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Abstract: Nonstandard finite-difference (NSFD) methods, pioneered by R. E. Mickens, offer accurate
and efficient solutions to various differential equation models in science and engineering. NSFD
methods avoid numerical instabilities for large time steps, while numerically preserving important
properties of exact solutions. However, most NSFD methods are only first-order accurate. This
paper introduces two new classes of explicit second-order modified NSFD methods for solving
n-dimensional autonomous dynamical systems. These explicit methods extend previous work by
incorporating novel denominator functions to ensure both elementary stability and second-order
accuracy. This paper also provides a detailed mathematical analysis and validates the methods
through numerical simulations on various biological systems.
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1. Introduction

Dynamical systems are important in many disciplines, including biology, economics,
engineering, and chemistry. Because the majority of dynamical systems cannot be solved
analytically, numerical methods are typically used to approximate their solutions. However,
the stability properties of the corresponding numerical solutions are typically strongly
dependent on the computational step size, particularly when standard numerical methods
such as the explicit Euler and Runge-Kutta methods are used. R.E. Mickens [1] pioneered
the use of nonstandard finite-difference (NSFD) methods to overcome this dependency
while numerically preserving important properties of exact solutions. Since then, NSFD
methods have been developed and applied to a wide range of scientific and engineering
problems. Notably, NSFD methods have been constructed for numerically solving problems
in ecology [2-8] and epidemiology [9-22], for solving biochemical systems [23,24], and
general productive-destructive systems [25,26], to name a few. For a detailed review of
various NSFD methods, we refer the reader to [27-29]. In particular, several classes of
NSFD methods have been developed based on standard theta methods and standard two-
stage explicit Runge-Kutta (ERK2) methods [18,30-32]. However, these methods, while
preserving the local dynamical properties of solutions near equilibrium points, are only
first-order accurate. There exist some higher-order nonstandard numerical methods, such
as those presented in [23,25]; however, their elementary stability property has not yet
been established analytically. In [14], the proposed class of NSFD methods is elementary
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stable but is second-order accurate only for a very specific choice of parameters. In [33], a
second-order nonstandard method based on the Runge—Kutta methods is presented, but
the proposed elementary stable nonstandard explicit Euler’s method is only of first-order
accuracy. Recently, modified nonstandard theta and Runge-Kutta methods [34,35] that are
not only elementary stable but also second-order accurate have been presented. But, those
methods were only developed for one-dimensional autonomous dynamical systems.

This paper contributes to the field of NSFD methods by presenting two novel general-
ized versions of the NSFD explict Euler and NSFD explicit Runge-Kutta methods, which
are not only elementary stable but also second-order accurate, with the order of accuracy of
the underlying numerical method being improved in the case of the explicit Euler method.
Here, previous theoretical results are extended, and new explicit second-order modified
NSFD methods for solving n-dimensional autonomous dynamical systems are designed.
The extensions are based on the use of novel denominator functions that account for both
the elementary stability and the increased accuracy of the numerical methods. The modified
NSFD methods are applied for solving a forest biomass model, an epidemiological model,
and a predator—prey model. The numerical simulation results demonstrate the superior
performance of the proposed new NSFD methods.

This paper is structured as follows. The new explicit second-order modified NSFD
methods are constructed and analyzed in Section 2. Applications to two classical mathe-
matical biology models are presented in Section 3 to numerically validate the theoretical
results. In Section 4, some concluding remarks are made and future research directions
are outlined.

2. Main Results

An n-dimensional autonomous differential equation can be written as
#(t) = f(%);  ¥(to) = %o, ©)

where ¥ represents the vector function [x1(t), ..., x,(£)]T, x; : [to, T) = R, f = [fi, ..., fu]T
€ C2(R";R") is differentiable, Xy € R". It is assumed that System (1) has a finite number of
only hyperbolic equilibria. For NSFD methods in the case of systems with non-hyperbolic
equilibria, see [36-38].

Definition 1. Let X* be an equilibrium of System (1), J(X*) = (% (5('*)) eiie be the Jacobian
<i,j<n

of System (1) at X*, with o (J(X*)) denoting the spectrum of ] (X¥*). An equilibrium X* of System
(1) is called linearly stable if Re(A) < 0 for A € o(J(X*)), and linearly unstable if Re(A) > 0 for
some A € o(J(X*)).

A general finite-difference method which approximates the solution of System (1) on
the interval [ty, T] can be written as

D;j(¥%) = Fy(fi;25), k=0,...,N,, )

where Di,h(fk> [~ xl{ i , Fi,h(fi}fk) =~ fl(f), fk ~ f(fk), tk = tQ + kh, k = O, .. .,Nt,
=ty
i=1,...,n, with meshsize h > 0.
The modified NSFD numerical methods discussed in this paper satisfy the two main
properties of NSFD methods, as formalized by Anguelov and Lubuma in [30] (see [32,39]),
which are that the denominator function ¢;(h),i = 1,2,...,n, from the discretization of the

D

(P‘T)l’ is a non-negative function of the form ¢;(h) = h +
1

O(h?), and the right-hand side function is discretized using multiple steps, i.e., F; ( 3k =
gi(X%, X*+1 1), where g;(¥¥, ¥%*1, 1) is a multi-step approximation of the i component of
the right-hand side of System (1).

derivative, i.e., D;, (x%) =
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Definition 2 ([30,32,39]). A finite-difference method is elementary stable if, for any value of the
step size h, its only fixed points X* are the same as the equilibria of Equation (1) and the local
stability properties of each X* are the same for both the differential equation and the discrete method.

2.1. General Second-Order Modified Nonstandard Explicit Euler Method

The new second-order modified nonstandard explicit Euler method is given in the
following theorem:

Theorem 1. Let f € C2(R";R") and let ¢; : Rt x R" — R*, fori = 1,...,n, which satisfies
the following conditions:

(D
(Vi@ FED I | s i
h, fi(¥) =0

foralll <i<n.
(I) 0 < ¢i(h,X) < W
forall ¥ € R™. l
Then, the modified nonstandard explicit Euler method

, for all hyperbolic equilibria X* of Equation (1) with h > 0 and

oK+ ok

R 77 =i (#4) ®)

i =1,...,n, for approximating the solution of Equation (1), is both second-order accurate and
elementary stable.

Proof. The second-order accuracy of the modified nonstandard explicit Euler method (3)
is proven using the Taylor series expansion about t;, which yields

1. If £;(¥*) # 0, then
Xi(tge) — [xiuk) ik, f(tk»fi(f(tk))}

= [0+ a0 + 5200 + 00)] = [se0) + 300 (00
2
= (1) + 2 (1) — i, T (R (1) + O()
2

- 2 -
= hfi(¥(t)) + %(foi(f(tk)),f(f(tk))> —hfi(X(t)) — %Wxﬁ(f(fk)),f(f(tk)» +0(1)
=0O(n).

2. If f;(¥*) = 0, then the numerical method (3) reduces to x;‘H = xé‘, which represents
an exact scheme for solving Equation (1) at t = .

Therefore, the numerical method (3) is of second-order accuracy.

To prove the elementary stability of the NSFD method (3), we assume that System (1)
has a finite number of only hyperbolic equilibria.

First, we need to show that the fixed points of Scheme (3) are equilbrium points to
System (1) and vise versa. Suppose that X * is a fixed point of Scheme (3). Then,

X\ = x4 i(h, X7) fi(X7),

foralli =1,...,n, this clearly implies f;(¥*) = 0, i.e.,, ¥* is an equilibrium point to System
(1). If ¥* is an equilibrium point to System (1), then f;(¥*) = 0, and we need to show that

x=x+@i(h,X*)fi(X7), 4)
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and Equation (4) clearly holds.

Next, let ¥* be a hyperbolic equilibrium of System (1) and | = J(x*) be the Jacobian
matrix evaluated at ¥ * with eigenvalues A1, A, ..., A,. The corresponding linear system
can then be given as follows:

X' =Jx. ()

If A is a Jordan form of ], then ] = S™1AS, where S is a non-singular complex n x n
matrix. In general, A has the following bi-diagonal form:

Moo
Ay @
Apm1 @y

An

where A; € 0(]),i=1,2,...n,and a; = {0,1}. Therefore, the linear system can be written
as ¥/ = ST1AS ¥, and the change of variables if = S¥ yields the following new system:

7' = Ay. ©6)

Applying the numerical method (3) on the above system results in the following:

Ty =T
@1(h, %) k
y
s — o yé
20,5 | =A|" )
: P
yirt — ok I
L G”n(h/?k) J

and, equivalently, the following vector formulation:

7 = 1+ VA, ®)
where V is the diagonal matrix:
91 (hr ?k) %
¢2(h, 7*)
V =
(Pl’lfl (h/ gk) P
Pn(h, 7)

Note that the matrix (I + VA) is upper triangular and its eigenvalues are given by
ui(h, %) = 1+ A;;(h, %), where A; € o(]),i = 1,2,...,n. Observe that ¥* being a stable
fixed point of System (8) is equivalent to

1+ Aigi(h, 7| < 1, ©)

and therefore
1+ @i(h, 7°) Re(A) + @i(h, 7*) Im(A))* < 1.
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From here, since ¢;(h, i/*) > 0, a straightforward algebraic manipulation shows that
Inequality (9) is equivalent to

-2 Re()\l)

(h, %) < =20 (10)
Note that Condition (II) implies
- 2|Re(A;
o< gty < 20
1
If X¥* is a locally stable equilibrium, then |Re(A;)| = —Re(A;). Thus, from the above

inequality, it can be seen that Inequality (10) holds. Hence, X¥* is a stable fixed point. On
the other hand, if ¥* is an unstable equilibrium, then there is jo € {1,...,n}, such that
Re(Aj,) > 0. This implies
—2Re (}\]‘0 )

Ao |2

ol

9jy(h, %) > 0>

since ¢; (h, k) > 0. Therefore, Inequality (10) is strictly not satisfied when ¥ * is an unstable
equilibrium. As a result, ¥* is an unstable fixed point. Therefore, the numerical scheme (3)
is elementary stable. [

Lemma 1. If f;(X) # 0, ¢;, : Ry — Ry and ¢;, : R — R satisfy the following conditions:

2
(@) 0<¢i(h)<1,forallh >0,and ¢; (h) =h— % + O(h3).

(b) 0 < ¢y, (h) <M, forall h € R and some M > 0, and ¢;,(h) = 1+ h+ O(h®).
Then, the functions

@i(h,X) = (Pilgxh)%z(a _qi(f)h) i=1,...,n,

2
. M A2 . i
with o > - maxo TRe(M)]" where Q) = Ug+er 0(J(X*)) and T denotes the set of all equilibria of
System (1) and q;(X) = _WEW’ satisfy the conditions (I) and (I1I) of Theorem (1).
1
Proof. Notice that
(ah 2
M —h— ah” + O(h3), and
o 2
i, (“ Zl(x)h) =142 7;”(x)h +O(h3)

Therefore,

QDi(h,f) =h+ <fo1(f),f(f)> ﬁ + (’)(h3),

which proves Condition (I). Next, since 0 < ¢;, (k) < 1and 0 < ¢;,(h) < M, then one can
easily see that

¢i (ah) (o —gi(¥) M 2|Re(My)|
0< ) > h) < <7|M2 /

Therefore, Condition (II) is also satisfied. [J
Remark 1. There exists a variety of functions ¢;, and ¢;, that satisfy the conditions of Lemma 1.

One such set of functions is ¢; (h) = 1 — e~ and ¢;,(h) = 1 + tanh(h), which can be used to
construct the denominator functions ¢;(h, X) in Theorem 1.
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Remark 2. The modified nonstandard implicit one-stage theta method
k+1 k
Yo TN 2k+1 =k
L =f;(0 1-96 11
gy = A a0 an
and the modified nonstandard implicit two-stage theta method
xf - k+1 k
i L —of(% 1—6)f (%), 12

i =1,...,n, where 0 € (0,1], for approximating the solution of Equation (1), are also both
second-order accurate and elementary stable. Here, f € C2(R";R") and ¢; : RT x R" — R, for
i=1,...,n, satisfies the following conditions:

(D
@i(h,X) = h+(1-29) 16) > +0(r), fi(X) 750,
& fil#) =0
foralll <i<n.
2[Re(A)|

(I 0< g@i(hX) < 20 1[I 0<6<1,0+# 1, forall hyperbolic equilibria ¥* of Equation
— LA
(1) with h > 0 and for all ¥ € R",

2.2. General Second-Order Modified Nonstandard ERK2 Method
The following result holds for the new modified nonstandard two-stage ERK2 method:

Theorem 2. Let f = [fy,..., fa] € C3(R%;R") and let ¢ : RT — R satisfy the following
conditions:

M @) =h+0n),
1
(I 0 < ¢h) < a,for all A € Q, where ¢ > maxq 2|1|2);7|(2A)\ Q = Usgsero(J(X*)) and T
denotes the set of all hyperbolic equilibria X* of System (1).

Then, the modified nonstandard two-stage ERK2 method for approximating the solution of Equation
)

0 = g {(1- 0 + i (74 0w ) | 0 < w1,y

i =1,...,n, is of second-order accuracy and preserves the local stability property of each ¥*,
provided the method does not introduce additional fixed points other than those of Equation (1).
Furthermore, when Equation (1) is conservative, then Method (13) is also conservative.
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Proof. The second-order accuracy of the modified nonstandard two-stage ERK2 method
(13) is proven using the Taylor series expansion about t;, which yields

Xi(tgr) —

h2
= 3t + () + T (00) + O0°) | -

* w(ﬁ(f(tk» F o 3 o) () D (2(1)) + 0<h2>> H

j=1 j

= xi(te) + hfi(X, + > Z af’ (%(t)) fi(X(t)) — [xi(tk) + (P(h){(l — w)fi(¥(t))

+w<f,»<f<tk>> + 5o 9(h) iﬁ(f(tk»%(f(tk)) +o<h3>>}

2 2 n ’
= =gt + (5 - 57 ) LRt + 00) = 009),

which implies the second-order accuracy of the numerical method (13).

To prove the elementary stability of the NSFD method (13), we assume that System
(1) has a finite number of only hyperbolic equilibria. Let X* be an hyperbolic equilibrium
of System (1) and | be the Jacobian matrix evaluated at ¥* with eigenvalues A1, A, ..., Ay
Let A be a Jordan form of ], given as follows:

Ao
Ay @

Anfl Xp—1
An

where A; € 0(J),i =1,2,...n,and a; = {0,1}. Then, we have | = S—1AS. Using a similar
argument as in the proof of Theorem 1, the numerical method (13) can be applied to

7' = A7, 14)
where i = SX. This yields
P =7+ g ] (1 - @z +wn (7 + o arremn )
which results in
7= [ - @in -+ wgma (14 et ) |7

— (14 o)1 - w)A + wo)A + 2q02(h)A2} "

[ 1
= |1+ o)A+ 2<p2(h)A2} A
The eigenvalues of I + ¢(I1)A + 1¢?(1) A? are given as

pi(h) =1+ @(h)A; + %A?rp (h).
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Therefore, showing that X* is a stable equilibrium is equivalent to showing that
lpi(h)| < lforalli=1,---,n,ie,

1+ o(h )A+ /\2 ¢*(h)| < 1. (15)

Inequality (15) corresponds to

which is equivalent to
1
1 [Ail*9% () +Re(A:) ;297 () + 2| A >(h) + 2Re(A;) < 0.

Denote 7;(t) = A;|*2 +Re(A;)|A:[2£2 + 2| A2t + 2Re()\ ). Thus, Inequality (15) is
equivalent to r;(¢(h)) < O for each A;, where i = 1,2,...,n. Similarly, to show that ¥*
is an unstable equilibrium point is equivalent to showing that there exists an i, such that
ri(¢(h)) > 0. The rest of the proof follows from [32].

Finally, the conservative property of the modified nonstandard two-stage ERK2
method (13) is proven. For this purpose, we assume that Equation (1) is conservative.
First, observe that the denominator function ¢(h) is independent of x and is thus the
same for each componenti = 1,...,n, of the numerical method. Next, summing over all
i=1,...,n yields the following:

Lt = 1ot o { (- 0) LAGY 0 124 5000 )|

and, therefore,

since £y (79 = K11 (¥ + o FE70 ) =0.

Remark 3. All equilibria of System (1) are also fixed points of Method (13), since f;(¥*) = 0
implies that

(1= ) E) +wfi (74 5 FE)0) ) = (- @fi(F) + @fi(F") = (") =0

fori=1,...,nand ¥* € R"; however, the vice versa is not necessarily always true. When all fixed
points of Method (13) are also the equilibria of System (1), then Method (13) is elementary stable.

Remark 4. There exists a variety of functions ¢(h) which satisfy the conditions of above Theorem 2,
ensuring a second-order accurate and elementary stable method (13). One such denominator function
. tanh(gh) |A|?

is p(h) = ——=, where g > maxq ————

q 2[Re(A)]

Remark 5. When analytical computations of the steady states and spectra of the Jacobian matrix for
System (1) are difficult, numerical computations can be performed using any standard root-finding
algorithms and power methods. Because those computations need to be carried out only once,
at the beginning of the numerical implementation, they do not considerably increase the overall
computational cost of the NSFD methods.
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3. Numerical Simulations

In this section, the performance of the proposed new explicit second-order modified
NSFD methods is illustrated. The modified NSFD explicit Euler (modified NSFD EE)
method (12) and the modified nonstandard two-stage ERK2 method (13), with w = 1/2,
are chosen. Furthermore, the two-stage modified nonstandard ERK2 method (13) with
w = 1/2 is henceforth referred to as the modified NSFD ERK2 method. The modified
NSFD methods are compared to other standard and nonstandard finite-difference methods
for solving three specific biological systems.

For the numerical test cases, we consider a class of linear and nonlinear autonomous
ODE systems. The linear system has an exact solution that enables us to compare the
accuracy and performance of our proposed methods with other NSFD and non-NSFD
methods. The nonlinear systems are used to demonstrate the performance of our proposed
methods on general classes of autonomous ODEs.

In Test Case 1, we consider the following forest biomass model, presented in [40]:

x'(t) = —x(t) + 3y(t)
y'(t) = =3y(t) 4 5z(t) (16)
Z'(t) = —5z(t),

where x(t) represents the biomass decayed into humus, y(t) the biomass of dead trees,
and z(t) the biomass of living trees. The initial data are x(0) = 0, y(0) = 0, and z(0) = zo,
which assumes that there are no dead trees and no humus at ¢t = 0. The exact solution of
the above system is given by

x(t) = %(e F e 3 4 oStz
5, 4
y(t) = S —e )z 17

We compare our modified NSFD EE and modified NSFD ERK2 methods with the
NSFD EE and NSFD ERK2 methods [32], the NSFD § = § = 1 and NSFD 6 = 0,0 = 1
methods [10,14], the NSFD separate method ([40], Equation (23)), and the explicit Runge—
Kutta methods of order four (RK4) [41], applied to Model (16). Figure 1a shows that all
methods are working quite well for small values of the time step, particularly for & = 0.1.
It is also evident from Figure 1b, which shows the absolute error of all the methods, that
the first-order methods have larger errors as compared to the second- and fourth-order
methods. Figure 1c shows a comparison of the numerical methods for solving Model (16)
using a large step size i = 0.569, where we see that RK4 becomes unstable while the other
nonstandard methods are converging to the solution even for large values of h. Finally,
Figure 1d shows the order plots of all the numerical methods. A comparison of the [
errors at the final time T = 10 and convergence rates for the numerical solution obtained
with various NSFD methods is presented in Table 1. We define the I*® error as

E(h) = [|Ix" = x|,

where

IYlleo =, max [y

represents the discrete I norm of the vector y, and x represents the exact solution of
Equation (1). The errors are calculated by using the exact solution given in Equation (17).
We observe from Table 1 that the solutions obtained using the modified NSFD EE and
modified NSFD ERK2 methods converge to the exact solution with rate 2, which also
validates our theoretical results and the observations made in Figure 1.
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In Test Case 2, the conservative MSEIR epidemiological model in [10,14] is considered,
with the notation ¥ = (xq, x2, X3, x4, x5) = (m,s,e,i,1):

dditl =d(x3+ x4 + x5) — 6x1,

% = —Bxpxg + 0x1,

T _ prars— (e + )y 19
[%4 =ex3— (v +d)xy,

% = yx4 — dXs.

The following initial conditions x1(0) = 0.1,x2(0) = 0.05,x3(0) = 0.05,x4(0) =
0.1,x5(0) = 0.7 and parameter values d = 1/(40 x 365), = 0.14,7v =1/7,6 =1/180,¢e =
1/14 are used in numerical simulations.

The novel nonstandard denominator functions ¢; for the modified NSFD EE method
are selected using Remark 1, as follows:

9i(h, %) = (1_6"5(_"‘}1)) (1 +tanh<a_gi(f)h>),

fori =1,...,5. Here, the parameters g; are given according to Lemma 1:

ik oi ofi ofi of;
gi = — (fl% +f2% +f3% +f4a—j:4 +f5%>
1 — fz ,

i=1,...,5 where

The Jacobian matrix has the following form:

-5 0 d d d
6  —PBxg 0 —Bx2 0
0 PBxs —(e+d) Bx2 0
0 0 € —(y+d) 0
0 0 0 0% —d
and the eigenvalues evaluated at the epidemic equilibrium are Ay = —0.214422, A, =

—0.00555541, A3 = —0.000300252, A4 = 0.000232743 and A5 = 1.95907 x 10~ 18. Accord-
12
ingly, the value @ = 0.3 > 0.214422 = max |R|£‘(l)‘\,)| i=1,... ,5} was used in the denomi-

nator function of the modified NSFD EE method. For the modified NSFD ERK2 method,
h
tanq(qh), with g = 025 > 0.107211 =

the denominator function is chosen as ¢(h) =

2

max{%:izlp..ﬁ}.
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(a) Time—series x(t) plots (b) Absolute error plots
10 :
« Exact
Modified NSFD EE
g [|--— Modified NSFD ERK2
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Figure 1. Test Case 1: Comparison of the modified NSFD EE and modified NSFD ERK2 methods to
the NSFD EE, NSFD ERK2, NSFD § = § = 3, NSFD 6 = 0,6 = 1, NSFD separate, and RK4 methods,
applied to Model (16), using step size i = 0.1 (a,b) and stepsize h = 0.569 (c). The order plots for all
eight methods are shown in (d). For illustration purposes, only plots of the biomass that has decayed
into humus are shown.

Table 1. Test Case 1: Discrete [*° error (top) and the rates of convergence (bottom) of the new modified
NSFD EE and NSFD ERK?2 methods, and the NSFD EE, NSFD ERK2, NSFD 6§ = § = %, NSFD
0 = 0,0 = 1, NSFD separate, and RK4 methods for solving System (16).

i Modified
Modified NSFD NSFD NSFD NSFD
I NSFDEE ~ NSFD NSFDEE  pria 0=0=1 9—00=1 Separate RK4
ERK2

500x 107! 516x107! 838x1071 6.39x1071 506x10"1 454x10"1 126x10° 276 x10°  4.39 x 101
250 x 1071 454x107! 381x1071 460x107! 389x10°! 236x1071 490x10°! 1.02x10° 874x10°!
125x 1071 226x1071 1.10x 107! 260x 107! 243x 1071 8.01x1072 226x10"! 440x1071 327 x1072
625x1072 8.09x1072 261x1072 133x10°! 135x1071 218x1072 840x10°2 197x107' 1.14x1073
312x 1072 243x1072 527x10% 671x1072 7.08x10°2 558x10° 413x1072 924x10"2 5.66x 1075
156 %1072 6.83x1073 133x107% 335x10°2 361x1072 140x1073 205x1072 448x10°2 3.06x107°
781x1073 1.83x1073 335x107% 167x10°2 1.82x10°2 351x10% 1.02x1072 220x10°2 1.78x1077
390 x1073 478x107* 838x1075 835x107% 913x103 879x10°°5 509x1073 1.09x10°2 1.07x10°8

Rate 1.93 1.99 0.99 1.00 1.99 1.00 1.01 4.05

In Figure 2a, the two new modified nonstandard methods are compared with two

of the nonstandard numerical methods presented in [14]. Note that the method in [14]
for § = 0,0 = 1 is an explicit NSFD method, but with a different approximation of the
nonlinear right-hand side terms and a denominator function ¢(h) = (1 —exp(—Qh))/Q,
where Q = max{d,e +d,y+d, B}. Also, the method in [14] for 6 = 6= % is a second-order
_ tanh(Qh)
Q .

d,v +d, B}. In Figure 2a, these two numerical methods are denoted by NSFD 6 = 0,6 =1
and NSFD 6 = § = 1, respectively. In the figure, it can be seen that the behavior of the
numerical solutions from the modified NSFD EE and the modified NSFD ERK2 methods is
superior to those produced by the NSFD methods in [14]. In addition, the absolute error

NSFD method with a denominator function ¢(h) , where Q = I max{é,e +
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plots of the modified NSFD EE and the modified NSFD ERK2 methods are presented for
h = 1 in Figure 2b. The absolute errors are calculated by using the numerical solution
obtained on the finest grid as a benchmark. As can be seen in Figure 2b, the error in the

numerical solution from the modified NSFD ERK2 method is less than the error from the
modified NSFD EE method.

-3
0.1 - 2510
NSFD 6=0,6=1 Modified NSFD EE
0.08 —=NSFD § =0 = ; 1 — Modified NSFD ERK2
X Modified NSFD EE ot 4
Y. ——Modified NSFD ERK2
0.06 \ | _
v g
A =
g 004 v =R
\ g
£ 002 \ 1 Sl
Y~ =
0
. 05
-0.02 S P
-0.04 0
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Time(t) Time(t)

(a) Time—series x4(t) plots (b) Absolute error plots

Figure 2. Test Case 2: Comparison of the modified NSFD EE and the modified NSFD ERK2 methods
to other numerical methods, applied to Model (18), using step size & = 0.5. For illustration purposes,
only the infected population plots are shown.

Next, a comparison of the [ errors at the final time T = 120 and convergence rates
for the numerical solution obtained with various NSFD methods is presented in Table 2.
The errors are calculated by using the numerical solution obtained on the finest grid as
a benchmark. We observe from Table 2 that the solutions obtained using the modified
NSFD EE and modified NSFD ERK2 methods again converge to the exact solution with
rate 2, even for a nonlinear system, which also validates our theoretical results and the
observations made in Figure 2.

Table 2. Test Case 2: Discrete [ error (top) and the rates of convergence (bottom) of the new modified
NSFD EE and NSFD ERK2 methods for solving System (18).

h Modified NSFD EE Modified NSFD ERK2
1.00 x 109 1.73 x 1071 5.32 x 1072
5.00 x 1071 1.61 x 1071 3.13 x 1072
2.50 x 101 1.36 x 1071 122 x 1072
1.25 x 1071 9.09 x 1072 3.56 x 1073
6.25 x 1072 4.02 x 1072 9.34 x 1074
312 x 1072 1.26 x 1072 2.39 x 10~4
1.56 x 1072 341 x 1073 6.14 x 1075
7.81 x 1073 8.96 x 1074 1.61 x 107
Rate 1.93 1.93

In Test Case 3, the predator—prey system with a Beddington-DeAngelis functional
response in [32] is considered, with the notation ¥ = (x1, x2) = (x,y):

@ o Ax1xp

T 1+ x1 +x7 (19)
d E

X2 - X1X2 B DXQ,

ﬁ_ 14+x14+x

where x; and x; represent the prey and predator population sizes, respectively. Pa-
rameter values A = 6.0,D = 5.0, and E = 7.5 are used in the numerical simulations.
Stability analysis of System (19) reveals that there exist two equilibria [32]: (0,0) and
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AD E
= (4,1). The ei | f th i i I-
AE—F—AD’ AE—F—AD (4,1). The eigenvalues of the Jacobian matrix eva
uated at (0,0) are Ay = 1 and Ay = —5, while the eigenvalues evaluated at (4,1) are
Azq = —11—2 +i @, with |A3 4] = 0.9129. Therefore, the coexistence equilibrium (4,1) is

globally asymptotically stable in the interior of the first quadrant, while (0, 0) is unstable.
The novel nonstandard denominator functions ¢; for the modified NSFD EE method
are selected using Remark 1, as follows:

9, %) = (1_‘”(12(_""1)) (1 +tanh<"‘_gmh>>,

fori =1,2, using
. (fl(xl,xz)% +f2(x1/x2)%>
7:(X) = — Filxn, x2) ,
B Ax1xp
14+x14+x
. For the modified NSFD ERK2 method, the denominator function is chosen

E
and fz(x1,xz) 0¥ Dx;, and &« = 10.1 >

where f1(x1,x) = x1 T 1t

s
[Re(2)] )
as ¢(h) = M, with g = 5.1 > maxq 2|R/Z|(A)|’ where Q = Ugser o (J(¥*)), and T
denotes the set of all hyperbolic equilibria X¥* of System (1).

Figure 3 compares the modified NSFD EE method with the NSFD EE method for

= 0.02. As can be seen in Figure 3a—c, there is a slight horizontal shift in both components
of the numerical solution from the first-order NSFD EE method, while the numerical
solution from the modified NSFD EE method converges much more accurately to the exact
solution. In addition, absolute error plots, using the numerical solution on the finest grid as
a benchmark, are presented in Figure 3d, where the new modified NSFD EE method clearly
outperforms the NSFD EE method. A similar comparison of the numerical methods is
presented in Figure 4, where the second-order modified NSFD ERK2 method outperforms
the first-order NSFD ERK2 method for /1 = 0.05.

Next, we compare the execution time and the computational cost for the presented
explicit second-order modified NSFD methods, modified NSFD explicit Euler and modified
NSFD ERK2 methods, with the implicit Rosenbrock23 method or order 2 [42], the Magnus
exponential integrator of order 2 [43], and the MATLAB® built-in adaptive time-stepping
solvers ode23s (based on the modified Rosenbrock formula of order 2), ode23, odel5s, and
ode23t, with MATLAB's default absolute tolerance of 1.00 x 10~¢ and relative tolerance of
1.00 x 1073 [44]. The simulations were performed using MATLAB R2022a on a MacBook
Pro (13-inch Apple M1, Apple, Tokyo, Japan) with MacOS 14.4.1(23E224), 8 cores, and
16 Gb RAM,; the results are displayed in Table 3. The execution time for each numerical
method was calculated using MATLAB's tic and toc functions to measure the elapsed
time in seconds, while the computational cost coefficient was calculated as the ratio of
the elapsed times for the numerical method to our corresponding explicit second-order
modified NSFD method. There are alternative approaches of estimating the computational
cost of the various methods used; nevertheless, our approach accurately reflects the relative
performance of these methods. As can be seen in the table, our second-order modified
NSFD ERK2 method is the most efficient integrator within this group of numerical methods,
followed closely by our second-order modified NSFD explicit Euler method and MATLAB's
ode23 solver. This is in contrast with the other numerical integrators, particularly the
Magnus exponential integrator and MATLAB'’s ode23s solver, whose computational cost
is the highest of all the methods considered. It is also important to note that the modified
NSFD ERK2 method is more computationally efficient than the modified NSFD EE method.
This is because the denominator function ¢(h) in the modified NSFD ERK2 method is the
same for all solution components and does not change over time (Theorem 2), whereas
the denominator function @;(h, ¥¥) in the modified NSFD EE method (Theorem 1) must be

maxg
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re-calculated for each solution component i and at every time step, making it the preferred

modified NSFD method in Test Case 3.
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Figure 3. Test Case 3: Comparison of the modified NSFD EE method to the NSFD EE method, applied
to Model (19), using I = 0.02.
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Figure 4. Test Case 3: Comparison of the modified NSFD ERK2 method to the NSFD ERK2 method,
applied to Model (19), using h = 0.05.
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Table 3. Comparison of the execution times, which was calculated using MATLAB’s tic and toc
functions to measure the elapsed time in seconds, as well as the computational cost coefficients, which
were calculated as the ratio of the elapsed times for the numerical method to our corresponding
explicit second-order modified NSFD method, for each of the considered numerical methods.

Modified

Modified  orn MATLAB® MATLAB® MATLAB® MATLAB® oo W 0 Magnus
NSFD EE ERK2 ode23s ode23 odel5s ode23t
Execution time 232x1072 653x107% 722x10°2 1.77x 1072 458x10°%2 493x1072 9.85x 1072 4.20 x 10!
Con:putational xgggﬁ% 1.00 0.28 311 0.76 197 213 424 18.1
o dficiont ey 3% 1.00 11.05 271 7.01 754 15.08 6431

4. Conclusions

In this paper, two new classes of second-order modified nonstandard explicit Euler
and explicit Runge-Kutta methods for multi-dimensional autonomous dynamical systems
were presented and analyzed. The fundamental idea underlying the numerical methods’
development is the use of a novel modified nonstandard denominator function in the
discretization of the derivative. In the case of the modified NSFD explicit Euler method, the
denominator function is a product of two special functions. One of the functions satisfies
the methods’ second-order accuracy property, while the other function satisfies the stability
criteria of Theorem 1. For the modified nonstandard explicit Runge-Kutta method, a single
denominator function suffices to satisfy both the elementary stability and second-order
accuracy properties. Examples of denominator functions were presented that also serve as
instructions for choosing generic ones. Next, the proposed modified nonstandard methods
were applied to solve a biomass system, an MSEIR system, and a predator—prey system
with a Beddington—DeAngelis functional response. The results obtained using the new
numerical methods were compared to existing standard and nonstandard finite-difference
methods, and it was observed that the new explicit modified NSFD methods demonstrate
high accuracy and desirable stability properties, while still being computationally efficient
and easy to implement.
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