%-20%.

p=2832 | 0= 28.02 o= 27.67 o= 28.04
B= 267 B=268 | B= 267 B=266 |
(@) SGLD (b) R-SGLD (c) CycSGLD (d) R-cycSGLD

Figure 6.Posterior distributions of the identi ed model parameters.

(a) SGLD (b) R-SGLD (c) CycSGLD (d) R-cycSGLD
Figure 7.Simulation results of the identi ed Lorenz system.

As depicted in Figureg and 6, sampling with physical constraints and re ection signi cantly improves the model
performance, in terms of the posterior modes and the empirical posteriors. In a comparative analysis of three re ection-based

13
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sampling algorithms, R-SGLD falls behind in performance, while R-cycSGLD better concentrates the parameter posterior
near the true parameters. Our proposed algorithm outperforms the others in accuracy? bigsents the simulation

results in the use of the learned parameter according to the baselines. Although all simulations capture the chaotic nature of
the Lorenz system, r2SGLD (Figugéc)) most closely replicates the true system dynamics (Fig(as.

A.2. Lotka-Volterra Model

The Lotka-Volterra model (the predator-prey model) is a pair of rst-order, non-linear, differential equations frequently used
to describe the dynamics of biological systems in which two species interact, one as a predator and the other as prey. The
equations are as follows:

X=X Xy

21

y= y+ Xy 1)
Here,x andy represent the number of prey and predators, respectivelyx amdly represent the corresponding time
derivatives. The model is characterized by four key paramefeey: Growth Rate represents the rate of growth of the
prey population in the absence of predators. It is a positive value, indicating that the prey population grows exponentially
when unchallenged?redation Rate Coef cient governs the rate at which predators destroy prétymodulates the
interaction between the prey and predators, which signi es the ef ciency of predators in consumingPpeekator
Mortality Rate represents the rate of decline of the predator population in the absence of prey. It signi es the mortality or
decay rate of predators when there is no food (prey) availétvedator Reproduction Rate is tied to the rate at which
the predator population increases due to the consumption of prey. It indicates that the growth of the predator population is
dependent on the availability of prey.

The Lotka-Volterra model is a simplistic representation and makes several assumptions, such as unlimited food supply for
prey and constant rates of predation, which may not always hold true in real ecosystems. However, it provides a foundational
framework for understanding the dynamic interactions between predator and prey populations.

In this study, we employ the LSODA solvefindmarsh 1983 Petzold 1983 to generate data(t) andy(t), wheret ranges

from 0 to 100 in increments of 0.01. The framework of identifying the dynamical system aligns with the one established

in Section4.1on Lorenz system identi cation, including the sample generation and the simulation of empirical posterior
distributions. For the ease of implementation, the corresponding matrices for gradient computations are presented as follows:

2 3 2
x(t1)  y(t1) X(t1)  y(t)  x(ty)y(ts)
X(tz2)  y(t2) 2 0 3 X(t2)  y(tz)  x(t2)y(tz)
X = : 4, "=4 0 5, (X)= : : : ; (22)
X(tm)  Y(tm) X(tm) Y(tm) X(tm)y(tm)
where we establish parameter values as follows:1:0, =0:10, =1:50,and = 0:075 The chosen batch size is

4,096, and the sampling process involves 60,000 iterations, with the initial 20,000 serving as burn-in samples. For SGLD and
R-SGLD, the settings are the same as the ones in identifying the Lorenz system. In the case of cycSGLD and R-cycSGLD,
the initial learning rate is 1e-5, implemented with a ten-cycle cosine learning rate schedule. For reSGLD and r2SGLD,

learning rates are 1e-5 and 2e-6 respectively for the two chains, following a similar decay pattern post 10,000 iterations at
0.9999.

In Figure8, we observe the empirical posteriors of model parameters and their posterior modes. These results further con rm
the bene cial impact of the re ection operation on parameter estimation. A comparative analysis of different algorithms for
constrained sampling tasks reveals that R-SGLD (the blue lines) is observed to be the least effective, whereas R-cycSLGD
(the green lines) and r2SGLD (the red lines) demonstrate comparable performance. IDFigenearameters derived from

these algorithms are employed to simulate the dynamics of the Lotka-Volterra system over a period from the 100th to the
200th day, as the rst 100 days produced overlapping results. The simulations reveal that both R-cycSLGD and r2SGLD
provide comparable outcomes, yet r2SGLD shows a marginally closer approximation to the true dynamics (the black lines).

Following traditional conventions in the Lotka-Volterra model, we uge differentiate it from the parametersas de ned in ().
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Figure 8.Posterior distribution of model parameters in the Lotka-Volterra system.
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Figure 9.Simulation of the identi ed Lotka-Volterra system from 100 to 200 days.
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A.3. Constrained Sampling from Multi-mode Distributions

This section focuses on constrained sampling from a multi-mode distribution. We study a 2D mixture of 25 Gaussians

(a) Truth (b) r2SGLD (c) R-cycSGLD (d) R-SGLD
(e) Truth (f) r2SGLD (g9) R-cycSGLD (h) R-SGLD
(i) Truth () r2SGLD (k) R-cycSGLD () R-SGLD

Figure 10.Empirical behavior on multi-mode distributions with diverse boundaries.
within uniquely shaped domains: ower (FiguBg, heart (FigurelO(a), polygon (FigurelO(e), and cross (Figur&0(i)).
The heart domain in this simulation is de ned by the following parametric equations:
x =16sin(2t);
y=13cos(2t) 5cos(4t) 2cos(6t) cos(8t):
Subsequently, the octagon domain is described by the equations:
r=ct b ctc
X=(1 1) Xpete+ T Xpetet s
y=@ 1) Yhetct I Yoetert
where(X;;Y;i)%, are the edge sequences withc; Yc) = ( Xo; Yo) andC = 8.
The probability densities are set to zero outside these shapes. For this study, we employ R-SGLD (initial rate: 5e-4),
R-cycSGLD (initial rate: 1e-3 with a 5-cycle cosine schedule), and r2SGLD (two chains at 5e-4 and 1.5e-3, aiming for
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a 5-20% swap rate). A total of 50,000 samples are generated, with the initial 10,000 as burn-in. The obtained empirical
posteriors are shown in Figurésand10.

Upon examining the empirical posteriors, we note the limitations of R-SGLD, where the results often get trapped in local
modes and fail to fully capture the target distributions. Conversely, R-cycSGLD demonstrates a more robust ability to
capture most modes, albeit with a tendency to overstay in speci ¢ modes and underrepresent others, which more samples
could improve. In comparison, our proposed algorithm shows signi cant improvements in accurately characterizing all
modes, which provides the most precise empirical behavior in multi-mode distributions across different constrained domains.

Exploration of the Constrained Domain Diameter To empirically validate our theoretical analysis, we conduct additional
experiments with r2SGLD, which focuses on how the diameters of the constrained domain affect mixing rates. The target
distributions are selected as convex bounded domains (octagons) against a non-convex distribution of 25 Gaussian modes
(refer to FigurelO(e). The domain diameters are set between 1.5 and 3.0 (the target distribugion i$:0). We employ

a dual-chain r2SGLD with learning rates of 2e-5 and 2e-4. For each diameter setting, we execute ten runs, where each
generates 10,000 samples. The expected KL divergences and their 95% con dence intervals are depictedlihfBigure
purposes of analysis.

— diam=1.5 — diam=2.4
A diam=1.8 —— diam=2.7
,\/Q ] — diam=2.1 —— diam=3.0
()
o
c
()
oy
)
=
o)
—
X
o # Samples
S |0 3k 6Kk ok
A / A h !

Figure 11.KL divergence with respect to different domain diameter setts.

lllustrated by the corresponding gure, a discernible correlation emerges between the domain diameter and the convergence
rate of the algorithm. Notably, the result demonstrates a trend where a reduction in domain diameter results in a more rapid
decline in KL divergence. This further leads to an advanced mixing rate. This observation suggests that a smaller domain
diameter facilitates the algorithm's expedited convergence to the target distribution, which also implies that constraining the
parameter space informed by prior knowledge can markedly enhance the algorithm's ef ciency in its convergence.

A.4. Image Classi cation

The following part is dedicated to an empirical evaluation of algorithm settings. Our objective is to the choices of
hyper-parameters and demonstrate their effectiveness in the tests.

Learning Rate This study acknowledges that while re ection operations in sampling methods can lead to more compre-
hensive exploration given unlimited computational resources, our experiments are conducted within the con nes of 1,000
epochs. A critical component of these experiments is the determination of suitable initial learning rates to enhance model
performance.

In our study, we conduct a systematic exploration of learning rates for the single-chain R-SGHMC algorithm. We initiate
this exploration by setting the learning rate at a standard value of 0.1 and incrementally increasing it to identify the point of
optimal model performance. The effectiveness of various learning rates is assessed using two key metrics: BMA and NLL.
These metrics, depicted in Figut&, guide our determination of suitable learning rates. Building upon these ndings, we
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then adjust the learning rates of other baseline models to align with the identi ed optimal learning rate. Our results indicate
that an initial learning rate of approximately 2.0 is effective for both the baseline and the proposed algorithms.

For consistency in our methodology, this initial learning rate (2.0) is applied to SGDM, R-SGDM, SGHMC, R-SGHMC,
cycSGHMC, and R-cycSGHMC. For SGDM, R-SGDM, SGHMC, and R-SGHMC, this learning rate is consistently held
during the initial300epochs to facilitate exploration and subsequently decayed at a rate of 0.990 each epoch. In the case of
cycSGHMC and R-cycSGHMC, we opt for a triple-cycle cosine learning rate schedule. For reSGHMC and r2SGHMC,
which utilize four chains, the chain with the lowest learning rate begins at 1.0, scaling up to approximately 4.0 for the chain
with the highest rate.

73 1 - 12000
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g 72 F11500 8
(O]
> —_—
71
< L 11000 2
B 70 - z
o | (@]
= 10500 S
c 69 1 o
.g - 10000 -2
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§ -9500 2
67 1 Learn Rate

0 1 2 3 4 5

Figure 12.Metric comparisons of CIFAR 100 with different initial learning rates.

Swap Ef ciency Inthe realm of reSGLD and r2SGLD algorithms, the implementation of effective swapping schemes is
crucial to enhance exploration ef ciency. A fundamental challenge arises due to the minimal overlap between the distributions
of the extremal temperatures?) and (P) (P denotes the last chain or the number of chains), which hinders acceleration
despite a large (P). A viable solution involves introducing intermediate temperature particl€s; ; (P 1 to

facilitate “tunnels” for more ef cient chain swapping. Common strategies include all-pairs exchange (APE), adjacent (ADJ)
pair swaps, and deterministic even-odd (DEQO) schemes.

3 — >
i ~ e A~
e L

Figure 13 Non-reversible chain swapping with the ODE scheme. The red line demonstrates a single chain's round-trip path.

The APE scheme attempts swaps between arbitrary chain pairs, offering thorough expl@eginme( et al.2007,

Lingenheil et al, 2009. However, its cubic swap time complexit® ( P2 ) and practical usability constraints limit its
widespread adoption. The ADJ scheme, alternatively, swaps adjacent pairs in sequente, Zyam(P 1, P) (Qietal,

2018. While this method is simpler and more intuitive, its sequential nature results in exchange information dependency
and is less effective in multi-core or distributed environments, particularly with a larger number of chains. To address these
limitations, the deterministic even-odd (DEO) scheme was introduokdlie et al.2001; Syed et al.2022 Deng et al.

2023, which alternates swaps between even and odd pairs in successive iterations. The DEO scheme, characterized by
its non-reversible and asymmetric nature, signi cantly increases swap rates and reduces round trip times, with its design
detailed in Figurel3.

In this research, we adopt the DEO scheme (as detailed in Algo#jtiar reSGLD and r2SGLD algorithms to optimize
path ef ciency in the deep learning task. The algorithm is structured to achieve a near-linear path and anticipate three to four
round trips within a span of 1,000 epochs for increased swapping ef ciency.
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Algorithm 2 Re ected Replica Exchange Stochastic Gradient Langevin Dynamics with the DEO scheme.

Input Window sizew := 9P -09l0g. P
Input Number of iterationX .

Input Number of chain®.

Input Target swap raté.

Input Step size .

fork=1;2; ;K do
Sampling with re ection€,.; = P € r 8(&)+ pziz K

forp=1;2;, ;P 1do
Update the swap indicato&® =1, (., ®

k+1 +G<0
if kmod W =0 then
Allow swapsG®P) := 1
end if
if G) andS(P then
Chain swap (P, and "%V

Refuse swap&®P) := 0

end if
end for
Upd i = 1 Pe o1y S
p ate COI‘I’eCtIOI@ﬂ - Q( + P 1 p—l ] l(<pI;l) + Gy © l((p)l <0 .
end for

Output Parameters (" g<_, .

The primary difference between Algorithehand Algorithm1 is the consideration of a multiple-chain variant, which
innovates chain swapping management. This is achieved through a carefully designed swap Bfictiiat dynamically
adjusts based on the relative positions of the chains, thereby ensuring more effective and frequent exchanges. The algorithm
incorporates a window-based approach, where swaps are allowed only at speci ¢ intervals, determined by the window
sizeW. This strategic regulation of swaps is further enhanced by combining with a correctiofitewhich is updated
adaptively: |
1 X1t '

Ga =G 51 e vae <
Here, denotes the step sizB, = 4 represents the number of chains involved in the processSésthe target swap
rate among chains. It should be noted that as the iteration ikdesnds toward in nity, it is anticipated that both the
threshold and adaptive learning rates will converge toward their respective xed points. This implementation of a Gniform
ensures that swaps occur with a frequency that optimizes the overall convergence towards the desired target distribution.
This balance between exploration and exploitation in the r2SGLD algorithm is crucial for tasks involving complex datasets
like CIFAR 100, where traditional methods might struggle with ef cient parameter space navigation.

S
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B. Continuous Convergence Analysis

Proof of Lemma 3.2 First we show the reversibility of under the semigroupe'- g; o:
z z
gLf d (x1;%2) = fLgd (X1;X2); forallf;g 2D (L). (23)

Recallin @) thatL = L® + L@ + L), We have

Z Z
gL@f d (x1;%2)
1 ZZ U(x1) U(xp)
= 7 g(xu;x2) [ hr x, F (X x2);r x,U(X1)i + 1 x, f(Xx2)]e 1 dxie 2z dxz
Z Z
1 U(x1) U(x2)
= 2 o(X1;X2)r 1r x, f(X1;X2)e 1 dxie 2z dxo (24)
Z Z
= 1F s O(X15X2) 1oy F (X x2)d (X1;X2) (Integration by parts with satisfying 6);.)
Z Z

fL®gd (x1;x2)

A similar calculation withf satisfying 6), yields that
Z Z Z Z Z Z
gL@f d (xq1;%2) = fL@gd (x1;%2) = of i, F(X1X2) T x,0(X1;X2)d (X1;X2):  (25)

By the same argument as@hen et al(2019 (Lemma 3.2), we can also derive
ZZ Z Z
gLf d (x1:x2) = fLOgd (x1;%2): (26)

Combining @4), (25) and @6), we obtain 23). Now by choosingg=1 2 D (L) in (23), sinceL 1 = 0, we obtain
z z
Lfd = fLid =0:

Thus is invariant undef 't g, o. O

Next, we introduce a Lyapunov function subject to the homogeneous Neumman boundary condition, this is an extension of
the Lyapunov function introduced ilCattiaux et al.2010.

LemmaB.1. LetL©® = L® + L@  then there exists a Lyapunov functiditx1; x,) 1 such that satis es
8
< LOV(xq;x5) V (X1;X2) + b (X1;%2) 2 ;
rx,V(x1;x2) (x1)=0; (Xx1;%2) 2 @ ; (27)
rx,V(X1;x2) (Xx2)=0; (X1;%2) 2 @:

for some constants> 0,b 0.

Proof Let d(x) := dist( x; @) be the distance function betwe&nand the boundar@ . There exists an in nitely
differentiableregularized distance functiowhich is equivalent tal (Kufner, 1985 Lieberman 1985. More precisely, there
exists a positive function(x) 2 C* () and positive constantS, k =0;1;2; ;suchthatforalk 2

Ciod(x) () Cod(x);

and fork 1,
DX ()i G () K
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Now we de ned the Lyapunov functiox by :
V(xi;xz) :=expl (x1)?+ (x2)°] L

We can compute the Hessiarf , V (X1; X2):

1X1
r2,,V(X5X2) =21 o (X1) Ty, (X0)V(X15X2)
+2 (X 3y, (XOV(X15X2) +4 (X1)?r x, (X1) T, (X0)V(X1;X2);
where is the tensor product. Using the estimates fowe obtain the following bound:
ir 2, V(x1;x2)j [2C2+2C;, +4CEdiam() *]exp[2C5diam() 2]:
Givenany > 0, we can takéd=supfL @V (x1;x2)+ V (X1;X2):(X1;X2)2  g_0< 1. Then(27); is satis ed.
Furthermore, we notice that since
ir V(X Xx2)i 2 (X)ir x, (X0)iV(X1;X2)  2Cod(x1) Cp exp[2Cidiam() %]! Oasxi! @ ;

thus the homogeneous Neumann boundary cond{f#@)} with respect to(; is also true folV . Similarly, we can gef27)s3
also holds. 0

Proof of Lemma 3.3 Next, we show the Poincar'e inequality using the Lyapunov functioim LemmaB.1. Suppose

f 2 CY( ) , andu is an arbitrary constant. Multiplying both sides(@f), with (f  u)?=V and integrating over
against (x1;Xz) gives

zZ Z zZ Z Z Z

(0) 2
(F wd (ix) S wd e S g (@9
Notice that
Z Z
L@V
v wid (xaix2)
Z Z
f 2 U(xq U(xo
= %r X1 ir x,Ve (1) dxqe (z)dxz
Z Z
(f u)? u(xy) U(xp) i , L
= 1 x, v ry,ve —t dxje 2z dxp (Integration by parts witl satisfying @7),.)
Z Z
f ou)?
=1 M x ( v ) rx,Vd (X1;X2)
Z Z
2(f u ir x, Vj?
= 96w ¢ 0 i)
|
Z Z f u 2°
=2 ra Wi G w) TV d (xaixe)
Z Z
1 ; 02 R
—= ir <, (Fuwjsd (x1;x2):
Similar computation works for ® , we reach that
Z Z Z Z
LOV 1 . : . :
v w?d (x1;xz2) = gr o, (F - wiP+ ajr o (f wji® d (x15%2): (29)
R R
On the other hand, we choose such that (f u)d (x1;%2)=0,then
zz 5 zz zz
b T gaxa)=2 ¢ urdtax) e FiPd ) (G0)
Combining @8), (29) and B0) we obtain the Poincarinequality (0). O
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Now we have all the ingredients to show the accelerated exponential convergence of

Proof of Theorem 3.4 Using the generatdr, we haved (=d = €'“(d o=d ). In other words, given thad ,=d
satises 6),f; :=d (=d satises@f; = Lf; and 6) for allt > 0. Then using the integration by parts we can show

Z ) z
d , _d i do - w do d u do
dt(tk)_dtz & g 92 & g g g ¢
d d
- te Yo i Yo 31
2 et L € 5 d (31)
d d
= 25 & =% = o5 —*
s € S 4
By Lemma3.3, we have following estimate
(k) CE T Gt o) B SO (32)
Combining 81) and @2) yields
g (k) 2GR+ s) Pk )
According to Gronwall's inequality, we conclude that
2(tk ) 2( ok )expf 2(Cpl(l+ s))g:
O

Proof of Theorem 3.8 Given thatd ¢=d 0 and satisfying5), we have that; satises@f; = Lf{,f;y 0and(5) for
allt > 0. Then again we use the integration by parts to derive

Z
d _d i do i do
aD( k)= O e q In e q d
z d
— tL 0 tL 0
= 1+In € L e q :j (33)
z r—
_ d d ¢ d ¢
Now we apply the Log-Sobolev inequality4) to get
r__ ! r__ !
d 1 d
D( tk) CisE e Cis(1+ s) "Es I (34)

Combining B3) and @4) together, we arrive at

G0CK) 2 das o9D( ik )

Then we apply the Gronwall inequality to get
D( <k ) D( ok )expf 2(Cig(1+ s)g:

By the Otto—Villani TheoremBakry et al, 2014 (Theorem 9.6.1), we have the following quadratic transportation cost
inequality p

p
Woa( ¢; ) 2CsD( tk) 2CLsD( ok )expf tC g(1+ s)g
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C. Discretization Analysis

To better formulate the discretized error, we rewrite Reeected Replica exchange Langevin diffusioras below. For any
xed learning rate > 0, we de ne

8
< d t=r G( [)dt“‘( t)dW{“‘ IL(dt),

(35)
PC@®=jj(t d)y=1 (bt=c)= )=rS( ) Lit=pe= ¢ g+ 0(dt); for I 6 j;
( ) !
(1) @) ) 1)
. _ oy _ 0 LW (dt)
where we denoté (g o = I(z) t O, rG( )= ru( @) ,and ¢(L(dt) = tO t(z) L@ (dt)
where the local timeL (dt) ensures the process stays in the domain . We denotel,- - . as the indicator

function, i.e. forevery = i withi 2 N*,given (i )= ,wehaveP( (t)=jj (t dt)=1)=rS( ) ,whereS( )
is de ned asminf1;S( @; @)gandS( W; @)isdenedin @). In this case, the Markov Chain(t) is a constant on
the time intervalbt= c; bt= ¢ + ) with some state in the nite-state spaic@ 1g and the generator matr@@ follows

_ rS(C) (tbt=c) rS() (t bt=c) .
Q= 's() (tbt=c) rS() (t bt=c) °

Where () is a Dirag delta function. Thq) diffusion matrix' ) is thus dened as((0) ; (1)) :=

2 MWly 0 o2 @)y 0 . . .
— ; — . The process; is the unique solution to the Skorokhod problem
0 2 @1y 0 2 My
for the jump process de ned by:
8

< dyi=r G( )dt+ ( 1)dWy;
(36)
P( ()=jj (t di)=1 (bt=c)= )=71S( ) Lit=bt= ¢ gt o(dt); for |1 6 j:

The existence of the unique solution for the Skorokhod probleng fotlows from the original proof inTanaka 1979 (see

also Menaldi & Robin 1985) since the process has continuous paths. The switching happens after the re ection at
eachtimé <T . We should think of the process as concatenated on the time infeyvéil+ 1) ) up to time horizor .
Similarly, we consider the followin&e ected Replica exchange stochastic gradient Langevin diffusigrior the same
learning rate > 0 as above, we have

8
2 det =T G(eb[: c YAt + ( ep= ¢ AW + a@(dt);
(37)
P e)=jje(t dt)=1€bt=c)= € =r18(® Liizp= g+ o(dt); for 16 j;

I
(1)
: SE (2); and$(€) = min f1; §(&W ; €@ )g and§(eD ; €2) is de ned in Sectior2.3. Here
|

R CRoe® 0 E®@ds
0&EM9= 0 Ty o oy

domain

wherer 6( ) :

denotes the bounded variation re ection process ensujngtays inside the

The re ection proces$, is then the unique solution to the Skorokhod problem for the following process,

8
2 dg =1 G(ebt: Cdt+ ( ep= ¢ JdWy;
(38)
P e(t)=jje(t dt)=1€Mbt=c )= € =7r8(®) Llii=p= ¢ ¢+ O(dt); for | 6 j;

which is the continuous interpolation of the replica exchange stochastic gradient Langevin dynamics.

We then show the following proof of TheoreBnl 1

Proof of Theorem 3.11 According to the de nition of theRe ected Replica exchange Langevin diffusiorf (g o and
the Re ected Replica exchange stochastic gradient Langevin diffusioh€, g o, we can write the difference of the two
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process ; & in the following form,
z t z t
o &=y et sL(ds) esE(ds): (39)
0 0

R R
Since bothy; andg; are piece wise continuous paths, gng; S sL(ds)) and(&; (; sL (ds)) solve the Skorokhod

problems fory; ande,, respectively. FollowingTanaka1979 (Lemma 2.2), we have the following estimates,

Z, |
ki €k* kyr ¢k®+2 Vi B Ys+ % sL(ds) esE(ds)
0 (40)
I {z }
K
Denoteh as the support function of , which is de ned byh (y) =supfthx;yi;x 2 g, fory 2

For simpli cation, we assume that the origin is inside the convex domaifhus the Euclidean norin k and the norm
k k are equivalent, up to an constaht by taking asd-dimensional ball. Following the estimatdé3ubeck et al.
2018 (Proposition 1) and the equivalent norm in our setting, for the inner normal vegtarsdes, we have

n Z,
sp K sup 2C(ky wk+ sup kys wk) h ( QL(d9)
0Ot T 0Ot T 0 st 0
z t 01-2
+2C(ky; g k+ 0supt kys g.k) h ( e)E(ds) (41)
S 0
s 7 -

2C  sup kyr gk h o ( 9L+ h  ( e&)E(ds) ;
ot T 0 0

where the last inequality follows from the fdct (E; resp.) is increasing. Taking square raatp, ;  and expectation
E[ ] on both sides 0f40), together with Cauchy-Schwartz inequality, applyidd)( we get
h [ h [

E supk: €k E supky; ¢k |
ot T ot T

s .S :
h i h <t L7 i (42)
+ E 4C sup kyr ¢k E h ( s)L(ds)+ h ( es)E(ds)
0ot T 0 0
I {z }

J

Estimates ofl : The estimates of the rstterr is similar to Qeng et al.20203 (Lemma 1). We follow the similar steps
here and highlight the major differences coming from the fact thatnd €, are re ected processes in the current setting.
Plugging in the dynamics for, andg;, we rst have

Zt Zt
Vi B = rG(s) r 6(8, . )ds+ (s €. .)dWs: (43)
0 0

Takingsup, ; T,and expectation of both sides @), then applying Burkholder-Davis-Gundy inequality and Cauchy-
Schwarz inequality, we have

h i Zq z, #
E sup kyt gk E kr G( s) r G(€ . )kds+ sup (s € o )dWs
0Ot T 0 0Ot T 0
4 N # \Lﬂ 4 . #
E  krG(s) r 6(8.  )kds + e k. e . ks :
|— {z o ° {z }

lq [
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The estimate of , follows the same as irDeng et al.20203 (Lemma 1, estimates (15), (16), (17)), which gives us
" ) #

( 2)2 = CE ks ©ps= ¢ Kds
0

Rd %= cZ 41y h [

c E k s() € (K ds
j=1 k=0 K
Rd 3 ¢Z (k+1)  h i |
C EksG) @G+ @G) € () ds : (44)
j=1 k=0 K
®d b%= ¢ Z sy h [ Zk+1) h i #
C E k()  ()K* ds+ Ek, () © ()k ds
j:]_ k=0 k k

Cd(1+ T)>2( 1; 2) +mE1x P E[j «j?]

where>( 1; 2) =4( P 2 P 1)?,and | is the noise in the swapping rate. For convenience, the corGtaray vary

from line to line. We mainly focus on showing the estimates for the termApplying the inequalityka + b+ ck?
3(kak? + kbk? + kck?), we get

Zy # 'Z4 P
I, E kr G( s) r G(&)kds + TE kr G(&) r G(€, . )kds
0 0
I I{Z o I{Z }
n 11 # 12
Z1 1=2 (45)
+ TE kr G(€ .) 1 G(€ . )Kds
0
I {z }

l13

I 11+ Tao+ g3t
By using the smoothness assumptid), we rst get
" : #

11 LE k s esde .
0

Following (Deng et al, 20203 (Lemma 1, estimates (10)), we next get

" ) #
(12 TLE k& G o Kds
b ¢ Z (k+1) #
TL? E k& €. . ks (46)
k=0 k . "
) b}'(: cZ (k+1) ,
TL E sup k& € __ . k% ds:
k=0 K k  s<(k+1)

For8k 2 Nands2 [k; (k+1) ),since® _ . stays constantofk ; (k +1) )], which does not involve re ection, we
thus have

Z Z
& G =% & =71 6(8) (s k)+ € oW e B(dr);
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R
where ks e B(dr) ensures the proce$ stays inside the domain . Since there is no swap for the diffusion matrix
( eps= ¢ )fors2 [k; (k+1) ), the existence ofkS e; E(dr) follows from the Skorohod problem for a drift-diffusion
process {anaka1979. Applying Ito's formula tok & € __ _ k?, we have

Z s Z,
kes bs— c k? = . her br= ¢ (ep= ¢ )dW,i 2 ) her ebr— cf @( br= )idr
Z S
+2  hE e ¢ o & iE(dr)
A z.
2 he € _ i(enc)dW.i 2 h& € _ _;r@&e€,._ . )idr
k k

where the last inequality follows from the fact that bé&h and ebr: . areinside the domair is a inner normal vector at

s, andE is non-negative measure, the® € _  ;ei 0, since the domain is convex. Taking thep, < (k+1)

and the expectatioB on both sides, and applying the Burkholder-Davis-Gundy inequality, Cauchy-Schwarz inequality and
the Young inequality (i.e2ab "a? + b?="), we have

h i h Zs i
E sup k& € _ _k® 2Ek sup he. € _ . (e )dw ik
k s (k+1) k s (k+1) _ k
h Zs i
+2E sup he b= ¢ o7 G(& )dri
k s (k+1) Kk
h Z (k+1) 1
2CE khe€, e o (e )ikZdr
k .
h z s |
+E sup k€ € ._ . Kidr+ Zkr (€ )k?
k s (k+1) Kk
h 1 i
CE sup kn& € _ K"+ 72
k s (k+1)
Z x+1) h
+ E sup k& € _ k2 dr + E[ 2kr 6(€, K?;
k kr (k+1)

where0 <" < 1is asmall constant. Picksuch thalC" < 1, we end up with

h [
E sup k& € _ Kk L 5 7 + E[ %kr 6(&, )K?]
k s (k+l) 1 C
1 Z +1) h . 2i
+ - E sup k _ . ko dr
1 C" i Koro(ke) o

We further have the following estimates,
2Elkr 6(& )K= ZELK(r G(& )+ K]
2 2Elkr G(€, ) r G( K+ k K7
4C% 2E[k€, k> + k K’]+2 2E[k yK;
where the rstinequality follows from the separation of the noise from the stochastic gradient and the choice of stationary

point of G()withr G( )=0,and  isthe stochastic noise in the gradient at &efhus, combining the above two
parts with Grownall's inequality, we get

h i
E sup k& & _ K
k s (k+1)
I 1C,, 421+ ) 2E[kE, k*+ k K7+4(1+ ) 2E[k K]+ }22 @+ ):
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Plugging the above estimates back4) we get
h i
(112)> TL?(A+ T=) 4L%(1+ ) 3supELkE k®+k K’]+4 31+ ) max E[k k2] + 1 721+ )
k 0

a(d 25 TiCY) 2+ATL(A+ T) 2maxElk K7,

where™(d; 2;T;C;") is a constant depending k) 5; T; C; and". Note that the above inequality requires a result on the
bounded second momentsiip, o E[k€, k2], which follows from the bounded domain assumption. We are now left to
estimate the terrh;3 and we have

b= ¢ Z (ke #
(13)> T E kr G(€ ) r G(€ )kds
k=0 k
T(1+ T=)maxE[K k2] (“7)
T+ T)ml?x Elk «k?]:
Combing all the estimates ofi1;1 12 andl 13, we obtain
Zy 1=2
l;, L E sup ks €k ds+ 7i(d; 2;T;C;") 2+4TL2(1+ T) kaaxE[k k2]
| 0 0 s {Z } | {Z }
I He (48)
+ T(L+ TymaxElk (k] )
| {z }
I 13
Combining the estimates i, andl ,, we have
h i Zy
E sup kyt: ¢k L E sup k¢ &k dt
0t T 0 0t
| {z }
%1
1=2
+ 7(d; 2 T;C;") 2+4TL?(A+ T) 2maxE[k «k?]
| {z K } (49)
12 S
1=2 P———
+ T(@A+ T)mExE[k kkz] + Cd(1+ T)2( 1; 2) +mi1x E[j «j?]
| {z }
1z | (z }
Estimates ofJ : we rst observe that,
S
S r “h Z7 Z7 i

n
J = E4C sup kyt ¢k E h ( s)L(ds)+ h (es)E(ds)
ot T 0 0

L i h Zr Z1 i
E 4C sup ky; ¢k + ¥E h  ( s)L(ds)+ h  (es)E(ds)
Ot T 0 0

=

2 1=4

The above inequality follows from Young's inequaliéab a?-X + b? ©: The choice oD < ¢ < 1=2 will affect the rate

in (54). The rst term follows from(49). We are left to estimate the second term. §a@r[k ; (k+1) ), sand€® are
re ected diffusion process without swap, by formula, we have
Z S Z S Z S
2 h&; eif(dr)=2 h€ ; (ep= ¢ )dW,i 2 h€&;r G(&, . . )dri
k k k (50)

+ ke k2 k ek2+2d(s k):
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Take expectation on both sides, since the domain is convexegisdan inner normal vector, similar t8(beck et al.2018
(Lemma 9), for the support functidn (), we have
Z S Z S
E[2 h ( &)B(dr)] E[ kh€;r (&, . .)ikdr]+2d(s k)

k k (51)
(2d+ RE)(s k) (2d+ RE)

2 2 '

whereR i%the upper bound of the diameter of the domain, Brisl the upper bound of the gradient§. Summing over the
estimates k(kﬂ) fork =0; ;bT= c, we getthe bound,
Zy
2d+ RE)T
h (es)E(ds) g:

. (52)

R
The same estimate also holds true f§rh ( s)L(ds), which gives us

2C h i
J  —E sup kyr gk +(2d+ RE)T % (53)
0ot T

Estimates of(42): Plugging the estimates for(49) andJ (53) into (42), we have

h i 2C h i
E sup k¢ €k (1+55)E sup ky: gk +(Q2d+ RE)T
0t T h 0t T )
|

%E sup ky; ¢k +(2d+ RE)T ¥
0Ot T

C Zr
1=4

E sup k: €k dt+(2d+ RE)T
0 0Ot T

1
~(d; 2 T;C;") 2+4TL?@A+T) 2mkaxE[k k]

o go
i

1=2 C p - 291 1=2
T+ TymaxEk «k? ~ + 55 CAL+ T)%( 1 2)  +max Ef 7]

1 1=4

4

Here the constar@ varies from line to line. Applying Grownall's inequality, we have

h i g T o —
E sup k¢ &k 1 max E[k kK2 + 3 1=2 max  E[] kJ2l; (54)
ot T

where 1 is a constant depending on; ,;d;T;C;R;L;E,"; » dependsoff, andC; 3 depends om; T, andC. By the
de nition of W, distance, we get the following convergence ratéMp distance,
h i
Wi(L( 7);L(%)) Ek r &Kk E 0SlJka ¢ Gk (55)
t

O
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