Commun. Math. Phys. 399, 1991-2043 (2023) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-022-04587-4 M ath emat i c al

Physics
®

Check for

Non-Holomorphic Cycles and Non-BPS Black Updates
Branes

Cody Long' 2, Artan Sheshmani>>*, Cumrun Vafa', Shing-Tung Yau>°>

1 Jefferson Physical Laboratory, Harvard University, Cambridge, MA 02138, USA.
E-mail: c.e.cody.long@gmail.com; vafa@g.harvard.edu
2 Center for Mathematical Sciences and Applications, Harvard University, Cambridge, MA 02139, USA.
E-mail: artan.sheshmani @gmail.com
3 Institut for Matematik, Aarhus Universitet, 8000 Aarhus C, Denmark
4 Laboratory of Mirror Symmetry, National Research University Higher School of Economics,
Russian Federation, Moscow, Russia 119048.
5 Department of Mathematics, Harvard University, Cambridge, MA 02138, USA.
E-mail: yau@math.harvard.edu

Received: 29 July 2021 / Accepted: 21 November 2022
Published online: 14 December 2022 — © The Author(s), under exclusive licence to Springer-Verlag GmbH
Germany, part of Springer Nature 2022

Abstract: We study extremal non-BPS black holes and strings arising in M-theory
compactifications on Calabi—Yau threefolds, obtained by wrapping M2 branes on non-
holomorphic 2-cycles and M5 branes on non-holomorphic 4-cycles. Using the attractor
mechanism we compute the black hole mass and black string tension, leading to a con-
jectural formula for the asymptotic volumes of connected, locally volume-minimizing
representatives of non-holomorphic, even-dimensional homology classes in the three-
fold, without knowledge of an explicit metric. In the case of divisors we find examples
where the volume of the representative corresponding to the black string is less than the
volume of the minimal piecewise-holomorphic representative, predicting recombination
for those homology classes and leading to stable, non-BPS strings. We also compute the
central charges of non-BPS strings in F-theory via a near-horizon Ad S3 limitin 6d which,
upon compactification on a circle, account for the asymptotic entropy of extremal non-
supersymmetric 5d black holes (i.e., the asymptotic count of non-holomorphic minimal
2-cycles).
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1. Introduction

Supersymmetric compactifications of string theory have led to deep insights for both
physics and mathematics, as well as the relation between the fields. These typically
involve the choice of a special holonomy manifold, with Calabi—Yau manifolds being
a primary example. Supersymmetric compactifications are the only known examples
where there are stable solutions to quantum gravity. It is thus perhaps not surprising
that this is the arena where there are connections to different kinds of mathematical
invariants. For example, wrapping branes of various dimensions on calibrated cycles
in such geometries have led to BPS objects, including BPS black holes. Moreover the
count of such black holes (which can also be phrased as mathematical invariants) has
led to a microscopic origin of Bekenstein—Hawking black hole entropy, beginning with
the work [1], marking the start of many successful examples of holography in quantum
gravity in the framework of string theory.

However, we know that our universe is not supersymmetric at low energies. Therefore
we need to develop tools to study non-supersymmetric configurations in string theory.
This has turned out to be notoriously difficult and there are very few solid results in
this direction. In particular non-supersymmetric configurations are always unstable.
Nevertheless, there is a happy middle ground: we can study non-supersymmetric objects
in a supersymmetric compactification! This has the advantage that the theory itself is
stable and any instability would be associated to the decay of the non-supersymmetric
object in an otherwise stable background. Indeed, the Weak Gravity Conjecture (WGC)
[2], which postulates that gravity is always the weakest force, is motivated from the
assumption that, except for BPS ones, all macroscopic black holes with large enough
charge decay to microscopic objects (which may or may not be BPS). The WGC, which
is one of the powerful Swampland conjectures, is still at the conjectural level and thus
any further studies of non-BPS black holes within string theory would be extremely
important for a better understanding of it.

The mathematical perspective parallels the physical one: the theory of calibrated
cycles in manifolds of special holonomy is a long studied subject, with many concrete
results. On the other hand, it is also known that many of the cycle classes in a special
holonomy manifold do not admit calibrated representatives. In such cases one would
naturally study minimal volume cycles, which is a notoriously difficult subject in general.
One would expect that at least in the case of special holonomy manifolds the study of
non-calibrated minimal cycles should be easier. Even for such cases, there are very
few known results. It is thus of great mathematical importance if one can improve our
understanding for this class.

A special case of interest is Calabi—Yau 3-folds. M-theory compactified on such
spaces leads to A/ = 2 supersymmetric theories in 5 dimensions. Black holes can be
constructed by wrapping M2 branes on 2-cycles and black strings can be constructed
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by wrapping M5 branes on 4-cycles. It turns out that in these cases known techniques
(the “attractor mechanism” [3—6]) available from study of macroscopic black holes and
black strings for large charges (where we rescale the cycle class by a large integer) can
give reliable predictions about properties of non-BPS objects and these, in turn, lead to
predictions about existence, stability, and asymptotic count for for minimal volume 2-
and 4-cycles in the Calabi—Yau. We now summarize our main results in order to provide
the reader with a guide to this work. We attempt to keep this brief and leave the details
to the main text.

1.1. Black branes, minimal cycles, and counting. We consider non-BPS black holes and
strings obtained from compactification of M-theory on a Calabi—Yau threefold X. The
non-BPS 5d black holes correspond to M2 branes wrapped on non-holomorphic curves
in X, and the black strings to M5 branes wrapped on non-holomorphic divisors. The
main physical tool we use is the black hole/string effective potential, whose minimization
determines the values of the moduli at the horizon. We consider cycles for which the
minimization procedure fixes the moduli strictly interior to the Kéhler cone, and so by
fixing the asymptotic moduli to be the same as those on the horizon we are able to read
off the black hole mass/black string tension, which gives a conjectural formula for the
volume of the non-holomorphic cycle wrapped by the brane. This prediction is expected
to be exact in the limit of the asymptotically large charges (Q — NQ with N >> 1).

The wrapped cycle ¥ is conjectured to be a connected, locally volume-minimizing
representative of its homology class [X]. In the case of black holes, in the examples we
consider we find that the black holes correspond to local, but not global, volume mini-
mizers of the corresponding curve classes, as there is always a disconnected, piecewise-
calibrated representative £V with smaller volume. The piecewise-calibrated representa-
tive (union of holomorphic and anti-holomorphic curves) corresponds to the BPS-anti-
BPS constituents of the black hole, and the fact that vol(X") < vol(Z) shows that the
Weak Gravity Conjecture (WGC) [2] is satisfied in these examples; that is, the non-BPS
black holes can decay, and an allowed decay channel is into widely-separated BPS and
anti-BPS particles.

In the case of black strings (divisors), we find that in some examples vol(Z") <
vol(X), and so the WGC is satisfied by BPS and anti-BPS states, but in other examples
we find vol(ZY) > vol(X) for all piecewise-calibrated %". Geometrically, the latter
case indicates that the holomorphic and anti-holomorphic constituents of the class [X]
fuse to make a smaller cycle; that is, [X] undergoes “recombination”. Here the WGC
makes a non-trivial prediction: there should be a stable, non-BPS string in the spectrum.
The stable non-BPS string is expected, based on the WGC, to have a small charge. In
other words, a non-BPS ¥ with a large charge will decay to non-BPS strings with smaller
charges, which ultimately lead to stable non-BPS low charge string remnant(s).

We also compute the entropy of non-BPS black holes. Morally, this should be related
to the asymptotic count of non-holomorphic curves associated to the non-BPS black
holes. In addition to the charge (i.e., the homology class of M2 brane) such black holes
also carry an S O (4) spin. To compare with the BPS case, note thatin the BPS case, the GV
invariants [7,8] countthe SU (2);, C SO (4) spin content of the supersymmetric spinning
BPS black holes. In these cases the asymptotic expansions of the GV invariants are
expected to give rise to the semi-classical predictions of the entropy of supersymmetric
spinning BPS black holes [9]. For simplicity here we limit ourselves to the non-spinning
non-BPS extremal black holes. We expect the extension to spinning case should not be
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difficult (see e.g., [10] for some progress relating the attractor mechanism to spinning
non-BPS black holes).

1.2. The central charge of non-BPS strings and black hole entropy. Our second main
result is the calculation of the central charge of non-BPS strings and its relation to non-
BPS extremal black holes. For elliptic CY 3-folds, we calculate the string central charge
in two different ways, that is, using both 5d and 6d supergravity theories, and the results
agree. In 6d, obtained by compactifying IIb on an F-theory base B, we can construct
black strings from D3 branes wrapping a curve C C B. In both the BPS and non-BPS
strings we can obtain the central charge from the attractor values of the moduli, by
evaluating the Brown-Henneaux formula [11] in the near-horizon Ad S3 geometry of the
strings.

One can then further reduce on an S! to arrive at a 5d black hole, with 7 units of
momentum along the S!.If one starts from a BPS string in 6d, one can arrive at a BPS
or non-BPS black hole depending on the sign of n. In both cases this is just a (non)-BPS
excitation of a BPS string. However, instead one can start with a non-BPS string in 6d,
which then reduces to a non-BPS string in 5d for all n # 0. We can read off the central
charge from the black hole entropy by comparing with the Cardy formula, and in all
cases the answer agrees with the central charge computed in the 6d calculation. The
relationships between the various black objects are indicated in Fig. 1. In both cases the
5d non-BPS black hole entropy is accounted for by the Cardy formula of the 6d string.

The organization for the rest of this paper is as follows: In Sect. 2 we discuss the
techniques we use. In Sect. 3 we present examples of black holes for M-theory com-
pactified on CY 3-folds. In Sect. 4 we present examples of black strings. In Sect. 5 we
show how the non-BPS black holes can arise as BPS and non-BPS black strings in 6d
wrapped on a circle and check that this leads to a consistent prediction for its entropy.
In Sect. 6 we end the paper with some concluding remarks.

2. Techniques

In this section we detail the techniques used to study non-BPS black branes. We first
summarize the necessary details of 5d theories obtained from compactification of M-
theory on a Calabi—Yau threefold, and introduce the effective potential for black holes
and strings. We then relate these black objects to minimal cycles, which is a subject
of interest in geometric measure theory. Finally, we propose a physical test for when
recombination should occur, by considering the formation of the black brane from its
constituent objects.

2.1. Black holes and strings in M-theory on a Calabi—Yau threefold. We consider M-
theory compactified on a Calabi—Yau threefold X, which yields a 5d effective super-
gravity theory with eight supercharges [12]. The field content is organized into a gravity
multiplet, vector multiplets, and hypermultiplets, whose scalars parametrize the geome-
try of X. The geometric moduli of a Calabi—Yau threefold are the Kéhler moduli, counted
by the Hodge number 4!-!(X), and the complex structure moduli, counted by 4% (X).
The complex structure moduli will not play a role in this work as they decouple from
the black brane physics [13,14] and we will henceforth ignore them, focusing on the
Kéhler moduli which are associated with the vector multiplets. The total number of
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6d BPS Black String 6d Non-BPS Black String
&
n>0 4 arbitrary n
5d BPS Black Hole 5d non-BPS Black Hole

Fig. 1. The connections between the various black objects we consider in 6d and 5d. An arrow represents a
dimensional reduction and matching of the central charge in the various pictures. A BPS black string in 6d
descends to either a BPS or a non-BPS black hole in 5d, depending on the relative orientation of the momentum
along the S!. A non-BPS black string in 6d descends to a non-BPS black hole in 5d regardless of the sign of
the S! momentum

vectors is 11, but since one of the vectors belongs to the gravity multiplet, there are
only h""1(X) — 1 vector multiplets. The overall volume ) belongs to a hypermultiplet,
while the remaining Kédhler moduli form the real scalar components of the vector mul-
tiplets. Together, these hL1(X) — 1 scalars form a very special geometry [15], where
we can parametrize the moduli space by i'! real fields !, subject to the constraint that
the overall volume is constant. Omitting the hypermultiplets, the bosonic portion of the
effective action takes the form

1 1
55:2’6—2 (R*I—G”dtl Asxdt! =Gy F! /\*FJ—§CIJKFI AF! /\Ak) ;
] !

(2.1)

where the #! are the Kihler moduli, parameterizing the Kihler form as J = t/w;,
w; € HYY(X), the Cyyx are the triple intersection numbers of the divisors Dy, dual
to the w;, and F! = d A’ are the field strengths for the U (1) gauge fields. The gauge
kinetic function and metric on moduli space are written as

1
Gry = —5818110g(V), (2.2)
and the overall volume is written as

1 1
V:—/J/\JAJ:—C”KIIIJIK. (2.3)
6 6
X
To enforce the constraint that V is constant it is convenient to set V = 1, and so all curve

and divisor volumes are measured relative to the overall volume. We will switch between
explicitly and implicitly setting VV = 1, as some formulas are more easily presented with
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V left unfixed. Let D denote the divisor dual to the Kéhler form J. The gauge kinetic
function can then be expressed as

1
Gy = Z—W(—AIJV+TITJ), (2.4)

where
Ajy=D;-Dj-D=CprxtX, (2.5)

which can be thought of as the volume of the intersection of the divisor D; with the
divisor D, when they intersect transversely, and

1 1
‘E[ZED]-D2=§C11KIJIK, (2.6)

is the volume of the divisor D;. The inverse gauge kinetic function takes the form
th!
G =2 <—VA” + T) , (2.7)

where A!Y is the inverse matrix of A; J-

The charged objects arise from M2 and M5 branes wrapping cycles of appropriate
dimension in X. Electrically charged particles arise from M2 branes wrapping curves,
or real two-cycles, in X, while magnetically charged strings arise from M5 branes wrap-
ping surfaces, or real four-cycles, in X. When discussing black holes we will fix units
so that the mass of a BPS electrically charged particle is given by the volume of the
corresponding curve wrapped by the M2 brane, so the electric central charge takes the
form

Ze=qut', I=1,...,h"", (2.8)

where the g; are the quantized electric charges, given by the intersection number of the
curve with the divisor D;. Similarly, when we consider black strings we will fix units for
the magnetic central charge so that the tension of a BPS string is given by the volume of
the corresponding surface wrapped by the M5 brane, and so the magnetic central charge
takes the form

Zm=ple, I=1,....h"", (2.9)

where the p/ are the wrapping numbers of the M5 brane around the /-th divisor, which
reflects the underlying homology class.

Macroscopic black holes and black strings arise from introducing an appropriately
large amount of the respective charges. Extremal black holes, which have the minimum
amount of mass given their charge, have been studied extensively in the context of
string theory (see e.g., [1,16-18]). The presence of the large black object back-reacts
on the vector multiplet moduli, and forces the moduli to flow to fixed values at the
horizon determined only by the charges. This is known as the attractor mechanism. For
an attractor these moduli values are independent of those set at asymptotic infinity, and
the entropy of the black object is only sensitive to the attractor values themselves. For
extremal black holes, the attractor values are set by minimizing the black hole effective
potential [18-20], which can be written as

Verr =G qiqy . (2.10)
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Physically this can be thought of as minimizing the mass of the black hole with a given
set of charges, when the asymptotic moduli are set to the attractor values. We will focus
on attractor solutions in this work. The black hole effective potential can also be written
as

2
Very =322+ G (D1Z0)(Dy Ze), 2.11)

where

1 1 1
DiZ, = (01 — 53110gV)Ze = (0 - ﬁ'ﬂ)ze =4q1 — W":Ize- (2.12)
Let us first consider the BPS solutions. For a BPS solution from an M2 brane wrapped
on a holomorphic curve we can solve D;Z = 0, and find

1

q; = SV‘L']Z. (2.13)
A large BPS black hole admits a solution to the equations of motion inside the Kéhler
cone, and is automatically an attractor [19]. Solving the black hole equations of motion
for the moduli ¢ gives the values #y fixed at the horizon. Here all BPS black holes
correspond to effective curves, whose class is proportional to the self-intersection of D,
the divisor dual to the Kihler form (such curves are examples of strongly movable curves).
However, not every holomorphic curve corresponds to a BPS black hole. For instance,
rational curves cannot correspond to large BPS black holes, as they have negative self-
intersection (or excess intersection), and the self-intersection of a Kéhler divisor always
has positive self-intersection. This is consistent with the fact that an M2 brane wrapping
a large integer multiple of a rational curve does not form a bound state and therefore
does not yield a macroscopic black hole.

The entropy of a BPS black hole is written as

| 3/2
SBPS — o7 x 1 (-ze|,:,0> , (2.14)

where the central charge is evaluated at the attractor values. Itis convenient to fix Gs = 7,

which we will do from now on. However, the mass of the black hole is determined by
the values of the moduli at infinity, and for a BPS black hole is simply given by

M=Zi=,, - (2.15)
Non-BPS black holes do not admit a solution to D;Z = 0 inside the Kihler cone.

Instead, we must minimize the full effective potential. A critical point is given by solving

2
DiVess = (31 - er> Verr =0. (2.16)

However, unlike the BPS case such critical points are not guaranteed to be minima, and
this must be checked example-by-example. A large non-BPS black hole then exists for
a given set of charges if we can find a minimum inside the Kéhler cone. The entropy is
related to the black hole effective potential, evaluated at the attractor values:

! 3/4
S =2 x (6 Veff|t:t0) , (2.17)
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Again, like the BPS case the mass depends on the values of the asymptotic moduli, but
generally cannot be read off as easily as in the BPS case, as when the state is not BPS,
then the mass is not given by the central charge. Instead, for the most part we will fix
the asymptotic values of the moduli to the attractor ones, set by the charges. Such black
holes are called “double extremal”. Here the moduli do not flow, and the mass can be
read off from the minimized black hole potential [21,22], which reads

3
M=\ > Verslims - (2.18)

It will be equally interesting to consider black strings, obtained by wrapping an M5
brane on a divisor D C X. The procedure is analogous to the 5d black hole case [22,23].
The central charge for strings is given by [19]

Zn = p'tr, (2.19)

where the p! are the quantized magnetic charges, which can be interpreted as the wrap-
ping numbers of the M5 brane around the /-th divisor homology class. Similar to the
black hole case, the black string effective potential takes a simple form

Vi =4Grp'p’, (2.20)

where we have normalized the effective potential to be analogous to the black hole
potential, so that

2
= 5231 ++G'" (D Z,) (D) Zy) . 2.21)
Here we have
D Z (0 28 logV)Z (0 2 VZ Arrp’ 2 Zm. (222)
— —Z91o — I = - —T . (2.
14Lm 1 3 110g2 m 1 3y 1)Lm 1JP 3P 14m
For a BPS solution we have D;Z,, = 0, and we find

31
=2

7 (2.23)

We then see that the BPS M5 branes must wrap an ample divisor. Here the solution is
automatically an attractor. For a non-BPS string we must instead solve

m 4 m
Dy Vg = (81 — gn) Verp=0. (2.24)
A large black string exists if these equations can be solved inside the Kéhler cone. Sim-
ilarly to the non-BPS black holes, whether the solutions are attractors must be checked
case-by-case. Like in the black hole examples we will simply set the asymptotic moduli
to be the same as those fixed at the horizon #y, and so we can immediately read off the
black string tension as

3
T = 5 Ve";/ |l:10 . (225)
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2.2. Minimal cycles and geometric measure theory. In this section we connect the pre-
vious black hole and string formulas to geometry, in particular to computing volumes of
cycles, both holomorphic and non-holomorphic. It was proposed in [24] that black hole
physics might be able to place bounds on the volumes of non-holomorphic cycles. This
idea was realized concretely in [25], where the WGC was used to predict parametric
recombination in a non-holomorphic class, providing the first prediction for geometric
measure theory using black hole physics reasoning. In this work we develop a more
direct approach, valid for “large” homology classes. Consider a single connected m-
brane compactified on an n-cycle ¥, with m > n, leading to an (m — n)-brane in the
non-compact space. The tension of the (m — n)-brane (or mass if n = m) is given by
the volume of X. If we consider a single-centered black brane as we did in the previous
section, we then expect the black brane tension to coincide with the volume of the cycle
wrapped by the brane. This is directly verified in the BPS black brane case, where the
tension is given by the central charge, computed as the volume of a holomorphic cycle of
appropriate dimension. In the non-BPS black brane case we cannot compute the tension
with the central charge, but the black brane effective potential computes the tension, and
thus provides a prediction for the volume of the cycle. The equations of motion of the
brane require that the brane wraps a cycle that corresponds to a local critical point of the
volume functional on cycles in the corresponding homology class [X], and to be a stable
state ¥ should be a local volume-minimizer in [X]. If ¥ corresponds to a black brane
we expect it to be a local minimizer, as (large) black brane decays are expected to follow
a classically disallowed trajectory [26-29], and admit an interpretation as a tunneling
event, and we therefore expect the black brane to be a metastable configuration.

Let us then formulate the mathematical problem equivalent to our physical one. We
consider a Calabi—Yau threefold X, with Ricci-flat metric g, corresponding a complex
structure €2, and Kihler form J. We then consider an even-dimensional homology class
% of dimension n, which is not necessarily holomorphic. Such a cycle admits a globally
voluming-minimizing representative Xin, which is possibly disconnected. However, we
expect the black branes to correspond instead to a connected representative, which is a
local, but perhaps not global, volume minimizer. The connectedness of the representative
is motivated by the fact that it is a solution to the black brane equations which represents
abound state. We also observe that the predicted volume of the cycle is different from the
volume of the disconnected, piecewise-calibrated representatives of the cycle, as we will
show in numerous examples. This is similar to what one expects in the supersymmetric
case. Namely, BPS black holes correspond to strongly movable curves, which have
irreducible representatives, and BPS black strings correspond to ample divisors, which
also have irreducible representatives for large charge.

Denote the (possibly non-unique) connected volume minimizing representative of X

as X¢. (whose identity might depend on the position in moduli space), with volume

vol(E5i,) = [ d'xigls,,, (2.26)

where g|s,.. is the pullback of the Ricci-flat Calabi—Yau metric to X . . The problem
that we are solving by minimizing the black brane potential is to minimize vol(X[; ),
in the strict interior of the Kéhler cone, subject to the constraint

1
vol(X)=§/J/\J/\J=1. 2.27)

X



2000 C. Long, A. Sheshmani, C. Vafa, S.Yau

This immediately leads to a number of surprises. First, this method of computing non-
holomorphic volumes does not require explicit knowledge of the Calabi—Yau metric, only
the moduli. This is familiar in the BPS case when the branes wrap calibrated cycles, but
is perhaps unexpected for non-calibrated cycles. Second, the complex structure moduli
completely decouple, and so the computation of the non-holomorphic volume corre-
sponding to macroscopic black brane does not depend on the complex structure moduli.
This fact is then a physics proof of the following conjecture:

Definition 1. Consider an electric or magnetic charge, corresponding to an even-dimensi
onal homology class [X] in a Calabi—Yau threefold X. We assume the class [X] is
“large” which can be accomplished for example by assuming [X] = N[X(] for an
integer N >> 1. If the corresponding black brane equations of motion are solved in the
strict interior of the Kéhler cone, and furthermore the solution is an attractor, we call
the associated (locally) volume-minimizing connected representative X a “large black
brane cycle” (LBBC).

Conjecture 1. Consider an LBBC, %, in a Calabi—Yau threefold X, and let the moduli
take the corresponding attractor values to. For these values, the volume of X is asymptoti-
cally independent of the complex structure moduli. More precisely limy_, oovol ([Z])/ N
is independent of the complex structure moduli (and N ).

This should also remains true in Ila, and the same idea for 3-cycles in IIb follows
from the same reasoning (and mirror symmetry). In fact, this should also imply some
mirror symmetry relations between non-holomorphic cycles on one CY threefold, and
non-special Lagrangian 3-cycles on the mirror.

We define an LBBC as one for which the attractor mechanism fixes the moduli
strictly in the interior of the Kihler cone, in which case we conjecture the existence of
a connected, locally volume minimizing representative of the corresponding homology
class. However, for classes that do not correspond to LBBCs we do not make a statement
about the existence of such a representative either way. In fact, allowing for topology
changing transitions or for non-geometric phases in the flow might enlarge the space of
black objects, both BPS and not, but we will not consider such effects. In the case that
the minimum is located on the boundary of the Kihler cone we still expect the solution
to be marginally under control from the string theory perspective.

We emphasize that an LBBC X is a local volume minimizer of the homology class
[X], but is not necessarily the global volume minimizer, though in some cases we ex-
pect it to be. We will see candidates for both local and global volume minimizers in
the examples. In addition, since LBBCs correspond to macroscopic black branes we
expect our conclusions to hold only at asymptotically large charge; that is, for “large”
homology classes, or large wrapping numbers. The behavior of small cycles, in the sense
of homology, can and will be quite different and in particular it could (and most likely
does) depend on the complex structure moduli.

For the examples of curve LBBCs we consider, we will always be able to identify
a disconnected representative of [X] that has volume smaller than X itself; this rep-
resentative is a piecewise-calibrated representative of [£], which we will denote X".
Physically this simply corresponds to the fact that the non-BPS black branes can decay
to BPS-anti-BPS constituents, as predicted by the WGC. Mathematically, we are pre-
dicting the existence of a connected, locally volume minimizing representative of [X],
distinct from the disconnected piecewise-calibrated representatives of [X].

For black strings, corresponding to M5 branes on divisors, we will observe different
behavior. Via the black string tension formula for divisors we will identify examples of
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¥ that have volume smaller than any %V, making the physical prediction of a stable
non-BPS string that the black string can decay into. We can always write such a class
as [Z] = [Z! — 2], where both [Z!], [Z?] are holomorphic, but [=! — %27 is not.
A (non-unique) piecewise-calibrated representative of [X] can always be written as
(1) U (—=%?%). When, for all choices of piecewise-calibrated representatives, we have

vol(Z) < vol(=!) + vol(T?), (2.28)

we say the cycle ¥ has recombined. The physical significance of recombination is that
a brane wrapped on X is non-BPS, but cannot completely decay into BPS-anti-BPS
constituents. Recombined cycles are also associated with non-BPS instantons in A" = 1
theories, which can provide significant corrections to the Kihler potential [25].

A demonstration of recombination is of particular general interest in geometric mea-
sure theory. There has been a great deal of progress in understanding properties of
minimal cycles, such as the existence of a minimizer [30] and the degree of singularity
of the minimizer [31]. However, for the Ricci-flat setting that we are most interested in,
the only progress in concretely understanding recombination has been in the K3 sur-
face. In a near-orbifold limit Micallef and Wolfson [32] demonstrated recombination of
curves in K3 by identifying a minimal two-sphere in a class with self-intersection —4,
which does not admit a holomorphic representative. In fact, earlier Sen [33] considered
the same setup from a physics perspective, and found the same result via a tachyon
condensation analysis. However, Sen also found that away from the near-orbifold limit
the minimal representative of the class was the piecewise-calibrated one.

The recombination results for non-holomorphic curves in K3 via Sen and Micallef-
Wolfson generally seem to circumvent a direct black brane analysis. In fact, we will
find no examples of curve recombination in a Calabi—Yau threefold using a black brane
analysis, suggesting that if curve LBBCs do exhibit recombination, such an effect is rare.
However, we do expect curve classes in Calabi—Yau threefolds that exhibit recombination
more generally; a trivial example is K3 x T2, and less trivial is an appropriate K3
fibration to realize Sen’s example. It is entirely possible though that the only curves
that recombine are small curves (in the homological sense), like the Micallef-Wolfson
and Sen example, and do not correspond to black holes. On the other hand, we will
find divisor LBBCs for which the black string tension formula predicts recombination,
suggesting the difference between the curve and divisor case is related to codimension:
curves, which are codimension-two cycles in a threefold generically do not intersect,
but divisors can generically intersect. Such intersections could lead to the existence
of physical modes localized there, which can condense and lead to recombination and
smoothing of the BPS-anti-BPS constituents.

In any case, the black brane calculation makes a prediction for the volume of a
connected representative of a non-holomorphic, even-dimensional homology class in
X . However, this computation does not shed light on why the volume is larger or smaller
than a piecewise representative of that class in any given example. In the next subsection
we will propose a simple explanation for this phenomenon based on the black hole
formation process.

2.3. Force as a recombination test. In this section we propose a more physical test of
whether recombination should or should not occur, which will lead us to a conjectural
test for the possibility of recombination even when a non-holomorphic cycle is not an
LBBC.
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We will use the black hole formation process, in particular the forces between the
charged constituents arranged in an appropriate manner before forming the black hole, to
understand whether recombination should occur. Consider decomposing the black hole
into its BPS and anti-BPS constituents, separated by a large but finite distance. We will
attempt to form the black hole by repeatedly bringing together a BPS constituent and an
anti-BPS constituent, in the attractor background. When the black hole has a larger mass
than the sum of the masses of its BPS-anti-BPS constituents, we expect that this force
is repulsive, as we will need to put energy into the system to form the black hole. We
will find this is true for all but one of the black hole examples that we study, which will
lead to a conjecture of recombination for small curves in that example. For black strings
whose tension is greater than the sum of its parts, we will again find a repulsive force,
but for black strings that exhibit recombination we will find that the force is instead
attractive.

Let us calculate the force for 5d particles. The total force between them P includes
gravity, force from the U (1) gauge fields, and the exchange between the massless scalars,
and can be written as [34,35]

2
rvol(SHP = G qlq% — G (Dymy)(Dymy) — Fmima, (2.29)

where the q} , q12 are the charges of the two particles, and m, my are the masses, which
generally depend on the values of the moduli. The first term is due to the U (1) gauge
forces, the second to the exchange of scalars, and the third to gravity. In the case that
the particles are mutually BPS then their masses are given by the central charge, and
sowe have m; = Z; = q1 -t and my = Z, = ¢ - t, and we find that the total force
vanishes between mutually BPS particles. If instead we consider a BPS particle with
mass m| = Z1 = q - t and an anti-BPS particle with mass my = —Z» = —q» - t, we
find a total force of the form

r3vol(SHP =2G" q11925 . (2.30)

which does not in general vanish. We expect that if this force is positive, energy will have
to be put into the system to form an extremal black hole, and so the curve corresponding
to the black hole will have greater volume than the piecewise-calibrated representative
given by the BPS-anti-BPS constituents. On the other hand, if the force is negative, then
the system will radiate energy as the extremal black hole forms, and so we expect black
hole curve to have smaller volume than the piecewise-calibrated representative; that is,
we expect non-trivial recombination. An analogous formula holds for the force between
BPS and anti-BPS strings, of the form

P~Gplpd. 2.31)

Consider two effective divisors, D1 and D». If we obtain a BPS string from an M5
brane on D1, and an anti-BPS string from an M5 brane on — D3, the force between the
strings can be written as

P ~Vvol(D; N Dy) — vol(Dy) x vol(Dy), (2.32)

where vol(DN D) is the volume of the intersection of D and D, when their intersection
is effective, and in general is calculated as

vol(Dy N Dy): =D -Dy-D>, (2.33)
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where D is the Kihler divisor. In particular, we see that for non-intersecting D and D>,
the force between the BPS and anti-BPS constituents is always attractive:

P ~ —vol(D1) x vol(Dy) . (2.34)

The Micallef-Wolsfon and Sen analyses of recombination in K3 provide instructive
examples. In both setups, the curve under consideration was a (—4)-curve in a non-
holomorphic class [£] = [¥] — ], where both X; and ¥, are holomorphic curves,
and £; N =, = 0. If we also compactify on a T2 to arrive at a 5d theory, the force
between a BPS M2 brane on X and an anti-BPS M2 brane on —X» is

P ~ —vol(X)) x vol(Z»), (2.35)

which is attractive everywhere inside the Kéhler cone. This is indicative that ¥| and — %,
might recombine. However, whether or not they actually recombine depends on other
moduli. While X{ N X, = 0, there is another class X3 such that X; - X3 = X - X3 = 1.
Let the volume of X3 be €. Both Micallef-Wolfson and Sen showed that in the case that
€ < 1, the class ¥ exhibited recombination; however, Sen showed that when € become
larger, and the K3 moved away from a near-orbifold limit, the volume-minimizer of the
class [X] was the disconnected, piecewise-calibrated representative (X1) U (—X»). In
that case, the attractive force does not indicate recombination, but instead the presence
of a bound state of particles in the non-compact spacetime. Therefore, we expect that
the force test to be a check for the possibility of recombination, but not a guarantee, as
it might indicate a bound state instead.

3. Black Hole Examples

We will now explore some examples of 5d black holes, via M2 branes wrapped on curves
in Calabi—Yau threefolds, discussing aspects of measure theory and entropy through-
out. We will find that none of the examples studied by black hole techniques exhibit
recombination, but instead the LBBC corresponds to a connected local, but not global,
volume-minimizing representative of the corresponding homology class. The cases we
examine are some of those for which we know the integral generators of the semigroup
of effective (holomorphic) curves.

In all of the Calabi—Yau threefolds that we consider we will identify the curves that
correspond to large black holes, both BPS and non-BPS. We will plot these regions, where
yellow denotes the region of macroscopic BPS black holes, blue denotes the region of
macroscopic non-BPS black holes, and white denotes the region where no macroscopic
black holes exist. Note that the first quadrant in these plots always corresponds to the
cone generated by holomorphic curves, as the positive x and y axes correspond to the
generators of the semigroup of holomorphic curves. An example of such a plot is given
in Fig. 2, which is the first example that we explore. We will see that the BPS black holes
always correspond to a proper subset of holomorphic curves. These regions without
macroscopic black holes but with holomorphic curves are familiar from examples such
as the conifold. We do not find any overlap of the BPS and non-BPS black hole regions
in our examples.
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3.1. Hypersurfaces in smooth Fano toric fourfolds. We will start with examples real-
ized as hypersurfaces in smooth Fano toric varieties. In these examples we can infer
the generators of the semigroup of effective curves in the Calabi—Yau X from those
of the ambient toric variety V. In [36] the integral Hodge conjecture was proved for
anticanonical hypersurfaces of smooth Fano toric n-folds, with n > 4. In particular for
our purposes, it was shown in this work that the integral generators of the semigroup
of algebraic curves in Y all have algebraic representatives in X, and that these curves
generate the semigroup of algebraic curves in X. Therefore, to find the integral effective
curves in X we need only to perform the task for the ambient space Y, for which there
is a well-known algorithm, as the semigroup is generated by the torus-invariant curves
[37].

We will now focus on minimizing the effective potential for an M2 brane wrapping
an arbitrary, non-calibrated curve in X, where X is a Calabi—Yau threefold. Let us start
with a simple example we can solve exactly, namely an 2'"! = 2, K3 fibered example.

3.1.1. A K3 Fibration. We consider a generic anticanonical hypersurface X C P3 x
P!, with corresponding hyperplane divisor classes D; and D, given by the ambient
hyperplane classes restricted to the hypersurface. This example is K3 fibered, with the
typical fiber given by the class D,. Expanding the Kihler form as'

J =nlDil+n[D:], (3.1)

where [...] denotes the dual (1, 1)-form, the volume of X takes the form
1,
V= §t1 (t1 +612) . (3.2)

As the ambient space is smooth Fano, the Kéhler cone of the hypersurface is inherited
from the ambient space, and the Kéhler cone conditions are that the parameters #; are
positive.

Let us first determine the charges ¢;. Denoting divisors in the ambient space V =
P3 x P! with hats, the cone of curves in V is generated by

Ci=D3, Cy=D3D. (3.3)

C, is actually proportional to the complete intersection in X of D and D,. One way
to realize C; in X is to specialize the hypersurface equation F = 0 to have no xf“ term,
where the x4, @ = 1, 2, 3, 4 are the projective coordinates on 3. In this case setting
x; =x2 =x3=0givesa P! in V that automatically lies in X, and is the base of the K3
fibration. Regardless of any specialization, C| is the base P! of the K3 fibration, and C;
the fibral curve.

For a general curve class C = aCy + SC3, the charges can be computed as

q1=D;-C=Dj-(aCi +8Cy) =B,

g =Dr-C=Dy - (aC1+BCy) =«. (3.4)
We have
2 2
Verr = ——aﬂtl + B2 + —za (tl +81112 +24t2) , (3.5)
! Indiceson ¢! are raised and lowered with a Kronecker delta function, which we use for ease of presentation.
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subject to the constraint V = 1. Define

151

X =—. (3.6)
5]
The conditions that D; V,rs = 0 can then be written as
(a(x +4) —2Bx)(ax(x +12) +68x) =0. 3.7

Let us first determine the conditions for a BPS black hole, which corresponds to the
vanishing of the first factor in Eq. 3.7. We have

4
X= (3.8)
28 —«
and enforcing that V = 1 we find
1
§x2(6 +0)5 =1. (3.9)

In order to have t;, > > 0 we need to enforce that x > 0, > 0, which leads to the
conditions

{B<0and 28 <a <0} or {#>0 and 28 > a > 0}. (3.10)

The entropy of the BPS black holes is then written as

o Ta6 —a)
- 6v2

Let us next determine the conditions for a non-supersymmetric black hole, which
corresponds to the vanishing of the second factor in Eq. 3.7. We have

. 12c (3.12)
= a+68° '

(3.11)

Again, in order to have t, o > 0 we need to enforce that x > 0, r > 0, which leads to
the conditions

{B<0and 0 <a <—68} or {§>0and —68 <o <O0}. (3.13)

These solutions all correspond to attractors. The entropy of the non-BPS black hole takes
the form

_ 7J/Iall68 —al
6+/2 ’

which is simply the BPS entropy with appropriate sign flips.

To examine the mass of the non-BPS black holes, define the ratio of the non-BPS
black hole mass to the minimal piecewise-calibrated representative of the corresponding
homology class as R. In this example we have, in the non-BPS black hole region of
parameters,

S (3.14)

4o

R=1- ,
a+ 188

(3.15)
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Fig. 2. The regions of curve space with large black holes for a generic CY hypersurface in P3 x P! The axes
indicate the homology class, specified by « and 8. The white region indicates that there is no large black hole
for that particular homology class

which is always larger than unity in this region. Therefore these black holes are unstable
to decay to their holomorphic-anti-holomorphic constituents. We conclude that the non-
BPS black holes correspond to M2 branes wrapping connected representatives of the
corresponding homology class which are local, but not global, volume minimizers.

In Fig. 2 we show the regions where large black holes exist for both the BPS and
non-BPS cases. Note that certain curve homology classes, namely the white regions, do
not correspond to large black holes.

While it is not the main focus of this work, for this particular example we can
determine a fake superpotential [38-43], denoted VW # Z, that satisfies

2
Verr = ng +G'DWD,W, (3.16)
whose critical points D; W = 0 then give non-BPS black holes. If the correct fake super-

potential can be identified, the mass of of the black hole can be read off for asymptotic
moduli that differ from the attractor values:

M =Wl(ts) . (3.17)
To find W, we can make a linear transformation on the Kéhler parameters to bring the

volume to a factorized form, where the gauge kinetic function is diagonal, which will
allow us to read off the fake superpotential [43]. Defining

1
3 = g(fl +617) , (3.18)
we have

1
= 6(3t3 —1). (3.19)
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The volume then takes the form
V=r1ln. (3.20)

To read off the charges in the new basis, we note that the central charge is invariant under
the coordinate transformation. We then require

Z =11q1 + gy = t1qa +13qp . (3.21)
This leads to
q2 (o4 q2 o
da =q1 = ¢ B g =75 =73 (3.22)

In the basis Kihler moduli basis of {#1, #3} the gauge kinetic function is diagonal, and
so we can immediately read off the fake superpotential as

W = t1|qal + t3lqp]| . (3.23)

Transforming back to the original geometric basis, we have

W= t11g1 — L1+ L+ 6m)] |—t‘,3—g‘+l|a|(t+6t) (3.24)
= 1191 6 61 2)1921 = 11 6 6 1 2) - .

It is straightforward to verify that
2002 1J
Vetf = 3W°+ G (DIWV)(DyW) . (3.25)

Let us now examine the volume predicted by this fake superpotential. We can compare
the predicted volume in Eq. 3.24 to that of a piecewise-calibrated representative of this
class. The unique volume minimizing piecewise-calibrated representative has a volume
given by

volY(ar, B) = 111B] + 1o]x| (3.26)

Inside the Kéhler cone we always have volL‘J, (o, B) < W for the region of non-BPS
charges given in Eq. 3.13, and so for any choice of the asymptotic moduli (subject to
consistency of the solution along the flow), this black hole is unstable to decay to its
holomorphic-anti-holomorphic constituents.

Let us perform the force test. The total force P (including gravitational, scalar, and
gauge) is given in Eq. 2.30, which in this example can be written as

1
P~ —ngaﬁ, (3.27)

which is repulsive in the non-BPS case, where « and g are of opposite sign. Therefore, to
form a black hole one need to put additional energy into the system to bring the particles
together, and so the mass of the black hole is larger than the masses of the constituent
particles. This is consistent with the representative corresponding to the black hole being
a local, but not global, volume minimizer.
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3.1.2. The bi-cubic in P> x P2. We now consider a generic anticanonical hypersurface
X CP2xP?:=V.Let Dy, D, correspond to the hyperplane sections of each P2 factor,
and let Dy, D> denote the hyperplanes restricted to X. Expanding the Kéhler form as
J = 11[D1] + ©z[ D3], the volume of X takes the form

3
V= §t1t2(t1 +1). (3.28)

The semigroup of effective curves in V, and thus X, is generated by C; := blz . bz and
Cr = ﬁ% -Di. A general curve C can then be expressed as
C=aC1+8C,, (3.29)

and the charges are

qi=D1-C=D;-(@D? - Dy+BD3-Dy) =8,

@2 =Dy -C=Dy-(@D? - Dy+pBD3-D)) =«. (3.30)
We have
o’y (21} + 2010 + 1) — 20Btit3 + P27 (17 + 20110 + 213)
Verr = 5 5 , (33D
+hn+1;
subject to the constraint V = 1. Again define
1
xX=—. (3.32)
(5]

Let us first determine the conditions for a supersymmetric black hole, which corresponds
to

o+2ax = Bx(x+2). (3.33)

Solving this gives

Ja—ap+p+a—p

= , 3.34
x 5 (3.34)

and enforcing that V = 1 we find
3 3
zx(l +x)t; =1. (3.35)

In order to have #1,» > 0 we need to enforce that x > 0, ©, > 0, which leads to the
conditions

{8<0and ¢ <0} or {>0 and « > 0}. (3.36)

We now calculate the entropy. Define y = «/8. The BPS black hole entropy takes
the form

ﬂn (ﬁz(y(5y+4\/(y—l)y+ —5)—2«/(y—1)y+1+2))3/4 (337
O\ @y (y+VO=Dy+T—1) =2/ =Dy+1+2)"
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Fig. 3. The regions of curve space with large black holes, for a generic CY hypersurface in P2 x P2. The axes
indicate the homology class, specified by & and S. All curves, except @« = 0 or 8 = 0, correspond to large
black holes

In the limit that « > B, the entropy becomes

S ~ \/gnﬁﬁ, (3.38)

while in the limit 8 > «, the entropy becomes

S~ \/gm\/ﬁ. (3.39)

Let us next determine the conditions for a non-supersymmetric black hole, given by
a solution to

28x° + x* (4o +3B) + x> B + 7B) + x> (Ta + 88) + x(Bex + 4B) + 2a = 0. (3.40)

Again, in order to have 71, r, > 0 we need to enforce that x > 0,7, > 0. Eq. 3.40 has a
positive root if

{B<0and « >0} or {>0 and o <0}, (3.41)

which covers all non-holomorphic curves. This is evident from the fact that the constant
term is 2, and the highest power monomial coefficient is 28, and so if o and 8 are
of differing sign there must be a zero for positive x. These solutions all correspond to
attractors. In Fig. 3 we show the regions where large black holes exist for both the BPS
and non-BPS cases. In this example all curve classes correspond to large black holes,
except wheno =0 or 8 = 0.

Let us examine the mass of the non-BPS black holes. We cannot solve Eq. 3.40
analytically, so we will instead investigate it numerically. Taking r = «/8, we plot the
ratio R of the black hole mass to the piecewise-calibrated volume of the corresponding
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Fig. 4. The ratio of the black hole mass to the volume of the minimal piecewise-calibrated representative,
as a function of /B, for a generic CY hypersurface in P2 x P2. This ratio is always greater than unity, but
approaches unity as the homology class becomes “mostly”” holomorphic, and the corresponding black hole
solution approaches a BPS one

cycle in Fig. 4, with the asymptotic moduli set to the attractor values. We again find
R > 1 in the non-BPS case. Therefore these black holes are unstable to decay to their
BPS-anti-BPS constituents, and we conclude that the non-BPS black holes correspond
to M2 branes wrapping connected representatives of the corresponding homology class
which are local, but not global, volume minimizers.

The entropy can be calculated numerically as well for any given set of charges. Let
us compute the entropy in the case that one of the charges is much larger in magnitude
than the other, e.g., || > |B|. In this case, we have

2B8x° + 4axt + 8ax? + Tax? +3ax + 20 = 0. (3.42)

Taking x ~ o, we consistently find
X =—-— (3.43)

for which we find an entropy of the form

2
S ~ \/;n|/3|\/m. (3.44)

This entropy takes the same form as the BPS entropy, with appropriate sign flips in the
charges. Via symmetry the same hold for |8] > |«|, with ¢ <> B in Eq. 3.44.

However, this matching to the BPS entropy is only true when one of the charges is
much larger in magnitude than the other. For instance, taking @ = g, in the BPS case,
we find an entropy of

S =1.978%?, (3.45)
while if we take @« = — 3, in the non-BPS case, we find an entropy of

S =12.688%7. (3.46)
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We perform the same physical test of recombination as in the previous example,
where we set the moduli to the attractor values, and decompose the black hole into its
BPS and anti-BPS constituents, separated by some finite distance. Again, the force, P,
between the constituents is repulsive inside the Kihler cone for mixed sign « and 8:

212 13ap

pP~—1270
2+t +13

(3.47)
and so to form the black hole energy must be added to the system, again indicating
the connected representative of the corresponding homology class of the black hole is
locally, but not globally, voluming minimizing.

3.1.3. Other hypersurfaces. We will briefly discuss general features observed in per-
forming the same analysis for other Calabi—Yau hypersurfaces in smooth Fano toric
fourfolds. Let us start with the simplest non-trivial case, which is the case of Picard rank
two.

Including the two previous examples, there are nine smooth Fano toric fourfolds
with Picard rank two, and it is straightforward to perform the same analysis for each. In
Fig. 5, we show the homology regions that correspond to large black holes, where the
first quadrant always corresponds to the cone of holomorphic curves. Here the fourth and
ninth examples correspond to the examples studied above. In the non-BPS case, we find
that the black hole mass is always greater than the volume of the minimal piecewise-
calibrated representative of the corresponding homology class. For non-holomorphic
curves we find that the BPS-anti-BPS constituents always experience a repulsive force
inside the Kéhler cone.

Examining the regions in Fig. 5, we see that in some cases the large non-BPS black
hole region covers some holomorphic curve classes, when the blue region covers some
of the first quadrants in the plots, but we still find that the mass of the black hole is
greater than the mass of the minimal piecewise-calibrated representative, which itself is
calibrated. Therefore, even for some holomorphic curves we predict the existence of a
connected local, but not global, volume minimizer. This may come as a surprise, as a
particle corresponding to an M2 brane on a holomorphic curve is a BPS state. However,
when we gather many of these particles in order to form a black hole, it may be that
there is actually no BPS solution to the black hole equations of motion, as is the case in
the conifold. For some cases instead there is a non-BPS black hole, which is interpreted
as an M2 brane wrapping a connected representative of a holomorphic curve class that
itself is not a global volume minimizer, and so is not calibrated.

For examples with higher Picard rank the analysis becomes more involved, and in
particular it is not always possible to obtain analytic results. However, we performed a
scan over the rest of the Calabi—Yau hypersurfaces in smooth Fano toric fourfolds, con-
sidering the following possibilities for non-effective curves: 1) all tuples of the generators
of the semigroup of effective curves with coefficients plus or minus one, 2) identifying
BPS black holes and flipping the sign of some of the constituent curve classes, and 3)
random combinations of rational curves of mixed sign. In all cases we found that the
black hole mass was always greater than the volume of the minimal piecewise-calibrated
representative of the corresponding homology class. We take this as suggestive evidence
that if curve recombination does occur in Calabi—Yau threefolds for LBBC’s, it is rare.

3.2. Elliptic fibrations. We will now consider smooth elliptic fibrations 7 : X — B
over simple bases B, with a section. These examples are particularly interesting because
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Fig. 5. The regions of curve space with large black holes, in the nine rb1 = 2 models corresponding to
anticanonical hypersurfaces in smooth Fano toric fourfolds. In each case the Mori cone (cone of effective
curves) corresponds to the positive quadrant. The yellow indicates BPS black holes, the blue non-BPS black
holes, and the white region indicates where a large black hole does not exist. The fourth and ninth examples
correspond to the examples studied above

we will be able to compare our results for the non-BPS black hole entropy with a
microscopic prediction based on the BPS calculation related to oscillator modes of a
string as in [16,44]. This will be discussed in more generality in Sect. 5.

Denote the section as o, and its dual (1, 1)-form as wg. The other divisors are pullbacks
of curves Cy, in the base B, denoted D, = 7*(Cy), and denote their dual (1, 1)-forms
as wy . We expand the Kihler form as J = fpwg + 1*wy . The triple intersection numbers
are [45]

Cono = fq(B)2 — 10— h"(B),
B
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Coow = —c1(B) - Cq ,
Coap = Co - Cp := Qqp, (3.48)

where Q4 is the intersection matrix of the C,, C B. The volume of X then takes the
form

1
V= G (Cooozg +3Co0a131% + St()Qaﬂta[’B> . (3.49)

For a smooth elliptic fibration over X — B, the algebraic curves are the curves inherited
from the base B, and the class of the fiber, which is generally thought to be a pullback
of an ample divisor on B [46].

3.2.1. B =P? Let us start with the simplest example. There is only a single generator
for divisors on P2, and so the fiber class E must be proportional to D2, where D is
the inverse image of the hyperplane section on P2. The intersection of the fiber class
with the section is o - E = 1, and so we can identify the class of the typical fiber as
Ci := E = D?. The curve in the base is given by C = o - D. A general curve can then
be written as

C=uaC+BC,. (3.50)

‘We have the intersection numbers

O’-C1=1,

o0-Cy=—ci(B) pr(D)= -3,

D-C; =0,

D-Co=1, (3.51)

and so we can read off the charges as
go=a—=38, q=8. (3.52)
The Kihler cone conditions read t; — 319 > 0, g > 0, and the volume takes the form
V= %to (3t§ 3ty + zf) . (3.53)

It is simplest to define new Kéhler parameters by = #; — 319 and by = 1y, so that the
Kihler cone conditions read by, b > 0. In this basis the volume takes the form

1
V=3b (bf +3biby + 3b§) . (3.54)
The black hole potential takes the form
Verf = ——————(B?b] +2b1b3 (o — 3f +98%) + 68°b7b
T A 3 (o = 3ap +9%) + 687002
+6b153 (a2 —4af + 6,32) +3b% @ — 38)%)., (3.55)

subject to the constraint VV = 1. Define the ratio of Kéhler parameters

X =—.
by

(3.56)
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Let us first determine the conditions for a BPS black hole, which corresponds to
B(x + 3)2 =ax+3). (3.57)

Solving this with x > 0 gives

Va2 =3af +a —3p

- , 3.58
X 5 (3.58)

and enforcing that V = 1 we find
1
SOGe+3)+ 3)b3 = 1. (3.59)

In order to have b, by > 0 we need to enforce that x > 0, b, > 0, which leads to the
conditions

{a<0and%<ﬂ<0} or {a>0and%>,8>0}. (3.60)

Let us next determine the conditions for a non-BPS black hole, which corresponds
to a solution of

2B8x0 — 818 +x*(da +9B) + x> 24a — 9B) + x2(51a — 90B) + x (45 — 1358) +27a = 0.
(3.61)

Again, in order to have by, b» > 0 we need to enforce that x > 0, by > 0. Eq. 3.61 has
a positive root when

{e¢ <38 and B8 >0} or {a > 38 and B <0}, (3.62)

which fills out the entire charge space except for codimension-one regions, which we
plot in Fig. 6. All of the solutions are attractors.

Let us examine the mass of the non-BPS black holes corresponding to M2 branes
on non-holomorphic curves. We cannot solve Eq. 3.61 analytically, so we will instead
investigate it numerically. We plot the ratio R of the black hole mass to the piecewise-
calibrated volume of the corresponding cycle in Fig. 7, with the asymptotic moduli set
to the attractor values. We again find R > 1 in the non-BPS case. Therefore these black
holes are unstable to decay to their BPS-anti-BPS constituents, and correspond to M2
branes wrapping connected representatives of the corresponding homology class which
are local, but not global, volume minimizers. This example has an interesting feature:
for |B| < |a|, we have R trending towards unity, indicating that as the curve becomes
“mostly holomorphic”, the volume approaches that of its piecewise-calibrated represen-
tative. However, for |o| < |B|, R does not approach one, indicating the corresponding
representative of the curve class is not trending towards a piecewise-calibrated repre-
sentative. This is explained by the observation that in the || < |«| case we presumably
approach a BPS black hole, but in the |8] > |¢| we do not. This manifests itself in the
algebraic computation of the solutions to critical points of the potential. Consider the
quantized charges of the M2 brane on the curve, given by the intersection numbers:

(q1,90) = (B, —3p). (3.63)
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Fig. 6. The regions of curve space with large black holes, for a generic CY elliptic fibration over P2. The axes
indicate the homology class, specified by o and 8. Yellow indicates BPS black holes, while blue indicates
non-BPS black holes

For a BPS black hole, the equations of motion in Eq. 2.13 give
T ~qr- (3.64)

The divisor volumes take the form

3b3 b7
(t1, 70) = | bab1 + ERENE (3.65)

In the case the || > |B], the BPS equations of motion then be consistently solved in the
regime by <K b1, and taking a small magnitude negative 8 will simply be a perturbation
to the large BPS black hole. However, in the case that |8| > |«| we cannot approach a
large BPS black hole solution, since the BPS equations of motion would force a four-
cycle volume to become negative. Therefore taking | 8| > |«| does not bring us close to
a large BPS black hole, which explains why R does not approach unity in that limit.

The non-BPS black hole region also covers some holomorphic curves, though these
curves do not correspond to BPS black holes. Here the mass of the black hole is still
larger than the minimal piecewise-calibrated representative of the corresponding curve
class, which itself is calibrated. Therefore even in the case of holomorphic cycles we
predict the existence of a connected local, but not global, volume minimizer, whose
volume is given by the black hole mass.

In this example the force between the BPS-anti-BPS constituents takes the form

» 6apb5 (b + b2)

b (3.66)

which is repulsive everywhere inside the Kéhler cone for mixed sign « and B.
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Fig. 7. The ratio of the black hole mass to the volume of the minimal piecewise-calibrated representative,
as a function of B/, for a generic CY elliptic fibration over IP2. This ratio is always greater than unity, but
approaches unity as the homology class becomes “mostly” holomorphic with § > «. It does not approach

unity for o > B, as this limit does not correspond to a BPS black hole

It will also be interesting to consider the large n limit of these non-BPS black holes,
where n is the wrapping number of the elliptic fiber above, corresponding to o = n. Let

us first work out the BPS case. In the large n limit we have

2n
X =—.
B
Solving V = 1, we have
92/3,1/3 g3
b] = —— 2 9, b2 = T2 21 9
p1/3 21/3,2/3

and so we find
Vs =3 x 21/3,213g4/3
We then find
S =27/np.

(3.67)

(3.68)

(3.69)

(3.70)

Let us now compare this to the microscopic formula for the entropy found in [44]. For
an M2 brane wrapped on the elliptic fibers n times, and a curve on the base C, the

microscopic entropy is computed as

ncy,
Smicro = 2w [ —,

6
where ¢y, is the left-moving central charge written as

c, =3C-C+9i(B)-C+6,

3.71)

(3.72)
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and ¢; (B) is the first Chern class of the base. For B = P2 we have C = BC>, and in the
large B limit we have ¢, = 3ﬂ2C2 -Cr = 3/32, and so we find

Smicro = 21 /nf, (3.73)

which agrees with the black hole entropy.
In the non-BPS case, the equation of motion is given in Eq. 3.61, which in the limit
n > B reduces to

28%x7 +218%x° — 8n%x> — 60n>x* — 174n%x> — 243n°x? — 189n°x — 81n°> = 0.

(3.74)
Taking x ~ n, we have
28%x7 — 8n’x> =0, (3.75)
for which we consistently find
x = _%” . (3.76)

Enforcing V = 1 in the large « limit, we then find

1/3 2\ 1/3
_2nf_n _(£
by =2 (,B) , b2_<2n2) . (3.77)

Keeping the leading terms in n in V¢, we then find
Verr =3 x 21323843 (3.78)
which gives an entropy of the form
S =~2m/|n||Bl, (3.79)
and so we can read off the central charge of the theory as
c=3p2=3|C-C|, (3.80)

which is simply the absolute value of the analytic continuation of the leading-order BPS
central charge to non-holomorphic curves. We will return to this point in greater detail
in Sect. 5.



2018 C. Long, A. Sheshmani, C. Vafa, S.Yau

3.2.2. B =, and curve recombination. Let us now consider the case that the base of
the elliptic fibration is a Hirzebruch surface F,, where we take n = 0, 1, 2 so that the
generic  : X — B is smooth. We can describe [F,, as a toric variety via a fan with rays

v ={0,1}, va={n, -1}, v3={1,0}, vqa={-1,0}. (3.81)
The projective scaling weights of the corresponding toric coordinates are
X1 X2 X3 X4| C1
001T1| 2
110 n2+n
where c; is the first Chern class. From the fan we have the intersection structure
(LO)-©O,H=1, O, 1)-©0,1)=0, (1,0)-(1,n) =0, (3.82)

and so the generating set of divisor on [, is {C, C3}, and we can read off Cc? =0,
C;-C3=1,and

C3=(1,0)-(1,0)[(1,n) —n(0, D]- (1,0) = —n. (3.83)
In addition, we have ¢y = 2D3 + (2 + n) D1, and so we then have
c1-Cr =2,
c1-C3=-"2n+R2+n)=Q—n). (3.84)

We now consider the elliptic fibration over IF,,. To determine the class of the elliptic fiber,
we note that the intersection of the fiber with the section is one. Defining D, = 7*(Cy),
we then consider

o - (aDy +bD3)* = 2abo - Dy - D3+ b*c - D3 = 2ab — nb*. (3.85)
Setting the above equation equal to one, we have
1 +nb?
a= . (3.86)
2b

Choosing b = 1, we have a = (1 +n)/2.

To compute the intersection numbers we have c¢{(B) = (2,2 + n), and so we have
Ci-c1=0,1)-2,24n) =2,and C3 - ¢; = 2 — n. The volume of X then takes the
form

1
V= <8t3 — 61311 — 32 — m)i2t3 + 31021113 — m;)) . (3.87)

A general curve can be written C = «Cy+ C3+y E, where E is the class of the elliptic
fiber. The intersection numbers with the basis of divisors is given by

D-C=aD? -0 +BD;-D3-0 =8,

D3-C=aDs-Dy-o+BD3=a—np,,

0-C=a0’D1+B0’Dr+y =—2a+n—-2)B+v, (3.88)
and so the Kéhler cone conditions are

to>0, t1—n3+(m—2t9>0, t3—2t>0. (3.89)
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Fig. 8. The ratio of the black hole mass to the volume of the minimal piecewise-calibrated representative for

a generic CY elliptic fibration over P! x P! Case 1 is the curve class C; — C3 with p wrappings of the fiber.
Case 2 is the curve class C1 + C3 with — p wrappings of the fiber. Case 3 is the curve class p(Cq + C3) witha
single (negative) wrapping of the fiber. This ratio is always greater than unity, but approaches unity for Case
1 and Case 2. It does not approach unity for Case 3, as this case does not approach a BPS black hole

Let us examine some of the black hole masses for non-holomorphic curves. We focus
on the n = 0 case since it is simple and illustrative of the general behavior. We consider
three case: first, we can fix a non-holomorphic cycle in the base of the form C; — Cs,
and take p-times the fiber (for a black hole we really need to take a large multiple of this
charge, but that does not affect the analysis). Second, we fix an ample class in the base
of the form C + C3, and take — p times the fiber. Third, we can take a single wrapping of
the fiber class, and take p times an ample class in the base p(C; + C3). In Fig. 8 we plot
the ratio R of the black hole mass to the volume of the minimal piecewise-calibrated
representative in each case, where all of the solutions correspond to attractors. For the
first two cases when p becomes large the black hole mass approaches the volume of
a piecewise-calibrated representative of the corresponding curve class. However, for
the third case R does not approach unity with large p, indicating the corresponding
representative of the curve is not approaching a piecewise-calibrated one. This is the
same behavior that we observed in the elliptic fibration over P2, as the third limit does
not approach a BPS black hole.

Let us again examine the force between the BPS and anti-BPS constituents in these
cases. We again re-define our Kihler coordinates so that the Kihler cone conditions read
b1, by, b3 > 0. For almost all examples we find that this force is repulsive inside the
Kihler cone; however, in one example we find that the force is attractive, but the black
hole mass is larger than the masses of the sum of the BPS and anti-BPS constituents.
We consider the case where the M2 brane wraps (a large multiple of) the curve class
C; — C3 + E. In this case the force between the BPS-anti-BPS constituents takes the
form

2b§(b1 (by + b3) + b3(3by +4b3))
3(b1(b2 + b3) + bab3)

: (3.90)
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and is therefore attractive for all values of the moduli inside the Kihler cone, including
the attractor background. However, we still find that the black hole mass is larger than the
sum of its BPS and anti-BPS constituents. This can be resolved by considering the bound
states. That is, consider an M2 brane wrapped on C; + E, and an M2 brane wrapped
on —(C3, separated by a small spatial distance in the non-compact 5d spacetime. In the
attractor background set by the black hole, these two states are attractive, and we expect
them to form a bound state that respects the attractor background, from which we can
form the black hole. Let us write the mass of the bound states as

m=mi+my—34, 3.91)

where m; = vol(Cy + E), mp = vol(C3), and § is a binding energy. If we ignore the
binding energy, we find that the gravitational and scalar attractive forces are large enough
to overcome the electric repulsion, so these bound states seem to be mutually attractive;
that is, if we collected a large cloud of the bound states they would be attracted to one
another, and would collapse and release energy in the process of forming a black hole.
However, we know that in this background there is an extremal black hole with the same
charge, and so this appears to be a contradiction: the bound states have an attractive
force, but the black hole mass is greater than the sum of the constituents. This can be
rectified by including binding energy: if the bound states are tightly bound enough to
lower the gravitational and scalar attraction so that the electric repulsion takes over, then
one must put in energy to the system to form the black hole. This idea is consistent with
the Repulsive Force Conjecture [35]. This binding energy can arise in two ways: first,
it can arise from a binding in the non-compact spacetime, with the particles separated
by a finite distance. Second, it can arise from non-trivial recombination of the cycles
C1 — C3 + E. We therefore expect this cycle to be a candidate for recombination. It
was shown in [47] that for P! x P!, endowed with the metric 2g1 + 3g2, where g1, g2
are the standard Fubini-Study metrics on the respective projective factors, the non-
holomorphic curve C; — C3 does exhibit recombination. In our example above the base
Kihler parameters differ by a factor of 3 instead of 3/2, so we take this as a suggestion
of possible recombination.

One could also consider another initial configuration from which to form the black
hole. Instead of bringing together microscopic BPS and anti-BPS particles one at a time,
one could gather a large cloud of the BPS particles, and another large cloud of the anti-
BPS particles, and allow them to collide. However, from Eq. 3.90, we would expect
the BPS and anti-BPS clouds to have an attractive force between them, and therefore
lower the energy in forming the black hole! However, this does not work: in order to
form a macroscopic black hole we need a large amount of charge, and the BPS and
anti-BPS clouds will therefore back-react on the moduli. Near each of the clouds the
black hole equations of motion force one of the moduli to become formally negative,
and we therefore cannot reliably calculate the force between the clouds in this way, and
cannot make sense of the black hole formation process from this initial configuration.

Again, it will also be interesting to consider the large n limit of these non-BPS black
holes, where n = y is the wrapping number of the elliptic fiber above. We will first work
out a simple BPS example, where the M2 brane wraps the fiber n-times, and the base
curve C = C1 + C3 B-times. This setup is symmetric in the base Kéhler parameters and
so we can set them to be equal. In the large n limit we find

Verr = 68%3n%/3 (3.92)
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which gives an entropy of the form
S =2mpn. (3.93)
Again we can compare to the microscopic entropy computed in [44]. We have
C-C=2p8%, (3.94)

and so ¢; = 682 in the large charge regime. The microscopic entropy is then computed

as
S =2r /% — 2nBn, (3.95)

in agreement with the macroscopic entropy computed via the BPS black hole.

For the non-BPS case, we consider an M2 brane wrapped »n times around the elliptic
fiber, and B times around the base curve C1 — Cs3. In the large n limit was can again set
the base Kéhler parameters to be equal, though this is corrected by sub-leading terms in
n. Taking x = by /b3, where bj is the value of the base Kihler parameters and b3 is the
fiber volume, the non-BPS equations of motion in the large n limit become

128%x7 +84B%x% — 12n%x° — 60n*x* — 116n°x> — 108n%x* — 56n*x — 160> = 0.
(3.96)

Taking x ~ n, this reduces to
128%x7 — 12n%x° =0, (3.97)

which is solved by x = —n/B. Enforcing V = 1, and solving for b and b3, we find the
value for the effective potential

Very = 68"n* (3.98)

giving an entropy of the form

snon=BPS — 27181/ Inl. (3.99)

The central charge is again given by the absolute value of the analytic continuation of
the BPS central charge to non-holomorphic curves, of the form 3|C - C|.

Finally, in a similar fashion we can consider an M2 brane wrapped n times around
the elliptic fiber, and B times around the base curve C; + C3, with 8 and n of mixed sign.
In this case we can consistently set b = b, due to the symmetry in the base. We find
the entropy to be

sron=BPS — 27181/ Inl, (3.100)

which is the same as the BPS entropy to with the sign of n flipped. We will explore this
further in Sect. 5.
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4. Black String Examples

We now consider 5d black strings, obtained from wrapping M5 branes on divisors in a
Calabi—Yau threefold. A major difference between the black string case and the black
hole case is that, in some examples, we will find that the tension of the non-BPS black
string is less than the volume of the minimal piecewise-calibrated representative of the
corresponding divisor class, which we interpret geometrically as recombination. Our
first two examples exhibit recombination.

4.1. The bi-cubic in P> x P>. We again consider a generic anticanonical hypersurface
X C P2 x P? := V, as in Sect. 3.1.2. The effective cone of divisors of a generic anti-
canonical hypersurface in P? x P? is generated by D and D; [48]. The black string
effective potential can be written as

9
Vers =3 <p12t22 (2[12 +2611) + 122) +2p1patitd + patd (tlz +201 + 2t22)> . (4.1)
subject to the constraint V = 1. Again define the ratio of Kéhler moduli

n

x= 4.2)

Let us first determine the conditions for a BPS black string, which corresponds to

P1
X =—.
P2

4.3)

Clearly in order to have t1, t, > 0 we need to enforce that x > 0, t > 0, which leads to
the conditions

{p1 <0 and pp <0} or {p; >0 and py > 0}. 4.4)

Let us next determine the conditions for a non-supersymmetric black string, whose
equation is given by

2poxt +x3Q2p1+5p2) +x2Bp1 +3p2) +x(5p1 +2p2) +2p1 = 0. (4.5)

Again, in order to have #1, t» > 0 we need to enforce that x > 0, > 0. Eq. 4.5 has
a positive root in the case that p; and p, are of mixed sign, and so the non-BPS black
string region is the complement of the BPS black string region (except for p; = 0 or
p2=0):

{p1 <0 and pp >0} or {p; >0 and py <O0}. 4.6)

It can be explicitly checked that all solutions are attractors.

In Fig. 9 we show the regions where large black strings exist for both the BPS and
non-BPS cases. In this example all divisor classes correspond to large black strings,
except when p; = 0 or p, = 0.

The non-BPS equation of motion can be solved analytically, but the expression is
long, and so for the non-BPS case we can simply numerically minimize the effective po-
tential as a function of p»/p1. In this example we find that the black string tension is less
than the volume of a piecewise-calibrated representative, indicating that the non-BPS
black string is stable against complete decay into BPS-anti-BPS constituents, and that
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Fig. 9. The regions of divisor space with large black strings, for a generic CY hypersurface in P2 x P2. The
axes indicate the homology class, specified by p; and p;. All divisors, except p; = 0 or po = 0, correspond
to large black strings

the corresponding non-holomorphic divisor class undergoes recombination. In Fig. 10
we plot the ratio R of the black string tension the volume of the piecewise-calibrated
representative of the corresponding divisor class, against the ratio p,/p;, for negative
p> and positive p;. Note that, as one of the charges becomes much larger in magnitude
than the other, the ratio approaches unity, suggesting that the volume minimizing repre-
sentative may approach an (anti)-holomorphic representative, as the solution approaches
a BPS one.

Without loss of generality, choose p; > 0and p; < 0, and as usual fix the asymptotic
moduli to the attractor values. In general, the non-BPS string tension predicts that the
non-holomorphic homology class p; D1 + p2> D> has minimal volume less than that of
its minimal piecewise-calibrated representative, indicating that non-trivial recombina-
tion has occurred. This example also makes a non-trivial geometric prediction for the
WGC, namely that this black string should be able to decay. A particularly instructive
configuration is the black string with p; = —py = n, with n > 1. In this case we find
thgt the ratio of the black string tension 7 to the minimal piecewise-calibrated volume
T is

— =2 4.7

We can also ask what decay channels are allowed for this black string. The simplest
possibility is for the black string to emit a BPS (or anti BPS) string, for instance taking
p1 — p1 — L. The black string tension before the emission is given by

Ty = +/23%n, (4.8)
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Fig. 10. The ratio of the black string tension to the volume of the minimal piecewise-calibrated representative,
as a function of py/p1, for negative py and positive py. This ratio is always less than one, indicating recom-
bination, and that the non-BPS black string is stable against complete decay into BPS-anti-BPS constituents

while the tension after emission is given by?

T, = V23 /n(n — 1). (4.9)

Taking the difference in the large-n limit, we have

5/6
ST = 3—+O(l) . (4.10)

n

In this background, the tension of the BPS string with p; = 1 is given by

34/3
Tpps = ——, (4.11)
2
and so we have
8T ~ 1.77 < Tgps ~ 2.16. (4.12)

Therefore the decay channel of emitting a BPS string, corresponding to a generating
divisor of the effective cone, is not allowed. On the other hand the WGC suggests that it
will decay to some strings carrying small (microscopic) charges. Since the black string
has charge (n, —n) the simplest possibility is that it will be able to decay by emitting a
non-BPS strings of charge (1, —1), or some small multiple. Let us bound the tension of
this string. The tension of the black string after emission is given by

T, =235 - 1), (4.13)

2 We take n to be large, in which case the change in horizon moduli under the shift in black string charge
is negligible.
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and so we find
8T = /239/° (4.14)

which gives an upper bound for the tension of the emitted string. Note that it is also
possible that recombination does not occur but rather the string with charge (1, —1) is
composed of two disconnected BPS-anti-BPS strings which form a bound state in the
5d non-compact spacetime, lowering its energy. Since the minimal piecewise-calibrated
volume of that cycle is 34/3_if D; and — D, do recombine, via Eq. 4.14 the black string
physics predicts a volume reduction of

L _ 2. 0.82 (4.15)
70 =y 3 ~082. .
The force between the strings with mixed sign p; and pj is attractive inside the
Kihler cone, and goes as

pip2

—(ll PPRCE (4.16)

4.2. The tetraquadric. In this section we consider the tetraquadric, which is a generic
anti-canonical hypersurface in (PH* of multi-degree (2, 2, 2, 2). Here we have LIx) =
4, and the Mori cone is inherited from that of the ambient product of projective spaces,
which is smooth Fano. Expand the Kéhler form in terms of duals to the hyperplane
section restricted to X as J = ¢! w;, With t > 0 inside the Kihler cone. The volume
takes the form

V = 2t1h13 + 2t 1ty + 2111314 + 21015314 . “4.17)

We will focus on a particularly simple example, which is that of an M5 brane on the
non-holomorphic divisor class {n, n, —n, —n}, where the vector indicates the wrapping
numbers around the restrictions of the four hyperplanes to X. In this case the moduli are
stabilized at the symmetric attractor point #; = 1/2, and the effective potential takes the
form

Verr = 1602, (4.18)

and so the black string tension, and prediction for the minimal volume of the homology
class labeled by {n, n, —n, —n}, is

3
Tps = vol({n, n, —n, —n}) = ,/5 orf = 2v6In] . (4.19)

To determine whether this non-holomorphic representative is minimal in its class, we
need to identify the smallest piecewise-calibrated representative in that class. There is a
canonical piecewise-calibrated representative, whose volume is given by summing the
volumes of each (anti)-holomorphic hyperplane constituent of {n, n, —n, —n}, which is
given by

volV({n, n, —n, —n}) = |n|t1 + |n|v2 + |n|13 + 0|4, (4.20)



2026 C. Long, A. Sheshmani, C. Vafa, S.Yau

where 7; is the volume of the 7-th hyperplane class. Since for this set of charges the
moduli flow to a symmetric point t; = 1/2, we can write 7; = v = 3/2, and we then
have

volY({n, n, —n, —n}) = 4|n|t = 6|n|. 4.21)

Since 24/6 >~ 4.6 < 6, this example is a candidate for exhibiting recombination. How-
ever, the effective cone of X is infinitely generated [49], and more care is required. The
semigroup of effective divisors is generated by the hyperplanes, as well as permutations
of the line bundle with multi-degree {—1, 1, 1, 1} [49].3 The cone C generated by these
line bundles therefore contains the effective cone of X, and all effective divisors on X
can be expressed as linear combinations of the eight generators of C. We will look for
the smallest piecewise-calibrated representative of the class {n, n, —n, —n} using the
generators of C, which are

£y ={1,0,0,0},
£>=1{0,1,0,0},
L3 =1{0,0,1,0},
L4 =10,0,0,1},

Ls={-1,1,1,1},

Le={1,—-1,1,1},

L7 ={1,1,—-1,1},

Lg={1,1,1,-1}. (4.22)
Consider the corresponding divisors dual to these line bundles. At the symmetric locus
trs = 1/2, the “volumes” of the generators of C are 3/2 fori = 1...4, and are 3

for i = 5...8. The volume of any piecewise-calibrated representative of the class
{n,n, —n, —n} can then be written as

3
vol” = 5 (arl +laal +las| + |aa| +2|as| + 2la| + 2]a7| + 2|ag]) . (4.23)

where the a;, i = 1...8, satisfy
ay —as+ag+ayj+ag=n,
a)+as —aeg+ay+ag =n,
ay+as+aeg —a7+ag = —n,
as+as+ag+a;—ag = —n. 4.24)

Solving these equations to eliminate as, ag, a7, ag, we are then left with the problem of
minimizing the function

3
volY = Z(|a1 —apy —az — aq — 2n|

+|ay +ax +az — aqg — 2n|
+la; +ay —az +aq — 2n|

3 These line bundles are not themselves effective [49], but when combined with the hyperplanes they
generate all effective line bundles.
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+|ay — ar + a3 + aq + 2n|
+2|ay| +2|az| +2|a3| + 2]ayq]) . 4.25)

The a; are bounded to the domain {—4n, 4n}, as if the values were larger or smaller,
vol" would be larger than the candidate minimum of 6|n| derived above. The objective
function vol is linear away from the hyperplane loci defined by the vanishing of the
various absolute values in Eq. 4.25, and so we are left with a linear optimization problem
with a boundary. It is well known that the extrema are located at the vertices of the
boundary, and so we need only to check a finite number of points to find the minimal
piecewise-calibrated representative. We find a minimal value of 6|n|, confirming that
the piecewise-calibrated representative constructed from the hyperplane sections gives
the minimal piecewise-calibrated volume, and thus the minimal volume of the class
{n,n, —n, —n} given by the black string tension is smaller than the volume of any
piecewise-calibrated representative. This again is indicative of the presence of a stable
non-BPS string.

One can check that for the above wrapping numbers, the force between the BPS and
anti-BPS constituents is attractive inside the Kéhler cone:

B n2(tF + ) (13 + 1)
titaty + titoty + t 1314 + 1a1314)2

~

(4.26)

4.3. A K3 fibration. This example includes non-effective divisor classes that do not
exhibit recombination, which differs from the previous two examples. We consider a
generic anticanonical hypersurface X C P? x P!, with corresponding hyperplane divisor
classes D1 and D (restricted to the hypersurface), as in Sect. 3.1.1.

A basis of effective divisors is given by {D1, D>}. However, in order to compare our
the tension of our black string to a piecewise-calibrated representative of the correspond-
ing homology class, we need to determine the effective cone of X. We utilize the results
of [48], which give the effective cone of hypersurfaces in products of projective spaces.
In particular, as we observed in the previous example, when there is a P! factor in the
ambient space one often finds effective divisors on the hypersurface that are not inherited
from effective divisors on the ambient space (referred to as “autochthonous divisors” in
[50]). In this example, the effective cone is generated (over R) by the divisors D, and
D3 := 4D — Dy. D1, Dy, D3 all correspond to integral divisors on X themselves.

The black string effective potential can be written as

Zp%tf

16 8
Verr = 16pieie + ?p%tftz + + gplpztf +8p3t, 4.27)

subject to the constraint )V = 1. Again define

n

x=—. (4.28)
i}
The BPS equations of motion give
=2 (4.29)
D2

Clearly in order to have #1, r, > 0 we need to enforce that x > 0, #» > 0, which leads to
the conditions

{p1 <0 and p» <0} or {p; >0 and py > 0}. (4.30)
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Fig. 11. The regions of divisor space with large black strings, for a generic CY hypersurface in P3 x P, The
axes indicate the homology class, specified by p; and p;. The white region indicates divisor classes that do
not correspond to large black strings

Let us next determine the conditions for a non-supersymmetric black string, whose
equation is given by

p1(x+3)+3pax =0, 4.31)
for which the solution is
3
x=—P (4.32)
p1+3p2

Again, in order to have ¢, > 0 we need to enforce that x > 0, > 0, which gives
the conditions

{m<0mdm>—%}m{m>0mdm<—%y (4.33)

These regions of non-BPS solutions all correspond to attractors.

In Fig. 11 we show the regions where large black strings exist for both the BPS and
non-BPS cases. There are some regions that do not correspond to large black strings,
including the ray along the “extra” generator of the effective cone 4Dy — D>.

We check for recombination by computing the tension of the black strings, and
comparing to the piecewise-calibrated representatives of the corresponding class. Here
we have three generators of integral effective divisors. Since this example has Picard
rank two the effective cone is simplicial, but we need to be careful that we only con-
sider piecewise-calibrated representatives that correspond to integral classes. Take, for
example, py = n, p» = —n, for n > 1. In order to find the volume-minimizing
piecewise-calibrated representative of n(D — D3), we need to consider a general fam-
ily of piecewise-calibrated representatives

aDy+bDy +cDs3, (4.34)
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Fig. 12. The volume of the piecewise-calibrated representative as a function of the parameter ¢, with n = 5000.
At large charges the presence of the extra effective divisor allows the black string to decay in BPS-anti-BPS
constituents

Cc

with
a+4c=p1=p b+c=pr=-—p, (4.35)

from which we can solve for a and b, leaving ¢ as a free parameter parameterizing
the choice of piecewise-calibrated representative. We find that the black string ten-
sion is 3.56n. Taking e.g., n = 5000, the black string tension is then 17784.5. To
compare to the minimal piecewise-calibrated representative in that class we minimize
the family of piecewise-calibrated representatives with respect to a, b, ¢, demanding
that ¢ is an integer. We find the minimum at ¢ = 1250 (see Fig. 12 for the volume
of the piecewise-calibrated representative vol”(c) as a function of ¢), and the minimal
piecewise-calibrated volume to be 16598.8, less than the tension of the black string. This
black string is then unstable to decay into BPS-anti-BPS constituents. In general, for
large charges we find that the black string tension is greater than the volume of the min-
imal piecewise-calibrated representative of the corresponding divisor class. However,
let us apply the black string tension formula for small charges, namely p; = —p> =1,
even though we do not expect it to be valid. In this case, we find that the black string
tension is 3.56, but integrality of the piecewise-calibrated representative then gives that
the minimal piecewise-calibrated volume is 4.03. Thus, for large charges, the “extra” ef-
fective divisor enters to allow for decay into BPS-anti-BPS constituents. This is possible
suggestive evidence that the divisor D; — D, recombines.

In general, decomposing the black string charge into its minimal BPS and anti-BPS
constituents, we always find a repulsive force between them. For large charges the force
takes the form

_ _3pi(p1+4py)

; 4.36
8(t1 + 61‘2)2 ( )
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which is repulsive in the charge region where large non-BPS black strings exist for all
values of Kéhler moduli.

4.4. Elliptic fibrations. We consider the same elliptic fibrations for M5 branes on divi-
sors as we did for M2 branes on curves.

4.4.1. B = P? The generating divisor classes are the section (base), and the inverse
image of the hyperplane section in the base P2. Denote the homology class of the M5
brane as (po, p1), where pg is the wrapping number around the base, and p; is the
wrapping number around the vertical divisor. The effective potential is given by

2,2 2 2 35, o, bing
3b4 2
436163 (3p3 = 2pop + p}) + ;p‘ . 4.37)
We first consider BPS black strings. The BPS equations of motion yield
—3po+
x=_poth (4.38)
Po
and so BPS solutions exist for
P1 Pi
{p1 <0 and ?<p0<0} or {p1 >0 and ?>p0>0}. (4.39)

Let us now consider non-BPS black strings. The non-BPS equations of motion give

27po — 9p1 + 36po +3p1)x + (18po + 9p1)x% + 9po +2p1)x> + 2pox* = 0.
(4.40)

This example has the interesting feature that for the BPS black string charge range there
also exist non-BPS black string critical points corresponding to the same homology class
as the BPS ones. However, these solutions are not minima of the effective potential, but
instead maxima.

For mixed sign pg, p1 we find numerically there is a solution when | p1| 2 6] pol, and
these solutions are attractors. Defining y = p1/po, we plot R in Fig. 13 for such black
strings. We find that R > 1, indicating the minimal piecewise-calibrated representative
has smaller volume than the representative corresponding to the black string.

We can compute the force between the BPS and anti-BPS constituent strings, which
we find to be

3b1pop1(b1 +2b2)

P~ - >
2 (b? +3b1by +3b3)

4.41)

which is repulsive for mixed sign pg, p1 everywhere inside the Kihler cone.
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Fig. 13. Theratio R of the black string tension to the minimal piecewise-calibrated volume of the corresponding
homology class, as a function of y = p1/pg, for mixed sign pg and p;. We find R > 1 for the entire allowed

range, indicating the local representative corresponding to the black string has larger volume than the minimal
piecewise-calibrated representative

4.4.2. B = P' x P! As a final black string example we will consider the base B =
P! x P!, as in Sect. 3.2.2. There are now three divisor classes: the section, and the two
vertical divisors corresponding to the inverse image of the two hyperplane curves in the
base. Again let the wrapping number of the base be pg, and the wrapping numbers of the
vertical divisors be p; and p3. We will study two interesting sub-loci in charge space.
Let us first consider p; = p3, so we can take b1 = by due to the symmetry in the base.
Defining x = b /b3, the BPS equations of motion give

-2
x= _P0EPy (4.42)
Po
and so large BPS black strings exist when
{po >0 and p3 >2pg} or {po <O and p3 < 2pp}. (4.43)

In the case of a non-BPS black string, the equations of motion give

3p0x4 +x3(9po +3p3) +x2(12p0 +9p3) +x(16po +2p3) +8pg — 4p3 = 0.
(4.44)

We again find that for the entire BPS black string charge range there also exist non-BPS
black string critical points, but again these solutions are not minima, but instead are
maxima. Numerically we find that a non-BPS black string with mixed sign pg and p3
exists when |p3| 2 4po, and that these solutions are attractors. Defining y = p3/po,
we plot R in Fig. 14 as a function of y. We find R > 1, indicating the local volume
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Fig. 14. Theratio R of the black string tension to the minimal piecewise-calibrated volume of the corresponding
homology class, as a function of y = p3/pq, for mixed sign pg and p3. We find R > 1 for the entire allowed
range, indicating the local representative corresponding to the black string has larger volume than the minimal
piecewise-calibrated representative

minimizing representative has greater volume than the smallest piecewise-calibrated
representative.
We find that the force between the BPS-anti-BPS constituents takes the form

_3pops (3 (b} +b3) +4b3(b) + b))
2(3b1(by + b3) + b3(3by + 4b3))2

, (4.45)

which is repulsive for mixed sign pog, p3.

Finally, let us consider the configuration given by p; = —p3. In this case we will
consider the limit | p3| > | po|, in which case we can take b1 >~ by. Againwe find R > 1,
and the force between the BPS-anti-BPS constituents is repulsive.

5. Non-BPS Black Holes from BPS and Non-BPS Strings

We have so far explored non-BPS black holes and black strings in five dimensions. An
equally interesting question is the study of black strings in 6 dimensions. Indeed upon
compactification on a circle this can lead to both black holes and black strings in 5d. In
particular here we would like to show how the non-BPS black holes in 5d can arise from
BPS and non-BPS black strings in 6d and how we can use this to make a prediction for
their entropy.

Consider 6d F-theory, obtained by compactification of IIb on a positively-curved
space B, which is the base of a Calabi—Yau threefold X. Strings in six dimensions arise
from wrapping a D3 brane on a curve C C B, and appropriate curves can lead to large
extremal black strings in six dimensions, both BPS and non-BPS, as we will shortly
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see. The near-horizon geometry of the black strings is of the form AdS3 x S° [23], and
so is associated with a 2d CFT, regardless of whether the string is supersymmetric or
not. The central charge of the CFT can be computed by the Brown-Henneaux formalism
[11], and in the case of BPS strings has been verified to match the microscopic central
charge [16,51]. We will extend this to the non-BPS case, providing a prediction for the
central charge of the theory on the non-BPS strings. We will show that it is simply given
absolute value of the analytic continuation of the BPS case: ¢ = 3|C - C|.

Such black strings lead to black holes in 5d upon a circle reduction, with n units of
momentum around the circle. However, one can arrive at a 5d black hole with the same
charges via another route, by considering M-theory on X, with M2 branes wrapped on
the same curve C C B C X, and wrapping the elliptic fiber n times. For a BPS black
hole, where C is holomorphic and 7 is positive, this corresponds to a BPS string on a
circle with n units left-moving momentum on the string (reversing the orientation of
the entire system also corresponds to a BPS string). In this case the macroscopic black
hole entropy agrees with the Cardy formula for the leading contribution from string
oscillation modes.

However, one can also consider non-BPS black holes in 5d. The mildest way to do
so is to take a BPS string in 6d, compactify on a circle, but with the “wrong” sign of
momentum which corresponds to replacing the elliptic fiber class with its conjugate
n — —n. For a string corresponding to a D3 brane wrapped on a holomorphic curve
C, this corresponds to giving right-moving momentum around the circle instead of left-
moving. In this case this is a non-BPS excitation of a BPS string, and we find the black
hole entropy again matches the Cardy formula.

Instead, one can also take a non-BPS string in 6d and compactify on a circle. In this
case we will find that the central charge from the 6d AdS3 agrees with the central from
the black hole entropy, when we match with the Cardy formula for the string.

To summarize, we find that the various ways of computing the central charge of
the non-BPS strings agree, via the 6d black string calculation from the near-horizon
Ad S3 space, and from the 5d black hole entropy and matching with the Cardy formula,
therefore making a prediction for the central charge of the theory on the non-BPS string.
The various connections between solutions are indicated in Fig. 15.

5.1. 5d black holes. We now consider the general case of 5d black holes resulting from
elliptic CY 3-folds when the wrapping number of the fiber is much larger than the
wrapping number of the base, which is the case in which the Cardy formula applies.
We will find that the corresponding black holes are either wrapped around (anti)-ample
curves in the base manifold, or have 21 (B) — 2 flat directions. We will make the ansatz
that the fiber volume 7 shrinks with the wrapping of the fiber n, which we will find to
be self-consistent. The volume of the elliptically fibered threefold is again

1
V=< (cooozg +3C00al31% + 3to§2agtatﬂ) . (5.1)

The black hole potential depends on the volume, its derivatives, and second derivatives,
and so we can consistently drop the tg term, but cannot make any further simplifications
at this point, and so we take

1
Vs (Congt“ + toszaﬁz“rﬁ) . (5.2)
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6d BPS Black String 6d Non-BPS Black String
&
n>0 4 n arbitrary
5d BPS Black Hole 5d non-BPS Black Hole

Fig. 15. The connections between the various black objects we consider in 6d and 5d. An arrow represents
a dimensional reduction and matching of the central charge in the various pictures. A BPS black string in 6d
descends to either a BPS or a non-BPS black hole in 5d, depending on the relative orientation of the momentum
along the S I A non-BPS black string in 6d descends to a non-BPS black hole in 5d

Taking two derivatives we find the matrix A takes the form

Ago Ao | _ Coout® Cooato + Qayt”\ _ (Cooat® Quayt” (5.3)
Awo Aap Cooato + Qayty 1028 - Qayﬂ/ 102 | ’

The inverse matrix in this limit then takes the form

) “
-1 2V, 2V,
AT = e 1 (b i mﬂ) , (5.4)
2Ve 1y 2Vp
where Q8 is the inverse of Qqp, and
1 B
Vp = EQagt th. (5.5)

Enforcing V = 1, we have typ >~ 1/ Vp, and so we write

1 t“

Al R (5.6)
o . yaqeB _ 1P ] '
2V B 2

The effective potential is given by

;!
Verr =2 <—A T - ) q197 . (5.7)

with the restriction that YV = 1. The fiber only intersects the section, as it has zero
intersections with all base divisors, being the inverse image of the self-intersection of
an ample divisor in the base. In the limit that the fiber wrapping » is much greater than
the wrapping of the base curve, we then have

qo>=n, qu= Qalgﬁﬂ, (5.8)
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where X7 is the wrapping number of the base curve. The effective potential then takes
the form

2 o o 2 a 2 2 o

n nt*qo (t%qa)”  (t%qa) n nt“qq

Verf =2 —=5 — — Ve quqp + + +— +
el <2v§ Vs “FT T 2 v v
2
n
=2 <W — Ve quqp + (t"‘qa)2> ) (5.9)

B

Differentiating we have
2n?
g Verr =2 —FQQ—QO((C-C)+ZZBqa =0, (5.10)
B

where Zp = t%qq,and C - C = an“ﬁqﬂ. We then have

2n?
Qu —5 +(C-0) =2q4Zp . (5.11)
Vi

Contracting both sides with %, we find

2Vg —3+(C-C) =27%3. (5.12)
Vi
and so we can conclude
2Vpqa
Qy = , 5.13
o Zs (5.13)
or
A%
= 2B= (5.14)
Zp

where we have assumed that the multiplicative factors on both sides do not simultane-
ously vanish, which we will discuss later. Therefore the M2 branes wrap an (anti)-ample
curve in the base. We can also write

Lo s ve\?
Vg = —Qupt?t? =2(==) (C-0), (5.15)
2 Zp

where we note C - C = E%Qqg »A . and so
7% =2Vp(C-0). (5.16)

Using this relationship in the above equations we find

2n2 1/3
Vg = <(c : C)) . (5.17)
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Plugging this back into V. 7y we find

B 5 (C-0) 2/3 < 2 >1/3 ( 92 >1/3
Veff—2<n < 53 ) —(C-0) 0 +2(C-0) C. O

=23 (C - C)*3 (2—2/3 + 21/3)

=3x 23?3 -c)*3. (5.18)

Let us now compute the entropy. We have

1 34 3/4
S =2n (gveff) =2n (2*2/3|n|2/3(c . C)2/3) = 27/|n|(C - C), (5.19)

which agrees with a Cardy formula based on a wrapped string

Smirco = 27 % > (5.20)
where in the SUSY case (the M2 brane wrapping the fiber and base curve with the same
orientation) we should require the string to have ¢ = ¢, ==~ 3C - C, and in the non-
SUSY case (the M2 brane wrapping the fiber and base curve with opposite orientation),
we should take ¢ = cg >~ 3C - C. Here the ~~ indicates we are working at large charge
where the black hole formula should apply, and in this regime we have c; = cg.

Recall from above that we assumed the scalar factors on either side of Eq. 5.11 did
not vanish, which led us to conclude that the M2 brane wrapped an (anti)-ample curve
in the base. If we do not make this assumption (i.e. in the case C - C < 0), we are led to
the conditions that

2—n2+(C-C) =27Z5=0 (5.21)
Vg = B=0. .

This is two equations for h1-1(B) variables, and so these solutions will have 211 (B) —2
flat directions. Let us calculate the entropy. We have

Zg =0, (5.22)
and
m? \"?
Vg =|— . 5.23
B < C~C> (5.23)

Plugging these back into the the effective potential we have

[ C-C\?" o2 \ /3
Verr =2 n<_2n2) _(_C-C> (C-0)
= 2|n|2/3(|C . C|)2/3 (2—2/3 n 21/3)

=3 x 2323 c - )3, (5.24)

which gives the same value of the effective potential as when the M2 branes wrapped
an (anti)-ample divisor in the base, but with the sign of C - C flipped.
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To summarize the 5d calculation in the large fiber wrapping limit, we find two solu-
tions: the M2 branes either wrap an (anti)-ample curve in the base, or the solution has
Zp = 0 with k1 (B) —2 flat directions, the latter case always being a non-BPS solution.
In both cases the wrapping of the fiber can be of either orientation, giving both BPS and
non-BPS solutions. In either case the entropy takes the form

S =~2x/n|C-CJ, (5.25)

and the expected central charge is then read off as
c=3|C-(C], (5.26)

which agrees with the microscopic calculation in the case of an ample wrapping in the
base, regardless of whether the solution is BPS.

5.2. 6d black strings. We now consider the F-theory limit of the elliptically fibered
geometry, which gives IIb on the base B. By wrapping enough D3 branes around curves
in B we get black strings in 6d which are charged under the self-dual two-form gauge
fields B* which number 4'-!(B) — 1, and then by taking a circle compactification we
arrive at the related 5d black holes. Let us then perform the analysis in the 6d theory,
following [23]. It was noted in [23] that in 6d there are two types of solutions: BPS
solutions, where the D3 branes wrap (anti)-ample curves in B, or solutions where the
central charge Z vanishes, in agreement with the solutions that we found in 5d. The
effective potential takes the form

l‘atﬂ o 2
Vers = (—Q“ﬂ - ) duqp = (—(C -C) + (" de) )) =—(C-C)+ 7%,
Vs %
(5.27)
where Z is the central charge
G
Z= , (5.28)
V'Vp
and we implicitly fix Vp = 1/2. Differentiating, we find the equations
Z0,Z =0. (5.29)
For the BPS solutions 9, Z = 0, the equations of motion give
23*V 234y
* = LA £, (5.30)

C () Zp
in agreement with the 5d black hole calculation, where Zp = /VpZ. Again we have
7% =2Vp(C-0), (5.31)
and so the effective potential for these solutions takes the form
Verr = (=(C-C)+2(C-C)) =(C-C). (5.32)

The tension of a BPS string is given by the central charge, or square root of the effective
potential.
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Clearly in the Z = 0 solutions, which are only valid for C - C < 0, we find
Verr = 1C - CJ, (5.33)

analogous to the BPS solutions, and in agreement with the 5d solutions. Again, such
solutions have i'"1(B) — 2 flat directions. Let us note that not all curves with C -
C # 0 correspond to to large black strings. For instance, if we consider a D3 brane
wrapped on a holomorphic curve with negative self-intersection, the non-BPS equations
of motion force the horizon moduli to the boundary of the Kéhler cone where C has
zero volume. On the other hand, one can also find examples with C - C > 0, but C has
negative intersection with a holomorphic curve. For example, consider P? with projective
coordinates [x1, x2, x3], and blow up the locus x» = x3 = Oto getad P;. The exceptional
divisor D, has self intersection —1, the divisor D corresponding to x; = 0 has self
intersection 1, and D, - D1 = 0. Now consider the curve D = nDy + D,, withn > 1.
We have D> = n® — 1, but D - D, = —1, and so while D> > 0, D does not correspond
to a large black string.

To summarize, the equations of motion for the 5d and 6d cases agree and fix the
moduli to the same value, and the wrapping of the fiber should be associated with the
momentum of the black string around the circle upon reduction. This is true in both
the BPS and non-BPS cases, regardless of whether the associated curve in the base is
holomorphic or not. In fact, in both cases the effective potential is givenby V,. sy = |C-C],
regardless of whether the string is BPS or not. In Sect. 5.2.2 we show how this leads to
the anticipated result for the central charge.

5.2.1. Measure-theoretic musings. Letuscommenton some measure-theoretic prospects.
We note that given a curve class, the effective potential simply produces a number for
the volume of the corresponding connected representative, given by the tension

T=.|C-C|, (5.34)

with the volume of B held fixed to 1/2, and Z = 0. This is somewhat striking, as
it predicts that the volume of an LBBC is always given by the absolute value of the
self-intersection of the curve, so long as we can solve Vp = 1/2 and Z = 0.

We can consider the difference in hyperplane sections C = C; —C5 for B = P! x P!,
as we did in § 3.2.2. In this case the attractor mechanism sets the two Kihler moduli
(sizes of the P!’s) to be equal, and we find that the tension of the black string is given
by the volume of the minimal piecewise-calibrated representative of C. This is different
from what the analysis in § 3.2.2 suggested, where we found suggestive evidence for
recombination. One difference between the two cases is the values of the Kihler moduli:
in this case the moduli are equal, and in § 3.2.2 one modulus was three times the other.
Indeed the possibility of recombination could depend on the Kihler moduli and the
discussions in 3.2.2 was based on the moduli fixed by the attractor mechanism for the
string in 5d which is different from that in 6d. From the physics perspective this suggests
that when we compactify on a circle, the tension of the transverse string (not wrapped
around the circle) decreases as we decrease the radius of the circle.

We can also analyze K3 from the perspective of IIb on K3. To make a connection
to the Sen and Micallef-Wolfson examples, let us consider a non-holomorphic curve
C = C1 — C; of negative self-intersection, where C; and C; are both holomorphic. The
tension of the black string is then given by

T=,|C-C|, (5.35)
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while the volume of a piecewise-calibrated representative of C is given my
volY(C) = vol(Cy) + vol(C,) . (5.36)

In the example of Micallef and Wolfson, Cy and C; are both (—2)-curves of equal volume
(normalized to 1), so the black string condition Z = 0 is automatically satisfied. This
example also has C - C = —4, and so in order to find recombination one would then
want to tune vol (C) to be as large as possible, while holding vol(Vx3) fixed. Intuitively,
recombination in the Micallef-Wolson example occurred when the cycle connecting C
and Cj shrunk compared to the volumes of C| and C, which appears consistent with
holding the overall volume fixed while increasing the volumes of C; and C,. However,
in the Micallef-Wolfson example the overall volume of the K3 is taken to be arbitrarily
large and essentially decouples from the analysis, which is a local one.

A simpler case than K3 is taking B to be a space with fewer moduli, such as a blowup
of P2 at two distinct points. Let the homogeneous coordinates on P2 be [x, x2, x3], and
blow up the points x; = x» = 0 and x; = x3 = 0. The cone of curves is then generated
by Ci, Cq4, and Cp, where C, and Cj, are the exceptional divisors from the blowup.
Consider the divisor C = C, — Cp, which has self-intersection (—2). Let the volumes of
the divisors be b1, b,, by,. Enforcing Z = 0 gives b, = by, and solving V = 1/2 gives

1
ba =7 <—2b1 +v/2,/1 +b%) . (5.37)

In order to remain in the Kihler cone we need b1 < 1. The tension of the non-BPS string
is /2. In terms of b, the volume of the piecewise-calibrated representative of C is

volY(C) = 2b, = —2b1 +v/2,/1+ b7, (5.38)

which has a maximum of ﬁ at by = 0, and shrinks to zero at by = 1. Therefore, when
we shrink down the cycle connecting D, and Dj, we find that the tension of the non-BPS
black string is given by the volume of a piecewise-calibrated representative, but as we
move away from this locus the piecewise-calibrated representative has smaller volume,
and so we do not find recombination in this example.

5.2.2. The central charge. To close the circle of ideas, we need to compute the central
charge of the 6d string and see if it agrees with that anticipated based on black hole entropy
in 5d, which we undertake in this section. The near-horizon geometry of 6d strings is
AdS; x 83, and so associated with and Ad S solution is a dual 2d conformal field theory.
This C F T, is then expected to describe the worldsheet theory of the associated string,
whether it is BPS or not (though in the non-BPS case we expect it to be an “unstable”
CFT). Let us compute the central charge. In general, via the Brown-Henneaux central
charge formula [11], the central charge of the C FT; is related to the AdS3 radius and
Newton’s constant
_ 3laas

= . 5.39
€= 36, (5.39)

In [52], a straightforward method was given to compute the central charge, given the
attractor values of the scalars. Consider a d-dimensional theory specified by a Lagrangian
L4, that admits black object solutions with a near-horizon geometry of the form Ad S5 x
S?. The fields on the horizon are fixed by the attractor mechanism, and the method of [52]
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is to treat the Ad S3 radius /445 and p-sphere radius [, as free parameters, and extremize
a central charge function with respect to /445 and /gp to obtain their values, which can
roughly be thought of as extremizing the bulk action. One can then evaluate the central
charge function to obtain the corresponding central charge. The central charge function
can in general be written as

3002, 3 .,
c = mlAdSlS”’CP*'?’ . (540)

For 6d string in F-theory with have p = 3, and the relevant terms® in the action we
consider are [44]

R 1 1
si= [_ 1= Yot nstt? — g A *dtﬂ] LG4
Mg L2 4 2

where the 1* are the Kéhler moduli on B, gqp is the metric on moduli space which takes
the form
QaQp

Vg

where we implicitly hold Vg fixed to 1/2, and H* are the two-form tensor field strengths
H“ = dB*. The integral charges are defined by the fluxes as

-y / He (5.43)
S?

8ap = — Qaﬁ s (5.42)

and so we have

2
HY — ITQ%S3 , (5.44)
3

where €3 is the volume form on the S3. Let us now evaluate the central charge function.
We have

30, 5 372 3 3 32 3 4
c = mlAdslS3£6 = ElAdSlSTC6 = _ElAdSZSG
303 “QF
oY RN gaﬁQ6 ZaN (5.45)
aas 153 ls3

From the 6d attractor mechanism above, we have that
gp0*0f =|C-C|, (5.46)

where C is the curve wrapped by the D3 branes. Extremizing the central charge function,
we find

IC.C\4
lgs =laas = > , (5.47)
and so the central charge takes the form
3n%|C-C
c= %6' : (5.48)

4 In this calculation we only consider the leading-order central charge and so do not include corrections to
the field strength due to gravitational Chern-Simons terms.
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. . 2 .
In these conventions, in order to match the the BPS case we take Gg = ”T, for which
the central charge takes the form

c=3|C-C|. (5.49)

However, this formula does not assume the string is BPS, and the results are valid for
non-BPS strings as well. Therefore, if a large black string exists for a given curve C, the
central charge is given by 3|C - C|, regardless of whether the string is BPS or not. This
agrees with what we found in 5d.

6. Discussion

In this paper we have studied aspects of non-supersymmetric black holes and black
strings in 5d and 6d in theories with 8 supercharges. This is motivated by the importance
of considering non-supersymmetric configurations in string theory. We have found that
extremal non-BPS configurations, at least in the limit of large charges, can have robust
features similar to what one sees for supersymmetric BPS states. Moreover we have
explored the interplay between non-BPS black holes and black strings with the Weak
Gravity Conjecture, which is motivated by the condition that all non-supersymmetric
macroscopic states in string theory are bound to decay. In a number of examples we have
seen that there will have to exist remnant stable non-BPS states, which when combined
with the WGC predicts that these strings should be microscopic with small charges.

Unlike the black strings, for black holes we have found that the non-BPS states
seems to decay to BPS and anti-BPS constituents, and we have found no examples
of macroscopic black holes whose mass predicts a stable remnant microscopic black
hole coming from Calabi—Yau threefolds. However, our microscopic force analysis in
Sect. 3.2.2 suggests that such a stable remnant might exist, either via recombination or
a 5d bound state. One explanation of this may be the fact that black holes correspond
to cycles which are less than half of the dimension of the manifold whereas strings
correspond to cycles with dimension bigger than half of the dimension of the manifold.
This would suggest a generic intersection for higher dimensional cycles due to local
instability modes localized where holomorphic and anti-holomorphic cycles intersect.

For the case of stable non-BPS strings it would be interesting to confirm the existence
of such states mathematically. This would entail a study of volume minimizing currents
in non-holomorphic divisor classes. This is a rather difficult subject mathematically, and
thus the impetus and predictions coming from the work presented here will hopefully lead
to further progress in this direction. Moreover, the fact that we are predicting complex
structure-independent minimum volumes for large non-holomorphic classes begs for a
mathematical explanation. This is of course expected for holomorphic ones, but what is
the explanation of this behavior for non-holomorphic ones?

The fact that non-BPS extremal strings can account for the entropy of non-BPS black
holes is a novel feature that we have found in this paper. This suggests more broadly
that extremal non-supersymmetric configuration, even though ultimately unstable, share
features very similar to the supersymmetric counterparts which are stable. It would be
thus interesting to identify such non-supersymmetric extremal configurations either as
states or as string compactifications more broadly in hopes of applying them to the
observed universe, which is non-supersymmetric.
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